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Chapter

Vector Algebra

I MOUQs with One Corteet Answer
Let P, Q, R and S be the points on the plane with position
vectors —2; — _}'_4.5. 3+ «, and -3/ +2; respectively.
The quadrilateral PQRS must be a
(a) parallelogram, which is neither a rhombus nor a rectangle
(b) square
(c) rectangle, but not a square
(d) rhombus, but not a square
Let o, B, v be distinct real numbers. The points with
position vectors ai +Bj + vk, Bi + ] +ak, yi + o) + Bk
(a) arecollinear 19
(b) form an equilateral triangle
(c) forma scalenetriangle
(d) formarightangled triangle
The points with position vectors 60i +
ai — 52 j are collinear if
(a) a=-40

37,40 -8,

(b) a=40

Topic-1: Algebra of Vectors, Linear Dependence & Independence of
Vectors, Vector Inequality

0 S S COSEAPELe. o GT

(©) a=20 (d) none of these

Integer Value Answer’ Non-Negative Intoger
Consider the set of eight vectors

i +bj+ck:a,b,ce{-1,1}|. Three non-coplanar vectors
can be chosen from Vin 2P ways. Then pis  [Adv. 2013]
False

Trme

b, anda + kb
1984 - 1 Mark]

The points with position vectors a + 5. a
are collinear for all real values of k.

MOQs with One or More than One Correct Answer

fa=i+j+kb =4i+3j+4kandc=i+aj+ Pk are linearly

dependent vectors and | ¢ [= /3, then [1998 - 2 Marks
(a) a=1Lp=-1 @) a=1B=1
(c) f-“—].ﬂ—il td)"a=Zxl"B=]
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10.

11.

Match the following :
Column I
(A)

_sin(X-¥)
sinZ

In a triangle AXYZ, leta, b, and ¢ be the ien‘ gths of the
to the angles X, ¥ and Z, respectively. If2(a*— b*)=c*and

sides opposite

[Adv.2015]
Column IT

, then possible values of n for which cos(nmh) = 0 is (are)

(B) Inatriangle AXYZ, leta, band c bethe lengths of the sides opposite @ 2

to the angles X, ¥, and Z respectively. If I = cos 2X—2cos 2Y

a
=2 sin X'sin Y. then possiblcmlw(s)ofs is (are)

(©) InR2 let \3i+],i+y3j and Bi +(1-B)j be the position vectors of X, ¥ © 3
and Z with respect to the origin O, respectively. If the distance of Z from

3
the bisector of the acute angle of Y With OF is 7 . then possible

s

value(s) of |B is (are)

(D) Suppose that F(c) denotes the area of the region bounded by x =0, (s) 5
x=2,)*=4rand y=oax—1|+|ax-2|+ax where a {0, 1}.

8 :
Then the value(s) of F(a)+=v2 ,whena=0anda= 1. is(are) ® 6
e

Match the following :
Column I
(A)

In R2, if the magnitude of the projection vector of the vector

[Adv. 2015]
Column IT
P 1

ai+Bj on 3+ is \3 and if @ = 2+ /3B . then possible

value of |af is/are
(B) Let a and b be real numbers such that the function

—Bax? -2, x<1
f(x}={ ¥ TS Y= irdifferentiable forall x e R

bx+a-, xzI
Then possible value of a is (are)
() Let @# 1 beacomplex cube root of unity.
If (330 +202)¥3 4+ 2+30-302) "
then possible value (s) of n is (are)

D)

+(=3+2m+3w

@ 2

© 3

2)4n+3 =0,

Let the harmonic mean of two positive real numbers a and b be 4. (s) 4

If g is a positive real number such thata, 5, ¢, b is an arithmetic

progression, then the value(s) of | g —a | is (are)

0 L
Show, by vector methods, that the angular bisectors of a
triangle are concurrent and find an expression for the
position vector of the point of concurrency in terms of the
position vectors of the vertices. [2001 - 5 Marks]
Prove, by vector methods or otherwise, that the point of
intersection of the diagonals of a trapezium lies on the line
passing through the mid-points of the parallel sides. (You
may assume that the trapezium is not a parallelogram.)

[1998 - 8 Marks]
In 2 triangle ABC, D and E are points on BC and AC
respectively, such that BD=2 DC and AE=3EC. Let Pbe
the point of intersection of 4D and BE. Find BP/PE using
vector methods. [1993 - 5 Marks]

® 5

12. Inatriangle OAB, E is the midpoint of BO and D is a point

13.

14,

on AB such that 4D : DB =2: 1, IfOD and AE intersect at
P, determine the ratio OP : PD using vector methods.
[1989 - 4 Marks]
Let OA CB be a parallelogram with O at the origin and OC
a diagonal. Let D be the midpoint of O4. Using vector
methods prove that BD and CO intersect in the same ratio.
Determine this ratio. [1988 - 3 Marks]

Avector A has components 4,, 4,, 4, inaright -handed
rectangular Cartesian coordinate system oxyz. The
coordinate system is rotated about the x-axis through an

angle g . Find the components of 4 in the new coordinate

system, in terms of 4,, 4,, 4. 1983 - 2 Marks]
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Topic-2: Scalar or Dot Product of two Vectors

Let G=i+j+k b=i-j+k and ¢=7— j—k bethree
vectors. A vector v in the plane of @ and b, whose

1

projectionon ¢ is 7—5 , is given by 2011}

@ i-3j+3k (b) —=3i-3j—k

(© 37-j+3k d) i+3j-3k

Let two non-collinear unit vectors 4 and j form an acute
angle. A point P moves so that at any time  the position
vector QP (where Ois the origin) is given by acost +bsint.
When Pis farthest from origin O, let M be the length of Op

and ; be the unit vector along OP . Then. [2008]

(a) ﬂr=|€j+g[ and M =(1+a-b)"'?
a+
. &b

®) i=——

170 and M =(1+a-h)"?
la=b|

© a=-22 and M =(1+23-5)"

|a+b]

2

a- =
(d) #=——7and M = (1+24-b)"?
la-b|
-y
If 4, ; _; are three non-zero, non-coplanar vectors and
Z_) - =
- = .a=> 2 2 b-a=>
b=b-——a,bp=bt—a,
2 2
la| la|
- — - — - = - =
= o Brestoh o A
O e = B0 =t ar ol
2 2 2
laff el laf  |b|
e 3 =3 =3 IS LY
o A e B e SRR R b.c —
u‘.'.‘3=(‘—_)2|‘51"|'___> b] (34:5—_2“—-_‘2!)1,
e P s diet lel |15
then the set of orthogonal vectors is [2605S]
= = = - = =
@ (a,by, ) ®) (a,b,0))

- 5 —»

© (a,be) @ (a.b.c)

If @ and b are two unit vectors such that @+2b and
5G—4b are perpendicular to each other then the angle
between G and b is [2002S]

n

&)

8.

(a 45 b) &Fr
1

(c) cos l{:) (d ms_l(g]
\J’ I\.71

lfﬁ.l;and € are unit vectors, then

EE—S" +6—& +/¢-@ docsNOTexceed [20018)]
(@ 4 ® 9 (c) 8 d 6
let 7, vand w be vectorssuch that # =+ ¥ + w=0_If
ii|=3,|%|=4and [#l = 5, then @7 + v.v + Wil is
[1995S]
(@ 47 ®) -25 e 0 (d 25
Let » and g be the position vectors of P and Q

respectively, with respectto O and |p =p.lg =¢q.
The points R and S divide PQ internally and externally
in the ratio 2 : 3 respectively. If OR and OS are
perpendicular then [1994]

(a) 9¢°=4¢° (b) 47=9¢F (c) YPp=4¢ (d) 4=

Let ﬁ:2;’+}+3§ and §=§_j+£. If for some real
numbers o, B and v, we have

151 +10] +6k = a(2p + ) +B(P—2§) +1(F %)

then the value of y is [Adv. 2024]

If @,b and € are unit vectors satisfying [2012]

|G-B? +|b-C|? +|é—a =9, then | 24 +5b +5¢ | is

10.

11.

12.

The components of a vector a along and perpendicular

toa non-zero vector  are.......and .......respectively.
[1988 - 2 Marks]

Leth= 4i + 3] and ¢ be two vectors perpendicular to
each other in the xy-plane. All vectors in the same plane

having projections 1 and 2 along » and c, respectively,
are given by........ [1987 - 2 Marks]
A, B, C and D, are four points in a plane with position
vectors a, b, ¢ and d respectively such that

(G—-d)b-¢)=(b-d)E-ad)=0  [1984-2 Marks]
The point D, then, isthe................... of the triangle ABC.
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13.

14.

16.

18.

Let 4. B, C bevectorsoflength 3,4, 5 respectively. Let 4 be
perpendicularto B+ C, B to C+ A and C to A+ B. Thenthe

length of vector A+ B+ C is....... [1981 -2 Marks|

MG vith One o More thun
The vector %(2?— 2j+k) is [1994]
(a) a unit vecotr

14 b= i) ~
(b) makesan angle 3 with the vector (2 —4 7+ 3k)

h

e
(c) parallel to the vector [—r’ +_,i—-£k]

(d) perpendicular to the vector 37 +2] — 2k
Let G=2—j+kb=i+2j—k and ¢=i+ -2k be
three vectors. A vector in the plane of b and ¢, whose

projection on g is of magnitude ,/2/3, is:
[1993 - 2 Marks]

(b) 2i+3j+3k
d 2i+j+5k

(@) 27+3j-3k
() —2i-j+5k

s Wi e g
Match the statements given in Column-I with the values given in Column-II, [2011]
Column-1 Column-1I
(A) If &= ] +B3E, B =—j+ 3% and &=23F form a triangle, then e
the internal angle of the triangle between & and 5 is
b 7
: 2
B) If _f (f(x) = 3x) dx = a* — b?, then the value of f [%J is (q) ?ﬁ
‘Ir2 5/6 T
(€) Thevalue of — [ see(rv)dx is ® =3
fn3 e 3
(D) The maximum value of Arg[%i for [z|=1,z# 1is given by (s) =
(t) 3

Ifthe incident ray on a surface is along the unit vector ¥,

the reflected ray is along the unit vector w and thenormal 19,
isalong unit vector 4 outwards. Express 1 in terms of 4
and 7. % [2005 - 4 Marks]
% W
20.
Let A®)=f;(0)i + f,()j and .

Blt)=g,0i + g, @)t < [0,1].
where f,, /5, g, &, are continuous functions. If A (7) and

B(t)are nonzero vectors for all fand 2{0]=2f+3_;', A1)

=6i+2j,B0)=3i+2jand B(1)=2{+6 j. Then show
that 4(f) and B(r) are parallel for some £ [2001 - 5 Marks]|
Find 3—dimensional vectors vy, V,, v; satisfying

WA =470 = 2,573 = 6,75,

[2001 - 5 Marks]

Determine the value of ‘¢’ so that for all real x, the vector

. 2, \_"2.53 = —5,1;3.;3 = 29

exi —6)—3k and xi + 2]+ 2cxk make an obtuse angle
with each other. [1991 - 4 Marks|
From a point O inside a triangle ABC, perpendiculars OD.
OE, OF are drawn to the sides BC, CA, AB respectively.
Prove that the perpendiculars from A4, B, Cto the sides EF,
FD, DE are concurrent. [1978]
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Topic-3: Vector or Cross Product of two vectors, Scalar & Vector

%J Triple Product
&) 1 MOk with One Correct Answer 6. Le:aSEbemjnmmm:ha: G+b+E=0.

n

Let the position vectors of the points P. Q. RandSbe
& gt 17, 164
a=i+2j-5k,b=3i+6j+3k, C=?1+?J+7k

and d=2i+ :i+ k, respectively. Then which of the

following statements is true? [Ady. 2623]

(a) The points P,Q,R and S are NOT coplanar.

(b) v is the position vector of a point which
divides PR internally in the ratio 5 : 4.

(c) bl is the position vector of a point which
divides PR externally in the ratio 5 : 4.

(d) The square of the magnitude of the vector bxd is

05.
= -+ ‘—» -—9‘
If a and p are vectors such that g+ b = /29 and
Ex(Zf+3_F+4E]=(2§+3j+-ﬁi‘)xg,zhen a possible

vaIueof(E+E_1).(—7;+2}+3l?] is [2012]
(@ 0 (b 3 (c) 4 (d 8
Two adjacent sides of a parallelogram ABCD are given by
AB=2i +10j+11kand AD=—i +2+2k

The side AD is rotated by an acute angle o in the plane of

the parallelogram sothat AD becomes AD'". If AD' makes a
right angle with the side 4B, then the cosine of the angle o

is given by [2010]

@5 ® if— © 3 (@ ?

If @,b,¢ andd are unit vectors such that

(@x5)-(¢xd)=1 and 2 i il [2009]
2

(a) a,b,¢ arenon-coplanar

(b) b.¢,d arenon-coplanar
(¢) b,d arenon-parallel

(d) 4.4 areparalleland b, are parallel
The edges of a parallelpiped are of unit length and are

parallel to non-coplanar unit vectors a, E;,E- such that

SEaa o i
a.b=b.c=ca= - - Then, the volume of the parallelpiped
is [2008]
1 1 ) 1
(2) 5 (b) > (c) 5 (d) B

£

=

10.

11.

Which one of the followin

S
(a) @xb=bxi=¢ E=ﬁ
(b) dxb=bxé=cxa=0
() @xb=bxé=axé=0
(d) a@xb.bhx¢,c xa are muturally perpendicular

The number of distinct real values of A, for which the vectors

A%+ j+k,i-22j+k and { + j— %k arecoplanar,is
{2007 -3 marks]|
(a) (b) one (c) (d) three

leta =i+2j+kb=i—j+kande =i+j—k.

ZET0 two

A vector in the plane of @ and » whose projection on ¢

1

is — , is [2006 -3M, ~1
5 I

(@) 4i—j+4k (b) 3F+j-3k

() 2i+j-2k (d) 47+ j—4k

The unit vector which is orthogonal to the vector

5i +2 +6k and is coplanar with the vectors 2/ + j +k

and j—j+k is [2004S]
2 —6j+k 2i -3j
@ J4_1 ®) ‘\rﬁ
3j-k 4 +3j-3k
0) — d —=—
© o @ = s
Ifd=(+j+k).ab=1and @xb=j—k, then b is
@ i-j+k (b) 2j-k [2004S)
© i (d 2

The value of ‘a’ so that the volume of parallelopiped formed

by i +aj+k, j+ak and ai +k becomes minimum is

[20038]
@ -3 (b) 3 © V3 @ B
Let ¥ =27+ j -k and W =1+3k.IfU isa unit vector,

then the maximum value ofthe scalar triple product | UV | is

@ -1 ® V10+J6 [20028)
(© 59 @ V60
Leta=i —k,b=xi +j+(1-x)kand
¢ y;+)g+(1+x y)k Then [abcldependson
[2001S]
(a) onlyx (b) only y

(c) Neither x Nory (d) both xandy
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14.

17.

19,

20.

21.

= =N s -
If @, b and ¢ areunitcoplanar vectors, then the scalar

R . B S i
tripleproduct | 2a-b,2b-c,2¢c—a|= [20008]
(@ 0 ®) 1 © -3 @ 3

- = = -
Let the vectors a, b, ¢ and d be such that
- — - —
abex cxd [=0.LetP, and P, be planes
— —1»

determined by the pairs of vectors a b and ¢,
respectively. Then the angle between P and P, is

[2000S]
e T b1 4
(@ 0 (b) 7 (©) 3 (d) )

o
Ifthe vectors &, b and ¢ form the sides BC, CA and AB
respectively of a triangle ABC, then [2000S]

- = 3 =3 —F >
@ g.b+b.c+c.a=0

= 3 gy
(b)axb=b Xxc=cxa

S
(C)a b=b c=0C.a

e e I
(d) axb+bxc+cxa—0

Let a=2i+ j+k, b=i+2j—kand a unit vector c be coplanar.
If ¢ is perpendicular to a, then ¢ = [1999 - 2 Marks|

1 Lot 4
(@) ﬁ(—f”\f) b) E("I—J"k}

L oes e |
(© —£(r~21} (d) ﬁ(I—J—k}
Leta=2i+j—2kand b=i+j. If cis a vector such that

a.c=!c|,|c-a|=2‘ﬁandtheangiebetween(aXb)and
cis30°, then |(ax b) x c| = [1999 - 2 Marks]
(a) 273 (b) 32 () 2 (d 3

If @, b and ¢ are three non coplanar vectors, then [1995S]
(d+b +¢).[(@+b) x (@ + 7)) equals

@ 0 (b) [@bé]

© 2[a@bel d -[abé]

If @ b,¢ are non coplanar unit vectors such that

G@x(bx¢c)= M,thenthe angle between G and b
2
is (19955
3n n
i - 2 d
(a) 7 ® 3 © = d =
Let G=i—j, b=j—k, é=k-i.If d is a unit
vector such that G.d = 0 =[5 & d], then d equals
[1995S]

(]
=

[
e
.

24,

26.

28,

i + ] -2k i+j-k
(a) i-L (b) i—"'-——
J6 NE)
(c) i%’{—'{ d +k

Let a. b. ¢ be distinct non-negative numbers. If the vectors
ai +aj +ck,i +k and ci +¢j+bk lie inaplane, then cis
(a) theArithmetic Meanofaand b [1993 - 1 Marks]
(b) the Geometric Mean of a and b

(c) the harmonic Mean of a and b
(d) equalto zero

Let a. b, c. bethree non-coplanar vectorsand ;T, qr—, 7, are

cxa

“[abecl

bxc —

Gbe|

vectors defined by the relations p =

then the value of the expression

(@+b). p +(b+c).q + (c+a), r isequalto
[1988 - 2 Marks|
@ 0 (b) 1 () 2 d 3
The volume of the parallelopiped whose sides are given
by OA=2i-2j, OB=i+j —k, OC=3i -k, is
[1983 - 1 Mark]

= 4
Oee ®)

2
(c) 7 (d) none of these
For non-zero vectors a |(a xb)c | H b‘ ‘
holds if and only if [1982 - 2 Marks]
@ a.b=0, 5.6=0 (b b&=0, ¢.a=0

€ ¢.a=0ab=0 (da.b=h.

The scalar A .(§+ 8) x(A+ B+ ©) equals:
[1981 -2 Marks]|

e 1
(b) [4 BC]+[B C A]
(d) None of these

and  be vectors in three-dimensional space,

Let 4,V
where 7 and ¥ are unit vectors which are not perpendicular
toeachotherand 7w =1, v =1, ww =4

If the volume of the parallelopipede, whose adjacent sides

are represented by the vectors i, V and # ,is /2, then
the value of |3f]’ + 51?| is [Adv. 2021

Let 4 and p be two unit vectors such that @-b =0 . For




30.

32.

& »

33.

o

34.

35.

- - B71

some x,y€R, let f=xd+yb+(@xb). If =2 and 36. Aunitveciorcoplanarwithi +j +2k andi +2; +%

the vector ¢ isinclined at the same angle a toboth 5 and
b.thenthevalueof 8cos?ais .  [Adv.2018]
Suppose that p,g and 7 are three non-coplanar vectors
in ®* . Let the components of a vector 7 along 5.3 and
7 be 4, 3 and 5, respectively. If the components of this
vector § along (—-p+§+7).(F—-g+7) and (—-p-G+7)

are x, ¥ and z, respectively, then the valueof 2x +y +zis
[Ady. 2015

- —

Let a, b and c be three non-coplanar unit vectors

=
such that the angle between every pair of them is 3 H

=P Al e

axb+bxc—pa+qb+rc where p. ¢ and r are

4 2z 2
scalars, then the value of &
q

Let 3=-i —k,b=-i + j and £=1i+2j+3k bethreegiven
vectors. If 7 isavectorsuch that Fxb=¢xband Fa=0,

is [Adv.2014]

then the value of 7.5 is [2011]
If @ andbare vectors in space given by z o
V5
and p = 20+ j+3k , then find the value of (25+5).
Via

[(Exl;)x(ﬁ—ﬂ;)] _

{2010]

Let g=2i+j-k and p=7+2j+k betwo vectors.
Consider a vector ¢ = ga + ﬁf;, a,B € R . If the projection

of # on the vector (5 +5) is 3,/2 , then the minimum

value of (¢~ (ax)) < equals___ [Ady. 2019]

LetOA=a,OB=10a+2band OC = bwhere O, Aand Care
non-collinear points. Let p denote the area of the
quadrilateral O4B8C, and let g denote the area of the
parallelogram with O4 and OC as adjacent sides. Ifp = kg,
thenk=....... [1997 - 2 Marks]

If b and ¢ areanytwo non-collinear unit vectorsand a is

T

any vector, then (a.b)b+(a.c)c + P (bxc)=
xXc

[1996 - 2 Marks]

37.

and perpendicularto i +j +k is..... [1992- 2 Marks|
If the vectors ai + j+ k, i + b + k and i'+}‘+c§

{a = b = ¢ = 1)arecoplanar, then the value of (l— )

1 1

-0

1987-2M
-5 | Tarks]

If 4= L1), C=(0 L-1) are given vectors, then a
vector B satisfying the equations 4 xB =C and

4A-F=3._ [1985 - 2 Marks]
If 4 B C arethree non-coplanar vectors, then —
I-ExE+F.IxE~
CxA-B E-}xﬁ_ ---- - [1985 - 2 Marks]
la a* 1+4°
If |6 5° 1+b° |=0 and the vectors 4 =(1,a,a%),
é o g
B =(1,b,%), C =(l,c,c2 ), are non-coplanar, then the
productabc=....... [1985 - 2 Marks]

The area of the triangle whose vertices are 4 (1,
B(2,1,-1),C(3,-1,2)is.......

=1, 2),
[1983 - 1 Mark]

43.

44.

For any three vectors @, b, and ¢
(@-b).(b-c)x(c-a)=2a, bxc

[1989 - 1 Mark]
If X 4=0,X.B=0,.X.C=0 for some non-zero vector X,
then [4 BC]=0 [1983 - 1 Mark]

Let A4, BandC be unit vectors suppose that

3.§=3.6=0,andthattheanglehetween B and C is

n/6.Then 4 =+2 (Bx C). [1981 - 2 Marks]|

Let {, j and k be the unit vectors along the three positive

coordinate axes. Let [Adv. 2022]
a=3i+j—k,
b=i+byj+bk, b,b,eR
c=qi +czj+c3k, €.¢,c R
be three vectors such that b,b, >0, .5 =0 and
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(0 - o)1) f3-¢ ) a non-zero vector perpendicular to : and ;"x_z) and E;
; 0 —gl||lb|=|1- = B
o hoie 4 <OUNB “1-¢, is a non-zero vector perpendicularto y and z x x, then
[Adv. 2014]
Then, which of the following is/are TRUE ? L s s
b a.:=0 (b) 5.E=0 (2) b:(b.z)[z—x]

© [B>0 @ [q<d w o=(a7)-3)

46. Let Obe the origin and

e = R e - "' ~F =¥ i o | e S 4
OA=2i +2j+k, OB=1-2]+2k and (c) a,b:—[a.yl[b.z}
5E=l(07§—ha) for some A > 0. If
2 —> = =2\ = -
i D a=—f a.y | -z=»
| OB x 0| = %, then which of the following ©@ { ][ ]
statements is (are) TRUE? [Adv.2021] 50 The vector (s) which is/are coplanar with vectors
(@ Projection of OC on OA is _% i+j+2k and i +2j+k, and perpendicular to the
o vector i+ j+k is/are [2011]
b) Areaofthetriangle OAB is — A N
®) g 2 @ j-k b) —i+]
: i T A e
(c) Areaofthetriangle ABCis 2 © 7=7 d) —j+k
(d) The acute angle between the diagonals ofthe paral- ~ 51.  Let a and bbe two non-collinear unit vectors. Ifu=a—(a.b)
band v=ax b, then | v|is [1999 - 3 Marks]
- e — T
lelogram with adjacent sides 04 and OC is — (@ |ul ®) |u|t|u.al
3 (c) |u|t|u.b| (d) |u|+ula+tb)
47. Let a and b be positive real numbers. Suppose 52. Which of the following expressions are meaningful?
— . A o 1 " 1998 - 2 Marks
PO = ai +bj and PS = ai —bj are adjacent sides of a @) u(vxw ®) (ue ‘}) S l
parallelogram PORS. Let; andy be the projection © @+v)w () ux(vew)
Casin =3 =3 53. For three vectors u, v, wwhich of the following expression
vectors of w=i + j along PQ and Pg§ , respectively. is not equal to any of the remaining three? [1998 - 2 Marks]
SRR ; @ wu-(vxw) (b) (vxwyru
If| i | + |V |=| w| and if the area of the parallelogram (©) ve(uxw) d) (uxv)ew
PORS is 8, then which of the following statements is/are 54. The number of vectors of unit length perpendicular to
TRUE? vectors ¢ =(1,1,0)and 5 =(0,1, 1)is [1987 -2 Marks]
@@ a+b=4 [Adv. 2020] (a) one (b) two
o ?FI: blz ; f the di 1 PR of th llel 2 Mk () infuite
of t ona the paralle — =
(c) PJR;?sg:lh ¢ diagon of the p ogram  gg o = i ok g i i
(d) 7 is an angle bisector of the vectors PQ and pS§ ¢ =cji+cyj+c3k be three non-zero vectors such that
48. LetAPOR bea triangle. Let G = OR, b = RPandz = PO. ¢ is a unit vector perpendicular to both the vectors g
N e = - il
if || =12, 6| =43, 5. = 24, then which of the follow- and ., If the angle between ¢ 2nd b_ 15,5, then
ing is (are) true? [JEE Adv. 2015] 2
o > LR
(a) l_c]__|§|=12 (b) ﬂ+|§|=30 b by by isequalto [1986 - 2 Marks]|
2 2 ¢ C3 C3
(© |axb+ixal=483 @ ab=-72 E’;‘)}) ‘i’
S g ; e I T
49, Let x, y and z be three vectors each of magnitude (© Z(a] +as+a3) (b +b; +B3)

=
/2 and the angle between each pair of them is % If a is (d) %(912 +a§ +a§) (bl?. +b22 +b§) (c]j‘ _H,% +C32]
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56. Match List I with List I and select the correct answer using the code given below the lists : [Adv. 2014]

List-I List-1I
P. Let y(x]=c05(3cos"1x), xe[-11], x#i%.Then £ oy
1L |2 @2x(x) dy(x)
W{(?‘ = ‘J—dxz‘“‘ = [ equals
Q. Letd,, 4,,..., 4, (n>2) be the vertices of a regular 2t i)

o
polygon of » sides with its centre at the origin. Let a
be the position vector of the point dpb=1.2..on

=4 ) = i

af
ZL: apx “mJ 551 L“k -ﬂk+1j

then the minimum value of # is

If =

]

R Ifthe normal from the point P(h, 1) on the ellipse 3 8
Zry/. g
x? + y? =1 is perpendicular to the line x +y =8, then the value of / is
S. Number of positive solutions satisfying the 4 9
tion t _'[. : ] ‘tan_l( I ) tan"(z\J‘
an + = o
st 2x+1 4x+1 X</ oy
P QUi :S
@)% 3 a8 g
() 207 - B =o@reke]
(©)ed = 3R =
(d): 20 SRS
57. Match List I with List IT and select the correct answer using the code given below the lists - [Ady. 2013]
ListI List I
P. - Volume of parallelepiped determined by vectors 4,5 and & is2. L 100

Then the volume of the parallelepiped determined by vectors
2(a@xb),3(bx¢) and 2(¢ x d) is

Q. Volume of parallelepiped determined by vectors 4,5 and & is 5. 2. 30
Then the volume of the parallelepiped determined by vectors

3(a+b),3(b +¢) and 2(¢ + &) is

R Area of a triangle with adjacent sides determined by vectors 7 and 3. A
b 18 20. Then the area of the triangle with adjacent sides determined
by vectors (23 +3b) and (7 -b) is

S.  Areaofa parallelogram with adjacent sides determined by vectors 4 60
G and b is 30. Then thearea of the parallelogram with adjacent
sides determined by vectors (G +4) and 7 is

Codes:
P Q R s
(a) 4 2 3 1
(b) 2 3 1 4
() 3 4 1 2
(d) 1 4 3 2
58.  Match the statements / expressions given in Column-I with the values given in Column-IL. [2009]
Column-I Column-II

(A) Root(s) of the equation 2 sin? 6 + sin220 = 2 ®) %

: : 1 : . 6x 3x T

(B) Points of discontinuity of the unction flxy= [—}cos[——], @ 7

T T

f'where [y] denotes the largest integer less than or equal to y
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& s

(C) Volume of the parallellpiped with its edges represented by the

vectors i+ j,i+2jandi+j+mnk

(D) Angle between vector @ andh where @, b and¢ are unit vectors

satisfying G+b+\3¢=0

Let O be the origin, and OX,0Y, OZ be three unit vectors in

the directions of the sides QR, RP, PQ respectively, of a triangle

PQR.

59.

60.

@g_- i

61.

[Adv.2017)
|OXxOY | =
(a) sin(P+Q) (b) sin2R
(c¢) sin(P+R) (d) sin(Q+R)

If the triangle PQR varies, then the minimum value of
cos(P+Q) +cos (Q+R) ~cos(R+ P)is

3 5
= @ =

5 3
W 2 3

the sides of a regular hexagun.
STATEMENT-1: PO x RS+ ST|# 0 . because

STATEMENT-2: POx RS = 0 and POx ST = 0
[2007 -3 marks]|
Statement-1 is True, statement-2 is True; Statement-2
is a correct explanation for Statement-1.
Statement-1 is True, Statement-2 is True; Statement-2
is NOT a correct explanation for Statement-1
Statement-1 is True, Statement-2 is False
Statement-1 is False, Statement-2 is True.

(@)

(G-d)(b-C)#0 ie. ab+dé #db+ac
[2004 - 2 Marks]

If #, v, w, are three non-coplanar unit vectors and a., 3, y

are the angles between i and V and W, W and &
respectively and X, 7, Z are unit vectors along the
bisectors of the angles a, B, v respectively. Prove that

2o 2[3

Lsec? L
2 2
[2003 - 4 Marks]

[Exy yxZ zxX] =——[uvw] sec

66.

67.

69.

70.

1.

(r)

w| N

(s)

| H

Let ¥ be the volume of the parallelopiped formed by the

b=bi+hyj+bk,

C= clf +|:'2j+c3/; .Mfa,b,c,wherer= 1,2, 3, are non-
3

negative real numbers and Z(a,. +b, +c,)=3L, show

r=1

vectors a=aj+ayj+ak,

that ¥ < . [2002 - 5 Marks|
Let u and v be unit vectors. If w is a vector such that
w+(wxi)=", then prove that |(iixV)-w|<1/2 and
that the equality holds if and only if u is perpendicular to v.
[1999 - 10 Marks]

For any two vectors  and v, prove that {1998 - 8 Marks]
(a)
®) a+laf)a+vPH=@
If 4. B and C are vectors such that | B|=|C|. Prove that
A+ E}x(A+E)]x(ExC) B+C)=0.

[1997 - 5 Marks]
The position vectors of the vertices A, Band C of a

@-9)* +|axv | =|@f |5 and

_idv) i+ v +@Exv)

tetrahedron 4BCD arei + j+k, i and 37 , respectively.

The altitude from vertex D to the opposite face 4 BC meets
the median line through A4 of the triangle ABC ata point E.
If the length of the side AD is 4 and the volume of the

232 ;
tetrahedron is —\3{; , find the position vector of the point

[1996 - 5 Marks]
Ifthe vectors b,¢,d , are not coplanar, then prove that the
vector

(@ xb)x (¢ xd)+(axc)x(d xb)+(@xd)x(bx?) is
[1994 - 4 Marks]

E for all its possible positions.

parallelto 3 .

+k,B=i
C = 4i —3j +7k . Determine a vector R . Satisfying
11990 - 3 Marks]

Let 4 =2i +T+E,and

RxB=CxBandR-4 =0

Ifvectors a, b, c

are coplanar, show that

[1989 - 2 Marks]

I
<=l

a b
a. b.
a. b.

ol
il
gl el
|
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72.

?

If4. B, C.Darean_\'ihrrpointsinspaix. prove that — 74. Find all values of 3 such that x. ¥.2.%2(0,0.0) and
[1987 - 2 Marks] Ee e iy o N 1)
AB xCD +BC x AD +CA xBD| (i +j+3k)x+(3 -3 +k)y+(4i+5))z
;;{area_o_ftﬁapgle.{BC; BErR ST LARS =(xi x j y+k ) where i, j. k are unit vectors
.e po-smo? \ec.:(ors ? E = pornts: £ = = along the coordinate axes. [1982 -3 Marks|
i—-2j-k 2+3j-4 , —i+j+2k a n d 75 7 oW e W A_ are the vertices of a regular plane
xS - ; X oi on with n sid andO ts centre. Show that
4i +5; + )k, respectively. Ifthe points 4, B, C and D lie i o e o y

n-1
on a plane, find the value of .. [1986 - 214 Marks]| z (O4; x OAdis1) =(1—nXOA2 x O4)) [1982-2 Marks]
i=1

Answer Key

}
8.

10.

15.

11.
12.
22,

32.

2% 8

Topic-1: Algebra of Vectors, Linear Dependence & Independence of Vectors, Vector Inequality

@ 2 () 3. @ 4. 5 5 True 6. (d 7. (Ap,rs;(B)p;(C)p,q: (D)s,t
(A)-g: (B)-p, q; (C)-p. g. 5. t: (D)-g, t
Topic-2 : Scalar or Dot Product of two Vectors

© 2. @ 3. (b 4 ® S5 ® 6 ® 7 (@ 8 9. @

a Bl a-b |-
BP b,a ge b 11. (2i-j)12. orthocentre 13. 502 14. (a,cd)

(a,c) 16. A-q,B-p,C-s,D-t

Topic-3 : Vector or Cross Product of two vectors, Scalar & Vector Triple Product
®) 2. (@ 3. (b 4. (o) 5 (@ 6. (b) 7. (¢ 8. (a) 9. (© 10. (¢
©
© 13. (© 14. (@ 15. @ 16. ) 17. (a) 18. () 19. (d) 20. (@) 21 (a)
(b) 23. d 24, (d) 25. d 26. @ 27. () 28.03) 29.(9 30. @ 31 (9

}—E —}'+£ 52 2~ 2-
I— % 37. SRS ek
7 & () 38 3:+3J+3
) 40. (-1) 41. /|3 42, False 43. True 44. True 45. (bc.d) 46. (ab.c) 47. (b,c,d)

@cd) 49. (abc) 50. (ad) 51 (a,c) 52. (ac) 53. (9 54. (b)) 55 () 56. (a) 57. (o)
(A)-gs; B)-prst; (C)-;(D)r  59. (@) 60. (b) 61. (o)

G) 3.Us 34 6 @ 35 (5 38




Hints & Solutions

Topic-1: Algebra of Vectors, Linear Dependence & 6

: d) Giventhat, a=i+j+k,b=4i+3]+4k
=) Independence of Vectors, Vector Inequality ( SR a = R S

s i e o e L P u’/‘!c'_|=0
. (@) Since PQ=6i+,QR =-i+3/,5R =61+ J, ~y

L = 111
PS =-i+3;. 43 4l=0

== =R gy Y = = =
Here PQ =SR; QR =PSand PQ.PS#0 la B
Ao JW)’ o ‘Q_R.! Applying Ry — R, — R, and R, — R, - R,
=> PQRS is a parallelogram but neither a rhombus nor a 1 00
rectangle. =14 -1 0 (=0

2. (M Let af+13j‘+y£.Bf+ﬁ+ ok andyf+(1}+[3#'; i'lq -1 B-1

be position vectors of points 4, B and C respectively, then =B-1=0=p=1

Thl=.] 2 2 2 ! =

[AB|={(B-a)" +(y-B)" +(a—7) Also given that [c|=+3 = 1+q2 +*=3

| BC |= \fw —,B)2 +(0.- .},)2 +{0‘_B)2 Substituting the value of B we get a? =

-5 . = - = = a=tl

|CA|=(a=7)" +(B-a) +(y-B)° 7. (A)-p,rs; (B) = p; (C) - p, g; (D)s, t

e e, (A) Since, 2(a? - b?) = ¢2

AB|=|BC|=|CA = 2(sin’x — sin%y) = sin’z
= AA4BC is an equilateral triangle. = 2sin(x + y) sin(x — y) = sin’z
A A a s & A 4 :_\2" vy =eim ~ ..I'_‘JI_‘:'L_.
3. @ Let 60i+3}.40i=8)andai~52; be position :s-ml.\ ¥)=sin z (-; sin(x + y) =sin z)

vector of points A, B and C respectively. = sx—y) :i =2 (Given)

_£0) R 5 S sin z 2
AB=40i —8j—60i —3j=-20i —11;

. nm .
and AC =ai —52j-60i =3 =(a-60)i -55] © cos(nmA)=0=>cos —- =0=>n=1,3,5

Given that A, B and are collinear (B) 1+ cos2X — 2cos?2Y = 2sinXsinY
e a—60 55 = 2cos2X — 2(1-2sin%Y) = 2sinXsin¥
AB|| AC = = =g=-40 = 1 —sin?X -1 + 2sin?Y = sinXsinY
i 20 -11 =  sin’X + sinXsin¥ — 2sin?Y = 0
4. (5) Given 8 vectors are =  (sinX - sinY) (sinX + 2sin¥) = 0
(1, L 1), <1, -1, -1); (=1, 1, ), (1, =1, —1); (1, =1, D), GBee
L 1,-1);(1, 1,-1), (=1,-1, 1) oS
These are 4 diagonals of a cube and their opposites. sinY ah ’
For 3 non coplanar vectors first we select 3 groups of = =
diagonals and its opposite in “C; ways. Then one vector © P3,D,00, J3).RB,1-P)
from each group can be selected in 2 x 2 x 2 ways. Vv A i
Total ways =4C, x 2 x 2x 2 =32 =25 Q(1,v3)
p=3
5.  True:Let a+b, a-b and a+kb be position vectors of
points 4, B and C respectively.
Then, AB =(a—b)—(a+b)=—2b
and BC=a+kb-a+b=(k+1)b
= AB||BC Yk eR From figure, acute angle bisector of ZXQOY is y = x.
= A,B, C are collinear v R - Distance of R(B, 1-B) from bisector

- Statement is true.
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231
B-1+B| 3 (A) > q:(B) 2 p.q: (C) > p, g, 5, :: (D) > g, t
= b —— L - ) / ,.3—
2 e (A) Projection of @i +Bj on /3 + j i th"'ﬂ=\/§

=2p-1=x3orf=20r-1 2
B =1.2 _23-8

(D) Fora=0,y=3 = 3
Fora=lLy=k-1|+k-2|+x 5 :
a=0 2N3-B

Casel 7 =2+VP =p=0=a=2

F(a) is the area bounded by x =0, x = 2, > =4x and y = 3
2
. Fo)= _{0 (3—2x)dx

ArY M

T

[~
x\éz
2
’h axlx[" 82
3 7 3
8
Fla)+ EJE:‘S
Case Il

F(a) is the area bounded by x = 0, x = 2, 2 = 4x and
y=hk-1+Kk-2|+x
3—x0<x<l
=qx+L1<x<?2
3x-3,x22

Ha) = I;(3~x—2\[;)dr+_[:(x+l—2\/z_c)dx

Ay A

s i
“"""‘-—.
X=2
1 2
_.[3x—x—-—ﬁ‘/;] +(—+x——x x]
23
0 I
=3_l_i+3+2"&_l_l+i =5—8—J—§
2. 3 3 3
8v2
Ha_)+TJ_ g

(B) LHD=/"(1)=—6aand RHD=f"'(1)=h

—6a=b (1)
Also f is continuous at x = 1,
S —3a-2=b+qa?
= a’-3a+2=0 (from (i))
= ig=l;2
© (B -30+20)"*3+ (2 + 30 - 3Je2) +3

+(3+20+3w)*3=0 [ o?=1]

2 4n+3

20" +3-30

= (=30 2w Sl ———as—
[0)]

4n+3
(30+20%+3)

O I =0

®

{3—3w+2(1)2]4“*3 [1 +w¢n+3+(m2}4n +3]=0
4n + 3 should be an integer other than multiple of 3.
; n=1,2,4,5
(D) - HM ofaandb be 4,

=4y

i =4 b=2a+2b i
a+p " Y=ab=2a (1)
Alsoa+g=10 or a=10—g¢g
and b+5=2¢ or b=2¢g-5
Putting values of @ and b in eq™(i), we get
weiE e ®
g=dor "= =q= orz
l|g—al=2or5.

Let :},5 .E be the position vectors of vertices 4, B and C
respectively with respect to origin,

Let AD, BE and CF be the bisectors of 24, ZB, and /C
respectively.

A(3)

B (%) P [e()]

Let @, b, ¢ are the lengths of sides BC, C4 and AB
respectively, we know that by angle bisector theorem
BD:DC=A4B:AC=c:b.

bb +cé
b+c

. The position vector of D is d =
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10.

Let [ be the point of intersection of BE and 4D. Then in Hence proved.

B L el 1, 11. Let 5,5,;, be the position vectors of points 4, B and C

.. DI:IA=BD:BA s \ L
BD ¢ BD 5 respectively with respect to origin O.
But —=—>—=—— —
“ DC b BD+DC c+b A
L R T
BC c+b b+c
D= ie=a:(b+e)
b+c
S PV.of I =MM C{-g)
a+b+c = : : - ’
[ A "> D divides BC in the ratio 2 : 1 and E divides AC in the
s34 Lbb+ch(b 3 ratio3: 1.
. LR 41D wor — ba2e —— a+3¢
] a+b+c at+b+c OD=~T—and QIE =
Simil .v. of intersecti £
g A e iy S5 g Let pt. P divides BE in the ratio k : 1 and 4D in the ratiom : 1,
AD and CF is also 34 +0b +c 7 o o
S o k{a+3c] s [mzc]
Hence all the £ bisectors passes through 7, i.e., these are - OP= =
concurrent. ) k+1 m+1
Let OABC is trapezium and position vector of A,B,C with N T . L
respect to origin O are A(&'],C(B),B(5+IE) = Ak + 1)a+ k+1 i 4(k +1) ¢
{5 . = =
(2+13) M B By im c
Equation of OB ® s +13) m+1l  3(m+1)  3(m+1)
A On comparing both sides, we get
r=Mb+ta) k 1 -
=> e (@)
Equation of AC : 4k+1) m+1
= _ = T o 4 1 m
=a+u(b—-a) R(a) o =S 0 ..
b (2 { k+1 3(m+1) -+ (i)
Let P_be the point of jntersection OB and 4C 3% I 2m i
oAb +ta)=a+ub —a) 4k+1) 3(m+1)
On comparing both sides Dividing (iii) by (ii) we get
oo =t 3 8
AM=1-p - (i1) —=2=k=—=> The required ratio is 8 : 3.
from (i) and (ii) 4 3
1 12. Let q and b be the position vectors of 4 and B respectively
A= oy with respect to origin O.
PV of Pis§ = — (b+1a) b £®
S PVof Pisty= —= a —=
g S OE =
I~ 1 2
Equation of RS :7 = — +£(§+_ ] a] ]
2 2( ) 0—-D:l.a+2b=a+2b
i 1+2 3
Cocfficient of j in 7 ,, k=—— - Equation of OD is 4 (';)
t+1 S
I ;—f a+2b E
.-.;=Ea+il[5+%(r-1)a} 3 )
£ and Equation of AE is
1 - 1 1 = =
=——b4+ t=1+t+lla=—-Ib+td |= i b -
+1°  3gaD" la :+1[ J=n ?’=a+3[-2—-a] .G

Hence p lies on RS,
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Since OD and AE intersect at P, then comparing the
coefficients of @ and b, we get

i—1 s and 2t=i r=§ands=i
3 3 5 5

Putting value of 7 in eq. (i) we get position vector of point
a+2b

. (i)
Let P divides OD in the ratio A : 1, then position vector of
Pis

1(““;zb]+1.0

of intersection P is

% (a+25) )
%4l 3(A+1)
From (iii) and (iv) we get
A 1
3A+1) 5 = S5A=3A+3=2>A=3/2
S O g B
Given OACB is a parallelogram with O as origin.
Let DA = 2, OB=5 :>C—)C“=a'+5and0—'D=g.
B() @:% ¢
0 oy Y Aa)
3
Let CO and BD intersect each other at P,
Let P dividing CO in ratio X : 1
OP = Ax0+1x(a+b) (a+b) .0)
A+l A+1
And P dividing BD in the ratio p : 1
g ..
p(—)+1(f}) - -
OP = 2 _Ha+2b .. (i)
p+1 2(u+1)
From (i) and (ii)
E+5_pz_z+25
A+l 2(u+])
Equating the coefficients of ¢ and 5, we get
SR
A+l 2(u+l) oA
1 1 ;
—_— (v
A+l p+l )

From (iv) we get A =p = P divides CO and BD in the
same ratio.

Putting A = p in eq. (iii) we get p =2

Thus required ratiois 2 : 1.

14. Since vector 4 has components 4;,4,,4;, in the

coordinate system OXYZ,
A = IA] +jA2 -I-kA;

. ! T 3
When given system is rotated through —. the new x-axis

is along old y-axis and new y-axls is along the old
negative x-axis and z remains same as before.
Hence the components of A in the new system are

Ay, —A, 4.
i 2 becomes AzE—AI}+A3£.

Topic-2: Scalar or

=) Dot Product of two Vectors

(¢) We know that vector in the plane of @ and j is
v =a+ib
= v =1+M)i+(1-R)j+(1+ )k
= = 1
Projection of v on ¢ is ‘E
o (I+A)—-(1-2)-(1+2n) Sl
3 V3

'-21
1

J c|
l1-Ah=
A=2

by

~—j+3!2
@) Given, OP = 4cost +bsint

V=3

rC’—PFZ =4 cos? r+]5’2 sin’t +2a - bsint cost
= I(_)—PIZ =cos? ¢t +sin? ¢+ 24.bsint cost
= |GBf* =1+ absin2¢

|0B| = V1+4-Bsin2s

: n
v |OPl gy = V1+db = Matsm2r=l=>r=z
— 1+ b — a+b
" AOP)pay = 5= . (OP)ppuy =t
g T g h
L _ b
Hence i = — 7 andM= /j 40
la + 8] '
(b) We observe that
R B
abl=ab- —I_J.f— ‘a' =ab-ab=0 ;
P (1)

Pamd e e S
ac, =a. == 4— b'zbl
la| [ |

=ac-=—|af - 2 L (abr)
[a] by [
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4.

(b)

(b)

=ac—ac-0=0 [from (i)]

And 5].52 =51.{E—- E'c;a_ c.by 51}

lal? |B

Eew o
la| 1By |

=b1c—0-bre=( (from (i))

Hence 551 = ;g =b .52 =)

(5,3] ,Ez) is a set of orthogonal vectors.

Given that @ and b are two unit vectors

lal=5]=1

Also, given that (5+2§) is perpendicular to

(5a-4b)

(a+2b).(5a—4b)=0

5|af? 8|5 —4ab+10ba=0

5-8+6ab=0 = 6|a|lb|cosO=3

[where 0 is the angle between @ and b ]

1
cusB:; = f=60°

Since @.b and € are units vectors.
ld|=|b|=|c|=1

O P e SR
Let x=‘a—b’ +‘b—E| +|¢ -a

~laf +[6[ ~225+ 5[ +left 252 +]ef +faf 202

U

=
=%
=
—1

x <9 (From (i)) ..

(b)

=6—2(a£+53+a5) (i)
We have

|@+b+2|20 = |d+b+21*20

6-2@b+bc+cd)<9
x does not exceed 9

Since u+v+w=0

o iy AN = Sl 01
=lu+v+w|=|u |2 +|v |2 +| w]2 +H2(uv+v.w+ wau)

= 0=9+16+25+2(uv+v.w+wa)

= (;:.;+ Vow+ :v.ﬁ) =_75

yMathematics

7. (a) Since R divide PQ internally in ratio 2 : 3

8 2

o Tady ey e

S OR=—"S=_(3p+2
342 s P

S divide PQ externally in ratio 2 : 3

T sy AR G
TGN = =3p-2
IR e

Giventhat OR L OS = OROS =0
e S Sy e

=8 ~5~[3p+2q]-(3p~2q}=0

= 9|pP=4|qf = 9p? =44
2p+G=5+]+7k
P-2G=0i+3j+k

3
1 =1(4) - j(~1)+Kk(-3)

L

i
pxg=|2

1
=4i+ j-3k
15 +10] +6k = a(5i + ] + 7F)
+B(3J+ k) +y(4F + 7 -38)

S 15=15a+4y (D)
10=a+3B+y -(11)
6=Ta+p-3y .(iii)

On solving (i), (ii) and (iii), we get

0 11
LOa=—p= ) =2 Sy=
5 p —5 b y=2

@ “la|=[p|=¢|=1
]§—§|2+|E-EI2+}E—E!2:9
= 2(aP +|p +[el?) ~2@b+bi+Ea) =9
= E.E+5.E+E.§=_73
Also,
e R S S s
|a+b+c| =1al* +[p|” +|c[* + 2(@.b + b.c +c.a)
=1+1+1+2x[_§) =0
2
= G+b+5=0 = (b+3)=-d
- [28+5(+2)| =|2a-5a=|-33 =3
10. Component of a along %

b =0D= (projcction of d on 5)1;

da




Vector Algebra

11.

12.

13.

14.

B235

Component of @ perpendicular to b
sl e AR
=DA=a-0 =] b
L|br2J
LethaE+b;‘
“ble = be=0

= @i+3J).(ai+b))=0=>4a+3b=0

3 _a b 15.
Sa=——o—=—=}

4 +3 4
=a=+3%,b=—42 (D)
& =31 -4])

Now, let a = xi+ y}' be the required vectors.

) - S D 4x+3y
Projection of ¢ along b =— = ———=— =
|6] V4?2432

= 4x+3y=5 i)

Also, projection of g along ¢ =2
ac 3hx—4hy
— IﬂT'(- = 2 e _fl,_——}-_;-- = 2
lel J(31)% +(4n)?
= 3ix—4Ay=10A=3x—-4y=10
Solving (ii) and (iii), we getx =2, y =~ |

..(1ii)

16.
.. The required vector is 2;_}
Given that the position vectors of points 4, B, C and D are

a,b,c,d respectively, such that 4

(5—2).(5—5} =(b-d).(c-a)=0
= DA.CB=DB.AC=0 D

=DA1CB and DB | AC 5 c
Clearly D is orthocentre of A ABC

Given that F‘:B; §[=4; ‘E‘:S

EJ,(§+Z'):>§.(§+E'):O
BL(C+4) = B(C+A)=0
CL(A+B)=C(A+B)=0

A+B+C| =(4+B+0)(4+B+7)

Now,

2

e 4

=’§F2 +Z‘(I§ +E)+‘§‘2 +E-(E+3)+ C

+E*-[E+E)
=[4" +[B +[c]" +0
—9+16+25=50 - \E+§+El=5\5

o 0 3
(a,c,d) Ia!=§\;(_4+4+l)=l = |al=1

.. It is unit vector

Let b=2i—-4;+3k then

ab 5

= 8=—
29 3

m2=-§+}—%fc=%35 g 1

Let d =3i+2j+2k then ad =0 = ald
(a, ¢) Any vector in the plane of b and ¢ is u=b+he
=(+2j-k)+ LG +]-2k)

= (14 0)i +(2+0)j — (1+20)k
; : e e = o ndfD
Given that magnitude of projection of # on a is 3

2

<

u.a

2 _[20+0)-@+1)-(1+22)|
. \/; | 3

= |-A-1|=2 = J+1=2o0r j41=-2
=5 % =] or }‘=—3
The required vector is either,
2§+3}-3fr or —2§~}+5f§
A—q, Bop, Cos, D>t

la|

A a=V1+3=2
I5‘=¢1+3:2
lg|=2v3

B

Using cosine formula

cosc LAl +IBE~IEF _a+4-12 1
2 A T T
2n

1
=% = —— —
cos 6 2=:-{:} 3

=A-—>q

b ;.
B. | (U®-3d =25
h
= j f{.\:)d,x+-;—[—b2 +a2] = g?— b?

b
= L f(x)dx = —%(a2—52)=jgxdx
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17.

= f)=x= f(%)=‘g"

=B=p
2 g. i %
— o' sec{mx)dy _ fn|sec mx + tan mx
C. fn.'i% 5 "nfn3[ | ”g

Sy ﬁn|secﬂ+mnﬁl—€n[sccﬁ+m1§|
fn3 6 6 6 6

3 f,,_‘z__L_f,,_iJ,Ll S
“m| B B BB TR "
L Cos

D. Forlzl =landz#1. Letz=cos0 +isin®

S LSS TR
Thenl-z=1-cos®—isin@= 251n25—2:51n5c055

l—z= ZSinE]ising—fcos—
orl—z= > 2 2

1 1
Clear that real part of s is always 3

Tiw 47 1
5. Locusof —— isx= —

l-z 2
1
Arg |_z J| is maximum when value of ¢ approaches to

|
— but will not be attained.

2

¥

0
We know that incident ray, reflected ray and normal lie in
a same plane, and angle of incidence = angle of reflection.

Therefore unit vector a will be along the angle bisector of

;;r and —;,
te, a-YrlD (1)

|w=v|

[~ Angle bisector will along a vector dividing in same
ratio as the ratio of the sides forming that angle.]

Since ;{;-;'| =0C=20P =2|w|cosb=2cosH
Substituting this value in equation (1) we get

18.

19.

20.

gy 12 thematics|

~ Wey
o

" 2cosf

W=V+(2cos0)a =v-2(av)a [

ay = —cos0 ]

We have 4(¢) is parallel to B(f) for some ¢ €[0,1] if and

only if

L£O _ HO

gi(t) &)

= fi(t).g2(t) = f>(¢).g;(t) for some 1 €[0,1]

Let h(t) = /i(1).g2(D)~ f(1).2,()

10) = £1(0).g5(0) - £,(0).g,(0)
=2x2-3%x3=-5<0

A1) = f1(1).g2() - £5(1).g, ()

=6x6-2x2=32>0
Since h (t) is a continuous function, and h0).A(1) <0

=> There is some 7 €[0,1] for which k() =0 i.c., A(f) and

for some ¢ €[0,1]

B(t) are parallel vectors for this t.
From the given data, we get

v V=29 |173 |= 29
Let g is the angle between \71 and v,

LYV, =-2 2V | |V, cosf=—2

=
= cosb=— = §=135°
2

Now, since any two vectors are always coplanar and data is
not sufficient so, let us suppose that i"l and v, are in
x-y plane.
Let i"l is along the positive direction of x-axis
then ¥ = 2. [V [=2]
* v, makes an angle 135 with 7, and |7, |= \/2,
LV, =—{t]
Let ¥, =ai +pj + vk
V¥ =6=20=6=>a=3
and V..V, =—S5=—aif=-5=>B=1+2
Also [V, | =29 = o +p2+y2 =29 =y=14
Hence i:‘B =3:’i2j‘i4£
ThllS, Gl = 2;, 1-»;2 Z—;i},‘% = 3;i2}i4£
are some possible answers,
d-b=cx?-12-6cx
Since a.b =|a||b|cos®

Given that angle between ¢ and § is obtuse, therefore
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ab 174 16A

cosej{):a.bc.o , T...1 g i...z 5 s
= ex" —12—-6ex<0 —= == =

: _ 3 k4l 3 Al A
= ox" —6cx-12<0,VxeR (i) 5 5 5
Clearly above condition is satisfied if ¢ = 0 =>l=z; =Z‘l=1
Andc<0andD <0 L e G A
= 36¢%+48c <0 = 12¢ (3c+4)<0 2.  (¢) Given that ax(2i+3j+4k)=(2i +3j +4k)x b
e b VL = @+b)x (21 +3]+4k)=0
- _4 i 3 oty A

= g But 745 0and 2§ +3]+ 4% =0

o 5 (@+b) || (20 +3] +4k).
HE=— <0. oy Al oA A
g sesl Let 4 +b = A(2i +3] + 4k)

21. Let with respect to O, position vectors of points 4, B, C, D,

E Fbe a,b,c.d,e, f
Let perpendiculars from 4 to EF and from B to DF intersect

Also given that i§+5i=@ = =]

L d+b = (20 + 3] +4k)

each other at H. Let position vector of H be 7. We j join CH. So, (@+b).(-7i +2i + 3k)=+4

Know we have to prove that CH is perpendicular to DE.

® D
Given that OD | BC = d.{c~b)=0
e : D C
= db=dc ..(1)
OE LAC = e(c-a)=0 = ep=22 -.(ii)
AndOF L AB = f(b-a)=0 = f.a=f.b..(iii) A i
Also given that AH LEF = (r—g)(f-e)=0 Desageg e = T
2 g ABxAD=2 10 11 =-21-15j+14k
= r.f-re-a.f+ae (V) 12 2

and BH L FD = (r—b).(d-f)=0
= rd-rf-bd+bf=0 (V)
Adding (iv) and (v), we get
rd-re-af+ae-bd+bf =
>rd-ret+ei—-de=0

(using (1), (11) and (iii))

= r(d-e)-c(d-e)=0 = (r-c)(d—-e)=0
= CH.ED=0 = CH_LED

Topic-3: Vector or Cross Product of two

E‘—"J vectors, Scalar & Vector Triple Product

Hence Proved.

17 16
®) P(1,2,-5),Q(,6,3), R(S = ],5(2,1,1)
b+2d 7i+8j+5k
3
A

P(1,2,-5) (z
3

Now,

\ABxAD[ JA+225+196 = /425
IAB] V4+100+121 =225 =15

‘AD‘:W-S
sin(90-a) M
48|/ 4|
: sin(90—m)="ﬂﬁ=£ =:>::cpsc:=—"{E
15x3 9 9

(¢) Given: E,B,E and d are unit vectors,
Let ;x!;:{sina}n_-l and ;xE=(sin13);1;
where ;{; and ;2' are unit normal vectors
then (EXE}.{EXE) =i
= (sino)n.(sinPyn, =1
= sinasinf 5;.5;:1 = sinasinf cosy =1
where y is the angle between ;1 and g
= a=§,ﬁ=-;£ and y=0°
Ify=0° = axb|ecxd
Let axb=A(cxd) = (axb).c=A(cxd)c=0
and (ax b).d = A(cxd).d =0
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5. (a)
6. ()
=
=
7. (9
=

are coplanar and g, b, d are coplanar

= a,b,c,d are coplanar

ando=90° = g L b and =90° = cLd

The possible cases are shown in figures and in any

case b and d are non-parallel vectors.
The volume of a parallelepipe with coterminus edges

as the vectors @, b, ¢ is given by

v=[EBE
aa ab ac
B > T
Wehave [ 52]'= |54 b5 bz
¢a éb éc
i Ei-ais : :
= ¥2=l1/2 1 1f2=;=>v=7§-
P i LA ]

Since, a+b+e=0

5x(5+3+§):ﬁ

axa+axbtaxc=0 = axb=cxa
('.'&”xfi:(]and&x5=~6><&')

Similarly, bxc=rcxa

axb=bxc=cxa

Also since EBE are non-parallel and unit vector
(these form an equilateral A).
axb=bxc=cxa#0

Since given three vectors are coplanar.

5%t 1
1 2% =1 4Sp
1 R

Applying, B - R+ Ry + Ry
2-32 2¥3aes: 32

10.

11.

(@)

(©)

2=l

Applymg I{2 = .R2 = Rl andR3=R3 ‘*Rl
1 1 1

0 —(1+22) 0 |=0
0 0 g+1H

2-22)

@-A)1+A2)2 =0 = A=+2 [+ 1+A220]
Two real solutions.

We know that a vector in the plane of a and b is
u=a+hb=(1+A)i+(Q2-1)j+1+A)k

Given that projection of ¥ on ¢ = sk

3

B B

uc=1 = |l+A+2-A-1-A|=1
|2-A|=1 = A=1or3
u=2i+j+2k or 4i—j+4k

We know that any vector which is coplanar to a and
b can be written as
;=5+15=(f—}+£)+k(2f+j+£)
F=(1+20)i+ (=1+0)j+(1+ M)k
Since r is orthogonal to 5i+27 + 6k
= 7.(5/+2j+6k)=0

= 5(1+20)+2(-1+A)+6(1+A)=0

= 9+18L=0 = k:—%

Fis3j—k
3j—k
J1o
We have (axb)xa =(a.a)b—(ab)a
G-k x@+j+k) =3P B)-G+]+k)
=20~ j-k=35-(i+j+#)

F =

= 3b=3 = b=i
Volume of parallelopiped :
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12.

13.

14.

15.

(c)

(a)

B239

-
I
R © =

a
1 a
01

=1(1-0)-a(0-a*) +10-a) =1+a*-a

i::;az—]

da
For max. and min.

17.

<
B
:
=]
=
2
Il
-

Now, [{7?}?]:5(?:(?)
=T Gi-Tj-k)= [ff“\fs? +7% 412 cos®

=+/59 cos0
which is max. when cosf =1

Max. value of [fj VF?] =59
1 0 -1

[abcl=|x 1
y x

18.

1-x
I+ x=9

=1(1+Jc—y—x+x2)-1()v:2 =-y) =1
It neither depends on x nor on y.

Since a, b, ¢ are unit coplanar vectors, then their linear

combination 2q—5,2b—c and 2c-aqare also
coplanar vectors.

Thus, [Z_d—g 2b-¢ i-&']=0

P, is the plane determined by vectors aandb
Let ;;be normal vector of P, then n—{ =axb
Now, P, is the plane determined by vectors candd
Let ; be normal vector of P, then ;; =cxd
Now given that (zx5)x(cxd)=0
mxny=0 = mn

and hence the planes will also be parallel to each other.
Thus angle between the planes = 0.

1 16.

19.

(b) Giventhat a+b+c=0 (by triangle law)
5x(5+5+5)=5x6=5

= axa+axb+axc=0

= axb=cxa [- axa=0and@xé=—Cxa]
Similarly, ;xE;:Sx;;
Therefore axb=bxc=cxa.

(@ Let &=xi+yj+zk

Given that @,b and & are coplanar

~[db3]=0
A B

=1 2 -l=0=x-y-2z=0 (1)
Bt

v gis | tod, .dc=0

2x+y+z={) L(id)
from (i) and (i)
X z
E=%=_—=l=>x=0,y=3landz=—3?k
But |E[=l=>x2+y2+22=l
1
=02+l =l=h=t—0
3V3
T el
se=t—|-j+k
\5( J )
o o
Thus, we have c——\/—i(— +k)
M) |(axb)xc|=|axb|c|sin30°
T e
= — )(b i
2Ia llel (D)
i j &k
axb=|2 1 -2{=2i-27+k
S TR

= |axbl=y9=3

Also given that [c—a|=2V2 = |c-af=8
= |cf —ca-ac+|aP=8
" |al=3anda.c =|c|, we get
leP =2lc|+1=0 (e]-1)*=0 = |¢|=1
Substituting values of | Exf';jand |E| in (i), we get
|(0X5)XCF=%X3xl=%
(a+b+c)[(a+b)x(a+c)]

=(a+b+c).[5x5+5x5+5x5+5x§}

@

=(E+S+E).[Ex2+3x$+5xgl [ axa=01
=E,(Sx5)+5.(5x3)+5.(3x3)+5.(Ex3)
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+5'(3x5)+3.(3x5)+3.(3xz) J(BKE%E(ExE] 23. (d) Given that a,b,¢ are non coplanar

ke g it N A = E = 0
= [abc]-[abc]-[abc] =-{abc] [-.-[aab]zo} [“ C}*
Biec — bxc - c¢xa - axb
: = sk e b+ = & o
20. (a) Since ax(bxc)= ﬁc And p i ey

e g D= D Now, (a+b).p+(b+c).q+(c+a)r
<. (ac)b—(ab)c=—=b+—c
bl e : S

- = hxe =~ - oxXa - -
= b).——— =+ o
(a+ )[abc]+{_b+c) [G5a] (c+a)

[ b and ¢ are non-coplanar] [abc]
On comparing both sides, we get R e TR e
e % 1 a(bxe) B(exa) olaxb)
o o = =
= ac=—+ dab=—=rco0s60=—— S i e
- NG Nz [abcz_ 4[‘”’_6_] ) [adbﬁc]ﬁ
3 [ bbxe=cexa=aaxb=0]
=cos B=cos— = 0=3n/4 e SR ey
4 labc] [abe] [abc]
e el e e g Emmat st == =1+1+1=3
21. (@) Letd=xi+yj+zk [abe] [abe]l [abc]
Giventhat [d|=1= 2 +)?+22=1 ()  24. (@ Volume of parallelopiped =[040B0C |
and 2.4 =0 2 22 0
—p=0 = (1
SAEFS RN T @) =1 1 —f=2c1+2(1+3)=2
Now, [bcd]=0 =1 0 1|=0 sl
X 2 25. @ |(axb)clalb|e|
=>x+ty+tz=10 R AN AT
B = (from (i) =|al|lb||sinBnc|=|a|lb| c| s -
=z=-2x ..(ii) where 0 is angle between g and p.
From (1), (i) and (i) = |[sin0-&|=|¢| = |c| [sinBcosa|=]|c|
1 o x
P2+t =1= x=i7€ where o is angle between ¢ and 7.
- g = AC
(i+j-2k) = [sinf=1=0=724-5=0

Yool =L
tea{ st R
V6 V6© Ve L V6 and ]cosa[:l:>a=0:>E[i:“:=>5f=5-a’=0
22. (b) Given that a, b, c are distinct non negative numbers b

bk kg s = Gb=bi=¢a=
and the vectors ai+aj+ck, i+k an ci+cj+bk e B
are coplanar. 26. (@) A(B+C)x(A+B+C)
a2 a ¢ =Z.[Ex3+§x§+§x6+ax§+5x§+5xE’]
[l 0 1f=0 (- Ax4=0)
£ € b S = e, Gy 1)
Aigiog GGy =A(Bx4+BxC+Cxd+CxB)
s o oy B U1, B By M T
=1 0 0 =0 (+ 4:(Bx4)=0)
c ¢ b-c P s
Bxpanding alofig 2., ws g =0+[4BC]+0+[ACB]
=[c(c-a)-a(b-<)]=0 =[4BC|-[4BC] (" [abe] =—[ach])
=>c-ac—ab+ac=0 =0
=c?=ab= a,c, barein GP. 27. (7) Given that

is the GM. b. = _ L T o
e % Shad || =1; |¥|=1; uv=0; aw=1; vw=1

and w.w=|w’=4 = |Ww}=2
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Volume of parallelopiped = [# ¥ W] =+/2 N o = SNy
s e = and 5p+-5q+r= a- b e (i)
s uy uw
= [@ v WP =|vd ¥3 vw|=2 From (i) and (iii), p = r Using (i) g = —p
wi WP ) S ) e
' 2 = 2 =
1 ap 1 : q »
= (uv 1 11=2 = ﬁﬁ:i 31. 9 FxE:E)(E::;;xB—EX??:a
= e = (F-0)xb=0=7-¢ |5
Now, |37 +57 [ = (3id + 5%)(3i + 57) Letr-c=AB =7 20 +3p
=9|id [ +25|% [ +30d.5 = F =i42j43k-0+A)
=9+25+15=49 =(1-A)i+Q+N)j+3k
| 36 +57 |= 49 =7 FA=0=-1+A-3=0=X =4
28. (3) Giventhat |&|=|b|=1, 35=0and [5|=2 P = -3i46j+3k

¢ makes angle o with both & and b Now, Fb =3+6=9

Also, E=x5+y5+5x5 32. (5) We have [5|=1|51=1and ab=0
a=|c|lalcosa=2cosa=> x=2cosa New. (2;+5)_[(5X5)x(a“25)]
E‘l_}= 2cosa = y=2cosa s _ A
1) e a-b)a-2(b-a)b+2(b-b ]
[E|2=E.E=‘(2c05a)5+(2cosa)b+§xbr =l )[( i ) & } (5 )
= (2)2:4cosza+4cm2u+|§x5[2 ( )l:( ) b+ ( ) (I]
= 4=8cos?a+]1 ( IEXB|=IXIxsin90°=I) ( )(2a+b) 4’ 1 +|b’ EI}:O]
= B8cos?a=3
29. () 5=4p+35+5F () =Aebes, B3RS ety ot
- 33. (18 i hat 3 =2i+ j— =1 i
S=X(P+G+7)+ WP—G+F)+2(-p-G+F) (i) £ Sttt PRetick brigdjik
comparing (i) and (ii) we get = a+b=3i+3j
2 ;f;f;ﬁ;“ Given that projection of G on 3+B=3v2
XFpEz=35
. = 2 (a+b)_3\/— (2&+B)+3(0’.+25)=3ﬁ
Solving above equations, we get x =4, y = 32T ’a+b| 32
2x+y+z=9 S L (i)
—- = 33 2 = A Ao 12
b Wt o :—cosE 1 < aa+ﬁbA (2&+ﬁ?l+(ﬁ+2ﬂ1j+( o+B)
3 2 ¢=(a+2)i+(4-a)j+(2-2a)k Using eq” (i)
- S = 3 ‘. ol Y
Given pa+gb+rc =axb+bxc Now G is in the plane of 3 and b ('.'c=aa+[3b)
Taking its dot product with , 7 ), we get » (@xb)e=0
- = - = - - G~ ﬁxﬁ C=CcC
[a b ?]hplal +q[b a]+r[c a] Hence( ( )]
=(a+2)2+{4—a)2+(2—2a)2=6(a2—2a+4)
105 ,
=pHogtor (i) : 6((a_1)2+3)
Given that 1 p+ q+%r=0 (i) which has minimum value as 18 when ¢ =1

34. Given that g = area of parallelogram with 04 and OC as
adjacent sides = |04 x oc| = la xB|
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and p = area of quadrilateral OABC
=Rl aE fRUw (=X
= l‘OA x OB|+~|0B x OC|
2 2

2 1ax(103+38) + 3{(10a+28) 3

=|Ex5‘+5‘5x3'=6laxg| sp=6g=>k=6

and ¢ be unit vector along ;and j respectively

(a.s)sﬂa,z)z-f’r'(;”‘ﬁ

= (SXE} =x§+y}'+z§ S| S
xc|

36. Let 5=.rf+_v}'+z§ be a unit vector, coplanar with
;A‘+}+2!; and ;+2}+£.
X5 Vg

= 1 2{=0 =>3x+y+z=0 .. (1)
1 2 1

also @ is perpendicular to i+ j+k
::>(xf+y}'+z!€)-(f+}+£]=0

——F i s A RS ) SR ISR R (ii)
Solving the above egns., we get

x z x z

R i
=x=0y=Az=-LA =d=Aj-AF=0

Given that g is a unit vector, therefore

1
LTS e C R e

V2
ok 5k
or
V2 V2

37. Given that the vectors Ei=af+}+l:', 5=§+b}'+£ and

.. The required vector is

E:'=:A'+}+el:: where a # b # ¢ #1 are coplanar

a T 1
~[abe] =o=[1 b5 1|=0
1 1 ¢
ApplyingC, =C, -C,, C,=C, - G,
a-1 0 1
1-b b-1 1|=0
0 l-¢ o

Taking (1 — a), (1 = b), (1 — ¢) common from R\, R, and R,
respectively, we get

39.

Mathematics

il iniry
l1-a
1
=2{0-a)(1-b({1-¢)|1 -1 —|=0
(1-a) (1-5) (1) o
l1-¢
Applying R, — R, + R,
<3 e
l—a
1 1
= (l-a)l-b)(1-c)| 0 -1 —+—|=0
1-b 1-a
0 i 2i€.
— i_c -

> {1-a}a—b)a~c)(-l>[—;fc‘ l—lb_l—lﬂ]=0

1 +L+__c_}=0

l—-a

= (1-a)1-b)1- c)[

o {l—ﬂ)(l_b)(l"c)[lja +1_lb“ (I—C)—-l:r_—_ 0

1 1 1
= (1-a)l-b)(l-c)| —+—+—=1|=0
et =0 c)[l—a i % }
Butazb#c#1

1 1 1 1 1 |
= + +
l-a 1-b

=1

¢

Position vetor of 4 and C are A=i+ +k and

C = j—k respectively
Let B = xi+ y_} +zk

e
ATQ, AxB=C=l 1 1|=j-k

X ¥y oz
=2E-Ni-C-0j+o-0k =7k
z—y=0, =y=z (1)
=x-z=1 =x=z=] (i)
andy-x=-1

Also, AB=3 = x+y+2z=3
From egs. (i), (ii) and (iii), we get
l+z+z+z=3
=z=23=y=2/3,x=5/3

...(1i1)

i LS B I
LB==i+=j+=k
3.3
Since 4,B,C are three non-coplanar vectors, therefore,
[T«i EE] %0

A(BxC) , B(ixC) _[4BC] [BAC]
CxMB (CxDB [CAB| [CaB|
JARE] S Ra

[ABC] [ABC]
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a 4 d+ea’ coplanar =[E§(_f-i=0
b b2 1+81l=0 (Given) . Given statement is true.
e Bt s 44. True: Giventhat 4. B= A4 .C=0
A is perpendicular to both B and C.
a a* 1 1 a4 e
5 : = BxC =AA where A is any scalar.
= b b2 |+abec|l b bz =0 :>|_B'xE"]=|?LE|=>sinm’6=il (= 1BI=1C=14=1)
Senlog | 1 = - e
2 Las (- m/6 is the angle between B & ()
Apply C, «> C,and then C; «» C, in first determinant, |
we get :A:i—:§x§=il]:§§=12(3xq
iVa a 1 a a&* : -
.. Given statement is true.
= b B|+abcQl b b|=0 0 6 el 150
e .:'2 I o et 45. (b,c,d)| G3 0 -Glbk|=|1-C
e N 3 -G, G 0 |lb =I-G;
2| =-b,C; +b,C,=3-C, i)
=(l+abc)|ll b b°|=0 =C;-C;b;=1-C, .. (i)
g SoRaty=i-, AL (iii)

41.

42.

43.

But given that the vectors E,B,E

1 a a*

are non-coplanar

~1+abe=0=1 b B320

1 ¢ &
= abc=-1
v BA=-i-2j+3k, BC=i-2j+3k
AreaofMBC:%\ﬁxB—Cl
1E ;& 1
A=l 2 3=Ehh4q=uj+HW=ﬁu4=Jﬁ
-2y
False: LH.S. =(a—b).(b—c) x (c—a)
=(a-b)(bxc—bxa—cxc+cxa)
=(a—-b)(bxc+axb+cxa) [eexe=0]
=a(bxc)+alaxb)+alcxa)
—b.(bxc)—b.(axb)-b.(cxa)
~[abc)-[abe] ~0«rusS. [-[dab]=0]
.. The given statement is false.
True: '~ X A=0 = either 4=0 or X 1 4 (i)

XB =0 =either 5=0 or X LB

X.C=0 = either C=0 or X LC

From (i), (ii) and (iii)

ifﬁorfiorf’:ﬁ:[iﬁf]:ﬂ
st

Otherwise 1f ?J_E,:‘f_ §,EJ.E then 4,B,C

46.

Applying (i) i —(2) + (3)k , we get
i(by c3—b3es) — J (3~ bscy) + k(ca—bacy)
=ci+cyj+esk-3-j+k = hxc=c-a
=b(bxc)=b(c-a) =0=bc-ba
=bc=0 [vab=0]
“+E(bxC)=¢.(C-a)
=0=|¢-ca=ca=|¢]
cac#0
(bxc)? =(c—a)®
5P cPcl? +|al? —2ca b Le]
|BPlc el +11-2c]
:>|E]2=T]2-l—=>|E]S\/l_l-

|57 +1

Also by.by> 0
Now, |b2=1+ 53 +b¢

=1+ (b; —b,)* +2b,b,

=1bF>10=]b>+/10
(a,b,0) o—B'xo—c;%@x(o—é-@')

=%(@xaé) .. ()
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Since, O4-OB =0 therfore OA4 1" OB (bxe)* =(c-a)
12 i urt] 2l i 6P1ePocf +]al? ~2ca[+5LE]
]ozaxoc[z‘%(a{xom‘ [from (i)] R TR >
|BPle e +11-2cP
Al === . = ~y 11 -
=~—|OA|| OB |sin— S| cl'=——fc|<ViT
2 2 |5 +1
9 _IA] = Given thatah=0 =b,~b; +3=0 = b, ~b, =3
= = x3x3 =L=1(givenA>0) Also b, b,> 0

Now, |B|2=l+£§ +b§
=1+ (by ~b,)? +2b,b,
=10+2b,b;

s0,00-28-04 145,

(a) Projection OC on OA

1 b1 >10={b> /10
OC-0i 5(—2~8+1) 3 48, (fc,!d) 18]
= Yo7l = A =_E From given information

a+b+c=o0

filis oS 0
(b) ArcaofAOAB=E‘OA><OB‘=—2—
(c) Areaof AABC

L ey k

=3|ABxAC|= 1 4 1
=LA | :
2 2 = 15+z|2=j_af=,~ |5f+‘5f+255=y51

=51‘6f_3j_6ﬂ =§ = 48+ |Ej2 +48=144 = '5'2 —48 = H =483

(d) Let acute angle between diagonals is 8 then

-2
(&‘“56')'(5‘;_%) 18 - ﬂ-~’31=3§—12=12
cos@=-r——S2 - 2 2
|04 + oc||04-0c|  3v2%0 Y i i et
-2
b
B=— c =
3 1—2[—+’a‘=24¢30
0 —C_'! Cz 1 3- Cl B (b) 1S not correct
47. bye,d)| G 0 -G|by|=|1-C Also’EJ=H:>4Q=£R
~C G 0k -|-1-6 {5
: be 1
=-0,C; +b,C,=3-C, seevn (1) and cos(180 - P) = 1o =—
e o R et ) (i) Blle| 2
el e o R B S S e s (iid) = LP=120° .. LQ=LR=30°
Applying (1) 7 —(2) ] + (3)k , we get And ab =12x43 xcos150 =72

by Bt ) orh Ve itosck ) (d) is correct

i(bycy— —j(c3—bse cr—bse Sluas fomg i ) —

.3 3.2 3 3. 3:.1 i f __21_ I Now,ax(a+b+c)=0=>axb=cxa

Tei+cyjtesk-3i—j+k =bxc=c—a e e S hd
ST, B\ [axb+cxa|=21axb1:2x]2x4\/§xsin15{)=43ﬁ

=b(bxc)=b(c-a) =0=bc-ba £ s oot

=bc=0 [ab=0] 49. (a,b, ¢) Given that | ¥ |=| j || 7 |= J2

'.‘E.(EXE}=E"(E—E) :0=!EIZ—E.E:E.§=iEf2 e o
and angle between each pair is 3

Since a is perpendicular to both x and ;xE.

vac#0




- = (= 5 = =2\ (- S)\-
. a:l[xx[yxzﬂzl x-z|y—|x-y|z
— —
l{(ﬁ.ﬁcos%}y-(ﬁ.ﬁcos%} z:|
- -
=% y—zJ
Since J is per pendicular to both yand z x x .
- - (= = = 3= (= =2\>
b=p| yx| zxx =p{y.x o H |
- —
: L{(ﬁ.ﬁ. cosZ)7-(VENEcon) }

3 u[?_;’]

—yy i:—b-—b-—-)—)

Now, b.z=p z.z-x.z} =p2-1)=p

5’:(3.?]{?_ }’]

.. (a) is correct
- = =y 3 s
Also a.y=A| y.y—z.y |[=A2-1)=A

- - =\= —
La=|la.yl|l y-z
.. (b) is also correct

—+ — e A e e e e e ]
a.b=\| y.z—y.x-2z.2+2.x

= >\ = -
=?Lu(1—142+1}=_M:_[a‘y](b‘z]

.. (c) is correct.

= =2\-= - -+ = -y
—la.y|lz=y|=Alz—y |=—a
(d) is not correct.

50. (@d)Letd =i+j+2k b=i+2j+k ¢ =i+j+k
-~ Vector coplanar with g and } is
=F=a+\b
= F=(1+0)§ +(1+24) j+Q+N) k
v rllessre=0
=S 14A+1 42042 +A=0=2A+pu=0=A=—p
=4L+4=0
= i=-1

Any scalar multiple of # is also soluiton.
*. a and d are the correct options.

51. (a,c) Let O be the angle between aand b

v=axb=|a||b|sinOn =sinOn
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[** @ and b are unit vectors. ]
|v|=sin® (D)
Now, u =a—(ab)b=a~-bcos0
(where ab =cos0)
|uP=|a=becosB* =1+ cos?0-2cosb.cosd
=1-cos’0=sin’0 =|v} = |ul|=|v| (from (i)
Also, ub=ab—(ab) (bb) =ab-ah =0,
o |ubl=0
So, |;|=|z‘£|+|;{.5| is also correct
Similarly, |u|+| w.a | v |

and |u|+|ulla+b v
52, (a,c) We know that dot product of two vectors gives a
scalar quantity.

53. (¢) We know that [uvw]=[vwu]=[wuv|
but [vaw]=—{uvw]

54. () Vector perpendicular to vector @ and b is given by

n= l(axf_))
A(axb)_+(5x5)
A= Mlaxd] [axF]

We have two possible values of »
§5. (c¢) Since ‘c’ is unit vector perpendicular to both the

vectorsaandE.So,EMEXE
M a 032

Then |b by by| =[abef =(axb.c)?
cp s ea

= (laxb|.1cos0°)?
=(|;xb|)2 =(|a||b|-SingJ
[ anglebetween a and B is %]

2

o 1 e e 2

= [5\/‘11 +a; +a32\fb12+b22 +53)

lfg 3 2
=I(ﬂl +a3 +a32](b12 +b% +b3)

56. (a) P4 y=005(3cos“]x)

= cc‘s[ccu?fI (4x3 = Sx):l
y=4x3—3x
2

= -é'}i=12x2—3 and d——):=24x
dx el
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: l{(xz _1].&+xd_y}
3 dx dx

1 l

{(x2 ~1)24x 4 x(12 3]

4x3 —3x )
9{413 —3_r}
- ——{36x7 275} - ———=9
4x” -3x . 4x —3x
- = =¥
Q— 3: - aj,a;, -... a, are position vectors of

vertices 4, A,, 43, ... 4, of a regular polygon of »

sides with its centre at ongin.

s -
;:[: ﬂ: — = aﬂ =)~
o 4 e
NO\V, QX ag 41 :}uzsingﬁ
n
and ap-ap.y =1 cos—
n

A=ly = -1, _ |
""Zh,(ﬂk Xl }‘ : *zf{at By )

7. 5
— (H—I)?«.2 sin == =(Jrr-‘1]}\2 cos ==
' n n

2n 2n =®
= tan—=1 = =—=n=38
n n 4

2 2

R—2: Normal from P(h, 1) on %+%zl is

x=—h 3=
hie 1/3
= 2(x—h)=h(y-1) = 2x—hy-h=0

2
Slope of Normal = ;

It is perpendicular to x + y = 8

. Ex—l:—l:»h=2
h

S—bl:tan_l[ i J+tan_|( : )=tan_]
2x+1 4x+1

1 1

= 2
= tan | 2Xtl Al | o0 o
L. e i x?
2x+1 4x+1
1 6x+2 {2
= tan 2 = tan —'i-
8x° +6x X
Sxtl. - 2
4x° +3x  x?
.J 2
= 3x-Tx—-6=0 :>x=30r‘§

Since x>0
.. Only one +ve solution is there
Hence (a) is the correct option.

57. () () Giventhat [@ b &|=2

=6[d b c| =6x4=24 . ®)>0)
(Q Given that [@ b &]=5
© [3(a+b) b+e 2(c+d)]
» 6[§+B b+¢ E+51
=6x2[d b ¢] =6x2x5=60
L Q-4
®)  Given that %|5x13‘=20 = [ixb|=40

%|(2§ +3b)x(a-b)

=l|_25x5+35x5|
2
=lx5‘5x1;| =§X40=100
2 2
S (R)—= (1)
() Given that [axb[=30
. ‘(§+B)x§‘=
o (9= Q)
58. A-qs;Boprst;CoDor
(A) The given equation is
2sin? 0+sin? 20 =2
2sin® 0+ 4sin% 0cos20 -2 =0

(bxa) =30

==

= sin0+2sin’6(1-sin?0)~1=0
= 2sin*0-3sin’0+1=0

= 2sin*0-2sin’ 0 —sin0+1=0
= 2sin’0(sin”>0-1)~1(sin0-1)=0
= (sin?0-1)(2sin’0-1)=0

= sin29=10rsin29=%

= SinB:ilorsinBzi—l—

2
= B=ﬂﬂiE or m‘cif — 9=EOTE
2 4 2

(B) We know that [x] is discontinuous at all integral values,

therefore [E] is discontinuous at x =E,£,£ and
T Sy
3%
7. Also cos| — |#0 for any of these values of x.
s

ﬁx} {31 s 0 Tamn
— |eos| — | is discontinuous at x = —,—,— and .
n T 63 2
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(C) Let&=3:+}.5=f-—2jand5=f+j+z£ S
The volume parallelopiped =[55 EJ T R___ _____ics_ng
11 0 -
={1 2 0|=n
11 = 9
D) v a+b=-3¢ a+bP=3|cl £
B @SR St 62. Given that
= (a;b).(:+b)=3 iy e ity 0
= ‘El +|b‘ +2ab=3 = |+1+2cos0=3 axb=cxd ..(ii)
(where @ is the angle between a and b ) Subtracting eq” (ii) from (i) we get
= c058=% = 9:% :zx{EwB):(B—E)xE = ax(E—B)=EX(E~5)
59. (@ OX,OY,OZ are unit vectors in the directions of sides = ax(c-b)-dx(c-b)=0
QR, RP and PQ respectively, = (a-d)x(c-b)=0 = (a-d)|(c-b)
. [ a-d=0,c-bz0as azb#c#d]
= Angle between a—d and ¢—b is either 0 or 180°.
= (a-d)(c-b)=|a—d|¢c-b|cosOforcos180°] « ¢
P+Q as a, b, c, d all are different. Hence Proved.
9 G . 63. a.;anda)-repra;entinﬁgjreas OA . OB and QC resp.
i L= R Let P be a pt. on angle bisector of £ 40QB such that OAPB
OX =—:R,ﬁ=£,(_ﬁ=~£-_9- is a parallelogram.
Qr]” "~ [RE[" " |PQ) 5 Lp
— Q_Rxm" QR||RP|sin(P + /f’
[oxXov\J_ | [ H_i‘_{ Q) b "27
[R[[RP QR R /
=sin (P+Q) /
60. (b) cos(P+Q)+cos(Q+R)+cos(R+P) y
= cos (180—R) + cos (180 — P) + cos (180 — Q) :
=—[cos P +cos Q +cos R] " /POA=/BOP=a/2
gimini(a;ize thle{ expression we need to maximize cos ZAPO = /BOP=a/2 (alt. int. Z's)
cos cos R. In AO4AP,04 = AP
We know that cos P+ cos Q + cos R will be maximum when it S A S N 1 T b
cos P=cos Q=cos R OP =04+ AP=u+v
A unit vector in the direction of
I - - — —
S0l oL 0l gt
3 3 I!H+vi fu+v|
Minimum value =3 cos == — But |u+v[=(u+v).(u+v)=1+1+20y
[ luH v

61. (o) _'P-Q‘X{R_.S+§?}=P_Q.xﬁ (using triangle law)
=|PQ|x|RT |sin150n =0

Statement-1 is true.

Also, POxRS=|PQ|x|RS|sinl20°x n, #0
And POxST =|PQ|x|ST |sin180°xn, =0
Statement-2 is false.

=2+2cos =4cosla/2
lu+v|=2cosa/2 = }=%(secaf2)(ﬁ+;)

B

- - 1 - - el = =
Similarly, y=EsccE(v+m) and 2=ESEC%(C@+H)

Now [}x};xggx;]
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=(xx ¥).[(yx 2)%(zx x)] D2 (abycs + azbscy +ashicy) —(aybyes +agbycs +asbycy)

=GO~ G%2) 3> [By properties of inquality]
(xxp).[{(yx2)x}z—{(yxz).2}x] e et e

=(x)M[[xyz]z-0] [ [vzz]=01 5. Since, i+ (Wxit) =¥

=[xyzllxyz] =[xyzP ) = W=7 -(Wxi)

Also [xyz]= B[sec%} (u+v) %secﬁf2(§+a'))

%secy!2(5+§)J

1 g L
=§secaz’ZSec|3a‘ZSech’2[u+vv+mm+u]

[@+v).{(v+0) x (@ +u)}] ] | e
[+ V).(vX ©+V X U +0 % 11)] cos® 1—(i7v W)
[1.(vx ©) +7.(0 x u)] = 1~[ii¥ #] - cos” 6

(- [abc]=0 when ever any two vectors are same)

i Vi) =—sin’ 0% =
2 2

=2[uve]
. o 3 o %
1 LD Equality holds when sin“@=1lie., 0=n/2 .. @ L ¥.
[% 7 2] =z(seca,’25&cﬁf’25ecyf2)[uvm] (from (ii)) i ondE 5 ¥
66. (a) Since, u.v=|u“vlcosg and u><v=|u”v‘sin9n

oo P o 2 2 3
ybzpal = 16[wm] sec- /e b(2 sec yi2 ] Let @ be the angle between y and y and » is a unit

From (i) and (i), vector perpendicular to both ﬁ,; :
[xxy yxz Exi]=%[ﬁ§6]2 secZ%.seczgsecz% LHS =5 +|axv [
=i |9 [* cos? 0+ i |7 |* sin? 0| /i
a a4y a3
= 2 : A
64. Weknowthat, ¥ =[gp cl=|b b b =|u[2|v|2(cos 9+sm29) Colal=D

aq ¢ o =i [*|vP=RHS
S Ga-ha a0 G htat 6o b ®) |a+7+@x¥) i +v P +|axv P
= (aybacy +aybscy +azbicy) = (apbycy + aybics +ashycy) ki, Dl

(i) Ha? +|vP 25+ |adx7 +0
Now we know that AM >GM

i (a1+b]+c1)+(az+b2+c2)+(a3+b3+c3) 2 2 5
% : i [P +|7 P 25+ | x|

CRHS i+ 7+ x V[ +|1-i7

> [(a+ by + )@y +by +¢3)as + by +¢c3)] +1-2i5+|id -V

L =laf +|7 P 41+ | Py7 P
=:’3?2[('31 +hy+a)(ay +by +ey)ay by +c3)]

=+ @ [})1+|9)=L.HS.

=L 2 (a +b +¢)ay +by +ey)(ay +by +3) 67. (A+B)x(4+0)
= I’ 2 aybyc; +aybyc; + asbey +24 more such terms =04+ BxA+AxC+BxC [- Ax A=0]
L2 ajbyoz + asbyey + ashie; =Bx A+ AxC +BxC

[ a,.b,,c, >0forr=1,2,3] Now, [(4+ B)x(4+C)]x(BxC)
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68.

Bx A},C}B—{(BxA).B}C

—_—

+{(A xC).C| B-{(Ax C).B|C
[+ (@xb)x&=(ac)b-(b.5)a)
=[BAC)B-[ACB]C
[+ [4BC]=0 if any two of [4, B,C] are equal.]
=[EE‘T3]{_B'—E'}
LHS =[AC B){(B-C).(B+C)}
=[4CB){ Bl -|C}=0
Given that AD = 4

[ |B]=[c]]

Let DE=h
242
Volume of tetrahedron = %_-
1 22

= —Ar(AABCh =2
3 3
-;—|EXB_C"|)‘I=2\/§

%'(}+;:)><2f[h=2s/§ or |}—£’Ik=2w/§
or \[5}1:2&

=2

A +j+k)
Let point E divides median AF in the ratio A : 1
O_-'E= k.2i+(f"‘f‘j+k) ...(ii)
A+l
AE=P.V. of E-P.V.of A=—>_(i_5_k)
A+l

2
A+l

... .(iii)

Now, 42 4+ AE? = 4D?

2 2
=% 4+(~J‘—J Seth = 3[LJ =12
A+l A+1

A+l

w A=-20r-2/3
Putting the value of }, in (ii) we get the possible positions
of Eas(-1,3,3)or(3,-1,-1)

[—l-]=i2 = A=1(2A+2)

69.

70.

71.
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Given that b,c,d are not coplanar = [be.d]20
Here, (axb)x(cxd)=—(cxd)x(axb)
=-(Ex3_5)5+[2x3.5)5
=[EEE]B-[BERJE 0
(axc)x(d xby=—(d xb)x (axc)
=—(d xbc)a+(d xba)e

=[adblc-[cdbla ...(ii)
(EixE)x(5xE)=((ExE)E]5—(&xEB)E
={acdlb-[adblc .. (iii)
Adding (i), (ii) and (iii), we get.
given vector = —2[bcdla = ka
= given vector is parallel to ¢ .
Let R=xi+yj+zk
Then RxB=CxB
i g kLl G ®
= |x y z[=|4 3 7
Tl 1] | RS T |
= (y-2)i-(x-2)j+(x-y)k =-10i+3)+ 7k
= y—z=-10 .. (1)
e . (i)
x—y=7 ... (i)
Also R 4=0
= 2x+z=0 o (Iv)

From (i1) and (iv) we get x = -1, from (i) and (iii) we get.
= y=-8and z=2
R=—i-8j+2k
Given that E,E,E are three coplanar vectors.
There exists scalars x, y, z, not all zero, such that
xa+yb+zc=0 ... ()
Taking dot product of eqn. (i) with @ and b respectirely,
we get
... (ii)
x5.5+y55+25;=6 ... (1i1)
Since equations (i), (i), (iii) form a homogeneous system

of equations, where x, y, z are  not all zero. Therefore
system must have non trivial solution.

xa.a+yab+zac=0
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a b c
aa ab ac|=0 Hence Proved.

ba bb bc

74.

72. Let the position vectors of points 4, B, C. D with respect
to origin O be a, b, ¢, and d respectively.

Then,

AB=b-a,
BC=c-b,
CD=d -c,
Now, | ABxCD+ BCxAD +CAxBD |
=|(b-a)x(d—c)+(c-B)x(d—a)+(a—c)x(d-b)|
=|B'x3~5x3—5x5+5x2+5x3—5x5
—5><2+5x5+&x3—5x5—2x3+5x5|

=|-bxc+axc-cxa+bxa-axb+cxb|

75.

=2|bxa+cxb+axc] ()
Also Area of AABC is

| BCxBA| =%|(Z-—B)x(a—5)|

-
2

=%|{zxa_zx5-gx;+axg|

|5xa+5x3+ale

b | -

=%|_5xa_;xz_ax5| -

... (i)

+Ex§|

ol

=  2A4r(AABC)=|bxa+cx
From (1) and (ii), we get
{Ex?ﬁ+%xﬁﬁ+ax@|
=2(2Ar (AABC)) =4A4r(A ABC) Hence Proved.
73. From given position vector 45 = -+ 5:!' 3%k ’
AC =—4i +3]+3k
AD =i +7j+(1+ M)k
Given that 4, B, C, D lie in a plane then E,XE,E are

coplanar i.e. [A—BZE EJ =0

=f 5. =3
= |=4. 3 3 |=0
I 7 1+A

= —1(3+3A-21)-5(—4—4A—3)-3 (-28-3)=0

= -3A+18+20L+35+93=0 = 171 +146=0
146

7

—

F =}.xf+}._1f+i..:£

On comparing both sides, we get

= x+3y—-dzr=ix o (1-L)x+3y—-4z=0
= x=3y+5z=Ay = x-B4+A)y+5z=
= 3x+y+0z=2z = 3x+y—-Az=0

Since x, y, z # (0, 0, 0) then all the above three equations
non zero solution.

=3 g N
ooy
3 - 9=3y

=10

= (1-A)Br+A%=5]-3[-A—15] —4{1+9+3A]=0

= AB3i0240=0 = AMA+)?=0 = A=0,-1.
Since A}, A, ... A are the vertices of a regular plane
polygon.

= 5}]1,@2,...,52,, all vectors are of same magnitude,
say ‘a’ and angle between any two consecutive vector is

. Fat ; - -
same that is — radians. Let 77 be the normal unit vectors
n

perpendicular to the plane of the polygon.

OA\x0ds = sin="p (D)
'
i Sl P n=I1 5 27
Now, OA; ] = in—p
Z i % O0Ain Za sin 2 D
i=1 i=l
%o ol A o LI
=(n-1)a SIn=—"P  =—(n-D[042 xO41]
[using eq" . (i)]
=(1-n)[OA42 x OA1]=RH.S
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