Sequence, generally means a collection, ordered in such a way that it has an
indentified first, second and third members and so on. e.g. Amount of money

deposited in bank over a number of years, population of human beings at different
times ete. Sequences, following specific patterns are called progressions.

SEQUENCES
AND SERIES

|
|TOPIC 1' Y CHAPTER CHECKLIST

Sequences and Series  Sequericés and Series
¢ Arithmetic Progression (AP) |

SEQUENCE and Its General Terms

) ) ¢ Sum of n Terms of an AP
A sequence is a succession of numbers or terms formed according to some rule. and Arithmetic Mean (AM)

c.g. 3, 6,9,... is a sequence.

&
AN

) * Geometric Progression (GP)
The various numbers occurring in a sequence are called its terms. The images of o' Sumn of First 1 Terms of & GP
1,2, 3, ..., nunder a sequence < 2 > are generally denoted by 4,, a,, a3, ..., 4,,
respectively. Here, 4y, a,, a3, ..., a, are known as first term, second term, third
term, ..., nth term, respectively of the sequence. The nth term is also called
general term and it is denoted by ‘e,

¢ Geometric Mean and Its
Relation with Arithmetic
Mean

cg. 2,6, 10, 14, ... is a sequence.
Here, a;, =2, a, =6, a; = 10 and a, = 14.

Real Sequence A sequence whose range is a subset of the set of real numbers
R, is called a real sequence,

In other words, we can say that, a real sequence is a funcrion whose domain is
the set of natural numbers V and the range is a subset of set of real numbers R,

Types of Sequence
. FINITE SEQUENCE
A sequence containing finite number of terms, is called a finite sequence. e.g.

(i) 1, 3, 5, 7 is a finite sequence as it contains only 4 terms.

(ii) 2, 5, 8, 11, 14 is a finite sequence as it contains only 5 terms.
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2 INFINITE SEQUENCE

A sequence which is not a finite sequence, is known as
infinite sequence. Le. in an infinite sequence, number of
terms never ends. e.g.
(i) 1, 3, 5, 7.... is an infinite sequence, as it contains
infinite number of terms.

(i) The sequence of successive quotients obtain in the
division of 10 by 3 i.e. 3, 3.3, 3.33, 3.333, ...is an

infinite sequence.

Representation of a Sequence

A real sequence can be rcprcscnn:d hy different ways.
Some ways af reprientation are given below

(i) A real sequence can be represented by listing its few
terms till the rule for writing down other terms

IJDCDII!I.CS CI.CH.I.

c.g 3, 5,7, ... is a sequence and rule for writing
down other terms is (2n+ 1).

(i1) A real sequence can be rcpn:scnl‘cd in terms of a rule
or an algcbraic formula of writing the nth term of
the sequence.

c.g. The sequence 1, 3, 5, 7, ... can be written as
a,=2n=-1

(iii) Sometimes the sequence ie. an arrangement of
numbers has no visible pattern burt the sequence can
be represented by the recurrence relation.

e.g. The sequence 1, 1, 2, 3, 5, 8, ... has no visible
pattern but its recurrence relation is a; =4, =1
a.nd LTy

This sequence is called Fibonacci sequence.

=a,+a, ,nz2

a4 Sequence as a Function

A sequence can be regarded as a function whose domain is the
set of natural numbers or some subset of it of the type

(1, 2 3, ..., k). Sometimes, we use the functional notation a(n)

for a,.

<

EXAMPLE |[1]| Find the 20th term a,, of the sequence,

whose nth term is [NCERT]
_n(n-2)
" n+3
Sol. We have, q, = nn—2)
n+3
Onputting n= 20, we get a,, = 20(20 — 2)
20+3
20x18 360
= Ay = =

23 23

EXAMPLE |2| Write first five terms of sequence
(i) a,=(-1""'5""" (i) @,=2n" —n+1  |NCERT]
Sol. (i) Wehave, a, =(—1)"""'5""'
On putting n =1, we get
a, =(_1}|—1 sh+1 ={_1}n 5% _ 95
On putting n= 2, we get
az ={_l}2—] 521-]
On putting n= 3, we get
ay =(—1)'"1 5!
On putting n = 4, we get
a, ={-1)*"" 54!
On putting n =5, we get
a, =(=1) "' 5" =(-1)" 5" =15625

=(-1)5"=—125
=(-17 5 =625

={-1)*5 =-3125

Hence, the first five terms of the given sequence are
25, — 125, 625, — 3125, 15625.

(it) We have, a, = I —n+1

On putting n =1, we get

a, =210 -1+1=2-1+1=2
On putting n= 2, we get

a, =22 —2+1=8-2+1=7
On putting n= 3, we get

ay =23 —3+1=18—-3+1=16
On putting n = 4, we get

a,=24)" —4+1=32-4+1=129
On putting n =5 we get

ag =25 -5+1=50-5+1=46
Hence, the first five terms of the given sequence are
2,7, 16, 29 and 46.

EXAMPLE |3] The Fibonacci sequence is defined by

a
_, +a,_,,n>2 Find :”.fur

n
[NCERT]
l=a, =a,and a, =a,_, +a,_,, n>2

l=a, =a, anda, =a

n=1223,45.
Sol. Given,

On putting n =3, 4, 5, 6 respectively, we get

For n=3,ay=ay_, tay_,=a, +ta=1+1=2
For n=4,a,=a,_,+a,_,=a,+a,=2+1=3
For n=5a4=a_, +a5_, =ady +tay=3+2=5
For n=6a,=a,_,+ay_,=a, +a,=5+3=8

da
Now, =*L forn=1,23,4,5.

a,
a 1 2
Forn=1, *=-=1; Forn=zﬁ=—=2
a 1 a, 1
Forn=3.a—‘=2; Forn=4.—=§
a, 2 a, 3
Forn=5,a—"=§
a 5
2 3s 8
Hence, the required terms are 1, 2, -2- -3-and ;



SERIES

Let a sequence is @, a,, 43,..., 4,,,.... Then, the expression
a,+ay+ay+..+a,+.. is called the series associated
with the given sequence. A series is finite or infinite,
according as number of terms in the corresponding
sequence is finite or infinite. Series can be represented in
compact form, called sigma notation. It is denoted by the
Greek letter X’ (sigma) e.g. series @ + a, +...+ a, +...can

be represented in compact form as Z a,.
k=1

eg (i) 2+4+6+8+...+102 (ii) 1—21—41———...

Note

When we use the term ‘Sum of series’, it means we add all
these terms.

EXAMPLE |4| Let the sequence a, is defined as follows
a, =2,a, =a,_,+3forn=2
Find first five terms and write corresponding series.
Sol. We have, g, = 2andag, =a,_, +3
On puttingn= 2 we get a, =@ +3=2+3=5
On puttingn=3 we get a; =a,+3=5+3=8
On puttingn=4, we get a, =a,+3=8+3=11
On puttingn=5 weget a,=aq,+3=11+3=14
Thus, first five terms of given sequence are 2, 5, 8, 11

and 14. Also, the corresponding series is
2+5+8+11+14+ ...

TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS

1 The collection of objects listed in a sequence is
(a) random (b) ordered
(c) random or ordered (d) None of these

2 The general term of the sequence is denoted by
(a) a, (b) a" (c)n (dn-a

3 Asequence may be defined as a[NCERT Exemplar]
(a) relation, whose range ¢ N (natural number)
(b) function whose range c N
(c) function whose domaing N

(d) progression having real values

4 The series is finite or infinite according as the
given sequence is .........
(a) infinite
(c) finite or infinite

(b) finite
(d) infinite or finite

5 Series are often represented in compact form,
called
(a) beta notation
(c) sigma notation

VERY SHORT ANSWER Type Questions

6 Write the first five terms of each of the following
sequence whose nth terms are given below.
(Each part carries 1 mark) [NCERT])

(b) nano notation
(d) neu notation

() @y =—— (i) a,=(-1)"*"3"*2
(ii) b, =ﬂ":+—5) (iv) a, = "32“

(v) ay=l,a,=a,_,+3 forn=22

7 Find the indicated terms in each of the
sequence, whose nth terms are given.
(Each part carries 1 mark)

(i) a, =5n -3, ayy, a5
(i) b, =(=1)" (n® =1),b;, bys
2

n
(iii) a,, = 5w a1

8 Wrrite the first five terms of each of the
sequence and obtain the corresponding series.
(Each part carries 1 mark)

(i) ay=3,a,=3a,_,+2,Vn>1
(ii) a, =a, =2, a, =a,_,-1,n>2

(ill) a, = %(2,: -3)

(iv) a, =(-1)"" [#]
(v) ay=-1, a, e S T Y)

| HINTS & ANSWERS

1. (b) Collection of objects listed in a sequence is ordered
in such a way that it has an identified first member,
second member, third member and so on.

2. (a) The nth term of a sequence is known as general
term and can be denoted by a,.

3. (c) A sequence can be defined as a function having
domain ¢ N.

4. (c) The series is finite or infinite according as the given
sequence is finite or infinite.

5. (c) Series are often represented in compact form called
sigma notation.



1234 5
6. (i) =, = = =and = (ii) 27, -81, 243, -729, 2187
2345 6
i) 2,22 212 (i) 1,214, 8 63
2'2 2 2 2 2

(v) 1,4, 7. 10,13,

7. () a,=57a,=72 (i)b,=—48 b, =—168

i) 49

iil) @y = —

7 128

8. (i) Wehave,a, =3, a, =3a, _, + 2foralln>1
On putting n = 2, we geta, =3a, _, +2=11

y_, +2=35

On putting n =4, we geta, =3a, _, + 2=107

On putting n =5 we get a, =3a,_, + 2=323

- Sequence is 3, 11, 35, 107, 323, .

z
On putting n =3, we get a, = 3a

| TOPIC 2|

S Series is3+11+35+107 +323 + ...
(1i) Sequence is 2, 2,1, 0, —1, ...
Series is 2+ 2+1+0+(=1)+ ...

11157
(ili) Sequence is ——, -, —, =, —, ...
66 2 6 6
. 1 1 15 7
Series is ——+ -+ —, —+ —+ ...
6 6 26 6

. . 511 21 35 53
(iv) Sequence is — =, —, — —, —, — —, ..
2 2 2 2 2

- 5 11 21 35 53
Series is ——+— - —+——-—+
2 2 2 2 2
1 1 1
v) Sequence is -1, ——, ————, — —_ ...
(v) Seq 2 6 24 120
1 1 1 1

Seriesis—1-————————— ...

Arithmetic Progression (AP) and Its General Terms

PROGRESSIONS

It is not necessary tl'lﬂl' l'ht terms DFE sequence 31\\"3}"5 faﬂaw
a certain Pa.tl'l:l'l'l. ThDSC soquonoe WhDSC terms fnllcnw a
certain Pﬂl‘tCl’l‘l ar l'ulC, arc L'a“l:d prﬂgrcssion_

eg 2, 4,6, 8,..., 100

We observe that each term in above example is formed by

adding 2 to the preceding term.
ARITHMETIC PROGRESSION (AP)

A sequence whose terms increases or decreases by a fixed
number, is called an Arithmetic Progression (AP).
In other words, we can say that, a sequence is called an
arithmeric progression if the difference of a term and the
previous term is always same i.e.

a,,, —a, = constant for all n.
This constant or same difference is called the common

difference of an AP and it is denoted by d.

In an AP, we usually denote the first term by 4, common
difference by & and the nth term by 2 or T, and then AP is
aya+d,a+2d, ..., eg,1,4,7,10, ... isan AP.
Here, first term = 1 and common difference =4 - 1=3.
To check whether a given sequence is an AP or not, we use
the following steps
Stepl Find nth term a,,.
Step 1l Replace n by n+1to get (n + 1)th term ie. a,, .
Step 111 Find difference between & and a_

te. calculare &, — a,.

Step IV If value obtained in step 11 is independent of n
i.e. does not conrain #, then given sequence is an
AP otherwise not.
EXAMPLE |1| Show that the sequence a, defined by
a, =2n® +1, is not an AP.
Sol. We have, a, = 2n° +1
On replacing n by n+1, we get
Ay = 2(n+1)° +1
=2(n® +1+2n)+1
=2n' +2+4n+1
=20 +4n+3
Here,a,,, —a, = [an +4n +3n]l—[2a':2 +1)
=2n" +4n+3-2n" -1
=4n+2
It is not independent of n. So, given sequence is not an AP.

EXAMPLE |2| The nth term of a sequence is 3n - 2.
Is the sequence an AP? Ifitis an AP, then find its6th term.
Sol Given,a, =3n—2
Replacing nby n+1ina,, we get
a,,,=3(n+1)—2=3n+3-2=3n+1
Then, d=a,,, —a,=(3n+1)—(3n—-2)
=3n+1-3n+2=13

It is independent of n, so given sequence is an AP and its
6th term, a, =3x6— 2=18—-2=16



EXAMPLE |3| Write down the next term of the

111
sequence —, =, =, ... .
6 3 2

Sol. Given sequence is : l— -1-
1 ¢ 31 & 1
Here, =—a,=- a4, =—
h=e2T3HT3
1 1 2-1 1
Thena, — g =———=——=—
THTRTE & 6
1 B8, F0 R |
ﬂ3—02=-—-=—=-

Since, common difference is same, so it is an AP.

o o

2
Hence, the next term of the given sequence is 3

EXAMPLE |4 If0, 0, 0,,...,0, are in AP whose

common difference is d, show that
sec 0, sec O, +secO, secO; +... +sech,_, secO,
_ tan®, —tan@,

sind
Sol. Given, 8,, 6, 8,,...,8, arein AP.
= Oy~ =0y —0y = m@, —0,_, wd i)

Now, we have to prove
secB, sec O, + secB,sec Oy +--- + secH,_,secB,
_ tan 6, —tan 6,
sind
or it can be written as sind|sec t, sec 8, + sec b, sec By
+r + sec B _,sec B, ] = tan 8, — tan
Now, taking only first term of LHS,
in d
sin dsec 8, sec 6, -—
cos 6, cos 8,
L 5in(8, -6,) [from Eq. (i)]
cos B, cos B,

_sinB, cos 8 —cos B, sin B,

cos 8, cos 8,

[ sin{A — B)=sin A-cos B— cos A-sin B
_sinB,cos8  cosh,sind

~ cos 6, cos @, cosB cos@,

=tan @, — tan @,
Similarly, we can solve other terms which will be
tan 6, —tan B, tan 8, —tan B,,---
. LHS=tan @, — tan 8, + tan 8, — tan 8,
+--+tanl —tan @, _
=—tan 0, +tan G = tan 8, — tan 6,
= RHS

1

Hence proved.

General Term of an AP

Let a be the first term and 4 be the common difference of
an AP. Then, its nth term is denoted by @, or 7, and
defined as

T,=a,=a+(n=-1)d
Also, I=a+ (n=1)d, where [/ is the last term of the
sequence.

EXAMPLE |5| Find the indicated term of given AP.
a=3d=2T,T,
Sol. Given, a=3andd =2
g T,=a+(n-1)d (1)
On putting the values of a and d in Eq. (i) we get
T,=3+(n-1)2=3+2n-2

= T,=1+2n

and Te=a+(10-1)d =a+9% [from Eq. (i)]
=3+9%2) [va=3d=2]
=3+18=121

EXAMPLE |6| Is 667 a term of an AP 11, 18, 25,...7
Sol. Given APis 11,18, 25,...

Here,a=11, d =18 -11=7 and a, = 667 (say)

s a+(n-1)d=a,

A1+ (n=1)7 =667 = 11+7n—7 =667

= Tn+4=667 = Tn=667 —4
=9 7n =663
663 S
= n= -7- which is not a whole number.

Hence, 667 is not a term of an AP.

EXAMPLE |7| How many terms are there in AP
20, 25, 30,..., 1007

Sol. Given AP is 20, 25,30,..., 100
Here, a=20,d = 25— 20=5and ! =100
-+~ Last term, =100
= a+(n-1)d =100
= 20+(n—-1)5=100 [ a=20and d =5]
= 20+5n—5=100 = 15+ 5n=100
= 5Sn=100—15=85% = n=17
Hence, there are 17 terms in given AP.

EXAMPLE |8| Which term of the sequence 72, 70, 68,
66,... 15 40?7

Sol Given seqeunce is 72, 70, 68, 66, ...

Clearly, the successive difference of the terms is same.
So, the above sequence forms an AP with first term,
a=T72and common difference, d =70-72=-2

Let nth term, T, =40



and T,=a+(n-1)d

: 0=72+(n-1)(-2)
40=72—-2n+2
2n=T72—-40+2

2n=734

n=17
Hence, 17th term of the given sequence is 40.

LUy

EXAMPLE |9| The 10th term of an AP is 41 and 18th

term

is 73. Find AP.

Sol. Given, a, =4landa, =73

We know that,
nth term, a, = a +{n—1)d
. ay =a+(10-1)d =41
and ay=a+(18-1)d =73
= a+9d=4landa+17d=T73
On solving above two equations, we get
a=5 and d=4
Hence, the required AP is5 5+ 4,5+ 2(4), ...
ie 5913, .. [vAPisa a+d a+2d,...]

EXAMPLE |10| Which term of the sequence

1 1 3
20, 192, 135, 1?:, ...1s the first negative term?

Sol.

1 1 3
The given sequence is 20, 194—,135, 17 4—,

Clearly, the successive difference of the terms is same.

So, the above sequence forms an AP with first term,

1 3
a = 20 and common difference, d = 19;— 20= 7

Let the n term of the given AF be the first negative term.
Then, a, <0 = a+(n—-1)d<0
= 20+(n—-1)x(-3/4)<0

83 3n 3n_ 83
—_——-—) —_— —

4
2
= 3n>83 = n> 27—
3

Since 28 is just greater than 27 § So, n = 28. Thus, 28th

term of the given sequence will be first negative term.

EXAMPLE |11| How many three-digit numbers are
divisible by 7?

v

Sol.

First, write a number series of three-digit numbers
divisible by 7 i.e. 105, 112, 119,..., 994 and then use the
formulaa, =a+(n-1)d.
The series of numbers divisible by 7 having three digits is
105, 112, 119, ...,994.

Clearly, the successive difference of the terms is same.
50, the above list of numbers forms an AP with first
term, a = 105, common difference, d =112-105=7

and last term, a, =994,

a+in—1)d=a, =105+ (n—1)7 =994
= (n—1)7 =994 —105 =7Tn—7 =889
= Tn=889+7 = Tn=8% = n=128

Hence, there are 128 three-digit numbers which are
divisible by 7.

EXAMPLE 12| In the arithmetic progressions 2, 5, 8,
... upto 50 terms and 3, 5, 7, 9, ... upto 60 terms, find how
many terms are identical.

Sol. Given, first AP is 2, 5, & ... upto 50 terms, we have a, = 2,

d, =5—2=3and second APis3, 57, 9.. upto 60 terms,.
Herea, =3,d,=5-3=12
Let the mth term of the first AP be equal to the nth term
of the second AP.
Then, 2+(m—1)X3=3+(n—-1)x 2
im-1=2n+1

Im=2n+2

m n+l=k{sa}r]

2 3
m=2kandn=3k -1
2% < 50and 3k —1<60 [ m< 50and n < 60)

1
k=25and k < 20—
3

L L 04 U s

k<20 [*7 k is a natural number]
k=123..20

Corresponding to each value of k, we get a pair of
identical terms. Hence, there are 20 identical terms in
the two AP's.

EXAMPLE |13] If the mth term of a given APisn and its
nth term ism, then show that its pth termis(n + m - p).

[NCERT]

Sol. In the given AP, let the first term = a and the common

difference = d.
According to the question,

mth term of a given AP=n=a, =n
and nth term of a given AP=m = a, =m
a+(m—-1)d=n ..(1)
and a+(n—-1)d=m ...(i1)
On subtracting Eq. (ii) from Eq. (i), we get
(m—n)d=(n—m) = d=-1
On puttingd = —1in Eq. (i), we geta=(n+ m —1).
sopthterm=a+(p-)d=(n+m-1)+(p—-1)(-1)
[wa=(n+m-1)andd =-1]
=(n+m-p)
Hence, the pth term of the given AP is(n+ m — p).



EXAMPLE |14 If the mth term of an AP be 1/p and

its nth term be 1/ m, then show that its mnth term is 1.
S0l In the given AP, let the first term = a and the common

difference = d.
According to the question, g = L] and g, = L]
n m
a+{m—11d=1/n ]
and  a+(n—1)d=-— i)
m

On subtracting Eq. (ii) from Eq. (i), we get

{m—n}d:[l-—l—] =5 d;.L
n m mn

On putting d = LB in Eq. (i), we get
mn

a+u=l 3 a;{l—ﬂ};L_
mn ]

Now, math term =a +(mn—1) d

[ ()] _mn_,
mn mn mn
Hence, the mnth term of the given AP is 1.

EXAMPLE |15| The pth, gth and rth terms of an AP are
a, b, c, respectively. Show that
({g—ra+(r— pb+(p—- glc =0  [NCERT]
Sol In the given AP, let the first term = A and the common
difference = D.
Given, pthterm=A +(p-1)D=a A1)
gthterm=A+(g—-1)D=b ...Aii)
rthterm=A +(r—1)D=¢ - Aiii)

Now, we have to prove
(g—rla+(r—plb+(p-q)k=0
Ontaking LHS=(g—-r)a+(r—plb+(p—q) .. (iv)

On putting the values of g, b and ¢ from Egs. (i), (ii) and
(iii) in Eq. (iv), we get

LHS=(g-nr[A+(p—-1)D]+(r— p)[A+(g—-1)D]
+(p-q)A+(r-1)D]
=(@q-rA+(@-r(p-1)D+(r-p)A
+(r=p)(g-1)D+(p—q)A+(p—g)lr—-1)D
=Alg-r+r—p+p-gq)
+Dl(g-r)(p-D+(r-p)g-D+(p-q)(r-1)]
=A(0)+Dlgp—q-mp+r+rg-r—pg+p
+pr—p-gr+q]
=0+0=0 =RHS
Hence,(g—r)a+(r—p)b+(p—q)c=0

mth Term of an AP from the End

Let & be the first term and & be the common difference of
an AP having » terms. Then, mth term from the end is
(m=m+ 1) th term from the b:ginning.

- mth term from the end, a,__ ,,
=a+(m=m+1=14d
=a+(n=mld, where n>m

Also, mrch term from the end
—a, +(m=1)(=d)
=a, —(m=1)d or [=(m=-1)d

where, a, (or [} is the last term of a sequence.

EXAMPLE |16| Find the 6th term from the end of the
sequence 9, 12, 15, ..., 20th term.
Sol Given sequence is 9, 12, 15, ..., 20th term.

Clearly, the successive difference of the terms is same.
S0, the above sequence forms an AP with first term,
a = 9and common difference, d =12-9= 13

We know that, if a sequence has n term, then mth term
from end is equal to (n— m +1)th term from the
beginning.
Here.n=20, m=6a=%andd =3
Now, 6th term from the end of sequence = (20—6+1)
i.e. 15th term from the beginning.
T, =9+(15-1)3
=9+(14)3
=9+42=751
Hence, the éth term from the end of the sequence is 51

[T, =a+(n-1)d]

EXAMPLE |17| Determine the number of terms in the
AP3,7,11,...,407. Also, find the 18th term from the end.
Sol. Given APis3,7, 11, ..., 407

Here, first term, a = 3 and common difference, d =4
and nth term, T, =407

Also, T,=a+(n-1)d
407 =3+(n—1)4
407 =3+4n—-4

4n=407-3+4

4n=408

n=102

Hence, there are 102 terms in the given AP.
Now, 18th term from the end = [n— m + 1]th term from
the beginning = [102 — 18 + 1]th term from the beginning
= 85th term from the beginning =3 + (85 —1) 4 = 339

N A



Selection of Terms in an AP

Sometimes, we have to select certain terms in an AP, The
convenient ways @f‘ s:'.:'erring terms are given below

= T S
3 a=-d,aa+d d
4 a=-3d, a-d,a+d a+ 3d 2d
5 a=2d a=da, a+d, a+2d d
6 a=-5da-3d a-d a+d,a+ 3d, a+ 5 2d

From this table, it is clear that if number of terms is odd,
then middle term is # and the common difference is 4 and
if number of terms is even, then middle terms are @ = 4,
& + d and the common difference is 24.

Note

If the terms of an AP are not given, then the terms are chosen as
aa+d,a+2d, ..

EXAMPLE |18| The sum of three consecutive terms of
an AP 1s 15 and their product is 105. Find the numbers.
Sol Let three numbers in APbe g — d gand g + 4.
According to the question,
Sum of three consecutive terms =15
Sla—d)+a+(a+d)=15 = Ja=15=a=5
and the product of three consecutive terms = 105
(a—d)(a)(a+d)=105
(5—d)(5)(5+ d) =105 [puta=75]
(25-d*)5=105 [ (A-B)(A+B)= A* - B
[dividing both sides by 5]
d*=4.d=%2
When d = 2, then terms in AP are5— 2 Sand 5+ 2
ie3,57
When d = — 2, then terms in AP are5+ 2 5, 5—31.e.7,5,3.

=
— 1
= 25—d* =21
— 3

EXAMPLE |19| The product of three numbers in AP is
224, and the largest number is 7 times the smallest. Find
the numbers.

S0l Let the three numbers in APbea—d, a a+d. [~ d <0]
Then, according to the question,
(a—d)ala+d)= 224
= ala® —d*) =224 i)
Also, the largest number is 7 times the smallest,

ie. a+d=T7(a-d) = Bd=ta= d=£
4

On substituting this value of d in Eq. (i), we get

gd'.!
ala® - —|=224
16

Ta* 5
= F=224=H:I =512 = a=8§

Then.

3a 3
d=—=—x8=6
4 4
Hence, the three numbers are 8— 6, 8 8§+ 61e. 2, 8, 14,

PROPERTIES OF AN ARITHMETIC
PROGRESSION

(i) If a constant is added to each term of an AP, then
the rcsulting sequence is also an AP with the same
common difference.

(i1) If a constant is subtracted from each term of an AR,
then the resulting sequence is also an AP with the
same common difference.

(iii) If each term of an AP is multiplied by a constant say
k, then the rcsulting sequence is also an AP with
common difference #4, where d is the common

difference of the given AP

(iv) If cach term of an AP is divided by a non-zero
constant say £, then the resulting sequence is also an
AP with common difference & /&, where d is the

common difference of the given AP,

(v) In an AP, the sum of terms equidistant from the
bcginning and end is constant and cqual to the sum
of first and last term.

Le. ayta,=a,ta,_ =ayta,_,=..

(vi) The resulting sequence formed by adding or
subtracting the corresponding terms of two AP is
also an AP

(vii) A sequence is an AL iff its sth term is a linear
cxpression in n Le. g, = An+ B, where A and B are
constants and coefficient of »

difference of the AR

EXAMPLE |20] 1fa[3+1}b[1+1} c[1+1]mm
b ¢ a b

c a

is the common

AP, prove that a, b, ¢ are in AP. [NCERT]

.'r'a-. While doing this question, we should keep all the properties
W of AP, in mind given in Important Results.

Sol. Given, a[l + l) b[l+l} r[l+ l] are in AP.
b ¢ c a a b

- a{b+r}b[ﬂ+r}r[b+a]ﬂemhp.
be ae ab
. ﬂb+ﬂr,m+br,fb+mnreinﬁp_

be ac ab

On adding 1 to each term, we get
ab + ac ba + bc ch + ca
+1, +1,
be ac ab

+1are in AP.



ab+ac + bc ba+ bc +ac be + ac + ab X
5 % are in AP.
be ac ab

On dividing each term by ab + be + ac, we get
L. L X are in AP.
bc ac ab

On multiplying each term by abc, we get
abc abc abc

—, —, —arein AP =5 a b, ¢ are in AP.
bc ac ab

TOPIC PRACTICE 2|

OBJECTIVE TYPE QUESTIONS

1 Asequence a,,a,,as, ......, @y,....... is called

arithmetic sequence or arithmetic progression, if
(a) a,,,=a,_, +d,ne N, where a,, dare first term and
common differenece respectively

(b) a,_,=a,, +d ne N, wherea,d are first term and
commeon term respectively

(c) a,,, =a,+d,ne N,where a;, d are first term and
common differenece respectively

(d) a,,, =a, +d,ne N,where q,, d are first term and
common term respectively

2 If the first term is a and the common difference
is d, then the arithmetic progression is

(a)a+d,a+2d,a+3d,... (b)a,a+d,a+2d, a+3d,...
(c)a-d,a=-2d,a-3d,.. (d)a,a-d,a=-2d, a-34d,...

3 If the first term is a and common difference is d,

then the n™ term (general term) of A.P. is
(a)a, =a+(n=-1)d (b)a, =a+(n+1Md
(c)a, =a+nd (d)a, =a-nd

4 Which of the following is incorrect?

(a) If a constant is added to each term of an AP, the
resulting sequence is also an AP,

(b) If a constant is subtracted from each term of an
AP, the resulting sequence is also an AP,

(c) If each term of an AP. is multiplied by a constant,
then the resulting sequence is also an A.P.

{d) If each term of an A.P. is divided by a constant,
then the resulting sequence is also an AP.

5 Aman starts repaying a loan as first instalment
of T100. If he increases the instalment by ¥ 5
every month, then the amount he will pay in the
30" instalment is
{a) 2241 (b) 2250

(c) 7245 (d) 2265

VERY SHORT ANSWER Type Questions

6 Show that each of the following sequence is an
AP. And also write three more terms in each case.
(Each part carries 1 mark)

: 131
(i) -1, 123
(i) ¥2, 342,542,742, ...
7 Find the 23rd term of the sequence 7,5,3,1,...
8 Find the nth term of the sequence 8, 3, -2, =7, ...

9 Which term of the sequence
(Each part carries 1 mark)
(i) 5,8, 11,14, .. is 320.
(i) 84, 80,76, ..,is 0?

10 (i) Is 68 aterm of the AP7,10,13,...7
(ii) Is302atermofthe AP 3,8,13,...7
(Each part carries 1 mark)
11 How many terms are there in the AP
,_5_2_1 10,
6 3 2 3
12 The first term of an AP is 5, the common

difference is 3 and the last term is 80, find the
number of terms.

SHORT ANSWER Type I Questions

13 The 6th and 17th terms of an AP are 19 and 41
respectively, find the 40th term.

14 If 9 times the 9th term of an AP is equal to 13
times the 13th term, then find the 22nd term of
the AP. [NCERT Exemplar]

15 The nth term of a sequence is givenbya, =2n + 7.
Show that it is an AP. Also, find its 8th term.

16 The 5th and 13th terms of an AP are 5 and -3.
respectively. Find the AP and obtain its 16th term.

17 If the 9th term of an AP is 0, prove that its 29th
term is double the 19th term.

18 1f 7 times the 7th term of an AP is equal to 11 times
its 11th term, show that its 18th term is 0.

19 Which term of the progression 19, IB%, 1?%, ...is

negative term?



SHORT ANSWER Type I Questions
20 The an, 3lst and last term of an AP are 7- -
and - 6-2- respectively. Find the first term and
the number of terms.

21 Find the number of terms common to the two
APs 3,7, 11,..407 and 2, 9, 16, ... 709.

22 Find the middle terms in the AP 20, 16,12, ...,
-176.

23 Find the 15th term from the end of the AP 3, 5,7,
9, .., 201

24 Three numbers are in AP. If their sum is 27 and
the product 648, find the numbers.

25 Find four numbers in AP whose sum is 20 and
the sum of whose squares is 120.

26 In an AP, the first term is 2 and the sum of the
first five terms is one-fourth of the next five
terms, show that 20th terms is = 112, [NCERT]

27 If the nth term of a progression is a linear
expression inn, then show that it is an AP.

LONG ANSWER Type Questions

28 Ifa, b, c are in AP, then prove that
(b+c)®-a? (c+a)*-b> (a+b)* - c* are also in AP.

29 Ifa,, a,, as, ..., a, be an AP of non-zero terms,
prove that
1 1 1 n-1
—_—t— .+ B —
aa; axs a,_,a, aa,

~a

30 Leta, b, ¢ be respectively the pth, gth, rth terms
of an AP.
Prove that
(i) alg-r)+br-p)+dp-q)=9
(ii) (@ -b)y+(b-c)p+(c-a)g=0

[NCERT]

31 Ifa,, a,, as, ..., a, are in AP, where g, > O for all i,

show that

1 1
- +.+
;?a, - ;;az :;az + Jas a,_,+ ;;a,,
- |
J“n *: J"n [NCERT Exemplar]

32 Ifa,, a,,...,a, are in AP with common difference

d (where d # 0); then prove that sum of the
series sin d (cosec a, cosec a, + cosec a, cosec a,
+...+coseca, _,coseca,) equal to cot a, - cota,,.

oo

10.
i

12.
13.
14.

15.
17.

18.
19.

20.

HINTS & ANSWERS

(c) A sequence a,, a,, 4, ....a,,... is called arithmetic
sequence or arithmetic progression ifa, ., = a, +d,

n€ N, where a, is the first term and the constant term d
is the common difference of the AP.

(b) If the first term is a and common difference is d, then
the arithmetic progression is

aa+da+2d,..
(a) If the first term is @ and common difference is d, then
the n™® term is a, =a+(n-1)d.
(d) If each term of an A.P. is divided by a non-zero

constant, then the resulting sequence is also an AP. .
But in option (d), non-zero constant is not given.

(c) Given, a=100,d =5

s T,=a+(n-1)d

5Ty =100+ (30 —1)5 =100 + 29 X 5=100 + 145 = 245
21 13

0 4, = (i) 92, 1132, 1343

-37 8.13-5n

(i)320=5+(n—1)3  Ans. 106
(ii)0=84 +(n—1)(—4) Ans. 22
(i) No (ii) No

E=—l+(n—l)l Ans. 27
3 6
80=5+(n—-1)3 Ans. 26

19=a+(6—1)dand4l1 =a+(17—-1)d Ans. 87
9T, =137,y = 9(a +8d)=13a +12d)
=a=-21d Ans. 0
23 16.9,8,7,6, ......
Let a and d be the first term and common difference,

anda,, =—6

respectively of the given AP.
According to the question,

a,=0 = a+8d=0 = a=-8d 1)
and a, =a+28d=a+28d+8d-8d
=a+39%d+a [from Eq. (i)]
= 2a+36d = 2(a+18d)
= 2a,, Hence proved.
T(a+6d)=11(a+10d) = a=—-17d

LetT <0
4 3
= [l9+(n—l)(—;)]<o =sn> 24 == 25th term
4
Ans. 25th
3 31 1 1
T,=7- = a+d=—and T, =— =a+30d=—
2 4 2 2

On solving, we get d= :4!- a=8§

Now, 8+(n-l)(—%)-—l3 Ans. 8,59

2



21.

23.
25,

27.

29.

30.

07=3+(m—-1)x4andT709=2+(n—-1) =7
=5 m=102 and n=102

Let pth term of first AP = gth term of second AP.
= 3+(p-1)xd4=2+(g—-1)x7

= F—H=i=k[say}|=:op=?k—l and g =4k
7 4
Since, each AP consists of 102 terms.
p=102and g 102
= kEEa.nd kEEAns.lclterm
7 4

—176=20+(n—1){—4)= n=50
Then, middle term = T,y Ans. - 76

173 24.6,9,12 or 12,96
fa=3d)+(a—d)+{a+d)+(a+3d)=20 = a=5
and (a—-3d)* +(a—d) +(a+dY¥ +(a—3d) =120
= 42" +20d° =120 = 25+5d° =0 =d=+*1
Ans. 2, 4,6, 80r8 6, 4,2
a+(a+d)+(a+2d)+(a+3d)+a+4d

=l—[a+5d+u+&d+u+7d+a+8d+a+9d]

= d=—6

Let T, = an + b, where a and b are constants.

Then, T, _, =aln—1)+ b

AT =T _, =(an+b)—[a(n—1)+ b
=an—an+ b+ a— b=a which is constant.

(b+e)f —a(c+a) —b, (a+b)® —c? are in AP,

=(b+c+a)(b+c—allc+a+b)(c+a—-b)

(a+b+e)la+b—c)are in AP.

=(b+c—a)(c+a—->b),(a+b-c)are in AP.

=(b+c—a)—(a+b+c)

(c+a=-b)—(a+b+c)(a+b—c)—(a+b+c)arein AP.

=— 2a, — 2b, — 2c are in AP.

= a, b, ¢ are in AP, which is true.

= d (say)

leta, —a =a,—a,=..=qa, —a,_,

1 1 1
. - +...+
@y _ 1

qdy  Gy3y  dyd,
1{ d d d d }
sl 4+

Now,

d|aa, aay aa, y _y

=L{{ua —a)  (a5-a) (a,-ay) (4,4,
d| aa, ayy a3y ay

—l- L_L _l d, — i, _l_ ﬂ1+{!‘!—1}d—ul
—d' a4, -d aya, -d a,a,

Let A be the first term and d be the common difference.
Tp=u SA+(p-ld=a A1)
T,=b=A+ig-1d=0b ..(ii)

Since,

and T =c=A+(r-1d=c .. 1ii)
(i) On multiplying Eq. (i) by (g — r), Eq. (ii) by (r — p) and
Eq. (iii) by (p — ). we get
(g—riA+(p—1)g—rid=alqg—r)
(r—p)A+(g-1lr—pld=Kr—p)
and (p—g)A+(r—1)ip—q)d =c(p —gq)
On adding Egs. (iv), (v) and Eq. (vi), we get
alg—r)+BHr—pl+elp—g)=9
(ii) On subtracting Eq. (ii) from Eq. (i), Eq. (iii) from Eqs (ii)
and Eq. (i) from Eq. (iii), we get

LL(iv)
AV
L)

a-b=(p-gM . {vii)
b—c=(g—rid _owiid)
and c—a=(r—pMd L(ix)

On multiplying Eq. (vii) by r, Eq. (viii) by p and Eq. (ix)
by g and then adding, we get
Ma—b)+ p(b—c)+glc—a)=0
3. a,—-a=ay,—a,=...=a, —a,_, =d(say)

Ifa, —a, =d, then(,fa,)* = (,fa)* =d
= (fay —a)ay +fa)=d

1 dy — 4t

= =
:u-llal + :|.|a._: d

On adding, we get

1 1 1

:;‘a, +:|-|¢:|z ! :iu, +:Ja, et :;Jan_l +:]nn
=';-[\|I":_Ja_1+£_ az+...+£—qja__,]
=§H’I - yJa] Q)

Also, a,—a =(n-1)d
= (yfa, /' ~(fa, ' =(n-1d
(n—1)d

DR e

32. sin d(cosec a, cosec a, + COSEC dy COSEC dy

+...+cosecd, _,)
1 1 1 1

=sin d|— +— - +.0nF
sing, sing, sina,sinag sind, _sin,
sinfa, —a,_,)

- sin (a, —a,) +sin{.:zj _02}+...+

sina, sina, sina, sina, sin a, _, sing
.

- (sina, cos @, —cos a,sina, ) N (sinay cos a, — cos aysind, )

sing, sina, sina, sina,
(sina, cosa, _, — cosa,sina, _,)
+.ot

sina, _, sina,

= (cota, — cota, ) + (cota, — cota, )
+...+(cota, _, — cota, )= cota, — cota,



|TOPIC 3|

Sum of n Terms of an AP and Arithmetic Mean (AM)

SUM OF » TERMS OF AN AP

If a be the first term and & be the common difference of an
AP, then the sum of » terms, S, of this AP is given by

s, =§[la+{n—l]d]

Also, if @ be the first term and { be the last term, then the
sum of n terms of this AP is

s, =§{a+f}

Note
If sum of n terms, §,, of an AP is given, then nth term, a, of that AP

can be determined by the formula, a, =S, =5,_,, where a, = 5;.
EXAMPLE |1| Find the rth term of an AP, sum of whose
s )
first n terms is 2n + 3n°. [NCERT Exemplar]
Sol Given that, sum of n terms of an AP,
5- = n+3n°
On replacing (n — 1) by n, we get
S, =%n-1)+3Hn-1)
Tlt =Sn - Sn— 1
=(2n+3n")—[2n—1)+3n-1)]

Then,

=(2n+3n*)—[2n— 2+ 3(n* +1 - 2n)]
=(2n+3n")—(2n—2+3n" +3—6n)
=2n+3n" —2n+2-3" =3 +6n
=6n-—1

rth term, T, =6r—1

Problems Based on Sum of n Terms

of an AP

There are many types of problems which can be solved
directly or indirectly by using the sum of » terms.

Some types are given below

TYPE 1
PROBLEMS BASED ON FINDING THE SUM
OF GIVEN NUMBER OF TERMS

In this type of problems, an AP is given and we have to find
sum of given number of terms directly.

EXAMPLE |2| Find the sum of the series
45 + 47 + 49 4 ... + 99,
Sol. Given series is45 +47 + 49+ . + 99,
Here,a=45and d =47 —45=2and ! =a, =99
a, =9 = a+(n—-1d=99
= 45+(n—-1)2=99
= 45+ 2n—-2=99 = 2n=>56

= n= 28
5,,=%{a+n

28
S =—(45+99)=14(144) = 2016
2

EXAMPLE |3] Find the sum of 20 terms of an AP,
whose first term is 3 and last term is 57.

Sol. Wehave,a=3,1=57andn= 20

n
5 =—Ja+!
u 2[ 1

20
S = [3+57] =10x60=600

EXAMPLE |4| Find the sum of indicated number of
terms in the following AP.
x4y, x=y x=3y .., 22 terms

Sol. Given series is x + y, x— y, x -3y, ..., 22 terms.

Here, asx+y
d=a,—a =(x-y)-(x+y)=-2y
and n=22

s, =§[2a+(n—l)d]

22
S =—£—[2x(x +y) +(22-1)(-2y)]

=11[2x + 2y +(21) (-2y)]
=11[2x + 2y —42y]
=11[2x — 40y]= 22[x — 20y]

EXAMPLE |5| If the first term of an AP is a and the
sum of the first p terms is zero, then find the sum of its
next g terms. [NCERT Exemplar]|
Sol. Let the common difference be d.
Given, sum of first p terms =0
= S b 0



= %[Za +{p—1)d]=0 [given, a = first term of an AP]
= Za+(p—-1)d=0
2a
p-1
- Required sum of next g terms

= d=-

]

= Sum of first(p + q) terms — Sum of first p terms
=5 5

prg ~ “p

=P—;q[2d+{p+q—1}d]—ﬂ [S,=0]

=P+ [zﬂ +(p+q -11.[__2"” [from Eq. (i)]
2 p—1

=P+q fl_pte-t
2 1 p-1

—1-p—g+1
< prara[eitzes]
p-1
_—alp+qlq
p—1

EXAMPLE |6| Find the sum to n terms of the sequence
loga, logar, lngmr?,...

Sol. Given sequence is loga, logar, logar®,...
Above sequence can be expressed as
loga, (loga + logr), (loga + 2logr)....

[ logmn = logm + logn and loga™ = xloga)
which is clearly an AP with first term, A = log a and
common difference, D = logr.

We know that,
Sum of n terms,

s, =%[2A+{n—1}[)]

5, = %[Zlcgﬂ +(n—1)logr]
= g[lngr:i2 +logr" ™) [ xloga = loga®]
= %[lﬂgﬂzi" | [ logm + logn = log mn]

EXAMPLE |7| Find the sum of all numbers between 200
and 400 which are divisible by 7. [NCERT)
Sol The numbers which are divisible by 7 between 200 and

400 are 203, 210, 217,..., 399.

Clearly, they form an AP.

where, a=203,d=T7andT, =399
Now, T,=a+(n-1)d

=  399=203+(n—1)7

= (n—1)7 =399 — 203

196
= (n—=1)7 =196 = n—1=T

= n—1=28 = n=129

Now, S§,= %{u +T,) [T, =last term of given AP]
S, = 2= [203+399)
2
29
= ?1602= 209301 = 8729

MNote
Students should remember that numbers 200 and 400 are excluded.

EXAMPLE |8]| If the first term of an AP is 100 and the
sum of first six terms is five times the sum of the next six
terms, then find the common difference.

Sol. Given, a=100

Let d be the common difference.
According to the question,

a +a,+..+a,=5%a, +a;, +..+a,)
= g[m +(6-1)d]
=5[{a+o6d)+(a+T7d)+ ...+ (a+11d)]
[ra; =a+6d, ... a4, =a+11d)
= 3[2a+5d]
=5[6a + (6d + 7d + ...+ 11d)]

= 5[6a + {%[2 ¥ 6d + (6 —ud]”

[ S, = >{2a+(n=1)d}]

=5[6a + {3(12d + 5d)}]

=5[6a + 36d + 15d] = 5[6a + 51d)
= 32a+5d)=5x3(2a+17d)
= 2a + 5d = 10a + 85d

=4 —80d = Ba
= —80d = &(100) [ a=100]
= d=-10

TYPE 11

PROBLEMS BASED ON FINDING THE
NUMBER OF TERMS, WHEN SUM OF ITS
TERMS IS GIVEN

In this type of problems, sum of certain number of terms is
given and we have to find that certain number of terms with
the help of sum.

EXAMPLE |9 How many terms in the AP -9, -6, -3,
... must be added together so that the sum may be 667
Sol.  Let 66 be the sum of n terms.

We have, a=-9



and d=-6-(-9)=-6+9=3 Now. S,,=£[Za+(n—l)d]
S, = Z{2a+(n-1)d] 2

- = —25=3[2(—6)+(n—!)1]
66=§[z(—9>+<n—m1 . .

-12 (n-1)
- = -25X2=pn|—+ ——
= 66=E[—18+3n—3] =132 = n[3n - 21] 1 -
Aty ‘ —-24+n-1
=5 44=n[n-7]) [dividing both sides by 3] = -50=n e
= n-Tn-44=0
5 = -50x2=n(n-25)
- +4)=
) e 4) = —100=n* — 250 =5 n® — 250 +100=0
Y n=11or—4 2
Rejecting n = —4 because number of terms cannot be = ' =20n—dn +100=0
negative. = n(n—20)-5(n—20)=0
: n=11 = (n-20)(n-5)=0
= n=5or 20

EXAMPLE |10| Find the number of terms of the
sequence 54, 51, 48, ..., when there sum is 513. TYPE I11

Sol. gl“""; “::‘ WL, “zﬁ T PROVING RESULTS RELATED TO THE SUM
early, the successive erence o e lerms 1S same. OF - TERMS OF AN AP

So, the above sequence forms an AP, with first term,
a = 54 and common difference, d =51-54 = -3.

Let number of terms be n, then

Their sum(S,) =513

In this type of problems, some basic terms related to given
AP as its sum of finite number of terms i.e. #th term etc are
given and we have to prove result based on sum of the

g[za +(n-1)d] =513 n terms of AP.

= M2x54+(n-1)(-3)] =513 EXAMPLE |12| If S, denotes the sum of n terms of an
2 APand S, =6and §, =105, then show that
= n(108—3n+3)=513x2 SpiSp_3=M+3):(n-3).
- -3 +111n =1026 Sol. Given, S, =6and S, =105
= —(3n" —111n+1026) =0 We know that, a:= ::
o a, =
= n® —37n+342 = 0 [dividing both sides by (-3)] Again, S, =105
= (n—18)(n—19)=0 = n=18o0r19 iy %[2(6)+(7 —1)d] =105 [.‘.5_ =§{ga+(,,_1m]

Here, the common difference is negative.

. 19th term, T,y= 54 +(19—1)(-3)=0
So, the sum of 18 terms as well as that of 19 terms is

= -;-[12+6d]=105 = 7(6+3d)=105

513. = 6+3d=15 = 3d=9 = d=3
Now, S, =2[26)+(n-13]=2[n+3]  ..G)
EXAMPLE |11| How many terms of the AP 2 -
On replacing nby n— 3 in Eq. (i), we get
..6,-2,—5 ..... are needed to give sum — 25?7 s y3("_3)(,3 (@ we g
2 [NCERT] S._3 =———-2 -.(ii)
: 11 z
Sol. Given that the sequence — 6, — —2— =5, ...isin AP, On dividing Eq. (i) by Eq. (ii), we get
Here,a= -6, d=—£—(—6)=_ﬂ+6 Sa =n+3
; 2 2 Sy-y n-3

_—11+12
2

d

1
2

or S,:5,_s=(n+3):(n-3)



EXAMPLE |13]| The first term of an AP is g, the second
term is b and the last term is ¢. Show that the sum of the
AP is (b +c—2a)(c+a)
2b-a)
Sol Let d be the common difference and n be the number of

terms of the AP.
Since, the first term is a and the second term is b.

Therefore, d=b—-a
Also, last term, [ = ¢
I=a+(n-1)d
c=a+i(n-1)(b-a) [d=b-a]

c—a_b—-a+c—a_b+c-2a

b—a b—a b—a
Therefore, 5, = ﬂ(a +1)= M{u +c)
2 b —a)

EXAMPLE |14| If the sum of p terms of an AP is g and

the sum of g terms is p, then show that the sum of p + g
terms is — (p + g). Also, find the sum of first p — g terms
(where, p = q). [NCERT Exemplar]

Sol  Let first term and common difference of the AP be a
and d, respectively.

2a=24, Hp+alp-1)

—1
r M
[q, (+a)p -]

- 1 p
i)
p+g
2
=u[£+ 20p+q)p-1) (p+q —1}2(p+q}]
2 |p Pa Pa

Now, §,,, = [2a+(p + q —1)d]

pralp-1)-(p+q —1}{p+q}J
Pq
+{p+q}{p—1—.ﬂ—q+1}]

Pq

=(p+q}[i+[
P

=(p+q}[i
P

_ q_p+aql_ [g-p—q
-[p+qL #J-{p+q}[—p J

= S,.,=—(ptg)
Now, 5, _, =L L(2a+(p-g-1)d)

2
_Pp-aql2 2Ap+aip-1 (p-q- 1]2{p+q}]
2 |p Pq Pq

—(p—q) 9, (p+ap-1-p+g+1]

P Pq
—(p—-q) g+{.ﬂ+q}q]

P pq
=[P—q}i+9+q1 (r— q}(p+zﬂ

lp P J P

EXAMPLE |15| The pth term of an AP isa and gth

Then, 5p='l'
3 —dlmal 5 =Eisestatid]
= 2+ (p llld]-ql <5, =J{2a+(n llld}J
= Zﬂ+[,'.|n—1]-.::!=ﬂ A1)
P
and S,=p= %[2&+{q—1}d]=p
= 2a+(g-1)d=2L i)
q

On subtracting Eq. (ii) from Eq. (i), we get
2a+(p-1)d—-2a—(q-1)d=29_22
P

q
- T
= (p-1)-(g-1)) d= 22
Pq
2 2
= [p=1=g#1]dm 2 —L)
rq
Aa? - p?
= (p—q)d=_(_q_P_?.
4=M (i)
Pq
On substituting the value of d in Eq. (i), we get
m+(p_1)[M)=ﬂ
Pq P

term is b. Prove that sum of its (p + g)th term is
ptq [a +h+ 2o 5
2 p-q [NCERT Exemplar]
Sol Let A be the first term and I be the common difference
of the given AP. Then,
Tp="=:' A+(p-1)D=a A1)
and T,=b=>A+(q-1)D=b (i)

On subtracting Eq. (ii) from Eq. (i), we get
a—b
P—q

On adding Egs. (i) and (ii), we get

2A+(p+q—2)D=a+b

2A+pD+qgD—-2D=a+b

2A+pD+qD-D=a+b+D

2A+(p+q—-1)D=a+b+D

(p-q)D=a-b=D= ...{iii)

L LUl

2A+(p+q—-1)D =a+b+[—a~b)
P—q
[from Eq. (iii)] ...(iv)



Now, S, ..=2X9 24 +(p+q-1)D] EXAMPLE |17] If the ratio between the sums of n terms
e B of two arithmetic progressions is (7n + 1) : (4n + 27), find

_P+gq [a S b] [from Eq. (iv)] the ratio of their 11th terms.
- P—q Sol. leta,, a, be the first terms and d,, d, be the common
Hence proved. differences of the first and second arithmetic
progressions, respectively. Then, the sums of n terms of
EXAMPLE |16| If the sum of m terms of an AP is equal these progressions are given by
- . n ’
to the sum of either the next n terms or the next p terms; S, ==-{2a, +(n—1)d,} ..(i)
then prove that 2
n
d S.=—1{2a, +(n—-1)d,}.
(m\»n)(—l--l]=(m+P)[-l---l . n =y 2t (n=1)dy) W
m p m n

On dividing Eq. (i) by (ii), we get

Sol. Letthe APbea,a+d, a+2d .... §~{2a,+(n-l)d1}

We are given o [given)
QG+ 8y + ...+ @y =Qp gy + Azt tlyy, 1) %'{2014'("-1)‘12} R
Adding a, + a, + ... + a,, on both sides of Eq. (i), we get 2a, +(n—1)d Tn+1

= L= ...(1i1)
da, +a, +...+a,)=a, +a, + ...+ 8, + Gy, 2a, +(n—1)d, 4n+27

+...+4a
m +n i a,+10d,

Ratio of 11th terms = ———~
= 25 =Sm+a a, +10d,
= 2%{2a+(m—l)d}=m;n{Za+(m+n—l)d} _ 24 +20d, _ 2 +(21-1)d,

" 2a, +20d, 2a,+(21-1)d,

On putting 2a + (m —1) d = x in the above equation, we _ 7X2141 _148

t S EE——————
A e ax21+27 111
RES oI Eue) [putting n = 21 in Eq. (iii)).
sty (2m—m—n)x=(m+n)nd Hence, the required ratio is 148 : 111.
mele R e e ~@  Applications of an AP
imilarly,
a, +z2 bt Gy =y, F Ay, b tay,, Sometimes we can solve the some real life problems by

O illinig -+ 6, v+ 6 G0 it sides, Wi ot using the concept of AP. Some to them are given below
y F o ;

2(a, +a, +...4a)=a ta, +...+ta ot ta,

s o p EXAMPLE |18| In a potato race, 20 potatoes are placed

i in a line at intervals of 4 m with the first potato 24 m from
= 2[2{24 +(m— l)d}] = M{ZG +(m+p-1)d} the starting point. A contestant is required to put the
2 2 potatoes back to the starting place on that time. How far
=i L) (4 0y would he run in bringing back all the potatoes?
L _ INCERT Exemplar]
= 2mx = mx + mpd + px + pd Sol  As per the given information we have the following
= (m—p)x=(m+p)pd .. Aiid) diagram
On dividing Eq. (ii) by Eq. (iii), we get 4m 4m 4m 4m 4m
{m—n}x={m+n}nd 5 1 2 3 4 § coeeeeeee 19 20
(m-plx (m+p)pd Starting point = §
=(m—nj(m+pjp=(m—p)(m+n)n Distance travelled to bring the first potato
On dividing both sides by mnp, we get =24+ 24=48m
(m+ p) [l _ L) =(m+n) [l _ L] Distance travelled to bring the second potato
nom p om =2(24+4)=56m
1 1 1 1 Distance travelled to bring the third potato

Therefore, the series will be 48, 56, 64, ...



which is clearly an AP in whicha=48 d=56—48=8

We have to find the total distance to bring all the

potatoes back, so, n= 20
n

5 =-
2

[2n + (n —1)d]

20
Sa =?[zx43 +(20 —1)8] =10 [96 + 152]

=10 x 248 = 2480 m
Hence, the required distance is 2480 m.

EXAMPLE |19] A man arranges to pay-off a debt of
7 3600 by 40 annual instalments, which are in AP, when 30
of the instalments are paid, he dies leaving one-third of the
debt unpaid. Find the 8th instalment. [NCERT]
Sol  Here, total debt, § = T 3600
and total instalments, n = 40

Let @ and d be the first instalment and increment in
instalment, respectively.

Thus, we get an AP here.
By using sum of n terms, we get

3600 = ? [2a + (40 —1)d]

= 180 = 2a + 39d A1)
Now, after 30 instalments, one-third of the debt is

i 1200 is unpaid and then paid

unpaid. Le.

= 3600-1200 = T 2400
S0, again by using sum of n terms, we get

money

5,y = 2400 = ?[Za +(30—1)d]

= 160 = 2a + 29d
On solving Eqs. (i) and (ii), we get
a=51,d=2
We know that, nth term (T, )= a+{(n—-1)d
- Bth instalment, Ty =a + (8—1)d=51+7 % 2
=51+14 =T 65
Hence, the 8th instalment is ¥ 65.

(it}

EXAMPLE |20| Shamshad Ali buys a scooter for
%22000. He pays T 4000 cash and agrees to pay the
balance in annual instalments of ¥ 1000 plus 10%
interest on the unpaid amount. How much will scooter
cost him?
Sol. Given, cost of scooter = T 22000,
Down payment = ¥ 4000, balance payment = ¥ 18000

X
Now, interest on Ist instalment = M =T 1800
100
[_, [ PXRXT
’ 100

Unpaid amount = 18000 — 1000 = ¥ 17000

17000 10 %1

Interest on lInd instalment = oo =T 1700

Unpaid amount = 17000 —1000 = T 16000

Interest on lInd instalment = M =T 1600
100

~ Total interest paid by him
=1800 +1700 + 1600 + ... + 18 terms
which is clearly an AP with a = 1800, d = 1700—1800 =—100

. 18
Therefore, total interest = — [2 x 1800 + (18 — 1) (— 100)]
2

[ Sum ofan AP, S, = % {2a +(n— 1}.ar}]

=9(3600 — 1700) = 9 X 1900= 17100
Hence, total amount or actual cost = 22000 + 17100
= 39100

EXAMPLE |21| A man accepts a position with an initial
salary of ¥ 5200 per month. It is understood that he will
receive an automatic increase of ¥ 320 in the very next
month and each month thereafter.
(i) Find his salary for the tenth month. [NCERT]
(ii) What is his total earnings during the first year?
Sol. Here, the man get a fixed increment of ¥ 320 each
month

Therefore, this forms an AP whose first term = 5200 and
common difference (d) =320

(i) Salary for tenth month ie. for n=10,
a, =a+(n-1)d

a,, = 5200+ (10 — 1) x 320

g = 5200 + 9 X 320

@,y = 5200 + 2880

e ay, = 8080

(ii) In a year there are 12 month i.e. n =12,

LUy

Total earning during the first year.

12
5,2 =—[2 %5200+ (12 —1)320]
2

= 6 [10400 + 11 x 320]
= 6[10400 + 3520] = 6 X 13920 = T 83520

EXAMPLE |22| The digit of a three-digit number are in
AP and their sum is 21. The number obtained by reversing
the digit is 396 less than the original number. Find the
number.
Sol. Let the hundred’s, ten’s and unit’s digits be

(a+d), a(a—d).

Then,(a+d)+a+(a—d)=21

= 3a =21

=5 a=7



.~ Original three-digit number
=(7T+d)x100+7 =10+(7=d)
According to the given condition,
(T+d) =100+ 7 =10+ (7 —d)
—{(7T—d)®100+7 x10+ (7 + d)} =39
= 693 + 99d — (693 — 99d} = 396
= 198d = 3% =2 d = 2
.~ Original three digit numbers
=(7T+2)=x100+7 %10+(7 - 2)
=900+ 70+ 5=975

EXAMPLE |23 The interior angles of a polygon are in
AP. The smallest angle is 120° and the common difference
is 5°. Find the number of sides of polygon.

Sol Let nbe the number of sides of the polygon. We know
that, sum of interior angles of a polygon of n sides

=(2n—4)x90 ..Ai)
Given,a=120"andd =5°, n=n
~oSum of interior angles of polygon of n sides
=%[2{120} +(n-1)5] .-.{ii)
Now, from Eqs. (i) and (ii), we get
2 [2(120) + (n - 1)5] = (2n — 4) 90
n(240+5n—5)=180(2n —4)
(235 + 5n) = 360n — 720
5n° + 2351 = 360n — 720
50 —125n+720=0
n —25n+144 =0
(n=9)(n—16)=0
s n=9%orl6
But, if n=16 last (greatest) angle of the polygon
=120+ (16 —1) 5=195".
No, interior angle of the polygon can be greater than or
equal to 180°. So, n # 16 Therefore, n =9

Hence, the number of sides of polygon is 9.

[divide both sides by 5]

A

Arithmetic Mean (AM)

Let @ and & be any two numbers and 4 be a number
berween them so that a, A, § are in AP, then such a number
A is called an arithmetic mean.

Thus, a, A, b are in AP.
L A=a=b-A [common difference]

a+b
= 2A=a+b = A=

Thus, Arithmetic mean (or average) between two given
numbers is cqu.al to half of their sum.
a+b

2

Le. =

EXAMPLE |24| Find AM between 16 and 20.

INSERTING » AM’S BETWEEN TWO POSITIVE
NUMBERS

Let @ and & be any two positive numbers and

Ay Ayy Ay, A, be the n AM's berween @ and &. Then,
a, Ay, Ayyees A, b are in AP and rotal number of

terms = n+ 2.

Here, & is (n+ 2)th term.

Le. b=T,  ,=a+mn+2-1)d
= b=a+(n+1)d

b=
= d= “

n+ 1

Thus, the n arithmetic means berween a and & are given
below
b=a

n+l

2{b=-a)
n+l

Alb=-a)
n+l

A =a+td=a+
Ay =a+2d=a+

Ay =a+3d=a+

nlb=—a)
n+1

A=a+nd=a+

Mote

The sum of n AM's between a and b is equal to n times the single
arithmetic mean between a and b

i.e. A,+A2+...+An-n[

a+b]
— |

EXAMPLE |25| Insert 6 arithmetic means between
3 and 24.

Sol. Let A, A,, Ay, A, A and A, be six arithmetic means
between 3 and 24.
Then, 3, A;, Ay, As, Ay, Ag, A, 24 are in AP and
number of terms is 8.
a=3and T, =24
= a+(8—1)d=24
= a+7d=24
= 3+7d=24
= Td=21 =d=3
Aj=a+d=3+3=6
Ay=a+2d=3+2{1)=9
)"-3=¢:I+M=3+3(3}= 12

[T, =a+(n-1)d]

Mow,



A;=a+4d=3+4(3)=15
A;=a+5d=3+5(3)=18

and Ag=a+6d =3+ 6(3)=21
Hence, 6 arithmetic means between 3 and 24 are 6, 9, 12,
15, 18 and 21.

EXAMPLE |26| Prove that the sum of n arithmetic
means between two numbers is n times the single AM
between them.

Sol. Let A, A,, ..., A, be narithmetic means between a and

b. Then, a, A,, A,, ..., A,, bis an AP with common
b—-a

n+1

Now, A, + A, +... + A, =§(A! + A,,)['.'S,, =12'-(a+ 1)]

difference d given by d =

=§(a+b)

[a A, A,, .., A, bisan AP,s0 a+b=A, + A,]

=n(a;b)=nx(AMbetweenaandb)

EXAMPLE |27| If the AM between pth and gth terms of
an AP be equal to the AM between rth and sth terms of the
AP, then show that p +q =1 + 5.

Sol. Let abe the first term and d be the common difference
of the given AP.

Then, a, = pthterm=a +(p-1)d;
aq=qthterm=a+(q—l)d
a =nhterm=a+(r—1)d

and a, =sthterm=a+(s—1)d

It is given that,

AM between a, and a, = AM between g, and q,

= l;(a',+aq)=l;(a, +a,)

= a, +a,=a, +a,

= fa+(p-1)d}+{a+(qg-1)d}
={a+(r-1)d}+{a+(s—1)d}

= (p+g—2)d=ir+s—2)d
g prg=r+s

a" +b"

EXAMPLE |23| HT{,H—I 15 AM between a and .EJ,
a +

then find the value of n.

-ry- We know |hat|,, arithmetic mean between two numbers a
¥ andbis %. Put it equal to the given arithmetic mean

and solve it. [NCERT)

Sol. We know that AM between a and b is = ; b.

a" + b _a+b
at+p"? 2
= 28" +20" =a" +ab" "' +ba" " + b
=2 -d +2" -b"=ab"""' +ba" !
= a +b =ab"" +ba" !

al _ban-l =abn-l _bl
a" " 'la-b]=b"""[a-b]

all—l =b‘l-l

- e e

On comparing the exponential powers, we get

LU

n—-1=0 = n=1

EXAMPLE |29| Suppose x and y are two real numbers
such that the rth mean between x and 2y is equal to therth
mean between 2x and y when n arithmetic means are

inserted between them in both the cases. Show that
n+l y

-==1.
r X
Sol. Let A, A,,..., A, be narithmetic means between x and
2y.Then, x, A, A,,...,A,, 2y are in AP with common
2y —x

difference d, given by d, = ;
n+1

sonhmean=A =x+rd=x+r ap=x
n+1

~Let A’ A’,,. .., A’, be narithmetic means between
2x and y. Then, 2x, A,”, A,’, ..., A,’, yare in AP with

y—2x
n+l
rth mean, A’, = 2x + rd,

-2
=2x +r Y i
n+l

common difference d, given by d, = (

It is given that, A =A"
2y—x —2x
== x+r a4 =2Ix+r Y
n+1 n+1

=n+l)x+ri(2y—x)=(n+1)2x +r(y—2x)

= (n+l)x—ry=rx
n+l—l=1
r x



TOPIC PRACTICE 3 |

OBJECTIVE TYPE QUESTIONS

1 Letan APa,a+d,a+2d,.., [ has n terms, then

S, = %[?.a +(n -1)d] can also be written as

(a) §, =%|a-l'] (b) S, =nla+1]

(©s, =HE[‘”" (d) S, =nla=1]

2 The income of a person is ¥ 300000 in the first
year and he receives an increase of ¥ 10000 to
his income per year for the next 19 yr. Then, the
total amount he received in 20 yr, is
(a) 7900000 (b) 6000000

(c) 28000000 (d) 6900000

3 If Ais the arithmetic mean of the numbers a and
b, then
(a) 4, a b are in AP
(c) A, b, a are in AP

(b) a, A, b, are in AP
(d) None of these

4 If Ais the arithmetic mean of the numbers a
and b, then which of the following is not

correct?
() A=2tE b) A-a=b-A
(c)a=-A=A=b {d}A:ﬂ;b

5 If x and y are inserted between 4 and 16, so that

the resulting sequence becomes an AP, then
(a)x=8,y=12 (b)x=10,y=12
(c) x=8,y=10 (d) x=10,y=14

VERY SHORT ANSWER Type Questions

6 If the sum of first n terms of a progression is a
quadratic expression in n, then show that it is
an AP.

7 1f the sum of n terms of an AP is given by
S, = 3n +2n° then find the common difference
of the AP. [NCERT Exemplar]

8 Find the sum of 24 terms of an AP1, 3,5, 7, ..

9 Find the sum of 10 terms of an AP 4, 5%, 43

10 Find the sum of 20 terms of the sequence

2,242, 342, ..

11 Find the sum of 100 terms of the series
07+071+072 + ...

12 Find the sum of - 0.5, - 1.0, - 1.5, ... upto 10 terms.
13 Find the value of x, when 1+ 6+ 11+ . + x =148,

14 Determine the sum of first 35 terms of an AP, if
its second term is 2 and seventh term is 22,
15 Find the sum of odd integers from 1 to 2001.

16 Find the arithmetic mean between the following
(Each part carries 1 mark)
(i) (@ =Bb)and (a + b) (ii) 12 and 22.
17 Insert five numbers bewteen 8 and 26 such that
the resulting sequence is an AP, [NCERT]

18 Insert the three numbers between 3 and 19 such
that the resulting sequence is an AF.

SHORT ANSWER Type I Questions

19 The sum of first 7 terms of an AP is 10 and that of
next 7 terms is 17. Find the AP.
20 Find the sum of first 20 terms of an AP, in which

3rd terms is 7 and Tth term is two more than
thrice of its 3rd term.

21 Find the sum of all natural numbers between
250 and 1000 which are exactly divisible by 3.

22 Find the sum of all two digit numbers which
when divided by 4, yield 1 as remainder. [NCERT]

23 Find the sum of all natural numbers lying
between 100 and 1000, which are multiples of 5.

24 Ifthe sum ofn terms of an AP is (pn + gn®), where p

and g are constants, find the common difference.
[NCERT]

25 If the sum of n terms of an AP is 3n? + 5n and its
mth term is 164, find the value of m.

26 On the first day strike of physicians in a hospital,
the attendence of the OPD was 1500 patients. As
the strike continued, the attendence declined by
100 patients every day. Find from which day of the
strike, the OFPD would have no patient?



27 The gate receipts at the show of ‘Comedy
Nights' amounted ¥ 9500 on the first night and
showed a drop of ¥ 250 every succeeding night.
If the operational expenses of the show are T
2000 a day, then find on which night, the show
ceases to be profitable?

28 A carpenter was hired to build 192 window
frames. The first day he made five frames and each
day, thereafter he made two more frames than he
made the day before. How many days did it take
him to finish the job? [NCERT Exemplar]

SHORT ANSWER Type 11 Questions

29 How many terms of the AP 18, 16, 14, 12, .. are
needed to give the sum 787 Explain the double
answer?

30 The sum of n terms of two arithmetic
progressions are in the ratio (7n — 5): (57 +17).
Show that their 6th terms are equal.

31 Ifin an AP, §, =gn” and §,, = gm®, where §,
denotes the sum of r terms of the AP, then find
Sq. [NCERT Exemplar]

32 Let §, denote the sum of the first n terms of an

AP.If S,, = 3S,, then find Sy, : S,

[NCERT Exemplar|

33 In an AP, if the pth term is 1and qth term is i
q )

Prove that the sum of first pg terms is % (pg +1)
where p #q. [NCERT)]

34 If the sum of first p terms of an AP is equal to

the sum of first g terms, then find the sum of
first (p + q) terms. [NCERT]

35 Let the sum of n, 2n, 3n terms of an AP be S, S,
and S, respectively. Show that S; = 3(S, - S)).

36 Sum of the first p, gand r terms of an AP area, b
and ¢, respectively. Prove that

%(q-r)+§(r-p)+§(p-q)=0-

37 If the first term of an AP is 2 and the sum of first
five terms is equal to one-fourth of the sum of
the next five terms, then show that the 20th
term is -112. [NCERT]

38 The sum of interior angles of a triangle is 180",
Show that the sum of the interior angles of
polygons with 3, 4, 5, 6, ... sides form an
arithmetic progression. Find the sum of the
interior angles for a 21 sided polygon.

39 The sum of two numbers is % An even number

of AM’s are being inserted between them. The
sum of means inserted exceeds the number of
means by L. Find the number of AM’s inserted.

40 Insert four AM’s between % and 3 and prove that
A+ A+ 4+A4,=1

41 Between 1 and 31, m AM's have been inserted in
such a way that the ratio of the 7th and (m - 1)th
means is 5 : 9. Find the value of m. [NCERT]

42 If n arithmetic means are inserted between
20 and 80 such that the ratio of first mean to

the last mean is1: 3, then find the value of n.

LONG ANSWER Type Questions

43 The digits of a positive number having three
digits are in AP and their sum is 15. The number
obtained by reversing the digits is 594 less than
the original number. Find the number.

44 Afarmer buys a used tractor of ¥12000. He
pays T6000 cash and agrees to pay the balance
in annual instalment of ¥ 500 plus 12% interest
on the unpaid amount. How much will the
tractor cost him?

45 A man deposited 210000 in a bank at the rate of
5% simple interest to annually. Find the amount
in 15th yr, since he deposited the amount and
also calculate the amount after 20 yr.

46 Find the sum of integers from 1 to 100 that are
divisible by 2 or 5. [NCERT)



10.

1L

12.
13.

14.
15.

HINTS & ANSWERS |

(c) We know, S, =§[2a +(n—1)d]
=§[a+a+(n—l)d]

=§[a+[] [+1=a+(n-1)d)

(a) Here, we have an A.P. with a = 300000

d =10000 and n = 20.
Using the sum formula, we get

20
Sp= ?[600000 + 19 % 10000} = 7900000

(b) If A is the arithmetic mean of the numbers a and b,
then a, A, barein AP. .

(d) If A is the arithmetic mean of the numbers a and b,
then

[}
8 = o

A-a -
a- -
+
2
(a) Since, 4, 8 12, 16 forms an AP with common
difference 4.
. x=8and y=12
LetS, =an’ +bn+c (1)
where a, b, ¢ are constant and a # 0.
On replacing n by (n—1) in Eq. (i) we get
S,y =a(n—1* +b(n—1)+c
=a(n® +1-2n)+b(n—1)+c (i)
Now, a,=S,-5,,;
=(an® + bn+c)—[a(n® +1-2n)+b(n-1)+¢]
=2an+(b-a)
4, = 2a(n-1)+(b-a)
=»a, —a,_, = 2a, which is constant.
Hence, the given progression is an AP.
4

=

Also,

S o

A
A

[replacing n by (n-1)]

s

524=£[2>¢1+|{24—1}x2] Ans. 576
2

S, = %[fow {1u—1{'?2]] Ans. 30

Sy = % [2xZ+(20-12] Ans. 21042

100
Sun = —-[2X07 +(100-1)(001)] Ans. 1195

=275

a=1,d=55,=148 Ans. x=136
2310

1002001

16.
17.

18.
19.

20.
22.
24.
26.
27.
29.
32.

38.

.

40.
41.

(iya (i) 17
Solve as Example 25. Ans. 11, 14, 17, 21, 24
Solve as Example 25. Ans. 7, 11, 15

1, ll, IE,

7 7
740 21. 156375
1210 23. 98450

Common difference = 2¢ 25. m =27
The 16th day of strike, the OPD will have no patient.

1400 28. 12
6,13 3.5, =¢"
6:1 3t.5,,,=0

We know that, sum of interior angles of a polygon of side
n= (2n—-4)x9%0°= (n-— 2)x180°

The sequence will be 180°, 360° 540°, 720°, 900", ...

We have to find the sum of interior angles of a 21 sides
polygon. It means, we have to find the 19th term of the
above series. [since, 180" is the sum of three angle]
Ans. 3420

Let aand b be two numbers and A,, A,,... A,, be 2n

(even numbers) AMs. Then,a+ b= %

and A, + A, +...+ A, =2n(“”’)=(9)n
2 6
According to the question,

A +A, +...+ A, =2n+]1 =n=6 Ans.12
345
Solve as Example 25. Ans.1, — — —
222
Let A, A,, Ay, A,,..,A,, be m AM’s between 1 and 31.
Therefore, 1, A, A,, A,, ... A, 31arein AP.

Here, the total number of terms ism + 2and T, , , =31
= 1+(m+2-1)d=31=(m+1)d=30
30
m+1

= d=

..(1)

Ay=Ty=a+7d

30 m+ 211
=l 4+ T ——=— from Eq. (i
m+1 m+1 [ Eq(}]
z‘lnm_:l_=T_=1-1-lfl'ﬂ—l:|d'=1+{m—l:li
m+1
m + 1+ 30m —30 .
=— [fmmEq_(l}]
m+1
_31lm—29
B m+1

Ay, (m+211)/(m+1)  m+211

= = = m=14
Apy (B3Im-29/m+1 31m-—29




42. Let A, A,, ..., A, be narithmetic means betwenn 20 and
80 and d be the common difference of the AP
20,A,, A,,..,A,, 80. Here,a = 20, b =80

b—
Then, d=—a=i
n+l n+l
Now, Al =a+d= 20+£=M
n+l n+l1

and A.=a+nd=20+ﬂ=m

n+1 n+l1
According to the question, A, : A, =1:3
20(n+4)
— ﬁ:l-: fl+1 =.l."+4 =l
A, 3 204n+1) 34n+1 3
n+1

=3n+12=4n+1 =4n-3n=12-1 =n=11
43. Here,a-d+a+a+d=15=3a=15 = a=5
Original number =100a + d) + 10a + (a — d)
=11la+9% (1)
Number after reversing the digits
=100{a—d)+10a+a+d=111a—99d ..(i1)
According to the question, 111a + 99d — 594 =111a — 99d
= d=3 Ans. 852
44, 16680

45. Interest on T 10000 after 1 yr

| TOPIC 4|
Geometric Progression (GP)

A sequence of non-zero numbers is said to be a geometric
progression, if the ratio of each term, except the first one, by
its preceding term is always constant.

In other words, we can say that a sequence a,, d,,...,4, is
called geometric progression (geometric sequence), if it

g4

follows the relation =r (constant) for all ke N.

)
The constant ratio is called commeon ratie of the GP and it
is denoted hy r.InaGP, we usua“}' denote the first term b]r
a, the nth term by T, or a,,.

- . 2
Thus, a GP can be written as a, ar, ar™, .d'rj,... and so on.

e.g. The sequence 4, 12, 36, 108, ... is a GP.
ch:._g:li:' r:E::a—G-:E:_":j
4 12 36

Geometric Series

Let ay, a3, a5,...,4, be a GP. Then, the expression
aytaytay+...+a, +... is called a ECOMELric  series.
Geometric series is finite, if the corresponding GP is finite
otherwise it is an infinite geomertric series.

_ 10000 %51

=500
100
Now, interest on ¥ 10000 after 2 yr
TS XS e R1000
100

- Amout after 2 yr = 10000+ 1000 =311000

Hence, the amout in the account of man in first, second
and third years are 10000, 10500, 11000, ...

It is an AP, where @ = 10000 and d = 500.
Ans. T, = 217000 and T,, = T20000

46. The numbers from 1 to 100 which are divisible by 2 are 2,
4,6,8,..,100. Then, 100=2+(n—-1)2=>n=50

Sen =%(2x 2+(50—1)2) =5, = 2550

The numbers from 1 to 100 which are divisible by 5 are
5, 10, 15, 20, ...,100.
100=5+(n—1)5 = n=20

and sm=%[zxs+(zo-1)sj=sm=:oso

The numbers from 1 to 100 which are divisible by 10 are
10, 20, 30, ..., 100.

Then,n=10and S, =l—;-[2x10+(10—l)10]=550

Hence, required sum of integers from 1 to 100 which
are divisible by 2 or 5= 2550 + 1050 — 550

=3600 — 550 = 3050 Ans. 3050
MNote
To show that given numbers a, b,c,d and so on are in GP, we have
to show matﬂ =5
a b

EXAMPLE |1| For what values of k, the numbers - ; Lk,

7 .
— — are in GP?
[NCERT]
Sol 11— 2k -L areincp.
7 2
Then, L4 '.‘mnunnnrati.cl{r}=&=a—3=d—°=..]
a 4 a 4y ay
k _-7il2
-2/7 k
- JE=txl
-2 2 k
= Tkx2k=-Tx(-2)
= 14k* =14
= K=1=k=%1



EXAMPLE |2| If g, b and ¢ are in GP, then find the
a-b

- E‘.
Sol Given that, a, band ¢ are in GP.

value of

Then, b =Lf=r (constant)
a b
= b=ar,c=br
Now, a—b= a—ar
b—¢ ar—br
_afl=ry _a(l—r) _all—r) 1
rlfa—b) ria—ar) ar(l—r) r
a-b 1 a b
==== 0r—
b—¢ r b c

EXAMPLE |3| Ifaand bare the roots of xX* =3x +p =0
and ¢ and d are roots of x* —12x +g=0 wherea, b, c, d
form a GP prove that (g + p): (g — p)=17: 15.

Sol Given, a and b are roots of x* —3x + p =0,

s Sum of roots, a+ b=— 3

[ (coefficient of x) ]
- sum of roots = —

( coefficient cfxzfl

= a+bh=3 A1)

and product of roots, ab= p ..A1i)

Again, given that ¢ and d are roots of x* —12x + g =0

- Sum of roots, ¢ +d = —ﬂ =12
1

=% c+d=12

and product of roots, cd = g

..{iii)
V)
constant term ]

[ product of roots = =
coefficient of x

Again, it is given that a, b, ¢, d are in GP.

= b=ar, c=ar’, d=ar’

On putting these values in Egs. (i) and (iii), then
dividing Eq. (i) by Eq. (iii), we get
atar 3 a(l+r)

1
ar* +ar® 12 ar*(l+r) 4

1
= —== = ri=4 r=4%2

2

,
]

When r = 2, then from Eq. (i), we get
a+ar=3 = a+2a=3
= Ja=3 = a=l
So, GP is
a=1, b=ar=1x2=2 c=ar =1x2"=4,

d=ar*=1x2"=8

FromEq. (ii), p=ab=1x2=2

FromEq. (iv),g=ed =4 x8=32
gtp 342 _M_1
g-p 32-2 3 15
Hence, (g + p):{g — p) =17 :15

When r = — 2, then from Eq. (i), a+ar=3
= a—2a=13

MNow,

= a=-—73
S0,GPis a=-3, bh=ar=(-3)(-2)=6
c=arf =(-3)(- 2 =-12
d=ar' =(-3)(-2) =24
FromEq. (ii), p = ab=(-3)-(+6)=-18
FromEq. (iv), g = ed = (—12)(24) = — 288
g+p —288—18 —306 17
g—p —288+18 —270 15
Hence, (g + p):(g — p) =17 :15

General Term of a GP

If a is the first term of a GP and its common ratio is r, then

a=1

gcnl:ra] term or Hl’h term, Tn' =dr

ord = ar® ™", where [ is the last term.

mth Term of a Finite GP from
the End

Let @ be the first term and r be the common ratio of a GP
having #n terms. Then, mth term from the end is
(i = m+ jth term from the beginning.

mth term from the end = ar® ™™ *' ! = "™

n=1
where, 7> m. Also, mth term from the end =/ (l] .
N

where, [ is the last term of the finite GP.

Problems Based on General Term of a GP

Some problems can be solved directly or indirectly with the
help of general term.

Some types are given below

TYPE 1

PROBLEMS BASED ON FINDING THE
INDICATED TERM
In this type of problems, first term and common ratio of a

GP are given and we have to find the value of indicated
term.



EXAMPLE |4] Find the nth term and the 12th term of
the sequence - 6, 18, — 54, ... .
Sol. Given sequence is— 6,18 — 54 , ...

Clearly, the successive ratio of the terms is same.
So, the given sequence forms a GP with first term,

; 18
a =—-6and common ratio, r = — = -3.
T,=ar '=-¢-3""" =(-1)63"""
and Ty =(- l)126_312—1 =(l)~6~3"
=23.3"=2.3"

Hence, the nth term of given GP is (=1)"6-3""" and 12th

term is 2-3'%

EXAMPLE |5] If the pth and gth terms of a GP are g
and p respectively, then show that its (p + g)th
1

P\o-q
term is (E_] .
p?

Sol. Let the first term and common ratio of GP be a and r,
respectively.
According to the question, pth term = g

= arf '=¢q (i)
and gthterm=p
= arfi~'=p
On dividing Eq. (i) by Eq. (ii), we get

...(ii)

ar’::zl - rp-l-q#lgl
ar? P P
1
- rl'"l:i = r=(l)?‘1
P

On substituting the value of r in Eq. (i), we get

gt p=t
r-4 P-q
d[i] =q =da= qp—l =q[£)
P — q

)

~ (p+g)thterm, T, —g.Pra-

f 2l } 2L [ d hed ]
=q_[£]P-q e =q_[£)r—q >([E] r-q
q q P

1_L1+p+q—1 p-g—pti+p+g-—1
g P9 P8 g P
prg—1_p-—1 prg-—l—p+1
P-q9 P-4 P-q
p P
- o
A '
T

EXAMPLE |6| The (m + n)th and (m — n)th terms of a GP
are p and g respectively. Show that the mth and nth terms

m/2n
are Jp_q and p[%) , respectively.

Sol. Let abe the first term and r be the common ratio. then,

Qpip=panda,_,=q
= ar"*" '=pandar™ " '=gq

+n—-1
g5 & ibge®
ar" q q
1/2n 1 1/2n
R
q ro\p
Now am=ar""l
- am___a’,(nufn-l)(l)
r
(l]" % m+n—1
= a =a,. |- [va,,,=ar ]
r

n/in 1 1/2n
= a,, =p(g-] Ve, = pand —= [i]
4 r \p

-l

P
and a, =ar
= a,= ar"'""(l) = a..m.(l

r r

q m/2n 1 q 1/2n
R V= pand —=|—
" =)

TYPE 11

PROBLEMS BASED ON FINDING THE
POSITION OF A GIVEN TERM

In this type of problems, a GP is given from which we get
first term and common ratio. Then, assume that the given
term is sth term and find the value of » This value of »
gives its position in given GP.

m+n-I]

[ tammer

EXAMPLE |7| Which term of the GP 5, 10, 20, 40, ... is
51207
Sol. Given GP is 5, 10, 20, 40, ...

Here, a=53ndr=ﬂ=2
5

Let nth term of given GP = 5120 ie. T, = 5120
Now, T, =ar" ' =5120

= s2P "' =5120 [ca=5r=2]



- 5120
= 2= —=1024
5
= 2"~ =1024
= t=g"
On equating the powers, we get
n—1=10
= n=10+1=11

Hence, 11th term of given GP is 5120.

Note

We can equate the powers from both sides only when the bases
are same i.e. if b" = b™, then we can equate the powers
(here, b is base).

TYPE II11

PROBLEMS BASED ON FINDING THE
GENERAL TERM FROM END

In this type of problems, a finite GP is given from which we
can find # and r and then we find a general term or mth
term from the end of given finite GP.

EXAMPLE |8| Find the 8th term from the end of the
sequence 3, 6, 12, ... 25th term.

Sol. We know that if a sequence has n terms, then mth term
from end is equal to (n—m +1)th term from the
beginning.

6
Here,a=3,r=§=2,m=3mldn=25.

Now, 8th term from the end of sequence is equal to the
{25—8+1). i.e. 18th term from the beginning.

T, =a""
T, = ar'®t =32yt
= 3{2}" =3x131072 =393216
Hence, the &th term from the end is 393216.

[va=3r=12

TYPE IV
PROBLEMS BASED ON FINDING THE GP

In this type of pmbl:m, two or more than two terms are
given and we have to find the GP by using these terms. It
can be understand with the |'|c||:| of fcllcwing cumplc.

EXAMPLE |9] If the 4th and 9th term of a GP are 54 and
13122 respectively, then find the GP.
Sol. Let a be the first term and r be the common ratio of GP.
Given, 4th term, T, =54
= ar'"'=54 = ar' =54 Ai)
and 9th term, T, =13122

= ar® " =13122
A1)

= ar® =13122

On dividing Eq. (i1) by Eq. (i), we get

&
13122
T =222 Pad 25 =(3f
ar® 34
r=3

On putting the value of r in Eq. (i), we get

54
a3 =54 = 2Ta=54 = a=—=2
27

- Required GP is a, ar, ar®, ar®, ...

ie 2618 54, ...

EXAMPLE [10| Find four numbers forming a GP in
which the third term is greater than the first term by 9 and
the second term is greater than 4th by 18.
Sol Let the GP is a, ar, ar®, ar®, ...
Given, third term = first term +9
= Ty=a+9 Sa’=a+9

= ar* —a=9 1)
Again, second term = fourth term +18

T,=T,+18 = ar=ar’ +18

= ar —ar® =18 - Aii)
On dividing Eq. (i) by Eq. (ii), we get
ar’ —a =i _ a{ra—l] =l
ar—ar® 18 url{l—rz} 2
2
—_l{'l—r]=l=& —1—=l=9 r=-—2
F1—r) 2 ro2

On putting r = — 2in Eq. (ii)
al—2)—a(—2* =18 = —2a+8a=18

=5 6a=18 = a=3
L GPis3 3(—2),3(— 2% 3— 2, ...
ie. 3 -612—24, ...

Mote Here, greater than word stands for excess in term.

Selection of Terms in GP

Sometimes we have to select certain number of terms in

GP. The convenient method of selecting terms is given below

Mumber of terms Terms Common ratio
a
3 - & ar r
r
a a 3
—, —, ar, ar E
4 Ir:g T r
a a
5 =5 a ar, ar® ¢



It is clear from the above table thar, if number of terms is
odd, then the middle term is @ and common difference is r
and if number of rerms is even, then the middle terms are

a . . 3
—, ar and the common ratio is r~.
r

Note
If the terms of the GP are not given, then the terms are chosen as a,
ar, ar®, ar’, ..

EXAMPLE |11] Find four numbers in GP, whose sum is
85 and product is 4096.

Sol Let the four numbers in GP be
a a

= = ara - (i)
o
Product of four numbers = 409 (given)
= [is] [E] (ar) I{arB] = 4096
r\r
= a'=40% = a'=8
On comparing the base of the power 4, we get
a=38
and sum of four numbers = 85 [given]
= i+E+£.u-+.::rr3=I!Er=:o.r:r L+l+r+r3 =85
r roor
g 1 1
= 8|r'+—<|+8[r+-]|=85 [ca=3]
r r

R R

[ a* +b* =(a+b)* —Ha+b))

1y 1
= E{r+—) —15{r+—)—35=ﬂ
r r

On putting {r + l) = x in Eq. (ii), we get
r

(i1}

8x* —16x —85=0
=(2x —5)(4x® +10x +17)=0

=2x-5=0 [4x” +10x +17 = 0 has imaginary roots)

5 y S 1 1
= X=— = r+-=— putx=r+-—
2 r 2 r
= 2r' —5r+2=0
1
= (r=22r-1)=0 = r=20rr=;

1
On puttinga=8andr = 20rr=;inEq. (1), we obtain
four numbers as
3
%.E_szsxzsor SS.L,le,sx(l]
22 (1/2)" (1/2) 2 2

iLe. 1,4,16,640r 64,16, 4, 1.

EXAMPLE |12| Let §be the sum, P be the product and R
be the sum of the reciprocals of 3 terms of a GP. Then, find
PPR? : 53,

Sol  Let us take a GP with three terms ﬂ, a, ar.
r

2
+r+1
Then, S=E+a+ar=u
r r
2
P={E)(a}(ar}=g’;mdn=£+l+L='.(L'+1]
r a a ar a r
3
s 1 rar+t
PR a = r
a
MNaow, = =1

R 3
5 5r2+r+l
i | —
r

Therefore, the required ratio is 1: 1.

PROPERTIES OF GEOMETRIC PROGRESSION

(i) If all the terms of a GP are multiplied by the same
quantity, then the resulting sequence is also a GP
with the same common ratio.

(ii) The reciprocals of the terms of a given GP also form
a GP

(iii) If each term of a GP is raised to same power, then
the rcsulting sequence is also a GP.

(iv) In a finite GB the product of the terms equidistant
from the bcginning and from the end is :-1|wa)-'s same
and is equal to the product of the first and the last
terms.

(v) The resulting sequence formed by taking the product
of the mrn:spanding terms of two GP% is also a GP.

{(vi) The resulting sequence formed by dividing the terms
of a GP by the corresponding terms of another GP is
also a GP.

{vii) If the terms of a given GP are chosen at regular intervals,

then the new sequence forms a GP

EXAMPLE |13| Ifq, b, cand d are in GP, then show that
(@ +b® +?)(b® + ¢ +d°)=(ab +bc +cd)’.  |NCERT)
Sol. Given, a, b, c,d are in GP.

a b ¢

b=ar,c=br,d=cr

b=ar, c =(ary, d=(br)r
b=ar,c=ar’,d=br’

b=ar,c=ar’, d=(ary* =ar’ ...(1)

L Uil

Now, we have to prove that
(a® +b* +c*)b* + ¢* + d*)=(ab + bc + cd)?
LHS = (a* + b* + *)(b* + ¢* + d*)



=(a® +a’r* + a®r*)ar* + a*r' +a%")
=a1+r +rerfin+rf + 1Y)
=¢:|"r2(1 +rf+rt ]l2 = [uzrﬂ +r ]]2
=[a’r + a*r* + a*PF
=[a-ar+ar-ar’® + ar*-ar’]
=[ab + bc + cd]

=RHS

2

[from Eq. (1}]

EXAMPLE |14]| If a, b, ¢ are respectively the pth, gth

and rth terms of a GP, show that
(g —r)loga+(r—p)logh+(p —q) logc=0.

Sol. Let A be the first term and R the common ratio of the

given GP.

Then, a= pthterm = a= ARF™!

= loga=log A+(p—1)log R ]
b=gthterm = b= AR’

= logb=1log A+(g—1)logR -.-{ii)
c=rthterm = c= AR "'

=5 loge=log A+(r—1)log R . (i)

Now, LHS=(g —r) loga +(r— p)logh +(p — g)logc
On substituting the values of log a, log band log ¢, we get
LHS =(g — rMlog A + (p —1)log R}
+(r—plogA +(g —1)log R}
+(p—qlogA +(r—1)log R}
=logAllg —r)+(r—p)+(p—ql}
+logRiip -Dig—r)+{g—1){r—pl+(r-1)(p—q)}
=(log A)o+{p(g—r)+gqir—p)
+rp—gl-(g-r)—(r—pl—(p—q)log R
=(log A)0+ (log R)0=0=RHS

TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS

L. If every term in a progression except the first
term bears a constant ratio to the term
immediately preceding it, then such
progression is called
(a) arithmetic progression
(b) geometric progression
(c) harmonic progression
(d) None of the above

2. Ifa,ar,ar® ar®, .. is a geometric progression,

then a and r are respectively called
(a) common ratio, first term

(b) common difference, first term

(c) first term, common difference

(d) first term, common ratio

3. Which of the following is not a geometric
sequence?

1 -1 1 =1
a) 2,4, 8,16, .... — =
) m}ﬁ 27T Bl 243

(c)0.01, 0001, 000001, ... (d) None of these
4. Which of the following is correct?

(a) a, ar, ar?, ar®,....._,ar" ' is a finite G.P.
bya,rrird ... ,r*~ ! . is a finite G.P.
(cha+ ar+ ar® + ... + ar" ' is a finite G.P.
(da+r+ri+ ... +r"=' 4 _...is a finite G.P.

5. The n™ term of a G.P. 5, 25,125, ..... is

(a)5" ®)5"' (5" (d)5"?

VERY SHORT ANSWER Type Questions
6 Which term of the following sequences
(i) 4/2,3,3/3, .is7297 {ii}% 1l bl

v oo 18 7
9
(Each part carries 1 mark)

19683

7 For what value of x are the numbers
{x+9),(x —6)and 4 are is GP?
8 Show that the following progressions is a GP.

Also, find the common ratio in each case.
(Each part carries 1 mark)

. . 3a? 94°
(i) 4,-2,1,-1/2, .. lj]]jl.rl,,T,,E

9 Find the following. (Each part carries 1 mark)

(i) 1lth term of the GP 3, 6,12, 24, ...
(ii) 10th term of the G.P12,4,2 2

(iii) 17th term of the GP 2,242, 4,842, ..
(iv) 8thterm of the GP 0.3, 0.06,0.012, ...

(v) 12th term of the GP —nl ,ax,a’x®, .
a‘x

SHORT ANSWERT Type I Questions

10 Find the 10th term of the GP5+25+125+ ...
Also, find its nth term.

11 Find 12th term of a GP, whose Sth term is 192
and common ratio is 2.

12 Find the 6th term from the end of the GP

Y R .
1024

13 Find the geometric series whose 5th and Sth
terms are 80 and 640, respectively.



SHORT ANSWER Type 11 Questions

14 Ifa, b, cd are in GP, then prove that
a® - b2 b* —c? ¢* —d* are also in GP
15 Find the 20th and nth terms of the GP;
855
T
16 Prove that in a finite GP the product of the
terms equidistant form the beginning and the

end is always same and equal to the product of
first and last term.

17 Find a GP for which sum of the first two terms is
—4 and fifth term is 4 times the third term.

18 The first term of a GP is 1. the sum of the third
term and fifth term is 90. Find the common
ratio of the GP.

19 The sum of first three terms of a GP is % and their

produt is 1. Find the common ratio and the terms
20 The sum of three numbers in GP is 21 and the
sum of their squares is 189. Find the numbers.
21 If the pth, gth and rth terms of a GP area, band ¢
respectively, then prove thata?~" 6"~ F P9 =1.
22 If the first and nth terms of a GP area and b

respectively and P is the product of n terms,
then prove that p” = (ab)".

23 The sum of first three terms of a GP is 18 and

their product is — 1. Find the terms.

24 Find the three numbers in GP, whose sum is 19
and product is 216.

| HINTS & ANSWERS |

1. (b) If every term in a progression except the first term
bears a constant ratio to the term immediately
preceding it. Then, such progression is called geometric
pProgression.

2. (d) Ifa,ar arz, ﬂrs, ..., i5 geometric progression, then a
and r are called first term and commeon ratio.

3. (d) 2, 4,8, 16, ... is a geometric sequence with common

ratio 2.
1-11 -1 . . )
- , ... is a geometric sequence with common
9 27 B1 243
, =1
ratio —.
3

01, 0001, 000001, ...... is a geometric sequence with
common ratio 0L

10.
1L

12.

3.
14.

15.

16.

(a) a,ar, ar’,ar’, ...,ar" "' is a finite GP.
(a) Here,a=5andr=5
Thus,a, =ar*~' =5x (5" "' =5"
(1) Here,a=\,;.r= 3 =\E. T, =729
N
Now, apply the formula T, =ar" ™' Ans. 12
_1/9 3 1 1
1/3 9 3 " 19683
Now, apply the formula, T, = ar" ~'. Ans. 9
Oor 16

L1 .. 3a
(1)—= (i) —
2 4
() 3072 (i) —— (i) 512
6561
(iv) (0.3)(02)  (v) (ax)"
SID. Sq
Here, Ty =192andr = 2
Ty=ar*™'=ar’
3
a=—
2
Now, T,, =3072
1
32
5410+ 20+ 40+ ...
LR
a b ¢

= b=ar,c=br=ar’.d=cr=ar’

2 2% 222 2
Now, a"—-b"=a" —-ar=a(1-r)
P -ct=dr-a'r'*=ad'r (1-r%)
2 2
and ci=d*=ar -t =art -1
b -c* *-d°
Therefore, ——=——— =7
a —b b —c¢

Here, a = first term = 5 and

2
. 5/4 2 1
common ratio (rj=—=—=—
5/2 4 2
5 5
Ty -Fand T, =?
a, = kth term from the beginning = a,r* ~"

k-1
@, _j 44 = kth term from 'Lheem:l=an[1]
r

wherel<k<n
P\
a}au—l'+1=l:a1rt_1}an[;] =a,a,
for all k satisfyingl< k<n



20.

2L

Given, a+ar=-—4 A}
and T, =4T, =ar '=dar'"' = r=%2
If r = 2 then from Eq. (i),
a+a(2)=—4 = Ja=-4
a=—-—
3
If r = — 2, then from Eq. (i),
a+a—2)=—4 = —a=—4
a=4
Hence, GPis...—i,—E,—E,...urd,—&lﬁ....
3 3 3
Let the GP be a, ar, arz, arg,

Given, a=landT;+ T, =%
ar +art=9 = P +ri=m0
et =0 [asa=1]
(r* +10)(r* —9)=0= r==%3
[ ¥ =-10isa complex number]

Here, E+n:+.::|r=E£m|:i[E] *(a)={ar)=1
r 10 r

= at=1=a=1
On putting the value of a =1in Eq. (i) we get

1 39 1+r+r* 39
—+l4r=— = ——=—
r 10

r10
= 106" — 20r +10=0 = (5r—2){2r = 5)=0
2 5
r==orr==
2
2 5 2
Whena=1and ==, then the numbers are =, 1, =
5 2 5
5 2 5
When a =1 and r = =, then the numbers are =, 1, =
2 5 2
a+ar+ar’=21=4 +lfa:r}2 +far2}2 =189
Ans. (3,6, 12) or (12, 6, 3)
Given,T, =a = AR "' =a i)
'l"'F =bh= A" '=h i
hl
and T, =¢c = AR '=¢ ....{1ii)

LHS = a7 " ~FpP 7
Let the GP be A, AR, AR®, AR®...

Given, first term,

23.

24.

A=a A1)
and nth term, AR" ™ = b i)
Now, p = Product of n terms
= p=AxAR x AR® x AR® x ... x nterms

= F=A1+J+I+...+I!b¢rm: RI+2+3+...+[H—I}
nin —1)

= p=A"R 2
= pr=ATATR T S At ARy
= pt=a"t" [using Eqs. (i) and (ii)]
Here, su.m=5+¢:|+¢:|r=E

r 12
= at+r+rt)=2, i)

12

Their product = Zaar=-1
F

= a'=-1
[taking cube root both sides] .. {ii)
On putting the value of a in Eq. (i), we get

= a=-1

13
(-l +r+rf]="r
12

= 12¢* 4+ 25r +12=0
4 -3
Frs—==3F=—
3 4
4 3 4
Whena = —1and r = — —, then the numbers are —, — 1, —
3 4 3
3 4 3
W’hena=—lnndr=—? then the numbers are? -1, E

Product of three numbers =£-a-ar = 216
r

a=b
And sum of three numbers = E+a +ar=19
r
= G+Gr+6r =19 = 6 —13r+6=0

13:!:1|’{—13}2—4-ﬁ-6 13%5 3 2
r= = = —Qr

2-6 12 2 3

When r = 1, then the numbers are 4, 6, 9.
2

Whenr= %, then the numbers are 9, 6, 4.



| TOPIC 5|

Sum of First n Terms of a GP

If 2 and r are the first term and common ratio of a GP
r:spﬂctiw:ly, then sum of » terms of this GP is given by

S,,:M, where r< 1
1=r
=1
or S, ZM, where r>1(r#1)
g —

(i) Ifr=1then S, =a+a+..n terms = pa

(ii) Suppose a GP contains # terms with first term = a,
common ratio = r and last term = L The sum of GP

r—a

= , where r< 1 or 5§, =—— where r>1
l=r r-—

o a=lr
5, =

]

Sum of an Infinite GP

If a is the first term and r is the common ratio of 2 GP such
that |r|< 1, then sum of an infinite GP is given by

§=—2

1=r

Problems Based on Sum of
Terms of a GP

There are so many pmbltms which can be solved b}«' using
the sum of terms of a finite GP or infinite GP dirccrly or
indircctly i.e. we can find the values of other terms related
to GP with the help of sum formula.

Some types of these problems are given below

TYPEI

PROBLEMS BASED ON FINDING THE SUM
OF GIVEN NUMBER OF TERMS OF FINITE GP

In this type of problems, a finite GP is given and we have to

ﬁ]‘ld sum UF gi\-’tﬂ numbcr UF terms.

EXAMPLE |1] Find the sum of the following sequences
.1 39
=,2,=,... upto 10 terms.
(1) 51 5'S up erms

. 11
(i) 2, - = —,..., upto 12 terms.
2 8
Sol (i) We have, sequence i i, 2 -
2 2 2

Clearly, the successive ratio of the terms is same. So,

the above sequence forms a GP, with first term, a = 2
2

and common ratio, r==+—==73

b2 |
b2 =

_1310 _ 1] -
-1
S5 = r S [ 5, = uaul?. rbl]
i-1 r—1
10
=16 -1 1[3“* —1]=14762
2 2 4

(if) We have, sequence 2, — l 1—
2

Clearly, the successive ratio of the terms is same. So,
the above sequence forms a GP with first term, g= 2

and common ratio,r=—1+2= _—1
2 4
[ oy
- (3]
4 _
5.= Sﬂ_ﬂfl r}asr-{l
[—‘1] l 1-r
1-|— i
4
1]

EXAMPLE |2| Find the sum of the series
2+6+18+54+... + 4374
Sol Given series is 2+6+18+54 + . + 4374,

Clearly, the successive ratio of the terms is same. So, the
above series forms a GF with first term, a = 2, common

]
ratio, r = = = 3> 1 and last term, | = 4374.
2

(Ir—a)
(r—1)
(4374 x3-2)

~ Required sum =

Hence, the sum of the given series is 6560.

EXAMPLE |3| Find the sum to n terms of the
sequence given bya, =2" +3n,neN.
Sol Let S, denote the sum to terms of the given sequence.
Then, 5, =a, +a, +a; +...+a,
= S =(2'+3x1)+(2" +3x2)
(2 3%+ . (P +3%n)
= S5 =(@+2+2+..+2"
F(AIX1+3x2+3x34+ ... +3xn)
=2 +22 + 2+ + )+ + 243+ .. +n)



{2"—1} {n }

=2 + 3 —(1+n)

2—-1 2
[~:2+22+2’+z" isa GP and Zn= "]
=Z{2“—1}+%[n+l}

EXAMPLE |4| Find the sum of series

3 4 3

Tttt/ to 2n terms.

5 52 5% gt

Sol Wehave,$=3+i+i+i+...t:}2n terms

52 53 4

:
6] 26}

) )

=[§+513+...+ mnterms]+[i+i'+...+mnten-ns]

[':m:mat'GP at-r) |p-|<1]
1-
[ 1] 4 1
—i1- iy £
_5_ 52u_+25 5211_
- 1 1
1-— 1-—
25 25
L AL
5] 5] 251 5™ s 1 +11_1
24 24 s s | g 52n
25
r 1][s 11[ 1 |[15+4]

P

19 1
=—|l-=
24[ 5"]

EXAMPLE |5] A GP consists of an even number of
terms. If the sum of all the terms is 5 times the sum of
terms occupying odd places, then find its common ratio.

Sol Letthe GPisaar,a’ , ar',ar',..,ar" "% ,af""",
occupy odd places and

|72 |

]
where g ar®, ar®, ar®, ..

ar,ar’, ar', ar’ ... occupy even places.

According to the question,
Sum of all terms

= 5% Sum of terms occupying odd places

iea+ar+ar’ +...+ar""!

=5x(a+ar’ +ar' +. +ar™ 7
2n 2 "
-1 5a -1 -1
Y Uil O (ol it R PO Lt PR
r—1 r'—1 r—1

In

-1 5" -1 5

= =]=
(r=1)(r+1) r+1

r—1
= r+l=5 = r=4

Note

Siudents should remember that if a GP has 2n (even terms), then
there are n even and n odd terms.

EXAMPLE |6] Find the sum of the products of the
corresponding terms of the sequence 2, 4, 8, 16, 32 and

1
128, 32,8, 2, =
2
Sol. Given, sequences are 2, 4, 8, 16, 32 i)
and 128 32 8, 2 15 ..(1i)

Multiplying the corresponding terms of Eqs. (i) and (ii)
we gel a new sequence, 256, 128, 64, 32 16
Let S=256+128+64 +32+16

Clearly, the successive ratio of the terms is same. So, the
above obtained series forms a GP, with first term,

a= 256 and comaon ratio, r = E-l
256 2
[ (1]
256(1— [—]
e
~. Required sum, §_ = S
1——
2
1—¢"
_25ax2[1——) [ S,=¥, re 1]
-r

1
=5‘12><[ ——]
32

=512 [E]= 16 x 31 =496
32

EXAMPLE |7| The sum of the first three terms of a GP is

16 and the sum of next three terms is 128. Determine the
first term, the common ratio and the sum to n terms

of the GP. [NCERT]
Sol. Let the GP be q, ar, ar® ar’,...
According to the given condition,
Sum of first three terms =a + ar + ar® =16 A1)

and sum of next three terms= ar® + ar® + ar’ =128 __(ii)
On dividing Eq. (i) by Eq. (ii), we get
a+ar+ar’ _ i
ar® +ar* +ar - 128

a:1+r+r )

I
i

ar {1+r+r )

-



On comparing the base of the power 3 from both sides,

1 1
wegelt ===—=2r=12
r 2

On putting r = 2in Eq. (i), we get

a+Za+da=16 = 'hl=115»=:t1-;|=E
7

_ar -1

Now, sum of n terms, §_ = ] [er=2=1]
r—
E{Z"—l} 16
S E———— L.}
2=1 7

Hence, ¢;|=1_J?—ﬂ, r=2and$§, =1_J?—ﬁ{2‘1 —1)

EXAMPLE (8] If §,,5, and S, be respectively the sum
of n, 2n and 3n terms of a GP, prove that
5,(5, - 5,)=(S, - §,)%.

Sol Let a be the first term and r be the common ratio of the
given GP. Then,

1—¢" 1—r 1—¢™"
5% = Su)= aii—r}}'{ﬂ{u—r} - d{l—r} }}

- al—r") (a—ar™ —a+ar*")

(1-r) (1-r)
- dl—r"}_arz"[‘l—r"}

(1—r) (1—r)
) R

(-

a1-r) ai-r)|’
t-r) (-7 }

_I{a—m':" —a+ar")

- (1—r)

M@t -y art =)

Coa-f -
Hence, from Eqgs. (i) and (ii), we get

5,85 — 8,1 =18, - §, )

A1)

And, (5, - §,)" = {

(i)

EXAMPLE |9] Let S be the sum, P be the product and
R be the sum of reciprocals of n terms in a GP. Prove that
PR" =5§".

Sol Letthe GP is a, ar, ar®,ar*... ar" "

Given, S= Sum of n terms

sa+ar+ar’ +ar' +... +ar""!

_alr" —1)

[let r=1] ...Ai}
r—1

and R = Sum of the reciprocals of n terms

r r
1" -1 [ |
= x— = =T
al r" r—1 ar*(r—1)
and P = Product of n terms

saxarxar xar x.._xa"

_(II+1 +1+..4+n lerms rl +2+3+..+(n— 1Herms

min —1)
=ar * [ IZn= "{"; Dl
= P? =gl i)
Now, we have to prove P*R" = §"
or PP="_orP? =[£]
R R
RHS =[£] - a(r" —1) . ar'(r—1)
R r—1 (r" -1)r

[using Eqs. (i) and (ii)]

= [dzrl'lr—l-'lll ={d2rn—lr| = [ﬂhrnln—ljl
= P*=LHS [from Eq. (iii))]
Hence proved.

Mote

Students should rememberad that if you are taking r< 1in S, then
you have fo take r> 1in A.

TYPE 11

PROBLEMS BASED ON FINDING THE SUM
OF TERMS OF AN INFINITE GP

In this type of problems, an infinite GP is given and we
have to find the sum of the infinite GP.

EXAMPLE |10| Find the sum of an infinite GP

11
L=,=,...o%
39
. . . . 11
Sol. Given infinite GP is 1,— =, ... =
39

1 1
Here, a=land r=—+1=-
3 3

We know that, §_ = 2

1-r
1 1 3
1—= % 2
3 3



EXAMPLE |11| fb=a +a® +a’ +... s, then prove

b
thatg = ——.
ara 1+b

Sol Wehave, b=a+a" +a° +...0

Clearly, RHS is a geometric series with first term ‘a” and
common ratio g’

= b—ab=a = .::=L
1+b

. b= 4
l1—a

EXAMPLE |12| Find the sum of the series
gifd .gl/? gl o

1
Sol Let E=93.9'"" ¢

1,1, 1
Againlet §_ =-+-+—+ ...
3 9 27

o =93 8 21 Al

Clearly, the successive ratio of the terms is same. So, the

abvoe obtained series forms a GP, with first term, a = %

.11 1
and common ratio, — + — = —.

9 3 3
|
; 1 a
Then, S m———=a wy =
-1l 2 1-r
3

)

Then, from Eq. (i), we get E =92 =13

EXAMPLE |13] If|x]|<land| y| <1 find the sum of
infinity of the following series:

(x+y}+{_tz+x}r+_r2)+{f+x2_}r+r_v2+f)+.__

Sol We have,
(Jr+3-']|+i:x2 +xy+ ‘1.12}+{.t:s +.1::2],J'+er2 +],r3}+...w

(= )+ (= YY)+ (x = )+ to )

x—y
[‘.'In_ﬂ-=x"_’-a"+x"_2-a+x"'gaz-i
x—a
I_ + +a"_',nENJ
= {(12+13+r"'+ to ==}
x—=y

(vt 4o =)

1 2 - }rz
x—y|[1-x 1-%¥

_ 1 xf-aty -yt yix)
Tx-y  (-0(-y)

1 -y —xy(x -y
(1=x)1—y)

_ X+ty—xy
(1-x)(1-y)

-ir—y}

EXAMPLE [14] If x= Y cos™ @, y= 3 sin™ ¢,

n=0 n=0

Z= Zr:{:sa" Bsin®" o, where 0 <8, ¢ < m / 2, then
n=0
prove that xz + yz — z = xy.

Sol. We have, x = }:m:z"ﬂ=1 +cos B+cos'O+... s
n=0

=3 x=1— =:-Sillzﬂ=l
1—cos~8 x
y= Esinz"¢=1+sin2¢o+xin'¢-+...u=
n=0
1 1
y=—2=5cas2¢-=—
1 —sin™ ¢ ¥
and z= Emsz"ﬂsinz" [
=0
=1+cos"Bsin’ & + cos*Bsin* B+ .., =
= = :
1-cosBsin® ¢

1

= ol 2 2
1—{1—sin"68)(1 — cos” &)
1 1
= = =>z=1 1 1
1—[l—l)[l—i] —_— ———
x y x oy xy
= 1:=_J(j"I =X+ yz—zr=xy
x+y-—1
TYPE I11

PROBLEMS BASED ON FINDING THE VALUE

OF UNKNOWN/GP WHEN SUM OFN
TERMS OF A FINITE GP IS GIVEN

In this type of problems, a GP and sum is given and we have
to find r and n. Sometimes GP is not given and we have to
find &, r and then GP with the help of given information
related to sum.

EXAMPLE [15| How many terms of GP 3, %% are
3069

needed to give the sum ?
512 [NCERT]

Sol Given, GP is 3, E 2,
2 4

3 1
d=3r=—+3=—
2 2

Let n be the number of terms needed.

Here,



3069 1—-r") 3069
Then, §,=——= « )=— [wr<1)
512 1-r 512
T
= 1 = —
11 512
2
1 3069 1 3069
= 6ll—— = = | ——=—
2" 512 2" 3072
1 3069 3072 — 3069
= —]  — = ——
7 3072 3072
ey LI SUN SR\ T Y (R A

2" 3072 1024
On comparing the powers from both sides, we get
n=10

: 3069
Hence, 10 terms are needed to give the sum e

EXAMPLE |16| Find the least value of n for which
the sum 1+ 3 + 3° +_.. to n terms is greater than 7000.

Sol. We have,S, =1+3+3" + ... to nterms

Clearly, the successive ratio of the terms is same. So, the
above series forms a GP, with first term, a =1and

-4~

3
common ratio, T =3>1

sn=1x(ﬁ B, i

3-1 2

Now, 5, =7000

= 1 7000 = 3 —1>14000

= 3" >14001 = nlog3> log 14001

. oo logl4001 461 _ o o
log3 04771

Hence, the least value of n is 9.

TYPE IV

PROBLEMS BASED ON FINDING THE VALUE
OF UNKNOWN/GP WHEN SUM OF AN
INFINITE GP IS GIVEN

In this type of problems, sum of an infinite GP is given and
we have to find the values of unknown 2, r and sometimes
we have ro find GP.

EXAMPLE 17| The sum of an infinite GP is 57 and the
sum of their cubes is 9747. Find the GP.
Sol  Let abe the first term and r be the common ratio of an
infinite GP.

Given, sum =57 = L 57 A1)
1-r

and sum of the cubes = 9747
3
= a+ar+adrt+..=9747 =

=7 i)

On dividing the cube of Eq. (i) by Eq. (ii), we get
a@  (1-r)_ 7y

a-r* a 9747
= 1-r =19 = _l+r+'r2=l9
1-r’ a-r’
[-a* - b* = (a—b)(a’* + b* + ab)]
== 1+r+r2=19(1+r" - 2r)
[ (a—b)* =a* + b* — 2ab)
= 18 —39r+18=0
= (3r—-2)(6r—-9)=0
= r=2/3o0rr=3/2
= r=2/3

[ r#3/2 because —1 < r <1 for an infinite GP)
On putting r = 2/3 in Eq. (i), we get
a
1-(2/3)

=57 = 3a=57 =2a=19

2
Hence, the required GP is 19,19 x 3 19 % (3) oy
3 3

i.e. 19, 38/3, 76/9, ...

TYPEV

PROBLEMS BASED ON FINDING A
RATIONAL NUMBER WHOSE DECIMAL
EXPANSION IS GIVEN

Sometimes a number in non-terminating repeating decimal
expansion form i.e. of the form 0.a2bc is given and we have
to  write It as For ﬁnding the

rational number.

corresponding rational number,
we use the following steps

Step 1 First, write the given decimal expansion in the
form of series.
i.c. write 0. abe as

0.a +00bc +0000bc + 0.00000bc + ... o=,

Remove the decimal point from each term by
multiply and divide by suitable power of 10.

e Oabo=ta e L b,

10 10° 10°
Step 111 Now, find the sum of infinite GP obrained in
step 11, by suitable formula, to get required

rational number.

Step 11

==



EXAMPLE |18| Write the rational numbe_r_
corresponding to the decimal expansion 0.356.
Sol. Given decimal expansion is 0.356.
In series form, it can be written as
0.356= 0.3+ 0.056+ 0.00056 + 0.0000056 + ... e

= 0356 03X—0+0.056><l(l-+0.00056 x195-+ o0
10 10° 10°
_3,56 56
10 10° 10°
= a356=l+[i°. + 35, ]
10 10°
Here, first terma-5—6
10°
56 56 1
and common ratio= — + —-—z<l
10°
56
- Y 3 a ..
0356=—+—10 vS =—ifr<t
0 ,_1 1-r

10°
3 5 10° 3 56

10 10° 99 10 990
— 353

0.356 = —
990

TYPE VI

PROBLEMS BASED ON FINDING THE SUM
OF SPECIAL SERIES BY CONVERTING IT
INTO GP

In this type of problem a special series is given to find sum
then we convert it into GP by suitable method and then
find its sum.

Let the special series of the type

S=a+ aa+ aaa+...n term be given.

The sum of this type of series can be find by using
the following steps

Step 1 First, take common a from cach term.
i.c. write given series as @ (1+ 11+ 111+...n th
term),

Step 11 Multiply and divide cach term by 9.

ie. 3(9 +99 4999 +... nth term)

Step 111 Write cach term as difference of multiple of 10
and 1.

i.c.%[(lo- 1)+ (100 = 1)

+(1000 = 1) + ... nth term]

Step IV Separate the terms i.c.
i[(10+ 1024 10% +...nth term)]

—(1+ 1+ ... nth term)]

Step V' Find the sum of first series by using formula of
GP

) a[lO(lO"-l)] a[lO(lO”-l)]
LG, | m——— ) T | — —
9| 10-1 9 9

EXAMPLE |19] Find the sum of the series
4+ 44 + 444 + ... n terms.
Sol. Given series is4 +44 +444 + ... nterms.
On taking common 4, we get
S, =4(1+11+111+ ... nterms)
On multiplying and during each term of RHS by 9, we get

S, =-:—(9+99+999+...)

=58, =%[(m—1)+(mo—1) +(1000 — 1) + ... nterms)

=S, = -}[ (10 + 100 + 1000 + ... n terms)
—(1+1+1+..nterms] ... (i)
For first series, 10 +100 + 1000 + ... n terms
100
r=—=10>1
10
o 8, =10(1+10+10% +... nterms)
=10 lOn—l '.'sum:ﬂ
10-1 r—1
= Q(xo" -1)
9

Now, from Eq. (i), we get

410 40 4
S -—l-—(w” —1)-n]-§l-(1o" —l)—;n

Applications of GP

Sometimes we can solve the some real life problems by
using the concepr of GP. Some of them are given below.

EXAMPLE |20| At the end of each year the value of a
certain machine has depreciated by 20% of its value at the
beginning of that year. If its initial value was¥ 1250, then
find the value at the end of 5 yr. [NCERT Exemplar]

Sol. Given, depreciation in value of machine = 20%
After each year the value of the machine is 80%
(100— 20)% of its value of the previous year, so at the
end of 5 yr, the machine will depreciate as many
times as 5.
Hence, we have to find the 6th terms of the G P whose
first term @, is 1250 and common ratio r is 8.



Hence, value at the end 5 yrs
=ty =aq r
=1250(08)’ = 4096
Note In depreciation, the cost value decrease every year.

EXAMPLE |21| The lengths of three unequal edges of a
rectangular solid block are in GP. If the volume of the
block is 216 cm? and the total surface area is 252 cm?,
then find the length of its edges. [NCERT Exemplar]

Sol. Let the length, breadth and height of rectangular solid

block is 2, a and ar, respectively.
r

a
Volume =—x a X ar = 216cm”
r
= @ =216 = a’ =6’
a=6

2
Surface area= {a_ +a’r+a ] = 252
r

= 2a2(l-+r+l]=252
r

2
— 2% %[Ltr_f_i]= 252
r

1+r'+r 252

=
r 2X%X36
126
= 1+ +r=—r
36
1
= l+r1+r=-g-r
6
= 6+6r° +6r=21r
= 6r° —15r+6=0
= 2 —5r+2=0
= (2r=1)(r-2)=0
1
=5 r=—or2
2
Forr= l, Length=£=w=12
2 r 1
Breadth=a=6

1
HEjghl:ﬂl‘:ﬁK—:'S
2

FDrr=2.Lenglh=E= =3
r

b2 | e

Breadth=a=6
Height=ar=6x 2=12

EXAMPLE |22| The side of a given square is 10 cm. The
mid-points of its sides are joined to form a new square.
Again, the mid-point of the sides of this new square are
joined to form another square. This process is continued
indefinitely. Find the sum of the area and the sum of the
perimeteres of the squares.

Sol. Let ABCD be the given square with each side equal to 10

cm. Let E, F, G, H be the mid-points of the sides

AB, BC, CD and DA respectively. Let P, Q, R, S be the
mid-point of the sides EF, FG, GH and HE respectively.

D G Cc
R Q
H F
s P
A E B
BE = BF =5¢cm

= EF=,[B£’ + BF?
=575 =50 =52 em
V2 5

1
FO=FP=—FEF = —=
Q 2 2 E

= PQ = +[FP* + FQ*
= 2_5+2=«f2—5=5c1n
2 2

Thus, the sides of the squares are 10 cm, Ss/i cm, 5¢cm, ...
(i) Sum of the areas of squares formed
= {(10)* +(5v2)" +5° +... =0}
-+ it is infinite GPwith

=(100+50+ 25+...90) 1
a= lOOandr=;

100 3
= = 200 cm

(-3

(1) Sum of perimeters of the given squares
=(40+ 2042 +20+...)

__ w0 _ a2 (2+)
'[1_ 1 ]'bﬁ—u Wz +1)
Iz

={sn+40~‘5}| cm




TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS

1 Leta,ar, ar®, ar®, ...,ar" ' be a GP, then

(a) S, =na,rzl

(b) 8, - ar’ I”,r:l

o=

{c}S_:L rel

, d)s, =3+ oy
a(r® =1) r=1

10
2 The value of ¥ (1+2")is
k=t

(a) 2085 (b) 2805  (c) 2056 (d) 2508

3 Aperson has 2 parents, 4 grandparents, 8 great
grandparents and so on. Then, the number of
ancestors during the ten generations preceding

his own is

(a) 1084 (b) 2046 (c) 2250 (d) 1024

4 In a GP of even number of terms, then the sum
of all terms is 5 times the sum of the odd terms.
The commeon ratio of the GP is [NCERT Exemplar]

4 1
® 2

a) —=
( 5
(d) Mone of these

(c) 4

5 Sum of infinite terms of the sequence

a,ar,ar’, . is equal to

a
() l=r

rel (b) L,r:—l
l+r

(e) L, re=1 (d) MNone of these

l+r

VERY SHORT ANSWER Type Questions

6 Find the sum of following geometric

progressions. (Each part carries 1 mark)
(i) ~7,421,37,..nterms
(ii) 1,-a,a”,-a® ..nterms (ifa#-1)
(iii) 2, 6,18, .. upto 7terms
(iv) 1, J§, 3 3~/§ .. upto 10 terms
(v) 0.15,0.015, 0.0015, ... 20 terms

7 Evaluate f‘_(z +3Y.

k=1

8 The sum of some terms of GP is 315, whose first
term and common ratio are 5 and 2,
respectively. Find the last term and number of
terms. [NCERT]

9 Find the sum to infinity of the following GP.
(Each part carries 1 mark)

(i) 6,1.2,024, .=
(ii) 10,-9,8.1, ..

10 The common ratio of a GPis —% and the sum to

infinity is % Find the first term.

SHORT ANSWER Type I Questions

11 How many terms of the series1+ 3+ 3%+ 3% +...
must be taken to make 32807

12 The first term of a GP is 27 and its $th term is %;

Find the sum of its first 10 terms.

13 The 2nd and 5th terms of a GP are _Tl and % ,

respectively. Find the sum of the GP upto 8 terms.

14 Given a GP with a = 729 and 7th term 64,

determine S;. [NCERT]

15 Show that the ratio of the sum of the first n
terms of a GP to the sum of terms from (n + Ijth
1
e h term is —.
@ne r" [NCERT]
16 The sum of the some terms of a GP is 315 whose
first term and the commeon ratio are 5 and 2,
respectively. Find the last term and the number
of terms. [NCERT]

17 The sum of an infinite geometric series is 15 and
the sum of the squares of these terms is 45. Find
the series.

SHORT ANSWER Type Il Questions

I8 Find the sum of the following series.
(Each part carries 4 marks)
(i) 5+ 55+ 555+ ...uptonterms.

(ii) 7+ 77 x 777 +...uptonterms. [NCERT)]
19 Find the sum of the following series.

(Each part carries 4 marks)

(i) 06+ 0.66 + 0666 +...

(ii) 0.3+0.33+0.333 + ... [NCERT)]

20 Represent the following as rational numbers
015.



21 One side of an equilateral triangle is 18 em. The
mid-points of its sides are joined to form
another triangle whose mid-points, in term, are
joined to form further another triangle and so
on up to infinity. Find the sum of

(i) Perimeters of all the triangles.
(ii) Areas of all the triangles.

22 Find the three numbers in GP, whose sum is

52 and sum of whose product in pairs is 624.

23 InaGPla,}ifT,=3,T,=96and S, =189, then
find n.

24 lfx=a+£+%+...ee,y=b—£+-£,—...wand

ror rors
z=c+£2-+£‘-+...m,thenprovethatﬂ=ﬂ.
rcor z ¢

1 1 1 1
25 Prove that 22-48.824 1664 =2,

26 The inventor of the chessboard suggested a
reward of one grain of wheat for the first
square; 2 grains for the second; 4 grains for the
third and so on, doubling the number of grains
for subsequent squares. How many grains
would have to be given to the inventor? (Note
that there are 64 squares in the chessboard.)

27 A man writes a letter to four of his friends. He
asks each one of them to copy the letter and
mail to four different persons with the
instruction that they move the chain similarly.
Assuming that the chain is not broken and it
costs T 2to mail one letter, find the amount
spent on postage when 8th set of letters is
mailed.

28 Sanjeev deposited T 10000 in a bank at the rate
of 5% simple interest to annually. Find the
amount in 15th yr, since he deposited the
amount and also calculate the amount after
20 yr.

29 Rajeev buys a scooter for T 22000. He pays
¥ 4000 cash and agrees to pay the balance in
annual instalment of T 1000 plus 10% interest
on the unpaid amount. How much will scooter
cost him?

30 Afarmer buys a used tractor of 2 12000, He
pays ¥ 6000 cash and agrees to pay the balance
in annual instalment of ¥ 500 plus 12% interest
on the unpaid amount. How much will the
tractor cost him?

LONG ANSWER Type Questions

31 1fS,, S,, S;,...,Sp denote the sum of infinite GP

whose first terms are 1,2, 3, ..., p respectively
and whose common ratios are

-l-, l, -l- -l—, respectively. Show that
2 34 +1

Si+S,+S3+..+ S,,=L(;L3).

32 IfS p denotes the sum of the series

1+rP +r?P + to e ands, the sum of the series
1-rP +r%" — . to =, then prove that
Sp +8, =2S,,.

33 If S denotes the sum of an infinite GP and S,
denotes the sum of the squares of its terms,
then prove that the first term and common ratio
are respectively

288 s2_§
5——and —.
ST+, S+ S,

34 Find the natural number a for which
n
Y f(a+k)=16 (2" - 1), where the function f
k=1
satisfies f(x + y) = f(x)- f(y) for all natural
numbers x, y and further f(1) =2

35 If f is a function satisfying f(x + y) = f(x)-(y) for
all x, ye N such that f(l) = 3 and i f(x) =120,

x=1

find the value of n.

HINTS & ANSWERS

a(r" —1)
r—1
GP and r = common difference of a GP.

1. (b) Whenr#1, then§, =

where, a = first term of

10
2. ::L-}El{1+2"}|=1>-<ll:l+n{21 +22 474247 5+ 2
k=1

o
104+ 220D e
2-1
3. (b)Herea=2 r=2andn=10
10
- We have, 5, = M: 2046
2-1



4. (c) Let the given GP be a,ar,arz__. with 2n terms
a(r’" —1) _ Sa((r*)" 1)
r—1 rf-1
= ar+l)=5a= r=4
5. (a) Sum to infinity is given by

Then, we have

a
S.=——r#l
1

55
6. [1}Herea--\.lr-r-?_?- _-.I'T__ =3>1

=5 = -ﬁ[{-ﬁ]f' —1] =£h’ﬁ;+1}[3un —1)
33 -1 2
(ii) Here,a=1,r=—==—-a<l
1
s _ —(—a)"} _1 —(—a)*
" 1—(—a) 1+a
(iil) Solve as part (i). Ans. 2186
(iv) Solve as part (i). Ans. 121{«1’?_- +1)
(v) Solve as part {I). Ans. %[1 —(0.0)™)
11 11
7. Y2+ ¥d=2xn+(3 +37 437+ +3")
11 11
=22+3~"El 1}=22+13 1
3i-1 2
8. Here, a=5andr=2
alr =l 45 L3E Doy
r—1 2—1
Ans. Number of terms = 6 and last term = 160,
9. (i) Here,a= 6a.ndr-£=E=ﬂ.2
1
Since, |02|=02<1 Ans.5_ =
(ii) Here, u-m:mdr-T—-_—g=—ll9
T, 10
Since, |-08|=09<1 Ans. .‘Sm=E
19

10. We have, r=—%:md3 =i—u.

a
—_—=s— Ans.a=16
4

3 1 3" -1
1. Here,a=1lr===3. { ) =3280 Ans.n=8
1 3-1
12. L:ZT{r}"l = r=1 Ans, E[ —L]
81 3 2 e
85
3. —
128

15. Letthe GP isar, ar®, ar®, ar®, ar, ..., ar" ~*,

n terms

ar®,ar"*' ..,

drﬂu =1

m terms

alr" —1)
r—1
ar” (r" —1)
—
16. Given,a=5 r=2and §, =315

5(2" —1)

Therefore, 315=———= n=6
2—1

Now, required ratio =

Ans. T, =160

17. Sum=15 = =15

1-r

Sum of the squares =45 =3 (a® + a’r* + a’r’ + ...

a e a 1-r* (15
1-r (1—-r)* a* 45
10 20 40
Ans. 5+ —+ —+ —+.
3 9 27

18. (i)5+ 55+ 555 +... nterms

5
==(9+ 99+ 999 + . nterms)

U\uu

S0 —1)+(10* — 1)+ (10° —1) + _+(10" —1)]

9

= 2[(104+10° +10° + . +10")— (1 +1+ ..

T0 7
(ii) Solve as part (i). Ans. —(10" —1)— =z
81 9
19. (i) 6x01+6>x011+6x0111+ ... nterms
&
=;[U.9+ﬂ.99+ﬂ999+...nterm3]

2[9 99 o999
+

=;lﬁ H m+...J'1h:rmSJ

SR

.+ 1)n terms |

n termsJ

nﬂ}=45



_2 [{1 +1+1+ ... nterms)
3

111 1
—|—=+—=—+ —+ ... nterms
[m w10’ ]J
2 2
Ans, —n——(1-107")
3 27
1 1
(i) —n——(1-10""
3 2?{ )

20. 015 =015555...= 01 + 005 + 0005 + 00005 + ... =]

5 5
=01 +r—+—+
100 1000

5 7
2 poee|=0n+ A0
10000 L 45

10
21. (i) Sum of the perimeters of all the triangles is given by
SP =54+ 27 +135 +___===il=54 ® 2=108cm

1-=
2

(ii) We know that the area of the triangle formed by
joining the mid-points of the sides one-forth of the

given triangle.
- Area of equilateral AABC = ﬁ * [1&}2 = SIJE_‘ cm
4

Area of ADEF = l s area of AABC
4
=lai=2Bem
4 4
and area of AGHI = l—x area of AABC

=lx££=ﬂ£ cm
4 4 16

- Sum of the areas of all the triangles is

81 ~ 81
S, =83+ —fi+—fi+..=
116

Clearly, it is geometric series whose g = stqﬁandr = l
4

81 4
sd=i=_"€=s1 1% = =1084/3 em®
1-r 1 3
1-=
4
a 1 .
22. —+a+ar=52 =al|l-+1+r|=52 ..(1)
r r

1 2y
and 2. a+a-ar+2.ar=624 =>a2(- +r+ l)=624 ..{11)
r r r

On dividing Eq. (ii) by Eq. (i), we get a=12
On putting a =12 in Eq. (1), we get

1 l-+-r'+l =52
r

1
= r=—orr=3
3
Ans. Whenr = % then numbers are 36, 12, 4.

When r = 3, then numbers are 4, 12, 36.

23.

24.

25,

27.

31

4.

Here, T, =a=3T, =% and 5§, =189
-1
S-=a{r‘“—1}|=ar'—ﬂ =&5"=[ﬂr" y—a
r—1 r—1 r—1

= 189= =r=2

r-—1
Now, T =ar -t
= Gp=3x 2 ' F=p!
On equating exponential power from both sides, we get
n=f
Clearly, x, ¥ and z are the sums of infinite geometric
progressions.

a ar b br
iyt 1) 1+r
EGE
i.‘r o’ ’
and r= = S
=L -
ar br abr®
MNaw, we=|— || — | =
Y [r—l]{r+l) s |
— Xy _ abr® . o’ _ﬂ
z rf=-1) (rF-1) c

e M8 gl ggtisd
11 3 1 1.
= 22 .94 _22&_2Ih___= 22

. ea

Required number of grains =1+ 2 + 2* + . to 64 terms
=1+(2+ 2+ 2 4. +2"

={1+M (2% —1)
(z2-1)

Successive number of letters are 4, 16, 64, ... .
ThisisaGP witha=4andr=4.

Number of letters in the 8th set = 4 x 4%~ 1 = 4% = 65535
Ans Cost of postage = T (65526 % 2) = T 131072

15
1mm[ﬂ) 29. 39100 30. T16680
20

1 2 3
Si=——=2 8§, 1=3, SS=—1=4
1—= 1—= 1—=—

2 3 4

e
T
flx+y)= f(x) f(y)and f(1)=2
Therefore, f(2)= f(1+1)= f(1)- f(1)=2*
f@=f1+2)=f() f(2)=2'
f@)=f1+3)= fQ)- f(3)=2*
and so on. continuing the process, we obtain

f(k)=2" and f(a)=2*

Given,



Hence, Y fla+k)= f(a) f(k)= f(a) ¥ f(k)
k=1 k=1 k=1
=P +2+2+  +2")

=2"{2'(22- l"”}:z”’{z"—n i)

But we are given, i_ﬁa +ky=16(2"-1) ..{ii)
k=1

From Eqs. (i) and (ii), we get
=272 —1)=16(2" -1)

= 2a+1=2d.
= d+l=4=a=3
35. Given, f(x+ y)= f(x) fly) i)

Putting x = y =11in Eq. (i), we get
fl+1)= fi1)f(l)= f(2)=3x3=0
Putting x = 2, y =1in Eq. (i), we get

[~ f=3

| TOPIC 6|

flz+1)= f(2)f(1)

= f(3)=9x3=27

Putting x =3, y =11in Eq. (i}, we get
F3+1)= f(3)f(1)

= f(4)=27 x3=81

Now, i_ﬁx}=120

x=1

[ f(2)=9, f(1)=3]

[ f(3)=27]

= fi+ f(2)+ f(3)+ ...+ fin)=120

= 3+9+ 27 + ... nterms =120
3(3" -1 9
=g=12ﬂ here,a=3,r=-=3
3-1 3
= 3" -1)=120x2 = 33" —1)=240

240
= 3"—1=T=>3"—1=3n=:3"=3n+1

On comparing the power of 3 from both sides, we get
=81 = 3"=3"'=n=4

Geometric Mean and Its Relation with Arithmetic Mean

GEOMETRIC MEAN (GM)

Let @ and & be two positive numbers. If we insert a single
number G between them, so that a, G, b is a GP, then G is
called geometric mean. Thus, @, G, b are in GP.

G.» Gl=ab=>G=-ab

a G

Inserting n GM’s between

Two Positive Numbers

Let @ and & be two positive numbers and G, G,, G;, ..., G,
be the n GM’s between @ and b.
Then, 4,G,,G,,G;,...,G,, bare in GP with common ratio
and number of terms are n + 2.
Here, & is (n+ 2)th term.

1
ic. b=T,,.,=ar"*' = r=(§)“l

Thus, the # geometric means are given below
1

(,.l =ar=a(£)n¢l

a

2

(;2 =d’2 =a(£)"”

a

G, =ar"= a(ﬁ)”l

a

EXAMPLE |1]| Find a geometric mean of 4 and 16.

Sol. Geometric mean between 4 and 16

=Jix6=61=8

EXAMPLE |2| Insert two numbers between 3 and 81, so
that resulting sequence is GP. [NCERT]
Sol. Let the two numbers are gand b, then 3, g, b, 81 are in GP.

nth term, T, = AF" ™!

_ 81
T, =81=3" ':>r3=? =r=27=r"=3

On comparing the base of power 3 from both sides,
we getr=3,
Hence, a= Ar=3x3=9, b= Ar’ =3x3* =27.



EXAMPLE |3| Insert 4 GM's between 3 and 96.
Sol. Let G,, G,, G, and G, be the required GM’s. Then, 3, G,,

G,, Gy, G, 96 are in GP.

Let r be the common ratio. Here, 96 is the 6th term.
%=ar’"' =3

= R=r=2f=r=r=2
G =ar=3-2=6
G,=ar’ =3-2" =12
Gy=ar'=3-2° =24

and Gy=ar'=3-2"=48

EXAMPLE |4]| If the 4th, 10th and 16th terms of a GP
are x, y and z, respectively, then prove that x, y, z are in
GP.

Sol. Given, T,;=x = ar'"'=x = ar' = x (1)
To=y = a® '=y = ar’=y -..{11)
Te=2z = ar* =z = ar¥=z ...(1i1)
Now, on multiplying Eq. (i) by Eq. (iii), we get
ar* xar®*=xxz = ar*P=x
= ar® =xz = (ar’) ' =xz
= y =xz [from Eq. (ii)]

Therefore, x, y, z are in GP.

EXAMPLE |5| If a, b, ¢, d are in GP, then prove that
a+b,b+c c+dare also in GP.
Sol. Let rbe the common ratio of the GP q, b, ¢, d. Then,
b=ar,c=ar’ andd = ar’
a+b=a+ar=a(l+r),b+c=ar+ar’
=ar(l+r)andc+d=ar’ +ar’ =ar*(l+r)
Now, (b+¢)’ ={arl + r)* =a’r* (1 + 1)’
={a(l+r)}{ar’(1 +r)}=(a+b)(c +d)
[va+b=a(l+r)andc +d =ar’(1+7)
Here,a+ b, b+c,c +dareinGP .

EXAMPLE |6] Ifa® + b, ab + bcand b® + ¢? are in GP,
then prove that a, b, c are also in GP.
Sol Given that a® + b*, ab + be, b* + ¢* are in GP.
{ab+ be)* = (a® + B*)(b* +c*)
= a’h® + bc? + 2abPc = a’b® + a’c? + P + b
= b +aict —mbc=0

= {I:ll2 —.ﬂt‘f =0=b =ac =sa, b, ¢ are in GP.

EXAMPLE |7| Ifaq, b, c, d are in GP, then prove that
a® +b",b" + c",c" + d" arein GP.

INCERT]
Sol. Given a, b, ¢, d are in GP.
= b=ar.c=ar’, d=ar -.1)

Now, we have to prove a" + b", b" +¢", c" +d" are
in GP.
=5 (0" +c") =(a" + 1" )(c" +d")
Now, RHS =(d" +b")(c" +d")
=[d" +a"r"] x [@"r*™ + a"r*") [from Eq. (i)
=a"(1+7")a"r"(1+r")
=a"r*"(1+ "y =" +r"))
=[d"7" + "}
=[(ar)" +(ar*)")* =[b" +c"J}
[from Eq. (i)] =LHS

LHS = RHS Hence proved.

EXAMPLE |8| The sum of two numbers is 6 times their
geometric mean, show that the numbers are in the ratio

(3+242): (3-2,2). [NCERT]

O After taking the given condition, we will use componendo
and dividendo,

" a ¢
lLe. -——— )
b d

Sol. Let the numbers are aand b.
According to the questiona+ b=6 Jab
i at+b 3
ab 1
Now, applying componendo and dividendo, we get
a+b+2Jab _3+1
a+b—23ab T3-1
o ey + by +2Vab _4
(7a)2 +(7b)2 —2Jab
s (Va + yb)* =3:J;+J5___
(Ja—+b)* 1 4 P

Again, applying componendo and dividendo, we get
o+ b ia—sb 741
Ja+db—(Ja—b) z—-1
2o Z+1  a_A7+1
Wb -1 W -1
Now, on squaring both sides, we get
a _{‘JE +1)
b (J2-1)

._lgl (3]
(%]



a 2+1+2+2[(a+b=a"+b*+2aband

= —= )
b 2+1-242| (a-b)* =a* +b* - 2ab
a 3+2/2

= —_——
b 3-22

a:b=(3+242):(3- 242)

EXAMPLE |9| Prove that the product of n GMs between
any two positive numbers is equal to nth power of the GM
between them.
Sol. LetG,, G, ..., G, be the n GMs between positive
numbers a and b. Then, a, G, G,, Gy, ...,G,, bare in GP.

Let r be the common ratio of this GP and bis(n + 2) th
term.
Now, b=T., ,=ar”*!
1
(b )ﬁ

= r=|-

a
Product of n GMs between g and b

=G, G, ,...G, =ar-ar’, ..., ar"
n
s l+z¢_#.=an_r'z'lz”("'1m

nim +1)

Hence, product of n GMs between a and b is equal to the
nth power of the GM between a and b.

Relation between AM and GM

Let A and & be the AM and GM of two positive real
numbers @ and b, respectively.

b
Then, Aza; and G = v ab
b b =2-lab
Now, A-G=22 —Jﬂ5=ﬁ+
Ja =52
= A—G—{ J_) 20=A=2G

METHOD OF FINDING TWO NUMBERS,
WHEN AM AND GM ARE GIVEN

Let A and G be the AM and GM between two positive
numbers, then the two positive numbers will be

a=A+JA*=G* and b= A=A -G

e.g. Suppose arithmetic mean is A =5 and geometric mean
is G = 3. Then, the two numbers will be

a=A+JAT=G2 =5+\/(5)2-(3)2
=5+425-9=5+16=5+4=9

b=A-JA*=G?=5-4(5%-(3)*
=5=-25-9=5-16=5-4=1

EXAMPLE 10| If arithmetic mean and geometric
mean between two numbers is 5 and 4 respectively, then
find the two numbers.
Sol. Given, arithmetic mean, A =5
and geometric mean, G = 4
Let the two numbers be g and b.

Then, a=A+~jAz-G2 and
a=5+y5t —4? and
= a=5+J25—16 and

= a=5+yY9andb=5-+0
= a=5+3andb=5-3 = a=8andb=2

and

b= A—JA2 =G
b=5—\/5’—4z
b=5-+25-16

Hence, the required numbers are 2 and 8.

EXAMPLE |11| Find two positive numbers whose
difference is 12 and whose AM exceeds the GM by 2.
Sol. Let the two numbers be a and b such that a> b.
Given a—-b=12 1)
and AM-GM =2

= “:b-JZE=2[-.-M4=

‘“;"andGM=JEJ

= a+b—2«/¢$=4

= (fa - b)? =4
= Ja-+b=2 (i)
MNow, a—b=12

=  (a+D)(a-b)=12

[ox® =y =(x = y)(x+y)]

= (\‘G+JE}>€(2}=12 [using Eq. (ii)]
= Ja+b=6 (i)
On adding Egs. (ii) and (iii), we get
wWa=8 = Ja=4

= a=[-!‘j2 = a=16
Then, from Eq. (i), we get

16—b=12
= b=16-12=4

Hence, required numbers are 16 and 4.



EXAMPLE |12| Find the minimum value of
4 4+ 4%, xeR.

[NCERT Exemplar]
Sol. We know that, AM = GM
4 +i,r n
4 2,’4' X —
2 4*
= PN Y =>4'+i’24
4% 4

Hence, the minimum value of given expression is 4.

EXAMPLE |13] Ifa, b and c be positive numbers, then
prove that a® + b’ + ¢* is greater than ab + bc + ca.

Sol. We know that, AM > GM
2 2 2 2
g ;b > Ja’b* =2 ;b > ab i)
2, 2 2, 2
Similarly, AT > ybic? :b el > be ..(11)
2, 2 2, 2
and i > czazzzc ta >ca ...(1i1)

On adding Eqgs. (i), (ii) and (iii), we get
a+b b +c* cr+d
- -
2 2

= a@+b*+c’>ab+bc+ca

> ab+ bc +ca

Hence proved.

EXAMPLE |14
(i) If a, b, ¢, d are four distinct positive quantities in
AP, then show that be > ad.
(ii) If a, b, c, d are four distinct positive quantities in GP
then showthata + d >b + ¢.  [NCERT Exemplar]

Sol. (i) Givena, b, ¢, d are in AP and we know that AM > GM,
then for the first three terms,

b> ac [here.a+c=b}
On squaring both sides, we get
b* > ac (1)

Similarly, for the last three terms

f‘;afb_d [here,b_;d=r:]

= ¢t > bd ... ii)
On multiplying Eqs. (i) and (ii), we get
bc? > (ac)(bd) = be>ad
(ii) Given, a, b, ¢, d are in GP.
and we know that AM > GM then for the first three

terms
":%:: (e = 8]
= a+c=2b ..{ii)

Similarly, for the last three terms
btd s (/b =c]

...(iv)

= b+d>2
On adding Egs. (iii) and (iv), we get
(a+c)+(b+d)>2b+2c =a+d>b+c

EXAMPLE |15| If A and G be AM and GM respectively,
between two positive numbers, then prove that the

numbers are 4 + -,/(A +G) (A -G).

“(7° We know that, if roots of a quadratic equation are given,
¥ then quadratic equation is
x? = (Sum of roots)x + Product of roots = 0.

Sol. Let the numbers are ot and p.

Given, sum of the roots, a+fh =A [arithmetic mean]
= a+f=2A
and product of the roots,

\}a B=6G [geometric mean]
=5 off =G*

Now, quadratic equation having roots ot and p is
x*—(+B)x+oaf=0

= x*=2Ax+G* =0
ZA:,]4A*—4><1><G’ —bt\’b’-4
M e ac
2X1 2a

i zAizltAz—G’
2
=A:,I(A+G)(A-G) [-a* = b*=(a+b)(a—b)

Hence proved.

EXAMPLE |16| The ratio of the AM and GM of two
positive numbers a and b is m : n. Show that

a:b=(m+m* —n?):(m—-m? —n? ). [NCERT]

Sol. Let the AM of the number aand bis A and GM of @ and

PSR ey (il ot P
Given, A:G=m:n

ie A_m - a+b _m
o G n Zjab n

On applying componendo and dividendo rule, we get
ﬂ+b+zm_m+n
a+b—23ab
o) + (b +2ab _m+n
(Eaf + (Jb‘f — 2Jab
{J’E+‘G]2_m+n:}u’;+ﬁ_1jm+n
(Wa—-«by m-n " Ja—+b Jfm-n

m-n

m-n




Again, applying componendo and dividendo rule, we get

{J;+JE}+{-J’_—JE}_.’Im+n+..||m—n
(Ja+b)—(vJa —b)

2JE m+n+.m—n

m= M+n—m—-n

- JE= M+ N+ m—n
4_4"; m+n—am—n
Now, squaring both sides, we get

=l:,,Jlm+J'1+.,f|1'1|1—a':}2 I:':I{a+b}z=az+b2+2r:|b:|

a
b (Jm +n —.Jm -n) |and (a—b)* =a® +b* — 2ab

g_m+n+m—n+2,|im+n,|||m—n

b-m+n+m—n—2.\fm+n.qlrm—n

m+tn—sm-—n

=

[w{a+b)(a—b)=a" - b

ora:b={m++m?—n®):(m—+m? —n*)Hence proved.
Problems Based on AP and GP

Sometimes, in given problem we have some terms in AP or
in GP and we have to show that other given terms will be in
GP or in AP

To solve these types of problems we use the following conditions
and then simp@ﬁl

) @ b.carein AP iffb =21 <

(i) a,b,carein GPiffé* = ac

EXAMPLE |17| Three numbers whose sum is 15 are in
AP If 1, 4, 19 be added to them respectively, then they
are in GP. Find the numbers.
Sol Let the three numbers a—d, a, a + d. Then,
Sum=15=(a—-d)+a+({a+d)=15=a=5
So, the numbers are 5—d, 5,5 + 4. Adding 1, 4, 19,

respectively to these numbers, we get 6—d,9, 24 + d.
These numbers are in GP.

9" =(6—d)(24 + d)=>81 =144 + 6d — 24d — d"
= d* +18d —63=0 = (d+21)(d-3)=0
= d=—2lord=3
When d = — 21 then numbers are 5—(21), 5 5+ (— 21)
ie., 26,5 — 16 and when d = 3, then numbers are
5—355+3ie,2 58
Hence, the numbers are 26, 5, — 160r 2, 5, 8.

X y+z

2

EXAMPLE |18| If reciprocals of ;1’ Y

AP. Show that x, y, z in GP.

Sol. Given, : L

Xty y y+z

are in AP.

2 2 2
+

y x+y y+z lb:

[ if @ b, ¢ are in AP, then

a+c
or2b=a+c

2

1_}r+z+x+_v:1_ x+2y+z

= 2

¥y (x+yly+z) ¥y xy+xz4+y +yz
= xy+xz+y2+yz=x}r+2y2+yz
=3 _'yl2+_'l’z=2}|'2 =:y2=xz

Hence, x, y, z are in GP.

EXAMPLE |19] If pth, gth, rth terms of an AP and GP
are both a b and ¢ respectively, then show that
ﬂb—:_be—n .Cn—b =1 [NCERT plar]

Sol. Let A and d be the first term and common difference of
AP and x, R be the first term and common ratio of GF,

respectively.

According to the given condition,
A+(p-l)d=a A1)
A+(g-1)d=b ..(1i)
A+(r-1)d=c¢ .(1i1)

and a= xRkF~?! LAiv)
bh=axR"! V)
c=xk " fvi)

On subtracting Eq. (ii) from Eq. (i), we get
dip-1—g+1l)=a-"5

= a—b=d(p—q) (i)

On subtracting Eq. (iii) from Eq. (ii), we get

dig=—1—-r+1l)=b-¢

= b—c=dig—r) L Aviid)
On subtracting Eq. (i) from Eq. (iii), we get
dir-1—-p+l)=c—a=c—a=dir—p) L)

Now, we have to provea® = bFF =% ¢* ¥ =1
LHS=a" " b~ """
Using Eqgs. (iv). (v), (vi) and {vii), (viii), {ix), we get
LHS = {xR"_]}dh_" [qu—J]dtr—pJ (xF —l}dtﬂ—ql
= ylW—r) +d{r —p) +d(p—q)
RIP -1 dlg=rh+ig=1dr = p)+ir—1dip-q)
= yl-rir—p+p—gq
Ripg-p-gtr+g-pg-riprp-m-p+q

=x"R"=1=RHS Hence proved.



TOPIC PRACTICE 6 |

OBJECTIVE TYPE QUESTIONS

I The geometric mean of two positive numbers a

and b is

@2 I @@ @
2 The geometric mean of 2 and 8 is

(a) 4 (b) & )7 (d) 5

3 The numbers which can be inserted between
two positive numbers a and b to make the
resulting sequence in a G.F, are
(a) three (b) four
{c) many (d) infinitely many

4 If Aand G are AM and GM of two given positive
real numbers a and b respectively, then A and G
are related as
fa) A=G b)G=A (c) A=G (d) A==G

5 IfA and G be the AM and GM between two
positive numbers, then two positive numbers a

and b are respectively.

(a) A+ A =G* and 4=+ A% = G2
(b) A=+ A2 =G? and A+ 47 -G?
(c) .-11-«.1’.41 +G and A+ A?+G?

(d) Mone of the above

VERY SHORT ANSWER Type Question

6 Find the GM between the following numbers.
(Each part carries 1 mark)

(i) 1and % (ii) @%b and ab®.

SHORT ANSWER Type I Questions

7 Insert three GMs between 1 and 256. [NCERT]

8 Insert two numbers between 9 and 243, so that
the resulting sequence is an GP.

9 Insert three numbers between %and 432 so
that the resulting sequence is a GP.

10 Insert four numbers between 6 and 192, so that
the resulting sequence is an GP.

11 Find two numbers whose arithmetic mean is 34
and the geometric mean is 16.

12 Find the minimum values of the expression
3*+ 3% xeR. [NCERT Exemplar]

13 Ifx, y, z are distinet positive integers, then
prove that (x + y) (¥ + 2) (z + x) » Bxyz
[NCERT Exemplar]

SHORT ANSWER Type Il Questions
14 Ifa, b, c are in GP, then prove that
(i) a(b® + ¢) = cla® + b%)

1 11
BN A

(ii) P

15 Ifa, b, c, d are in GP, then prove that
(i) ab-cd _a+c
-2 b
(i) (b+c)b+d) =(c+a)lc+d).

16 The sum of the three numbers in GP is 56. If we
substract the 1, 7, 21, from these numbers in that
order, we obtain an arithmetic progression (AP).
Find the numbers. [NCERT)

17 Ifx, 2y and 3z are in AP, where the distinct
numbers x, y, z are in GP, then find the common
ratio of the GP. [NCERT Exemplar]

18 If Ais the arithmetic mean and G,, G, be two

geometric means between any two numbers,
then prove that

2 2
EL+£:1=2,4_
G, G

19 Find all the sequences which are simultaneously
arithmetic and geometric progressions.

20 Ifa,b,carein APandb, ¢, d are in GP andl, % !
¢ de
are in AP, then prove thata, ¢, e are in GP.
[NCERT]
LONG ANSWER Type Questions
21 Ifa, b, c are in GP, then prove that
a’+ab+b® b+a
be+ca+ab c+a
aﬂ +1 A+l
22 Find the value of n so that may be
a"+b
the geometric mean betweena and b. [NCERT]



10.
il

HINTS & ANSWERS

(c) The geometric mean of two positive numbers a and b
is Ja_l;.

(a) The geometric mean of 2 and 8 is Visie. 4.

(d) Infinitely many numbers can be inserted between
two positive numbers ‘¢’ and ‘b’ to make the resulting
sequence in a GP.

(a) If A and G are AM and GM of two given positive real
numbers a and b respectively.

Then, A=a+b and G=«/;l_b'
Now, A—G=a+b—..fa_=@

2
2
ARSI

= A-G20 = A2G

(a) If A and G be the AM and GM between two positive
numbers a and b, then

anAiVA -G

and b=A-vA*-G*
Use the formula, G* = ab

Ans. (i)::‘- (i) a°b*

Let1, G,, G,, Gy, 256 are in GP.

T, = 256
= 1(r) ! =256
= r=+4

Ifr=4,thenG, =1x(4) =4;
G, =14)" =16
G, =1(4)" =64

and if r=-—4,

thenG, =1(—4)=—4;
G, =1(—4)" =16
Gy=—(—4) =-64

Ans. Hence, 4, 16, 64 or — 4, 16, — 64 are the three GMs.
27, 81

(2,12, 72) or{— 2,12, — 72)

12, 24, 48, 9%

Let the two numbers be a and b such thata> b

a+b

Then, =34and-J:E=16

Now, (a—b)* =(a + b)* —4ab
=5 a—b=60
Ans. 64 and 4.

12

13.

16.

17.

18.

We know that,

x 1- x
AMzGM::%ZJTVB"‘

Ans. Minimum = 2J§
Since, AM>GM

x;y> xy,y:z>‘];andz;x>w/;

On multiplying the above inequalities, we get

";"‘y;’-’;’>,}(xy)(yz)(zx)

or (x+ y)(y+2z)(z+ x)>8xyz
Given, a+ar+ar® =56 ..{1)

Again,a—1,ar -7, ar’ — 21are in AP.

= Aar—-7)=(a—-1)+(ar’ — 21)

= a+ar’-2ar=8

On dividing Eq. (i) by Eq. (ii), we get
a+ar+ar’ 56

...{ii)

a+ar’—2ar 8

= e =15r+6=0
1
= r=2 -
2

If r = 2, then from Eq. (i),
a+2a+4a=56
= a=8

Ifr= 1; then from Eq. (i),

+=+==56

-
(SN R~
N

= a=32

Ans. Required numbers are 8, 16, 32 or 32, 16, 8.

Since, x, 2y and 3z are in AP.

e dy=x+3z

And x, y, z are in GP.
y=rxandz=x’

On putting the value of y and z in Eq. (i), we get

4xr=x+3xr’

= ' —dr+i=0

Ans. r= 1 [ r=1is not possible]
3

A=ﬂ+bandﬂ, =ar, Gy =ar

L )
r=[2]2+’ =[£] -[i}
a a

G G &t a'r
=L + £

G, G, art ar



19. LetT, T, T,....be a sequence which is AP as well as GF.

20.

LetT,=a+(n—1)d,Vne N
So, the sequence isa, a+d, a+ 2d....
This is also a GP.

T, T,
rl+l= ﬂ+2,VHEN
T

] r+1
a+nd _a+(n+1)d
.::|+|{r|—1}.a'- a+ nd
Ans. aaa...
b, ¢, d are in GP.

AiD)

(i)

e c+e

On putting the values of band d from Eq. (1) and (ii1), in
Eq. (ii), we get

3 [a+c] 2ce 3
e = x = ae
2 c+e

22

Therefore, a, c, e are in GP.
11
LRSI LS a;b;

Given, =
a +b" 1
4 1 1 +I
= S b =g IhTaalh F
R+Ll ,—ﬂ+l
=% (a" ' —a 2by+(B""'—ath =0
el el L1
= fa *=b ?*){a*-b*)=0
1 1 1 1
n+ = n+— - —_—
= a *=p =0 [va* —b* #0]
n+ "+ =

= n+==0
2
1
= n=s——
2



SUMMARY

L

-

A sequence is a succession of numbers or terms formed according to some rule. A sequence is finite or infinite,
according as number of terms in the corresponding sequence s finite or infinite.

Let a sequence isa,, a,,dy, ..., d,. Then, the expressiona, +a, +a, +... +a, is called the series associated with
the given sequence. A series is finite or infinite, according as number of terms in the corresponding sequence is
finite or infinite.

A sequence whose terms follow a certain pattern or rule, is called a progression.
A sequence whose terms increases or decreases by a fixed number, is an arithmetic progression.
General Termofan AP is T, ora, =a +(n-1)d. Also, [=a+(n-1)d

where, a = first term, d =common difference and [ = last term.
mth Term of an AP fromthe Endis a,_,.,=a +(n - m}bd, n>m Ao, d,_p. =0, =(m="Ndorl=(m-=1)d
a+

Ifa, Aand b are in AP, then arithmetic mean is A = >

Let A,, A,, ..., Ay be n numbers between positive numbers a and b such thata, A,, A, ..., A b is an AP. Then, n
arithmetic means between a and b are

A,:r:Hﬂ,;ﬂ.z=a::|+2[b—-':Ij =0+M.
n+1 n+1 n+1
A sequence of non-zero numbers is said to be Geometric Progression (GP), if the ratio of each term except the first
one, by its preceding term is always the same.
General Termofa GP is7, =ar”~' or{ =ar"~", where g =first term, r = common ratio and [ = last term.

LR AT

n=1
mth Term of a Finite GP from the End isar™™", n=>mor | (F] .

1—r" " =1
Sum of finite n Terms of a GP is 5, =¥, where r <land 5, =a[—1}, where r >1(r 1)

=r r=

Sum of an infinite GP is §_ = 1i.

Relation between AM and GM is AM = GM.
Leta, G, b, are in GP, then geometric mean, G = Jab.
LetG,, G;,..., G, be n numbers between positive numbersa and b such thata, Gy, G,, G,,...,G,, bis a GP. Then,

n geometric means
2 "
b\mz b \nei
= a[— e Gn=al =
a a

o
I
oy
—
| =
"
-1
A
ol
|



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

SHORT ANSWER Type I Questions

finite sequence. Here, A refers to
(a) bounded (b) limited
(c) infinite (d) None of these
2. The sequence 3,3.3, 3.33, 3.333, 3.3333, ... is
a/an ..A..sequence, since it ..B.. ends. Here, A

value of (a +2b—c)(2b+c—a) (a+2b +c) is
(a) 16abe (b) 4abe (c) Babe (d) 3abe

9.

10.

Find the sum of the series
3 4
—_ ++/5+...+25terms.
V5 5
If 5th and 8th terms of a GP be 48 and 384

respectively. Find the GP, if terms of GP are real
numbers ?

and B refer to IL. If the pth term of an AP is x and gth term is y,
(a) finite, never (b) infinite, never .. ptq
(c) finite, always (d) infinite, always show that the sum of (p + g) terms is =
3. The nth terma,, of a sequence can also be [x Y+ [x ~ }’)]
denoted as P-q
(a) n(a) (b) afn) 12. If the number of terms of an AP be 2n + 1, then
() (n)(a) (d) None of these find the ratio of sum of the odd terms to sum of
4. The series a, +a, +as +...a, is abbreviated as ... even terms.
(@) 2": " ®) IL‘I 4 13. Ifa, b, ¢ be the 1st, 3rd, and nth terms
=t = respectively of an AP, prove that the sum ton
n n 2 2
(c)Za,, (d)na,, termsisc+a+c o .
k=1 kel b-a
5. The general term of a GP’ whose first non-zero l’*- Find an inifinite GP whose first term is 1 and
term is a and common ratio is r, can be written each term is the sum of all the terms which
s follow it.
_ n _ el 15. The sum of first two terms of an infinite GP is 5
(@) a, = ar" G ®)a,., ':"] and each term is three times the sum of the
(c)a, =ar (d)a, =ar"" succeeding terms. Find the GP. [NCERT]
6. If the numbers __2 x, T orein GP, then the 16. Ifa, b, ¢ are in GP, then prove that loga, logb, loge
7 B are in AP.
values of x are ¥ _py_ .2 .
(@)1 )12 ©-1.2 (d)+2 17. Ifa* =b* =¢* and x, y, z are in GP, show that
log,a =log,b.
7. If the products of the corresponding terms of a
the sequences a, ar, ar®, ..., ar" " and 18. Evaluate ¥ (3" -2).
A, AR, AR?, ..., AR"" " form a GP, then the =t
common ratio is ..Y... . Here, Y refers to 19. Find the sum of n terms of the series
(a)r/R (b) rR (e} R (d)r (@ +b)+ (a® +2b) + (@® + 3b) +...
8. Ifa, b, ¢ are in arithmetic progression, then the 20). The fourth term of a GP in the square of its

second term and the first term is — 3. Determine
its Tth term.



SHORT ANSWER Type Il Questions

21. Ifab + bc + ca# 0 and a, b, ¢ are is AP. Prove that
a® (b +c), b® (¢ +a), ¢* (a +b) are also in AP.

22. 150 workers were engaged to finish a job in a
certain number of days, 4 workers dropped out
on second day, 4 more workers dropped out an
third day and so on. It took 8 more days of
finish the work. Find the numbers of days in
which the work was completed.

23. Atrophy is to be made out of waste material in
the form of equilateral triangle as base, on this
base another equailateral triangle is kept so
that its vertices are mid-point of sides of the
base, again another equilateral triangle is kept
on the second equilateral triangle obtained in
the same manner and process continues. Now
sides of each equilateral triangle are decorated
with green ribbon to give natural
environmental look. If side of equilateral
tirangle at the base is 30 cm. Find the total
length of ribbon required to decorate the
trophy.

24. One side of an equilateral triangle is 24 cm. The
mid-point of its sides are joined to form
another triangle whose mid-points, in turn, are

joined to form still another triangle. The
process continues idenfinitely. Find the sum of
the perimeters fo all the triangles.

25. An equilateral triangle is drawn by joining the
mid-points of the sides of an given equilateral
triangle. A third equilateral triangle is drawn
inside the second triangle in the same manner.
This process is repeated indefinitely. If each
side of the first equilateral triangle is 6 ¢m, find
the sum of the areas of all the triangles.

CASE BASED Questions

26. Astudent of class XI draw a square of side
10 em. Another student join the mid-point of
this square to form new square. Again, the
mid-points of the sides of this new square
are joined to form another square by
another student. This process is continued
indefinitely.

[NCERT]

Cy Ds N\c,
10cm
B-‘ 04 DZ 2
CA 01 Cl
Ay B, Ay
Based on above information answer the
following question
(i) The side (in cm) of fourth square is
(a)5 (b) izg-
(c)5 (d) None of these
(ii) The area (in sq cm) of the fifth square is
@2 mso  ©@s @2
(iii) The perimeter (in cm) of the Tth square is
(a)10 (b) 20 (©)5 (d)%
(iv) The sum of areas (in sq cm) of all the square
formed is
(a) 150 (b) 200
(c) 250 (d) None of these
(v) The sum of the perimeter (in cm) of all the squae
formed is
(a) 80 + 4042 (b) 40 + 4042
(c) 40 (d) None of these

27. Each side of an equilateral triangle is 24 cm. The
mid-point of its sides are joined to form another
triangle whose mid-point, in terms, are joined to
form still another triangle. This process
continuous infinitely.

A

24 24

B Pz.q [

Based on above information answer the
following questions.

(i The side (in em) of the 5th triangle is

(a) 3 (b) 6 ©15  (d)07s
(ii) The sum of perimeter (in cm) of first 6 triangle is
@E2 mE @0 (@



(iii) The area (in sq ¢cm) of all the triangle is

(a) 576 (0)19243  (c)14443 (d)16943
(iv) The sum (in cm) of perimeter of all triangle is
(a) 144 (b) 169 (c) 400  (d) 625
(v) The perimeter (in cm) of 7th triangle is
@i  ®2 @2 @3
8 8 8 4

|HINTS & ANSWERS |

. () A sequence is called infinite sequence, if it is not a
finite sequence.

. (b) The sequence 3, 3.3, 3.33, ... is an infinite sequence, since
it never ends.

. (b) The nth term a, of a sequence can also be denoted as
a(n).

. (a) The seriesa, + a, + ay + ... +q, isabbreviated as ) q,.
k=1

. (c) The general term of a GP whose first non-zero term is
‘@’ and common ratio is ‘v’ can be written as a, = ar" .

. (a) Since, -72 X, --:— are in GP, there fore

2 2.7

= xP=sx—=xt=1= x=1%1
7 2
. (b) Given sequences are a, ar,ar?® ,......, ar" ™!
-A1)
and A AR AR, .., AR"! -.(ii)

Now, multiplying the corresponding terms of (i) and (ii) to
obtain a new sequence.

aA, ar AR, ar® AR® ..,ar"”' AR""!

Clearly, common ratio = rR

. (a) Since, 2b=a+¢

MNow,(a+2b—c)(2b+c—a)(a+ 2b+ ¢)
=lfa+a+e—clla+c+e—a)(2b+ 2b)
=2q-2¢-4b =16abc

3 4
. Lel S, = —=+—=+ /5 + ... 25th lerms
LAY A

3 4 5
= §, =—F=+—7=+—F7+... 25th lerms
*EEE
Clearly, the successive difference of the terms is same. So,
RHS of the above series forms an AP, with first term,

a= %md common difference, d = %—5;: :ll’;

25 3 1
5 —?[2 x?;-'-fﬁ_l}j;]

{33

=25x?x\f5-=75~/§

10. Let a be the first term and r be the common ratio of the

1.

12.
13.

given GP.
According to the question,
Ty =48 = ar' =48 i)
and T, =384 = ar’ =384 (i)
On dividing Eq. (ii) by Eq. (i), we get
ar’ 384

= —‘-=—-=r‘=8=r=2
ar 48

On putting r = 2in Eq" (i), we geta =3
3,6,12, ... are in GP.
Let A be the first term and D be the common difference of

the given AP.
Then, Tp=x = A+(p-1)D=x i)
and I,=y = A+(@-1)D=y ..(ii)
On subtracting Eq. (ii) from Eq. (i) we get
(p-q)D=x-y = D=2 ...(iii)
P9

On adding Eqs. (i) and (ii), we get
2A+(p+q-2)D=x+y

= 2A+ pD+¢D-2D=x+y
= 2A+ pD+qD-D=x+y
= 2A+(p+q-1)D=x+y
2A+(p+q-1)D=x+y ﬂ) [from Eq. (iii)]...(tv)
P-q
Now, S,.,, =-P-;—q[2fi+(l"" q-1)D]
" pw[,,, y+["_Y)] [from Eq. (iv))
2 P-q
Hence proved.
n+1
n

Let A be the first term and D be the common difference of
the given AP.

According to the question,

T,=A=a i)
T,=A+2D=h i)
and T,=A+(n-1)D=c¢ - (iid)
On solving Eqs. (i) and (i), we get
b-a
D=
2

b; i ) in Eq. (iii), we get

anuttingA:anth:[

a+[n—l{b;] =¢

= ‘"_1]=z’f_‘—d} = "=w
-a b-a
(Ze-3a+b)

Now, & =§(A+ T,)= {a+¢)

Ab-a)



14.

15.

17.

18.

-Zb- [2ac-3a” +ab + 2¢” - 3ac + be)
[be-ac+ab-a* +2¢* - 2a%)
Z(b-
2(b [db a)+a(b-a)+2c* -a*))
ﬂb [(b a)c+a)+2Ac* -a )]

Let a be the first term and r(|r|<1), the common ratio of the
GP.

- The GPisa,ar,ar?, ...

According to the question,a =1

and T, =T +Ta + Tpus + ...
= r‘" =ar+ar +ar"? +
ar"
= —=ar" 1+r+ri+.]
r
1
= 1=r(—) =2 1-r=r
1=-r
1
= r=—
2
1 8400 |
1.; T . is the required GP.

Let a be the first term and r(|r] <1) be the common ratio of
the GP.

. The GP is a,ar,ar?,

According to the question,

T,+T,=5 = atar=5 =3a(l+r)=5 (i)
and T, =Ty + T s+ Tpus +.2)
=  a" =3ar" +a"™" +ar'” +..)
=5 ar*™ =3ar'l+r+ri+..)
= 1=3r(l—
1=p
= 1-r=3r
1
= F=m=
4

From Eq. (i), a=4

S ]? ... is the required GP.

Leta® =0 =c¢® =k
sox=log ko y=logyk z=log k
Since, x, y,z are in GP.

logpk  log k — logpa _log b
log, k logyk  log b logc
= log,a=log b Hence proved.

Let5, =Y (3 -2)
F=l
= 5§ =(3"+3"+3" +__.upto n terms)

+(2"+ 2%+ 2*+_. upto n terms)

19.

20.

21.

22,

= S.=3{3'-l)+ﬂ2“-l) [‘.’S_=M.r>l]
3-1 2-1 r-1
3n+l_3 znﬂ_z
T2 1
373427 oy

=1;(3"l +2n1_7)

LetS, =(a+b)+(a’ + 2b)+(a’ +3b)+ ...
=(a+a’+a’ +..

upto n terms
upto n terms)

+ (b+2b+3b+ ... upto n terms)

=a(‘f-l]+£[2b+(n-l)b]
a-1
R"-1 1
l o™ ’“ - ) R>landS_W,)=§-{2A+(n-l)D)J
Ans. afl-a" )+ bn{n+1)
1-a 2
Let a be the first term and r be the common ratio of the
given GP.
According to the question,
T, =(T,)* anda=-
T, =(T,)* ~ar® =(ar)?
= -3 =(-3)°r? [ra=-3]
=> r=-3

Now, T, =ar® =-3(-3)° =-3x729 =-2187

a*(b+c), b*(c+a), c*(a+b)are in AP,

= a’b+a’c b+ b%a,c*a + c*bare in AP.

= a’b+a’c+abe, b%c + b*a+ abe,c*a + ¢*b + abe are
in AP. [adding abc to each term]

= alab+ac+be), b(be + ba + ac), dca + cb + ab) are in AP.
= a,b,care in AP. [dividing each term by (ab + be + ca))

Let the number or days in which the work is completed,

is n.

Now, according to the question, 4 workers dropped on

everyday ie. the devils of number of workers is

150, 146, 142, 138, ...

Clearly, the work done in both conditions is same.
[had the workers not dropped, then the work would have
finished in (n—-8) days with 150 workers working on each
day. Hence, the total number of workers who would have

waorked for all the n days is150(n - 8)]

= 150(n—3}=%[2x15!]+[n—1]{—4]]
{ S_=§{2a +(n—1]d]]
= 15l]n—1200=%x2(]5«0—2n+2}

= 150n- 1200:;){2{152— 2n)



23,
24.
25.

26.

Dividing each term by 2, we get
75— 600 = n{76— 1)
= 75n—600 = T6n—n*
=n® =760+ 75 —600=0 = n*-n-600=0
Now factorising it by splitting the middle term,
n* = (25— 24n)-600 = 0
n® - 25n+ 24n- 600 = 0
n{n—25)+ 24n—25)=0
(n=25)n+24)=0
n=25
and n #-24, because it is not possible.
Hence, the work will be completed in 25 days.

[ T

180 cm
144 cm
1243 em’®

Let A, A,, A, A, be the vertices of the first square with
each side equal to 10 em. Let B, B,, By, B, be the
mid-point of its side.
Then, BB, =yA,B? + A,B} =4f5° +5° =542
2
C,B, =8,C, = %

Similarly, C,C, = ,}Bzczz + B,C}
TAMEA)
B ey R Uy B

Similarly, the side of fourth square 1'3355 cm.
5 5 5 5
= Side are 10, 5~f2_. 5, —, s = cerennen. TESpECtivel
AP opectivey
1
which form a GP witha =10and r = ——
N

3
(i) (d) Side of fourth square =ar’ =10[31;-] =£§ =52-

cm

4
(ii) (d) Side of fifth square = ar* =m{§5) =%=%

2
. Area of fifth square =[%) =2T5'tm2
(i) (c) The side of 7th square = ar® —m[ . ]6 "L
_ ) T8 4
. Perimeter of Tth square = % x4=5cm
{(iv) (b) Sum of area of all square is
5 z
10% + (542)% +(5)° +[ ]
(542)° +(5) T
=100 + 50 + 25+z—:+......
=£=2ﬂncm! '.'rl=1l]ll,l"=£=l
1 wo 2

-

2

(v) (a) Sum of perimeter of all square is

4[11}+5 2+5+:‘,55...]
Cax 20 a2 2
- ]_1 -32-1 -_.,_I'2+1
J2

= —-‘II]JE[JE +) =80+ 40‘\!’5
(2-1)
27. (i) (e) Side of first triangle is 24.

24
Side of second triangle is - =12

a=24r=

B | =

4
. Side of the fifth triangle = a, =ar'=24x (12]

_u
16
(ii) (b) Perimeter of first triangle = 24 x3 =72

3
=—=15cm
2

72
Perimeter of second triangle = 5" 36

1
a=7L r=—
2
&
- Sum of perimeter of first 6 triangle = 5, ~M-r)
1-r
a
1
(3]
2 T2x63%2 567
= = = —im
1 % 4

2
RN I
(iii) (b) Area of first triangle is T{Zd}

2
Area of second triangle =%[2—:) =% (24)* xl

¥ 1

3z
Lod= ), r=—
a —{4 e :
i (29)°

= Sum of area of all triangles = — 0
4

4

A5 x(24)*
3

=1924f3 em?

{iv) (a) The sum of perimeter of all triangle
H24+12+6+...)

3x24 ;l =144 cm
1 ==
2
1
{v) (b) Here, a ='f.'2|r=E
&

1 72 9§

=f7'2]'[— =—=—<cm
. 2 64 8





