means Measuring the sides of a triang]e.

The word “Trigonometry’ is derived from the Greek words *Trigon” and “Metron” and it

Trigonometry is that branch of Mathemartics which deals with the measurements of the
sides, angles of triangles and the problems related to these angles.

TRIGONOMETRIC

FUNCTIONS

| TOPIC 1|
Measure of an Angle

ANGLE

—
When a ray OA starting from its initial position (A B
rotates about its end point O and takes the final \,;_;&"
position OB, we say that £A0OB has been formed. (@{@

Here, initial position 04 and final position OB are @H

r::sp-:f:ti\'::]:,f known as the initial side and the 0
terminal side of £ AOR and the point 0, is called jrs  (Vertex)

vertex.

Positive and Negative Angles

If the direcrion of rotation is anti-clockwise, then the angle is said to be positive
and if the direction of rotation is clockwise, then the ang]c is said to be negative,

Initial side

— A B
Initial side (MNegative anghe)
(Positive angle)

«
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MEASURE OF AN ANGLE

The amount of rotaton from the inital side to the terminal

side, is called the measure of an angle.

There are two systems for measuring an angle, which are given

below

1. Sexagesimal System (Degree Measure)
If the rotation from inidal side to rerminal side is (SLGD)rh

of a cu-mph:tt revolution, then the anglc is said to have
a measure of one degree (1°).

2. Circular System (Radian Measure)
Angle subtended at the centre by an arc of length one unit
in a circle of radius 1 unit is said to have a measure of

1 radian.

In general, a circle of radius r having an arc of length r will
subtend an angle of 1 radian ar the centre. 1 radian is
written as 17,

Also, a circle of radius r having an arc of length [ will
subtend an angle 0 radian at the centre, where

{ =£_7]-£“Ed’°rm O]'I=J‘aJ

r Radius

One dcgrcc is divided into GO cqua] parts, called minutes and The ﬁgurcs show the anglcs, whose measures are

1 minute is denoted h:,r 1. One minute is divided into 60 l:qual

parts, called second and 1 second is denoted by 17, Thus,

P 1=60"

Some of the angles, whose measures are 360°, 180°, 270°,

430°, = 40°, = 430°, are shown below

R
B B o A

o707 A B
B8 430°
A
A A
= 407
_ a30F
& R

Mote (i) The angle between two consecutive digits in a clock is
30°(= =/ Gradian).

(if) The hour hand rotates through an angle of 30° in one hour i.e.
o

[l] in one minute.
2

(iif) The minute hand rotates through an angle of 6° in one minute.

% knowledge Plus

Other system for measuring angles known as centasimal system
(French system). In this system, a right angle is divided into
100 equal parts, called grade. It is denoted by 15

The symbaols 18, 1"and 1° are used to denote a grade,
a minute and a second respectively.

Thus, 1 right angle = 100grad = 100%
18 = 100" (minutes)
1" = 100" (seconds)

1 radian (1°) and =1 radian (=1 ).

Remembering Points

(i} In the sexagesimal system, we measure angles in degree,
minutes and seconds.

1 right angle = 9(°, 1° = 6 and 1" = 60"’
(ii} In the circular measure, we measure angles in radians.

EXAMPLE |1| Find the angle in radian through which
a pendulum swings, if its length 1s 75 cm and tip
describes an arc of length 21 cm. [NCERT]

Sol. Given, length of pendulum = 75 cm

Radius (r) = length of the pendulum = 75 em
Length of are (I)= 21em

AR
A
B
21em
I 21 7
Now, fs===—==—rad
r 73 25

Theorem A radian is a constant angle.
Proof Let C (0, r) be a circle.

Let PQ =7, join OP and OQ.

Now, produce PO towards O insuch a

way that it intersect circle at R,

Q
P



. LPOR=2 right anglr:s
We know that the anglcs at the centre of a circle are
prapcrriunal to the lcngtl'l at arcs suhtcnding them

£ZPOQ _PQ  £POQ _ r 1
ZPOR PR

ZPOR mr =

— 1

['.‘ PR= E{an] = ﬂr]
Z£POR Straight angle

bi T
= ZPO() = constant

[+ a straight angle and 1 both are constants]

= £POQ =

Hence, radian is constant angle.

Relation between Degree and Radian

A circle subtends at its centre an ang|c whose radian
measure is2and its dcgr:c measure is 360°. It follows that

‘27 radian = 360°|
or T radian = 180°
We can express a radian measure in terms of degree

measure and a degree measure in terms of radian measure
hy using these relations. Using approximare value of T as

—, we have

( 180°

1rad = =57°16" 22" (approx.)
Also, = % rad = 001746 rad (approx.)

Gcncra]ly, when an ang|c is cxpn:sscd in radians, the word
‘radian’ is frequently omitted. Thus, 45%= 1 { 4, is written
with the un'ﬁcrsmnding that /4 is radian measure.
Thus,
f T A
Radian measure = ﬁ ¥ Degree measure

1 .
Degree measure = —— X Radian measure
m
M "y

Note
If D denotes degree measure and ‘A" denotes radian measure

then redation between degree and radian is given by % = ﬂ
R

The relation between degree measure and radian measure of
SOMIE COMIMNON angfﬂ are given in t&rfm‘fawing table

Degree @ 30° 457 60° 20® | 180° | 270°F | 360"

n 3 2n
2

Radian

m|a
FNE
raa

w|a

(iii) 25°

METHOD TO CONVERT DEGREE
MEASURE INTO RADIANS

To convert dcgrct measure into radians, we wse nﬁfﬁﬁawing steps

Step 1 Firstly, convert the seconds (if given) into minutes by
using the relation

1 second s minures or 1” =[L]
i

60

Step 11 Convert the rotal minutes (given minutes 4+ minutes
obtained in step ) into degrees by using the relation

1 1
1 minute = — degree orl’ =[_)a
60 60

Step IIl MNow, convert the total degrees (given degree + degree

obtained in step II) into radians by using the relation

. m
Radian measure = E % Degree measure

Thus, we convert given degree measure into radians.

EXAMPLE |2| Convert the following into radians.

(i) 240° (i) 520°

(iv) —47° 307 [NCERT]

n iw
Sol (i) 240° = —x 240rad = — rad
180 3

(ii) Required radian measure = £ # Degree measure
180
=X » 520 rad = EE
9
(111) We know that,

s n
Radian measure = T ® Degree measure

= Required radian measure
n 5m
=—x 25rad = —rad
180 36
(iv) We have,

sl (3] [or-(2)]
o (|-

Now, required radian measure

n
= — x Degree measure
180

191
Hence, radian measure of — 472 30" is ——— rad.
72



EXAMPLE |3| Express the following in radians.
(i) 40° 20’ (ii) 48° 37' 30"
Sol (i) Here, given degree measure have minutes.
Firstly, convert minutes into degree.

()

)6

1
Now, total degree to convert = 40° + —
3

o o
_ [1zu+1] _ [121]
3 3

. T
- Radian measure = — % Degree measure
18

121
x_

.~ Required radian measure = — :

12ir
= radian
540
(ii) Here, given degree measure have seconds and

minutes. So, firstly convert seconds into minutes.

#

20

’

(-

.~ Total minutes to convert
# * #

='_J|'.i"’+l =[?4+1] =[E]
2 2 2
)
6l
[75] [ 7 _[5]
2 2% 60 B
- Total degree to convert
=43°+[E]o
8
_[334 +5]=_ [ssg)ﬂ
B &

. n
~* Radian measure = — % Degree measure
180

[339]° © 389
— =—x—
8 180 &
3897
= T
1440

389x
Hence, 48° 37" 30" is
1440

rad.

METHOD TO CONVERT RADIAN MEASURE
INTO DEGREE

To convert given radian into degree, we wse the following
steps
Step 1 Firstly, convert given radian into degree by using
the relation,

Degree measure = — x Radian measure
T

[usem=22/7]

Step 11 Convert the fraction part obtained in step [ into
minutes by using the relation

1°=60" or 1 degree =60 min
Step 111 1f we again get a fraction part in step I, then we
convert it into second by using the relation
I’=60" or 1 min =60 seconds

Thus, we convert given radian measure into degree

which have minures and seconds also.
EXAMPLE |4| Find the degree measure corresponding
to following radians.
(i) 6 rad (i) % rad

180
Sol. (i) We know that, degree measure = — x Radian measure
n

. Required degree measure = 18 X6 [ = E—I
22 7|
7

o (-]
1080 x 7 7
-( ] (2]
22 11

7 .
= 343" + — » 60 min
11

[v1° = 60°]

2 2
=343 + 3B—min =343°+ 38’ + —min
11 11

2
=343° + 38" + = x 60" [ 1" = 60"
11

=343° + 38" + 109" = 343°38"11" (approx.)
Hence, the degree measure of 6 rad is
343° 38" 11" (approx.).

(ii) We know that, degree measure =Ex Radian
T

measure
o o o

| ¢ w180 45 13
—rads|—=xX=—]| =]|=| =|2=
64 &4 19 16 16
. (13 .
Here, we see that fraction part is [—] . S0, convert it
16
into minutes.

1%= 60"



o ’
:, (22) =2° +(Ex60) =2+ (195) +(482)
16 16 4 4

. . o
Here, fraction part is —. So, we convert it into seconds.
4

ll = 60”

”

o
13 3
(2—) =2 +48 + (—x 60) = 2°48' 45"
16 4

Hence, the degree measure of -:: rad is 2°48'45"",

PROBLEMS BASED ON
APPLICATIONS

EXAMPLE |5] Find the length of an arc of a circle of
radius 3 cm, if the angle subtended at the centre is
30°.[x =3.14]

Sol. Let [ be the length of an arc. We know that,

1
Angle 6 = —, where 8 is in radian. ..{1)
r
. X =
Given,r=3cmand8=30°=30 X —= —rad
180 6

On putting the values of r and 8 in Eq. (i), we get
L n_ 314

—_—=—- = |[=—=—=157cm

3 2

EXAMPLE |6| Find in degrees and radians, the angle
between the hour hand and the minute hand of a clock at
half past three.

Sol. The angle traced by the hour hand in 12 h = 360°
. The angle traced by the hour hand in 3 h 30 min

Le. —h (360)(1] =105°

2 12 2
The angle traced by the minute hand in 60 min = 360°
.. The angle traced by the minute hand in 30 min

360

—x30 =180°

Hence, the required angle between two hands
=180°-105°=75°

5
or (75><-’-t- = -Erad
180 12

EXAMPLE |7| The minute hand of a watch is 1.5 cm
long. How far does its tip move in 40 min? [use it = 3.14]

Sol. Inone complete rotation, the minute hand of a watch
rotates through 3607 in 60 min.

*. Angle traced out by minute hand in 1 min

=(360°)=6°
60

*. Angle traced by the minute hand in 40 min

=(40 X 6)° = 240° = 240 x -E-=(ﬂ)rad
180 3

Weknow!hat,e—i = 4—“-L
r 3 15
4n
= I=Tx15=2n=2x3.l4=628 cm

Hence, tip of the minute hand travels 6.28 cm in 40 min.

EXAMPLE |8| Find the degree
measure of the angle subtended at the
centre of a circle of radius 100 cm by an
arc of length 22 cm as shown in figure.
[usemw =22 /7]

Sol. Given, radius, r =100 cm and arc length, [ = 22 cm
We know that, [ =r6
0= L-M_ —_—=0.22rad

=0.22xﬂdegree
It
o o
=(0'22X180x7) =(£x180x7]
100 22

() =)

=12°+ 1_0 x 60" [... 1°= 60')

=12° +36’ =12° 3¢
Hence, the degree measure of the required angle is12°36’.

EXAMPLE |9| In a circle of diameter 44 cm, the
length of chord is 22 cm. Find the length of minor arc
[NCERT]

of the chord.

Sol. Given, diameter = 44 cm

Radius, r= %= 22cm

Let chord AB=22cm  [given]

Since, OA=0B=AB=22cm
2. AOAB is equilateral.
= 0= ZAOB = 60°

Now, we convert 60° into radian measure.

= (60 X L) rad
180

[~ radian measure = % % degree measure|

= 60° = Eradian
0= arc length ()
*. Length of minor arc AB=r@ radius (r)
sarclength=r@



R 22 22 22
=22x— = X — [’.‘1‘::—]
3

Note

Always remember that in formula 8§ = i @ is measured in radian. So,
r
first convert the degree in radian whenever usa this formula.

EXAMPLE |10| Assuming that a person of normal sight
can read print at such a distance that the letters subtend
an angle of 5" at his eye. What is the height of the letters
that he can read at a distance of 12 m?
Sol. Let 'K be the required height in meters. Here, h metre
can be considered as the arc of a circle of radius 12 m,
which subtends an angle of 5° at its centre.

Clearly, 5 =[i] =[l—x1]
G 12 180

Now, E=i = L=£
r 12x180 12

= h=[i]m=l.‘i'tm
180

EXAMPLE |11| The angles of a triangle are in AP . The
number of degrees in the least is to the number of radians in
the greatest is as 60 : m. Find the angles in degree.
Sol Let the three angles in APbea—d, a, a+ 4.
(a—d)+a+(a+d)=180"
[ sum of all the angles of a triangle is 1807
= Ja=180° = a=60"
So, the angles are (60 — 4)°, 60°, (60 + d)°.
Number of degrees in least angle = (60 — d)°
Number of degrees in greatest angle = (60 + d)°
. Number of radians in greatest angle

=2 «(60+d)rad
180

According to the given condition,

(60—d) 60
ix(eo+d) ®
180
60—d 180 60 60—-d 1
= X—=— =-
60+d =& n 60+d 3
= 180-3d =60 +d
= 4d =120 = d =30

Hence, angles are (60°-30° ), 60 and (60°+30°)
i.e. 30°, 60° and 90°.

EXAMPLE |12] Find the distance from the eye at which
a coin of diameter 2 cm should be held so as just to conceal
the full moon, whose angular diameter is 31’

Sol. Let ABbe the diameter of the moon and O be the eye of
the observer so that #AOB=31". Let CD = 2 cm be the
diameter of the coin. The full moon will be just
concealed, if the diameter of a coin also subtends the
same angle as the diameter of the moon at O, ie. if
£C0D =31".

A

/ If

1

=D B

As, 200D is small, CD may be treated as the arc of a
circle, whose centre is O and radius = OC or OD, Let
OC=0D=r

Here, | = length of an arc CD = 2em

and ﬂ=31'=(31XL)

Gl
31 n |8
=[—><—)rnd [ 1"=_m.:[-I
60 180 |_ 180 J
1 2
Now, r===
B 31 o
60 180
_ 2% 60180
31xm
21600 x 7 [ 2z]
. LY ]
31x 22 [ 7 J
T5600 756
=s——om=—m [ 100 cm =1 m]
341 34
=222m

EXAMPLE |13] A horse is tied to a post by a rope. If the
horse moves along a circular path always keeping the rope
tight and describes 88 m when it has traced out 54° at the
centre. Find the length of the rope.

Sol. Let the post be at point P and PA be the length of the

rope in tight position.
Suppose the horse moves along the arc AB, so that
ZAPB =54 and arc AB of length, /=88 m.

Let r be the length of the rope i.e. PA=r metre.

Now, 6=54°=(54xi)=(.?ﬂ) ['.'1°=Lrad]
180 10 180
88cm

1
0=~
, A B
31!_88
10 r
28 88 x 10
In P
0
ey r=—=9341m [ n =3.l4]



EXAMPLE |14| If the arcs of same length in two circles
subtend angle of 60® and 75° at their centres. Find the
ratio of their radii.

Sol. Letr and r, be the radii of the given circles and let their

arcs of same length [ subtend angles of 60° and 75 at
their centres.

Mow, 60°=[éﬂxl)=[£]rad
180 3
] 51
?5°=[?5)(—)=[—) ad
180 12
= E=i£’nl'|rﬂs—:|ll=L |:ﬂ=i]
I 12 n F
T Sm
= .!=;r,am:li'-—|"2
. 1'|:r 51‘[r
3 12
— 4r = 5r, =3'i=E
r 4
— Rifp=5:4

EXAMPLE |15| The perimeter of a certain sector of a

circle is equal to the length of the arc of a semi-circle

having the same radius. Express the angle of the sector in

degrees, minute and seconds.

Sol. Let °F be the radius of the circle and 8 be the sector
angle. Then,

Perimeter of the sector = 2r + 1 [ f= 1]

r

length of arc of semi-circle=ntr [ it is a semi-circle]

Zr+r=nr = (2+60)=n
e 0=(n—2)rad
180° 180°
= 6=(r-2)x ['.'lrad=—]
n
180° 2 x180°
=t =X —— ——
n n
o
= 6=180°-.3ﬂ.
R
= 0 =180°—114°32"44"’
=5 0=65°27"16""

TOPIC PRACTICE 1 |

OBJECTIVE TYPE QUESTIONS

I If a rapidly spinning wheel is making an angle
of say 15 revolutions per second, then this is an
example of
(a) small angle
(c) large angle

(b) obtuse angle
(d) None of these

2

In a circle of radius r, an arc of length r will
subtend an angle of
(a) rradian (b) 1radian

¢) mradian (d) 2xradian

Radian measure of 40°20" is equal to

(a) 1523: radian (b) 152:3 radian
(c) Rix radian (d) None of these

The minute hand of a watch is 1.5 em long. The
distance travelled by the minute hand in

40 minutes is equal to

(a) 3.28cm (b) 4.28 cm

(c) 528cm (d) 6.28¢cm

VERY SHORT ANSWER Type Questions

5

6

Find the radian measure corresponding to the
following degree measures.

(i) 75° (i) 135" (iii) -22°30 (iv) -300°
Find the degree measure corresponding to the

following radian measures. [use T= %]
(i) g rad (ii) 9?"

(iii) - % rad (iv) - 5?“

SHORT ANSWER Type | Questions

7

10

1

12

13

Find the radian measures corresponding to
following degree measures.
(i) 5°37 30" (ii) -14°20" 15"

Find the degree measure corresponding to
following radian measures.

(i) (-3) (i) 1
Find the length of arc of a circle of radius 5 cm,
subtending a central angle measuring 15°.

Find the angle in degree subtends at the centre
of a circle by an arc whose length is 2.2 times
the radius.

In a circle of diameter 40 ¢cm, a chord is 20 cm.
Find the length of the minor arc of the chord.

The minute hand of a watch is 2.2 cm long. How
far does its tip move in 50 min.

A horse is tied to a post by a rope. If the horse

moves along a circular path always keeping the
rope tight and describe 70 m when it has traced
out 80° at the centre, find the length of the rope.



SHORT ANSWER Type Il Questions

14 The Moon's distance from the Earth is 360000 km
and its diameter subtend an angle of 31’ at the eye
of observer. Find the diameter of the Moon.

15

If the angular diameter of the Moon is 30", how
far from the eye a coin of diameter 2.2 cm be
kept to hide the Moon?

16 Ifthe arc of the same length in two circles
subtend angles 65° and 110° at the centre, find

the ratio of their radii.

17

Find the diameter of the sun in km supposing
that it subtends an angle 32" at the eye of the
observer. Given that distance of the sun is
91x10° km.

HINTS & ANSWERS

L (o) 2. (b)
3. (b) We know that, 180° = 1t radian

1
Hence, 40°20° = 40= degree
3

b4 121 121m
= — x —radian = radi
180 3 540
121m
Therefore, 40°20° = —— radi
540

4. (d) In 60 min, the minute hand of watch completes one
revolution. Therefore, in 40 min the minute hand turns

2 2 4T
through 3 of a revolution. Therefore, 8 = I = 360° or Y

2 2 I

radian. Hence, the required distance travelled is given by
I=r9=15x4—ncm=2ﬂ:cm=2x3.l4 cm = 6.28 cm.
3

(ii) 0 =135 x = %
180

5. =X
12 4
(iii) - (22°30°) = -[zz° + (1]] - (£)°
2 2

b5 = _(45)°__n
2 130 2 8
S5r
iv) ——
( 3
o
9 9 n

9
(i) X = 2 x180° = 324°
5

(iii) Solve as part (i). Ans. — 60°
(iv) Solve as part (ii). Ans. —150°

9.

10.

L.

12.

13.

14.

15.
16.
17.

(i) (30) ‘= (l)f = 37’ 3n”=(37l] = (ExL) = [E
2 2 2 60 8
59 45 [

5°37° 30" =5% — = —x—
8 & 180

=3in
(i1) Solve as part (i). Ans.——
1600

(i) (=3F = —[:a.xﬂ]l_(gxﬂﬂ)
n 22

() r3)

# ¢
=171 + [i x ﬁﬂ] =171" + [49l)
11 11

1
=171+ 49" + (Hxéﬂ) =171°+ 49" +5''=171°49'5""

Ans. (i) = rad
32

(ii) Solve as part (i). Ans. 6307

I=rl§l=5)<£=5xﬁ=l.‘_’-ﬂtm

12 12
B=L=[12xr)rad=[2.2x 180 ] = 126°
; 22/ 7

r

Given, diameter = 40 cm
Radius (r) = ﬂ =20 cm
2

and length of chord, AB = 20cm
Since, AQAB is an equilateral triangle.

Angle, 8 =60"= I ad
3

20
arc AB=@xr Ans.?rl:cm

Angle traced by minute hand in 50 min

=(50x6)°=50x6x.l=§1‘.
180

3
e=L:S_R=L = [=1152cm
r 3 22

L3
e=soo=(mi] 3K, isna
180 9

L a4—n=22: r=50.11m
r 9 r

0=3l'=(£><-n—)rad and r=360000 km
60 180

D

T S

r 60 180 360000
Ans. 3247.62 km
Solve as Example 15. Ans. 252 cm
22:13
847407.4 km

i




| TOPIC 2|
Trigonometric Functions

We have already studied trigonometric ratios for acute
angles in carlier classes. In this topic, we will study
trigonometric ratios for any angle which are termed as
trigonometric functions.

TRIGONOMETRIC
(OR CIRCULAR) FUNCTIONS

In a right angle triangle, there are actually six possible
trigonometric ratios or functions. A greck letter (such as
theta ) will now be used to represent the angle.

In right angled AABC,

Base (B)
L Perpendicular P BC
(i) sin= ————|or— | =—
Hypotenuse H) AC
) cose=B“—‘°( ﬁ): L8
Hypotenuse\ H ) AC
P dicul y
(i O D ERCUAL ( ﬁ) .
Base AB
. Base B\ AB
(iv) cotd = ———— |or— |=—
Perpendicular P) BC
Hypotenuse HY AC
(v) secc=———|or— |=—
Base B AB
H HY AC
(vi) cosec 0 = ﬂ (or —) =—
Perpendicular P ) BC
Note

Here, sin® does not mean the product of sin and 8. The sind is
comectly read as sing of angle 8.

EXAMPLE 1| In AABC, /B is right angled triangle. If
tan A =1, then show that 2sinAcosd =1.
Sol Given, £Bis right angled in AABC

and tanA =1

tanA=£=1 = BC = AB
AB

Let AB = BC = k, where k is a positive real number.
In right angled AABC,
AC* = AB* + BC*?

= AC = +JAB* + BC?
A
k
B - c
= AC=,’kz+k2
= AC =2k = AC=k\2
BC k 1
Now, nNnAs—= =
oW, s AC m 7;
AB  k 1
and COSA == =
AC Kz 2

LHS = 2sin Acos A
1

i) on e

Quadrantal Angles and Related
Trigonometric Functions

All angles which are integral multiples of ; are called

quadrantal angles.

If © increase (or decrease) by any integral multiple of 2,
then the values of sine and cosine functions do not
change.Thus,

sin(2un+0)=sinO,ne Z
and cos(2nn+0)=cosO,ne Z

Further, if 0 is an integral multiples of 7 i.c.
0=0,tn,+2n,+3mn,.., thensin0=0

and if 8 is an odd multiples nfg,

i.c.BZiE,i j—ﬂ,i S—E, vvr, then cos B =0,
2 2 2

Thus, we can say that,

sin @ =0 = 6 = nn, where n is any integer.,

and cos8=0=0=(2n+ 1]25, where n is any integer.




Trigonometric Functions of Some Standard Angles

Angle 8 0° 30° [1] 45° [E] 60° [E] 90° [i] 120° [2—“] 135° [3—“] 150° [5—“] 180°(z)  o70° [3—“] 360° @27)
6 4 3 2 3 4 6 2
sind 1 1 V3 J3 1 1
Z — 33 43 — - -1
0 2 V2 2 ! 2 NG 2 0 0
J3 1 1 1 1 N
N3 — 2 - - - -1
cosf 1 > '\J'E 2 0 ) ‘Jz— 2 0 1
1 1
tan@ 0 Wil 1 J3 oo -3 -1 vl 0 - 0
1 1
cot@ oo 3 1 7 0 el -1 -3 w 0 -
2 2
sech 1 Nl V2 2 - -2 -2 7 -1 o 1
2 2
cosec @ oo 2 Sz NE] 1 Wl N 2 oo -1 oo
Note Here, the symbol ‘=" is used for not defined.
EXAMPLE |2| Find the value of 1 L . .
2| n T - secx = , x #(2n+ 1)—, where 7 is any integer.
sin? = + cos? — +sin? —. cosx
6 6 4 sin
2 2 3 fan x = , x #(2n+1)—, where 7 is any integer.
.3 9 . 2 1 1/?_: 1 cos X 2
Sol sin® —+cos*=+4sin“==|—-| +|—] +|—
2 2 JE CosX . .
cotx = — , X # nft, where 7 is any integer.
_1,3,1 14342 63 sin x
4 2 4 4 2

Trigonometric Functions in Terms of
sine and cosine Functions

Given below are trigonometric functions defined in terms of
sine and cosine functions.

Trigonometric Identities

The relation involving trigonometric functions which are
true for all values of the angles involved are called

trigonometric identities.

{c0529+sin2 0=L1+ tan? @ =sec? 0; 1+cot’ 0 =cosec’

1 . . . .. .
cosec x = , x # ntt, where 7 is any integer. With the help of these identities we can write one
Sinx trigonometric function in terms of all other trigonometric
function, which are given in the fbﬂowing table
Transformation of One Trigonometric Function to Another Trigonometric Function
Trigonometric sing cos@ tan @ coto sec® cosec @
function
tan@ 1 r‘ 2g_ 1
i i i,f 1—cos®@ t— t——— Jlsec™8-1)
sin® sin® ( ) (1+1tan? @) |1 +cot?e) S cosecB
1 cot@ 1 2 91
+fi_snte ER — 07 L lcosec®0 - 1)
cos® |(1—sin®8) cos 8 [1+1an?0) (1+cot?e) sec o = cosec
sing 2 1
+ (1-cos® @) 1 . 2 +
AL — +flsec?0 -1
fan® :;{1 —sin® ) E— fan® cot® ¢ ) :](cosecz -1
! [} 1
Jii=sin®e) . COS0 1 b1 -
P i b +flcosec® @ -1
cote ~ sing (1-cos?@) tan @ cot® Jsec?B-1) ( )
1 2 cosec®
- 1 [ (1+cot®e) 4 cOsecy
— +,(1+tan” @ 7 F)
sec® (1—sin®@) cos@ a+ ) = cote sec Jicosec?o 1)
1 P J(1+tan6) L sech
cosec® — * + +f1+cot?0 t— cosec@
sin® .JU —cos®0) tan@ (+ ) 1){secz’l?l—ﬂ




EXAMPLE 3| If cosecA = X, then find the value of
cotA. y
Sol. Given, cosec A = x

¥y
We know that, cot’ A = cosec’A —1
2 2 2 2
mtzA=[i] =Xy
y y y
2 2
= cotA==% * Y
¥y

EXAMPLE |4| Prove that
tan®@ —sin® § = tan’ Osin’ 6.

Sol LHS=tan’0 —sin®6

- Sinze —sin?@ [ tan = sinﬁ]
cos” 0 cos 0
_ sin®0 — sin®0 coszﬁ_ sin?0(1 — cos*0)
- cos’0 - cos®0
[-1—cos*8=sin”0)
=M=tan29-ﬂn29 [ sind = tanB
cos’0 cos®
=LHS Hence proved.
EXAMPLE |5| If acos® + bsin® = x and
asin® — bcos0 = y, prove that a® + b% = x% + y°.

Sol. RHS = x* + y* =(acos 0 + bsin®)” + (asin® — beos 0)*
=(a’ cos’ 0 + b*sin’ @ + 2abcos Bsin@)
+(a*sin’@ + b® cos*B — 2absinBcos 0)
=a*(cos’B +sin”0) + b* (sin®O + cos*0)
=a’ +b* =LHS [ cos®0 +sin*0 =1]
Hence proved.

EXAMPLE |6| Prove that
1+tan4 (1-tanAY )
= = tan” A.
1+cot?A \1-cotd

1+ tan® A

Sol. LHS= 7
1+ cot” A

sin® A
1+ 24 sin@ cos B
=008 A --@anf= and cot® = —
cos® A

cosB sinB
1+

sin® A
cos? A +sin’ A 1
2 2 P
=08 A — =08 A [-:sin’0 + cos20=1]
sin® A +cos® A 1
sinf A sin® A

1 sin®A  sin®A
X = = tan® A =RHS

_coszA 1 _coszA
in®
- tanf = s
cos B
) sind )’
1—tan A
Mid term = an = cos A
1 - cotA 1— cos A
sin A
. tanf = sin® or coth = cos®
cos B sin@

(cos A —sin A)*

cos® A

_ (cos A —sin A)* xsin® A
(sinA — cos A)® (sinA — cos A)* x cos® A

sin® A
.2
ST A n?A —RHS
cos? A
LHS = Mid term = RHS

Hence proved.

EXAMPLE |7| Prove the following identities.
(i) (1+ cot® —cosecB)(1+ tan® + sec®) =2
tan® + secO—1 1+sin®

tan® —secB +1 - cos B

(i) LHS = (14 cotB— cosec 8)(1 + tan 0 +sec 0)

( cos B 1 { sinf 1
=[1+ —— ||+ +

sinfl  sinB cos® cosB
(sin9+cosﬁ—1][sin9+cosﬁ+l]

cos 6

sin@

_ (sinB+ cos 0)* —1

sinBcos®
_ sin®0+cos?0+ 2sinBcos@—1 1+ 2sinBcosO—1
sinBcos @ sinB cos @

[-sin’@+cos’0=1]

_ 2sinBcos B — 2= RHS
sinBecos O

tanf +sec—-1

tanf —secB+1

_ (tan® +secB) - (sec®8—tan” @)

B tan® —secB +1

Hence proved.

(i) LHS =

[ sec’0—tan’0 =1]
_ (tan® +secB) {l —(secO— tanB)}
- tanB —secB +1
[ at—b? =(a—b)(a+ b))
_ (tan0 +secB)(tan® —secO+1) _ tan® +sech
tanB —secH +1

_ sin@ o1 sinb+1 _ RHS Hence proved.
cos® cos®  cos®




ax by

EXAMPLE |8|If — +—-=a° - b’
) cosB sin@
and axm;ne - b]{cgse =0
cos“ 6 sin“ 0
Prove that (@x)?3 + (by)?/? = (a® -b?)¥/3
Sol. Given, axsin® _ bycos® _ )

cos’O sin@
o by .. (i)

and
cosB sinB

From Eq. (i), we have
axsin®@—bycos*0=0

sin’@ L cos*@

by ax
3 \2
sin" 0 co
= =
( by ] [

273
s*0
ax
sin’® _ cos’@
(by)In (ax)zn

_ sin“B+cos’
(by)lll +(ax)2/3

a ¢ - a+c
s —=— =5 each ratio =
[ b d b+d]

sin®@ cos’@ _ 1
(By)*"* (@)™ (by)*” +(ax)*"

[-sin®@ + cos*B=1]

213
£a (by)zn +(ax)ZI!
213
d 29- (ax)
an cos _(by)zn +(ax)zn
(by)ln
o)™ +(ax)”
(ax)lf!

and cosB=
;(by)ZIS + (ax)ZIS

Substituting the value of sin® and cos 8 in Eq. (ii),
we have

(ax)lll ’(by)lﬂ +(ax)2f’
+(by)” f(by)m +(ax)P =a* - b?

Y [(ax)ZIS + (by)2nlil‘l = a:! <J b2

=5 (ax)*"? + (by)z’ Y =(a* - b*)*"® Hence proved.

= sinf =

Sign of Trigonometric Functions

in Different Quadrants

If we draw two murually pcrperld.icular (intcrsccring) lines
in the plane of paper, then these lines divide the plane of
paper into four parts, known as quadrants.

In anti-clockwise order, these quadrants are numbered as Ist,
IInd, IIrd and IVth. All angles from 0° to 90° are taken in
Ist quardant, 90° to 180° in IInd quardant, 180° to 270° in
11Ird quadrant and 270° to 360° in [Vth quadrant.

y
llOmdrant(-'z‘- <6<x) Iomdrant(o<o<-;-)
sin 8 and cosec @ are Al trigonometric functions
positive. are positive.
(90°+6) and (180°- 6) (360°+8) and (90° - 8)
180°
X’ [ X
2700 L 3600
Il Quadrant x<6<—3;—) IV Quadrant (%‘-<e<2x)
tan 8 and cot 8 are positive, | €0S 8 and sec 6 are positive.
(180°+6) and (270° - ) (270"+8) and (360° - 6)

v
To remember the signs of trigonometrical functions in
different quadrants, we use the following four word phrase
‘After School To College’. Here,

After
| " Indicate that all trigonometric functions are positive in
| quadrant.

School
L. Indicate that sine and its reciprocal are positive in
Il quadrant.
To

| Indicate that tan and its reciprocal are positive in
—* |ll quadrant.

College
| Indicate that cosine and its reciprocal are positive in
== IV quadrant.

EXAMPLE |9| Find the value of cos and tan®, if
3n

sine=—§and1t<6<7.
Sol. We know that, cos*0 +sin’8=1=>cosf=+ -,'l —sin’@
Given that, t <8< % =50 lies in third quadrant.
In third quadrant, cozs 6 is negative.

cosB=—\’l—sin20 6=—Jl—zi=—%

5

tanf = &nd 6:—(2]x(~.5.)=2
5 4

Now,
cosB 4




EXAMPLE |10| Ifsec x = 15—3, where x lies in fourth

quadrant, then find the values of other five
trigonometric functions. [NCERT]

0y (i) Use the transformation table for converting one
J trigonometric function to another trigonometric

function.
(i) Use the sign table for marking the sign.

Sol Given, secx = 5 and x lies in fourth quadrant.
3

E in
ie. —< x<In
2
1 1 5

secx_13a’5_E
We know that, sin® x + cos® x =1

Now, cosx=

.2 2 5 25
= sin” x=1l-cos x=1=-|—| =1=—

_169-25 144 _(12)’
169 169
12

= sin x =% —
13

Since, x lies in fourth quadrant and sin x is negative in
fourth quadrant.

. 12 1 =13
sin ¥x == — = coscc X = .
13 sin x 12
gin x 12
Now, tan x = = 13/ __12
cos x [5] 5
13
1 5
and cotx= ==
tan x 12

EXAMPLE |11| Ifcos 8 =— % 0 lies in IIT quadrant,
then find other five trigonometric functions. [NCERT]

Sol We have, cos=— % and 6 lies in III quadrant.

We know that, sin”8+ cos® 8=1

n,}l —cos’ B

In III quadrant, sin 8 is negative, therefore

sin B = = J1 = cos? ﬂ— 1’ - ——

4-1

= sinf =

ﬁ

I

5

= sinf=——
2

sinf -Ji;z_ﬁ

Now, tan 6=

cos B =1/2
1 1 -2 =3
cosecl= —=————= ~gin = ——
sin B [-Jg] :1,; [ 2 ]
2

1
and cotB= =— [ tan 8 = 3]
tan 6 -\E
Hence, other five trigonometric functions are

sin B = —-\JE COSI:CG—_—z,
2 N

secﬂz-?,l.a.n€l=v§ and cotﬁzjl-.
3

EXAMPLE |12| Ifsin® = — % and 7 <6 < 3?“ then

cotf
tan® —cosec®’

find the value of sect -

3
Sol. Here,m<B< ?:rc it means 6 lies in third quadrant.

We have, s‘mﬁz—i then cosec 6 =L=; 3
5 sinfl =3/5 3

2
]
Now, sin8+cos*0=1 = (-;] +cos’B=1

9 16 16
= cos’=1-—=— = cosB=+|—
25 25 25
4
= cosf=%—
5
Since, 8 lies in third quadrant. Se, cos 8 is negative.
4 1 5
cos==— = sect= TR
5 cos B 4
tanﬂ:ﬂne :_3f5:§ E_E
cosB =4/5 5 4 4
1 1 4
and coll=—=—=—
tan® 3/4 3

On putting these values in given expression, we get

_5_4 —-15-16
secl—coth 4 3) 12 31

tan®— cosec @ [E N E) [9+ 20] 29

4 3 12



DOMAIN AND RANGE OF TRIGONOMETRIC FUNCTIONS

The domain of a trigonometric function consists of all the values that you can use as inpur into the angles i.e. the values for
which trigonometric funcrion is defined. The range of trigonometric functions consists of all its outpur value i.e. the values
which are obrained by trigonometric functions. e.g. sin x is define for all real values of x, so its domain is £ and obrained

value lies between 1 and —1, so its range is the interval [-1, 1].
The domain, range and graph of each one of the six trigonometric functions are given below

T-function Domain Range Graph
7
e L I
sing R ~11] 2z am2 %\ -m2 /|n6 m2 2nf2
____________ [T v =sin®
¥
Y

cos8 R [-1.1] Hra—i— i T —
NS A NS

3n/2

|
tan® {x:xeRandx#@n+ 1) mi2 nel} =] = ! [ =
I

4
i
- ';’:_'_:_-_'_"_'_":
ra| &

1 I
2 2n
cot@ {x:xeRand x#nmnel} R RN [0 % iF i
2 =1 4 H
2 | i
¥
2
=
o 2 Z |x 2n Ly
cosec @ {x:xeRand x 2 nm, ne l} R—(-11) 0 1 3z
-2
¥




T-function Domain Range

Graph

sech {xxeRand x#@@n+1) m/2, nel} R-(-11)

=
=,

2

X~

S E]
rlg

-

]
¥

‘r"l
y=5ec 8

EXAMPLE |13| Which of the following is not correct?
[NCERT Exemplar]

(i}sinﬂ:—% (i) cos® =1
(iii}secB:% (iv) tan 0 =20
(3= Verify through the range of trigonometric function.
1~

Sol (i) sin6=- %e [=1, 1] Therefore, the given equation is

correct.
(ii) cos® =1 [=1 1] Therefore, the given equation is
correct.
(iii) Since, secBe(—-11)
1
sec B = —
2

1.
= secx = — is not correct.
2

(iv) tanf = 20 & (—eo, == ). Therefore, the given equation is
correet.

EXAMPLE |14]| If x is any non-zero real number,
. 1
show that cos@ and sin® can never be equal to x + —.
X
Sol Given x is any non-zero real number, then x may be
greater than zero or less than zero.

Here, two cases arise
(i) When x >0, then

1 : (L) - B
x+;_(J§} +[ x] zxﬂxﬂ

1
+2XANE X —=

Jx
x+%=[J_—:}x-]2+222

(ii) When x <0, then
x==y y>=0(let)

1 1
)
¥ ¥
= —[y+l]£—2 :>x+l£—2
¥ x

1 1
x+—22forx>0and x + —< - 2for x <.
x x

But —1<sinf<1and —1< cos0<1 for all .

1
", x + — can not be equal to sin® or cos 8.
x

Behaviour of Trigonometric
Functions in Different Quadrants

Behaviour of trigonometric funcrions in different quadrants
i.e. the variation in the value of trigonometric ratio in
different quadrants, can be understood from the rable given
below

| quadrant Il quadrant Il quadrant IV quadrant
sin Increases Decreases Decreases Increases
fromOto1 from1to0 from O to —1 from—-1to 0
cos Decreases  Decreases Increases Increases
from1to0 fromOto -1 from—1to O from 0 to 1
tan Increases Increases Increases Increases
from1to0 from—=t00 from0toee from —e=to 0
cot Decreases  Decreases Decreases Decreasas
froms=1t00 from0Oto—= fromstocQ from 0 to —==
sec Increases Increases Decreases Decreases
from0to= from—-to—-1 from—-1t0—= frome=to1
cosec Decreases  Increases Increases Decreasas
frome=to 1 from 110 from —ss to =1 from =110 —==




TRIGONOMETRIC FUNCTIONS
OF ALLIED ANGLES

Two angles are said to be allied when their sum or difference

is either zero or a multiple of 7 /2. The angles —0, gi 0,

n+ 8, 2w +0 erc., are angles allied to the angle 6, if 6 is
measured in radians.

Note If 8 is measured in degrees, then the angles allied to @
are —0,90°+ 6,180°% 0,270° % 0, etc.

The trigonometric functions changes at allied angles which are
given in the following table

Allied angle/ siné  cosec® cos6 sec  tan6 cotd

Trigonometr
ic function

-8 —sinB —cosecB cose secH —tanB —cot@

w2 -8 cost sech siné  cosec cotd tan @

w2 + 6 cos secl -—sind —cosec® -—cotb® —tan@

T—8 sin@ cosec® —-cos® —-secl® —tan® -—coté

n+8 —sinb —cosect —cos® —sech tan@ coté

3nf2 -8 -—cos6 —-sec -—sinB —cosec@ cot® tané

dn/f2+8 -—cos®  —secH  sinB cosec® —cotd —tand

2m-® -—sin@ -cosec® cos6 sec -—tanB - cot@

2m+ 8 sin  cosec® cos6 sec @ tan@ coté

MNote

(i) Trigonometric functions for (2 —8@) and {2nt —6) are same as
those for—e), where ne 7.

(iiy Trigonomefric functions for (2x + 8) and (2nx + 8) are same as
those for@, where ne 7.

v Knowledge Plus

Even Function A function f{x) is said to be an even function, if
f(—x) = f(x) for all x in its domain.

e.g. cosx is an even function, as cos (- x) = cosx.

0dd Function A function f(x) is said to be an odd function, if
f(— x) = — f(x)for all x in its domain.

e.g. sinx is an odd function, as sin(—x) = —sinx.

METHOD TO FIND THE VALUES OF
TRIGONOMETRICAL FUNCITONS FOR
ANY ANGLE

(i) Check whether the given angle is positive or negative.
If it 1s negative, then make it positive by using the
following formulae
sin (—0) = —sin 6, cos (—B) = cosB, ran (—0) = —ran 6,
etc.

(ii) If the given angle is greater than 360°(or27), then
split it in the integral multiple of 360°(or2m) and
then use the results mention in the above note.

(1) If the given angle is less than 360 (or 27), then split
iras 90°+ 0, 180°+68,270°+6,360° -0

(or%i B,niﬁ,%iegx —9} where 8 is an

acute angle.

EXAMPLE |15| Evaluate
(i) sin (= 1125%) (ii) sin 930°
(iii) cos (= 870%) (iv) tan (- 2025%)
r\’j (i) F_irstly, use tl_'ne following formulae cos (—8)=cos 6
v sin(—8)=-sin® and tan (-8)=-tan @

(i) Split the given angle in the integral multiple of
360° and further solve it.

Sol (i) sin{-1125%)= —sin(1125°)
= —sin(1080° + 45°)
= —sin(3 x 360° + 45%)

[-sin(n X 360° +8) = sin 6]

[~ sin(=B) = —sin @]

= —sin45°
S
T2
(ii) sin(930°) = sin(3 X 60°=150°)
= —sin150° [~ sin(n % 360°-0) = —sinB,n e Z]
= =sin (180° = 30°)
= —sin30°
_ 1
T2
(iii) cos(—870°) = cos 870 [ cos(-B) = cos 0]
= cos(720% +150°%) = cos (2% 360° +1507)
= cos150° [ cos(nx360° +8) = cosB,ne Z]

[ 5in(180°—0)] = sin®

= cos(180°-30%) = —cos 30°
B
T2
(iv) tan (=2025°)= —tan (2025%)
= —tan (6 X 360°=135°)

[ cos(180° — B) = —cos @)

[ tan(—=8) = —tanB)]

= tan135° [ tan(n x 360% = @) = —tanB, ne Z]
= tan(90°+45° ) = —cot45®  [~tan (90°+8) = — cotf)]
=-1

EXAMPLE |16| Find the value of
() m[zf‘_“] (i) cos [ﬂ]
3 4
Sol (i) sin(zs—n] =sin (En: El E): sin(zn: %4 +£] —sinm
3 3 3 3
[--sin(2nm +8) =sinb,ne Z)

_B

2
41
(ii) cos or =cas[101r:+£ = cos [2:r|:>(5+£ =cos X
4 4 4 4

[ cos (2nm +8) = cosfl ne Z]

1
Ve



EXAMPLE |17| Prove that

T 3n 51 n
c0s— + cos— +cos— +cos— =0.
8 8 8

T 3n Sn n
Sol. LHS = cos; + cos?+ €OS — + COS —

T 3n ( 3n [ It]
=COS— +COS— + COS| M =— |+ COS| T — —
8 8 8 8

n 3n 3n T
=€0§ — + €0S — = C0S — = COS —
8 8 8 8

[ cos (m = 0) == cos 6]
=0=RHS

EXAMPLE |18| Find the value of
sin135° cosec 225° tan150° cot 315°.
Sol. sin135° cosec 225° tan150° cot 315°
= sin (180° — 45°) cosec (180° + 45°)
tan (180° — 30°) cot (360° — 45°)
=sin 45° (= cosec 45°) (= tan 30°) (= cot45°)
~.» sin (180° — B) = sin®, cosec (180° + 0) = — cosec 6,
[ tan (180°= 0) = — tan B and cot (360° — 0) = = cot 6 ]
= — sin 45° cosec 45° tan 30° cot 45°

=—L..\/E.L-l=— 1

N AR N

| TOPIC PRACTICE 2 |

OBJECTIVE TYPE QUESTIONS

1 If f(x) = cos’x + sec’x, then

[NCERT Exemplar]
(a) f(x)<1 (b) f(x)=1
(c) 2< flx)<1 (d) f(x)=2

2 Which of the following is not correct?

[NCERT Exemplar]
(a) sin9=—% (b) cosg=1
(c) seco = % (d) tané = 20
3 The value of tan1°tan2°tan 3° ... tan89° is
[NCERT Exemplar]
(a)0 (b) 1
(© % (d) Not defined

4 Iftan6 = 3 and 6 lies in third quadrant, then the

value of sin 6 1is [NCERT Exemplar]
1 1
B
Wiy ®-T%
-3 3
d i
© 7o T

Hence proved.

5 The value of tan75° — cot75°is [NCERT Exemplar]
@243 ®2+43 ©2-43 @1

VERY SHORT ANSWER Type Questions

6 Ifsin® + cosec 0 =2, then find the value of
sin’6 + cosec?6. [NCERT Exemplar]

7 Iftanx= ;and x lies in III quadrant, then find
the value of sec x.

8 Evaluate the value of the following.

15n

(i) sec e (ii) sin 390°

(iii) sin690°

(v) cos135°
(vii) cosecl150°
(viii) tan(-945°)
(ix) cot 1215°.

(iv) cosec (-1170°)
(vi) secl120°

9 Which of the following are correct?

(i) sin1® >sinl (ii) sinl® <sinl

(iii) sin1® =sinl (iv) sinl®=——sinl
180

[NCERT Exemplar]

SHORT ANSWER Type I Questions

10 Prove thatsec’d + cosec’0>4. |NCERT Exemplar]

11 Ifcos6 +sinf = «/f cosb, then prove that
cosH —sinB = +/2 sinf.

12 Prove that
cos (90° + 6)sec (- 6) tan (180° - 6) _
sec(360° - 6) sin (180° + 6) cot (90° - 0)

13 Prove that

. 2T n n
2sin’ = + cosec? — cos’— =
6 6 3

N | w

SHORT ANSWER Type II Questions

14 Ifcotx=- %, x lies in IT quadrant, then find the

value of other five trigonometric functions.
[NCERT]

15 Ifsecx=-2andr<x< 32_1'c, then find the values of

all other five trigonometric functions.
16 Prove that
c0s510° cos330° +sin390° cos120° = -1



17

18

19

20

21

Prove that
sin(—420°) cos(390°) + cos(-660°)
sin(330°)=-1

If tan® + sin® = m and tan® — sin® = n, show that

m® —n? = 4-/mn.

If10sin® o + 15c0s® & = 6. Find the value of
27 cosec®o + 8secba.

3;, then find the values

Ifcosﬂ:?andm:ﬂ-:

of remaining trigonometric functions and
cosec 6+ cotd

hence evaluate .
secl-=tan B

Prove that
sin150° cosl120° + cos330° sinB660° =-1

HINTS & ANSWERS

(d) Given that, f(x)=cos®x +sec” x

We know that, AM = GM
cos? x + sec’ x T
—————— =2 4eosT x-sec x

2

= cos®x +sec’ x> 2
= fix)=2
(c) We know that, the range of secBis R— (-1 1).

[ cos x-secx =1]

Hence, sec 8 cannot be equal to IE

(b) Given expression, tan 1°tan 2%tan3° ... tan 89°
=tan1°tan 2° ... tan45° tan(90° — 44°)
tan(90° — 43°) ... tan(90° =1°)
=tan 1%cot1®tan 2°cot 2° ... tan 89° cot 89°
=1-1...1-1=1
(c) Given that, tanB8=3

= sec’@=1+ tan"0
= sec==% 1+9=i-u't13
= secﬂ=i-dr1_0
= msﬂ:iL
1o
. 1
= sinf==%_1-—
9 3
=+ |—=4+
10 ;1!]
3

sinf=-—

“1o

[since, B lies in third quadrant]

5. (a) Given expression, tan75° = cot75°
_ &in75%  cos75°
T cos75°  sin75°
_sin®75% = cos?75°

"~ sin75%cos75°

= 2cos150°

5in150°

_ — 2cos(90° + 60°)

T sin(90° + 60°)

_+ 2sin60°

" cos60°

by | =

6. (sin@ + cosec B)* =4 = sin’@ + cosec®? B+ 2=4
= sin”0 + cosec” 0 =2
2
. 3 25
7. Since,sec’x =1+ tan"x=1+ [—] ==
4 16

5
secx ==—

15m n his
8. (i)sec—zsec(4n-—]=sec—= 2
4 4 4

(11) sin390°=sin(360°+30° )= sin30°= IE

(i) sin 690° =sin (2 % 360° = 30° ) = = sin 30° = —%
(iv) Solve as part (iii). Ans. =1

{v) cos135" = cos (90° +45°) = —sin 45° =— %
(vi) Solve as part (v). Ans.— 2

(vii) Solve as part (v). Ans. 2
(viii) tan(— 945°)= — tan (720° + 225%)

= — tan(225%)=—1
(ix) =1
9. (ii) sin1®<sinl
1 1 sin®@ + cos’@
10. LHS= —+t——= : S
cos"B  sin"@ sin“ @ cos™ 0
=———=4 cosec” 20,
(sin 20)*
cosec’ 91, so4cosec’ 20> 4
in. - {cos O + sinB)* = (ﬁms 8)*
= 1+ 2sinf cosB = 2cos’0
= 1+ 2sinBcos® = 2- 2sin” B
= 25in®0 =1 - 2sinB cos 6
= 25in” 8 =sin® 8 + cos” 8 - 2sinBcos O



1 1
14. tanx= : secx=-—+l+tan’x; cosx=—
cot x secx
sinx =+f1=cos? x
1
and cosec X = ——
sin x

-12 -13 -5
Ans. tanx = —, secx = —, COS X = —,
5 13

. 12 13
Sinx = —, cosecx = —
1 12

15. cosx= ;tanx=+wlsec2x—l;
sec x
cotx = ;sinx=-\/1-coszx
tan x
and cosec x = —
sinx
i 3 1 1
SINY == — cosx==—, lanx =+/3, cotx = —
2 2 N

and cosec x = 3_2
3

18. LHS=m’-n’
=(tan® + sin0)* = (tan® — sinO)*
=(tan® + sinB + tan® - sin0)
(tan® + sin® — tan® + sin )
[~ a® = b* =(a+ b)(a—b)]
=(2tan®0) (2sinB)
= m? = n® =41tanBsin6 ... (i)

RHS =4+/mn

=4,f(tan6 + sin®) (tan® — sin@)

=41ﬂtan29 —sin®@ [ (a+ b)a-b)=(a’ = b*)]

=4 sinzﬂ[ 12 —1)
cos B

= 44/sin” 0 (sec’ 0 — 1)
=4-,ﬂsin“e tan?’@

= d4+/mn =4sinBtand ... (ii)
From Eqs. (i) and (ii),
LHS = RHS Hence proved.

19. Given,10sin ot +15cos'a =6
= 10sin" ot +15¢cos "ot = 6 (sin” ot + cos “ o)’
[ sin o+ cos® ot =1]

20.

21.

= 4tan‘ ot +9-12tan’ ot =0
=(2tan’o0)® + (3)* = 2x3 x 2tan’ot =0
= (2tan’a =3)* =0

2 3
= tan’ol ==
2

- 27 cosec®ot + 8 sec®0L = cosec®0l(27 + Stan®at)

=(1+cot’ )’ | 27 +ax L
8

3
2
=|1+—| (54)
2]
5\ 125
=(—) X 54 = — X 54 =250
3 27
We have,
2
3 16
sin26=l-cos26=l-(--) =—
5 25

= sinf==% %; butsin is = ve in third quadrant.

sine=-1;sec9= E =:§;
5 cos® 3
cosecﬂ:.l_z:_s
sinf 4
cos® =35 3
and col9=—=—l ==
0 i) 4
3
_5 3
0 + cot@ 1 4
Now cosec cotb_ 4 4
sec B—tan® _5_4
3 3
=2/4 1
-9/3 6

LHS =sin150° cos120° + cos 330° sin660°
=3in(90° + 60°%) cos (180° — 60°7)
+ cos (360% = 30° ) sin (2 x 360° = 60°)
= cos 607 (= cos 607 ) + (cos 307 ) (= sin 60%)

)

__1_3
4 4
= —1=RHS Hence proved.



| TOPIC 3|

Trigonometric Functions of
Compound Angles

The algebraic sum of two or more angles are generally called
compound angles and the angles are known as the
constituent angles.

e.g. If A, B and C are three angles, then A+ B, A+ B+C,
A — B+C etc., are compound angles.

Now, some formulae or identities which will express the
trigonometric ratios of compound angles in terms of
trigonometric ratios of constituent angles are given below.

Formula 1. cos (A+ B)=cos A cos B—sin Asin B
Formula?2. cos(A— B)=cos Acos B+sin Asin B
Formula 3. sin(A+ B)=sin Acos B+ cos Asin B
Formula 4. sin(A— B)=sin Acos B — cos Asin B

tan A+ tan B

Formula 5. tan(A+ B) = , where A, B

l1-tan Atan B
and (A+ B) are not odd multiples of ;

tan A — tan B

Formula 6. tan(A— B) = . where A, B
1+ tan Atan B

and (A — B) are not odd multiples of ;

cot Acot B—1
cot B + cot
and (A + B) are not multiples of T

cot Acot B+1
— where

Formula7. cot(A+ B) = , where A, B

Formula 8. cot(A— B)=
cot B —cot A

A, B and (A — B) are not multiples of

\Z Some Important Results
(i) sin(A+ B)sin(A— B) = sin® A— sin® B= cos’ B — cos” A
(ii) cos (A + B) cos (A— B) = cos® A sin® B= cos® B - sin” A
(iii} sin (A + B + C) = sinA cosB cosC + cosA sinB cosC
+ cosA cosB sinC — sinA sinB sinC
(iv) cos(A+ B+ C)=cosAcosB cosC — cosA sinS sinC

— s5inA cosB sinC — sinA sinB cosC
tanA + tanB + tanC — tan A tanB tanC

1 — tanAtanB — tanBtanC — tanCtan A

(v) tan{d+ B+ C)=

EXAMPLE |1]| Evaluate
cos 47°cos 13° —sin 47°sin 13°
Sol. cos 47° cos 13° — sin 47°sin 13° = cos (47° +13°)

[ cos Acos B—sin Asin B=cos (A + B)]

1
=cos60°=—
2

EXAMPLE |2| Find the value of sin 75°.
Sol. sin 75° =sin (45° +30°)
= sin 45° cos 30° + cos 45°sin 30°
[-sin (A + B)=sin Acos B+ cos Asin B]
1

[y

+

e
- -

2

5

[ 3 1
-»sin 30° = —, cos 30° = £ and sin 45° = cos 45° =
2 2 N

i1 B+

" W

EXAMPLE |3| Find the value of
sin 23°cos 67° + cos 23°sin 67°.
Sol. sin 23°cos 67° + cos 23°sin 67°

=sin (23° +67°)
[wsin(A + B)=sin Acos B+ cos A sin E]
=s5in 90° =1

EXAMPLE |4| Evaluate
sin 78°cos 18° — cos 78°sin 18°.
Sol. sin 78° cos 18% — cos 78%sin 18° = sin (78° — 18°)
[~ sin Acos B — cos Asin B =sin (A — B)]

EXAMPLE |5| Prove that
sin (A —B) sin(B-C)

sin(€-4) _,
cos Acos B cos Beos C o

cos Ccos A
sin (A = B) N sin (B=C) 4 sin (C = A)
cos Acos B
cos Csin (A = B)+ cos Asin(B=C)+cos B
sin(C = A)
cos Acos Beos C

Sol. LHS =

cos Beos C cos Ceos A




[cos C(sin A cos B - cos A sin B) + cos A(sin B cos C |
— cos BsinC) + cos B(sinC cos A — cos CsinA)

cos A cos B cos C

[sin A cos B cos C — cos A cos C sin B + cos A

cos C sinB = cos A cos BsinC + cos B cos A J

sinC = cos B cos C sin A

cos A cos Beos C
0
cos Acos Beos C
=0=RHS
EXAMPLE |6] Find the value of tan 105°.
Sol tan 105° = tan (60° + 45°)
_ tan 60° + tan 45° [

Hence proved.

tanA+lanB1

= ~tan (A + B) =
1 = tan 60° tan 45° [ 1=-tan Atan B
= 41 [~ tan 45° =1 and tan 60° = /3]
1-431

_ B _+4B) 1+4B)
T1-43 (1-4B) (1+4B)

[on rationalisation]

=<—q15 +—31’2 [“(a=b)a+b)=a* - "]
=3+11+32J§=4+22~E=2[2+2J§:'=-(2+J§)

EXAMPLE |7| If tan A =% and tan B = % then find

the value of tan (4 + B).

1 1
Sol Given, tan A = 4—and tan B= :
tan A + tan B
We know that, tan (A + B) = ———
1=tan Atan B
1 1 5+4 9
— 4= i _—
__4 5 __20 _20_9
1 1 20=1 19
L1 19 19
4 5 20 20
. . cos 15° +sin 15°
EXAMPLE |8| Prove that ——————— =4/3.
cos 15° —sin 15°
cos 15°  sin 157
Sol LHS— cos 15° + sin 15° _ Los 15° c;lys 15°
cos 15° —sin15°  cos 15°  sin15°
cos 15°  cos 15°

[dividing numerator and denominator by cos15°]

1+ tan 15° sin B
= — tanf=
cos B

" 1-tan15°
[ tan 45° =1]

_ tan 45° + tan 15°
1— tan 45° tan 15°

= tan (45° +15°) . tan (A + B) = tanA+tanB]
[ 1—tan Atan B

= tan 60° = 43 = RHS Hence proved.

EXAMPLE |9] Find the value of tan 15°.
Sol. tan 15° = tan (60° — 45°)

_ tan 60° — tan 45° .+ tan (A — B)= tan A —tan B
1+ tan 60°tan 45° 1+ tan Atan B
V3-1

= [ tan 45° =1 and tan 60° = /3]
1+ 4/3-1

= -1 = P = i1 ® o [on rationalisation]
1+43 3+1 B+1 f3-1

(-1

T (B -

_(BY+ay -2

[{a=b)a+b)=a" =b"]

[(a=b)* =a® + b* = 2ab]

3-1
:3+;—12J3-':4-;J§:Hz;~’5):(2_45

cot 47° cot 43° -1
cot 47° + cot 43°

EXAMPLE |10| Find the value of

cot47® cot43° =1
Sol ——— ——— = cot(47° +43°)
cot 477 + cot 43°

weot{A+ B)=

cot Acot B—=1
cot A + cot B

= cot90° =0 [ cot90° = 0]

EXAMPLE |11| Show that )
sin (40° + 6) cos (10° +6)~ cos (40° +6) sin(10° +) = -,

[NCERT]
(7 Use the formula, sin Acos B —cos AsinB =sin (A — B) and

i

¥ then simplify it.
Sol. LHS
= sin (40% + 8) cos (10° + @) —cos (40° + 8)- sin (10° + @)
= sin {(40° + 6) — (10° + B)}
[rsin (x = y)=sinx-cos y = cos x -sin y]

. 1
L sin30° = —
2

Hence proved.

. 1
=sin30® =—
2

= RHS

EXAMPLE |12| Prove that

tan E+J|:: 2
4 _ 1+ tan x
1—tan x )

tan (E — x]
4

[NCERT]



n
tan — + tan x
4

T bid
lan[:+x] 1-—tan —-tan x
Sol LHS= = 4
T T
tan [—— x] tan — = tan x
4 4
T
1+ tan —- tan x
4
|" tan (x + y) = tan x + tan y -‘
1=tan x-tan y
and tan (x — y)=_20X-tany
1+tan x-tan y
[1+ta.nx]
1=t
an x [l+lanx REHS
1—tzmx 1-tan x
1+ tan x
. LHS =RHS Hence proved.

EXAMPLE |13| IfA+B = % then prove that
(i) (1+tan 4) (1+ tan B) =2
(ii) (cot A=1)(cotB-1)=2.

Sol. (i) We have, A+B =%

= tan (A + B) = tan =~
4

tan A+tan B
1=tan A tan B

= tan A + tan B=1-tan Atan B
= tan A + tan B+ tan Atan B=1 A1)
On adding 1 both sides of Eq. (i), we get

1+tan A +tan B+ tan Atan B=2

= {1+ tan A)+ tan B(1+ tan A) =2
= (1+tan A)(1+ tan B)=2
Hence proved.
(ii) On dividing both sides of Eq. (i) by tan A tan B, we get
tan A +tan B+tan A tan B _ 1
tan A tan B " tan Atan B

cot B+ cot A +1=cot A cot B
cotAcotB—cotd—cotB=1
cot AcotB=cotA—=cotB+1=2
cot A{cot B=1)=(cot B=1)=2

U

EXAMPLE |14| If 3tan A tan B =1, then prove that
2cos (A + B) =cos (A — B).
Sol Given, 3tan Atan B=1

3sin Asin B cos Acos B

3
1

cos Acos B sin Asin B

(cot B —1)(cot A —1) =2 Hence proved.

cos Acos B+sin Asin B 3+1

= =2
cos Acos B—sin Asin B 3-1
[applying componendo and dividendo)
cos (A—B) 4
= —_— ==
cos (A+B) 2
~cos (A = B)=cos A cos B +sinAsinB
and cos (A + B)=cos Acos B=sinAsinB
- cos (A = B) _
cos (A + B)
= cos (A = B)=2cos (A + B)

Hence proved.

EXAMPLE |15| Prove that

sin(x+y) tanx+tany
sin(x-y) tanx-tany [NCERT]
Sol LHs = Sn(x+y) _sin xcos y+ cos xsin y

sin(x —y) sin xcos y—cos xsin y

sin xcos y + cos xsin y

_ COS X COS §
sin x cos y — cos xsin y

cos xcos y

[dividing numerator and denominator by cos x cos y]

si.nx+siny

_fosx cosy tanx+tany — RHS Hence proved.
sinx _siny tan x —tan y

cos x cos y

EXAMPLE |16] If tan A — tan B = x and

1 1
cot B — cot A = y, then prove that cot (A —B) =—+ —.
Xy
Sol Given, tan A —tan B=xand cot B—cotA =y
tan A = tan B
= —_—y
tan A tan B
:;z}' :>l.a.r|J-’-hlan.Ei:£
tan Atan B y
cot(A = B)= 1 :1+tanALcmB
tan (A= B) tan A-tan B
1+
=YXV 1 ] Hence proved.
x xy x oy
. . . 4 5
EXAMPLE |17] I smA:; and cnsB:H, where

0<A B< % then find the values of the following.

(i) sin (4 + B)
(iii) sin (4 - B)

(ii) cos (A + B)
(iv) cos (4 = B)



4
Sol Given,sin A=—0< A<t
35 2

cos A =, —sin® A

1 [~- A lies in Ist quadrant]

2
= =[] = h-1
5 2

5 25

13 169
. 144 12
= sin B= |—=—
169 3

(i) sin (A + B)=sin Acos B + cos Asin B
4 5 3 12 20 36 56
=X —d X —=— e —=—
5 13 5 13 65 65 65

(ii) cos(A + B)=cos A cos B=sin A sin B
3 5 4 12 15-—48 =33
=LK — =X —= =—
5 13 5 13 63 63

(11i) sin{A = B)=sin A cos B=cos Asin B

_4,5_3,12_20-3_-16
5 13 5 13 65 65

(iv) cos(A = B)=cos Acos B+sin Asin B
3.5 4 E 15+48_£

5 13 5 13 65 65

EXAMPLE |18| If x and y are acute angles such that

13 1
cos x = — and cos y = —, then prove that x —y = I
14 7 3

Sol Given,0< x,y< E,cas x =Eandcas y= 1
2 14 7

T
e x<—
2

sosinx=+1-cos®x [ sine is +ve in first quadrant]
B \ll 169 _ [196—169
196 196
_[2z7 3
196 14
Similarly, sin y = ..||; —cos’y
[-0< y<m/2and sine is +ve in first quadrant]

_ f1_1 _ f.;s
49 49
43

7

Now, consider cos (x = y) = cos x cos y+sin xsiny

_13,1,08 48

14 7 14 7

13436 49 1 0
14x7 14x7 2

Since, cos x > cos y, therefore y > x

[ cos x is a decreasing function]
= x=—y=<0

=T n 1
Now, as cos | — |=cos—=—
3 2

X—y=—

" Hence proved.

EXAMPLE |19]| Find the value of tan (o + B), if

1 3 -5
cote=—, 0L € '.lt,,—it and sec f = .Pe E,rr .
2 2 3 2

tanot + tanf§

Sol. We have, tan(ot + B)= —————
1—tanot-tanf

['.'tan(x+y)=7mx+my ]

1=tanx-tany

1
~tanol =
cot ol

. 1
Given, cotot=— = tano=2

Also, secp= —TS
Then, tanﬂzt-‘ﬂsecz -1
= tanf==% E—1 == % r‘.'secﬁn:—s-l
9 9 I |
4
tanf =+ —
B 3
4
But, tanfd # —
3
{ Be (% ;n:J and tan jf is =ve in IInd quadrantJ
4
tanp=-—
B 3
tanf _ " (_4_)
tan (ot + B) = tanct + tanfi 3

l-mu-lanﬁ_l_(z)(i)
3

[ tanot = 2 and tanff = ?]




EXAMPLE |20] If
cos (o0 —PB)+cos(B—7y)+cos(y —o)= —%, then

prove that
cosc +cos P +cosy=sino +sinf +siny =0.

Sol Given, cos (et =) + cos (B =) + cos (y —at)=

II mlw

= 2cos (0—=f)+ 2cos (B =)+ 2cos (v -ot)
=(2cos oicos B+ 2cos Peos ¥+ 2cos ¥ cos o)

+(2sin ctsin B + 2sin Psin ¥ + 2sin ¥ sin o)
+1+1+1=0

=(2cos otcos B+ 2cos Beos 7+ 2cos ¥ cos o)
+ (2sin otsin B + 2sin Bsin y) + 2sin ¥ sin o)
+(cos ot +sin” o) + (cos* P + sin* )
+(cos’y +sin”y) =0
=(cos ol + cos B + cos” v + 2cos oLcos B
+ 2cos Peos ¥ + 2cos Ycos o)
+(sin” ot + sin” B + sin” ¥ + 2sin oisin B + 2sin Bsin
+ 2sin ysin o) =0
= (cos oL+ cos B + cos ¥)° + (sin ot + sin B +sin ¥)° =0
= cos o+ cos B+ cos y=0

and sinot+sinf+siny=0 Hence proved.

EXAMPLE |21] If
atanao + btan B = (a + b) tan [u

;ﬂ} where o # p.
)
B - an ﬁ}

Prove that acos p = bcos a.

o+
Sol Given, atan ot + btan p =(a + b)tan(

*BH[
o M s

where ot # B

o
:a{t&na—tan

e M Wt
2
=
+ o+
oS 0Lcos ( ] ( ] cos f
r - tan A — La.nB—gmA sin B -|
cos A cos B
_ sin Acos B—cos Asin B sin (A - B)
cos Acos B cos Acos B
o= o=
asin( B] bsin[ B]
2 2
= =
cos o cos B
= acos f=bcos o
u_
[‘.'u.:tﬂ,sosin[ B);&(ﬂ
2 )7

Hence proved.

1

VX + x+ 1]'

X
L andtany =+/x7~ +x72 +x7",
S+ x+1
then prove thata +p=1.
Sol. We know that,

EXAMPLE |22| Iftan o =

tanp =

[an(u+ﬁlzw
1 - tan ottan f
1 b
2 F
. tan(cx+|5}|=Jx(x + x+1) Jx +x+1
x

1-—

Jx(xz +x+1)-Jx2 +x+1
1+x
Jr(x® +x+1)
tan(a+ﬁ)=—1
1=
X+ x+1

1+ x ¥+ x+1

2
-Jx(xz+x+1} X+ x+l=1

= tan (ot + ) =

1+ x)x*+x+1)

xlx +1}Jx(.r2 +x+1)

tan (oL + B) = Jx(x? + x +1)

x2

= tan (ot + f) =

X+ xt +x
4

x
=yx+ x5
= tan (ot + B)=tan y
a+f=7 Henee proved.

EXAMPLE |23| Prove that
sin® A = cos® (A — B) +cos” B —2cos (A — B) cos Acos B.
Sol. RHS =cos®(A = B)+ cos” B=2cos(A = B) cos A cos B
=cos’B+ cosz(A — B)—2cos (A — B)cos Acos B
=cos® B+ cos (A = B) {cos (A = B) = 2 cos A cos B}
=cos®B+ cos (A — B) [cos Acos B
+sin A sin B—- 2 cos A cos B}
= cos* B+ cos (A — B) [sin Asin B — cos A cos B|
=cos B+ cos (A = B)[=(cos A cos B=sin A sin B)]
=cosZB—cos{A—B)ms[A+B)
=cos®B=(cos® A —sin® B)
=cos’B+sin’ B=cos® A

=1=cos? A =sin® A =LHS Hence proved.



TOPIC PRACTICE 3 |

OBJECTIVE TYPE QUESTIONS

1

If tan® = % and tand = l. then the value of 6 + ¢ is

[NCERT Exemplar]
() g () n (©0 (@ %
The value of sin(45° + 8) —cos(45° - @) is

[NCERT Exemplar]
(a) 2cos@  (b) 2sind (c) 1 (d) 0

The value of cot[% + ﬂ]col(% - B] is

[NCERT Exemplar]
(a) -1 (b) 0 (o)1 (d) Not defined
The value of tan3.4—-tan2A—tan Ais

[NCERT Exemplar]
(a) tan3Atan2Atan A
(b) — tan3Atan2Atan 4
(c) tan Atan2A4 — tan2Atan3A4 — tan3Atan A
(d) None of the above

If8+ d=0ct and tan 8= p tan ¢, then sin (8 — ¢) is

equal to

(a) P=lina (b) P cosa
p+1 p+1

(c) 21 (@) 2+1
p+1 p-1

VERY SHORT ANSWER Type Questions

6

Find the value of the following trigonometric
functions.
(i) sin (105°)
(iii) tan(435°)
(v) sin15°

(ii) cos(-75°)
(iv) sec (105°)

Evaluate the following.

(i) sin TeosE +cos Esin X
4 12 4 12

(ii) sin Ix cos & _cos % sin &

4 12 4

Find the value of sin (45° + 8) — cos (45° - 6).

[NCERT Exemplar]

Iftana = m
m+1

andtanf =

1 . then find the
+1

value of o + B. [NCERT Exemplar]

10

1

12

13

Find the value of tan 34 -tan 24 —tan A
[NCERT Exemplar]

cos17 +sin 17°

— —  —  —tanb2°
cosl7® —sin 17°

Prove that

Find the values of the following.

131

i) tan 75° ii) tan —
(i) tan (ii) tan m

J3cos23° —sin23°

=cos 53°
2

Prove that

SHORT ANSWER Type I Questions

14 Prove thatsin (n + I)x sin(n + 2)x
+cos(n +1)x-cos(n +2)x =cosx. [NCERT]
15 Show that
cos [E—G cos E—q: —sin|Z -0]sin [E-q>
4 4 4 4
=sin (6 + &). [NCERT]
16 Prove that tanl5° + cot15°= 4.
17 Prove that
cos[s—n+x] —cos(s—n— x]: - f2sin x.
4 4
18 Prove that sinz(E + -“1) - sinz(f- - ‘—4-) .
8 2 8 2) 2
19 Prove that
cos 20.cos 2B + sin?(ot = B) — sin?(o + B)
=cos2(c +B).
SHORT ANSWER Type II Questions
20 Ifcos A=%andcosB =%;%< A, B<2r, then
find the values of the following.
(i) cos(A+B) (ii) sin(A-B)
21 Ifsin A=§,0< AcE
5 2
andcos B=- %, n<B< 32—1{, then find the
following.
(i) sin(A-B) (ii) cos(A + B)
(iii) tan(A - B)
22 Ifxand yare acute angles such that sinx = 713
s 1 n
and sin y = —, then prove that x + y = —.
y Jio P y 2



23

24

25

Ifcos(cx+]3}=%,sin(a—ﬁ]:%anda,ﬁ]ie

between 0 and %, then prove that tan 2o = %

If8+ & = and tan® = k tan ¢, then prove that
. kE-1 .
sin (6 - ¢) = —— sino.
©-9¢ k+1

If cos (B + &) = m cos (8 — ), then find the value of
1-m
1+m

cotd.
[NCERT Exemplar]

HINTS & ANSWERS

(d) Use tan(0 + ¢) = 200+ 1an ¢
1=tan@-tan ¢

(d) Use formula, sin( A + B)=sin A cos B+ cos Asin B

and cos(A—B)=cos Acos B+sin Asin B
(a) Use formulae,

tAcotB-1

cot(A + By = S&LC0 2 72

cotA + cotB

tAcotB+1

and  con(A-B) =220

cotA — cotB

{a) tan3A = tan{2A + A)
- tan3A — tan2A + tan A

1=tan2A tan A
(a) Given, tan 8 = p tan ¢
tan® _p

tanB+tand _ p+1
tang 1

tan—tand p-1

[applying componendo and dividendo]
sinB-cos p+cosBsingg p+1

- sinf-cos g—cosBsind p-l
- sin(B+¢]=p+1
sin(0-0) p-1
- sin(@—0)=L " Lsina
p+l1

(i) sin (105°) = sin (60° + 45°)

. . 3+1
= 5in60° cos 45%+ cos 60°sin45% =
242
(ii) cos (=75%) = cos75%= cos (457 +30°)
. V-1
= c0s45° cos30° = sind5%sin30° =
242

(iii) tan (435%) = tan (360° +75°) = tan75°

= tan(45°+30°)

7.

10.

1.
12.

13.

14.

15.

_ tand5°+tan30° _ 3 +1
T 1-tand5°tan30° 43 -1
{iv) " cos (105%) = cos (60°+457)
= c0s 60° cos 45° =sin 60° sin45°

Ll B 1o
22 272 a2
sec 105° = ZV{E
1-43
(v) sin15° = sin (45° — 30°)
= 5in45° cos 30— cos 45°5in30°= "E_l
22
(i) Use formula sin (A + B). Ans. %
NG

{ii) Use formula sin{A — B). Ans. —
2

sin (45° + @) — cos (45° - 0)
=(sin 45° cos B + cos 45° sin B)
= (cos 45° cos O + sin 457 sin 0)

=0
m 1
t tan f +1+2 +1
an of + tan m m
tan (o + ) = =
l-tanotanfp ,_ m 1
m+1 IZm+1

= tan(u+ﬂ)=1.-.u+ﬁ=%

e

tan 3A = tan (2A + A)
tan 2A + tan A
1=tan 24 tan A
Stan3A —tan 24 —tan A = tan3A tan 2A tan A
Solve as Example 8.

= tan 34 =

Bl
(i)
N
13
(ii) tan —Hztan[n+£]=tan£=lan15“
12 12

tan 45° — tan30°
=tan (45° =30°)=—— — °
1 + tan45° tan30°

V3 -1

Tl

3 cos 23° - sin 23° =£_ cos 23° —l—-ﬁn 930
2 2 2
= cos 30% cos 23° = sin 30° - sin 23°
= cos (30° + 23°)
= cos 53° = RHS
LHS =sin{n+1)x-sin (n+ 2)x
+ cos (n+1)x-cos (n+ 2)x
=cos (n+1)x-cos (n+ 2)x +sin (n+1)x -sin (n + 2)x
=cos [(n+1)x = (n+ 2)x]
Use the formula of cos (A + B).

LHS =

Hence proved.



tand5° tan30° 3-1
16. tanl5°= tan (45° =30°)= = 3
1+ tand5° tan30° 43 +1

Socotls®= J§+1

T -1

3n 3m
17. cos [— + x] — cos [— - x)
4 4

= [— %cos x —%sin x]— (— %cos X+ %sin x]
==+/2sin x
18. Use the formula,
sinA —sin®B=sin(A + B)sin(A—-B) and  then
simplify it.
19. cos 200 cos 2B +sin (o0 =P + o0+ B)sin [ =B = (o +B)]
= cos 20t cos 2P +sin 2ousin (=20)
= cos 2ot cos 2 — sin Zosin 2B

4 3@
20. Given, cos A= 7 ?c: A<

3
sinAz—-ﬂ'l—coszAz——

5
[- A lies in IVth quadrant]

and cos B=E,3—n< B< 2n

sin Bz—'\’ll—COSZB=—i

13
[~ Blies in IVth quadrant]

(i) cos (A + B)= %,(E_[_z][_il

13 ] 13
_48 15 _33
65 65 65
3 12 4 5
(ii)sin(A—B):[—- x=-Zx|-Z
5 13 5 13
36 20 16
= =
65 65 65
9 4
21, cosA=_fl-—=—
25 5
ﬂnﬁ:—,/l-ﬁ:-i
169 13
. 16 N 33 o 16
(i) —— (i) = — (iii) —
[} 65 63

22, Solve as Example 18.

23. Since, o, B lie between 0 and %

ke mw s
——<io-f<—andi<a+pf<—
4 4 2

= cos (ot — f) and sin (o + ) are positive.

Now, sin (¢t + B) = /1 — cos*(at + B) =

5
and cos(a—ﬂ):-.f;—sinz(u_—ﬂ =%

tan(a+ﬁ}:—sm(u‘+m _35_3
cos(+P) 4/5 4

and tan(ﬂ—ﬁ;:MZE_i

cos (—PB) 1213 12
Now, tan 2o = tan [(ot + ) + (ot = )]
3 5
_ tan (ot +B) + tan (@ =B) _ I"'E _ 56
“1-tan(a+P)tan(-B) ,_3,5 33
4 12
Hence proved.
24. Given, tan8=k tan ¢
- tanﬂ=£ tanﬂ+tan¢=k+l
tang 1 tan = tand k=1
[applying componendo and dividendo]
sinﬁ+m
- cos B cas¢=k+1
sinﬁ_m k=1
cos® cos t
sinf-cosd+ cos B-sing _ k+1
sinﬂ-cosdl—casﬂ-sinql_k—l
:sm(B+¢»}_k+1:}sm(B-¢)=Ic—l

sin(@—0) k-1 sin(@+d) k+1
k-1
= sin (8 — &) = —— -sin of Hence proved.
-9 1 P

25. We have, cos (B+ ¢)=mcos (B8-1¢)

- i= cos (B8 =)
m cos(8+d)
Now, I=m = s (6= ) cos (ﬂ+¢)= tan® tand
1+m cos (B—10)+cos (B+d)
Ans. tanf



| TOPIC 4|

Transformation Formulae

In this topic, we deals with mainly two types of
transformation

(i) Transformarion of product into sum or difference.

(ii) Transformation of sum or difference into product.

TRANSFORMATION OF
PRODUCT INTO SUM OR
DIFFERENCE

Here, we transform the products of two sines or two cosines
or one sine and one cosine of constituent angles into the sum
or difference of two sines or two cosines of compound angles.

(i) 2cos Acos B=cos (A+ B)+ cos (A— B)
(ii) 2sin Asin B=cos (A— B)—cos (A+ B)
(ii1) 2sin A cos B=sin(A+ B)+sin(A— B)
(iv) 2 cos Asin B=sin(A+ B)—sin(A— B)

EXAMPLE |1]| Find the value of the following
functions.
(1) 2 cos 45° sin 15°
(iii) cos315°cos75°
Sol (i) 2cos 45°sin 15°
=sin (45° +15°) — sin (45° —15°)
[ 2cos Asin B=sin (A + B) —sin (A = B)]
=sin 60° = sin 30°

(ii) 2sin15°cos75°

sin 60° = £aLrld sin 30° = i
2 2

(i) 2sin15°cos 75° = sin (15° + 75°) + sin (15° — 75°)
[ 2sin A-cos B=sin (A + B) + sin (A — B)]
=sin 90° + sin (- 60°)
=sgin 90% — sin 60° [ sin (— @)= = sin @]
B _2-4B

=]=-—
2 2

1
(1ii) cos 315°cos 75° = —(2cos 315° cos 75°)
2

=i{cos (315° +75%) + cos (315° = 75°}
["2cos Acos B=cos (A + B) + cos (A = B)]

{cos 390% + cos 240}

lcos (360° + 30°) + cos (180° + 607)}

[N

1
= E{ms 30% + (— cos 60°)}

[ cos (360° + 8) = cos B and cos (180° + 8) = = cos 6]

= l[ﬁ - lJ [ cos 30° = %and cos 60° = %]

2\ 2 2
=1[«E-1]=~5-1
2 2 4

EXAMPLE |2| Prove that
sin 7Acos 34 = %(sm 104 + sin 44).

Sol. LHS =sin 7 A cos 34 =%(251n 7Acos 3A)

= l[sin (7TA +3A) +sin (TA - 3A)]
2
[ 2sin Acos B=sin (A + B)+sin (A = B)]

= %{sjn 10A + sin 44)=RHS Hence proved.

) . . . R
EXAMPLE |3| Find the value of 2sin 52 ?sm ??.
Sol. 2sin 521—sin ?1—: 2sin %sin =
[105“ 15“) [105“ 15“)
=05 | —=—|=cos5 | —+ —
2 2 2 2

[ 2sin Asin B= cos (A — B)— cos (A + B)]

90° 120°
= cos - COs = cos 45% = cos 60°
2 2

1

1 1 1
= -— [ cos 45° = and cos 60° = —:|
22 N 2

_2=2_Aof2-1_2-1
e

EXAMPLE |4| Find the value of
cos 33°cos 27° — cos 57°cos 63°.

Sol cos 33°cos 27° = cos 57° cos 63°

[-2x2=12]

1
= E{zcos 33%cos 27° = 2¢os 57%cos 637)

= l[{ms (337 + 27°) + cos (33° = 27°)}
2
— |cos (63% + 577 ) + cos (63° =57%)}]
[~ 2cos Acos B=cos (A + B)+ cos (A = B))

1
= E[(cos 60° + cos 6°) — (cos 120° + cos 6°)]



1 1
= E(ms 60° = cos 120°) = E[ccs 60° — cos (180° — 607 )]

1
= —{(cos 60° + cos 607)
2

EXAMPLE |5]| Find the value of
cos (g - x]ms {% - x).
Sol. cos (% - x]cas (g + x]
e (Fe oo (-]
erflEeo) )
oo

[ 2cos Acos B=cos (A + B) + cos (A = B)]

1 | 11 T 1
=—|cos —+cos 2x |=—|—+cos Zx || cos —=—
2 3 2\2 3 2

1 1
—+ —cos 2x
4 2

EXAMPLE |6]| Prove that
54

94 .
cos Mcns;—cosiﬂcos?=m5ﬂsm?.

A 94
Sol LHS = cos 2A cos 5 cos 3A cos -

Il
B = pa | = pa | =
r

2cos 2A cos i _ 4 2cos E(:a::ns 34
2 2 2

cos [ZA + i) + cos [ZA —i]-l
_ 2 2)|
cos [%+3A]+ cos [%- 3A]]

Il
pa | =

[ 1A+ A 44 - A
cos + COS
eos (252 s (252

1 94 + 6A [9.4. -6A
=-—| 08 | ———— |+ cos | ———
2 2 2

1 5A 3A 1[ 154 3A
= —] 0§ — + C0§ — | = —| cO§ —— + 05 —
2 2 2 2 2 2

1 54 1 34 1 154 1 3A
= —c0s — + —C0§ — — —C0§ —— — —C0S —

2 2 2 2 2 2 2 2
1 54 1 154 1[ 5A 15A]

= —{0§ — — —(C0§ — =—| 0§ — — 0§ ——
2 2 2 2 2 2 2

[ cos (180° = B) = = cos 6]

{ cos 60° = %}

[~ 2cos Acos B=cos (A + B) + cos (A — B)]

2

o 54 22) - a2

[~ 2sin Asin B= cos (A = B) = cos (A + B))

=%[ms [mA ; 5,-1] o (IUA ;- 54 ]]

1( 54 15}1]
=—| cos — — cos —
2 2 2

~. LHS =RHS

RHS = sin 5A sin 2 = l[zsin 5Asin E]
2 2z

Hence proved.

EXAMPLE |7| Prove that

4c0s 12°cos 48°cos 72° = cos 36°.
Sol. LHS =4cos 12°cos 48° cos 72°

= 2(2cos 12°cos 487 )cos 72°
= 2[cos (12° + 48°) + cos (12° — 48%)]cos 72°
[~ 2cos Acos B=cos (A + B)+ cos (A = B)]

= 2[cos 60° + cos (=367 )]cos 72°

= 2[cos 60°+ cos 36° |cos 72° [ cos (=B) = cos 8]

1
= 2[—.:05 72° + cos 367 cos ?2“]
2

= cos 72° + 2cos 36° cos 72°

= cos 72% + cos (36° + 727 ) + cos (36° = 72%)
= cos 72% + cos 108° + cos 36°

= cos 72% + cos (180° = 72°) + cos 367

= cos 727 = cos 72° + cos 36° = cos 36°

LHS = RHS Hence proved.

EXAMPLE |8| Prove that
sin 10°sin 30°sin 50°sin 70° = %

Sol. LHS = sin 10°sin 30°sin50°sin 70°
= sin 30%(sin 50%sin 10 )sin 70°

1 1, . . .
= —» —(2sin 50°sin10° )sin 70°
2 2

1
= 4—[1:05 (50% —10°) — cos (50% + 10 )] sin 70°
[ 2sin Asin B= cos (A = B) = cos (A + B)]

1 .
= ;[cos 40° — cos 60%]sin 70°
1 : o o - o o
= 4—[51n 70° cos 40° — sin 70° cos 60°]
L PP o_1l. oo
= —|sin 70° cos 40% — —sin 70
4 2
1. .
= E[Zsm 70° cos 40° = sin 70°)

1
= E[sm (70° + 40°) + sin (70° — 40°) — sin 70°]

[ 2sin Acos B=sin (A + B) +sin (A — B)]



= L [sin 110° + sin 30° - sin 70°] = ath_sdn(®@+a+0+p)
8 a=b sin(@+o-0-=p)
= l[sin (180° = 70°) + L sin 70°) sin Acos B+ cos Asin B
8 z tan A+tan B cos Acos B _sin (A + B)
=%[sin'm° +%—sm70°]=%x%=% "tan A—tan B sin Acos B— cos Asin B sjn(A_B}J
cos Acos B
LHS = RHS Hence proved. a+b sin(20+0a+P)
o - = =
EXAMPLE |9]| Prove that a-b sin (ot = B)
tan 6 tan (60° — 8) tan (60° + 6) = tan 36. a+b) . .
Sol LHS = tan Otan (60° — 0)tan (60° + 0) = [ — b]m (0 —B)=sin (20 +a +P)
_sin® sin(60°—0) sin (60° +6) b
cos 8 cos (60° —8) cos (60° + 8) 3[‘] _ sin”(ot = B) = sin(20 + ot + B)sin (o = B)
_ sin B[ 2sin (60° — B)sin (60° + )] ,
cos B[2cos (60° = B)cos (60% + 0))] = [a b > sin*({ot = B)= %[Zsin(zﬁ + ot + PB)sin (o0 = B)]
_ sin B(cos 20 — cos 120%) ¢
cos B(cos 120° + cos 20) _ [“ + :: sin’(at - )= IE[cos (20 + 2B) - cos (20 + 20)]
a—

[ 2sin Asin B = cos (A = B) = cos (A + B)]

*C in®(B- Y)=%[ms (20 + 2y)
C

—cos (20 + 2B)]

- 2sin Asin B = cos (A = B)—cos (A + B)
and 2cos Acos B=cos (A + B)+cos (A-B)

b
1 Similarly,
sin B[cos 20 + E] [ cos 120° =cos (180° —60“}] b—

: : and £
cos G(ms EB—%] l=—tﬂs.§0 =_5 J

+d

sin®(y = o) = %[cos (20 + 200) = cos (20 + 2v)]

a+b b+c
. 1. Now, [ ]sinz(a -B)+ [ ]sinz[ﬁ -v)
_ smﬂmszﬂ+EsmB _ 2sin fcos 20 +sin 0 a=b b-

2cos Bcos 20 = cos B

i ﬂ]sinzi? ~a)

1
cos Bcos 20 = —cos B
2

_ sin (8 + 28) +sin (— @) + sin 6
cos (B + 28) + cos (—=0) = cos B

= %[cos (28 + 2B) = cos (20 + 20) + cos (20 + 27)

- 2sin A cos B = sin (A + B)+sin (A = B) — cos (28 + 2B) + cos (20 + 201) - cos (20 + 27)]
and 2cos Acos B =cos (A + B)+ cos (A-B) =l><u=o
2
_ sin30=sin O +sin O ~r sin (—8) = —sinb . LHS = RHS Hence proved
cos 30 + cos 8- cos 0 andcos (=8) = cos®
SECE - Hence prove.  TRANSFORMATION OF SUM OR
cos 3

DIFFERENCE INTO PRODUCT

Here, we transform the sum and difference of two sine or

EXAMPLE |10| If
tan (6 + o) _ tan (6 +B) _ tan (6 + v)

5 , then prove that cosine of two constituent angles into product of sine and
a € cosine of compound angles.
2¥D o B) + 2 sin?(B - 1) + < Lsin’(y - o) =0, A+B A-B
a-b b-e c—a (i)cos.A+cosB=2cos[ )cos[ ]
Sol. Given, tan (6 + o) _ tan (B+p) 2 2
a b . (A+B A-B
. a_tan (B +o) (ii) cos A — cos B =—2sin -sin
b tan(0+P) 2 2
A+ B A-B
= atbh_tan{8+a)+tan(@+P) (i) sinA+si.nB=2sin[ ]-cos( J
a-b tan(6+ o) —tan(6+B) 2 2

[applying componendo and dividendo] A+ B A—B
(iv) sin A —sin B =2 cos )-sin 3



EXAMPLE |11] Find the value of sin 75° + sin 15°.

75° +15° 75° =15°
Sol sin 75° + sin 15° = 2Zsin ( > ]cos[ > ]

['.'si.nA + sin B=2sin[A i

a o

= 2sin cos

—
b3

SN PL
ol%

= oy

x

s (452

= 2sin 45° cos 30°

[ sin 45° = UIEand cos 30° = %}

EXAMPLE |12| Find the value of

sin 10° +sin
Sol. sin10° + sin 50° —sin 70°

50°

=s5in 10° — (sin 70° — sin 50°)

—sin 70°.

=&in 107 = [zccs [?l] ; 20 )sin {?0 ; 20 J:|

[ sin A =sin B = 2cos [A *

oo 120° .
=sin 10 —|-2r:cs : sin

=35in 10°% = (2cos 60°sin10%)

1
=sgin 10° = [2~E-sin 11]"]
=s5in10° =sin 10° =0

EXAMPLE [13| Prove

)

o (257

1
L eos60f=—
2

-B

A
(cos A — cos B)® + (sin A —sin B)® = 4sin® ——.

2

Sol LHS=(cos A — cos B)® +(sin A —sin B)*

[  A+B . A-
= | =2sin sin
2 2

BY A+B A—Bz
+ | Zcos 2 sin

A= B
r cos A — cos B=—25in[ [ —i
landsmA—smB—Zcos( ] (A BJ
=4si.nzA+Bsin2A-B+4ccs At smzA2
[ sin®(— 8) = sin® 6]
:“mzA B[ 2A+B+MSEA+B]
2

A-B
=4sin® = x1
2

,A—B
=4sin® T—RHS

[~ sin®@ + cos® B =1]

Hence proved.

. . in5x +sin3
EXAMPLE |14| Prove that ——— "X _ tan 4x.
cos5x +cos3x [NCERT]

Sol 1HS sin3x + sin3x

cos5x + cos3x

[ 5x +3x S5x —3x
2s1n[ . ]cas[ m ]

= [by formulae]

3x +3x 3x —3x
2cos 5 cOoS 5

sind x cos x
=————=tandx=RHS Hence proved.
cosd x cos x

EXAMPLE |15] If msin® =n sin (8 + 20.), then prove
m+n

m-n [NCERT Exemplar]
Sol. Given, m sin@ = nsin (6 + 20))

that tan (6 + o) cot o =

m _ sin (0 + 2aot)

n sind

Applying componendo and dividendo rule, we get
m+n _ sin (0 + 20t) +sin

m—n  sin(+ 20t) —sin®

|z (L2220) o (222020)
S (XN ( =)
[._.smA+smB=251n[A;BJ [A ]

2

e

_ Zsin (B + o) cosot
2cos (B + o) sino

=

=tan (B + o) cote Hence proved.

EXAMPLE |18| If
cos (o + B)sin (y + &) =cos (o — B)sin (y — ),
then prove that cot o cot Pcot y = cot 8.
Sol. Given, cos (o + B)sin (y + &) = cos (ot = B)sin (v = 8)
cos (ot —B) _sin(y +8)
cos (o0 + ) - sin (y = &)
_, Ccos (ot =P) + cos (o0 + B): sin (y +8) +sin (y = &)
cos (0 —P)—cos (ot +P)  sin(y +8)—sin(y - &)
[applying componendo and dividendo]

=

2cos oleos (=PB)  2sin ycos &

- — 2sin oisin (- B)_ 2cos ysin &
- ansrxmsﬁz 2sin ycos &
2sinasin B 2cos ysin d
[+ cos (=B) = cos 8 and sin (=0) = —sin#)]
= cototcot B = tan yeotd
= cotatcot Beot y = cotd Hence proved.



EXAMPLE |17| Prove that
sinx +siny +sinz —sin (x + y + z)

=4sin(x+y]rsin(y—+z]-sin(z+x]
2 2 2

Sol LHS=(sinx +siny)+[sinz —sin(x + y + 2]

=251n[x+y]-ms(x—yJ+2ccs[w]
2 2 2
_sm[z—x—y—z]
2
B] [A—B) ]
-CO8
2 2
A+B] . [A-BJ
-sin
2 2
=25in[x+y}cos [x_y)+2cas [M)
2 2 2
-sin[—[x+yJ]
2
=zsm[“ ] (
2 2

— 308 [x+ y+zz]
-sin

[ sin A +sin B = 2sin [A *

and sin A =sin B = 2cos [

2
x+y

] [ sin {-80)= - sin@]

oo (o (5o (]

+x+y+22] [x—y x+y+21]

(2
{— 2sin 2 2 sin 2 J
2

{ COS X —CO8 Y = —Zsm(
ot () (5 )
2 2
=—4sin[r+y)-s‘m[x—”1—sm ]
2 2

~ sin (=0) = =sinf]

=4sin[x+y]-sin [x +z)-sin(y +z]
2 2 2

. LHS=RHS Hence proved.
+ +b
EXAMPLE |18] If - sin(r+y) _atb
in(x-y) a-b
then show that tanx =2
tany b [NCERT Exemplar]
Sol Given, sin(x+y)_a+b

sin(x=—y}) a-b

Using componendo and dividendo rule, we get
a+b+a=-b
a+b—a+b

sin(x+y)+sin(x—y):

sin(x + y)—sin (x — y)

251,ﬂ[x+y+x—y)lms(x+y—x+y]
2 2 _2a

= =
+y+x = + y=x+
Zcos[x yrx y]-sin(x y-x JJ] 2b
2 2
A-B
~rsin A +sin B = 2sin S COS 5 1
A=-B
and sin A —sinB = 2cos -gin p
— b
smxcosy_ 4 lany _4 Hence proved.
cosx-siny b tany b

EXAMPLE |19| Prove that
cos4x +cos3x + cusEx

cot3x.
sin4x +sin3x + sin2x [NCERT]
cos4dx + cos3x + cos 2x
Sol. 1LHS=
sind x + sin3x + sin 2x
_ (cosdx + cos 2x) + cos 3x
(sindx + sin 2x) + sin3x
dx + 2x dx — 2x
2 cos cos + cos 3x
_ 2 2
. [4x+2x dx — Zx .
2sin cos + sin 3x
2 2
_ 2cos3x cos x + cos3x _ cos 3x (2cos x +1)
2sin3x cos x +sin3x  sin 3x (2cos x +1)
= cot3x
.~ LHS = RHS Hence proved.

EXAMPLE |20| Prove that
cos 2Acos 3A —cos 2Acos 7A +cos Acos 104

sin 44 sin 34 — sin 2Asin 54 + sin 44sin 7A
= cot 64 -cot 54.

cos 24 cos 3A = cos 2Acos TA + cos A-cos 104
sin 4Asin 34 —sin 24 -sin 54 +sin 4Asin 7A

Sol LHS=

_ 2cos 2Acos 3A — 2cos TAcos 2A + 2cos 10A cos A

~ 2sin 4Asin 34 = 2sin 5Asin 2A + 2sin 7 Asin 44
cos (3A + 2A) + cos (3A = 2A) = [cos (TA + 24)

_ [cos (7TA = 2A)] + [cos (10A + A) + cos (104 — A}]]

" [eos (44 —3A) — cos (4A +3A) — [cos (54 — 24) |
—cos (53A + 2A)]+ [cos (TA —4A) — cos (TA +4A4)]

cos 5A + cos A — cos 94 — cos 54 + cos 114 + cos 94
cos A = cos TA = ¢cos 34 + cos TA + cos 34 = cos 114
cos A+ cos 114
cos A = cos 114




A+11A A=114
2cos Ccos
2 2

) [A +11A] ) [11A-A]
2sin sin
2 2

Cosx+cosy= 2cos [

_cos 6A-cos 54
sin 6A -sin 54
= cot 64 - cot 54 = RHS

EXAMPLE |21| Prove that

andcos x — cos y = —2sin (

s y)cas (
2

Hence proved.

cos A +cos B n+ sind +sinB Y
sind —sin B cos A —cos B

0

, n is odd.

sin A +sin B

Sol LHS:[mS A +cos BY N
sin A —sin B

i
cos A — cos B]

”RGS (A +B]ms [A;
Lzms (A : B]sin(A -B

4 |

B3

+

Bﬂ"

J

X y}sin
2
— 2sin [m) i [
2

[ cos(—8) = cos 8]

=y
2

==

2

A-B

= I_H.S'zcol”[

Here, two cases arise.
Case 1 When n is even, then

] F(=1) col"[L]

2

[A-B] ,,(A—B]
cot” + cot’
2 2

[o(=1)" =1, if nis even)

= 2cot” [ﬂ]
2

)

=
2

)

afA—-B .
2cot T , M15 even

)

Case Il When p is odd, then
col"[A — B] - cct"(A — B]
2 2

[ (=1)" = =1, if nis odd]

=0

A-B ,
Hence, LHS = 2col” [T] when n is even

0, when n is odd

EXAMPLE |22| If sin 6 +sin ¢ =/3(cos ¢ — cos 8),
prove that sin 36 +sin 3¢ =0.
Sol. Given,
sin @ + sin ¢ = Ji_‘(cos &= cos B)

= 2sin [8 +¢]cos [a—q:]
2 2

=2 3$in(

=5
2 2

[ cos (-8) = cos 8]

= Zsin(e+¢J[cos(ﬁ_¢]—nf§sm(u]]=u
2 2 2
= sm[B+¢]=[l
2
or cas(e-q})—-ﬁsin(B_q}]:O
2 2
= ﬂn(B-Hb =0
2
or tan(B;‘b):% ['.'ﬂnﬂzﬂandlan%z%]
- (93
2 2 6
= G:—q}orﬁ—q::%

Here, two cases arise.
Casel When 0 = = ¢, then
sin 30 + sin 3d& = sin 3(— &) + sin 3d
==sin3d+sin 36 =0

CaselIWhenB—cb:%, then30 —30 =1

= 30 =m +30

sin 30 + sin 3¢ =sin (7w +3d) + sin 3¢
= —sin3d +sin3d [+ sin{m +8) = sinB]
=0



TOPIC PRACTICE 4|

OBJECTIVE TYPE QUESTIONS

1 The value of cos12° + cos84° + cos156° + cos132°

is [NCERT Exemplar]
1 1 1
- 1 = d) =
(a) 5 (b) () 3 (d) 3
2 The value of sin 50° - sin70° + sin10° is
[NCERT Exemplar]
(a)1 (®) 0 (©) % (d)2
3 The value ofsin.~ + sin ™ +5in 2% + sin 2 is
18 9 9 18
[NCERT Exemplar]
. Tx . 4n
(a) smE - sm? (b) 1

3n

(c) cosX 4 cos2E ¥
6 T

(d) cosX +sin X
9 9

4 cos4x + cos 3x + cos 2x .

nd s e is equal to
sin 4x + sin 3x + sin (NCERT Exemplar]

(a)sin2x (b)cos3x (c) tan 3x (d) cot 3x

5 The value of cose-cosg - cos3e'cos% is equal

to

a) sin 46.sin£ (b) sin86
2

(c) sin76 + sin86 (d) sin76-sin86

VERY SHORT ANSWER Type Questions
Directions (Q. Nos. 6-12) Convert each of the following

products into the sum or difference of sines and cosines.
6 2c0s2. L ccos67L: Tsin®sinX

2 2 12 12
9 2cos46cos 36

11 sin 75°cos 15°

8 2sin 56cos0
10 2sin 36sin 0
12 cos75°cos15°

Directions (Q. Nos. 13-16) Express each of the following as a
product

13 sin 46 + sin 26
14 sin 60 - sin 20
15 cos46+cos86
16 cos 660 -cos 86

SHORT ANSWER Type I Questions

17 Prove that2cos Lcos 9—“ + Ccos 3—“ + CoSs ﬁ =0.
13 13 13 13
[NCERT]

18 Show that tan (60° + 6)tan (60° - 6) = 2C0820 +1
2cos20 -1

19 Prove that
cos 55°4-cos 65° + cos 75°=2cos40°cos 35°.

20 Prove that sin 65° + cos 65° = /2 cos 20°.

21 Prove that sin 47° + cos 77° = cos 17°.

1-+/2sin 35°
22

(A+B) (A-B)
an cot .
2 2
sin A + sin 34

(ii) —————  =cot A.
cos A —cos 34

sin9A-sin7A
cosTA—-cos9A

cos A+cosB A+B A-B
=cot > cot 7 f

cosB-cosA
SHORT ANSWER Type II Questions
1

25 Prove that cos 20°cos 40°cos 60°cos 80° = T

22 Prove that sin 50°cos 85°=

23 Prove that
) sinA +sin B _
sin4 —sin B

24 Prove that (i) cot 8A.

(ii)

26 Prove that sin 20°sin 40°sin 60°sin 80° = i%

10

Directions (Q. Nos. 27-31) Prove each of the following.
27 cos 3A+2cos5A+cosTA _cos 5A
cos A+2cos3A+cos54 cos3A

28 sin 34A+sin54+sin 7TA+sin 94

=tan6A4
cos3A+cos54+cosTA+cos94
29 sin 54cos2A4 -sin 6 Acos A _ G
sin Asin2A -cos2Acos 34
30 sin Asin 2A4 +sin 3A4-sin64 _ tan 54
sin A-cos2A +sin 3A.cos6A4
31 sin (0 +¢)-2sinB+sin (6 -¢) _ tan®

cos (0 + ¢) —2cos B +cos (6 -0)

32 lfcosx+cosy=%andsinx+sin y=%, then

prove that tan (x as ‘V] = E
2 4



LONG ANSWER Type Questions

33

34

35

36

37

38

39

geos(A-B)  cos(C+D)_ 0, then prove that
cos(A+ B) cos(C-D)

tan Atan Btan Ctan D=-1

Prove that
4sin A-sin (60° - A4)-sin (60° + A) =sin 3A

Hence, deduce that
sin 20°sin 40°sin 60°sin 80° = %
Prove tha

sin® A =cos’(4 - B) + cos’ B-2cos(4- B)

cos Acos B.

If sin B = 3sin (24 + B), then prove that
2tan A+tan (4 + B)=0.
If cos(B + &) = mcos(0 — ¢), then prove that
tanﬂ:l_mcotq}.

1+m

If asin 8 = bsin (B + 2?“] =¢sin (EI + 4?”:] , then
prove thatab + bc + ca=0.
If xcos® = ycos [6 + 2?“] =Zcos [& + 4?“) , then

show thatxy + yz + zx =0.

| HINTS & ANSWERS |

(e) Use formula

ccsA+cosB=2cosA;B-cos ;B
and msA—cosBz—zsinA;B sinA;B

to solve this problem.
(b) Use formula

sinA =sinB= ZCGS[ﬂ]Sin [“l - B)
2 2

and sin(= B) = =sin 6.
(a) Use formula

A+ B A-B
sinA+sinB=ESin[ ]cos[ p J
_ (cos 4x + cos 2Zx) + cos 3x

(d)

(sin 4x + sin 2x) + sin 3x

dx + 2x 4x = 2x
2cos ( ]ccs [ ]+ cos 3x
2 2

- . [dx+ 2x dx = 2x .
2sin cos + sin 3x
2 2

[NCERT Exemplar]

10.

12.

14.
16.

17.

18.

19.

20.

21
22,

2 cos 3x cos x + cos 3x

2sin 3x cos x + sin 3x
= cot 3x

(a) Use formula
2cos A cos B=cos (A + B) + cos (A = B)

2 cos 22 1— cos 67 L
2 2

1 1 1 1 1
=cos | 22—+ 67—=| +cos5 |22—=6T7 = | =—
2 2 2 2

Jz
n]

st .owm 1] smo |
sin—-sin— = —J 2sin — - sin —
12 2[ 12 12_!

o (2o 2]

1 |8 L8 1
=—|cos —=cos —|=—
2 3 2 4

sin 60 + sin 460 9. cos 70 + cos 6

1. . .
cos 20 = cos 40 11. E[sm 90° + sin 60°]

1 . .
—[cos 90° + cos 60%) 13. 2sin 38cos B
2

2cos 40sin 20 15. 2cos 68cos 20

2sin 70sin O
T 9 47 |
LHS = 2cos —cos — + 2cos —cos[—)
13 13 13 13

= 2cos r rms E+ cos 4_1:]
13 [

13 13

b4 T Sn
= 2cos| — | %X 2cos —cos —
13 2 26

=cln':c:sE)(t]xc-::-sfE
13 26
_ sin (60°+8)sin (60° — 8) XE

cos (60°+8)cos (60° =0) 2

1
_ cos(20) - cos(120°) cos EB"'E

= 1
cos120°+cos 20 [_EJ + cos 70

(cos 55°+ cos 65° ) + cos 75°

= 2¢o0s 60° cos 5%+ cos 75°

= cos 57 + cos 75° = 2cos 40° cos 35°
sin65%+cos 65°=sin65° + cos(90°=257)

= 5in65°+sin 25° = 2s5in45° cos 20°

Solve as Q. 20.
LHS = l[2sin 507 cos 85%] = l[sinl35" —sin35°)
2 2

1,. .
= —[sin (90 + 45°) —sin35°)
2

1 .
= E[ms 45° — sin35°]



) [A+B] [A—B]
2sin cos
2 2
[A+B]. [A—B)
2cos sin
2 2

2sin2Acos A

2sin 2Asin A
24. Solve as Q. 23.

23. (i) LHS=

(i) LHS =

1
25. LHS =Ecosﬁﬂ°ms 207(2cos 40° cos 80° )
11 o a a
ZEX Ecas 20°(cos120° + cos 40°)

1| cos20°
4 2

1{1 1 1
==l=¥=|==
412 2 16

1
+ E(c-:)s 60° + cos 20° J]

26. 1Eslruﬁl]"sin 20°(2sin40°sin80°)
= lgx %sin 20°[cos (—40°)— cos (120°)]
V3 D[ R 1]
= —sin 20%| cos 40°+ =
4 2
= ﬁ[l[ 2sin 20° cos 40° ) + lsin 2{]“']
412 2
27. _ cos 3A+cosTA+ 2cos5A
cos A+ cos3A + 2cos3A
_ 2cos5Acos 2A + 2c0s5A _ 2cos5A
" 2cos3Acos 2A + 2cos3A  2cos3A
I8, _ (sin3A +sin9A) +(sin5A +35in7A)
(cos3A + cos9A) +(cos5A + cos TA)
_ Zsin6Acos3A+ 2sin6Acos A 2sinéA
" 2cos6Acos3A+2cosbAcos A 2cosbA
29, _ 2sin5A cos 2A = 2sin6A cos A

" 2sin Asin 2A — 2cos 2A cos 3A
_ (sin7A +sin3A)=(sin7A +sin5A)
B cos(A)=cos3A =(cos5A + cos A)
sin3A —sin5A4  Z2cos4Asin(—-A)
= (cos3A + cos54) " —2cosdAcos A
30. Solve as Q. 29.
31 LHS = sin(@+d)+sin(B=d)— 2sin 6
cos (B+d)+ cos (B—d)—ZcosB
_ 2sinBeosd—2sinB _ 2cosB{cos p—1)
" 2cosBcos b—2cosd - 2cos Bcos o —1)

x+y]ms (x-y]
2 2

- 1
32. '.'cosx+cesy=—:>2cos[
3

- . 1 .
a.ndsmx+smy=z :>Zs1n(

. cos (A—B)
" cos (A + B)

cos (C+D)

33. =
cos (C=D)

)
2 2

=tan A

34.

35.

36.

cos (A=B) —cos(C+D)
cos (A+B) cos (C=D)
:cos (A=B)+cos (A+B)
cos (A=B)=cos (A+B)
_ —cos (C+ D)+ cos (C=D)
" —[cos (C + D)= cos (C = D)]
[applying componendo and dividendo]
_, Cos {A+ B)+ cos (A= B)
cos (A=B)=cos (A+ B)
cos (C=D)=cos (C+ D)
—cos (C+ D)+ cos (C=D)

jzccs AcosB_ sinCsinD
2sin Asin B 2cosCcos D
! ==tanCtanD

:} —_—
tan A tan B
= tan Atan BtanCtan D = =1

LHS = sin Asin (60° — A)sin (60° + A)

= %sin A[2sin (60° — A)sin (60° + A)]
= 1Esin A [cos {(60° = A) = (60° + A)}

— cos {(60° — A) + (60° + A)]
= IEsm Alecos (- 2A) — cos 120°)

1 1 1 1
= —sin A{ccs 2A + E} = Esin Acos 2A +Esi.n A

2
1, . . 1.
= 4—[51n{A + 2A)+sin (A = 24)] +Ism A
1. . 1.
= I[sm 3A +sin(= A)]+ 4—sm A
= :—sm 3A =FRHS Hence proved.

RHS = cos (A = B)[cos(A = B)=2cos Acos B]+cos® B
= cos (A = B)[cos A cos B +sin Asin B- 2cos A cos B]
+cos’B
= cos (A — B)[sin Asin B= cos Acos B]+cos” B
= —cos(A = B)cos(A + B)+cos” B
= cos® .Ei—{c-:)s2 B-sin® A)= sin® A
Given, sin B =3sin (24 + B)
_sin(2A+B) _1_ sin{(A+B)+A} 1
sin B 3 sin{(A+B)—A} 3
sin {(A + B)+ A} +sin {(A + B)— A} 4
T n{(A+B)+ A}—sin{(A+B)- 4] —2
[applying componendo and dividendo]
2sin (A + B)cos A

= -2
2cos (A + B)sin A
= tan (A + B) == 2tan A
= 2tan A + tan(A + B)=10 Hence proved.



37. Given, cos(B+ &)= mcos(8 -
. cos (B + &) _m
cos(B=0) 1

)

— cos(B—d) _ l

cos(B+d) m

Using componendo and dividendo rule, we get

cos (B = &) = cos [ﬁ+¢)=1

-m

cos (B—=d) + cos (B+ d)

1+m

=2sin (B- ¢;B * ¢]~sin [

e-¢-a—¢]
2 1-m

2cos [W]-ws [

sin@-sin¢g 1-m

8-¢—ﬁ—¢]_l+m

2

wrosin (=B)==sinB
and cos (—8) = cos 0

= =
cosB-cosd 1+ m
1-
= tan 8- tan ¢ = m
1+m
1-
= tan B =
1+m

38.

|TOPIC 5|

m] cot ¢ Hence proved.

Let asin 8 = bsin (B + 2—E] = ¢sin (B + 4—“] =k (say)
3 3

k

:sinﬁzﬁ,sin B+2—E =£andsin[ﬁ+4—n =
3 b 3 e

a

On adding these, we get

£+—+—=sinB+sin[G+23—n]+sin(B+4?nJ

=[sm[8+4?n]+sinﬂ]+sin(ﬁ+2?nJ

3
¢
k
+—:—sin(B+2—EJ+sin [6+2—“)
c 3 3
1

be + ca+ab _
abe

+

e T

U
a]a—nl?rs'

+

U
[
+

0 c.ab+bc+ca=0

Hence proved.

39. Letxcos 8= ycos (B+ 2?1:]:2“’5 (B+ ?Jzk[say}

:>£+£+£=ccs 8 + cos [B+2—n]+ccs [ﬂ+4—“:]
x ¥y z 3 3
Simplify it to obtain the required result.

Trigonometric Functions of Multiple, Sub-multiple
Angles and Trigonometric Equations

TRIGONOMETRIC FUNCTIONS OF

MULTIPLE ANGLES

Some important trigonometric functions of angles 2x, 3x,...

etc, in terms of the trigonometric
given below

2 .2
Formula 1. cos2x=cos” x —sin

funcrions of angle x are

x=2cos x—1
2

. 2 l—tan~ x
=1-—2sin xr=—
1+ tan” x
2
Formula 2. sin2x=2sinxcosx=Lj
14+ tan” x
2 tan
Formula 3. tanlx= :
1-—tan~ x
Formula 4. cos3x=4cos’ x—3cosx
Formula 5. sin 3x=3sinx — 4sin° x
_ 3
Formula 6. tanﬂx:amx m:l ad
1—3tan” x

EXAMPLE |1]| Ifcos A = E, then find the value of
cos 2A. 3

2
Sol. Given, cos A==
3

z
cos 2A =2cos® A =1= 2[5) =1
3

4 3 1
=2x-=l=—=1==-
9 9 9

EXAMPLE |2| Find the value of tan 24, if tan A = %

5
Sol. Given, tan A=—
12
2)(5 5
Ztan A 1z s
tan 2A = —= 12___6
1-tan® A 5 1=
S b 144
3
__ 6 _5 144 _5x24_120
144 =25 g 119 119 119

[k =0]



EXAMPLE |3| Find the value of 2sin A cos 4,if A =15°.

Sol Given, A =15°%
2sin Acos A =sin 2A [-sin 2A = 2sin Acos A]
=sin 2 X 15°
=sin30°=1 sin30° =1
2 2

EXAMPLE |4| If asin 8 = bcos 8, then find the value

of sin 26.
Sol Given, asin®=bcos 8
= Smﬂ:é:;lanﬁzE '."canstmﬂ
cos B a a cos B
2w —
sin 76 = 2tan£23 az
1+ tan™@ [ ]
14—
a
2h 2b
a4 2 a  2ab
B oat+b a at+b &+
1+—
a’ a’

EXAMPLE |5| If x =atan 6, then find the value
of cos 26.

. x .
Sol Given, x =atan @ =>tan 8 == ..i)
a
2
1_(£] o a-=-x
1-tan’8 = z
-, cos 28 = = 4’ = d_ - 4
1+ tan®® At 1_'_x2 a® + x*
1 —_ —
a a’ a®
_az—xz>< a@ _a-x
a’ a®+x* a+x’

EXAMPLE |6| Prove that cos 4x =1-8 sin® xcos® x.

[NCERT]
Sol LHS=cosdx =1- 2sin” 2x [ cos 2x =1=2sin” x]
=1-2(sin2x)’
=1=2(2sinx - cos x)° [~ sin 2x = 2sin x cos x|
=1-8sin’ x- cos* x =RHS Hence proved.

EXAMPLE |7| Prove that
sin Asin (60° — A) sin (60° + A) = %silﬁfl.

Sol. LHS=sin A sin (60° — A) sin (60° + A)

=sin A (sin”60° - sin® A)

[sin (A + B) sin (A = B)=sin” A — sin” B]

[ s 60° = ﬁ}
2

—sin A [%—sinzA)

=Lsin A(3-4sin?4)
4

= l[35‘.irul —4sin® A)= 1 sin 34 =RHS Hence proved.
4 4

EXAMPLE |8| Prove that

cot A + cot (60° + A) —cot (60° — A) =3 cot 34.

Sol. LHS = cot A + cot(60° + A) = cot (60° = A)

1 1 1
“WnA n(e0°+A)  tan(60°— A)
_ 1 . 1 _ 1

tan A tan 60°+ tan A tan60°—tan A
1-tan60®tan A 1+ tan60° tan A

1 1-+Btan A 1++3tan A
= + -
tan A -J§+tanA -\E—tanA

tan A # tan B

tan(A+ B)= —= 2= 207 and tan 60° =3
1% tan A tan B

__ 1 BtanA _ 3-9tan’A

tan A 3—tan*A 3Ftan A —tan’ A

=3 cot34 = RHS

_af 1= 3tanA ) 3
3tan A — tan® A tan 3A
Hence proved.

EXAMPLE |9] Ifsin A= % and Ais in I quadrant,

then find the values of sin2.4, cos24 and tan2 A
Sol. We have, sin A =§ = cos A=+ 1!1-51112 A

[wsin® A+cos® A=1=cos’ A=1=sin’ A]

- il_i_ ﬁﬁ_i
25 V25 5

sin A 3/5 3

and tan A = =—==
cos A 4/5 4
. . 3 4 24
Now, sin 2A =2sin A -cos A=2X X —=—
5 5 25
cos 2A=1-2sin* A=1-2x —=1-22-"L
25 25 25
3
2% —
2tan A 24
and tan2A=Lz= 4 _ =
1-tan*A ,_9 7
16

EXAMPLE |10| Ifcoso + cosPp =0=sino +sinf,

then find the value of cos 2o + cos 2.
[NCERT Exemplar]

Sol. Given, cosc + cosp =0andsin e + sinf =0

On squaring both equations, we get
(coset + cosB)* =0 i)

and (since+sinf)* =0 . Aii)



On subtracting Eq. (ii) from Eq. (i). we get
(cosct+ cosPY - (sinct +sinf)® =0
= (cos® oL+ cos* B+ 2cos ctcos B)
— (sin® ot +sin” B + 2sinosinf) =0
[ (a+b)* =a* +b* + 2ab]
= cos ol +cos®P + 2cos oLeos i —sin® o
—sin®f = 2sinotsinf =0
= (cos’ot—sin’ o)+ (cos’ B = sin”B)
+ 2 [cosctcos P —sinasinf]=0
= cos 200+ cos 2P+ 2cos (L +P)=0
[+ cos 2x = cos? x —sin® x and ]
cos Acos B—sin AsinB = cos(A + B]}
cos 200+ cos 2B = —2cos(o + )

EXAMPLE |11] Prove that
cos54 =16cos® A — 20cos® A + 5cos A.
Sol. LHS = cos5A = cos{3A + 2A4)
= cos 34 - cos 24 — sin3A -sin 2A
[ cos(A + B) = cos A-cos B—sin A -sin B]
=(4cos® A =3cos A)(2cos® A =1)
—(3sin A — 4sin® A)(2sin A -cos A)
[~ cos3x =4 cos® x = 3cos x,
sin3x = 3sin x — dsin” X,
cos 2x = 2cos® x =1 and sin 2x = 2sin x - cos x]
=4 cos® A - 3cos A)(chsz A=1)
— (3 - 4sin® A)(2sin® A - cos A)
=(4cos® A —=3cos A)(2cos* A -1)
—[3-4(1-cos? A)] % [2(1 - cos® A)-cos A]

[-sin®x + cos’ x =1=sin x =1 - cos® x]
=(8cos® A —4cos” A —6cos® A +3cos A)
—(3—4+4cos®A)x Zcos A(1 — cos® A)
=|:EcossA —10cos* A + 3cos A)
= 2cos A (1=cos® A)x (4cos® A =1)
=(8cos” A —10cos” A +3cos A)
- 2cos A{4cos® A =1=4dcos” A + cos® A)
=(8cos® A —10cos® A + 3cos A)
— 2cos A(5cos* A —dcos* A =1)
=8cos’ A —10cos> A +3cos A —10cos” A
+8cos” A+ 2cos A
=16cos’ A — 20cos” A+ 5cos A

=RHS Hence proved.

EXAMPLE |12| Prove that
cosb6x =32 cos® x — 48 cos* x+ 18 cos® x — 1. [NCERT]

Sol. We know that, cos3x =4 cos® x =3 cos x
On replacing x by 2x, we get
cos 3 2x)=4 cos’ (2x)=3 cos 2x
= cosbx=4(2cos’x=1P=3(2cos’x—1)
[ cos 2x = Zecos” x —1]
=4[8cos®x-12cos’ x +6cos®x —1]-6cos®x +3
[ (a=b) =a* =3a’b+3ab® - b*]
=32cos®x —48cos'x + 24cos* x -4 —6cos’x +3
= cos 6x =32cos® x —48cos? x +18cos” x =1

Hence proved.
EXAMPLE |13| Show that

Jz i Jz +.J2+2cos80 =2cos 6.
Sol LHS= Jz +4/24 2+ 2cos 80

= JZ + Jz + 1‘2(1 + cos 80)

= Jz + V’z + 1,)'2[1 +2cos’4B-1)
= Jz + q,fz + Jatcas’-m = Jz +4/2+ 2cos 40
=,,‘2+ J201 + cos 18) = Jz +4/2(1 + 2cos? 20 —1)

= 1,‘2 + -“hlccsz 20 =.,J2 + 2cos 20

=..,‘2{1 + cos 20) = /21 + 2cos?0-1)
=+dcos’B = 2cos O

Hence proved.

EXAMPLE |14| Prove that

sin2x + 2 sin4x + sinx = 4cos® x - sin 4x. [NCERT]
Sol LHS =sin2x + 2sindx + sin6x

=sin2x + sin6x + 2sindx

=25in[2x;6x)ccs [Zx;f.x)_'_ 2sindx

['.'sinﬁ + sin B = 2 sin [‘.’t ; B]-ms [A ; B]]

= 2sin4x - cos (= 2x) + 2sindx

= 2sindx - cos 2x + 2sind x

= 2sin4x (cos 2x +1)

["r cos (= B) = cos 8]

= 2sindx (2 cos” x)= 4 sindx - cos” x
[ cos 2x =2 cos? x =1]

LHS =RHS Hence proved.



EXAMPLE |15| Prove that

sin x  sin3x  sin 9x 1
=—(tan 27x — tan x).
cos3x cos9x cos27x
Sol LHS= sin x . sin 3x . sin 9x
cos 3x  cos9x  cos 2T7x

cos 27 x cos9x

_ 1| 2sinxcos x N 2sin 3xcos3x  2sin 9x cos 9x
cos 9x cos 3x

| cos 3xcos x

sin 18x

sin 6x 1
cos 27 x cos 9xJ

_ sin 2x

| o8 3xcos ¥ c0S 9xcos 3x

2
2
2| cos 3xcos x

cos 9xcos 3x

1

1[ sin (3x = x) , S (Ox =3x)  sin(27x - 9x)
cos 27xcos 9x

1

sin3x cos x = cos 3xsin x

+ s5in9x cos 3x = cos 9xsin3x

2 cos3xcos x cos9x cos3x

+si.n2'?xcc-s§x —cos Z?xsingx]

cos 27 xcos 9x

1

=E{lan3x—tanx+ tan 9x — tan 3x + tan 27 x — tan 9x)
1

= E(lan 27x = tan x) Hence proved.

EXAMPLE |16] If tan o = % sin B = ——. Prove that

8)

a+2|3=%,whereﬂ<u c:%andﬂ::ﬂe:g_

1 T 1
Sol Given,sinff = — Ut:ﬂc:Ea.ndtanu:;

\lfl_[]‘
= cosﬁ=+1h—sinzﬂ
=  cos P=+1—-sin’B

[P lies in I quadrant]

1 3
= cosP=,1-— = cosfp=—1=
10 Jio
1
[anﬁ:smﬁz_]'o:l
cos B 3 3
;10
2tan
Now, tan 2p = B
tan®p
1
X2 23 2 9 3
tan 2f = = =l x-==
-1 8/9 3 8 4
9
1+
tan o + tan 2 7% 25
- tan (ot + 2f) = B__7 "4 _355_
l-tanotan2f [ _1. 3 25
7T

= tan (ot + 25)=l:[an(a+zﬁ)=lan§

(ot + 2B) = r Hence proved.
4

EXAMPLE |17| Prove that

n2"A
cos A-cos 24 -cos2?A -cos2A ... cos2" 1A= smi
2"sin A

Sol. LHS=cos A-cos 2A-cos2°A-cos 2°A..cos 2" 'A

-1 [(2sin Acos A)cos 2Acos 22 A
2sin A
ccos A .. cos 2" T A]

1
= [(sin 2Acos 24)-cos 2° Acos 2° A

2sin A
...cos 2" 71 A
= 21—[(25in 2Acos 2A)cos 2° A -cos 2° A
27sin A
...cos2" 7T A]

4

= 1—[(sin 2°Acos 2°A)cos 2*A... cos T A]
2°sin A

1
J—A[(Zsin 2% Acos 2°A)cos 2°A ... cos 2" 7' A)
27 sin

- [sin 2* Acos 2° A ... cos 2" 71 A]

2'sin A
Proceeding in this manner, we get
Ll-ISz%[sinZ"'lA-cas 2"l A]
2" 'sin A

=;[zsin2‘"1Acos -1 A]
2"sin A

—— ! Gn2?A=RHS

- Hence proved.
27sin A

EXAMPLE 18] If tan B = % T @Y 1 en prove
1+tanctan y

sin 2ot +sin 27y

that sin 2p = ———— L.
1+smn2asin2y

sino sin Y

Sol Given, tanp= 2RO *+ta0Y _ cos@ cosy

1+ tan ot-tan y sin o sin Y

cos oL cos Y
_ sin olcos ¥ + cos osin y

cos lcos Y + sin aisin y
sin (o0 + )

- cos (ot =)
2tan B

1+ tan’p

a3 sin(et + ¥)

_ cos (oL =)

T sinf(a+y)

= tanf

Now, sin 2f =

1+
cos (ot =)



2sin (oL + Y)cos (ot = ¥)
cos*(ot = y) +sin*(ct + )

sin 20 + sin 2y
cos (ot = y) + sin*(ct + ¥)
[ 2sin Acos B=sin (A + B) +sin (A — B)]
2(sin 20 + sin 2Y)

- 2cosz((x -Y)+ ZSinz((! +7v)
s 2(sin 20 + sin 2Y)
1+ cos 2(0t=7y)+1=cos 2(at +7)

> 2cos® A =1+ cos 2A ]
and 2sin? A =1—= cos 24

_ 2(sin 20t + sin 27)
2+ cos Aot =7y)=cos A +7Y)

_ 2sin 20t +sin 2y) _ sin 200 +sin 2y
2+ 2sin 20tsin 2y 1+ sin 20(sin 2y

EXAMPLE |19]| Prove that

4tan x(1- tan” x)
tan 4x =

1-6tan? x + tan* x
[NCERT]

2tan 2
Sol LHS=tandx=tan A2x)= ——n 2X
1-tan®2x
2t

g ZE0E

l1-tan" x

2

2tan x

! Foe e
1-tan" x

(1 - tan® x)*

(1=tan®x)* —=4tan’x

4tan x

1=tan®x

_ 4tan x(1 - tan® x)
1+ tan® x = 2tan® x —dtan” x

_ dtan x(1 - tan®x)
1-6tan® x + tan" x
. LHS =RHS

Hence proved.

EXAMPLE |20| Prove that

2n 4TC 8m 16T 1
C0S —C0S —C0S —C0S
15 15 15

15 16
[NCERT Exemplar]
2 4 & 16
Sol LHS= cos <% cos —~cos —=cos —&
15 15 15 15
= cos 24°cos 48° cos 96° cos 192°
=———[(2sin 24° cos 24°)
16sin 24°
(2cos 48° )(2cos 967 )(2cos 1927)]
[~ 2sinBcos © = sin 20]

= ————[2sin 48° cos 48°(2cos 96°)(2cos 192°)]
16sin 24°

= m[(ZSin 96° cos 96° )(2cos 192°)]

= m( 2sin 192° cos 192°)
Sin
sin (360° + 24°)
16sin 24°

=—————sin384° =
16sin 24°
1

= = =RHS Hence proved.

EXAMPLE |21| Prove that

tan 3 s 1
X never lies between —
tan x 3

and 3.
Sol. ‘Tak:  p=TR3X

tan x
_ 3tanx - tan’ x
tan x(1 = 3tan” x)
3-tan®x
= =—
1-3tan” x
= y—3ytan2x=3-tan2x

= (l-3y)tan2x=3—y

3 -
= tan®x = Y
1-3y
3_—}'20 y-320 [ tan® x = 0 for all x]
1-3y 3y -1

Casel When y=320and3y-1>0

————— e mm—— -— ——— -

y=3 an-::ly:avl Sy =3
3

Case Il When y=3<0 and 3y-1<0

y£3andy<:%

= (l
Y53
1

= yE[—m.EJU[im)

. 1
Hence, y does not lie between 3 and 3.

TRIGONOMETRIC FUNCTIONS
OF SUB-MULTIPLE ANGLES

Some important trigonometric functions x of angle in

terms of trigonometric function of sub-multple angles

x x B
—and — are given below



Trigonometic ratios of the angle

. X
x in terms of =

EXAMPLE |23| Prove that SR A —cos 4

1+sin A=cos A 1-cos A+sin A

1+sin A +cos 4

= tan

5] Sel. LHS= =
= l+sin A+cos A 1+cos A+sin A
. x oo x S x
(1) cosx = cusg(—J —sin 2[—) = Zcosz[—) -1 1-— [1 - 2sin” i] +sin A
2 2 2 _ 2
Lo X 2A :
=]—-2smn"|— 1+|2cos"——=1]+sin A
2 2
A A
1—an 2 wcos A=1-2sin" —=2cos’=-1
> [ 2 2
cosxy=———
o x 1—1+zsinzi+sin;i 2s'm2£+sinA
I+ tan” 3 - - 2
1+2c052%—1+sin;¢1 2c052%+si.n,4
ok xRy LA A A
(11) sin x = 2sin —cos —= Zsin 3+ 2sin S8 >
x _
14 tan” — -
2 2cos® i + 2sin in:els i
Py 2 2
v _ _ _
— A A
2an [EJ [ sin A = 2sin —cos —]
(iii) an x = —————— 2 2
al X
I—tn [E) 2sin i(sm£+ cos i)
2 2 2

Trigonometric ratios of the angle

. X :
x in terms ()f— A
iy [ sin® 1
= i=tan? e=l.a.nE|J
cos
(i) sin x—3sm( } 4sin® %) cos <
=RHS Hence proved.

(ii) cos x —4cosi[;] —3cos

5)-=
Jtan | —|—tan"
3

,.—.._\

——
L R TR
R

EXAMPLE [24] tan > = [2=% tan 2, then prove
2 \1te 2

(iii) tan x = that cos ¢ =239~ €
l—3tan2(£) 1-ecos®
3 —
1 Sol. Given, tan % = i—e tan % = tan % = Eﬁ tan %
EXAMPLE 22| Find the value of sin 22— e -f
A 1=cos A l—tanzﬂ
Sol We know that, sin — _ We know that, cos ¢ =

2 2 1+ tan? ®

45° ,1 - cos 45° 45° . . 2
in = [Fmees [ lies in Iquadra.nt] Lte 9
2 2 2 1= tan® 2

1=-¢ 2

= cos ¢= 1+e 8

1+ tan® =

= —-e 2

29
(1=e)=(1+e)tan p

cos b= o
1—e)+i1 +e)lan2§




(1—.f.')f:-::-szi:'l——[1+\=.')sinZE
= costh = 2 2

(1—e*)n:c:nszE‘—+[1+.¢J}|sinZE
2 2

¢] (4] 5] [¢]
cos’® E —sin® E - e[ms *Z 4sin® —]

- ] ] [} ]
[ms = 4sin’ —]— e[ms - —sin® —]
2 2 2 2

cosB—e

—_— Hence proved.
1—ecost

EXAMPLE |25| If tan x = i

. X X X
values of sin P cos —, tan —.

2 2 [NCERT]

3 3n
Sol Given,tanx==-Tm<x<—

1

cos x =%
;,]1 + tan® x

1

1||1 +tan? x
4

'1+— s
16

= o8 X =——
5

cos x=-— [ x lies in IIT quadrant]

= COs X ==

'.ul‘||-‘=L

Now, cos —

1+cosx 1
\J 2 10

mT x 3
:r:<x-:—:>—<: < —
2 2 4

= cosx <0 sinx>0

sinx—J — CO8 X J1+4f5 9 3
2 2 2 n hn

(3] ]
1-tan®=+1+ tan®—
2 2

=
1= lang—l—tanEE
2
_cosot—cos B +1—cosocos B
cos ¢t —cos B —1+ cos olcos B
[applying componendo and dividendo]
o 2 (cosa+1)(1—cos B)
Zt;mZE (cos ot =1)(cos B +1)
2
. 1 _ (1+ cos o)(l = cos B)
lanZE (1— cos a)(1 + cos f)
2
. [1+2c052c—x—1][1-1+251niﬁ]
= _ 2

5=
tanZE [1—1 + 2@25)[1 + ZCQSZE—I]
2

I]. o
4cos® Zﬂ sirlz—msEE
1 2 28 2 2
= 8= ,B =tan’— = 0!75
tan®—  4sin®—cos? cos? —=sin® L
2 2 2 2
L¢] o
= tan® — = tan® —cot® = B
2 2 2
tan E =% tan {—xmt E Hence proved.
2 2 2

EXAMPLE |27| If cos © = cos o.cos B, then prove that

0+a 0—o . P
tan tan —— = -
2 2
Sol. Given, cos B = cos olcos B
1-tan® E
cos 0 cos 8
= cos B = =
cos o 1+lan2E cos o
2

x sinx/2
and tan —= /

2 cos xf2

3310
TN

cos oL —cos B then prove

EXAMPLE |26] If cos0=———
1-cos oicos B

=+ tan%cutﬁ.

cos o — cos B

that tan

r |

Sol Given, cos 8=
1-cos cicos B

1-tan?? 1-tan* =
2 cosol=cos P 2

= 0] veos x=—=
1+tan’— 17 cosocos ﬂ[ 1+ lanz—J

2 2

1-tan2B 41+ tanzB
7 2 cosB+cosa

l—Lfmzﬁ—l—[anEE
2 2

=

cos B = cos o

[applying componendo and dividendo]
[a + u] (B - u]
2cos cos
2 _ 2 2
0+ o -0
taan = 2sin [ ]sin [ ]
2 2 2
1 [8 + a] (B - u]
= = cot cot
B 2 2
2

tan

B+o 0-n
= tan’ % = tan [ p ) tan [T] Hence proved.



EXAMPLE |28| If o and P are distinct roots of

acos 0 + bsin 8 = ¢, then prove that
2ab

@ + b

Sol. Given that o and p are distinets root of

sin (o +B) =

acos O+ bsin@=c

acos o+ bsinot=¢ andacos f+ bsinB=¢
acos o + bsin oo = acos [ + bsin p
a(cos oo — cos B) + Wsino —sinf)=0

=  —2asin [“ ;’ BJsin [ﬂ]

=
=

2
o+ -
+ 2bcos ( B)sin (u] =0
2 2
= 2sin [ﬂ][- asin (u._-i-ﬁ] + bcos (u. +B]]=D
2 2 2
= bcos [QH-B =asir|M
2 2
[‘.’d#ﬁ,ﬂ'lerefaresin (agﬁ]#ﬂ]
= 1::1.11{—'jt'|-ﬁ}=E
2 a
ztan@ 2)<E 2_b
sin (ot + B) = = “2: 2“ -
1+t&n2(a+BJ 1+b_ a’ + b
2 a® a
- fab Hence proved.
a® +b° ’

Trigonometric Ratios of
Some More Angles

-1

4

J10+245

(ii) cos18°=sin 72°= ————

4
S5+

4

10 —24/5
(iv) sin 36° = cos 54° =—J_

4

(i) sin 18° =cos 72°=

(1il) cos36° =sin 54° =

EXAMPLE |29| Prove that
fan 6°tan 42°tan 66° tan78° = 1.
Sol LHS = tan 6°tan42° tan 66°tan 78°
sin 6° . sin 42° . sin 66° . sin 78°

cos 6° cos 42° cos 66° cos 78°

_ (2sin 66%sin 6°)

, (2sin 78°sin 42°)
(2cos 66%cos 6°)

(2cos 78%cos 427)
cos 36° = cos 120°
cos 36° + cos 120°
cos 60° = cos (90° —187)
cos 60° + cos (90° —187)

cos 60° = cos 72°
cos 60° + cos 72°

. cos 36° — cos (90°+ 30°)
cos 36° + cos (90°+ 30°)

_ cos 60° —sin18°  cos 36° + sin 30°

" cos 60° +sin18°  cos 36° —sin 30°

l_w‘g—l 1.|'r5_+1+1
) ()
- 1,5 8 B 1

2 4 4 2
_(3=5)3+45)

(5 +1)(¥5 —1)

= E=1=RH5

Hence proved.

EXAMPLE |30]| Prove that

2T 4T &n 1l4m
16cos —-cos —-cos —-cos — = 1.
15 15 15 15

2n im i 14w
Sol. LHS =16cos —-cos —- cos — - COS ——
15 15 15 15
=4(2cos 24° cos 96° )(2cos 48%-cos 1687)
= 4{cos 120° + cos 72°)(cos 216° + cos 120%)

= 4= sin 30° + sin 18° )(= cos 36° — sin 30°)

_4[_1+E][_@_1]_4[E][-45-3]
oz 4 4 2] | 4 4

S

4 L L

Hence proved.
A AN £

EXAMPLE |31| Find the value of
c0s12° + cos84° + cos156° + cos132°.
[NCERT Exemplar]
Sol. We have, cos12° + cos 84° + cos156° + cos132°

= c0512% + cos156° + cos 84° + cos132°

127 +156° 12° = 156" 84° +132°
=2cos > - COS n + 2cos T

(s4° —132“]
cos| ——
2

= 2cos 84° cos 72° + 2c05108%-cos 24°

[rcos(=727) = cos 72° and cos(—24% ) = cos24°)
= 2cos 84° cos(90° =187 ) + 2cos(90° +18°)- cos 24°
= 2cos 84°sin18° — 2sin18° cos 24°




= 2sin18°(cos 84° — cos 24°)

% . (84° +24°) . (84°-24°
= 2sin18°| =2sin » -sin. 3

= —4sin18°sin54°sin30°

_4(«/5-1
4

1
]- €08 36° - 3 [~ sin(90°=36° )=cos 36°]

=_(J§_1)(@].1

2

TRIGONOMETRIC
EQUATIONS

Equations which involve trigonometric functions of
unknown angles (i.e. variable) are known as trigonometric
equations.

3 3 .
e.g. smx=z, tan x +sec x = —4/3, cosx + 4sin x = 1 etc.

Solution of a Trigonometric Equation

A solution of a trigonometric equation is the value of the
unknown angle (i.e. variable) that satisfies the equation.
We know that, the values of sin x and cos x repeat after an
interval of 271t and the values of tan x repeat after an
interval of T.

Solutions of trigonometric equation is of two types

PRINCIPAL SOLUTION

The solution of a trigonomerric equation for which the
value of unknown angle say x lies between 0 and 27,

ie. 0= x <2, is called its principal solution.

EXAMPLE |32| Find the principal solutions of the
following equations.

N

(i)sinx:T

-1

i) tan x = —

(i) NG
(iii) secx =—2 [NCERT]

3
Sol (i) We have,sin x = i
2

(ii) We have, tan x = — A

‘ m [ =
::smx:sm;- l'.'sm-—:——j
T R L
LX= ; which lies in I quadrant.

and sin x =sin (n-%) [ sin® =sin (m-0)]

SX= ZT"; which lies in II quadrant.

R § n 21
Hence, the principal solutions are x = 5 and x = o

B

Here, the value of tan x is negative. So, x lies in IT and
IV quadrants.

1
We know that, tan %= —_
3

1 58 -1

Thus, tan(n—%):-vg = [ansz—;

5
A= Tn which lies in IT quadrant.

n n
Also, tan(Zn——)=-tan—=>tan—=-—
6 6 6 N

11 5 "
TS S —6— which lies in IV quadrant.

g . 5 11
Hence, the principal solutions are x = ?nand x= Tu

(iii) We have,

1
SseCxX==2 =D COSX ==—
2

Here, the value of cos x is negative.
So, x lies in II and I quadrants.

- 1

We know that cos % =lE

T 1 2n 1
Thus cos [ f——|=—-—= cos —=-—
3 2 3 2
n , Lo
nx= which lies in II quadrant.
Alsacas[u+£)=—l:> casd—ﬂ:z—l
3 2 3 2

4
Lx= ?I[ which lies in III quadrant.

2T 4m
Hence, the principal solutions are x = —, —.
3 3

| TOPIC PRACTICE 5 |



OBJECTIVE TYPE QUESTIONS

1-tan®15°
1 The value of O [NCERT Exemplar]
(a)1 (b) 3 (<) % (d) 2
2 Ifsin® + cosd =1 then the value of sin28 is
[NCERT Exemplar]
@1 ®) 2 (c) 0 (d) -1
3 Iftanf= E, then beos20 + asin20 is equal to
b [NCERT Exemplar]
(a) a (b) &
(c) % (d) None of these

4 The value ofcosi—:cos‘i—“cosg—ncos llEi—nis

15 15 15

1 1 1 1
l - l d) —
(a) : (b)s (c) " ( )16
5 |2++2+ 2 +2c0s886 is equal to
(a)cos® (b)2cos8 (c)3cos8® (d)Noneofthese

6 The number of solutions of equation
tanx +secx = 2cosx lying in the interval [0, 2x] is

[NCERT Exemplar]
(a) O (b) 1 (c) 2 (d) 3
7 The minimum value of 3cosx + 4sinx + 8is
[NCERT Exemplar]
(a) 5 (b) 9 (c) 7 (d) 3

VERY SHORT ANSWER Type Questions
8 Find the value of 2sin Acos A4, if A =22%‘“L

9 IfcosA :% then find the value of cos2A.

10 IftanA= % then find the value of tan 2.4.
Directions (Q.Nos. 11-13) Find the value of the following

11 tanx::,lg

12 cosecx=-2
13 tan x=43

14 Ifeis the positive acute angle, then solve the
equation 4 cos” 8- 4sinf=1

[NCERT]

15 1f3sing= 2cost, then find the value of sin26.

16 Find the value of trigonometric ratio cos 22%".

17 Find the value of trigonometric ratio tan 22%".

SHORT ANSWER Type I Questions

18 Prove that §in x —sin 3x

— 5 —=2sin x.
sin“x —cos x

19 Prove that 5020
+cos28

20 Prove that _En20 cotf.
1-cos28

1+5in 20 +cos26
1+sin 208 - cos 28

l-cos2A4+sin24
l+cos2A+sin2A4

23 Prove that @_29 — tan (E _a]_
1+sin 26 4

sec80 -1 tan 86
secdB-1 tan?20

=tan@.

21 Prove that cot .

22 Prove that tan A

24 Prove that

25 Find the value ofsin?%".

SHORT ANSWER Type II Questions

26 Show that 1+s-1na=tan L
1-sin@ 4 2

27 Prove thatsin 44 = 4sin Acos® A — 4cos Asin® A.

28 Prove thatcos44=1-8cos” 4+ 8cos 4.
29 Prove that 4cosBeos [§+ BJcos (g—ﬁ] = cos38.

30 Prove that 4sinsin (§+ﬂ)sin (2?7‘ +ﬂ] =sin 36.
31 Prove that

(cosx—cosy)” +(sinx —sin y)* = 4sin2(x ;J’}

32 If2cosB=x+ l, then prove that
X
1

2cos30=x" + —.

X

33 Iftanx= E, then find the value of
a

a-b
a+b

a+b
a-b

+

[NCERT Exemplar]



LONG ANSWER Type Questions
34 Prove that cot 71‘?—D =tan 82150 =3 +2)(\2 +1).

35 Find the value of the expression
4 5n 4 i

4 T 4311:
cos §+COS —+ COS —+ COS ?

[NCERT Exemplar]

36 Prove that
- 4 5 | Tn - 3

4T | 3x .
sin® = + sin® ==+ sin®* =+ sin* — ==,
8 8 8 8 2
37 Prove that
cos® A +cos?(120° + A) + cos®(240° + A)

=§cos 3A.
4

38 Prove that
cot 6 cot28 +cot26 cot30+2 = cot 6 (coth—cot 36).

HINTS & ANSWERS

1. (c) Use formula, cos 20 = I-tan’ © tanZﬂ
1+ tan™8
Putf =15°
2. (¢) Given that, sin 8 + cos 8 =1
On squaring both sides, we get
sin®0 + cos 0 + 2sin - cos B =1

= 1+sin28=1
sin 26 =0

3. (b) We have,

1-tan®@ 2tanf
bcoszﬂ+as‘mzﬂzb[ ]+a[ ]

1+ tan’@ 1+ tan’0
l—ﬁ Za
- o
=b bz +a b 5 [‘:lanﬂz%}
T B P
b b

4. (d) We have,
cos n cos i cos 3—:rcms Lom
13 15 15 15

= cos 247 cos 48 cos 96° cos 192°

_ 1
~ 16sin 24°
(2 cos 48°) (2 cos 96°) (2 cos 192°)]
[ 2sin B cos B = sin 28]

[(2sin 247 cos 24%)

=———[2sin 48° cos 48°
16 sin 24°

(2 cos 96%) (2 cos 1927)]

1
" 16sin 24°
1

" 16sin 24°

[(2sin 96° cos 96°) (2 cos 192°)]
(2s5in 192° cos 192°)

=——sin384°
16sin 24°

_ sin (360° + 24°)
" 16sin 24°
1

T 16

5. (b) We have, -JZ +-‘12 + ..,12+ Zcos 86

B o T

:J2+ Jz + 1fz(1+ 2cos?4B-1)
:J2+ Jz + 1 cos?48

— 2+ {2+ 2cos 0

— 2+ 20t e d0)
=~j2+-\,‘2(1+casz 20-1)
=1||2+-..|'4 cos” 20
i ®

=,ﬁ2(l+ cos 28)
=20 +2cos?B-1)
=44 cos® B

=2¢cos B

— o ovua

(c) Given equation, tanx +secx = 2cos x

sin x 1
+
cOsSX COSXY

= = 2cos x

1+sinx = 2cos® x
1+sinx = 2(1=sin” x)
2sin’ x +sinx —1=0
(sinx +1)( 2sinx —=1)=0
1

siny ==1,sinx = —
2

Loy el

K b8
Xx=— x=—
2 6
Hence, only two solutions possible.
(d) Given expression, 3cos x + 4sinx + 8
Let y=3cosx +4sinx +8
= y—8=3cos x +4sinx
Minimum value of
y-8==9+16
= y=—8=-5 = y=-5+8
y=3
Hence, the minimum value of 3 cos x + 4sinx + 8§ is 3.



10.

11

12.

13.
14.

15.

16.

17.

18.

19.

20.

21

Use the formula, sin 24 = 2sin A cos A Ans. L

V2

7
Use formula, cos 24 = 2cos® A -1 Ans. _E

Use formula, tan 24 = ﬁ s. 2
1-tan® A 21
tanx:L = Lanx:tanE,tan?—n Ans.x:E,?—“
N 6 6 6 6
. 1 m 11m
cosecy == 2= sinx=—=— Ans. x = — —
2 6 6
m 2m
33

We have, 4 cos?@=4sinf=1
= 4(1-sin®B)—4sinB=1

-4 iﬂ,’mz -4.4(-3) -4+ fil6+48

* sinfB= =

2-4 L
—4+J64 —a+8 1 or =3
8 8 2 2

. sinﬁl:% Ans. 8 =30°

2 2tan8 12
3 1+tan’@ 13

1 cosd5°+1 1442
cos 22— = =
2 2 22

2tan®
1—-tan’#

tanf@ = —; thensin20 =

tan 20 =

-]

245
= tan + 2tan
2

45°
J—l =0
2

45° _ —234(2)" —4x(-1) —2448 _

= tan— =
2 2x1 2

—1£42

a

45 . )
Since, (—] is in Ist quadrant, so we take “+ve’ sign.
2

Ans. —1+~f§
2¢0s5 2xsin(—x
LHS = #: 2sin x
—-cos 2x

Use the formulae, sin 268 = 2sinBcos B and
cos 26 = 2cos’0-1

Use the formulae, sin 20 = 2sinBcos B and
cos 20 =1 - 2sin”#.
_ 1+cos 20 +sin 20

1=cos 20 +sin 20
_ 2cos B+ 2sinBcos 6 _ 2cosBcos B+sinB) _

" 2sin®0+2sinfcos®  2sinB(sind + cosH)

22,

23.

24.

25.

26.

27.

28.

29.

30.
3L

cotB

Solve as Q. 21.

sin [E— ZH] 2sin [E—H]-cos [E—B)
LHS = Z - 4 4
T
1+ cos (——29] ZCOSZ[E— Zﬁ]
2 4
= tan (E - B]
q
1

m_l _ (1—cos88)cos40  2sin®4Bcos 40
1 -1 - (1—cos 48)cos 80 " 2sin® 20 cos 80

cos 48

_ sind0(2sin4Bcos40)  Zsin 28cos 20-sin 80

LHS =

2sin® 26 cos 80 2sin® 20 cos 80
o 1° . 15° Jl-mslS"
sin 7 — =sin — = =
2 2 2
Ja-Js-+2
22
3] L .8 3]
 +sin 0 cos® =+ sin® — + 2sin —cos —
LHS = - 2 2 22
1=s5inB

»0 . 28 . B 3]
CcO8 =+ §in~ — = 28in —cos —
2 2 2 2

2
6 8
[C05—+Sln—) CGSE'FS‘IHE
2 2] _ 7 2

- z CRC
6__. 8 o8 —=sin—
cos —=sin—

1+tan?  tanZ4tan 8
_ 2__ 4 2
1—tan? 1-tanZpan®
2 a2

RHS = 4sin A cos A(cos* A =sin® A)

o e e g =

= 2sin 2A(cos 2A)=sind A
RHS=1-8cos” A(l=cos® A) =1—8cos” Asin” A
=1-22sin Acos A)* =1-2sin” 2A = cos4 A

—— ==y

LHS = Zcosﬂ{zcos (%_'_a]ms[g‘eﬂ

= Zcos B{cos [ZTE] +cos( 29)]

1 =1
= 2cos B[——+cos 29): ZcosB[—+2cos F29—1)
2 2

—3+4cos’0
= Zcosﬂ[%]zdgms’ﬁ-kosﬂz cos 360

Solve as Q. 29.
LHS = {cos” x +sin” x) +(cos” y+sin2 ¥)
—2(cos x cos y +sin xsin y)
=1+1-2cos(x— y) = 21— cos(x — y)]



32. 2cos 380 = 24cos’8 - 3cos 0) 36.
=8cos B - 6cos 0= (2cos 8)° —3(2cos B) 37.
1y 1
x+ =3 x+—
x
3. "” ,"'
a=b Ya+b 'Ja: -b -.|’1 tan? x
2008 x _ Zcosx
-Jcos x=sin®x -Jcas 2x
. 1° R 1°
34. LHS= tan 82— = tan | 90° = 7— |= cot7 — =cot A (say)
2 2 2
10
where, AZTE
Now, cot A = cos A _ cos A(2cos A)=1+ms 24
sin A sin A(2cos A) sin 24
15
1+ cos 2| —
2 1+ cos15°
Socot7 —= = -
2 15 sin15°
sin 2
2
_ 1+ cos(45°-30%)
sin(45°—30°)
_ 1+ /(cos 45° cos 30° + sin 45°- sin 30°)
(sin 45% cos 30° — cos 45% sin 307)
1 4311
MET TR
2 2
- =(2+1) (3 +2)
143 11
2 22
- 4 3T 19T 7
35, cos*Z+cos' T+ cos' 2 4 cost T
] 8 8 8
—c0s*E + cos* 3 4 cos =%+ cos [ x-% 38.
8 8 8 ]
4T 437 4 3T 4 T
=cos'—+ cos' — + cos' — + cos' =
-~ 8 8 8 ]
in
=2|cos* T+ cos' L [=2]cos' T+ cos'|Z-L
| 8 8 8 2 8
- o
= 2| cos +sm
8
B 2
R X LR 2 L
=2 [ccs —+sin"—| = 2cos’ —-gin’ —
& B &

=21 -2¢c0s? Eosin? X
3 8

2
, T s

=2- [2s1n—-cos —]
8 8

2
2 3
:2_[sin_ﬂ _3
8 2

Solve as Q. 35.
LHS = cos * A + cos 3(120" + A)+ cos’ (240° + A)

= imsr’a + lccs 3A
4 4

+ [E cos(120% + A) + 1 cos 3(120° + A}]
4 4

+[§cos (240° + A) + :—cas 3(240° + A)

= Er:{:s A +lcos 34
4 4

3 1
+ [Icas (120° + A) + 4—(:05 (360° +3A4)

3 1
+ [;cos (240° + A) + Eccs (720° + 34)

[cos A + cos (120° + A) + cos (240° + A)]

3
4
+ :—[cos 3A + cos (360° + 3A) + cos (360° x 2 + 3A))]
[cos A + cos (120° + A) + cos (240° + A)]

+ i [cos 3A + cos 3A + cos 3A4]

= ;[cos A+ cos (120°+A) +cos (240°+A)] +ix3(cos 3A)
3 - - 3

= I[cos A + 2cos (180° + A)- cos (=60°)] + Icas 3A

=Erms A= 2cos Al-l + Ef:{:s 3A
4[ 2J 4

3 3 3
==[cos A= cos A]+ — cos 34 = —cos34
4 4 4

3
RHS = cot8 | cotf = M
Jeot"B-=1

= cot?® 2cot’0+2)
Feot® B -1
2 2 3
— cot cot"B=1 N cot"8=1 || cot”8=3coth +2
ZeotB 2eotd Jeot?B—1
cot*8-1 cot’8-1) cot’8-3
= + - +2
2 2 Feot"B=1

(cot? B -1)(3cot’ B =1)+(cot’ 8 —1)(cot’ 8 - 3)
+4(3cot?8-1)

2cot* B (cot*B+1)
Jcot*B-1

A3cot’B-1)
_deot'B+4dcot’ O
 2A3cot’0-1)

_ 2cot®B(cot’0+1)
© 3cof?@-1



| TOPIC 6|

Applications of Sine and Cosine Formulae

Sine Rule

In any triangle, the sides are proportional to the sines of the
opposite angles.

a b ¢
sinA sin B sin C

The above rule may also expressed as

in AABC,

sind sinB  sinC
a b c
The sine rule is very useful tool to express side of triangle in

terms of the sines of angles and wice-versz in the following
manner.

a b
sinAd sinB sinC
= a=KsinA b=Ksin B,e=KsinC
inA snB sinC
Similarly, a — " — o =h
a ] c

= sin A= ah, sin B=#k and sin C =ch

EXAMPLE |1| In AABC, ifa=2, b=3andsin 4 =§,
then find ~B.
Sol GivemazZ,sz,sinAz%

By sine rule, we have

a b 2 3
, == B
sin A sinB 2/3 sinB
] .
= 3=—— = sin B=1
sin B
bio b9
= sin B=sin— = B=—
2 2

EXAMPLE |2| In any AABC, prove that
(i) 2SR (B=C) _bsin(C-4) _csin(A-5)

b - é-d a -b
b - ¢ & -d . a -

cos B+cosC cos A +cos B

cosC +cos A

Sof.Letazb:C—
sin A sinB sinC

Then, a=Ksin A, b= Ksin B, ¢ =K sinC
0 asin(B=C) K sin A sin (B=C)
1 =
b =c? K*sin® B—K%sin® C

_ Ksin [:lei —(.Ei+ C}]Sl:ll:B—C} [~A+B+C
K* (sin" B —sin"C)

_ Ksin(B+C)sin(B—C) _ K(sin® B—sin® C)

K* (sin® B =sin® C) K? (sin® B —sin® C)

=180°]

_ 1
K
Similar1y1M=lmdM=l
c?-at K a® - b* K
. asin(B-C) _bsin(C—A) _ecsin{A-B)
' b* = ¢® B ef=a® - a® = b*
2 2 2 . 2 2 a2
i) Now b" =-c _ K" sin” B=K"sin” C

cos B+cos C cos B+ cos C
_ K*(sin® B—sin® C)

"~ cos B+cos C

_ K*(1-cos® B—1+cos® C)

- cos B+ cos C

_ K? (cos®C - cos® B)

- cos B+ cos C

_ K?[{cos B+ cos C){cos C — cos B)]
B (cos B + cos C)

= K” [cos C = cos B]

c?—-a?

Similarly, =K?*[cos A - cos C]

cos C + cos A
at = bt
and ——— =K"[cos B=cos A]

cos A +sin B

- LHS = K* [cosC —cos B+cos A —cos C
+cos B—cos A
=K*x0=0 Hence proved.
EXAMPLE |3| In any AABC, prove that
- _ 2 -
Q) 5?11(3 C)=b c
sin(B+¢) &
(ii) a sin (B—C)+b sin (C — 4) + c sin (A— B) =0. [NCERT]
a b c

Sol. By sine rule, we have

sinA sinB sinC

= a=KsinA, b=Ksin B¢ = K sin C (i)
2 2 2 . 2 2 . 2

(i)RHSzb zc =KsmgB i(smC
a K" sin” A

_sin® B=sin® C _sin(B+C)sin(B=C)
sin® A sin® A




_sin(m— A)sin(B=C) _sin Asin(B=C)
sin® A sin® A

[+A+B+C=n= B+C=mn-m|
_sin(B=C) _sin(B-C)
~ sinA
_ sin(B=C)
“sin(m—(B+C))

sin A
_sin(B=C)

sin (B +C)
[A+B+C=m A=n—=(B+C)]

=LHS
(ii) LHS = asin (B=C}) + bsin (C —A) +Csin (A — B)
= Ksin Asin(B=C)+ K sin Bsin(C = A)
+ K sin C sin (A - B)
=K [sin(m=(B+C)sin(B=C)+sin(n—(A+C)
sin (C = A) +sin (m =(A +B)sin (A = B)]
[-A+B+C=m]
= K[sin(B+C)sin (B=C)+sin (C + A)
sin(C—A) + sin (A + B)sin (A- B)]
= K[sin® B = sin® C +sin® C =sin” A
+sin® A —sin® B]

= K[0] =0 = RHS Hence proved.

EXAMPLE |4| In any AABC, prove that

[B—C] [b—c) A
fgmi—|= CoOsS—.
P a 2

[NCERT]

Sol RHS = b-c cosi: M cosi
a 2 KsinA 2
sin B=sinC A
= cos —
sin A 2
[B+C] ) [B—C]
2cos sin A
= 2 2 ®C08 —
2

Zsini cos —
2 2
B+CY . [B—C
cos sin | ——
2 2

. [n [B+C]]
S | — =
2 2
A :rl:_(B+C)}

[+A+B+C=n=—=—
2 2 2

B+CY . (B-C
0§ | ——— | 5N | ————
2 2 . [B=C
= s5in
(B+C] 2
Co§ | ——
2

Hence proved.

@’ —b® sin(A-B)

EXAMPLE |5| In a AARC, == , prove
a* +b* sin(A +B)
that it is either a right angled or an isosceles triangle.
Sol Let—2 =" £ -k

gnA smB snC
= a=Ksin A, b= Ksin Band ¢ = K sin C
sin(A=B) a°=b" K'sinA-K’sin®B
"sin(A+B) o +b K’sin’A+ K’sin’B
sin(A—B) _sin® A—sin® B

Now

= =
sin (A+B) sin® A+sin® B
. sin (A = B) sin (A +B)sin (A = B)
sin(m — C) sin®A +sin” B
[A+B=n-=C]
- sin{A —B) sin Csin(A —B)
sin C sin® A +sin® B
. sm(lA —B) _sin l;: sin(.A :B} —0
sin C sin® A +sin” B
1 in C
=  sin(A-B) S
sin C  sin® A +sin” B
in C
=sin(A—=B)=10 or — - zsm =
sinC  sin” A +sin” B
= A=Borsin® A +sin® B=sin® C =0
2 2 2
= A=Bora—2+b—z—c—2=0
K K* K

= A=Bora® +b* =¢"
.. Either the triangle is isosceles or right angled.

Hence proved.

Cosine Rule

Let a, &, ¢ be the length of sides ot AABC opposite to £A,
ZB and £C, respectively. Then,

PEE S 2, 4 _p?
(i) msA:L (inm_ﬂ=L
2bc 2ea
2,52 _ 2
(iii) cos C=————
2ab

EXAMPLE |6| In AABC, if a =18, b =24, ¢=30, then
find cos A, cos B, cos C.

Sol. By cosine formula, we have
b* +¢* —a®  (24)" +(30)° —(18)°

cos A =
2be 2x 24 x 30
_ 576 +900—-324 1152 4
1440 1440 5



¢ +a" =B _(30)° +(18)° —(24)°

cos B=
2ca 2x30x18
_900+324 -576 _ 648 _3
1080 1080 5
z 2 2 2 st 2z
+ b" = 18)" +(24)" = (30
cos @ ¢! _(18)* +(24)" - (30)
Zab 2x18Bx 24
_324+576-900 _
1440

4 3
Hence, cos A== cos B=—andcosC =0

EXAMPLE |7| If the sides of a AABC area = 4, b =6and
¢ =8, show that 4cos B+3cosC =2

Sol Given,a=4,b=6c=8

a® +c®—b* 16+64-36 44 11

~.cos B= = =
2ac 2x4x8 64 16
a +b* =c? 16+36-64 =12 1
cos O = = -
Zab 2X4X6 48 4
1 3 _11 3

4dcos B+3cosC=4X—=——=
16 4 4 4

EXAMPLE |8 With usual notations, if in a AABC,

b+ + +b
c_cra_4a , then prove that
11 12 13

cusA_cusH_cusC
7 19 25 °
b
+e:e+a_a+b:K
12 13
=b+c=11kc+a=12ka+b=13k

=2(a+b+c)=36k

Sol Let

=a+b+c=18k

Now, b+c=11kanda+b+c=18k=a=Tk
c+a=12kanda+b+c=18k=b=6k
a+b=13kanda+b+c=18 k=c =5k

b +¢" —a' _36K" +25K* —49K* 12 _1

*ocos A= 2 —=
2bc 60K 60 5
cos B_CZ +a’ —b _ 25K° +49K° —36K° 38 _ 19
Zac 70K* 70 35
at +b* =t 49K? +36K° - 25K°
cos C = =
2ab 84K*
60 5
84 7
119 5
socos A:cos B:cos C=—:—:—=7:19:25
535 7
or cosA_cosB_cosC Hence proved.

7 19 25

EXAMPLE |9| In a AABC, prove that
@) - eot A+ (F —a’)cot B+ (a° —b*)cot € =0.

2 2 2 2
(i) [b _C?]sinz.th[f —a ]si.nZB+[ﬂ ‘I’z]smzc:=o.

Sol (i) LHS =(b*=c")cotA +(c® = a’) cot B+(a” =b") cot C

cos A » .. cosB
- a

= (b = ¢%) +(e _p)eC

sinC

B = (Bt =d +c~2-a2 a® +¢® = b
2be 2ac

. a = \[a*+b*=¢"
Ke Zab
sinA _sinB_sinC

a b
= sin A = aK, sin B = bK and sin C = ¢K)

[using sine rule, = b (say)

_ 1
2Kabc
+(c* =a®)(a® + ¢ =B )+ (a* =b*) (a* +b° =)

1

[(B° =c*)(b* +¢* =a”)

[(b* = c*)(b* + c*) = a*(b* =c7)

2Kabc
+(c® =a’)(c® +a")=b" (® =a”)
+(a® =b°)(a® +b*)=c® (" = b))
_ 1 z2_ 2yp2 2 1_ 2

= Kabe [(B° —c)(b" +c")+(c"—a”)
(2 + a®) +(a® = B*)(a® +b%) = a*(b* =c?)
_bZ(CZ _‘:2}_ CZ(HZ - bZ)]

1 4 1 4 4 1 _ g4

T [(B" =c")+(c" =a")+(a" =b")

—(a®b? = a®c?) = (b%c? = b?a®)=(c%a® = ¢*b*)]

= ! ®x 0=0=RHS
2Kabe

Hence proved.

b? =¢? z_ 2
2C ]sin 2A+[C za ]sin 2B
a b

at=b) .
+ 3 sin 2¢
[

2 2 2 2
=[b < ]ZsinAmsA+[e za
b

(ii) LHS =[

z

2sin B cos B
a

2
c

2 2 2 2z 2 2 z
_ b =c 2 Ka b>+¢” =a . ¢ =a
at 2be b
sin A =smB _ sinC _ b (say)

b
= sin A =akK, sin B = bK and sinC = CK]

2 2
+[a b]zﬁnCcosC

[using sine rule,



2z 2 2 2z 2 2z 2 z
2Kb a” +c b + a-=b 2Ke a +b" =c
2ac et 2ab

=ﬁ[{b2 —-eB)(b? + et =a)+(c? = d°)
(c® +a’ =b") +(a" = b*)(a® +b" =c%)]

=£XU=D=RHS

Hence proved.
abe

Applications of Sine and Cosine
Formulae at in Heights and Distances

Sometimes while solving the problem of Heights and
Distances, we use sine and cosine formula.

EXAMPLE |10| Two ships leave a port at the same time.
One goes 24 km/h in the direction N 45°E and other
travels 32 km/h in the direction S75°E. Find the distance
between the ships at the end of 3 h.

Sol. Let Pand Q be the position of two ships at the end of 3 h.

75°

)

Then, OP=3x 24 =72km and OQ =3 x32=9km
Using cosine formula in AOPQ, we have
PQ* = OP* +0Q* - 20P % 0Q cos 60°

1
= PQ* =(72) +(~;r£>f—2><1r2><9.'.=.><E

= PQZ =5184 + 9216 — 6912 = 7488
= PQ = +/7488 = 8653 km

EXAMPLE |11] Two trees A and B are on the same side of
a river. From a point C in the river the distance of trees 4
and B are 250 m and 300 m, respectively of the angle C is
45°, find the distance between the trees. [use V2= 1.44]

Sol. According to the given information, we have the
following figure

In AABC, by cosine rule, we have

AB? = AC? +BC? = 2AC - BC cos %

- AB= \/{ 250) +(300)% — 2 X 250 X300 X !
¥z

=4/62500 + 90000 - 7500042
=, /152500 75000 x 144

= .JISZSI][I = 108000 ='\|’44500 = 21095 m

EXAMPLE |12| The angle of elevation of the top point
P, of the vertical tower P(] of height hfrom a point A is 45°
and from a point B, the angle of elevation is 60°, where Bis
a point at a distance d from the points A, measured along
the line AB which makes an angle 30° with AQ. Prove that
d=(y3-1)h
Sol. 1t is given that,
ZPAQ = 45° and ZBAQ=30°
ZBAP =15°
In AAQP,
ZPAQ=45° and ZPQA=90°
ZAPQ = 45°
In ABRP, we have
£PBR = 60° and £/ PRB=90°
£BPR=130°

Now, ZAPQ = 45° and ZBPR =30° = ZBPA =15°
In AABP, we have, £PAB =15°and £BFA=15"
ZABP =150°
Using sine rule in AABP, we get

AB _ BFP _ AP

sin( £APB) sin (£PAB) sin(ZABF)
d BP AP

= = =

sin 15  sin15%  sin 150°
= L] = £ = AP = \Ed (1)

-1 1 V3 -1

22 2

Using sine rule in AAQP, we get

AP AQ _ PQ
sin (ZAQP)  sin (ZAPQ) sin (£PAQ)

= AP = s,

sin 90 sin 45°
= AP=4[2 PQ
= AP =+[2h (i)
From Egs. (i) and (ii), we get

Sz
2h=
V2 B -1

= d= ("E =1)h Hence proved.



EXAMPLE 13| A tree stand vertically on a hill side . [A - B] _(Bay-(B-ny o C

which makes an angle of 15° with the horizontal. From a 2 (WB+D)+(3-1) 2
point on the ground 35 m down the hill form the base of A—-B 9 1
the tree. The angle of elevation of the top of the tree is = la“( 5 ]= Em[ 30° = Ny x5 =1
60°. Find the height of the tree. [NCERT]
Sol Let PQ be the tree on the hill which makes an angle of = ﬂ =45"= A -B=90° i)
15° with the horizontal AR, where A is a point on the 2 N
ground 35 m down the hill form the base P of the tree. Also, A+B+C=130
0 = A+ B=120° i)

On solving (i) and (ii), we get
A =105° B=15°

P Also, cos C = M
’ 2ab
,,_{\EH)E +(+3-1)" = ¢2
.H = cos 60% = 2(£+1)(-\E—1}
In AARQ, we have . 1_(3+1+243)+(3+1-23)-¢*
ZRAQ = 60° and £ ARQ = 90° 2 2(3-1)
ZAQP =30° 1 8&-— Cz
In AAPQ, we have = 2 = 4
ZPAQ = 45° and ZAQP = 30° — Be—gl=2
In AAPQ by smc:;ule, we hav;Q - c=5
sin( £AQP) = sin(£PAQ) Hence, ¢ =‘JE, £ A =105 and £B =15°.
= B o
= TOPIC PRACTICE 6 |
= —_ =
1 1
2 V2 OBJECTIVE TYPE QUESTIONS
= PQ = % I Consider the figure given below
2
= PO = SSJEm A

Napier’s Analogies (Law’s of Tangent)

In AABC, we have c b
. B-C b—r¢ A
(i) tan = cot—
2 b+ 2 5 _ c
. A—B a—b C
(i1) tan | —— | = cot — Based on above figure, which among the
2 atb 2 following statements is true?
(i) C—-—A c—a B I sind _sinB
m) tan | — | = cotr— - -
2 c+a 2 a b
sinB  sinC
1L =
b c

EXEMPLE |14] Solve the triangle in which

sind sinB  sinC

1L
a=(v3 +1),b=(+3 - 1)and £C =60°. a b ¢
) A-BY a-b C (a) Iis true (b) II is true
Sol. Using, tan( 2 ]= ath cot 2 (c) Ilistrue (d) All aretrue



2 Let A Band C be angles of a triangle and a, b

and ¢ be lengths of sides opposite to angles 4, B
and C respectively, then which of the following
is/are correct?

L a’=b" + ¢ —2bccosA
IL b*=c*+ a’—2ca cosB
1L ¢* =a? + b*—2ab cosC

(a) Iis correct
(c) III is correct

(b) Il is correct
(d) All are correct

Which among the following is/are called
Napier's Analogy in a AABC?
(a) tan B-C_b-c . A
b+ec 2
C-A_c-a
c+a
A-B _a-b
2 a+b

(d) All of the above

(b) tan cot

(c) tan cot

B
2
C
2

Angles of a triangle are in the ratio 4 :1: 1. The
ratio between its greatest side and perimeter is

3 1 <3 2
@) 2+43 ®) 2+ 43 © J3+2 @ 2+43

The sides of a triangle are respectively 7 cm,

4«/5 cm and V13 cm, then the smallest angle of
the triangle is

n n T T
(a) g (b) E (c) Z (d) g

SHORT ANSWER Type I Questions

6
7

10

11

12

In AABC, ifa= 3,b=5andsin A=% find ZB.

In AABC, if A=45°, B=60° and C = 75°, find the
ratio of its sides.

In a AABC, ifa= 3, b=4and c = 5, then find
angle C.

In any trigangle, if angle are in the ratio1:2: 3,
then find their corresponding sides.
sin B

In AABC, if cos A = — ¥
2sinC

show that the triangle

is isosceles.

InaAABC, ifa=4cmb=5cm, ¢ =6 cm, then find
cos A,cosB and cosC.

In AABC, if ZA=30° and b:c=2:+/3, find ZB.

SHORT ANSWER Type IT Questions

13

14

15

16

17

18

: 2 2
In any AABC, prove that 2 C-4) _c-a
sin (C + A) b?
In any AABC, prove that 2= 8 cosE=sin A8,
c 2 2
1
b-c_ tan > (B-0C)

In any A4BC, prove that 1 .
b+c tan 3 (B+C)

In any A4ABC, prove that
a(cosC —cos B)=2(b - ¢) cos® g
In any A4BC, prove that
(a-b)? cos? C, (a + b)? sin? C_a
2 2
In AABC, prove that

2 2 2 2
b ¢ sin24+ sin2B + £ =0
a b? ¢’

c?-a?

sin2C =0.

LONG ANSWER Type Questions

19

20

21

22

In any A4ABC, prove that
acos A+bcos B+ ccosC =2asin BsinC.

In AABC, prove that
a® sin(B - C) + b® sin (C- A) + ¢® sin (A-B) =0.

In a AABC, prove that

(b-c)cot—‘2/-4-+(c-a)cot—lzi+(a—b)cot-(2’:=0.

A lamp-post is situated at the middle point M of
the side AC of a triangular plot ABC with
BC=Tm CA=8m and AB=9m. The lamp-post
subtend an angle tan™ ' 3 at the point B.

Determine the height of the lamp-post.

HINTS & ANSWERS

(d) 2. (d) 3. (d)
(c) Assume that angles are 4x, x and x.
As 4x + x + x =180° [ ZA + 4B+ £C=180°]
= x =30°
. Angles are 120°, 30° and 30°.
Ratio of sides =sin A :sin B:sin C
= sin 120° : sin 30° :sin 30° =3 :1:1
.. Required ratio = 3 = 3
141443 2443



5. (a) Leta=7cm, b=4+3cmand ¢ =13 em
Here, we see that the smallest side is ¢.
Therefore, the smallest angle will be C.

_(P By - sy B

2x7 X 43 2

15.

cos C

= sc=Z
[ 16.

B=90°
2:-\.|'r{::l:-\.|F3T +1)

£LC = 90°

eewNo;

Here, x + 2x +3x =180° = x =30°
s LA =300, LB =607, £C =90°
ZA:ZB:ZC=1:43:2
sin B
2sinC
= b +c' —a =}

b +c'=a® kb
2be 2kc

= ¢’=a"=c=a

10.

cos A =

11. Use the cosine rule.

Ans.cosAzicosBzi, msCz1
4, 16 8

17.

12. tan (ﬂ] =2= Js-' 0

= cot —
2 2+43 2
2 tan15°

l.‘1112>v<15"=72
1= tan"15°

Now,

1 2tan15°
= —:72
W3 1-tan?15°

= tan’15° + 243 tan15° =1 =0

= tan15° =3 + 2
Ans. B=90°
FIES IR S : : _
3. RHS:k sin®C = k*sin Azsm(C+A)sm(C A)
k*sin® B sin® B
_sinBsin (C - A) sin(C—A)
sin® B sin (C + A)
ksin A = ksinB C
4. LHS=——2 " 907 s =
ksin C 2
(A+B] ) (A—B) 22.
2c08 | —— |sin | ——
2 c
= * oS —
2

. C
28in— cos —
2

ksin B — ksinC
ksin B + ksinC

[B+C] . [E-C] [B—C]
2cos s1n| tan
_ 2 2 _ 2
i [B+C) [B—C) [B+C]
2zin| —— | cos | —— tan
2 2 2
LHS = ksin A (cos C = cos B)
=ksinA{25in(C+B]sin(B_C]]
2 2
=?ksinA[sin [E—i]]sins_c
2 2
=2k sin A casisin(ﬂ—c]
2 2
=2kcos2£[251nisin3_c)
2 2 2

— 2 kcos® %[[ A—_‘;HC) — cos [%]]

=2cos® %{ksi.nB -k sinC)

LHS =

LHS = a* [msz < 0 sm2£]+ b [msz£+sin2 E]
2 2 2 2

= 2ab coszg—sinz E
2 2

=a® + b* = 2ab(cos C)=¢*

19. LHS = ksin A cos A + ksin Beos B + ksinC cos C

k
= —[sin2A +sin 2B + 2sinC cos C]
2
=%[25‘m(/1 + B)cos(A — B) + 2sinC cos C]

[2sinC cos (A — B) + 2sinC cos C]

_k
2
L]

p ® 28in C [cos(A — B) + cos C]

= ksin C [cos( A — B) — cos(A + B)]

= k sinC [- 2sin A sin(=B)]

= 2ksin A sin BsinC = 2asin BsinC
7P +8° -9 2

cosC = — o=

2XT B T
Now BM® = BC® + CM? — 2BC % CM cosC

2
:?2+42—2x?x4x; “
= BM=7
In right ABMP,
tanB = E = E
BM 7 c

Ans. 21m a=7

G=tan '3



SUMMARY

1. =601 =60"

! _length of arc

2. 8=-=

r radius

r I =r8 where® is radian.

3. Relation between Degree and Radian

. s
& Radian measure = ExDegree measure

180 .
& Degree measure = — x Radian measure

4

4. A sinfZnm+8)=sin®, ne”

B. cos(Znm+6) =cosB, ne 7

5. Trigonometric Identities

L.

T=cos’@+sin’@

ii. sec’@=1+tan" 0
iii. cosec’ B=1+cot’ @

( 6. Domain, Range and Period of Trigonometric

Functions

v y=dnx

a.
b.

Domain=R
Range =[-1,1]

¢. Period=2n

v Yy =cosx

v y=tanx

. Domain=R
. Range=[-1,1]
. Period =2n

. Domain=R ~ (2n + 1}g,ne 1

b. Range =(—o=, =)ie, R.

v y=cotx

v y=secx

~  y=Cosecx

¢. Period=n

a. Domain=R ~(nm), ne |

b. Range =(- ==, =s)ie, R

¢. Period=m

a. Domain=R~{Z2n+1) g, nel

b. Range =(— e, =W [l, =)
orR~]=11]

¢. Period =2n

a. Domain=R ~nm, ne |

Range=(=eo, = U [l, =)
orR~]=11[
Period = 2n

7. Sum and Difference of Two Angles

= cos(A+B)=cos Acos B—sinAsinB

» cos (A=B) =cos AcosB +sinAsinB

m sin (A +8) =sinAcosE + cos AsinB

= sin(A=B)=sinAcosB —cosAsinB

tanA + tanB

1-tanAtan8’

where A, B and (A + B) are not odd multiples of %

s tan(A+B) =

tanA -tanB
1+tanAtanB’
where A, B and (A — B) are not odd multiples of g

= tan(A-B) =

s ot (A+B)= cotAcotB—1'
cotB+cotA
where A, B and (A + B) are not multiples of &
s COt (A=B) = cotAcotB+1'
cotB —cotA

where, A, B and (A — B) are not multiples of m.

Some Important Results
@ sin(A 4+ B)sin(4 -B)=sin’ A —sin? B
=cos® B —cos® A
@ cos (A+B)cos (A—B)=cos® A-sin’ B
=cos?B -sin® A
® sinfA+ B8+ (C)=sinAcosBcosC
+ cosAsinBcosC + cos AcosBsinC

—sinAsinBsinC

@ cos(A+8 +(C)=cosAcosBcosC
—cos AsinBsinC =sinAcosBsinC
—sinAsinBcosC

® tan(A+ B+ ()
_ tanA + tanB + tanC — tanAtanB tanC

" 1-tanAtanB - tanBtanC — tanCtanA

Iy

9. Transformation of Product into Sum or Difference

[ 2cosA-cosB =cos(A + B) + cos(A = B)
Il 2sinA-sinB = cos(A — B) — cos(4 + B)
I, 2sinA-cosB =sin(A + B)+sin(A - B)
V. 2cosA-sinB =sin(A + B) = sin(4A = B)




10. Transformation of Sum or Difference into Product

A+B A-B
- COS >

A+B . A-B
-Sin

A cosA+ cosB = 2cos

B. cosA —cosB =-2sin

A-B

C. sinA +sinB = 2sir‘|A+B -::c:sT

A+B . A-B
-sin 5

11. Trigonometric Functions of Multiples of Angles

D. sinA —sinB=2cos

© c0s2x =cos® x =sin® x=2cos? x =1

2
=1-2sin? x= 118N X
T+tan® x
) . 2tan
© sin2x =2smxcosx=7f
T+tan® x
2tan
@ tan2x=7);
T—tan® x

© cos3x =4cos® x=3cosx
© sin3x =3sinx — 4sin’ x
Jtanx - tan® x

© tan3dx = >
T-3tan® x

12. Trigonometric Functions of Sub-multiples
of Angles

i. cos x =cos’ (i) - sinz(i) = 25052(5) -1
2 2 2
1—tan? (g)
=1-2 sin2(5]=7
1+ tan? (fJ
2

Ztar‘|i

.. . . X
i. sinx=2snN—-cos—= 2

2 tan (5]
_ \2J
1- tanz(i]

2

13. Maximum and Minimum Value of asin6+ bcos8

T4tan? X
2

iii. tan x =

& Maximum value of
asin® + bcosB = 4Ja® + b?

& Minimum value of

asin® + bcos@ = —4fa® + b2



CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

1. The radian of 48° 37’ 30” is

(a) 389n rad (b) 389
1440 1440
752 & 752

c rad d

(c) 1240 ( )

rad

rad

2.. The value of cosl®cos2°cos3° ... cosl79° is

[NCERT Exemplar]

(@) = (d) -1

= (b) 0 (1

3. The value Dfsinisin”—jlt is
10 10 [NCERT Exemplar]
1 1 1
- b) -= - d)1
(a) 5 (b) > (c) 2 (d)

D) 2
4. 1f tan® = hen[cosec 6 —sec” 0

cosec’0+ sec’@

-

] is equal to
1 3 5
(a) 5 (b) I (c) n (d) (2

-

5. If x=h +asecO and y = k + bcosech. Then,

a® b»:
(@) (x+h? (y+ kP
b a—2+ L:
(x-h)?* (y-ky
2 2
() (I;h} + (.V b_zk} -1
(x=h)" h) =k _
d b=k _
(d) = 72 1

6. Iftan® = _—;, then sin® is

[NCERT Exemplar]
(a) =4 but not 2 b) Aord
5 5 5 5

(c) g but not —% (d) None of these

7. Iftanc = —"_and tanp = #, theno + B is
m+1 1
equal to [NCERT Exemplar]
x b) ® x 4 X
(a) 5 ( ]3 (c) 5 ( ]4

8 (sin7x + sin 5x) + (sin9x + 3x)

. is equal to
(cosTx + cos5x) + (cos9x + cos 3x) q
(a) tan 3x (b) cot 3x
(c) tan 6x (d) cot6x

9. In anyAABC,(b;C
e[ 25)
o (25)
(9

[d)cos(A;C]

A.
cos 7 is equal to

VERY SHORT ANSWER Type Questions

10. Find the degree measure of the angle subtended
at the centre of a circle of radius 100 cm by an
arc of length 22 cm. [NCERT]

wr

11. Find the radius measure corresponding the
degree measure 125° 30".

12. Find the degree measure corresponding the the
radius measure —2°.

13. Find the value of the following trigonomitric

ratios.
(i) sin(‘”“]

3 [NCERT]
(ii) cot[_wn)

4 [NCERT]

(iii) cosec(-1200°)

14. Find the principal solution of the following
trigonometric equations.

' 2
(i) sec'&)-—ﬁ
(ii) cotx:%

(iii) sinx:—“|r§

2



SHORT ANSWER Type I Questions

15. The minute hand of a watch is 1.8 cm long. How
far does its tip move in 30 min?

16. Arail road curve is to be laid out on a circle.
What radius should be used, if the track is to
change direction by 30° is a distance of 50 m?

17. Find sin® and tan®, if cos® = — % and 0 lies in the
third quadrant.

18. Prove the following result.

[NCERT]

2 TTT
(i) 2sin’ I + cosec®E cos?
6 6

le

2 ® _

3

" 5

(ii) cot® = + cosec= + 3tan> = =6
6 6 6

(iii) tan720° -cos 70® —sin 150° cos 120° = —

19. In any quadilateral ABCD, prove that
cos (A + B)=cos(C + D).

20. If cosect + cotf = 12—1, then find the value of tan®.

21. If0is an acute angle and tan = L, then find the

NE;

cosec’ 8 —sec’0
value of

cosec’™® + sec?@

22. Prove that
(i) Aceedy L ange
cotx—tanx 2
(i) 8cos® = —6cosZ =1
9 9

(iii) 108 sin— — 144 sin® = =18
18 18

23. If0> x> n andx lies in the Il quadrant such that

sinx = i Find the value of cosi, sin% and tan>.

24. In a AABC, prove that

a® +b? +c% =2 (bc cos A + ca cosB + abcos C).

25. The angle of a triangle are in AP. The number of
grades in the least, is to the number of radians
in the greatest as 40%, find the angle in degrees.

26. Ifa cosd — b sin =c, then show that
Ja +b% -2

27. Ifsec® + tan® = p, obtain the values of sec, tan 0
and sin6 in terms of p.

asin® + b cosd =

2.8. Prove that 2sec? — sec*d — 2 cosec?® + cosec* 0

_1-tan®e
"~ tan®e
29. Prove the following identities.
sin®x + cos®x
sinx + cosx

. sin®x —cos®x _
sinx —cosy

(ii) cosec @ (sec ® —1)—cot8 (1 —cosB) = tan® —sind

... tan®® cot’®  1-2sin’0cos’0
(iii) = -
1+ tan’6 1+ cot®@ sin® cos®
. 2
(iv) 1- sin6__ _cos’6 =sinfcosB
1+cot® 1+ tan6
30. Prove that
T
1_sing _ secH — tan@, if — E< G(E
1+5sin® —secH + tan8, if = (B<3—n
2 2
31. IfsmA- 2 0<A<ZandcosB -—E,
2 13
n< B< 5 ﬁndtan(A B).

32. 1f A+ B=" then prove that(cotA —1) (cot B —1)=2.
1 P

33. Prove that

sin (x +0)

———~=cos (0 - ¢) +cot (x + ¢)sin (6 — ¢).
sin (x + ¢)

34. If tan (ot +6) = n tan (o — 6) show that
(n+1)sin20 = (n — 1) sin2o.

SHORT ANSWER Type II Questions

35. Find the maximum and minimum values of the
trigonometrical expression 12 sin — 5cos6.
36. Express 3cosf — 4 sin# as sine and cosine of a
single expression.
37. Prove that
Q) sin(A + B) +sin (A - B)
cos (A + B)+cos(A-B)
(ii) cos®A + cos?B—2cosAcosB cos(A + B)
=sin?(4 + B)
(iii) 4co0s12°cos48°cosT72° =cos36°
(iv) 4cosA cos(60°—A)cos (60°+ A)=cos 34
(v) tan20° tan40° tan60° tan80° =3
cos8A cos5A —cosl12 A cos94

(vi) — - =tan44
sin8A cos5A4 + cos124sin9A4

=tanA




38. If 20 + 28 = 90°, find the maximum and (ii) FindT; - T

.3 3 .
minimum values of sin 2¢ sin2p. (a) sin” 6 cos™ O(sin 6 + cos 6)

39. Prove that

(b) sin 6cos 6 {sin3 8+ cos® a)

s 2 2 - 1 3
(i) cos3A + cos54 + cosTA + cosl5A4 (c)sin” 6.cos™ 6(sin” @ + cos™ 6)
= 4cos44 cos54 cos6A (d) sin® 8 cos® 6 (sin” 6 + tan® 8)
(ii) sin% sin% + sin% sin % =sin 29 sin50 (iv) Find %
3
(iii) cns; cos % cos 4TE = —% (a) sin® B cos® & (b) sin 36 cos 36
in 26 d 2
(iv) cos? L + cos? 3% cos? 2" 4 cos? TE = (?} o ; () cos
3 3 3 s (v) Find the value of T, if6 = m.
40. ifinaasaBc, L+ 1L __ 3 @1 Ot ez @2
"a+c b+c a+b+c 48. Considersin A= % andcos B = %, where O0< A and
prove thatc =60°. o
4. In a AABC, ifcos A= SIPB , show that the B< 2
sin

Based on the above information answer the

triangle is isosceles. s 3
following questions.

42. Prove that

(i) Find the value ofcos A + sinB.
cos® A + cos? (A + 2_n) + cos’ (A - 2—n)=§ 5 99 20 9
3 3)2 (a) = (b) —= (c) = (d) =
. tanA -tanB c¢-b 18 65 65 5
43. Ifin MBC'm ==——prove that A =60°. (ii) Find the value of sin(A4 + B).
@r  ®m2 92X @2
44. Atree stands vertically on a hill side which o 13 65 65 17
makes an angle of 15° with the horizontal. From (iii) Find value ofcos(A + B).
a point on the ground 35m down the hill from @-1 -8B (-2 @-8
the base of the tree, the angle of elevation of 19 65 1 33
the hop of tree is 60°. Find the height of the (iv) Find value of sin(A4 - B).
tree. @ O = @z
45. In a AABC, prove that :
B-C (B-C) (v) Find the value of cos(4- B).
cos? (225) sin?(E29)] @€ ©E 2 o
2 2 ) __2 73 65 65 65
2 2 :
(b+c) -c) 49. Considersin(4 + B) =1andsin(4 - B) = %

46. In any AABC, prove that

n
@ sin (B = C) + b sin (C = A) + ¢* sin(A - B) = 0. where 4, Be [O- 5}

Based on the above information, answer the

CASE BASED Questions following questions.
47. Consider T, =sin" 6 + cos" 6 (i) What is the value of A?
n n n n
Answer the following questions (@) 6 () 3 © ) &) )
(i) Find T, -T; (ii) What is the value of B?
(a) sin? 0-cos? O(sin 0 + cos 0) X b) X X d) X
(a) 5 (b) 5 (c) > (d) 3

(b) sin 6 cos 6(sin 6 - cos 0)

2 (iii) What is the value of tan(A + 2B)tan(24 + B)?
(c) sin 6(sin” 0 + cos 0)

(a)-1 (b) O (c)1 (d) 2
(d) cos B(cos? 0 + sin ) (iv) What is the value of sin® A —sin? B?
s 1 1 1
(ii) FindTa—TTi @7 (b) @3 @1

1 N
W ?
(a)sin? @ (b) sin? 8 cos? 0 (v) What is the value of cos 24

1 1 1
(c)sin B cos O (d) tan® @ () -2 (g 1 ©- 3 @)~ 3




| HINTS & ANSWERS |

1. (a) We have,
Angle in degree is 48° 37" 30”

in30” = (l)
2

1 )¢ F -3 1)°
- 48° 377 30" = 48° (37 —) =48° (—) inl" = (—)
2 2
’ o
48°(§) =48° + [E X L)
2 2 60

2]
8 8

we know that in1° = —:— radian
( 389)° 389 &
—| =—x—nma
8 8 180

2. (b) We have,
cos1%cos 2°cos3° ... cos179°
=0 [ cos 90° =0]

2 () sin—sin (n - 3—”)
10

T g
radian

10
n . 3n

= —sin18° -sin54°
= —5sin18° - cos 36°

_[VB5=1)(+5+1
4 4
[since, put this value here]

4. (b) Use formulae cosec’0 =1+ cot*8
andsec’0 =1+ tan’0

5. (b) Given equations can be rewritten as

cos B =

, sin @ =
x=h y=k
2 bt

No [ cos® B +sin® B=1]

(x=h)" (y-k)
6. (b) Since, tan 6 = - % is negative, 0 lies either in second

quadrant or in fourth quardant. Thus, sin 6 = 1 if 0 lies in

the second quadrant or sin 8 = = 4—, if 8 lies in the fourth

quadrant.
tanct + tanf
1 - tanot tanf

8. (c)Usefnrmu]aesinA+sinE=25'm(A:B]cus (A_B)

2
ﬂnd.CDSA+COSB=2COS[A;HJCDS (A;B)

7. (d)Use formula tan (ot +f)=

9. (a) By sine rule the given equation can be written as
(sin B —sin C ) A

cos —
2

(B+C) . [B—C)
2 cos sin
= : xcosﬁ
A 2
2sin — cos —
2 2

(B+C). (B-C)
cos sin || ——
_ 2 2
A [n (B+C]]
8l | -
2 2
A n (B+C)]

sin A

“A+B+C=r>===-1""21
2 2 2
: (B-C)
=sm
2

10. If a circle of radius r and an arc of length [ subtends an

angle O radian at the centre, we use the formula, 6 = L
r
Ans. 12°36"

1. Let®=125°30

o

=125°+(2)° v1°=60"=1"= (L)

60 60

o

. ,25o+(’_) = (2_51]

2 2

3
. Radian measure = NG X Degree measure

_Lx(ﬂ) o 251%
180 2 360

12. Let®=(-2" =(ﬁx(-z))°
n

% e ,

(] o
= @xTx—z = @x?x—z
b1 22
6 |° 6 ’
=|=114—| =|-114°]| —x60
11 11
8 r 8 L
== 114[32—) == 114“32'(—}(60)
11 11
=—[114°32'44""]
=11 11
3. () sin( “]:-sm [—E]
3 3
=—sin(4n—£]
3

=—(—sin%]=sin£=£

3 2
[ sin (2nm —8) = = sin ]

[ sin (=8) = —sin @)

(ii) Solve as part (i). Ans. 1

(iii) Solve as part (ii). Ans. i:i
3



511: ?rt

6
(ii) Solve as Example 32 (ii) of Topic 5. Ans. ; 4?1:

14. (i) Solve as Example 32 (iii) of Topic 5. Ans. —

Ans%ts—n

(1ii) Solve as Example 32 (i) of Topic 5. >

15. In 60 min, the minute hand of a watch completes one
rotation i.e. it rotates through 360°.
360
. Angle traced by the minute hand in1 min = ( 0 ] =6°

*. Angle traced by the minute hand in 30 min
= (30 x6)°=180°

(3
=[18ox X |=n
180

Arc Arc
] =
Radius 1.8
22
Arc=Txl.8= 566 cm

L3 [
16. Here, 68=30°= (30)( L) = [E) and arc =50m
180 [}

_ Arc . T _ 50
Radius 6 Radius
. Radius = 20X6x7

=9545m

17. sinﬁ=ja.nd tanf = 3
5 4

18. (i) LHS = 2sin® E+ ccsecz?—ncoszﬂ

3 [ 3
1 2 b1 2T
=] +cosec’|T+—|cos™ —
2 6 3

1 Y .nm
= —+| =cosec— COs —
2 6 3

[ cosec(m +8) = —cosech]

2
= 1 +(=2)* (lJ = 1 +1= 3 =RHS Hence proved.
2 2 2
(ii) Solve as part (i).
(iii) Solve as part (i).
19. Itis given that ABCD is a quadrilateral.
S A+B+C+D=360°
[ sum of all angles of a quadrilateral is 360°]
= A+ B=360°-(C+D)
On taking cosine both sides, we get
cos(A + B) = cos[360°—(C + D)]
= cos(A + B) = cos(C + D) [ cos (360°=0) = cos 0]
Hence proved.

20, M 21 3

ll?

23. FJT and4 +4/15

25.

26.

27.

28.

Let the angles of a triangle be (a=d), a and (a + d).
Then, (a-d)+a+(a+d)=180° = a=60"
So, the angle are (60 = d)°, 60°,(60 + d)°. Clearly, (60 =d)°
is the least angle and (60 + d)° is the greastest angle.

c
Now, greatest angle = (60+d)°= [{6IZI+ d);—u]

According to the question,
Number of degrees in the least angle _ 60

Number of radians in the greatest angle =

60—d 60
= —'_rt g—
(eo+d)— T
180
= 60— d)=(60+d) = d =30°

Hence, the angles are 30°, 60°and90°.
Given, acos 0= bsinf = ¢
= a’cos”0+b*sin’0 - 2abcos Bsind = ¢*

[squaring both sides]
= a*(1=-sin®0)+ b*(1=cos*0) - 2absinBcosO = c*
= a’—a’sin®0+b* —b* cos* 0 - 2absinBcos B = c*
= a*sin® 0+ b* cos 0+ 2absinBcos B = a® + b* = ¢
= (asin®+ bcosB)’ = a* +b* —¢*

= asin®+ bcosB = +va’ +b* = ¢*

We know that, sec’f—tan’8 =1
= (secB —tan@)(sec®+ tanB) =1
=5 (secB—tanB)p =1
[ secB + tanf = p,given]

= sec— tanf = 1—

P

Now, (secB+ tanf)+(secO—tanB) = p +l

2 2
= 256c9=p—+1 = secB = p+1 A1)
p 2p
and (secH + tanB) —(secl - tanB) = p -1
P
= 2tanf = P = tanf = P L. (ii)
P ZP

2
On dividing Eq. (ii) by Eq. (i), we get sin® = ::_ i +:

LHS = 2sec’ 0 —sec’ 6 - 2cos ec’0 + cos ec’
= 2(1+tan”0)—(1+ tan® 0)* — 2(1 + cot* B) + (1 + cot®0)*
= 2(1+tan”0 =1=cot’ 8)+ (1 + Zcot® B + coth)

—(1+ 2tan* 6+ tan*0)
= 2(tan’ 8= cot’ 8) 4+ (2cot’B = 2tan’ B) + (cot' B = tan* @)
1 1-tan®@

= 1 -ta.n49=_4 =RHS
tan" 6 tan" 6

Hence proved.



2

sin*x+cos’x sin®x—cos®x

9 ) LHS=

sin x + cos x 5l X = CoS X

. .2 2 .
sin x + cos x(sin” x + cos * x = sin x cos x)

(sin x + cos x)

+(sin x = cos x)(sin® x + cos® x +sin x cos x)

(sin x — cos x)
vat + b =(a+b)(a® +b* —ab)
Lnd al=b =(a=b)a" + 0" + ab}]
=1-sinxcosx+1+sinxcosx [.sin“B+cos’0=1]
=2=RHS Hence proved.
(i1) LHS = cosec B(sec—1)— cotB(1 - cos 8)
o1 (1
a siancusB
1 {l—cnsﬁ)_cosﬂ

—1)— cosﬂﬂ —cosH)
sinf

= {(l=cosB
sinBL cosB ' )

sin

=(1—CDSB)( 1 cosB)

sinBcos@  sin@
2z . 2
=(1-cos@) 1-cos"@ =(1-cos) _sin"6
sinBcos B sinBcos 6

=(1- CDSB)( sind )

cosB
= (tanf = sin0) = RHS Hence proved.
(iii) LHS = tan’ 0 cot’@
1+tan’® 1+ cot’8
sin® @ cos’@
cos sin’ @
sin’@ cos’@
1+ S —
cos 0 sin” 6
_ sin*0 % cos’0
4. cos?O+sin’0 a.sin®0+cos’O
cos” Of —————| sin” O} —————
cos” 0 sin“0
.3 3
=T g_‘_cc?s 66 [ sin®@+cos?0=1]
cos sin

_sin'0+ cos'0 _(sin’0+ cos’0)” = 2sin” cos @

sinBcos 6 sinBcos 6
| 2
= 1720 Dets @ =RHS Hence proved.
sinBcos 6
(iv) LHS =1— sin’@ = cos’@
1+ cotd 1+tan6
cgee: sin” @ s cos’ 0
- cos O 1+ sin@
sin® cos 6
sin’@ cos’0

- (sinO+ cos 0) K (sin® + cos 0)

30.

31

32,

33.

=1- sin*8+ cos?@
sinf®+ cos B
_{sinﬁ+casﬂ)(sin29+cnszﬂ—sinﬁcosﬁ)
(sinB+ cos @)
=1=(1-=sinBcos )
= sinfcos 6 = RHS
Jl-sinﬂ _ [(1=sin@)(1 - sin @)
1+sin® (1 +sinB)(1-sin8)

B '{1—51:19)? _ 1-sin@
1=-sin”®  cos?o

[ =1=sinB<1, therefore 1 =sinf = 0]

=1

Hence proved.

_ 1-sinf
| cos @)
l_sme,if-i‘:ﬁqi
_J) cosB 2 2
1=sinB 3
o ,ifE{ﬁh:—I
-cosf 2 2

Solve as Example 19 of Topic 3.

cos A =+1-sin’ A [ 0<A<%
9 16 4 3]
=111——=1’—=— S sinA ==
25 Y25 5 5
3
= tanA=-—
4
| —— Im |
Also, sin B = =41 - cos* [ n<B<s—

B
~ ’1 44 [25 5
169 169 13

5
= tanB=—

12
Now, tan(A - B) = jan g —fenti s
l+tanAtanB 63
and  cot(A+B)=1
cotAcotB-1 =1
cotB+ cotA

=> cotAcotB—1= cotA+ cotB

=> cotAcotB-cotA-cotB=1
=> cotAcotB—cotA-cotB+1=2
= cotA(cotB=1)=(cotB=1)=2
= (cotB=1)(cotA—-1)=2
cos(x + &)

RHS = cos(0—0)+ sin(0 - )
sin(x + ¢)
_ cos(8—d)sin(x + ) + cos( x + ¢)sin(6 — §)
B sin(x + ¢)

i sin(x+0+0-0) g sin(x +0)
sin(x + ) sin(x + @)




tan(o +6) _ = =c0512% cos 36°+ cos 12° = cos 36°

tan(oc — @) (iv) LHS = 2cos A[2cos(60°=A)cos(60°+A)]
tan(ot +6) + tan(ct - 0) _ntl = 2cos A[cos(120°)+ cos 2A]
tan{ot +68)=tan(oe=0) n-=1 1
. . =2cos A| =—+cos 2A | = —cos A + 2cos Acos 2A
sin{ot + 8) + sin(ot —8) 2

34. We have,

2 ==

cos(ot +0) cos(o=8) _ n+l

==cos A+ cos3A +cos A= cos3A
cos(a+8) _sin(@-8) n-1

S o0 cinAn®  <in 800
sin(ct+8)  cos(c—6) (v) LHS = «E( — i?)" : “n:(:)o : ““3;:)0 ]
- sin{ot +8) cos(ot —8) + sin({o = 8) cos(o +8) _ n+l J?_'{ ::li 2005;0:00 )smc:uso
sin{ot +8)cos(ot —8) — cos(ot +B)sinfjo—0) n-1 =
. sin(+6+0=0) _n+1 _ sin2x _n+1 if'_ms 20° cos 40°) cos 80°
sinfe+0—-o+08) n-1 sin2  n-1 _ +3(cos 20°=cos 60° )sin80°
35. We know that the maximum and minimum values of (cos 60°+ cos 20°) cos 80°
acos B+ b sinf are Jaz +b* and - 'Jaz + b2, respectively. _ '\E( 2cos 20°sin80°=sin80°)
Hence, the maximum and minimum values of (2cos 20° cos 80°+ cos 80%)
(=5cos 8 +12sinb) are _ J3(sin100°+sin 60°=sin80°)
J(—S)z +(12)* and —J(-S )y +(12)%, respectively - (cos100°+ cos 60°+ cos 80%)
i.e. 13 and =13, respectively. _ yﬁ[sin{l&l]“—&ﬂ" ) +5in60°=5in80°]
36. Let f(B) =3cosB—4sinf - [cos(180°=80° ) + cos 60°+ cos 80°]
On multiplying and dividing by '1’32 +(=4)* =5, we get (vi) LHS = 2cos 8A cos 5A — 2cos12cos 9A

2sin8A cos5A + 2cos12Asin%A

cos13A + cos 3A — cos 21A — cos 3A
sin13A +sin3A +sin21A =sin3A

cos13A - cos 214 2sin17 Asind A

fle)y=s5 (gmsﬁ—%siﬂﬁ)

. . . 3
= 5[sinctcos B = cos ousin®] where, sinat = = and
5 =

OB 0L = 4 = f(8) = Ssin(ct—8), where tanot = 3 sml?ﬂ +s5in21A 25in17 A cos4A
5 4 38.  sin 20tsin 2 =E(2sin 20tsin 23)

Again, f(8) = 5(%1:05 0- 4;51:19)

= l—[cus(m - 2B) - cos( 20t + 28)]
= 5(cos ctcos B —sinosinB) 2
1 o 1
where, cos 0 =§and singl = 4; = E[cus 2o =P)=cos90°] = ECDS Ao=P)
= 5cos(0t +8), where tanot = 4 -1< cos A0~ B)<1
’ : Teleos i<t
37. (i) Use formulasin(A + B) =sin A cos B + cos Asin B, . 2 = 2‘:05 )
sin( A = B) = sin A cos B = cos Asin B, . . . o1
cos{ A + B) = cos Acos B—sin Asin B So, the maximum value of sin 20tsin 2 is E and the

cos(A — B) = cos Acos B + sin Asin B minimum value is 1
(ii) LHS 2
=cos’ A+ cos’ B=[cos(A + B)+ cos(A = B)]cos(A + B)

39, (i) LHS =(cos3A + cos7A)+(cos5A + cos15A4)
=cos’ A+ cos’ B— cos(A + B)- cos(A — B)cos(A + B)

= 2cos5A cos 2A + 2cos10A cos 5A
=cos’A+cos’ B=cos’(A+ B)=cos® A +sin’ B = 2cos5A(cos 2A + 2cos 10A)

_ . 2 2 .2 = 2cos5A(2cos6A cos4A)
=1=sin"B=cos’(A +B) +sin" B =4cos4A cos 5A cos 6A
=1-cos*(A+ B) =sin*(A + B)

" 1{.. 6. 1708 .38 . 118
(iii) LHS =4 cos12° cos 48° cos 72° (i) LHS = —(25111551[]? * 251“?5111?]
= 2cos12°(2cos 48° cos 72°)

= 20512°(cos 120°4+ cos 24°) = —(cos 30 = cos 40 + cos 40 = cos 70)

m‘L-—- m‘!\-—- X

1
= 2cos 12“[-E+ cos 24"] =—c0s12°+2co0s12°cos 24° cos 30 = cos 70) = sin 50sin 20



2 2 in2’ A
iii) Let A = E, then LHS = cos £c{}s —chs—n ~Foe 7
7 7 7

7 2'sin A
_sin8A _sin(7A + A)
T 8sinA 8sinA
=sin(11:+A)=—sinA ["A=£]
8sin A 8sin A 7

n in n b/
(iv) LHS = cos® =+ cos* —+ cos* — 4 cos* =
8 8 8 8

n in b1 o in

= Z{cosz—+cnsz—]=2|:osz—+ 2cos’ —

8 8 8 8
b8 3n i In
=1l4+cos2-—+1+cos2-— =14+cos—+1+cos—
8 8 1 4

T 19
=l+cos—+1=cos—=2
4 1

1 3

40. We have, =
a+b+c

+
a+c b+c

b+c+at+te _ 3 a+b+2c 3
(a+c)b+c) a+b+c (a+c)b+c) a+b+c
=(a+b+2c)a+b+c)=3a+c)b+c)

= at+b'=c=ab
a+b'-¢*  ab
—-— = [dividing both sides by 20b]
2ab 2ab
= cosC = IE= cos60® . ZC =60°
. 2, 2 2
H. Given, cos A= i = b e —a = i
2sinC 2bc 2c
[using cosine and sine formulae]
= b +ei-at=p
= cl=a"= ¢c=a
. AABC is isosceles.

42. LHS= %[Ecosz A+ 2cosz[fl +2?EJ+ 2cos z[A _2?rt]—|

- | - . L |

1+ cos 2A + {l + cos E[A +2Tn]}

| pemtet)

1+ cos 2A +l+cos(2A +4Tn]+l+cos(2A—4?x]]

B | =

[ XY Ll
r

3+ cos 2A+cus(2A+%]+ms[2ﬁ —%H

3+ cos 2A + 2cos 2A cos %:]

B | = b=
r

[ cos( A+ B)+ cos(A = B) = 2cos A cos B]
3+ cos 2A + 2cos EA(_?IJ]

bW ba |
r

=RHS Hence proved.

43. Given equation can be rewritten as
sin(A - B) _ sinC —sin B . sin{ A = B) _ sinC —sin B
sin( A + B) sinC sin({A+ B) sin(A + B)
[+ sinC =sin{180°=(A + B)}]
w0°< A+ B+180°
[ sin{A+B)#0 }

= sin(A - B)=sinC -sin B

= sin(A = B) =sin(A + B)=sin B
=>sin(A + B)-sin({A - B)=sin B= 2cos AsinB=sinB

= 2eos A=1 [*0°< B<180° = sin B # 0]
=5 ccsﬂ=lz=c0560°
A =60° Hence proved.
44. According to given information, we have the following
figure
In AARQ, we have
ZRAQ = 60° and a
ZARQ =90°
ZAQR = 30° Tree
Now, in AAQP, we have lp
ZLPAQ =45 and ZAQP = 30° |
Using sine rule in AAPQ, - !
we get A R
AP PO
sin ZAQP  sin ZPAQ
= PQ = 3542 m
cosz(B_C] sinz(B_C)
45. LHS= 2 2

(b+c)* (b=c)*

cos?(fi:fi] gnz[fizfi]
2 2
+

" (ksinB+ksinC)?  (ksin B—ksinC)?

cosz[—ﬂ_c] sinz(—B_C]
2 + 2

" k(sinB+sinC)’  k’(sin B=sinC)’

. [ cosz(B_zc)
=—z —
k l4sinz(—ﬂ+ C)cosz(—B C)
2 2

G

k? 4sinz(B+C



1
" k*sin®(B+C)
1 -2 "
=———=q " =RHS Hence proved.
k*sin* A L

46. LHS = k*sin® Asin(B=C)+k”sin® Bsin(C = A)
+ k*sin® Csin(A - B)
= k*[sin? Asin Asin(B— C)+sin” Bsin Bsin(C — A)
+sin’® CsinCsin( A - B)]
= k*[sin® Asin(B+ C)sin(B~C)
+[sin® Bsin(C+A)sin(C-A)
+sin® Csin( A + B)sin(A-B)]
= k*[sin® A(sin® B=sin® C) +sin® B(sin® C =sin* A)
+sin® C(sin® A =sin® B)]
=k*x0=RHS Hence proved.
47. (i) (a) T, = T =(sin® 0 + cos® 0) = (sin® 0 + cos® 0)
=sin” 0(1 =sin? 0) + cos® O(1 = cos’ 0)
=sin®0-cos? O + cos® 0-sin’ O
=sin® 0 cos” O (sin O + cos 0)
(i) (b) T, =T, . sin® @ cos” B(sin O + cos 0)
i (sin O + cos 0)

=sin® 0-cos’ O

(iii) (¢) Ty = Ty =(sin® O + cos® 0)=(sin” O + cos’ 0)
=sin® (1 —=sin” 0) + cos® O (1 = cos* 0)
=sin® 0 cos” O + cos® 0 -sin’ O

=sin? 0. cos’ O (sin” O + cos® 0)

@) (a) T, -T, =sm39-coszﬁlsin18+cos’ﬂ}
T, (sin* 0 + cos®0)
(v) (b) T, =sin® O + cos® 0

at 0=mT, =(sin 1)’ + (cos ) =(0)* + (=1)* ==1

=sin’0 cos’@

T

48. (i) (b) Given,sin A =§, 0<A<Z

cos ;l’az-.’l—s:lrj.z A

9 3
= cos A=, |—==

25 5

[ A lies in 1st quadrant]

and  cos B:i,i]-\:lfi-\.’.E

sin B = qﬁ —cos’ B [ B lies in Ist quadrant]

. 144 12
= sin B= 1}——- =—
169 13
3 12 39+60 99
cosA+sinB==+—= =
5 13 65 65
(i) (¢)sin{A+ B)=sin A cos B+ cos A sinB.
J4, 5,302 20 3656
5 13 5 13 65 65 65
(iii) (b) cos(A + B) =cos A cos B —sin Asin B

5713 5 13 65 65
(iv) (a)sin(A = B) =sin A cos B=cos Asin B
4,5 3,12 _20-3% =16
¥ 1 5713 65 65
(v) (b) cos(A = B) =cos A cos B + sin Asin B
. ] 4 12 15+ 48 63
=X —t =X —=——— = —
5 18 5 138 65 65
49. (i) (b) Given that,sin(A + B) =1

= sin(A + B) =sin %

= A+B=2% i)
2

and sin(A - B) =IE

. . N

= sin(A- B) =sm;

= APl (i)
6

On adding Egs. (i) and (ii), we get

2A=2_n=°A=£
3 3

(ii) (a) Put A = ; in Eq. (i), we get

n n n
—4B=—= B==
3 2 6

(1) (c) tan(A + 2B)- tan(2A + B)

= lan[E + £] l:a.n(z—JI + £]
3 3 3 6

= tan(z—n) tan[s—u) = I:a.n[E + E) tan [E + E]
3 6 2 6 2 3

o))l

(iv) (b)sin® A —sin® B

(oo (3

(5] 6

(v) (d) cos 2A=2cos® A-1

n
:21:052[—)—1
3





