2 1 Introduction

Differential equations are fundamental in engineering mathematics since many of the physical laws and
relationships between physical quantities appear mathematically in the form of such equations.

; The transition from a given physical problem to its mathematical representation is called modeling. This is
of great practical interest to engineer, physicist or computer scientist. Very often, mathematical models consist of
a differential equations or system of simultaneous differential equations, which needs to be solved. In this chapter

we shall look at classifying differential equations.and solving them by various standard methods.

3.2 Differential Equations of First Order

3.2.1 Definitions

A differential equation is an equation which involves derivatives or differential coefficients or differentials.
Thus the following are all examples of differential equations.
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An ordinary differential equations is that in which all the differential coefficients all with respect to a
single independent variable. Thus the equations (a) to (d) are all ordinary differential equations. (e) is a system of
ordinary differential equations.

A partial differential equations is that in which there are two or more independent variables and partial
differential coefficients with respect to any of them. The equations (f) and (g) are partial differential equations.

The order of a differential equation is the order of the highest derivative appearing in it. The degree of a
differential equation is the degree of the highest derivative occurring in its, after the equation has been expressed
in a form free from radicals and fractions as far as the derivatives are concerned.

Thus from the examples above,

(a) is of the first order and first degree;

(b) is of the second order and first degree;

ay

2
(c) written as yg—x = x(a——j + 2 is of the first order but of second degree;
X X



15 5 N3
(d) After removing radicals is written as {H(%ﬁ] J _ as[gjgﬁ]
x dx

and is of the second order and third degree.

3.2.2 Solution of a Differential Equation

A solution (or integral) of a differential equation is a relation between the variable which satisfies the given
differential equation.

3

For example, ' y = ced (i)
is a solution of ay = x°)y )
dx

The general (or complete) solution of a differential equation s that in which the number of arbitrary constanis
is equal to the order of the differential equation. Thus (i) is a general solution of (i) as the number of arbitrary constants
(one constant c) is the same as the order of the equations (ii) (first order).

Similarly, in the general solution of a second order differential equation, there will be two arbitrary constants.

A particular solution is that which can be obtained from the general solution by giving particular values to
the arbitrary constants.

w

X

For example y = 4de
is a particular solution of the equation (i), as it can be derived from the general solution (i) by putting ¢ = 4.

A differential equation may sometimes have an additional solution which cannot be obtained from the
general solution by assigning a particular value to the arbitrary constant. Such a solution is called a singular
____ solution andusuaLL}LL&noL@Lmu@hpﬁa@ﬁ@&Hﬂte#es%'rerﬂg'fﬁeer'rﬂg%‘WW—""*‘****44‘**‘*“”""“’“4 """"""

3.2.3 Equations of the First Order and First Degree
Itis not possible to analytically solve such equations in general. We shall, however, discuss some special
methods of solution which are applied to the following types of equations:
Fquations where variables are separable.,
Homogenous equations,
Linear equations,

S A

Exact equations.
In other cases, the particular solution may be determined numerically.

3.2.3.1 Variables Separable

It in an equation it is possible to collect all functions of x and dx on one side and all the functions of y and
dy on the other side, then the variables are said to be separable. Thus the general form of such an equation is

Ry) dy = (x) d.
Integrating both sides, we get f fy)dy = f d(x)alx + ¢ as its solution.
Exampie 1. |
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Solution:

Given equation is Y erer + x?)

dx
or evdy = (e +x)d
Integrating both sides, fe*ydy = f(e +x°)dx+ ¢

arbitréryVCOnStantm the ( k 'SO!UUO!’] Ina second order differential equatson tw
i e cond;t:ons waH be equlred nce there will be two arbatrary constants WhtCh will ne e
determmed * o

Example 2.
Solve dylde = (x + y+ 1)2if 0) =0
Solution:
Putting x + y + 1 = t, we get %:—g—t———
x  dx
. The given equation becomes ar_ 1=t or = at =1+
dx dx
Integrating both sides, we get j = fdx+ C
14 12
or . tan't = x+ ¢
or tan "t (x+ y+1) = x+ ¢
or x+y+1 =1tan(x+ ¢
When x=0y=0
= 1 = tan(c)
i
= c= =
4

Hence the solution is x + y + 1 = tan (x + n/4).

d
Note: Equations of the form (—j—y— =f(ax+ by +c) can be reduced to the ‘variable separable’ form by
X
putting ax + by + ¢ = .
3.2.3.2 Homogeneous Equations
dy _ flxy)
dx  o(x, )

where fx, y) and ¢ (x) o(x, y) homogeneous functions of the same degree inxand y.

Homogeneous equations are of the form



Homogeneous Function: An expression of the form agx’ + a1x”“‘1y +axTAR 4 L+ apy” in which every
termis of the nth degree, is called a homogeneous function of degree n. This can be rewritten as x” [a, + a,(y/x) +

(Yl +...+ a (yx)"].

Thus any functions fx, y) which can be expressed in the form x"f(y/x), is called a homogeneous function of

degree nin x and y. For instance x3 cos (y/x) is a homogeneous function of degree 3inx and y.
To solve a homogeneous equation

1. Puty = w, then /4 = v+x@—/—,
dx dx
2. Separate the variables vand x, and integrate.
Example:
Solve (Y2 ~x?) dx — 2xydy = 0.
Solution:
2 _ 2
Given equation is dy =Y 7% \whichis homogeneous inx and y.
dx 2xy
dy dv
Put = vy, then -4 = v+ x—
Y * dx xdx
. dv i 1]
Fa. () becomes VX = iy ——
2oy S V-I-’Cdx QLV \/J
- - 2
av 1 v2 -1 “[V HJ
or X— = e —y = e
dx 21 v 2v
Separating the variables,
- 2\/9 av = _gi
+V X

Integrating both sides,

2v dv dx
R
1+v X
or N1+ = -Inx+c= ln—1~+lnc1
X
or In(1+12) = ln(fl]
X
142 =9

e

replacing v by X, we get

X

2
1+(X] S
X X
or ¥+ - o
or (x—£J2+y2 = »C~2~
2 4

This general solution represents a family of circles with

. ' , c
centres on the x-axis at (g O) and radius = > thus

passing through origin as shown. Fig. General Solution (Family of circles)



3.2.3.3 Linear Equations of First Order

A differential equation is said be linear if the dependent variable and its differential coefficients occur only
in the first degree and not multiplied together.

Thus the following differential equations are linear

2
1. 91+4y:2 2. 29V 3V 40

dx dx? adx
equation (i) is linear first order differential equation while equation (i} in linear second order differential
equation. The following equations are not linear

ay 2 ay 12 yay
| 4+y=5 — A
1. ( J y 2. +y' o= 2 3 ]

3.2.34 Leibnitze linear equation

The standard form of a linear equation of the first order, commonly known as Leibnitz's linear equation, is

%Jr Py = Qwhere P, Q, are arbitrary functions of x. (D)

dx
To solve the equation, multiply both sides by efpdx so that we get

.Cj_y . eJ.de + y(efpdxp) = QE,Jde /.e‘i(yefpdx) = Qe'{PdX
dx dx

[ Pokc

= J'Qefpd’”(:/xwL ¢ as the required solution.

Integrating both sides, we get ye'

3.2.3.5 Bernoulli's Equation
The equation gXJr Py = Qy" (D
X
where P, Q are functions of x, is reducible to the Leibnitz’s linear and is usually called the Bernoulli's
equation.

To solve (i), divide both sides by y7, so that ™" gZ+Py1"7 =Q .. (i)
X
_nay dz
Puty™ = zso that (1-n)y ™= = ==
ut y zsothat (1-n)y o
1 az
o Eal (i s e [P Q
g. {ii) becomes T
or g~Z-+P<1~—n)z = Q(1-n),
dx

which is Leibnitz’s linear in zand can be solved easily.



Example:

Solve gy—ﬂ/ = 4)°
Ox

Solution:
Dividing throughout by y3,
) - .
ygv&%+y2 ::4 ([)
sdy  dz
Put y2 = z so that —2y° =L = =%
y Y dx dx
. 1dz
- Eq. (i) becomes ~———=+ 7 =4
. (i) oo
or %Z 5, - 8
dx
which is Leibnitz's linear in z. .. (i)
ILF = eJ O g |

». The solution of (ii)is z(1.F) = [(-8)(L.F.)dx+c

7o = Jf (-8 dx+ ¢ |
= yle® = 4e® v ¢ (v z=y?)
= Y2 = 4+ ce* i
= y = (4+ce¥y?

3.2.3.6 Exact Differential Equations ‘
L. Definition. A differential equation of the form M (x, y) dx + N (x, ) dy = 0 is said to be exact if its left%

hand member is the exact differential of some function u(x, y)yi.e. du= Mdx + Ndy =0. Its solutiong
therefore, is ux, y) =
2. Theorem. The necessary and sufficient condition for the differential equations Mdx + Ndy = O'to bel
exact is ’

M _an
y  ox

3. Method of solution. It can be shown that, the equation Mdx + Ndy = 0 becomes

d[u+ff(y)dy? =0
Integrating u+_ff(y)dy = 0.

But U= fde and f(y) = terms of N not containing x.
.. The solution of Mdx + Ndy = 0 is
jde + Jf(terms of N not containing x)dy = ¢

oM 9
(Provides of course that the equation is exact. i.e. N)

ay Ox

NOTE: While finding [ M, y is treated as constant since we

are 'nfﬂgra ,ny with respect to x.



Example:
Solve (x3 + 3xy?)dx + (3x?y + y3)dy = 0.

Solution:
Step 1: Test for exactness
Here M = x° + 3x)2and N = 3x2y + 2
M, N
ay ox

Thus the equation is exact and its solution is

| Metx + [ (terms of Nnot containing x)dy = c
which is f(x3 + 3xy2)dx+.[y3dy =C

4 22 4

= i—+3xy +y— = C
4 2 4

= %(x4+6x2y2+y4) =c

3.2.3.7 Equations Reducible To Exact Equations
Sometimes a differential equation which is not exact, can be made so on multiplication by a suitable factor
called an integrating factor. The rules for finding integrating factors of the equation Mdx + Ndy = O are as given in
theorem 1 and 2 below:
In the equation Mdx + Ndy =0

oM _oN
Theorem 1: if i}—/-N—ai be a function of x only = f(x) say, then &9 s an integrating factor.
oN _oM
Theorem 2: if % be a function of y only = {y) say, then em” ¥ is an integrating factor.
Example 1.
Solve 2 sin (°) dx + xycos y2 dy = O, n2) = g
Solution:
Step 1: Here, M = 2sin (y%) and N = xy cos (°)

i

4y cos (¥°) and %N— = y cos (J°)

oM
Step 2: Test for exactness —
oy ¥

M, N
ay ox

and hence, eqguation is not exact. So we have to find integrating factor by using either theorem 1 or

So

theorem 2.
Step 3: Find an integrating factor: try theorem 1

oM ON

Here dy o _ 4ycosy”-ycosy? _3
’ N xycosy? x




Which is function of x only. So theorem 1 can be used.

IE = el _ ej ER TS S
Multlplyung throughout by LF, we get
2x3 sin (y2) de + x* ycos R dy = 0
This equation will surely be an exact equation. No need to check that.
Step 4: General solution:

[ Max + [ (terms of N containing x)dy = ¢
Which is [ 2x®sin(y?)dx + [0dy = ¢
ix“sin(yz) =c

2
Step 5: Now to find the particular solution of the initial value problem:

Since w2 = [T
2
= Totgink = ¢
2 2
=3 o = 8

So particular solution is %x“ sin(y?) =8

or x*sin ()f) =
Example 2.
Solve (x)® + y)dx + 2(x2)2 + x + Y)dy = 0.
Solution:
Here M= xy®+y, N=2(x32+x + 4
1(aN M 1 ) )
—— | = e (4xy? +2 - 3xy? - 1
M(dx a}’) y(xy2+1)( e V=D

Il

-}1;, which is a function of y alone.

: IE = &Y = goayoy
Multiptymg throughout by y, it becomes (xy* + y2)dr + (2x%)8 + 2xy + 2)F)dy = 0, which is an exact
equation.

- The solution is %xzy4 +xy? +%y6 =

3.2.4 Orthogonal Trajectories

3.2.4.1 Definitions

Two families of curves such that every member of either family cuts each member of the other family at right
angles are called orthogonal trajectories of each other.

The concept of the orthogonal trajectories is of wide use in applied mathematics especially in field problems.

For instance, in an electric field, the paths along which the current flows are the orthogonal trajectories of
equipotential curves and vice versa.

In fluid flow, the stream lines and the equipotential lines are orthogonal trajectories.



Example 1.

Find the orthogonal trajectory of family of curves xy = Constant.

Solution:
Given family of curves xy= ¢
Differentiate w.r.t. ‘x’
ay
PR o 1 fond O
* dx y
ay dx
Now replace —- by — —
P Ox 4 ay
= x.g..{ ovas
a =Y
By variable separable, dex = fydy
2 2
X y
==tk
2 2

=

3.24.2 Orthogonal trajectory of polar curves

X2~ Y k, is the orthogonal tragectory of given family of curves

a'sin 8

acosngxn

a’cosnbxn

a" sinnd

cot ng

(i)

Example 2.
Find the orthogonal trajectory of family of curves r" = a” sinng
Solution:
Given family of curves It
Differentiate w.r.t. ‘0’ and eliminate ‘a’
n-qar
nr 2
Divided equation (ii) by equation (i)
n-1dr
nr %
rn
dar 1
o

Differential equation represents given family of curves.

ar 2 ade
Replace — by —r< —
P e ™ T
1 - do
~] =rc —1 = cotnd
r( dr}
~rg§ = Ccotnb
dr
[Lar = ~fanme co
P
_ logsecnd
log r= -——""tlogc
log r" = log[c" cos nd]
. M= c"cosnd

is the required orthogonal trajectory.



3.24.3 Newton's Law of Cooling
Definitions

The temperature of a body changes ata rate which is proportional to the difference in temperature between
that of the surrounding medium and that of the body itself.

The differential equation is %—? =-k(6-6,)
ae
b iabl ! = |-k
y variable separable fe iy f ot
= log(6-8,) = -kt + log ¢
= 0-6,= cek

is the solution of Newton's law of cooling.

Example 3.
A body originally at 80°C cools down to 60°C in 20 minutes, the temperature of air being 40°C. What will be the
temperature of body after 40 minutes from the original?

Solution:
According to Newton’s law of cooling
@ = ~k(6 — 40)
at
ade
—— = ~| kat
Josw =
= log(6-40) = -kt + log ¢
— _ 040 = ce™ ()
Put t =0, 8=_80°in equation (i)
We get, c=40
Put, [ =20min, 8=60°
Then, k= Lingo
20
1
-—log2 |t
By equation (i), 0= 40+40e( 2 )
Put, [ =40min, then 6 =50°C

3244 Law of Growth

The rate of change amount of a substance with respect to time is directly proportional to the amount of
substance present,

. dx
Le, — OE X
at
% = kx (k> 0)
dx
S = fkdt
i L
= logx = kt+log c

ceis solution of law of growth

{
>
i



Example 4.
The number N of a bacteria in a culture of grew at a rate proportional to N. The value of Nwas initially 100 and

increased to 332 in one hour. What would be the value of N after 1 %hours’?

Solution:
. N
According to law of growth, %—; oc N
Solution is N = ce (1)
Put N =100 and t = 0 in equation (i)
We get, ¢ = 100
Then, N = 100 ¥ (1)
PutN =332, t = 1 in equation (ii)
332 = 100e*
e =332
3. o
Put = 5 in equation (ii)
Sk
Then, N= 10062 =100(3.32)¥? ~605

12.4.5 Law of Decay
Definitions

The rate of change of amount of substance is directly proportional to the amount of substance present.

. dx
l.e. —_— o X
at
The differential equation is
dx
P ~kx (k> 0)
d
— = [kt
X
= logx = ~kt+logc
= x = ceis solution of law of decay.
Example 5.
If 30% of radio active substance dissappeared in 10 days. How long will take for 90% of it to disappear?
Solution:
According to law of decay
x = ce 0
Putx=100,t=0
100 = ce™0)
We get, c =100
Then, x = 100e™ (i)
Putx =70, t = 10 in equation (ii)
Then, 70 = 100e'%K

1 [7
= —In| —
=10 n[m}



. . iln(z—)t
. Equation (i) becomes = 1000 \10

-
i

Put, x = 10 in equation (iii)
1 7

10 = 100 e‘Om(ﬁ)t

—t—ln(O 7) = ln(—t

10 10

~10/n10
n(07)

[

|

=064.5 days

3.3 Linear Differential Equations (Of n* Order)
3.3.1 Definitions

Linear differential equations are those in which the dependent variable its derivatives occur only in the
first degree and are not multiplied together. The general linear differential equation of the nt order is of the form

dny dn—1y dn—2y
adx" o dx™ P dx"?

where p,, p,, ..., p,and X are functions of x only.

totpY =X

Linear Differential Equations with Constant Coefficients are of the form

d"y
dx"

dn—1y df?—2y
dx™ dx"? otk =X

where ki, k,,..., k, are constants and X is a function of x only. Such equations are most important in the

study of electromechanical vibrations and other engineering problems.

1. Theorem:Ify, y, are only two solutions of the equations

dny dn 1 y dn-2
T dx” T+ K dxn‘2+...+kny =0

Then c,y, + ¢,,¥, (= u) is also its solution,

i
since it can be easily shown by differentiating is that _ci_L_/ + Ky —

)C

2. Since the general solution of a differential equation of the nth order contains n arbitrary constants, if
follows, from above, that if y,, y,, ¥;, ..., ¥, are n independent solutions of (1), then

CYy + CoYp + .+ C (= U) is its complete solution.
3. If y = vbe any particular solution of

dny dn—‘Iy
dx”+k1 —= 4.t Ky =X
n n-1
then I +k1d etk =X
dx" dx""
o , uy) |, Nty
Adding (ii) and (iv), we have éx,, )+k1 dinq )

This shows thaty = u + vis the complete solution of (iii).

+otk(u+v) =

The part u is called the complementary function (C.F.) and the part v is called the Damcular integral

(P.1) of (iii).



-~ The complete solution (C.S.) of (iii) isy = C.F. + P.L.

Thus in order to solve the equation (iii), we have to first find the C.F. i.e., the complementary function of
(i), and then the P.L., i.e. a particular solution of (iii).

Operator D Denoting _Ci_' -g—z— -.d.i. etc., sothat
dx dx® dx®
2, 3
__d_y_ = Dy,g—-—)-/* = Dzy,—q-f = [Py etc., the equation (iii) above can be written in the symbolic form
dx dx? dx®

(D" + kDY + .+ k)y = X,
ie. D)y = X,
where (D) = D"+ k,D™ " + ... + k., i.e. a polynomial in D.
Thus the symbol D stands for the operation of differentiation and can be treated much the same as an

algebraic quantity i.e. D) can be factorised by ordinary rules of algebra and the factors may be taken
in any order. For instance

d’y _d
EV oY 3y (D2 + 2D~ 3)y

dx? dx
=(D+3)(D-1)yor (D-1)(D + 3)y.

?’3.3.2 Rules for Finding The Complementary Function

n

To solve the equation ay + K ;
dx" ax™

where k’s are constants.

dn—1 dn—2 - ’
y+k2d —+..tk,y =0 . (0)
X

The equation (i} in symbolic form is
(D" + kD™ + k, D72+ .+ k)y =0 4 ... (i)
Its symbolic co-efficient equated to zero i.e.
D"+ kD™ 4 k,D™2 4+ L+ k, = 0
is called the auxiliary equation (A.E.). Let m;, m,, ..., m, be its roots. Now 4 cases arise.
Case l. If all the roots be real and different, then (ii) is equivalent to
(L-m)(D-m,)..(D-m)y = O ... (i)

Now (iii) will be satisfied by the solution of (D-m,)y = 0, i.e. by —g—}i~—mny = ().
X

~Mpx

This is a Leibnitz’s linear and |.F. = ¢

= Its solution is ye " = ¢ ie. y=c,e™
Similarly, since the factprs in (ili) can be taken in any order, it will be satisfied by the solutions of

Mox

(D-m)y=0,(D-m,) =0etc,ie byy= ™, y= c,e™" etc.

myx

Thus the complete solution of (i) is y = ¢, +c,e™ +...+ c,e™” . Aiv)
Case ll. If two roots are equal (i.e. m, = m,), then (iv) becomes

. myx Max Mpx
y = (C1+C)e " +0ye™ + . +ce™

il

y = Ce™ 408" + .. +c e

[+ ¢, + ¢, = one arbitrary constant C]



It has only n— 1 arbitrary constants and is, therefore, not the complete solution of (i). In this case, we
proceed.as follows:

The part of the complete solution corresponding to the repeated root is the complete solution of
(D-m,)(D- m)y=0

Putting (D~ m,) y = z, it becomes (D~ m,) z= 0 or -35~m1z =0
X

This is Leibnitz's linearin zand |.F = g™

< lts solution is ze™™ = ¢, or z = c,@™"

Thus (D-my)y = z=ce™ or ZL-my = ce™ (V)

lts I.F. being ¢ the solution of (v) is
ye ™ = f ce™ e M dx + ¢,

= Yy = (cr+c,)e™

Thus the complete solution of (i) is y = (cyx+c,)e™ + 0™ +...+ c,e*
If, however, the A.E. has three equal roots (i.e. m, = m, = m,), then the complete solution is

mx

y = (0px° +Cox+63)e™ +c, 8™ 4 +c e

Case lll. If one pair of roots be imaginary, i.e.
m, = o+ if,
m, = o~ if,
then the complete solution is

/| -1 Max mpx
Y = ce P 4ol g o oMy 4o g

= €™ (ce™ + ™)+ g™ + .+ M

1f

e” | ¢, (cos P +isinBx) + c,(CosPx — isiNBx)] + €™ + ...+ ¢ ™
1 2 3 n

[+ by Euler's Theorem, €® = cos 6 + i sin 6]

e™(c;cosPfx + ¢, sinPx) c,e"* + ...+ ™"

[

where C, = ¢ +¢

and G, = i(c,-¢c,).

Case IV. If two pair of imaginary roots be equali.e.
my = m,=o+if,
my = my=ao-ip,

then by case 11, the complete solution is

y = e™[(cyx+c,)cosPr+(Cyx + c,)sin Bx ]+ ..+ c,e™
3.3.3 Inverse Operator

1. Definition, m%) X isthat function of x, not containing arbitrary constants, which when operated upon

by D) gives X.

ie. f(D){



Thus »—LX satisfies the equation A D)y = X and is, therefore, its particular integral.

(D)
Obviously. {D) and 1/£D) are inverse operators.
2. iX = fde
D
Let | j——X =
D - .y
Operating by D, DZ%X = Dy
ie. X = —Ci)i
dx
integrating w.r.t. x, y = Ide
Thus 1y = [ xc
D
1 ax —ax
3. —X = M Xe¥d
D -a J *
1
Let X =Y
D-a
Operating by D — a,
(D~-a)- ! X = (D-a)y
D~a
dy . dy
= ——-ay, le ———ay=X
or X g Y dx y

which is a Leibnitz’s linear equations.
= LF. being e #, its solution is
ye—a\‘ - I Xe—a\- dx
no constant being added as (i) doesn’t contain any constant.
1

Thus., —X = y=6%| Xe™dx
D-a Y j.

3.3.4 Rules For Finding The Particular Integral

n n—1 n--2
dy+k1d y+/<?d 4

dx" ™ T X
which in symbolic form is (D7 + k,D"" + kK, D2+ L+ k )y =X
1

Pl = : X
D"+ kD7 kD" 4k

Consider the equation +otky =X

n

Casel.When X = e
Since De® = ae®



(D" + kD™ K )e* = (a + k@™ .+ k)e®

i.e. D)e* = fa) e
Operating on both sides by
1 a 1
i 3 o -ﬁ-——-f ax
) f(D)e ) (a)e
‘ ) -
or ¥ = f(a)f(D)e
- by + fa)
e o 1o provided fa) 20
(D) f(a)

If f(a) = 0, the above rule fails and we proceed further.
It can be proved that in that case,

1 1
______ea\' — *__eax
AD) @
‘ . 1 o 1 .
It 7(a) = 0, then applying (2) again, we get — 6% = x*——e%, provided f/(a) = 0
(a) pplying (2) ag ) x @)
and so on.
Example 1. Solve
Ay dy
—5+6—=+9y = 5¢¥
dx? dx d
****** —Solution:
(P +6D+9)y = 5e*
Auxiliary equationis [P +6D+9 = Oor D= -3, -3,
CF = (C,+ Cr)e™
3x Sx
PlL=— 1 5er=5_° _ e
D?+6D+9 (3 +6(3)+9 36
563):
The complete solution is y = (G+Cyx)e x+?6—
Example 2. Solve
o’y dy
2 6 19y - pen
dx®  dx v = 6
Solution:
(D260 + 9)y = 66
AE. is (DP-6D+9) = Oor(D-3)2=0,0rD=3, 3
CF = (C,+C,x)e™
1 3x 1 3 2 1 3y y
1= 6% = X6 = (2.6 6% 3,2
Pl = 55-5%@ 566%™ =32 &
Complete solution is Y = (C, + C,x) 6% + 32 ¥



Case ll. When X = sin(ax + b) or cos(ax + b).

0% sinfax+b) = )

If {~a2) = 0, the above rule fails and we can prove that,

BT
If f(-a?) =0, f(;z)‘sin(ax-rb) = x° )
Similarly, f(Dg)cos(ax+b> g
If f(-a®) =0, f(Dz)cos(ax+b) = x )
If f(-a?) =0, f(DZ)COS(aHb) = . )

Example 1. Solve
(D? + 4)y = sin 3x.
Solution: ‘
(D? + 4)y = sin 3x
Auxiliary equation is D?+4 = Oor D= +2i.
CF = Acos2x+ Bsin 2x

sin(ax + b) provided f~a°) # 0 .. (iv)

sin(ax + b) provided f(-a?) # 0 o (V)
sin(ax + b), provided f(~a?) # 0 and so on...

ooé(ax+ b), provided f(-a?) = 0,

cos(ax + b), provided f'(-a2) # 0.

cos (ax + b) provided f"(-a?) # 0 and so on....

Pl = 21 -sin3x = sm23x =—1-sin3x
D +4 (-3)°+4 5
Complete solution is | y = Acost+Bsin2x—»;—sin3x
Example 2. Solve
2
gi+g—¥—+y = COS 2x
dx®  dx
Solution:
(DP+ D+ 1)y = cos2x
Auxiliary equation is >+D+1 =0
-1£-3 -3 , )
D = ———C CF=e? Acos@x+83m£
2 2 2
Pl = ————Co0s 2x
D7 +D+1
z e 008 2X = ~——1—~-cos 2x
T (=22 D+1 " D-3
D+3

= <COS 2x =
D? -9 (-2?)

cos 2x



N o ‘
L= *1—1§(D+3)cos 2x = -a~—3—(~2 sin2x + 3 cos 2x)

Complete solution is

y = @2 ACOS-@—FBSM:@—{ +-1~~~[2 sin2x - 3¢cos2x|
_ 2 2 13
Example 3. Solve
(P +4)y = cos2x
Solution:
(P +4)y = cos2x
Auxiliary equation is DP+4 =0
- D= +2/,CF=ACo0s 2x + Bsin 2x
| 1 x(1 . x
Pl = 2x = X ——C082x = = —8iN2x] = ~3gin2
D2+40032x X 5D X 2(2 x) 4sm X
Complete solution is y = Acos2x+Bsin2x+—z—sin2x
Case lll. When X = x™.
Here Pl = _Lmzf[) ~1,m

Expand [A(D)]~" in ascending powers of D as far as the term in O and operate on x™ term by term. Since the (m
+ 1) and higher derivatives of x™ are zero, we need not consider terms beyond D™,

Example 1. Solve

d’y dy

Findthe P1. of —St—=—=x+x+4
dx dx

Solution:
Given equation in symbolic form is (D2 + D)y = x2 + 2x +4.

Pl = ! (x* +2x+4) =

1, 2 \
DD+ (I+ D) (x" +2x+ 4)

O~

= —;—(1~D+D2 — (X2 + 25+ 4)

= %[x2+2x+4—(2x+2)+2]

3
= f(x2+4)dx = %—+4x

Case IV. When X = e V, Vbeing a function of x.
If uis a function of x, then
D(e®u) = e¥Du+ ae®u=e*(D+a)u
D3e®) = a®™[Pu+ 2ae™Du+ & e®u=e*(D+ a)? u
andin general, DY ey = e*D+a)u
D) (e?*) e D+ aju

i



Operating both sides by 1/f(D),

Example 1. Solve

Solution:

AE.

Example 2. Solve

Solution:

1

R—D-)-.fw)(eaxu)

(D250 + 6)y

(D2-5D + 6)y
[?-5D+6
(D-2),(D-3)
CF

P.1.

il

x3 e

x3 e

0,(D-22=00rD=2,2

(C, + sz)eZY

1 3
2 o
D ~4D+ 4

2x 1 3 2x

ebjx:e

(01+CQX) 62x+6’2x~—;-—

&° Cos 2x

€% Ccos 2x

0
O,orD=2,3
C,e*+C,e*

D? ~5D+6
v 1

2x er

1

5

e* cos 2x

Cos 2x

D+ -5(D+7)+6

X

1
g ¢ o
?-3D+2

~g"

3D+2
3D-2
A-4)-4

X

—&

COS 2x = —&

Cos2x = " - —

40

1
-4-3D+2

30D-2
or” -4

COS 2x = -e—x-(SD ~2)C0OS 2x

(D+27 —4(D+2)+4

—(0S 2x

COS 2x

3



= %(-—GSiﬂZx ~2C08 2x) = ~—;%(3 sin 2x + cos 2x)

y = Ce®+Ce’ —%(3 8in 2x + cos2x)

Case V. When X is any other function of x.

1
Pl = —X
Here )
If D) = (D~ m,) (D m,) ... D(D- m,), resolving into partial fractions,

e = + o+
D) = D-m, D-m, D-m,

Pl = | O e o+ al X
D-my D-m, D-m,

i

X

A, X+ A, X+, +A,

D~m, D-m, D-m

n
~ / A xf THx ~f i -
= ,41-8’”?"{)(9 ”“-*ax+f\2-e"’?"JXe et + A6 xe gy

Obs. Thismethod is a general one and can, therefore, be employed to obtain a particular integral in any given
case.

3.3.5 Summary: Working Procedure to Solve The Equation

of which the symbolic form is
O+ kD vk, Dk )y = x

Step L. To Find the Complementary Function
1. Write the A.E.

le.D"+ kDT 4 +K, D+k_ =0 and
2. Write the C.F as follows:

Roots of AE. C.F.

1. .my, my,ms..(real and different roots) CE™ + 00" 1 o™

2. my, my, my... (two real and equal
roots)

3. my, my, my, m, ... (three real and
equal roots)

4 a+iB,o—iB,m.. (a pair of
imaginary roots)

5. ok, ot i, m... (2 pairs of equal

L imaginary roots)

(€ +Cox)e™ + cye™* 4
(C1+ Cox + Cax®)e™ 4 0™ 4

6%(C,C08PBx + C, Sinpx) + 6™ + .

eax[(c1 +Cox)COSPx + (c3 + C4x)Sian]+ cse™* 4.

|




Step Il. To Find the Particular Integral

1
D"+ kD™ 4. vk _D+k *
1 T Rp n

Fromsymbolicform Pl =

1

=

) ° oD%

1. When X=e*
1 -
Pl = f(D)e , putD=ag, [fa) = 0]
- L - -
xf’(D)e put D= a, [fa) =0, f(a)#0]
. 2 ax = - ’
= X f”(D)e ., putD=a, [f(a) =0, f(a)+0]
and so on.
where (D) = diff. coeff. of AD) w.rt. D

(D) = diff. coeff. of F(D) w.rt. D, etc.
2. When X =sin{ax + b)orcos (ax + b)

Pl = 5-sin(ax + b) [or cos {ax + b)]
®D%)
put 0? = -2° [¢p(-a%) # 0]
1
= i b b
XQ)’(DZ) sin(ax + b) [or cos (ax + b)]
put [P = -&2 [6(-&%) = 0, ¢'(-a?) # 0]
= x° ————sin(ax + b) [or cos (ax + b)]
" DY)
put [P =~ a2[¢/(-a%) =0, ¢"(-a°) # 0.
and-so on.
where ¢(D?) = diff. coeff. of $(DP) w.rt. D,
¢(D?) = diff. coeff. of ¢'(D)2 w.r.t. D, etc.
3. When X = x™ m being a positive integer.
__tom -1 m
Pl 7 D)x [A(D)] " x

To evaluate it, expand [{D)]™" in ascending powers of D by Binomial theorem as far as D and operate
onx™term by term.

4. When X = eV, where Vis a function of x.

Pl = | gaxy = gav

(D) f(D+a) v

and then evaluate ! V asin (i), (ii), and (iii).
f(D+a)



5. When X'is any function of x.

1
Pl = RDSX

Resolve ?-(15) into partial fractions and operate each partial fraction on X remembering that
1
D-a

Step lil. To find the complete solution:

Thenthe C.S.isy = C.F +Pl.

3.4 Two Other Methods of Finding P

X = 6*[Xe®dx

3.4.1 Method of Variation of Parameters
This method is quite general and applies to equations of the from
YV+py +qy =X - (i)
where p, g, and X are functions of x. It gives

Vo X VX .
Pl = “yuf—‘i—;—deryszdx I 1)
where y, and y, are the solutions of " + py’ + qy =0 - (i)
and W = }/1/ y? is called the Wronskian of y,, y,.
Y1 Y2 '

Example 1. _
Using the method of variation of parameters, solve
Y +y = secx

Solution:
Given equation in symbolic formis (D? + 1)y = sec x.
(@) Tofind C.F.

lts Ak, is F+1 =0,
D= xi
Thus C.F is Yy = €;COSx + C,sinx
(o) Tofind PL
Here y, = cos x, ¥, = sinxand X = sec x
COSx Sinx ,
W = yf y? =l = C08%x + sinx = 1
y1 y2 —8INx COSx
_ Yo X A%
Thus, Pl = ~y1f—de+y2 m dx
sinxsecxdx . rcOSxsec xdx
= -—COSxf————————-——+SIﬂxJ-——~—————-——
1
= —COSxftanx che+sinx [1.dx
= cosxIncosx+xsinx
Hencethe C.S. is Yy = €, COSx+ C,SiNx+COSxINncCosx+xsinx

= (¢, + In cosx) cosx + (C, + x) sin x



5 Equations Reducible to Linear Equation with Constant Coefficient
Definitions
Now, we shall study linear differential equation with variable coefficients, which can be reduced to linear
ferential equations with constant coefficients by suitable substitutions.
Euler-Cauchy differential equation. ‘
An equation of the form

dn - dn—1 d
n y+k1x” 1-~n-¥1—+...+kn_1xl+kny = Qx)

dx" dx'"” dx

It can be reduced into linear differential equations with constant coefficients.

X

By taking x = el (or) t = log x

Let, A
dt
Now, dy _aydt _1dy
dx dt dx x dt
dy
= c— =0
/\C/x v
Sy d[19] _Lox 19[w]d
d¥®  dx|x dt| X2 dt xdt|adt|dx
1 dy 1d°y dt 1|d% ady
¥ dt ox gt dx 2 gt dt
d?y
2
x5 == = 68(0-1)y
dx?
d3y
Similarly, xa—&mé— = 68(6-1) (8- 2)yand so on.
X

Substitute all these values in given differential equation, it results in a linear equation with constant coefficients.
lich can be solved as above methods.

Example 1.

2
Consider the differential equation x° 7y + XQX -
dx? dx

4y =0

with the boundary conditions of y(0) = 0, (1) = 1, the complete solution of the differential equation is

(8) 2 (b) sin:

X . Tx

e* sin— d) e ¥ sin—

) > (d) >
Solution: (a)

d’y _dy

2

X ?"}'Xa“dry = 0 and )/(O) =0, )/(1) =1

Choice (a) satisfies the initial condition as well as equation as shown in below
if y = x2

= Oy =0, Yi)=1°=1



Substitution in differential equation

2
x° g~x—¥+xg¥;~4y =X 2+ xxX2x~4x2 =0
4 = x?is complete solution
Alternate Solution:
%
X —3;% + x—g%:— -4y =0
(PP +xD-4)y = 0
[6(6-1)+06-4]y = 0
82-0+0-4) =0
(02 -4)y = 0
Auxilliary equation is m? — 4 = 0
m = %2

CFis Cye®%+ C, 6%
Solution is y =
One of the independent solution is x2.

@ Previous GATE a

C, g7 4 C, %2 = C, x4 G, x?

= C, —jz—+ Cox?
x

Q.1 The solution of the differential equation
dy 2 .
—+y =01is
dx Y
1
(@) y x+C
3
~X
b) y=——+c¢C
() y=—3
(c) ce
(d) unsolvable as equation is non-linear
' [ME, GATE-20083, 2 marks]
Q.2  Biotransformation of an organic compound having
concentration (x) can be modeled using an
a
ordinary differential equation E? + k® =0, where
k is the reaction rate constant. If x = aat t= 0,
the solution of the equation is
1 1
(@) x = ag™™ (b) —=— + kt
x 4
(€) x = a(1 - ) (dyx =a+ kt
[CE, GATE-2004, 2 marks]
Q.3 The following differential equation has

2 / 3
3[%—%}+4L%—;—) +yP+2=2x

Q.4

Q.5

(a) degree = 2, order = 1
(b) degree = 1, order = 2
—{c)-degree=4-order =3— —
(d) degree = 2, order = 3
[EC, GATE-2005, 1 mark]

The solution of the first order differential equation
¥(1) = ~3x(f), x(0) = Xg 8

@ x(f) =x, e (L) x(t) = x, &2

© x() =x,e (d) x(f) = x, 67" ,
[EE, GATE-2005, 1 mark]f

Transformation to linear form by substitutingé
v =y of the equation

d
gyg + Py = gty ; n > 0 will be

dv
(@) o +(1~npv=(1-n)g
® L (- mpv= (14 g
dt
av
© 5t +npv=(1-n)q

av
(d)_d? +(1+ npv=(~1+n)qg |
[CE, GATE-2005, 2 marks



2

. dy _dy .
The solution of o +2dx +17y=0; 0) =1,
ff—y—(ﬂ) = 0inth O<x< = isgivenb
Jxl 7 = 0inthe range <x< 7 is given by

(@) e~x(oos 4x + ?}sinzlx)
(o) eX(COS4x - %Sinélx)
(©) 9—41(COS x - i—sin x)

(d) e~4x(oos 4x - —41—sin4x]
[CE, GATE-2005, 2 marks]

tatement for Linked Answer Questions 7 and 8.
he complete solution of the ordinary differential quation

d’y  dy . .
a;-é—+pg;+qy=018y=01@ + C, €.
Then, pand qgare
@ p=38g=3

) p=4,g=3

(b) p=3 g=4
(dp=4g=4
[ME, GATE-2005, 2 marks]

Which of the following is a solution of the

d’y  dy

i i ion —5+ p——+{g+1)=07?
differential equation 02 Ddx (C/ )

(@) e (b) xe*

(c) xe (d) x?e

[ME, GATE-2005, 2 marks]
A solution of the following differential equation is

2
dydey+6y=O

iven by —=- —
g y i

dx

3x (b) y= er + 6’3‘\‘

@ y=6e*+¢e
(d) y= +e*

[EC, GATE-2005, 1 mark]

€ y=e2 1e*

10 A spherical naphthalene ball exposed to the

atmosphere loses volume at a rate proportional
to its instantaneous surface area due to
evaporation. If the initial diameter of the ball is
2 cm and the diameter reduces to 1 cm after
3 months, the ball completely evaporates in
(@) 6 months (b) 9 months
(c) 12months (d) infinite time

[CE, GATE-2006, 2 marks]

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

The solution of the differential equation

gK +2xy =6 with (0) = 1 is
X
2
(@ (1+ x)e“'2 by (1+ x)e™
2 :
©) (1-x)e* @ (1-xe*
[ME, GATE-2006, 1 mark]
oy ., dy 2%
For —%+4—+3y=3e"", the particular
dx Ox
integral is
( ) __1_92x b 162.\'
T ®) 3
(c) 3e* (d) Cie™+ Ce®
[ME, GATE-2006, 2 marks]
The degree of the differential equation

d°x 5 ]
—+2*=0Is
at
(CYRY (b) 1
(c) 2 (d) 3
[CE, GATE-2007, 1 mark]
. X . dy o,
The solution for the differential equation 4r =x2y
X
with the condition that y = 1 atx = 0 is
nl 3
(8) y=e (0) In(y) = = +4
X2 2
(c) In(y) = ) (d) y=e?®

[CE, GATE-2007, 1 mark]

The solution of dy/dx = y2 with initial value y(0) = 1
bounded in the interval
(@) ~o<x< oo (b) —eo<x <1
c)x<1,x>1 (d)y 2<x<2

IME, GATE-2007, 2 marks]

A body originally at 60°C cools down to 40°C in
15 minutes when kept in air at a temperature of
25°C. What will be the temperature of the body at
the end of 30 minutes?
(a) 35.2°C (b) 31.5°C
(c) 28.7°C (d) 15°C

[CE, GATE-2007, 2 marks]

Solution of L/ ;/{ atx=tandy= /3 is

dx
(@ x~y2=-2 byx+y2=4
() -2 =-2 (A x? + =4

[CE, GATE-2008, 2 marks]



Q.18 Which of the following is a solution to the
dx(f)

differential equation e +3x(t) =07
(@) x(f) = et (b) x(1) = 2678
3

(d) x(t) = 3¢°
[EC, GATE-2008, 1 mark]

(€ x(1) = —*2'1‘.2

d2
Q.19 The general solution of d—}zi +y=0is
X

[CE, GATE-2008, 1 mark]

Q.20 Giventhat ¥ + 3x =0, andx(0) = 1, #(0) = 0, what

isx(1)?
(a) -0.99 (b) -0.16
() 0.16 (d) 0,99

W MDD

[ME, GATE-2008, 1 mark]

Q.21 ltisgiventhat y’ + 2y + y =0, ®0) = 0, Y (1)=0.
What is v (0.5)?

c. ¥.x 3. Hyperbol
) c/x_y . Hyperbolas
dy X
D. e v
Codes:
A B C D
@ 2 3 3 i
) 1 3 2 1
{c) 2 1 3 3
@ 3 2 1 2
[EC, GATE-2009, 2 marks]
.25 The solution of x-CT +y = x" with the condition
X
1) = g is
4 4
1 4y 4
e — b = —
@) =5+ ) 5 "5y
4 5
) Y= ] (d) Y =t ]
‘ 5 VY=g

[ME, GATE-2009, 2 marks]

Q.26 The order and degree of the differential equation

(2) 0 (b) 0.37 Py (dy}s )
—+ 4 =1 + = ective
(c) 0.62 (d) 1.13 aed gy, T = Oarerespectively
—_— —{ME-GATE-2008, 2 marks]——— (&) 3ard2——— —(b)2-and-3—
. : . {c) 3and3 (d) 3and 1
Q.22 The order of the differential equation ,
| 5 k [CE, GATE-2010, 1 mark]
dzy dy 4t :
of o) TVTEe d°f f s
Q.27 The Blasius equation, =L + -2 ~(,isa
(a) 1 (b) 2 dn®  2dn? ,
(c) 3 (d) 4 (a) second order nonlinear ordinary differentialk;
[EC, GATE-2009, 1 mark] equation ‘
Q.23 Solution of the differential equation (b) thirdllorder nonlinear ordinary dﬁferemla‘
d equation :
Sy—-y- + 2x = 0 represents a family of (c) third order linear ordinary differential equation‘j‘
dx, _ (d) mixed order nonlinear ordinary differentiat
(a) ellipses {b) circles .

(d) hyperbolas
[CE, GATE-2009, 2 marks]

{c) parabolas

Q.24 Match List-1 with List-ll and select the correct
answer using the codes given below the lists:

List-1 List-11
ALY 1. Circles
dx x
B. gX =Y 2. Straightlines
Ux X

equation
[ME, GATE-2010, 1 mark

Q.28 The solution to the ordinary differential equation

d) y=c,e¥+c,e? ;
[CE, GATE-2010, 2 marksl|



2.
.29 For the differential equation dx + 6% +8x =0
dr - dt
s . dx
with initial conditions x(0)=1and == =0,
dtl_o

the solution is
(a> x(t) = 2¢8 .. g2t

(b) x(f) = 26 — g

(©) x() = —e® + 26 (d) x(1) = g2 + 2t

[EE, GATE-2010, 2 marks]

.30 A function n(x) satisfies the differential equation

dzn(x> n(x)
— N
dx? 2

where L is a constant. The

boundary conditions are : 1(0) = K and n(es) = 0.
The solution to this equation is
(a) n(x) = Kexp(x/L)

(
()
(d)

b) n(x)= Kexp<~x/\/Z)

nix) = K2 exp(-x/L)
n(x) = Kexp(-x/L)

[EC, GATE-2010, 1 mark]

dy

31 Consider the differential equation = (1 + yz)x
X

The general solution with constant cis

2

(@) y= tan% +tanc

(b) y = tan® (—)25 + c]

[ME, GATE-2011, 2 marks]

32 With K as a constant, the solution possible for

dy ~3x

theﬁrstorderdlfferenttafequationd =g IS

1 s
a ——e™"+K
(a) 3

(c) -3¢ + K

X
1
b) ——e¥ + K
(b) 3e+

(d) 37+ K
[EE, GATE-2011, 1 mark]

dy

33 The solution of the differential-equation o = ky,

H0) = cis
(@) x = cev
(c) y = ce®

(b) x = ke®
(d) y = cek
[EC, GATE-2011, 1 mark]

Q.34 The solution of the differential equation

9/_){ + b4 =x, with the condition that y = 1 atx = 1,
dx x
is
2 x x 1
e T = e
2 X o X2
T e e — a = e e
()7 3t3 (@ y 3

[CE, GATE-2011, 2 marks]

Q.35 The solution of the ordinary differential equation

d

-d—)i +2y =0 for the boundary condition, y= 5 at
X

x=11Is

(@ y=e? (0) y = 2e7%

(c) y=10.95 g (d) y = 36.95 g2
[CE, GATE-2012, 2 marks]
Q.36 With initial condition x(1) = 0.5, the solution of the

differential equation, t%? +x=1tis

@ x=t-3 (b) x =" -2
2
© x=5 @ 5=

[EC, EE, IN, GATE-2012, 1 mark]
Q.37 The partial differential equation

w2ty
En ox  axt
a) linear equation of order 2
b) non-linear equation of order 1
¢) linear equation of order 1
d) non-linear equation of order 2

[ME, GATE-2013, 1 mark]

Q.38 The type of the partial differential equation

is a

(
(
(
(t

of  9%f

*87 kax—? is

(a) Parabolic (b) Elliptic
{c) Hyperbolic {d) Non-linear

[IN, GATE-2013 : 1 mark]

Q.39 The solution to the differential eqguation

d*u | du

— —K— = 0is where kis constant, subjected
dx? dx

to the boundary conditions ({0) =0and u(L) =

is



Q.40

Q.41

X 1 Kx

@ u=Ur (b) U”U[1*Z}Mj
_ jwe_K"] 14 e

(c) u= U(_l_e-kL (d) u= U(1+e’¢j

[ME, GATE-2013, 2 marks]

The maximum value of the solution () of the
differential equation y(t)+ y(f) =0 with initial
conditions y(0) =1 and W0} =1, fort=0is

(a) 1 (b) 2

(© (d) V2
[IN, GATE-2013 : 2 marks]

Q.43 The general solution of the differential equatio,

d
EZ = cos{x + y), with ¢ as a constant, is
X
(@ y+sin{x+y)=x+c¢
(b) tan( =y+C
cos( ) X+C
tan j

[ME, GATE-2014 : 2 marks]

Q.44 The solution of the initial value problem

A system described by a linear, constant dy '
coefficient, ordinary, first order differential dr —2xy; y(0)=2is
equation has an exact solution given by y(f) for 2 2
t > 0, when the forcing function is x(f) and the initial (@) 1+e ,’ (b) 2e~
condition is y(0). If one wishes to modify the (©) 1+e" (d) o6
system so that the solution becomes —2y(t) for [ME, GATE-2014 : 1 mark]
t>0, we need to _ S _
(a) change the initial condition to ——)/(O) and the Q.45 Which ONE of the foHovvmg is a linear non-
forcing function to 2x(f) homogeneous differential equation, where xand
(b) change the initial condition to 2{(0) and the y are the independent and dependent variables
forcing function to —x(1) respectively?
,,,,,,,,,,,,,,,, 44Qchamge¢he;xaiﬂaLcoadiILQtLto_L\[Z—_)é(QLand_M_AQayA% +xy = e,im”f(gy%z— +xy=0
. ) . ' d
the forcing function to j~/2 x(t) ©) BX ixy=e? () _Z'_)i re =0
X X

. . dx
Q.42 The matrix form of the linear system — = 3x~5y

(d) change the initial condition to -2){0) and the
forcing function to ~2x(1)
[EC, GATE-2013, 2 marks]

dt

d
_y :4x+8yl8

M3 -5
4 8

o]
>
Q.

=

%[Q
<

%IQ
=

>

<

%iQ
I——-N——\;‘“:«r——&—ﬁr—“—"—ﬂ“"
=S S S

H

o

ml
r——"-——\r\;—-";—\r——"—ﬁ/—/—«
R, X %S RO B

%[Q

[EC, GATE-2014 : 1 mark]f

Q.46 The solution for the differential equation

d2
d—t;i = ~9x with initial conditions x(0) = 1 and
dx
— =1 is
at li-o

| 1 2
(@) £+ t+1 (b) sin3t + 3 cos3l+7

(d) cos3t + t
[EE, GATE-2014 : 1 mark]
xy(t) and x() = x4l

1
(c) 3 sin3t + cos 3t

Q.47 Consider two solutions x(f) =

of the differential equation

ao(t)
at li-o

d2x(2‘) Oi
+ x(t) =0, >V
at? (

such that x, =0, =1. The Wronskian;%



Xt x()
WAE) = |dx((t) dxo(f)| @t t=mn/2is
ot at

(a) 1
(c) O

(b) -1
(d) m/2
[ME, GATE-2014 : 2 Marks]

1.48 If the characteristic equation of the differential

2
ﬂ%+2ag_}i+y: 0 has two equal

dx
roots, then the values of oL are
(a) =1 (b) 0,0
(c) =j (d) =1/2
[EC, GATE-2014 : 1 Mark]

).49 If aand b are constants, the most general solution

equation

d’x _d .
of the differential equation »«; +2=>4x=0is
at at
(a) ae (b) ae™t + bte!
(c) ae! + btet (d) ae™®
[EC, GATE-2014 : 1 Mark]
2.50 Consider the differential equation
2
29V Y0 Which of the following is
dx? dx
a solution to this differential equation for x > 07
(a) & (b) x*
(c) 1/x (d) Inx

[EE, GATE-2014 : 1 Mark]

2.51 Consider the following differential equation:
d
—a%: -by; initial condition: y = 2 at t = 0
The value of yat t = 3 is
(@) — 5e™0 (b) 2¢10
(c) 2710 (d) 1562
[ME, GATE-2015 : 2 Marks]

~ 152 Consider the following difference equation

Y

X

Which of the following is the solution of the above
equation (c is an arbitrary constant)?

x(ydx + xdy)COS—Z = y(xdy - ydx)sin
X

*cos? = Xsin -
(a) Cosx c (b) ysmx c
(c) xycosy-zc (d) xySiﬂX=C

X X

[CE, GATE-2015 : 2 Marks]

Q.53 Consider the following second order linear
differential equation

2
9Y 122 +24x-20
dx
The boundary conditions are: atx = 0, y= 5 and
x=2,y =21

The value of yat x = 1 s .
[CE, GATE-2015 : 2 Marks]

Q.54 Adifferential equation %—0.21‘ = 0 is applicable

over-10 < t< 10. It i(4) = 10, then i(-5) is
[EE, GATE-2015 : 2 Marks]

Q.55 The general solution of the differential equation

dy _1+cos2y is
dx 1-cos2x

a) tan y— cotx = ¢ (cis a constant)
b) tan x — cot y = ¢ (¢ is a constant)
c) tan y + cot x = ¢ (cis a constant)
d) tan x + cot y = ¢ (cis a constant)
[EC, GATE-2015 : 1 Mark]

(
(
(
(

Q.56 A solution of the ordinary differential equation

dy _dy ,

—Z 4522 46y =0 is such that y{0) = 2 and

2 +5dt+ % 0)

Y1) = - 123€ he value of g)-/—(O) is
P at ‘

[EE, GATE-2015 : 2 Marks]

Q.57 The solution of the differential equation

d’y . dy . (
2—— =0 with {0) = y(0) = 1
e n0) = y'(0) is

(a) (2~ et (b) (1 + 2t)et
() (2 + Het (d) (1-2t)e!
[EC, GATE-2015 : 2 Marks]
Q.58 Consider the  differential  equation
d?x(t) ,, dx(t) ‘
e +3 o +2x(t) =0. Given x(0) = 20
and x(1) = 10/e, where e = 2.718, the value of
x(2) is .

[EC, GATE-2015 : 2 Marks]



o2
Q.59 Find the solution of —&——Z—fy which passes
X

3
through the origin and the point(m 2,2) ‘

[
=—e" -
(@ y=5

T e
(by y= -2—(e +e )
(c) y= l(ex - e‘x) (d) y= ie” +e™
2 2
[ME, GATE-2015 : 2 Marks]

Q.60 Afunction y(1), such that y(0) = 1 and y(1) = 3e",
is a solution of the differential equation

a’y ,dy

—+2—=—4y =0, '
e i y Then 2} is
(a) be™! (b) 5e
(c) 7& (d) 7e

[EE, GATE-2016 : 1 Mark]

Q.61 The solution of the differential equation, for t> 0.
V(8 + 2Y(f) + () = 0 with initial conditions
¥0) = 0 and y(0) = 1, is (u(t) denotes the unit
step function),

(@) te'lu(t)
() (~et+ tehu(1)

(b) (et~ tehu(t)
(d) e tu(1)
[EE, GATE-2016 : 1 Mark]

-Q.62-Lety(x)be the solutionof the differentia

a? e
CY_ 49y 4y =0 with initial conditions (0) = 0
dx? O’
dy ‘
and dxl T 1. Then the value of y(1)is .
Xix=0

[EE, GATE-2016 : 2 Marks]

Q.63 The particular solution of the initial value problem
given below is

£)’-1+12dy+36y 0 with y(0) = 3 and
dx® dx

ay

= =-36

Oxly=0

(@) (8- 18x)e®~
(c) (B +20x)e b

(b) (8 + 25x)ex
(d) (83— 12x)e0r
[EC, GATE-2016 : 2 Marks]

Q.64 If y = fix) satisfies the boundary value problem

{5 vl

y'+9=0 y0) =

equation

——

Q.65 The respective expressions for complimentary
function and particular integral part of the solutior-
of the differential equation

4 >
dy., 3d_)2/ = 108x2are
dx* ax

8) [cy+ Cpx + 05 8inV3x +¢, cos3x | and
[3x* =122 + ¢]

b) [, + 4 8in+/3x + ¢, cos/3x | and
[5x* ~ 1237 + ¢

(c) [clwtc3 sin\/S_.xjnLc4 cosf?;] and
[3x* =127 + ¢]

(a) [01 +C,x + Cy 8inV3x + ¢, cos \/37] and

(5% — 1242 + ¢
[CE, GATE-2016 : 2 Marks]
Q.66 Consider the differential equation 3y (x) +
27y(x) = 0 with initial conditions y(0) = 0 and
y'(0)=2000. The value of y atx = 1 is :
[ME, GATE-2017 : 2 Marks]

d2
Q.67 The differential equation —eﬁ?er 16y = O for Yl

with the two boundary conditions %Z =1

X v=0

and ﬂ/«! = -1 has
d.\",x _m
2

{a) no solution

(b} exactly two solutions
(c) exactly one solution

(d) infinitely many solutions

[ME, GATE-2017 : 1 Mark]
Q.68 Consider  the  differential  equation
(- 81)% +5¢ y = sin(t) with (1) = 2r. There

exists a unigue solution for this differential equation
when ¢ belongs to the interval
(@ (-2,2) (b) (<10, 10)
() (-10,2) (d) (0, 10)
[EE, GATE-2017 : 2 Marks]




Q.69 The general solution of the differential equation

dy Ly
dx? dx
in terms of arbitrary constants K, and K, is

(B (-dR)x

5y=0

(a) Ke + Kye

—1+\/§)x —1~\[§)x

+ ng(
(-2-B)x

(b) K1e(
(C) K1e(-2+\/g)x
'—2+\/§)x

(d) K

+Kye
+ ng(_z_‘/g)x
[EC, GATE-2017 : 1 Mark]

Q.70 Which one of the following is the general solution
of the first order differential equation
dy
dx
where x, y are real?
(@ y=1+x+tan"(x + ¢), where cis a constant.
(b) y=1+x +tan(x + ¢), where c¢is a constant.
(¢) y=1-x+tan'(x + ¢), where cis a constant.
(d) y=1-x+tan(x + ¢), where ¢ is a constant.
[EC, GATE-2017 : 2 Marks]

=(x+y-17,

Q.71 Consider the following second-order differential
equation:
V" =4y’ + 3y =2t - 3t°
The particular solution of the differential equation is
(@) —2 -2t-t2 (b) - 2t-1t2
(c) 2t—t? (d) -2 -2t~ 3t?
‘ [CE, GATE-2017 : 2 Marks]

aqQ
Q.72 The solution of the equation o +Q=1withQ

=0att=0is
(@ Qy=e'=1  (b) Q) =1+e"
) Q=1-¢ (d) Q) = 1 - e

[CE, GATE-2017 : 2 Marks]

Q.73 A particle of mass 2 kg is travelling at a velocity
of 1.5 m/s. A force f(f) = 3t? (in N) is applied
to it in the direction of motion for a duration of
2 seconds, where tdenotes time in seconds. The
velocity (in m/s, up to one decimal place) of the
particle immediately after the removal of the
force is .

[CE, GATE-2017 : 2 Marks]

Q.74 The complete integral of (z— px -~ qy)® = pg + 2
(P* + g)*is

2
(a) z=ax+by+§/,oq+2<p2+q)

(b) z=ax+by+3ab+ 2(&2 +b)2
(c) z=ax+by+3ab+ ‘3/2(32 +b)2

(d) z=ax+by+c
[ESE Prelims-2017]

Q.75 If a clock loses 5 seconds per day, what is the
alteration required in the length of the pendulum
in order that the clock keeps correct time?

4 . : _
(a) 86400 times its original length be
shortened
1 , -
(b) Mt;mes its original length be
shortened
(c) 8640 times its original length be shortened
(d) 8640 times its original length be shortened

[ESE Prelims-2017]

Q.76 The solution of the differential equation,
Y- dy+x 1= )2 dx=0is
@ V1o = ¢
(b) \J1-y? =
) \/1—:?+ﬁ_'—72=c
d) 1422 + 142 = ¢

Q.77 The general solution of the differential equation,

[EE, ESE-2017]

d3y+2d Y
dx* T dx® R dx
y=(C;~Cyx) e + C, cosx + C sinx
y=(C, + Cyx) e~ CcoswC sinx
c) y=(C, + C,x) e + C; cosx + C, sinx
y=(C, +Cx)e‘+C cosy - C, sinx
[EE, ESE-2017]

Q.78 The solution (up to three decimal places) at x = 1

Py . dy

+y=01is

of the differential equation —5+2—+y=0
dx dx

subject to boundary conditions y(0) = 1 and

dy .

i = {0} = -1 IS

dx ( )

[CE, GATE-2018 : 2 Marks]



Q.79 If yis the solution of the differential equation Q.82 Consider a éystem governed by the following

sy o equations:

the value of y(—1) is The initial conditions are such that x,(0) < x,(0) < e,

(a) -2 ' ) -1 Let xyp = im xi(f) and xpr = Jim 2x5(t). Which one
(©) 0 (d) 1

o 5
[ME, GATE-2018 : 1 Mark] of the following is true”

(@) xy < xy <o (b) x50 < xy < 00
Q.80 Giventhe ordinary differential equation (C) xy;= xp < oo (d) xy;= xp =0
a? [EE, GATE-2018 : 2 Marks
.._g. + 31-6)/ =0 ]
dx X Q.83 The solution of the differential equation,
ay
with (0) = 0 and —=(0) =1, the value of y(1) is 2
dx dy"‘ﬂ_Z}/:Seex

(correct to two decimal places). dx?  dx . where, (0) = 0 and

[ME, GATE-2018 : 2 Marks]

y{0)=~2Is
Q.81 A curve passes through the point (x = 1, y = 0) (@) y= % - e + xg¥
and satisfies the differential equation (b) y = &' — e - xe&
G 2R () y=e*+e* +xe*
+ .
BX SEELE AR A equation that describes (d) y=6~e?+xe™ [EE, ESE-2018]
x 2y X
. a? .
the curve is Q.84 If .._.2)i+y=o under the conditions y = 1,
at
2 1 y2
Y - RANE PN
(@) lﬂ[1+;§]~x*1 (b) 21n[1+ xz) x=1 %_—.o_ when t = 0, then yis equal to
1% 1 y (a) sint (b) cost
ln 1+ =X “"1 —_ — X
© [ x) @ 2!n(1+ xj - (c) tant (d) cott
[EC, GATE-2018 : 2 Marks] [EE, ESE-2018]

1. @ 2. (® 3 ® 4 @ 5 @ 6 @ 7. © 8 (© 9 (b
10. (@ 11. (o) 12. (o) 13. (o) 14. (¢ 15. () 16. (®) 17. (d) 18. (b)
19. (@ 20. (o) 21. (@ 22. (b) 23. (3 24. (8 25 (a) 26. (& 27. (b
28. (¢) 29. (b) 30. () 31. (d) 32. (@ 33. () 84. (d 35 (o) 36. (d)
37. (d) 38. (@ 39. (o) 40. (d) 41. (d) 42. (@ 43. (d) 44. (o) 45. (a)
46. (c) 47. (a) 48. (a 49. (b) 50. (¢ 51. () 52. (c) 53. (18) 54. (1.65)
55. (c) 56. (-8) 57. (b) 58. (0.86)59. (c) 60. (b) 61. () 62. (7.38)63. (a)
64. (-1) 65. (a) 66. (94.08)67. (3) 68. (a) 69. (@ 70. (&) 71. (@ 72. (d)
73. (55) 74. (b) 75. () 76. (c) 77. () 78. (0.37)79. () 80. (1.47)81. (a)

82. (¢) 83. (a) 84. (b



Explanation

(a)
Given diffenential equation
dy 2
e v2=0
dx y
= ._g_jzﬁ = dx
y
Onintegrating, we get
12 - fo
y
1
— = x+C
y
1
Y= iie
(b)
dx
X2
at fo
(Note: This is in variable separable form)
dx
= 2 = - kat
Integrating both sides,
dx
[= = Tk
X
1
-— =—-Kkt+(C
X
1
= — = kt+ C
X
at I=0,x=a
= l =Kkx0+
a
= C = 1
a
u = Kt + 1
x a

(b)

Order is highest derivative term, so order = 2.
Degree is power of highest derivative term.

So, degree = 1.

(a)
Given, x(t) = -3x(f)

' gx _ .
ie. o7 =3«
d

XL 3

X

dx

— = [-3at
X
= nx=-3t+ C
= x:e—3t+czecxe~3t
puting e“=C,
x=C;x e
Now putting initial condition x(0) = X,
xg=C, %= C,
C; = x,
-~ Solutionis x = x, 678
i.e. x(f) = x, e3¢
(a)
. ady
Given, o +py=qt)y";n>0
putting v = yin
%—tv- =(1-ny" %
dy 1 av

at ~ (1-n)y™ dt
Substituting in the given differential equation, we
get,
1 av
(1-n)y™" dt
Multiplying by (1 - n) y", we get

+ p(y = g(t)y"

dv n
o PO =Ny =" =g (1-n)

now since y' =" = v, we get

av
E:+<1~n)pv (1-n)g

(whichis linear with vas dependent variable and
tas independent variable)

(a)

d?y L,y
—e o 2 4 1Ty =
T + o + 17y=0
H0) = 1

dy(n

dx(4) =0
This is a linear differential equation
DP+2D+17=0

D=-1x4i

y = 01 ol -THaix - Cz l~1-4i)x



g 01 e4xi + CZ e~4xi

i

= e*[C,(cosdx + i sindx)]+
C,[cos(~4x) + i sin(-4x)]

e*[(C,+ C,) cosdx + (C- C,)
i sindx)]

il

Let C,+C,=Cand(C,-C,)i=C,

DP+4D+4 =0

(D+2)7? =0
D=-2-2
= y=(cx+c,) e

outof choices given, y = x &
is the only answer in the required form (i.e.
(cyx + c)e® putting ¢, = 1 and ¢, = 0)

y = & (Cycos 4x + C, sin 4x) 9. (b)
since  0) = 1 AE=D*-5D+6 =0
= 1= e9(C,cos 0+ C,sin0) (D-2)(D-3) =0
> C3 = 1 D = 2, 8
dy Y= 6+ g™
—— = e (-4Cysindx + 4C,c084x)
dx _ 10. (a)
— e*[C,co84x + C,sindx] av
= e*[(-4C, - C,)sindx + (4C, P ~KA (i)
~ C;)cos4x]
where = = nr
“,X— atx = Zf- is0 3
ax “ A = 4nr?
= (-4C, - Cy) e™ =0 a4 o ar
4C4=C3 = ‘Cﬁ_ = §-n><3r25:47cr25
C,= 9& - 1 Substituting these in (i) we get,
4 4 ar
1 =z
C,=1and C, = < 4nr? pri — k(4nr?)
— o 4 _1_ H 4 _Cﬁ —_ k
y = e*(cos x+4sm x) i
(©) = ar = ~kdt
Given equationis Integrating vx;e—ge/t(r L0
Ay d - _
_)2/+p_y+qy:0 at t=0, r=1
dx dx = 1=~kx0+C
(DP+pD+qly=0 = C=1
[?+pD+q=0 r=—kt+ 1 (i)
lts solutionis  y = C, e*+ C,e™> Now at £ = 3 months
So the roots of : r=05cm
[P+pD+qg=0areo=-1andp=-3 05 = —kx3+1
Sumofroots =-p=-1-3=p=4 05
Productofroots = g=(-1)(-3)=qg=3 = = —3-

(c)

Given equation is

d’y  dy
—=+p—+(@Q+7) =0
Tzt Pg @+
= [DP+PD+(g+Ny=0
Put =4
an =3

D
r\d q
Y

Now substituting this value of A in equation (ii)
we get,

= ___C.)_ét_g.‘]
3

putting r=0 (ballcompletely evaporates)

in above and solving for t gives 0 = ~%—6‘f +1

= t = 6 months



11.

12.

13.

14.

(b)
Given equation
dy
— + 2 foed 52
dx We=e
This is a leibnitz + Zz linear equation (i.e. a first .
order linear differential equation)
Integrating factor’
LF = gfxdi= g2
Solution is y(1.F) = [Q(IF)dx + ¢
y@)62 = J“e""zex2 dx+c
2
ye" =x+ C
at x =0, y=1(given)
1P =0+c0
= c=1
So, the solution is
ye* = x + 1
= y=e*(x+1)
(b)
Py
—=+4—=+3y =
dx? dx / 3e”

= (P +4D + 3)y = 3~
Particular integral

1

Pl. = —5————36%
D +4D+3
Now since ~1—~ea” - J—ea‘
' D))" T fa)
2x 2x X
Pl= 83— 3 &
(2 +42)+3 15 5
(b)

Degree of a differential equation is the power of
its highest order derivative after the differential
equation is made free of radicals and fractions if
any, in derivative power.

Hence, here the degree is 1, which is power

of —
dt?

(d)
dy 5
dx " Y

This is variable separable form
d
& = x°ch
y

165.

16.

fd—;/ = Ix2dx
43
= log,y = ~3~+C1
3 3
= Y= e§+Q: % xed
x3
y=Cxe?d
Nowatx =0, y=1
0
1= Cxe3
= C=1

3

X

y = e? is the solution

. ay
Given a:y2
- fa
Yy
_1
= y =X+ C
1
Y= -
x+C
When x=0
y =1
C=-1
B 1
B "x~1
yis bounded when
x~1=0
ie. x # 1
ie. x<lorx>1
(b)
ao
m = ~K (0 - 6)

(Newton'’s law of cooling)
This is in variable seperable form separating the
variables, we get,

a0 = ~Kdt
0 -0,
ao

= | —kdl
o2 - [k

= In(0~0y) = ~kt+ C|
= 0-6,=Ce™ (where C=e)
0=6,+CeX



given, 6, = 25°C 19. (a)

Now at =0, 8=60° q°
Ly =0
60—“:25+060 O’x2 -
= C=35 DP+1=0
0=25+35¢gH . D=%i=0=x1;

.. General solution is
y = e*[C, cos(1 x x) + C,sin(1 x x)]
= Cycos x + C, sinx
= Pcosx+ Qsinx

sk 3 , where Pand Q are some constants.
= K = — (D)
20. (b)

al  t=15minutes
0 = 40°C
40 = 25 + 35g-kx15)

7
Now at t = 30 minutes

0 = 25 + 35 g0k = 25 4. 35 (- 15K)2 S =0
3 Auxiliary equation is
Now substituting 15 = — from (i), we get, [P+3=0
. ie. D= +J3i
0 =25+35x (7) x = Acos/3t + Bsin/3t
= 31.428°C =31.5°C at t=0x=1
= A=1
(d) Now, % = /3(Bcos/3t — Asiny/3t)
9y _ At t=0 % =0
-dx oy = B=0
= ydy=-xd So, X = cos~/3t
= [yay = [-xax x(1) = cosy/3 = 0.99
2 2
s =X 21.  (a)
at %1’ '+ 2/ +y=0
Y (DP+2D+1)y=0
y=43 = [P+2D+1=0
3P P =  (D+12=0
= — +C
2 2 = D=-1,-1
= C=2 y = (C, + Cyx)e™
2 2 - - -0
RN . NO)=0 = 0=(C,+Cy0))e
Solutionis 5 = ot 2 - C =0
- R yP=4 1)=0 = 0=(C,+C,) e
7 = C,+C,=0
(b) = G =0
ax | 5 - y = (0 + Ox)e™ = O s the solution
dt 05) =0
dx .
-, = odt 22. (b) |
dix Highest derivative of differential equation is 2.
.
— = |3t
x o 23. (a)
in x=-3t+¢C '
a
= x = g3+c 3)/5,%-!-236:0
= x=e° g¥=c g (c; =€ - & o
= x=c, 6% = _— =

dx 3y



24.

=
= [3yady =
= fg—yz =
= 3y + 22 =
I S
2 )
2 3
2 2
= -~1x-~+ {
29 [z
2 3

which is the equation of a family of ellipses.

(a)

A Y

dx

It

i

log y =

log y + log x
log yx
yx

4
X
dx
X
dx
X

log x + log ¢ = log cx

cx ... Equation of straight line.

-y

X
—-dx ay dx
N f__ S Bhciad

X Y X
-logx +logc

log ¢
log ¢
c
¢/x ... Equation of hyperbola.
X ,yay=xox
fx dx
¢ — const

2
lod
1 ... Equation of hyperbola
— = fydy = —fxdx
L2

2 2

25.

26.

r,.2_ 2
2 2 2
X+ 2= ... Equation of a circle
(a)
Given differential equation is
xE/—}i +y=xt
dx
a gyw -
o L) Fx ()
Standard form of leibnitz linear equation is
dy N
o " Py=Q o (i)

where Pand Q function of x only and solution is
given by

wLF) = [QIF)dx+C
| Pax

where, integrating factor (L.F) = e
Here in equation (i),

1
P=—and Q=x°
X

1
—dx
LF = ef" = @N¥=x
Solution y(x) = [¥°x dx + ¢
5

* +c
X = ==
=5
given condition
6
)=z
6
meansat x=1 y= —
5
6 1
= 5 X1 = 5 + C
C~"6‘ l-1
= "5 5"
5
Therefore yx = = + 1
_
= y o= £ o
(a)
RN AN
—=+ 4 =] +y° =
ax® (dX} Y 0

Removing radicals we get

-2



U=Ci+Cet=-C,+ C, et

U U
Co = Gy T YT
— u _ U Kx
et it

40, (d)
yt)+yt) =0
1+0°=0
D= =i

y = Ce + Ce™
= Acosx+Bsinx

¥(0) = 1
1=Ax1+Bx0
A=1
y =-Asinx+ Bcos x
(0) =1
. 1T=-Ax0+ Bx1
B=1
So, Yy = COSx +sinx
for maxima, '
Yy =-sinx+cosx=0
Sinx = cos x
x = 45°

y” = ~C0s x — Sin x
y' < Oforx = 45°
maxima y(max) = cos45° + sin45°

1 1 2
e b e T —— = 2
NN V2
41, (d)
-*dggt)Jrky(l‘) = x(1)

Taking Laplace transform of both sides, we have
sY(s)— 10) + kY(s) = X(s)
Y(s)[s+ k] = X(s) + 10)
X(s)  ¥0)
= Ms) = s+k * S+k
Taking inverse Laplace transform, we have
D = e (1) + 10)e

So if we want —2)(1) as a solution both x(#) and
¥0) has to be multiplied by -2; hence change

x(1) by -2x(t) and y(0) by -21(0).

42.

43.

44,

45.

(a)
dx
- N
” = 3x — by
ay
o = 4x + 8y
d x| _ 3 -5 {x
dt\y R y
d |x _|3x -5y
dtly] |4x +8y
(d)
Let Z=X+Yy
9z = 1+@i
dx dx
gz _,
o = COS Z
az
or = | dx
j1+cosz f
or 1fsec2(»z~jdz =x+C
2 2
tan(—z-j -
or 5 =x+C
or tan(uj =x+C
2
(b)
dy
—"2 =
P (1
IF = efodx :ex2

Multiplying LF. to both side of equation (1)

2 c/y
er | <L +2 =
[dx XVJ 0

Sy <o
= dx ) =
2
gy=0C
from the given boundary condition, C= 2
e y =2
2
y= 287"
(a) _
General form of linear differential equation
dy

—~+ py =6when Pand 6 can be function of?



46. (c) 48. (a)

d?x d d?y ay
— = —=D 5+ 20 ——+ Y =
gz = at da  ax V=0
a2y , The characteristic equation is given as
o =0 (DP+9)x =0 (M2 +20m+1) =0
Auxiliary equation is m? + 9 = 0 20+ 4a? -4
m= £3{ My, My = P
x = C; cos3t+ C,sin3t (i) Since both roots are equal i.e,
x0)=1 Qe x— 1whent—0 my = m,
20+ \/4oc2 -4 -20- J4a2 —4
dx
— = -3C, sin3t + 3C, cos3t Nl
dt ! 2 " 40° ~4 = —J402 -
¥0)=1 ie x—1whent—0
3 2v40% -4 =0
1=3C, Cg=§ : 4024 =0
’ of = 1
x = Cos3t + gsinBI o= +1
7. (@) * (th)))e differential equation is given as
Given differential equation in symbolic form is ) . g
(D% +1)x(t) = 0 SR L,
Its AE. is at at
D?+1 =0, y=C-F+P.JI
D= +; Since Q = 0, i.e. RHS term is zero, so there will
So, C.F is be no particular integral.
x,(t) = C, cost, y=C-F
x,(t) = C, sint Let 9 _ D
x,0)=C, =1 Ox
, . SO, (D2 + 2D+ 1)x=0
= x4() = cost [it satisfies P10 | _ OJ (D+17 =0
at o y = ael+ ptet
x(0) = 0 = C, sin(0) (~Cy#0) 50, (c)
dx, (1) 2% dy
= — St X— Y =
p C, cost YR gy Y =0
Let = 6% e 7z =logx
() * ’
dt =Cp=1 L a2
t=0 de 7777 4z
x,(t) = sint X2 [P = 6(6-1)
(xLP+xD-1)y=0
(0 xpt) |
W) = | de(t) - cnp(t) [66-D+6-1y =0
ot at 02-0+0-1)=0
cost sint ©°-1)y=0
= |-sint cost Auxilliary equation is m>-1 = 0
m= 1

W(t) = cos?t+ sin?t =1



CFis C,e%+ C, €
Solution is y=C, e+ (€&
=C,x+ Cyx

= C1 —1-+sz
X

‘ .1
One independent solution is —
X

Another independent solution is x.

51. (c¢)
dy
ar =7
ay
'(7 = "’j5dt
Iny=-5t+C
at t=0
y=2
n2==C
So INny=-5t+in2
Y
In= = —
2 5t
y =26
at t=3
y=2e ™
52. (¢)
x( ydx+xdy)cos—¥— = y(xdy — ydx)sin—}i
X P
ydx+xdy y y
Xd)/"ydx = —;tan;—
Let y=Vex
dy = vdx + xav
vxdx + vxdx + x°dv - vtany
vxdx + x2av - vxdx
xadv + 2vdx
— = vianv
xav
2v dx
14 e = Vianv
x dv
-219—{ = yianv-1 -
x adv
29/—{ = (tanv«j—)dv
X v

Integrating both sides.
2logx = log |secvl-logv +logc

csecv
= =
v
o 2L - csect
X X
= xyCOSZ =C
X
53. Sol.
d2
Y . 224 24x-20
dx
Integrating both sides w.rt. x
gy = —43 + 12x% - 20x + C,
dx
Integrating both sides w.rt. x
y=-x"+4°-102% + cyx + G,
At x=0,y=5
= S =C,
At x=2,y=21
= 21 = -16+32-40 +2¢, + C,
20, =21+16-2+40-5
2c, = 40
¢, =20
= y=—x+4°-10x°+ 20x + 5
Put x=1
= y=-1+4-10+20+5 =18
—bB4.—Sek——
a_ 0.2i
i =
di
5 = 0.2 dt
di
= = o024
4
logi = 0.2t + logC
logi — logC = 0.2¢
i
log| — | = 0.2t
g(.c)
!
Lo g
C
i = CeOEt
{4)=101i.e. i =10whent=4
10 = Ce02
10 = ((2.225)
C = 4493
i = (4.493) °2
when, f=-5

i = (4.493) 025 = 1,652

i)



. 55.

56.

57.

58.

(c)
ay. dx
1+cos2y  1-cos2x
dy dx
2cos’y  2sin’x
sec?y dy = cosec? x dx
Integrating both sides, we get
tany = —cotx + ¢
tany + cotx = ¢

Sol.
DP+5D+6=0
D=-2 -3

W) = e+ e

Given, y0) =2
= 0+ Cy=2

W) _(1;36)

= 6. C - _(1_‘36)

e3

= €eCy+C,=3er1
Now solving equation (i) and (i), we get
¢ =3
c, = -1
Substituting in /(t), we get
At = 3 ™

Y ety 3

i

Now,

at
dy
(EJMO=M6+3:f3
(b)
(D?2+2D+ 1)=0
D=-1,-1
) =(C,+C, 1) et
Y(t) = C, e+ (C, + Cyt) (-e™)
¥(0) = y'(0) =1
Fromhere, C =1, C,=2
= y(t) = (1 + 2t)e™
Sol.
D?+3D+2=0
D=-1,-2
x(t)y=C,et+ Cye™

x(1) = leqz Cie'+C,e

(i)

59.

60.

C,+Cye =10 (i)

G+ Cp=20 (i)
106 -
From here, C1=,,9?__2_9 ; 02:(109)
6-1 e-1
(10e-20) 5 (106 .4
x(2)—~( - )e +{mem1)e
= 0.8566
(c)
d?y
dx? =Y
= Dy =y (o didx = D)
(D2—1)yzo
P-1=0
D==x1

y=C,e+(C, e
Given point passes through origin

= 0=0C,+G,
Ci=-0C, 20
Also, point passes through (In 2, 3/4)
= Ej: = C,e"+C, e
3 = 201+9a
4 2
= C,+4C, =15 (i)
From(i) C, = - C,, putting in (ii), we get
= -3C, =15
C,=-0.5
C, =05
= y =05 (e-¢e™)
_ e ~g¢
- 2

(b)
Auxiliary equation,
m+2m+1=0
m=-1,-1
y=(c +ct)e!
HO) = 1
= ¢, =1
y = (1+c,he!
y(1) = 3¢
= (1+(c,)e® = 3e?®
C, =2
y = (1+2het
U2) = be?



61.

62.

63.

64.

(a)
The differential equation is
Y@+ 2y°(f) + y(t) =

So, (s°Y(s)~ sy(0) - y(0) + 2[sY(s) ~ y(0)] + Y(s)

So. Y(s) = YO +y'(0)+2y(0)
| (s® +2s+1)
Giventhat,  y(0) = 1, 0) =
1
5, M) = (s+ 1?2
So, Y = tetu(t)
Sol.
AE. m—-4dm+4 =0
m=22
y=(C, +C,x) e
A0)=0=C, =0
y=Cxe*
Y = Ce% + 2C,x e
y(0) =1
= C, =1
y=xe¥
Y1) = = 7.38
(a)
(D2 +12D+36) =0
(D+6)2y =0
D=-6,-6

¥ =(Cy+xC,)e®
y = Ce®+ Cyxe®

H0) = 33=C, +0
= C =3
Y =-6Ce%+ C,e®-6C, xe b
¥(0) = -36
36 = ~6C, + C,
-36 =-18+ C,
C,=-18
y = 3e%_-18 x gbr
y = (3-18x)e®*
Sol.
(D?+9)y =0
m+9=0
m =+ 3§
y = C,cos3x + C, sin 3x (D)
x=0 0 =

65.

66.

V2 = o COS%ZE +C, sm%—t—

Cy= V2
y= \fisin?;x
n 3n -5
Y(Z) = - ZSm—Z— = = —1
(a)

. d
D.E. IS(D4+302)y:: 108)62,0: a;-
AE. m“+3m2=0
= m2(m2+3):

= m=0,0, ++/3;
" CF =(C+Cox)+ C, sin(«/§x)+ C, COS(\/§x)
1

and Pl = m(108x2)
6. p2T’
- R
3D L.+——§—J -
32{1-%24 J(xz)zgg[xz———(2)+0}

]
Pasand
TN
S
=
N
!
L
Q
=
&

x* 2 x° 4 >

36| o — = | = 3x* =12y
L(4)(3) 3 (2)(1)J

Sol.

The differential equation is 3y”(x) + 27y(x) = 0

The auxillary equation is

3mP + 27 =0
m+9=0
m = +3i

Solution is y = Cy COs 3x + ¢, sin 3x
given thaty(0)=0
: 0=¢
¥ = 3¢, cos 3x
y’(0) = 2000
2000 = 0 + 3c,
_ 2000
27 3

0 sin3x

00
when x = 1y= sin3 = 94.08



(a)
(D7 + 16)y =0
AEis m® + 16 =0
m = t4i
Solution is y = ¢, cos 4x + ¢, sin 4x

’

y'=-4c, sin 4x + 4c, cos 4x

y(0) =1
1=4c,
c, = 1/4
y(n/2) = —1
=1 = -4c¢, sin 2n + 4¢, cos 2n
-1 =0 + 4c,
c, = -1/4

Therefore the given differential equation has no
solution,

(a)
The differential equation

dy

(t2*81)—a°t-+5+y =sin t
ay 8t y o asint
at 2 -81" 2 _gf
5t
P= ————
t? - 81
sint
Q= 5
e - 81
j_iL
IF= eJ'Pdt — o P8 at
S5p 2t 5, .0
_ e2fr2~-81 g = eEIn(t -81)
5
= gln?-8)"% _ (tz —81)5
Solution is,
> g1 - sint -(r2~81)§dt
y(i ~~81) =g
[(sinnye® -89*2at C
y= 5/2 + 5/2
(r2 - 81) (12 - 81)
The solution exists for  # -9,
f# +9

Hence option (a) is correct.
Because the remaining option are involving either
9 or (-9).

69.

71,

(a)

The general solution of the differential equation
gfx + QQ'Z -5y =0
dx® dx -

(D% + 2D~ 5By =0
Auxillary equation is
m +2m-5=0
. m =
244420 2424 _ 25206 _ .. &
2 2 2
(~1+J6)x

Solution is (-1-B)x

(d)

Y= Ke

d ;
alé =(x + y— 1)2 (D)

letx + y— 1=t (i)
dy dt
T+ = —
dx dx

dy  at

= =

el (i)
Substituting equations (ii) and (iii) in equation (i)
a - e
dx
at
241
Integrating both side
1
ft2 +1dt de
tan! t=x + ¢
Since, f=x+y-1
ctanx + y-1) =x+ C
x + y~1=tan(x + ¢)
y=1-x+tan(x + ¢)

dx

il

(a)
y” — 4y’ + 3y =2t - 3R
(D2 — 4D + 3)y = 2t - 3£

PI = (2r - 3t2)

D?-4D+3

1 2
- mg(zz’ -3t°)

/2 1/2
= [%%»—5:.5)(2”3#)



- -;—(1~D)'1(2t-3t2)——%(1—-g)—1(21‘~3t2)

i, D [P

2 6 3 9

= %(21‘-31*2 +D(2t - 3t%) + D?(2t - 3t?)
D(2-atf D (2t-3)
3 9
2-6t

-%(2t~8t2)+

= L(t+D+ Dz)(th3i2)~{1+~+—~] (2t.—3t2)

= j{Zr—S@-+2-—6t—6]~J-2rw3ﬁ~%wmww4w:§
2 6 3 9

= Moaoar-sr)- o
2 6

2 -2t- P

72. (d)
aQ

—+Q =
at !

Comparing with standard form

IFE = ejwr _ g
Solution is
Qe = [1eldt
g+ C
Q=1+ Ce!
"""""""""""""""" ~—Whent=0—""Q=0""
= O0=1+C
= C= -1
Therefore, =1 -~ &

H

Il

73. Sol.
m =2kg, V, = 1.5 m/sec

t
[Fitat = m(v - v)
0

2
f3t2dt = 2(V - 1.5)
0]

PR =2(V-15)
= (8-0)=2(V-15)
V=55m/s

74. (b)
(z=px-qy)® = pg+2(p? + q)?

z=px=ay = Ypg+ 2P +q)°

T TS
z= Px+qy+3pq+20° +qgf

which is in Clauriats form,

solutionis,z = ax+by +{ab+2(&? + b)?

75. (c)
T= Zn\/z
g
2n 1
a7 = =X ——dL
Jo 2L
T 1 al.
dl = —=X— L = ==
NN/
5 _d
24 x60x60 2L
5x2 _ gé
24 x60x60 L
a _ 1
L 8640
a=_1_ times the original length
8640
76. (c)
yW1=x2dy+ xy1- y2dx = 0
xdx —y
J1- 52 1-y?
f—2xdx - [ —2y G’y
J\/1~x2 "\/1—y2
_jgi _ f_d_s
Jio s
_J't—-VZdt - j.s-'l/ZdS
“24f = =2Js+¢
—oJ1-x% = 2y1-y“+¢
Ji-2 +1-22 = ¢
77. (¢)
(D*-208 + 202 + 1)y = 0
AE is

m*—2m +2m? -2m+1 =0
Roots are: -1, 1, i, —i
Solution is,
y=(C, +C,x) & + Cycosx + C,sinx

78. Sol.
(CP+2D+ )y =0 (. Roots are 1, -1)

CF = (C, + C,x) &~
y=Ce*+Cxe™

—
2



1= | ()

H0) =1
y = Ce*+C,(e*—xe™)
y()=-1, -1=-C/+C, (D)
From eq. (ii) and (iii),
C,=10C,=0
y'=€e*
Atx=1y=¢e"= 2;=O.368
79. (c)
sdy 3
Y dx
Vdy = =3 ox
jyady = —IJCSOIX
4 4
yo_ ==
7= tC
4 .4
Tyt
7 = C
y(O) = 1)
0+1 )
% =C
y
C= )
X
V=1 x4
y: 41~_x4
When, x = —1
y=0
80. Sol.
(CP+D-6)y =0
H0) =0,
y(0) =1
(D+3)(D-2)y=0
D=2, -3
CF = Ce¥ +Ce™
y= Ce¥ +Ce™
y0) =0
So, 0=C,+C, (1)

dy 3
e = 2067 -3Ce™
y(0) =1,

81.

1=2C,-3C, (i)
From equation (i} and (ii),

1
C=z.
~1
C=%
y = %62/\' e*3x
When, x =1
2 -3
e -
y(1) = 5@ = 1.4678

(a)

L= g
dx 2y
Put, Z:f
X
& =+ a
dx * X
t+x~q{— = i.*_.lti t
x 2t 2
Lat (1t
dx —27+§
at 1+ 12
X— = X
dx 2t
2t
——dt = {dx+C
14 12 '[
In1+t2)=x+C
t= Y
b
%
So, In[1+~—2~] =x+C
X
Atx=1y=0

D+ )x, = x,
= (D+1)x,~x,=0
(D+1)x, = x,
= ~x;+(D+1)x, =0

%= fim ()



Xop = r“m xo(t)

~——-§°O
(D+1)xy~x, =0
~(D+ 1 +(D+1)x, =0
(D+1P~1)x, =0

(CP+2D)x, =0
P+2D=0
DID+2)y =0
X2 = C,+ Cze’et
D=0 -2

Xpr= M Cy+ Cpe™ =
t-sc0

(D+ 1, ~(D+ 1)x, =0
~x;+(D+1)x,=0
(D+1)2-1)x, =0

(D,+2D)x, =0

X= ImCy+Coe™ =
t—roo
— et
x, = C,+Cye

83. (a)
(0P -D-2)y = 3e%
w0) =0
AEisnm?-m-2=0
(m-2)(m+1) =0

m= 2, -1
CE=C,e"+12¢e*
y(Or==2
PI 5 ! 3%

De-D~2

AT

Solution is,
Yy = 016~x + C2egx -+ xez‘: (l)

1

= x——36% = xe**
4 -1
y0) =0
= 0=0C,+C, (i)
y = -Ce"+2C,e*
+ 6% + 2x e ... {iif)
y(0) = -2
2 =~C +2C, + 1
=-C,+2C,=-3 (iv)
From equation (i) and (iv),
C =1
G, = -1
Y= e - ™+ xe
(b)
(D2+ 1)y =0
AEis  m?+1=0
m= =i
Solution is, y = C,cost+ C,sint
0) = 1
1 :'C1 cos 0+ C,sin0
1=C,
y' = -C,sint+ C, cost
YOy =——
0 = -C, sin0 + C, cosO
0=0,
Yy = cost



