<: CHAPTER -7 :)

INTEGRALS

INTRODUCTION

- Integration is a method of adding or summing up
the parts to find the whole. It is a reverse process
of differentiation, where we reduce the functions
into parts. This method is used to find the
summation under a vast scale.

We know that differentiation is the process of
finding the derivative of the functions and
integration is the process of finding the
antiderivative of a function. So, these processes
are inverse of each other. So we can say that
integration is the inverse process of differentiation
or vice versa. The integration is also called the
anti-differentiation.

To represent the antiderivative of “f”, the integral
symbol  “[” symbol is introduced. The
antiderivative of the function is represented as |
f(x) dx. This can also be read as the indefinite
integral of the function “f” with respect to x.
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Therefore, the symbolic representation of the
antiderivative of a function (Integration) is:

y = J f(x) dx
J f(x) dx = F(x) + C.

— TWO TYPES OF INTEGRALS
Indefinite Integral
Definite Integral

INDEFINITE INTEGRAL
Indefinite integrals are defined without upper and

lower limits. It is represented as:
Jf(x)dx = F(x) + C

Where C is any constant and the function f(x) is
called the integrand.

SUM AND DIFFERENCE RULE

o [[f(x) +g(x)] dx = [ f(x) dx + | g(x) dx
o [ [f(x) - g(x)] dx = f(x) dx - J g(x) dx
FORMULA

n+1
o [x"dx="—+C,n# —1
n+1

o [cosxdx =sin x +C
o [sinxdx = —cosx+C
o [sec’xdx =tanx+C



o [secxtanxdx =secx+C
o [cosec?xdx = —cotx+C

dx
© I v1-x2

=sintx+C
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o [—E_= —cosectx+C

o fi dx =log|x| + C

o JInx)dx=xln(x) -x+C
PROPERTIES OF INTEGRATION

A few properties of indefinite integrals are:

o [[f(x) £ g(x)] dx =J f(x) dx £ [ g(x) dx

o [ kf(x)dx=k][f(x)dx, where k is any real
number.

o [f(x) dx = J g(x) dx, if J [f(x)-g(x)] dx =0

o J(kifi(®) + kof (%) + - + Kpfp (x))dx =
kS i) dx+k, [ f,(X)dx+.... +k, [f,(xX)dx+ ¢ , where ¢
is the constant of integration.

METHODS OF INTEGRATION

Sometimes, the inspection is not enough to find the
integral of some functions. There are additional
methods to reduce the function in the standard
form to find its integral. Prominent methods are
discussed below.

The methods of integration are:

e Decomposition method

e Integration by Substitution

e Integration using Partial Fractions
e Integration by Parts

DECOMPOSITION METHOD

The functions can be decomposed into a sum or
difference of functions, whose individual integrals
are known. The given integrand will be algebraic,
trigonometric or exponential or a combination of
these functions.

Suppose we need to integrate (x2 -x +1)/x3
dx, we decompose the function as :
Solution: [ (x2 -x +1)/x3dx = [ (x2/x® - x /x®
+1/x3)

= [ (1/x) dx - [ (1/x?) dx + [ (1/x3) dx
Applying the reciprocal rule and the power
rule, we get

INTEGRATION BY SUBSTITUTION

The integration by substitution method lets us
change the variable of integration so that the
integrand is integrated in an easy manner.

Suppose, we have to find y =[ f(x) dx.

Let x=g(t). Then, = = g/(t)
So, y= | f(x) dx can be written as y= [ f(g(t)) g'(t).

let's find the integral of f (x) = sin(mx)
using substitution.

Solution: Let mx = t. Then, m %=1
y = [ sinmx dx
il
=—[sint dt
=-= cost +C
m

=L
Sl cos(mx) + C

The substitution for the variable of integration can
also use trigonometric identities. A few important
standard results are:

e [tanxdx=log|secx|+C

e [ cotxdx=1log|sinx|+C

e [cosecxdx =log |cosec x -cot x| +C

e [secxdx=log|secx +tanx|+C

PARTIAL FRACTION OF RATIONAL FUNCTION

Any number which can be easily represented in the form of
p/q, such that p and q are integers and q#0 is known as a
rational number. Similarly, we can define a rational function
as the ratio of two polynomial functions P(x) and Q(x), where
P and Q are polynomials in x and Q(x)#O0.

A rational function is known as proper if the degree of P(x)
is less than the degree of Q(x); otherwise, it is known as an



improper rational function. With the help of the long division
process, we can reduce improper rational functions to proper
rational functions. Therefore, if P(x)/Q(x) is improper,
then it can be expressed as:

P _ A(X) +R&®
Q(x) Q(x)
S.No Rational Fraction
] p(z)+q
(z—a)(—b)
p(z)+q
2 (z—a)?
3 px’tqztr
)b (a—o)
4 px’tg(x)+r
(z—a)*(z—b)
5 pr’tqztr

(z—a)(z*+bz+e)

. 1
Integrate the function E—

with respect to x.

Here, A(x) is a polynomial in x and R(x)/Q(x) is a
proper rational function.

We know that the integration of a function f(x) is
given by F(x) and it is represented by:

Jf(x)dx = F(x) + C

Here R.H.S. of the equation means integral of f(x)
with respect to x and C is the constant of integration.

Partial Fraction Form

A B
T )

z—a (z—a)
A Bx+C
z—a + z24brtc

Solution: The given integrand can be expressed in the form of partial fraction as:

1 A
(x=3)(x+1) = (x—-3)
rewritten as:
1= A(x+1) + B(x-3)
=1=x(A+B) + A-3B

(x+1)

Z_ To determine the value of real coefficients A and B, the above equation is

Equating the coefficients of x and the constant, we have

A+B=0

A-3B=1

Solving these equations simultaneously, the value of A =1/4 and B = -1/4. Substituting these values

_ 1 1
(x=3)(x+1)  4(x-3) 4(x+1)

in equation 1, we have

According to the properties of integration, the integral of the sum of two functions is equal to the

sum of integrals of the given functions, i.e.,
JIF(x) +g(x)] dx = [f(x)dx + [g(x)dx
Therefore,

1 1 1 1
St Irrald et

=2 In |x-3| - = In |x+1] =2 In =3 +C
4 4 4 x+1
INTEGRATION OF TRIGONOMETRIC FUNCTIONS Convert sines & cosines into their respective
. dx dx X
(i)] ————OR —_— OR tangents of half the angles and then, put tan =
-[a+b5|n2x -[a+bcoszx g g P 2

I dx
asin®x +bsinx cosx +ccos?® x

Multiply Nr & Dr by sec? x & put tan x = t.

(i [ ul OR dx OR _dx
a+bsinx a+bcosx a+bsinx +ccosx

=t

dx

(iii) J-acosx+b.sinx+c
(.cOSX+m.sinX+n

Express Nr=A(MDr) + B(Dr) + C &

proceed.



INTEGRATION OF TYPE j sin™ x.cos™ xdx

If m and n are even natural number then
converts higher power into higher angles.
Case - II: If at least one of m or n is odd natural
number then if m is odd put COSX=t and

Case-1:

vice-versa.
Case - III: When m + n is a negative even integer then
put tan x = t.
()j dX or_H(x a)(B—x)dx;  putx=ocos26
+ B sin2 0
(||)j dX or_H(x a)(x—p)dx dx; put x = o sec?
0P tan2 0
dx
(i) | ——— putx—a=t20rx—[3=t2.
j(X —a)(x—P)

INTEGRATION BY PARTS
This Integration rule is used to find the integral of
two functions.

By product rule of derivatives, we have %(u. V)

dv _du
—UE+V;' = (1)

Integration on both sides of equation (1), we get
Iu%dx=u. v—IvZ—de--- (2)

Equation (2) can be written as u. v = Iu%dxHVZ—ZdX

_ av _
Let u=f(x) and ol g(x)
Then, we have Z—Z=f'(x) and v = [ g(x)dx.

So, Equation (2) becomes

JE)g(x)dx=F(x)Jg(x)dx—[[f'(x)[g(x)dx] dx

let's find the integral of xe* using
integration by parts.

Solution: Ixexdx=xfexdx—f[%xfexdx] dx=
xe* - e* +C

A few important standard results
(Bernoulli's formula):

e [e* sin bx dx =

cos bx] + C

m[asmbx—b

[ e*™ cos bx dx = [a cos bx + b sin

bx] + C

a
(a?+b?)

INTEGRATION OF RATIONAL ALGEBRAIC
FUNCTIONS

To integrate the rational algebraic functions whose
numerator and denominator contain some positive
integral powers of x with the constant coefficients,
we use integration by partial fractions and arrive at
a few standard results that could be directly applied
as integration formulas.

e [1/ (a?- x?) dx = (1/2a) log| (a+ x)/(a-x) | + C

e [1/ (x?- a?) dx = (1/2a) log|(x-a)/ (x+ a) | +C

o [1/V (x*-a? dx =log|x +V (x*- a2 |[+C

o J1/V (x*+a? dx = log |x + V (x*+ a?) |[+C

e [1/V(a?- x?) dx = sin”(x/a) +C

e J1/(a?+ x?) dx = (1/a) tan '(x/a) + C

2

o [Vx?+a?dx = %9(\/9(2 +a? +loglx + VxZ +a?[ + C
2

o [Va?—x%dx= %9(\/012 - x? +a7sin‘1§+ C

e Integration is an inverse process of
differentiation.

o Always add the constant of integration after
determining the integral of the function.

o If two functions, say f(x) and g(x) have same
derivatives, then |f(x)-g(x)|= C, where C is some
constant.

REDUCTION FORMULA
_[tan”x dx J'cot”x dx ,Isec"x dx , jcosec”x dx

0O I,

j(secz x—1) tan" = 2x dx

_[tan“x dx Itanzx tan"?x dx =

= Ip= Isec xtan"?xdx —-1I4_9
tan"™ x
= Iy= -1, _ ,n>2
n n-1 n-2
(i I, =_[cot“x dx =_[cot2x . cot"?x dx =

_f (cosec®x —1)cot"?x dx

= I = jcosec xcot"?x dx -1, _ 9o
cot™
= [,=- -I5 _ , h>2
n n-1 n-2

(iii) I = jsec”x dx = Iseczx sec"™? x dx
= Iy = tan x secN = 2x - j(tanx)(n—Z) sech —
3 x. sec x. tan x dx.
= In:tanxsecn_2x—(n—2)(sec2x—1)
secn = 2x dx

= (n—1)In:tanxsecn—2x+(n—2)In_2



tanxsec"? x L= 2

= In” n-1 n—lIn_2

(iv) I = Jcosec”x dx = jcoseczx cosecN ~ 2 x dx
= I, = - cot x cosec" ~ 2x + _[(cotx)(n—2) (-
cosecn ~ 3x cosec x cot x) dx

— - cot x cosec" — 2x - (n - 2)

_[ cot® xcosec"?x dx
= In=—cotxcosecn_2x—(n—2)

j(coseczx—l) cosecn — 2 x dx

= (n—1)In=—cotxcosec”_2x+(n—2)
In_2
. cotxcosec" *x Ln-2 .

= I, = _
n ~(n-1) n-1n-2

DEFINITE INTEGRAL

A definite integral is denoted by [.° f(x) dx, where ¢ a
‘is called the lower limit of the integral and ‘ b ‘ is
called the upper limit of the integral.

FUNDAMENTAL THEOREM OF CALCULUS
Fundamental theorem of calculus contains two
important theorems namely:

First fundamental theorem of integral calculus

Let f be a continuous function on the closed interval
[a, b] and let A (x) be the area function. Then A'(x) =
f (x), for all x € [a, b].

Second fundamental theorem of integral calculus
Let f be a continuous function defined on the
closed interval [a, b] and F be an antiderivative of f.

Then [ f(x)= F(b) - F(a)
NEWTON - LEIBNITZ FORMULA

Let 9 (F(0) = f00 ¥ x < (a, (B). Then [f(x) dx=
dx ]

im Fx) - lim = F(x).
x—b x—a"

b
i = lim - lim
(i) If a>b, then !f(x) dx= lim F(x) - liM F(x),

b
(ii) If F(x) is continuous ata and b, then If(X) dx =F(b)

-F(a)

PROPERTIES OF DEFINITE INTEGRATION
b b
Property (1) _[f(x) dx = _[f(t)dt i.e. definite

integral is independent of variable of integration

Evaluate [ 01 xe*’ dx

Solution: Let us assume that, x>=t
Then, differentiating w. r.t. x, we get,
2x dx = dt

So, substitute x = 0

t=0

Again substitute x =1

t=1

Then, the given question becomes,

f01 xeX dx =f01 dt
=le -1]

et
2

Property (2) .Tf(x) dx = - Tf(x) dx

oo 0 2

Prove that : [ x%dx = — [ 'x di‘
. 1.0 [ _1

Solution: L.H.S fo x2dx = [3]0 =3

0
RH.S - [Px?dx = —[5] =1

1
Thus , LHS = RHS

b c b
Property (3) _[f(X) dx = jf(x) dx + jf(X) dx, where ¢

may lie inside or outside the interval [a, b].

Evaluate f_21|x3 — x| dx
Solution: We note x3 —x >0 on [—1,0] x3 —
x <0 on [0,1] and that x® —x > 0 on [1,2].
So by the above property we write
f_zllx3 —x|dx = f_ol(x3 —x)dx + fol —(x3 —
x)dx + flz(x3 —x)dx

0 1 2
= [ —x)dx+ [[(x —x¥dx + [[(x* -
x)dx

--(-)+ (D@m= (22

Property (4) _T f(x) dx

—-a

= ja.(f(x)+f(—x)) dx =

ZTf(x) dx , if f(-x)=f(x) ie. f(x) is even

0, if f(-x)=-f(x) ie. f(x) is odd



Solution: we observe that sin?x is an even function. Therefore, by above property, we

Evaluate f = sin?x dx

get f_zg sin’x dx = 2 [#sin?x dx

m 3 x

_ —(1-cos(2x)) _ (21 _ _ 1 5

=2 f04 ———dx = _[04(1 cos(2x))dx = [x zsm(zX)]O
=(E_lsin5)_o =E_2
a4 2 2 2

a4

Property (5) j f(x) dx = I fa+b—-x) dx . Further jl f(x) dx = T f(a—x) dx

a

Evaluate fﬂﬂdx m

0 1+cos?x

Solution: Let | = f:lisct:;’;x dx ,Then by above property, we have

| = frl (m—x)sin(m—x) 7 | = fﬂ: (n'—x)sinxd - Tl'fﬂ sinx

0 1+CDSZ'(T[—X) 0 1+cg52x 0 1+cos?x
2| =TT T sinx = Efﬂ' sinx
0 1+cos?x 270 1+cos?x
Put cos x = t so that -sin x dx= dt. When x=0, t=1 and when x= m, t= -1. Therefore, by property 1 we
get
-1 dt 1 dt
=-2f == f L 1+t2 l=m [z ( 1+t2 is even function)

I=7r[tan‘11—tan 10l=m %—O]=—

Property (6) f f(x)dx = j"f(x)+f(2a—x))dx =

0

2[f(x) dx , if f(2a-x)="f(x)

o

0, it f(2a—x) = —f(x)
: &€&
Evaluate [ ——
Solution: Let |= fo -
o e 1+sinx T ez
I= fO 1+sin(mw—x) dx I= fO 1+sin(x)
Adding (i) and(ii) , we get
T X+mT—X 1
21= fO 1+sm(x) dx 2l=m 0 1+sinx
1 q 2a a
2l=n fZ Jree L Twem— dx [usmg Jy f) = [{{f() +f(2a - x)}dx]
1-sinx
2= 2T[f21+mx 2= 2T[le sin2x
CoSX
21= an (sec?x — tanx. secx) dx = 2n[tanx — secx] = 2w [1+Smx] =27
| =
a+nT
Property - (7) Integration of Periodic functions: (ii) J f(x) dx =n If(x) dx,nez,aeR

If f(x) is a periodic function with period T, then
nT

M [fdx =n [0 dx n ez (i) [ 100 dx = (0 — m)[fx) dx, m, n e 2

0



a+nT

(iv) J f(x) dx =If(x) dx,nez,aeR

(V) Jf(x)dx -jf(x)dx nezabeR

a+nT

ESTIMATION OF INTEGRALS:

Method (1) If y(x) < f(x) <¢ (x) for a <x <
b, then

b b b

_[\y(x) dx sjf(x) dxsjq)(x) dx

Method (2) If m<f(x) <M fora<x<b,thenm

b
(b = ((A) < dx <[f() <M (b = ((A)
Further if f(x) is monotonically decreasing in (a, b), then

f(b) (b — a) < dx <:Tf(x) f(a) (b — a) and if f(x) is

b
monotonically increasing in (a, b), then f(a) (b — a) <If(x)

dx <f(b) (b-a)
LEIBNITZ THEOREM:

h(x)

j f(t) dt

g(x)

g'(x) f(g(x))
Proof : Let P(t) = If(t) dt =

If F(x) = , then %= h'(x) f(h(x)) -

h(x)

Fx) = [ f(t) dt

a(x)

= P(h(x)) - P(g(x))

=

= P'(h(x)) h'(x) - P'(g(x)) g(x) = f(h(x))
h'(x) - f(g(x)) g'(x)

dF(9
dx

f VE2+1dt =/(x3)2 +1.3x% - VsinZx + 1.

sinx

cosx =3x%.V/x6 + 1 —cosx.Vsin? x + 1

DEFINITE INTEGRAL AS A LIMIT OF SUM:

Let f(x) be a continuous real valued function defined
on the closed interval [a, b] which is divided into n
parts as shown in figure.

Ay

A

» X
¢} aat+tha+2h ... a+(n-1)h a+nh=b

The point of division on x-axis are a, a + h, a

+ 2h .......... a+(n—1)ha+nhwhereH

n

Let S, denotes the area of these n rectangles.
Then, S, = hf(a) + hf(a +h) + hf(a+ 2h) +........ +hf(a +
(n—1)h)

Clearly, Sp, is area very close to the area of the region bounded by curve y = f(x), x—axis and

the ordinates x = a, x = b.
b
Hence [ f(x) dx= Lt S

n—ow

n— o
a

b n-1
jf(x) dx = Lt Y h fla+rh) = Lt Z
n—ow r=0

27 (-0

1. We can also write
S,y =hf(a +h) +hf (a + 2h) +....... + hf(a + nh) and

!f(x) dx= Lt Z( J [a+[bn;a) r]

2. Ifa=0,b= 1jf(x)dx_ Lt Z—f(n]

now

Steps to express the limit of sum as definte integral:

Step 1. Replace L by x, lby dx and Lt sby |
n n n—ow

r
Step 2. Evaluate Lt [Hj by putting least and greatest values of r as lower and upper limits respectively.

n-—oo

For



L1 (r)_F r r
Lt > —f|— =If(x)dx @ Lt |-| =o, Lt |- = p)
n—w &= N n n->w\Nj) no>wo\n)
r=1 0 r=1 r=np
REDUCTION FORMULAE IN DEFINITE INTEGRALS:
2
@M Ifl, = J' sin” x dx , then show that
0
n-1
I = n In -2
2
Proof: I, = I sin” x dx
0
: b s
— s on-1 .o
I = [—sm X cosx]0 + E[(n—l) sin"“x . cos“x dx
: : :
=(n-1) J' sin"?x . (1-sin’x) dx =(n - 1)j sin"?x dx — (n-1) I sin" x dx
0 0 0
I+ (=D=M -1)1I4_90
n-1
In = n In-2
Q 1
i) If I,= | tan"x dx, thenIy +1,_o= —
(i) If 1, j n*lh-2=_—
TS S "X dx ,then T = M1y
(i) If I = l sinx . cos"x dx , then Imn = ——1Im_on
WALLPS FOMRULA
2
Let, Im n = _[ sin"x . cos"x dx,
0
(m-1) (M=3) (M=5) ... (n=1) 0=3) (=5)...... " \when both m, n are even
(m+n) M+n-2) (m+n-4)........
Im, n=
(m-1) (m-3) (m-5) ......... (n-1) (n-3) (n-5).......

otherwise




QUESTIONS

ai. [ e MCQ
(a) —Xl 1) dxis equal
(b) _ll:llxl +ln|x to
(c)_ln||;c| —In |x++1| ) Qi Evald
_ x —
(d) —=In |91 In|x + 1| +1In 11+¢C (a)_atef cas 1-cos 22
Q2. | + In 1| —1 |x -1 2sin 1—-co 2x
F | n | + (c) 2 si x + . a
'ndf x+1|+l|x_1|+CC a 2 sin x x4 C x
5 n 12 —x+
(a) 1 Osx f/z— lx—1|+C . Evaluate C (b) 2sin
(b) i i (@2 [ 2 g )
71108 J_+x’fr4+C " 33—x2_4x+zx x4 C
(c N 4 )2 X —
)2\/—10 r" 4|+C 3 —x%+ 8log |x
(d)N g | e 4x + + 2|
a3 one V21-x— 4|+C ?—x2+ 8log |x +C
- By (d) =2 4x — 8 +2|+
aluate fr[ xt— Q13 ? _ xz log |x 4 C
(a)I= 7.[(7'[+ sec —— - Evalu +4x -8 2[+C
( 2) x+tan x f Sloate log |x N
c)I_M ( gjxdx 21+ C
Q4. Eval i ()1 ="~ a) =3 oge o
u __2) og
s [ 4 ()1 == N +C
. x—1 mr2) g5t () 2
( 2 |+ [x 2 Q14 o te )= s+1
o1=5 — 20+ x . Evaluate [ ox (d lfogg s e
.y e @) D Ve +
= - X 1
s @1== 0= e g
o (c)m/3 2 Qs ——x+C (b)£+
6. T . Evalu 2 x +
fo o cos? (b) /2 atef +2x2 (d)ﬁ_ ¢
0s® xd (d (a) - 2( =2+
(a) Ty 1 x=? ) Non = _|_ t 1+x2) I
4 € (C)x_T_ an~! x
(c) g _1 Q16 tan-1 x + +C
z : c (b) X
ar. ™ * BESS evaluate [ (= (d;x T
3 aex? .
x> sin 3 (d)N (a)zx3/2 xl/z_x _2 < — tan- +C
(a) (_ 22 xdx =? one g + 4 oy 2 "
_E) ' (C)§x3/2 \{}E +C x3/2 + xl;{zi C
(C) (% _= Q17. [ + Ix +C (b) — _x'1/z) dx
Q8_ fe 12) ( ) (— 2 Sm(; ( ;Xz - i
1 ex(1+x1 _—) ( X—a) co d)_z 5 ‘/E+C
(a) e ﬂ)d (d) Non 12 )CO s(x—b) dx = X PR
e x x=? € (b S(a b) sin Vvx C
’ (x—
Qo. (c,l e? )Cos(a ¢ cos (x_a) 4
fo _x (b) ( ) b) e Sln(x—a)b) C
a? dx= e? co cos(x—
(a) a(\/%x:_ x=? (d) e () S(a 5) log, sln(;‘_f)) +C
(c 1 co os(x— +
Q )a(V2 — ) Qs |8 s(a b) L (xli)a C
10. Ev D (b / _"(x.,.a) cos (x )+
( a|UateJ- )_a(\/i (a)sm(x"'b)d _ -b) I
a) tan tan? xd (d) a(VZ -1) (x+b
(c) — X = X ( 2) Cc )COS
) x+ . (a—
tan x — x C sSin (a b) + si
e (b) s in (a
ta —(x og [si —b
(d)tanx+x+ bl +C+b)Cos|Slrl (x+b (b) (x _|_)10g |sin
" x—zxf sin (a (a—=b) +)|-+C b)cos(a(x+b)| +
¢ Quo. [ & b)log |si sin (a — —b) -
. ndoen) Isin ( (d b)lo
= cmire g Isin
(a) cos dx = ) +C +b) (x+
cos cos(
() —si (log a—b
) x) )—
Sin (l + C
0g x
)+C (b) —cos (
(d) — s (~lo
cos (log i)x) +C
+C



Q20.

Q21.

Q22.

Q23.

Q24.

Q25.

Q26.

Q27. [

Q28.

[ xsin (4x% + 7)dx =
(a) %cos Ax2+7)+C
(b) —%cos (4x>+7)+C
(c) —%cos (4x2-7)+C
(d) écos (4x2-7)+C

[ cos 4xcos 7xdx =
sin 3x sm 11x sin 3x sin 11x

(@ —/—-———+C (b) ——+——+C
22 6 22
sin 3x sin 11x sin 3x sin 11x

(c)—+—+C (d)——————+C

22 6 22
fsin XCOS X - coS 2x - cos 4xdx =

cos Sx cos 8x
(a) (b)

cos 8x cos 8x

(c)——+C (d)——+C

64

f 1+cos? x

1+cos 2x

(a)%(tan x+x)+C
(b)%(tanx—x) +C
(c)_?l(tan x+x)+C
(d)%(—tan x+x)+C

f 1—-tan? x

1+tan? x

sin 2x sin 2x

(a) -

(b) +c
sin Zx sin 2x

(c)— (d)_—4+C
J
2 —
(a)\/—gtan N
(b)_TZ an— \"5

xZ—x+1

@) +C
(b) @sin‘1 (—a®)+C
——sin"! (a*) + C
(d) @cos‘1 (@) +C

Ccosx

(a) log |(sin x — 1) +V/sinZ x — 2sin x — 3| + C
(b) log |(sin x — 1) + V/sin?x + 2sin x — 3| + C
(c) —log |(sin x — 1) +V/sinZ x — 2sin x — 3| + C
(d) —log |(sinx — 1) — V/sinZ x — 2sin x — 3| + C

[ ————dx =

4sin? x+9 cos2 x

(a) _?ltan‘1 (thﬂ) +C

dx =

Q29.

Q30.

Q1.

Q2.

Q3.

Q4.

Q5.

Q1.

Q2.

Q3.

[

2+sinx+cosx

tanZ+1
—/2tan? (an2+ )+C

V2
b) \/Etan_l (tan x+ 1)

0 \/Etan‘l (cot +1)
ot 1
—/2tan™? (T+)x +C

x [1+sinxcosx _
f € ( cos2 x )dx -
(a) —e*tan x + C (b)e*cot x+C
(c)e*tan x + C (d) —e*cot x + C

I SUBJECTIVE QUESTIONS I

Evaluate:J‘(ezmx +edm™ 4[nx)dx a>0
3
Evaluate: j (1+x)
XZ
Evaluate JA# dx
(X +4)(x“+1

27
Evaluate I sin'® xcos® x dx
0

Evaluate ]E _dx
¢ 1+2sin® x

I NUMERICAL TYPE QUESTIONS I

X 2
(J e’ dt]
Evaluate Lt ~——% .

X

X—00 2
J'eZt dt
0

2
Evaluate _[ sinx cos® x(sinx + cosx) dx

X+2

> dx is A tan™T
(x? +3x+3)x+1

The solution of J

} + C,theni1= __

X
{./3 (x+1



Q4. The solution of I is A (tanx)_T8 + I ASSERTION AND REASONING I

dx
sin*! x cosx

B(tan x)‘2/3 + C,then A +B

Directions : (Q1 -5) In the following questions , A

statement of Assertion (A) is followed by a

tanx statement of Reason (R).

is K. tan™" (Tj (a) Both A and R are true but R is the correct
explanation of A

(b) Both A and R are true but R is Not the correct

I explanation of A

dx

Q5. The solution of J' =
1+ 3cos® x

+ C ,then the value of 2k =

(c) Ais true but R is false

I TRUE AND FALSE
(d) A is false but R is true

1. The solution of Isecz xcosec’xdx is tan x + cot 3 L
Q Q1. Assertion (A): [*cos® xdx =0

X + C. Reason (R): If f(x) is an odd function , then

[ f)de=0

Q2. The solution of j 1 dx is -% tan_1(3_xj

2 . z —sin

4 +9x 2 Q2. Assertion (A): |2 % dx =0
: c . Reason (R): fabf(x)dx = fabf(a +b —x)dx

Qs. Lf(x) dx = ‘(|;(f(x)+f(—x)) dx = Q3. Assertion (A): fle log?xdx=e—2
a Reason (R) ; I, = fle log"xdx=e—n.I,_;

ij(x) dx , if f(-x)=f(x) ie. f(x) is even
° _ _ _ Q4. Assertion (A): 16 < [’ 2x dx < 24
0, if f(-x)=-f(x) ie. f(x) is odd 4

Reason (R): If m is the smallest and M is the
Q4. The solution of JZ- dx is /n [gj greatest value of a function f(x) in an ir;terval (
1 (x+D(x+2) 8 a, b ), then the value of the integral [ f(x)dx

is such that for a < b ,we have m (a - b) <
X+5  x<2

Q5. If f(x) = {2x2+1 s’ then the value of fabf(x)dx <M(b-a).
4 154 Q5. Assertion (A) : [ sin"x dx = 2 [Zsin”x dx
jf(x) dx is 3 Reason (R): sin’x is an odd function.
0
HOMEWORK
I MCQ I (d) None of these
2
, Q3. I1+f:ozs de _
Q1. If f'(x) = x4 + 5 and f(0) = -1, then f(x) = sin“ x
(@) x3 +5x -1 (b) x3 +5x +1 (a) —cot x - 2x + ¢ (b) —2cot x — 2x + C
(c) —-2cotx-x+c (d) —2cotx+x + ¢
(c) %x3 +5x — 1 (d) %x3+5x+1
&
Q4. j?/_ dx is equal to
X
Q2. J.COSZX dx is equal to K
cosX alx .\ b 2aV* .\
(@) 2 sinx - ln (sec x + tan x) + ¢ (@) Jx ¢ ()lna ¢
(b) 2 sin x - ln (sec x - tan x) + ¢ (c)2a¥™ . ana+c (d) none of these

(c)2sinx+In(sec x+tan x) +c



Q5.

Q6.

Q7.

Qs.

Qo.

Q10. |

Q1.

Q2.

Q3.

I(X—l) e " dx is equal to

(a) -x eX+ C (b) x eX + C
(c) -xe X+C (dxeX+cC
f o
@ £ (V2+1) (0)2 (v2-1)

3 3
(© 7 (V2-1) (@) 5 (V2-2)

, A
IO T dx, equals-
X
@ 26" -1 (b) 0
5
(©) % () %
nj2\/1+ sin2x dx equals -
(;) 1/2 (b) 1
3
(c) 2 (d) >
j.ex (%—Xizj dx equals
@ e (g— j (b) 1
e

(c)e(e-1) (d) >
f f(x) = {x)il i;i, then _:[ x*f(x) dx is equal
to:
(a) 1 () £

5 5
(c) 3 (d) >

I SUBJECTIVE QUESTIONS I

8
Evaluate J.|X—5|dX.
2
2 5 2
Show that I(2x+1) dx = I(2x+1) + I(2x+1)
0 0 5

1 —X
e "dx
Evaluate I
0 1+e*

dx

1-x2
Q4. Evaluate:ﬁdx
1+x°+X

X+1

Qs (X —Dx +2

Evaluate: _[

I NUMERICAL TYPE QUESTIONS I

Q1. The solution of _[

L dx is A |2
— —ax s —_—
(x+IWx? -1 x+1

then 2
2

The solution of

Q2.

J-3sinx+2005x
4cosX +5sinx
Aln|4cosx + 5sinx| + C then A =

. . . 9
The solution of |sin®xcos*x dxis ACOS X +
9

Q3.

cos’ x

5
+CSS X LD thenA+B+C

cosx dx

—nia

Q4. Evaluate

NE]

1+C

dx is Ex -
41

B

Q5. Evaluate j log (ﬂj dx -
S 2+ x
I TRUE AND FALSE I
Q1. JE- g (sinx) dx = JE- g (cosx) dx
2 0 (sinx)+g (cosx) ® 0 (sinx)+g (cosx)
=T
i
Q2. The solution of J' dx is sin‘%ﬂ)
\/33+8x x? 7
+C
Q3. The solution of j& dx is 2
VX2 +4x+1
X2 +4x+1 - In |x+2+\/X2 +4x+1 |+C
Q4. The solution of [ dx is tan—!
. The solution o — is tan
(1+x*)\W1=x?
V1-x2
— | +C

J2x



Q5. The solution of I\/x2+2x+5 dx is % x + 1)
X2 +2x+5+ 21 n|(x+1) +Ux*+2x+5 |+ C

I ASSERTION AND REASONING I

Directions : (Q1 -5) In the following questions , A

statement of Assertion (A) is followed by a

statement of Reason (R).

(a) Both A and R are true but R is the correct
explanation of A

(b) Both A and R are true but R is Not the correct
explanation of A

(c) Ais true but R is false

(d) A is false but R is true

xe*

dx= <= 4¢

(1+x)2 x+1

Q1. Assertion (A): |

Reason (R): [e*(f(x) + f'(x))dx = f(x)e* + C

(ae)*

. . xlog a X =
Q2. Assertion (A): [e .e* dx log(ae)

ax

Reason (R): [ a*dx = +C

loge a
Q3. Assertion (A): fic—x(l + xlogx )dx = e*logx + C
Reason (R) ; [e*[f(x) + f'(x)]dx = e*f'(x) + C

Q4. Assertion (A) : Let us define f’(x) = and

f(0) = - (ﬂ) , then f(1) is equal to log [1 + V2 |.

2
Reason (R): f(x) is not defined for every value

of x.

—x+yVx2+1

Q5. Assertion (A) : fex—x(l + xlog x)dx = e*logx + C
Reason (R): [ e*[f(x) + f'(x)] dx = e*f(x) + C



SOLUTIONS

S1.

S2.

S3.

S4.

MCQ I

(d):

(@ /f

(d)

(a)

fﬂdx

x(x2-1)

f %241 dx

x3—x2
x“+1

f x(x—1)(x+1)

x’+1 A, B 4
XG-Dx+1)  x o x-1 | x4l
x> +1=Ax -1 +1) +Bx(x+ 1)+ Cx(x—1)
When x=1
2 = A(0) + B(2) + 0(C)

B=1

When x =-1
2=A0)+B(0)+C(-1)(—2)
2=2C

C=1

When x=0

1=A(-1)+ B(0) +C(0)
A=-1

Hence, f—dx+f - f =—ln|x|+

In|x + 1| +1n|x—1| +C

dx _f dx
5-8x—x2 Y 5-8x—x2+(4)2—(4)2

=/

=J G )2 (x+4)2

21— [(4)2+8x+(x)2]

_ 1 VZI+x+4
—Zmlog N 4|+C

T xtan x .
I= fo sec x+tan xdx"'(l)
Now,

[= fn: (m—x)tan (T—Xx)
“Jo sec (Tt—x)+tan (Tt—x)

_ (™ (m-x)tanx ..
I= fo secx+ta\nxdX - (if)

Adding (i) and (ii), we get

__xtanx T (m—x)tanx
218 = [ [ rootanx
0 sec x+tan x 0 secx+tanx
tan x
=21& =T f —
sec x+tan x
tan x sec x—tan x
=>[&=-
0 sec x+tan x szec x—tan x
sec xtan x—tan? x
>1&= —f (sec xtan x—tan” x) > > )
270 sec? x—tan? x

>1& = gfon (sec xtan x — sec? x + 1)dx

=>I&=g[sec X —tan x + x|g

=>I=g[(sec m—tan m+ ) — (sec 0 —tan 0 +
0]
s1=2[(-1+m - (1]

m(n-2)
2

.'.I:

Letl& = [ {jx— 1| + |x— 2| + |x — 4|}dx

SS.

S6.

S7.

S8.

S9.

(a):

(b):

(b):

(a):

(c)

=1&= [ [x—1|dx+ [, |x—2|dx
+f14 |x — 4|dx

:I=f14 |x—1|dx+f12 |x — 2|dx +
[ x=2]dx+ [ [x — 4]dx
>1=[" (x-Ddx— [ (x— 2)dx
+[ x—2)dx— [ (x—4)dx

= 1=2[(x— D2 - [(x—2)%]2
+2[(x— 224 =5 [(x— D214
=;0-0)-3(0-1
+2(4—0)—2(0-9)

> I=2424+242

=2
2
1 d _
fo 1+):<2 = [tan 1X]
= [tan™! 1 —tan™?! 0]
=1/4

J§ cos? xdx = [* %(1 + cos 2x)dx

1 sin 2x
=3[+ =7
=1F+ﬂﬂ2_0 smq
214 2 2
T 1
=zt

s 3
J& x3sin (3x)dx = —Xczﬂ -

x3cos (3x) , x2sin (3x) f 2xsin (3x) d
3 3 3

— x2cos (3x)dx

- _ x3co: (3x) + XZSiI; (3x) + Zxcoz (3x) + Ef _ cos3(3x) dx
- _ x3cos (3x) n x2sin (3x) n 2xcos (3x) _ 2sin (3x)
3 3 9 27

6l

+0-0-0+0

n o

2sin (37“)
27

) 1e ex (—(HXI}TE(XD) dx = | 1e ex (i + log(x)) dx
= log (x)e*

= ef.loge
& =e®

a X
I= dx
fO [a2 +x2
Leta? + x% = t?
= xdx = tdt



$10. (a)

S11. (b)

S12. (c)

$13. (d)

s14. (a)

s15. (a)

s16. (d)

Also,whenx =0,t=a
and whenx = a,t = v2a

Hence,

V2a t
1= [ =t
= [t]
=a(v2-1)

I=[tan? xdx =1 = [ (sec? x — 1)dx

=1 = [ sec? xdx — [ 1dx [using | sec? xdx =
tan x + (|

>l=tanx—x+C

I_J‘COSX cos 2Xx

dx [using cos 2x = 2cos? x — 1.]

1-cos x
cos Xx—(2cos“ x—1
cos x—(2c0s® x-1) 4

I&_f 1-cos x

—2cos? x+cos x+1
= [ SReosxecos i gy
! —C(OZSC();S x+1)(cos x—1)
=>1&=] oy X
= 1& = [ (2cos x + 1)dx
[& = 2sin x4+ x4+ C

x3 x3+8-8
I = f m((lx?’:?’{ ?dx
X>+2 8
=>I=f( X+22 _E)dx
_ (x+2)(x*-2x+4) 8
I'= f ( X+2 - x+2) dx

_ 2 _ __8
=>I—{(X 2x+ 4 X+2)dx
.'-I=X?—x2+4x—810g |x+2]+C

[ = [ 5logexdx = [ x!°8e5(dx [Using a'°8cP =
blogca ]
x(10ge 5)+1
- (loge 5+1)
f glogexdqy —

x(loge 5)+1

loge 5+1

[ (Vx+1)Vx(x3/2-1)
VX(x+Vx+1)
[ = [ GED[ER -]
(x+Vx+1)
=f Wx+1)(Vx- 1)(x+\/—+1)d
(x+Vx+1)
[ Using, a® — b3 = (a — b)(a? + ab + b?)]

=f(x—1)dx=xz—2—x+C

Here,l =

1+2x2 1+x2+x?
Here, I = f x2(14x2) - f x2(14x2)
1+x? x?
- f x2(1+x2) dx + f x2(1+x2) dx
—= + tan™! x+C

-2

Here, I = [ (i—i+i)dx

x1/2_x—1/2  y3/2 | 41/2_x-1/2

$17. (c)

$18. (a) Letl = |

$19.

$20. (b)

s21. (c)

((1—x“2)+(x_2—x) _ L) dx

x1/2_x—1/2 x3/2

J
(e ()
= [ (—vx—2x73/?)dx

%3/2 x—1/2 Y 4
(-3 J+C=—2x32+Z4C

3/2 ’ —1/2

[=f—

sin (x—a)cos (x—b)
Cos (a=b) f dx
~ cos (a=b) sin (x—a)cos (x—b)
_ 1 . f cos ((x—b)—(x—a))
~ cos (a=b) sin (x—a)cos (x—b)
1 . f {cos(x—b).cos(x—a)+sin(x—b)sin (x—a)}

cos (a b) sin(x—a).cos (x—b)

e b)f [cot (x —a) + tan (x — b) | dx

cos (a b)
1 sin(x—a)
cos(a—b) ge cos(x—b)

+C

Sln(Ha)dx Putx+b=t=dx=dt
n (x+b)
sin (t—b+a)
s = f Tdt
_ f {sm tcos (a—b) + cos ts?n (a—b)] dt
sint sint

= cos (a—b) 1dt + sin (a — b) cot (t)dt
= tcos (a — b) + sin (a — b)log |sin t| + C

= (x + b)cos (a — b) + sin (a — b)log |sin (x +
b)| +C
_ sin (log x)
1= — dx
We know that, %(log X) ==
Thus, letlog x =t
> dx = dt
~ 1= [sin (t)dt = —cos (t) + C
= —cos (log x) + C

I = [ xsin (4x? + 7)dx
Let4x?+ 7 =t = 8xdx = dt:xdxz%dt

~ 1= [sin (t)%z —%cos ®+cC
= —%cos (4x>+7)+C

[ cos 4xcos 7xdx

Here; cos 4xcos 7x = %(cos 3x + cos 11x)

[using cos mx - cos nx = %{cos (m —n)x+

cos (m + n)x]

I = [ cos 4xcos 7xdx = %f (cos 3x + cos 11x)dx
= %f cos 3xdx + lcosf 11xdx

sin 3x sin 11x
=% T TG

{log |sin (x —a)| —log |cos (x —b)|] +C



S22. (d)

s23. (a)

s24. (c)

$25. (a)l = [

$26. (c) Here, 1 =

$27. (a)

s28. (d)

I = [ sin xcos x - cos 2xcos 4xdx
1 .
= Ef 2sin x - cos X - cos 2X - cos 4xdx

1 .
Here, = %I 2sin 2x - cos 2x - cos 4x-dx

= %f sin 4x - cos 4xdx = Lf 2sin 4xcos 4xdx

—cos 8x

=§fsin8xdx— +C

1+cos? x

1=

Here, 1+cos 2x

_ f 1+cos? x f 14cos? x
1+2cos? x— 1 -
[Using, cos 2x = 2cos? x — 1]

= [ (sec?x + 1)dx = > (tanx +x) + C

2cos? x

1—-tan? x
[ = dx
f 1+tan? x
1-tan? x

1+tan? x

~ 1= [ cos 2xdx Using, cos 2x =

sin 2x
=— tfc

dx
x2—x+1

=f dx =f dx

X2—x+1/4-1/4+1 (x—1/2)%2+3/4

I=f dx

(x-1/2)*+(3/2)*

_ —tan (x 1/2
\/’/2 V3/2

[=Ztan™! (Zj_l) +C
[usmgf ik = —tan 1 (2) + C]

)+C

f\/_dx Let, a*
a*log adx = dt,a*dx = dt
loga
f 4L sin™! (t) + C

1-t2 1oga 1oga
sin"! (@) +C

=
log

[= f cos xdx
Vsin? x—2sin x—3

Putsin x = t cos xdx = dt

= 1&= f f\/ d

t2 2t-3 t2-2t+1-1-3

&= f\/(t 1)2-(2)*
=log|t— 1) +/(t—1)2—(2)?|+C
= log |(sin x — 1) + V/sinZ x — 2sin x — 3| +

C
sz : dx

4sin? x+9cos? x
Here, dividing numerator and denominator by

cos? X.
sec? x

I= f 4tan? x+9
Puttan x& =t
= sec? xdx& = dt

$29. (b)

$30. (c)

S1.

S2.

|
I\)“_‘|>I<\JM—\

V] = f dt lf dt
TU T 249 T 4Y 24(3/2)2
1

e | (i
T4 3/2tarl (3/2)+C

1 _ 2tan x
1& =:tan™! (222) +C
dx
letl= [ —————
2+sin x+cos x
_ dx
- __2tan x/2__ 1-tan? x/2

T1+tan? x/2 ' 1+tan? x/2

X
sec? dx

=/ 2% Xl tan? X
2+2tan 2+21:an2+1 tan 2

1=/

Put tan § =t

X
sec? dx

2X X
tan Z+2tan 2+3

1 X 2dt dt
>-sec? 2dx=dt= [ = =2[ =
2 2 t“+2t+3 te+2t+1+2
dt
—of —2___
| oy

=2 -%tan‘1 (t;}) +C

tan=+1
[ =+/2tan! (ﬁ )+C

I=J'ex(w)dx

cosZx
X 1 sin xcos X
I f € {coszx + cos? x }dX
I = [ eX{tan x + sec? x}dx
I=[e* tan xdx + [ e*(sec?x)dx

I=tan x-e*— [ sec? x-e¥dx + [ e*
[=e*tan x4+ C

-sec? xdx + C

I SUBJECTIVE QUESTIONS I

J'(e%‘nx L | e4/,‘nx) dx
_ /nx? s /mx*
= |le +e +e dx

3 a+l 5
2 a, 4 X X X

= [(X“+X +x)dx:—+ +— +c
.[ 3 +1 5

1
dx= Ix 2+3

3 2, .3
_[(1+X) dX:J'1+3x+3x + X
Ix JIx

1 3 Kl
Ixzdx +3Jx2dx + Ix2dx
3 5
2 3 2

’
3 X2
-+ — 4 =
+Z C
2

B
2
3 5

5
2
7
2/x + 2x2 +gx2 +$x2+C



S3.

S4.

S5.

s1. (0)

J'Xidx=} {i_ 1 }dx
(O +4) 0 +1) 3d[xva w241
=4 1 tan‘1[l] -1 tan=x+ Cc= 2tan—(x
3 2 2 3 3 2
- LiaanIx+c
3
2n

I= J sin'® xcos® x dx

0
here, f(x) = sin100x c0s99 x for which f(2r -
x) = f(x)

I= 2J’ sint0 (m — x)cos99(n - x) dx
0

Y
I=- QI sin'® x cos99x dx
0
_I = 2' SinlOO
|
.3I=0
=0
Let f(x)= 1 = f(n — x) = f(x)
1+2sin® x
" 2
= jd—’fz =2f & -
o 1+2sin*x o 1+2sin’x
-5[ sec®x dx -9 JE- sec’x dx
¢ l+tan®x+2tan’x o 1+3tan’ x

= % [tan‘l(\@tanx) E
undefined, we take limit

o o] -

X——
2

. T .
Since, tan E is

e

Na

r
2
I NUMERICAL TYPE QUESTIONS I

il formj

Applying L’ Hospital rule

2 . [efdt . e° 2. je‘zdt
0

-

~+
o—,
Il

—

—

i . = Lt
X—>00 l e2x X—>0 eX X—>00
2 . e
= =0
2x . e"
4 2
2.( I ) Given integral = I sin®x cos’x dx +
E
: :
j% sin?x cos®x dx =0+ 2.[ sin®x cos®x dx
,g 0
(Since, sin3x cos2x is odd and sin2x cos3x
is even)
_ ., 12
" 53.1
15
2 _ X+2
$3. (35 ) Let I—I dx

(X2 +3x+3)]x+1
Putting x + 1 = t2, and dx = 2t dt, we get I =
.[ (% +1) 2t dt
(2 —12 +3(t2 ~1) + 3N

1+
Ift J;l) dt=2] 2 dt
7+t +1 2

{put t -

-l

= u}

S du o 2 -1 _2
2J.u2+(\/§)2, \/§tan (\/51 + C 3

2 [ t? -1 2 -1
= = tan + C=— tan X

B [t@J 3 {m}
+ C
Then A =

Sl

sa. ('T15)1='[d—X

Divide and multiply by cos11/3x =I

11 1
sin3 xcos3 x
dx
11
tan3 xcos” x

_ r(1+tan® x)sec? x
-
tan3 xdx



2
= j(ltf ) dt[put tan x = t]

t3

= _gt_8/3 _%t—2/3 + C (where t = tan x)

-3 8 3 -2
= ?(tanx) 3 —E(tanx) 3 +C

-8
On comparing with A (tanx)3 + B(tan x)_Q/3

+C
A=ZandB=-2thena+B==2-32=
8 2 8 2
-3-12 _ -15
8 8
S5. (1) Multiply Nr. & Dr. of given integral by sec?x,
we get
sec’x dx 1 __ _4(tanx
= I — ———=—-tan™'|——| +C
tan°x+4 2 2
. . _1 tanx
On comparing with K. tan > + C,
then k = 1
2
~ 2k =1
I TRUE AND FALSE I
2 2 cos? x + sin? x
S1. (False) I =J'sec xcosec?x = [0S XHIMX
€Oos“ xsin® x

J.(secz X + coseczx) dx = tanx — cotx + C

S2. (False) We have

1 1
dx ==

9I4+x
9

dx=%_[ 1

1
I4+9x2 (2/3)% +x?

2

dx
1 1 -1 X 1 -1 3X
==.——1t —|+C==t =+
9 (2/3) 2" (2/3] 6 o (2]
C

S3. (True) By the property of integration

j'(f(x) +f(—x)) dx

jlf(x) dx =

—-a

ZTf(x) dx , if f(-x)=f(x) ie. f(x) is even

0, if f(-x)=-f(x) ie. f(x) is odd

1 1 1
S4. (True) Since 77— — X = — -
(True) Since oDx+2) - x+1 ~ x2

(by partial fractions)

z dx 2
= |/ -7 2
f D) [(n(x+1) = In(x +2)],

1

9
=1n3 - ln4 = In2 + In3 =(n (5]

S5. (True)

S1. (d)

S2. (a)

S3. (a)

4 2 4
j f(x) dx = jf(x) dx + I f(x) dx
0 0 2

2 4 2 2
j(x+5) dx + I(2x2+1) dx = l:x?+5x} +
0 2 0

—+X
3
2

=(2+10) + (ﬁ+4j— (E+2j=12 +112
3 3 3

I ASSERTION AND REASONING I

Let f(x) = cos®x

o f(-X) = cos®(—x) = cos®x = f(x)
~ f(x) is an even function

w J¥cos®xdx # 0

Thus ,A is false but R is true.

T .
— cosx—sinx .
Letl= 021('*1?“‘—3(“’5?“)() ......... (i)
T cos(>—x)-sin(s—x
I O T U ol VU
w 1= fOZ 1+sin(g—x) cos(g—x) dx
[= [0S g i)

0 1+sinxcosx

On adding equation (i) and (ii) ,we get

2] = fOEO dx=0

=>[=0

Thus , both A and R are individually true and
R is the correct explanation of A.

(A) 1= flelogzxdx

Integrating by parts , we get

I= fle(logx)zdx = [x(logx)?]$ — flex x 21zﬂdx
I=e(loge)? —logl—2 fle log x dx

Again , integrating by parts ,we get
=e—0-2 {[Xlogx]le - flex X idx}
=e—2(eloge —log1 — [ dx)
=e—2e+2(e—1)=e—-2

(R)I, = flelognxdx

Integrating by parts , we get

= [x (logx)"]§ — flexx n%d}(



= e (loge)" — (log 1) — n [(log )" *dx =16 < [ 2xdx < 24
=e—0-—nl,_, Hence , A and R are both true and R is the
alp;=e—nl,_, correct explanation of A.

Hence ,A and R are both true and R is the . ) i
correct explanation of A. §5. (b) Since, f(r - x) = 1STIH7(TT —x) = sin’x = f(x)
s [y sin7xdx = 2 [2sin’x dx

6 x2 6
S4. (a A)Letl = | 2xdx= [2.—| =36—-16 =20
@ (&) fz xex [ 2]4 Also , sin’x is an odd function ( since f(-x) =

=>16<1<24 - f(x))
(R) f(x) = 2x,[ 4,6] Hence , both A and R are individually true
Smallest value =2 x4 =8=m but R is not the correct explanation of A.

Greatest value=2 x6=12=M
>8(6—4)< ['2xdx<12(6—4)

HOMEWORK

1
I MCQ I o ) [ ao
'c[ x+1+\/;

S1. (c) If f(x) = x2 + 5 and f(0) = -1, then f(x) = R fol GFLR | fol(x/F— )
= [f'dx = [(x* + 5)dx X+1-X

2 3o 3t 2 322 2]
0= st C = [foerv: -2 = [x@:-1-5] =

4
= f(0) = —1 ( given ) -(v2-1)
= -1=C
x A L
= f(x) =?+5x—1 S7. (a) jo T X, equals-
S2. (c) jcoszx dx is equal to Llet Vx=t
COSX Z—&dx= dt
24
fzczzs); Ldx = [2cosx dx — [ secxdx %dx = 2dt
= 2sinx —log|secx + tanx| + C ;( 2 [ 3tdt
t
1+cos? x > 2)(]3_
S3. j—zdx = 1’132
sin“ x 3V E!
2 2 = 2[_] =205~ ws)
= [ cosec?x dx + [ cot?x dx In3 In3  In3
= —cotx+ [cosec’xdx — [dx 2
= —cotx—cotx—x+C S8. (c) J J1+sin2x dx equals -
= —2cotx—x+C 0
o = [Z/(sin?x + cos?x + 2 sinx cosx) dx
S4. (b) I dx is equal to :
Jx = J2+/(sinx + cosx)? dx
Llet\/§=t = J2 (sinx+ cosx) dx
FdX = dt z T T
o 2 d = [—cosx +sinx]; = [—cos;+sin;+c050—
= — t
Vx at sinO] =2
> [2atdt=2"-+C
V% (1 1
=2—4C S9. (a) j'e ——— |dx equals2
Ina 1 X X
_ 1 2[d (/1 2 eX
S5. (c) J.(X—l)e *dx is equal to = —[eX— ] [&(;)fexdx dx— [ 5
x12 2
= [xeXdx— [e*dx = [e;]l - [e?_e]
:xfe‘xdx—f[ixfe‘xdx]dx+e‘X+C x  x<i )
- - - - 2 :
= —xe X+ [eXdx+eX+C $10.(c) If f(x) = {x—l w>1’ then .([Xf(x) dx is

> —xe*+C

equal to :



= f01x3dx+ flzxz(x— 1)dx
1 2
RENE BN

I SUBJECTIVE QUESTIONS I

8 5 8
j|x—5| dx = j(—x+5) dx + j(x—s) dx =9
2 2 5

LHS. =x2+x125=4+2=6
RH.S.=25+5-0+(4+2) - (25+5)=6
L.H.S. = R.H.S

1 —X 1
I=J.edxdx=.|‘# Put eX =
0 l+e” e*(1+e”)
t eXdx = dt
1 e
J' dy =I[ 1 _t—lJ _
5 t(t+1) 1+t

e

Iog(1+t)—logt—%

1

= (log(1 +€) - log e — ) —(log 2 - log 1 - 1)
e

log(1 + e) - %— log 2

dt 1
=—J. 2 =2 In+C=- =1In
-1 2
x+£—1
X +C
x+l+1
X
1
2 1-—=|dx
LetT=—%X_ dx=- Xz]
1+x°+X X2+i2+1
X
{putx+ = =t 3( Xizjdx—dt}
dt
I= —I = —1 C=- —-lIln
a5 |
+1—1
)](_ +C
X+—+1
X

I = X+1 d
J‘(x—l)\/x+2 X

Let x + 2 = t2 or dx = 2t dt

2
1=I U-1 oot dt
(t> = 3)t
jdt
_3
c

2]' (tZi)z = zj(u

{3
—2t+—l
«/_ogt+«/_

= 24X +2 +—l
Na)

I NUMERICAL TYPE QUESTIONS I

X+2

e

Letx+1=

P — ('tizjdt Sh=t

1
I(1—2t)_§dt = -% +C=41-2t +C
(-2)x -
2

= /1_L +C= ’E +C
X+1 X+1
On comparing with A _1 + C,then A =1
X+

A1
T2 2

3sinX +2cosx

s2. (42—1)1=j— dx

4cosx+5sinx
Let 3sinx + 2cosx = A(4cosx + 5sinx) + “di
X

(4cosx + 5sinx)
=  3sinx + 2cosx = A(4cosx 5sinx) +

u(5cosx - 4sinx)
comparing coefficients of sin x and cos x

40 +5u =2
BA - 4u=3
A= 23 and p = _2
41 41
I= 23 d IScosx 4sinx dx
41 4cosXx +5sinx
= § X —_2 ln|4cosx + 5sinx| + C
41 41

On comparing with 23 x - Aln|4cosx + 5sinx]|
a1

+ C
Then A ==
41



S3. (0) Letl= jsinsx cos* x dx

putcosx=t
= -—sinxdx=dt

= 1= —I(l—tz)z St dt= = [t -2 41 t4dt

= —I(t8—2t6+t4)dt

o 2t S

9 7 5

— _cos’x 4 gcos'x _cos’x ¢
9 7 5

9 7
COSs™ X +Bcosx +C

On comparing with A
7

cos® x

5
A=-1,B
2-1=0

+ D

=2,C=-1then,A+B+C=-1+

T

2
s4. (2) j cosx dx = 2

2
(Since cos x is even function)

cosx dx =2

O N | 3

S5. (0) Let f(x)=loge[ﬂj = f(-x) = loge
2+X
[&) = - loge [2 X]_ ~ f(x)
2-X 2+X
i.e. f(x)is odd function
Jloge( j dx =
2+Xx
I TRUE AND FALSE I
S1. (True) Let = f g (sinx) dx
5 0 (sinx)+g (cosx)

=1 =

g (cosx) dx
g (cosx)+g (sinx)

on adding, we obtain
=21 =

%( g (sinx) g (cosx) ]

g (sinx)+g (cosx) g (cosx)+g (sinx)

ot—nln

O =N A

dx = dx

ot—n|a

S2. (True) I

dx =
\/33+8x x? ‘[\[ —-8x—-33}

dx

j\/ {x? —8x +16 — 49}

1
e T o

sin—1[ﬂj +C
7

2x+3

_ 2x+4)-1 _
S3. (True) | —=——<-__ dx = | _2==—2_— dx =
J o Ve
J' 2X+4 d _J‘ 1 dx
VX% +4x+1 X% +4x+1
=IE— ;dx, where t

v (x+2 ~(\B)

= (x2 + 4x + 1) for 1St integral
=2yt —In|(x+2)+ |+ Vx®+4x+1C

=2x? +4x+1 — In |x+2+ /X% +4x+1 |+C
1
S4. (False) Put x =¥
1
= dx = —t—zdt

(2 + I =1
=>tdt=ydy}
_ ydy __1 —1[ Vj
= [=-)| 2 7 =_ tan —— +
y2+2)y 2 J2
1 ’ _ 2
C=-— tan~! 1-x + C
\/5 2X
S5. (True)
We have,
j\/X2+2X+5 = j\/x2+2x+l+4 dx =

J}/(x +1)? + 22
= % (x + D J(x+1>+2% + %

+(x+1)?+2% |+C
> (x + 1) IX®+2x+5+ 2 In |[(x + 1)

X2 +2x+5 |+ C

(22U |(x + 1)

+



S1. (a)

S2. (a)

S3. (c)

I ASSERTION AND REASONING I

(A)f eX ((X-:(l)z) dx = [e¥ (ﬁ) dx = [eX (ﬁ -

eX
(x+1)2) dx = 1+x +C
(A) is true.
Reason (R) is always true.
(A)Let I = [eXlo83 eXdx
= [elog@" exdx

_ X _ (@)

= [(ae)*dx = og ac
X __a

(R) [a*dx = logea+C

~ Both A and R are individually true and R is
the correct explanation of A.

(A)f%(l + xlogx)dx = [ e (i + logx) dx

= fex.idx+fexlogx dx

=e*logx+C

(R) [ eX[f(x) + {'(x)]dx = [ eXf(x)dx +
[ e*f’'(x)dx = eXlogx + C

Here , A is true but R is false.

S4. (c)

S5. (a)

1

(A)Given , f'(x) = T

wf(x) = [(x+VxZ+1)dx

= ’;—2+§m+1og|x+m| +C
Put x =0, we get

0=c=- (9

2

) = 2+ivZ+loglt+vz] - (BE) =
log|1 ++2]
Ais true.

Hence , we see that f(x) is defined for every
value of x, so R is not correct.

(A < + xlogx)dx
= f%dx+ [ e¥log xdx

=e*logx — [eXlogxdx+ [e*log xdx
= e*logx +C

(R) [eX[f(x) + f'(x)]dx = [ e*f(x)dx +
[ eXf’(x)dx

= eXf(x) — [ e*f'(x) + [ e*f'(x)dx

= e*f(x) + C

Both A and R are individually true but R is
the correct explanation of A



