Sample Question Paper - 4
Mathematics (041)

Class- XII, Session: 2021-22
TERM 11

Time Allowed: 2 hours

General Instructions:

10.

Maximum Marks: 40

1. This question paper contains three sections — A, B and C. Each part is compulsory.

2. Section - A has 6 short answer type (SA1) questions of 2 marks each.

3. Section — B has 4 short answer type (SA2) questions of 3 marks each.

4. Section - C has 4 long answer-type questions (LA) of 4 marks each.

5. There is an internal choice in some of the questions.

6. Q 14 is a case-based problem having 2 sub-parts of 2 marks each.

. ~1{ 3z—2°
Evaluate: [tan (—13332 )dm

fd

Section A

OR

Solve the 1n1t1a1 value problem: (xe¥Y/* +y) dx = x dy, y(1) = 1

For what value of \ are the vectors a and Z perpendicular to each other? Where
G=2i+3j+4kandb=3i + 2] — \k

T—2
2

line.

2y—5
= 21—3 z =-1. Also, find the vector equation of the

An experiment succeeds twice as often as it fails. Find the probability that in the next six

trails, there will be at least 4 successes.

A bag contains 4 red and 5 black balls, a second bag contains 3 red and 7 black balls. One ball

is drawn at random from each bag, find the probability that the balls are of the same colour.

Evaluate f 2m+1 d

Solve the followmg differential equation.

cos’ a: +y—tan:c

Section B

OR

Form the differential equation of the family of circles touching the y - axis at the origin.

For any two vectors @ and b prove that: | + b|> + |a — b|® —2(| %+ |B| )

A line makes angles a, 3,y and § with the diagonals of a cube, prove that

cos? o + cos® B+ cos? y + cos? § = %

OR

[2]

[2]
[2]

[2]

[2]

[2]

[3]
[3]

[3]
[3]



11.
12.

13.

14.

Find the shortest distance between the lines whose vector equations are
F=147+ A2t —j+kland7 =2+ j — k+ u(3i — 55 + 2k).
Section C

. dz
Evaluate: f —Smw(?’ﬁmsm) .

Draw a rough sketch of the region f(z,y) : y?> < 5z,52% + 5y? < 36} and find the area
enclosed by the region using method of integration.
OR

[4]
[4]

Using integration, find the area of the region enclosed between the two circles x% + y% = 4 and (x -

2)2 +y2 =4,
Find the shortest distance between the given lines. 7 = (7 + 2 — 4]%)+)\(2% +35+ 612:),
7= (3i+3j — bk)+u(—2i + 35 + 8k)

CASE-BASED/DATA-BASED
In an office three employees Govind, Priyanka and Tahseen process incoming copies of a
certain form. Govind process 50% of the forms, Priyanka processes 20% and Tahseen the
remaining 30% of the forms. Govind has an error rate of 0.06, Priyanka has an error rate of

0.04 and Tahseen has an error rate of 0.03.

Based on the above information, answer the following questions.
i. The manager of the company wants to do a quality check. During inspection he selects a
form at random from the days output of processed forms. If the form selected at random
has an error, the probability that the form is NOT processed by Govind is

ii. Let A be the event of committing an error in processing the form and let E{, Ey; and E3 be

the events that Govind, Priyanka and Tahseen processed the form. The value of

S P(E, | A)?

=1

[4]

[4]



Solution
MATHEMATICS BASIC 041
Class 12 - Mathematics

Section A

.3
1.LetI= [tan™* ( i:,; ) dz

Also let x = tan 6 then dx = sec2 6 df
I= ftarf1 (M) sec2 0 df

1-3tan’z
= f tan’! (tan 36) sec? 0 d@
= f30 sec2 0 df
=3[0 sec? 0 df - [(1[ sec? 6 dF} db]
=3[0 tan 0 - [tan 6 d6]
=3[ftan O + log sec 0] + C

= 3[f tan! x - log \/1—|-£B2]+C

I-=3x[tan" x-2 log|1+x%] + C
OR

2
Letl= [ sei/f dz ...(0)

Also let \/:f = t then, we have

d(,/z) = dt
1 _
= dr=2/zdt
= dx=2tdt[". /2 =1]
Putting \/E =t and dx = 2t dt in equation (i) we get
_ sec? ¢
I= [*—= x2tdt
=2 [ sec? tdt
=2tant+c
=2tan,/z +c
sI=2tan,/z +c
2. We have, (xe¥X +y) dx = x dy
dy y
= Tz ey/“’ -+ z

This is a homogeneous differential equation. Putting y = vx and d—z =v+z Z—Z it reduces to

vtzE =eVsy
dz

dv _ v
=T, =e
= eVdv= @,ifx%O

T

Integrating both side with respect to x
= [e Vdv= f%dm
= -eV=1log |x| +C
= -e¥X¥=]og |x| +C...(0)
It is given that y (1) = 1i.e. whenx =1,y = 1. Puttingx = 1, y = 1 in (i), we get: -e’1 = C
Putting C = —% in (i), we get
eVX¥=log x| —1
= eVx=1 -log |xX| = —% =log(1-elog |X|)=-1=y=x-x1log (1-elog |x|)

€
Hence,y = x-x1og (1 - elog | x|), is the solution of the given equation.



3. Since, a andg are perpendicular
. a.b=0
=>(2i + 3j +4Kk).(3i + 2j- Ak) = 0
=(2)(3) +(3)2) + DN =0

=6+6-4A=0
=12—-4X=0
= —4\A=—12
—12
= A= —
=A=3
4. The Cartesian equations of the given line are
z—2 __ 2y—5 z=1
2~ -3
These above equations can be re-written as
-2 _ 2y=5 21 z-2 _ Y=5/2 _ 41
2 — 3 — 0 T2 T 3R T o

This shows that the given line passes through the point ( 2, 3, - 1) and has direction ratios proportional to 2, -

b 2 b
5,0. So, its direction cosines are

-3/2 ~3/2
2 / 0 or. -2 /

\/22+(—3)2+02, \/22+(—%)2+02’ \/22+(—§)2+02 8727 572
or, g, 3,0
The given line passes through the point having a position vector a = 27 + % j — k and is parallel to the
vector b = 27 — —j—i—Ok
Therefore, it's vector equation is
T = (2;%—%3—1;:) +)\< z——J+0k>
5.p=2%qg=X
p+tgq=1=2x+x=1
=3r=1=x=
p=32q=3
P (at least 4 successes) =P (X=4)+P (X=5)+P (X =6)
= C(6, 4) p4q2 + C(6, 5) p q+ p
2\4 /1 2 26
ZC@Q%)%)+06@% ()(ﬂ
2\4/1)\2 2
=15(5) (5) + 6(3)"(3)+ (3)°
2 2 | 4
=(3) 6+2x5+73)

)4
) (25)
)

1
3

Bag A = (4R + 5B) balls

Bag B = (3R + 7B) balls

Therefore, required probability is given by,

P (balls of same colour) = P (both red) + P (both black)

-4.,3 , 7,5
_9X10+10X9
=90 T 90

_ 47

90

Section B

7.Letl = [ j%

Let2x+1=ABx+2)+
On equating the coefficients of like powers of x on both sides, we get
3A=2and2A+p =1



= )\:%and2x§—|—u:1
= )\:%and,u:_l
3z+2+,u
I= f T VBzt2

—)\f 3w+2d +/«Lf\/—2
= A[(Bz+2)rdn+p (B2 +2)7 da

— A\ x (3$3+2)2 (3:v1+2)2 L
5)(3 ;X?)
:% % (3.’L’+2)2——>< (33:+2) +c
:2% (3a:—|—2)z——><(3w—|—2)z+c
=2x\Br+2[2x(Bz+2)—1]+c
_ 2 6z+4-3
= 2yaer2 [ e
= £ 3a:—|—2(6:1:+1)+c

I=26z+1)/3z+2+c

. According to the question,we have to solve,

2.9y _
cos“xo -+ Yy =tanzw

Therefore,on dividing both sides by cos2x, the given equation can be rewritten as,
dy y __ tanz
dz cos? T cos? x

= % +y-sec?z = tanzsec’z

which is the linear differential equation of the form
d

d—Z +Py=@Q

2 2

Here, P = secx and Q = tanx sec“x

IF = 6de.7: — efsec2 zdz — etanz [ fSGC2 rdr = tan + C]
The solution of linear differential equation is given by
yx IF = [(Q x IF)dx + C

y x % = [tanzsec’z e dz + C ..(0)

Therefore,on putting tan x = t = sec®x dx = dt in Eq.(i),
we get
yelint — ftetdt+C

=  ye? =¢ [eldt— [ [%(t) [ etdt} dt + C [using integration by parts]

= ye? =te' — [1xeldt+ C
=  yePr? =te! —e' + C
o yePhT = tanxetn? — B0 4 Of -t = tanz|
On dividing both sides by e %, we get
y=tanx-1+ Cet@nx
which is the required solution.
OR
It is clear that if a circle touches y-axis at the origin must have its centre on x-axis, because x-axis being at
right angles to y-axis is the normal or line of radius of the circle.
Therefore, the centre of the circle is (r,0) where r is the radius of the circle.
*. Equation of the required circle is (x - r)2 + (y - 0)% = r?
=2+ 72— 2rx + y? = r?
=22 +y:=2rz..0)
Here r is the only arbitrary constant.
*. differentiating ....(1) w.r.t. X, we get

2x + 2y% = 2r...>1i)



Putting the value of 2r from eq. (ii) in eq. (i), we get
2 .2 _ dy

T+ y* = (2x—|—2ya) x

= 2 +y? =222 + 2my%

= —2my% —z2+y?=0

:>2my%+x2—y2 =0

= 2my% + 2% = y2, which is the required differential equation.
.To prove: @ + b|? + |G — b|> = 2 (]_’|2 + |B\2)
= (a+b)- (a+b) 1Z* =z - 7]
= l|a+ b| ( + b) a+ (a + b) b [By distributivity of dot product over vector addition]
= la+ b| =a-a+ b-a +a- b + b-b [By dlStI‘lbuthIty of dot product over vector addition]
= |a—|—b|2 |a|2—|—2a b—|—|b|2 ........... (1)[,a~b—b.a]

@ —b = @+0)-@—b) [z =2
= |@—b*=(@+b).a+(a +).

—
-

= l|a— b|2 —G-a+ba—a-b—>b-b [By dlStI‘lbuthIty of dot product over vector addition]
= |a—b|2:|a|2—2a-b+|b|2 ......... (11)[,a-b:b.a]

Adding (i) and (i), we get

@+ b2 +a—b=2 (\5\2 + \b|2>

. A cube is a rectangular parallelopiped having equal length, breadth and height.

Let OADBFEGC be the cube with each side of length a units.

Z

Now we have,

b [By distributivity of dot product over vector addition]

—

c-ll

C(0,0,a)
1 F(0, a, a)

(a,0,a) G
/’E(n.ﬂﬂi
/ N
0 _—"B(0, a, 0)

‘/A(a. 0,0) D(a, a,0)

The four diagonals are OE, AF, BG and CD.
The direction cosines of the diagonal OE which is the line joining two points O and E are
a—0 a—0 a—0

\/az +a2 +a2’ \/az +a2+a?’ \/az +a2+a?
1

f¢3

Similarly, the dlrectlon cosines of AF, BG and CD are —=, ==, —=; —=, —= L and L,L

7 ¢3 f NE V33
Let 1, m, n be the direction cosines of the given line which makes angles a, B, Y, ¢ with OE, AF, BG, CD,
respectively Then

7 respectively.

cosa—T( +m+n)
cosﬂ——g( l+m+n)
cosy= = (—m—l—n)
cosé—\/3(l+m n)

Squaring and adding, we get
cos? a + cos? B+ cos? v+ cos? §



=s[(l+m+n)2+ (=l+m+n)?] +(—m+n)+ (I +m—n)?
=%[4(l2—|—m2+n2)] = %(aslz+m2+n2=1)
OR
Given equations of lines are,
=(1475) + M2 — K)o M
and7” = (20 + 7 — k) + (32 — 57 4 2k).cccverrerrers (ii)

On comparing above equations with vector
equation 7 = a + A\b,we get
G =i+j=2i—j+kb =2i—j+k
— Ao 2 - - ?
anday =21+ j— k,by = 3t — 55+ 2k
We know that, the shortest distance between two lines is given by

(10522 ) (a2

d= e [T (iii)
by X by
- = i 3 k
Now, by X by =2 —1 1
3 -5 2
= 4(—2+5) — 5(4—3) + k(—10 + 3)...4v)
- =
and |b1 X by| = /(3)2 + (—1)2 + (—7)?

=9+ 1449 =/59.cnn, W)

Also, @—z 2i+7—k)— (i+7)
— i — (Vi)

From Eqgs. (iii), (iv), (v) and (vi), we get

de (3i—j—Tk)-(i—k)
=
3-0+7 10
= d= = =
/59 /59
Hence, required shortest distance is 5% units.
Section C
LetI = f smat(3+2 cosz)
Put t = cosx
dt = sinx dx
=dz
—SlIlJI
= d:r
—sinx
- _ f - _ I#
sin ar:(3+2t (1—cos? z)(3+2t)
- [_—__dt
o f (1-2)(3+2¢)
1 _
(1-82)3+2t)  (1-t)(1+8)(3+2¢)
. . . . 1 _ A B c
Now using partial fractions Putting T 062 — 11 + 15 T 3 (@)

AQ+9@+20+BA-@+20)+C1+)(1-1)=1
Now Putting1+t=0

t=-1

A(0) +B(2)(3-2)+C(0) =1
-1

B= 2

Now Putting1-t=0

t=1

A(2) (5) + B(0) + C(0) =1



12.

A=1

10
Now Putting 3 +2t=0
3

A(0)+213(0)+0(1—§):1
o=

1 1 1 1 1 4 1
—_— —_— - X — — = X —
(1—t)(1+t)(3+2t) 05T T2 X T 75 X e

fm —10f11dt+2 I—Hdt—zlfﬁdt

i —Eiogﬂ —t|+ %logl|1 + t|—g log?;;%' +c

= —15log|1 — cosz| + Slog|1 + cosz|—£log |3 + 2cosz| + ¢

To find area {(z,y) : y* < 5z,5z* + 5y* < 36}

The curves included are,

= y%=5x...(3)

5x2 + 5y2 = 36

x2ry?=2 i)

Equation (i) represents a parabola with vertex (0, 0) and axis as x-axis.

Equation (ii) represents a circle with centre (0, 0) and radius S and meets axes at

V5
6 6 . . . . . .
(j: w3 0) and <0, + ﬁ) , X coordinate of point of intersection of circle and parabola is
—25++/1345 )
a where,a = — 30 A rough sketch of curves is:-
Y
| u s | =
5 ﬁ g
[L \'l]
,-" H (¥
t e o —rY o] L i
&)\ . &)
—
\,\ A
M S
t (3

Therefore, we have,

Required area = Region OCBAO

A =2(Region |OBAO)

=2 (Region ODAO + Region DBAD)

—2lf0\/57mdm+f2 ,/( )2—x2dm]
2ol (3 () - ()

a,\/_+2{(0—|—18 Z)- < \/——(12+ Lgin 1<a
Thus,A:%/5 \/P 3 sin (“f)

25+\/1345
Where, a = — 30

)

OR
Given circles are 22 + y2 =4..31)
(z—2)? +y? = 4.3
Eq. () is a circle with centre origin and
Radius = 2.
Eq. (i) is a circle with centre C (2, 0) and



Radius = 2.

On solving Egs. (i) and (ii), we get
(x—2)2+y?=22+y2

=22 —dr+4+y? =22 +4°
=z=1

On putting x =1 in Eq. (i), we get

y=+3

Thus, the points of intersection of the given circles are A (1, v/3) and A'(1,-v/3).

Clearly, required area= Area of the enclosed region OACA'O between circles
=2 [ Area of the region ODCAOQ]
=2 [Area of the region ODAO + Area of the region DCAD]

:2[[01 2dm—|—f12y1dm}

2| fy VA= @@= 2%da+ [} \/—7x2dm]
= [%(m—2) 4—(z—2)2 + ><4sm (
(

2
1 -1z
)] [w 4—:32—1—5><4s1n 5}1

2
[a: 2)\/_1:——4-45111’1(“3 2)] [m\m+4sm 1 ‘T}j
= |{-vB+asint(F) )~ 0~ sin (= 1)|+ [0+ 4sin 11— v/3— 4sin ! 1]
= [(-VB-4x ) +4x Z]+[4x T -3 -4x ]
( VB3-S +2m)+ 2r—V3- )

—2fsqun1ts
.G1ven

= (i —I—2y—4k)—|—)\(2z+3]—|—6k)
r—(31+33—5k)+,u( 2i + 37 + 8k)

Here, we have

a; =1+ 2) — 4k

— . R ~
by =27+ 37+ 6k
— ~ ~ 2
a2 =31+ 35 — 5k

— R . ~

by = —-27+ 37+ 8k

Thus,

- = gk

by xby=12 3 6
-2 3 8

— 3(24 - 18) — j(16-+12) + k(6 — 6)
— ~ ~ ~
b1 X by = 6i — 28j + 0k
- —
by X by| = /6% + (~28)2 + 02
— /361 78419

~1)i+(3-2)j + (-5 +4)k
2€+ —k



Now we have

(by x by)- (an — &)= (67 — 28j + 0K) - (2 + j — k)
= (6 x 2) + ((—28)x1) + (0 x (1))

=12-28+0
=-16
Thus,the shortest distance between the given lines is
q- wmmﬁ%
\bl ><b2\
_ | —16
=d= /320 {
d= \/18% units

CASE-BASED/DATA-BASED
14. Let A be the event of commiting an error and Eq, E) and E3 be the events that Govind, Priyanka and Tahseen
processed the form.

i. Using Bayes' theorem, we have

_ P(Ey)-P(A|Ey)
P(El | A) ~ P(Ey)-P(A|E,)+P(E,)-P(A|E;)+P(Es3)-P(A|E3)

0.5x0.06 _ 30
A)

~ 0.5x0.06+0.2x0.0410.3x0.03 _ 47
*. Required probability = P (

|
1P A)-1- B X
niP@”@:P@MM+P@ﬂm+Pwﬂm

=1 ['." Sum of posterior probabilities is 1]
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