Introduction

umerical Analysis is a branch of Mathematics

which leads to approximate solution by repeated
applications of four basic operations of Algebra. The

LGB B e knowledge of finite differences is essential for the study of

Joseph-Louis Lagrange was an Italian mathematician and astronomer. he made

significant contributions to the fields of analysis, number theory, and both classical and

celestial mechanics.

Learning Objectives

After studying this chapter, students will be

able to understand

® the finite differences

® how to find the
polynomial using finite
differences

® how to find the relations
between the operators

® how to find the missing
terms

® how to interpolate the values of a
given series using Newton’s interpolation
formulae

® how to apply the Lagrange’s
interpolation formula

5.1 Finite Differences
Consider the arguments X, X, X,, ", X,

and the entries y,, ¥, ¥, ¥, ¥= f(x) be

a function of x. Let us assume that the values
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of x are in increasing order and equally spaced
with a space length h. Then the values of x may
be taken to be x,,x,+h,x,+2h,---,x, +nh
and the function assumes the values

f(xy), f(xy+h), f(x,+2h), -, f(x, +nh).

Here we study some of the finite differences of
the function y = f (x) .

5.1.1 Forward Difference Operator, Backward
Difference Operator and Shifting
Operator

Forward Difference Operator (A ):

Let y = f(x) be a given function of x. Let

Yo V1s Vst s y,be  the values of y at

X =X3X5X,,...,X,  respectively.  Then

N= Voo Vo=V Vs=™ Voo Vy =™ Vpy A€

called the first (forward) differences of the

function y. ‘They are denoted by

Ay, Ay, Ay,,..., Ay, | respectively.
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(i.e) Ayo=y =Yoo Ay =y, — Ay, =
V3= Vo DY 1 = V= Vo
In general, Ay, =y,.,—y,,n=0,12,3,...

The symbolAis called the forward
difference operator and pronounced as delta.

The forward difference operator A can
also be defined as Af (x) = f(x + h) - f(x),

h is the equal interval of spacing.

Proof of these properties are not included in
our syllabus:

Properties of the operator A :
Property 1: If ¢ isa constant then Ac=0
Proof: Let f(x)=c

o f (x+h)= ¢ (where ‘K’ is the interval of
difference)

Af(x)=f(x+h)—f(x)
Ac=c—c=0

Property 2: A is distributive i.e.
A(f(x) + g(x)) = Af(x)+ Ag(x)

Proof: A[ f(x) +g(x)]
= fx+h) +glx+h)]
~[f0)+gx)]
= f(x+h)+g(x+h)— f(x)—g(x)
=f(x+h)— f(x)+g(x+h)—g(x)
=Af (x) + Ag(x)

Similarly ~we  can  show  that
A[f(x)-g(x)]=Af(0)-Ag(x)

In general, A[fl(x)-l-f2 (%) + f, (x)]
=Afi(xX)+Af,(x)+..+Af, (x)

Property3: If ¢ is a constant then

Acf(x)=cAf(x)
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Proof: Alc f(x)]= cf(x+h)—cf(x)
= c[f(x+h) = f(x)]
= cAf(x)

Results without proof

1. If m and n are positive integers then

A" A" f(x)=A"" f(x)
2. Al f(x) g(x) |= f(x)Ag(x) + g(x) Af (x)

3 A{ f<x>] _ gAF()— F(0) Ag(x)
' g(x) g(x). g(x+h).

The differences of the first differences
denoted by AzyO,Azyl,...,Azyn are called

second differences, where

Ay, = AAy,)=A(Y - .)

= Ay, -4y,
A’y = Ay —Ay ,n=012,..
Ay, = Ay =Dy,

Ay, = Ay,—-Ay,

Similarly the differences of second
differences are called third differences.

A3yn = Azym - Azyn, n=0,12,...
In particular,
ANy, =A%y, =A%y,
3
Ay, = A%y, - A%y,
In general kth differences of yn is

Akyn _ Ak_ly }

Note i

AFf(x)= A" f(x+h)— A f(x)

~A"y n=012,..

Numerical Methods I 105 -
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It is convenient to represent the above differences in a table as shown below.

Forward Difference Table for y :

X
g J,

Ay,
x 3 A%y,
Ay, Ay,
X y, Ay, Ay,
Ay, Ay, Ay,
X 5, Ay, A'y,
Ay, Ay,
X s, Ay,
Ay,
x y

5 5

The forward difference table for f(x) is given below.

A f(x)

x+h f(x+h)

A f(x+h)
x+2h f(x+2h)

A f(x+2h)
x+3h f(x+3h)

A f(x+3h)
x+4h f(x+4h)

Backward Difference operator (V) :

Let y = f(x) be a given function of x. Let
Yo» Yi»--s Y, be the values of yat

X=Xy, X;>X,5..., X, respectively. Then
Y=Y =Vn
V=0 =V,

- 106 I 12" Std. Business Mathematics and Statistics

‘ ‘ XII Std - Business Maths & Stat EM Chapter 5.indd 106

A* f(x)
A f(x)
A* f(x+h) A* f(x)
A’ f(x+h)
A? f(x+2h)
Yu = Yna =V

are called the first(backward) differences.

The operator V is called backward
difference operator and pronounced as nepla.

Second (backward) differences:

V’y =Vy —Vy ., n=123,..
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Third (backward) differences:
Viy =V?y —V?y  n=123,..

In general, k" (backward) differences:

VEy =VFy VY n=1.23,.

Backward difference table:

Xo Yo

Vi
S| V?y,
vy, V3)’ 3
X, W Vi, 7
Vys Viy,
X3 s Viy,
Vy,

@ Xy V4

Backward differences can also be defined
as follows.

Vi(x)= f(x) - f(x=h)

First differences:

Vi(x+h) = f(x+h) — f(x)
Vf(x+2h) = f(x+2h) — f(x+h),

h is the interval of spacing.

Second differences:

Vif(x+h) = V(Vf(x+h)=V(f(x+h)-f(x)
= Vf(x+h)-Vf(x)

V2 f(x+2h) = Vf(x+2h) - Vf(x+h)

Third differences:

V3f(x+h) =V2f(x+h)—V2f(x)

V2 f(x+2h) = V2 f(x+2h) = V2 f(x+h)

Here we note that,
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Vf(x+h) = f(x+h)— f(x) = Af(x)
Vf(x+2h) = f(x+2h)— f(x+h)

= Af(x+h)
V2 f(x+2h) = Vf(x+2h)-Vf(x+h)

Af(x+h)—Af (x)
A’ f(x)
In general, V" f (x + nh)=A" f (x)

Shifting operator (E):

Let y = f(x) bea given function of x and
Xg> Xy +h, x5 +2h,x, +3h,...,x, +nh be the
consecutive values of x. Then the operator E is
defined as

E [ f(x,)]=f(x,+h)

E is called the shifting operator . It is also
called the displacement operator.

E[ f(x,+h)] = f(x,+2h),
ELf(x, +2h)] = f(x, +3h),.0. ®
E[f(x,+(n—=Dh)]= f(x,+nh)

E [f(x)]=f(x+h), histhe

(equal) interval of spacing

E? f(x)means that the operator E is
applied twice on f(x)

(i) E’ f(x)=E[E f(x)]
= Elf(x+h) = f(x+2h)

In general ,

E"f(x) = f(x+nh) and
E™f(x) = f(x —nh)

Properties of the operator E:

L E[ fi(x)+ fy(x)+ ot £, (1) | =Ef, (x)1+
Ef, (%)t e+ B[ £,(2)]
2. E[cf(x)] = cE[f(x)] c is a constant

Numerical Methods I 107 -
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3. E"[E'f(0) |[=B" (B f(x)) = B™" f (x)

4. It ‘w is a positive integer, then

E'[E7 (f(0)]=f(x).

Let y = f(x) be given function of x.
Let ¥y, ,5¥,>"*> ¥, be the values of y at
X = X45%X,%,,...X,. Then E can also be
defined as

Eyo=y» Eyi=yp By, =,
E[E)’o ] = E(yl) =y, and
In general E"y, =y,
Relations between the operators A, V and E:
1. A=E-1
Proof: From the definition of A we know that
Af(x) = f(x+h) - f(x)
and E[f(x)]= f(x+h)
where h is the interval of difference.
Af(x) = f(x+h) - f(x)
Af (x) = Ef (x) — f(x)
= Af(x) = (E-1)f(x)
A = E-1
E=1+A

2. EA=AE

Proof:

E(Af(x)) =E[f(x+m)-f(x)]

=E f(x+h)—E f(x)
= f(x+2h) — f(x+h)
= Af(x+h)

= AEf(x)
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.. EA=AE

Proof:
Vi(x) = f(x) = fx—h)
= f(x) = E7 f(x)
=(1-E7) f(x)
=V =1-E"'
ie,V =1-—

Hence, V =
Nno__ AP

R4 KNOW?,

(i) (1+A)(1-V)=1
(i) AV=A—-V
(iii) V= E~1A

Example 5.1
Construct a forward difference table for
the following data

0 10 20 30
0 0.174 0.347 0.518

Solution:

The Forward difference table is given

below:
0 0
0.174
10 0.174 -0.001
0.173 -0.001
20 0.347 -0.002
0.171
30 0.518
Example 5.2

Construct a forward difference table for
y=flx) = x* +2x+1 forx=1,2,3,4,5.
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Solution: Example 5.4

3
= = +2x+1 f =1,2,3,4,5 ax .. x
y=f0) = x"+2x+1 forx Find (i) Ae (i) A% (iii) Alog x

L
1 4

(i) Ae™ = palxth) _ jax
9 ax _ah_ _ax |- .,mMtH m _n
= _ cal '=a".a
7 13 12 ¢ e e [ ]
21 6 — eax |:eah_ 1:|
3 34 18 0
39 6 (i) A2 = A.[Ae"]
4 73 24 = A[e -]
63
5 136 = Al:exeh —ex]
Example 5.3 = Ae” [eh - 1:|
By constructing a difference table and 1) Ae®
using the second order differences as constant, - (e B ) ¢
find the sixth term of the series 8,12,19,29,42... — (eh _ 1) .(eh _ 1).ex
Solution: = ( h_ l)2 e’
Let k be the sixth term of the series in the
® difference table. (iii) Alogx =log(x+h)—logx ®
First we find the forward differences. = log x+h
X
ey Ny Ay x b
=log| —+—
1 8 X X
4 h
5 > 3 =log (1 + ;)
7 Example 5.5
5x+12
3 19 3 Evaluate A|————— by taking ‘I’
10 x“+5x+6
4 29 3 as the interval of differencing.
13 Solution:
5 42 k-55 5x+12
k-42 Al 5——
p P x“+5x+6
By Partial fraction method
Given that the second differences are S5x+12 _ A " B
constant x> +5x+6 x+3 x+2
k-55 =3 5x+12
A = X [x = —3]
k =58 x+2
.. the sixth term of the series is 58 = ﬂ —_—3=3

-1 -1
Numerical Methods I 109 -
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___IEEEN ® N = HEEN

5x 412 Example 5.7
T 13 [x= ] Provethat f(4) = f(3) + Af(2) + A f(1) +A° £(1)
5x+12 l: :| taking ‘1" as the interval of differencing.
2o
XT+5x+6 x+3 x+2 Solution:
A _5xt12 ] _ A[ M ] We know that f(4)— £(3) = A f(3)
2 + +2
3 3 2 2
= — + - =A| f2)+Af(2 |l fB) - f(2) =Af(2
[ x+1+3 x+3:| {x+1+2 x+2} arar@ ] e -je=a/@)]
. 2
|: 1 1 ] [ ) 1 ] =Af(2) + A°f(2)
=3 - +2 -
x+4 x+3 x+3 x+2 :Af(2)+A2[f(1)+Af(1)]
-3 2
_ - S f(4) = f3)+AfQ) + A7 FQ) +A° £().
(x+4)(x+3) (x+3)(x+2)
_5x—14 Example 5.8
S (X2 (XH+3)(x+4) Given U, =1,U,,=11, U, =21, U, =28
Example 5.6 and U, =29 find A'U,
1 Solution :
Evaluate A’ (—) by taking ‘1’ as the orton
X
1
@ interval of differencing. ] 1 ®
Solution: 1 2 1
AlL) —a A(l)
X X 1 3 3 1
- . . 1 4 6 4 1
Now A|— =—1——
X x+1 x 4
- AU, =(E-1)'U,
L) = (L_l) =(E4—4E3+6E2—4E+1) U,
X 1+x X 4 3 5
1 1 = E*U, —4E°U,+6E*U, - 4EU, + U,
= A(—)—A(—) =U,—-4U, +6U, —4U, +U,
1+ X X 4 3 2 1 0
) = 29-4(28) +6(21) —4(11) +1.
Similarly A*| = | =
’ (x) x(x+1)(x+2) =156-156 =0
L Example 5.9
: “‘“ ~ = Given  y,=2,y,=-6,y.,=8,y,=9
R4 XNOW? and y, =17 Calculate A* Vs
A2 = (_l)n”! Solution :
X x(x+1)(x+2) ...... (x+n) Given  y,=2,y,=-6,y,=8,y,=9

and y, =17
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Aly,= (E-1)y,
= (B'-4E’+6E> —4E+1)y,
= E'y,—4E’y, +6E’y, —4Ey, + y,
= Y7 m4Ys TOys—4y,t Y,
= 17— 4(9) + 6(8) ~4(-6)+2
= 17 -36 +48 +24+2 =55
5.1.2 Finding the missing terms
Using the difference operators and

shifting operator we can able to find the missing
terms.

Example 5.10
From the following table find the missing

value

2 3 4 5 6
JiEON 450 49.2 54.1 - 67.4

Solution:

Since only four values of f(x) are given,
the polynomial which fits the data is of degree
three. Hence fourth differences are zeros.

Gie) A'y,=0, .. (E=1)"y,=0
(E' —4E’ +6E* —4E+1) y, =0

E'y,—4E’y,+6E’y, —4Ey,+y, =0

Vy—4y;16y,—4y ty, =0
67.4-4y, +6(54.1)-4(492)+45 =0
240.2=4y, ..y, =60.05

Example 5.11

Estimate the production for 1964 and
1966 from the following data

1961 1962 1963 1964 1965 1966 1967

I iie8200 220 260 - 350 - 430

Solution:
Since five values are given, the polynomial
which fits the data is of degree four.
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Hence ASyk=O (ie) (E—l)syk =0
ie, (E°—5E* +10E* —10E* +5E-1)y, =0
E’y,-5E'y, +10E’y, =10E’y, + 5Ey, -y, = 0(1)
Put k=0in (1)
E’y,—5E'y,+ 10E’y, —10E’y, + 5Ey, — y, = 0
Vs =Y, 10y, =10y, +5y, =y, =0
5 —5(350) + 10y, —10(260) + 5(220) — 200 = 0
ys+10y, = 3450 (2)
Put k=1 in (1)
E’y,—5E'y, +10E’y, =10E’y, =y, =0
Yo =25 +10y,—-10y; —y, =0
430 -5y, +10(350) - 10y, +5(260) - 220 =0
5y.+10y, =5010 (3)

(3)-(2) = 4y, =1560
ys =390
From (1) 390+10y, = 3450

10y, = 3450 - 390
y, = 306

* Exercise 5.1

1. Evaluate A(logax).

2. If y= x°— x>+ x—1 calculate the values
of y for x = 0,1,2,3,4,5 and form the forward
differences table.

3.$.f h = 1 then prove that
(E7'A)x’=3x* —3x+1.

Numerical Methods I 111 -
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If f(x)= x*+3x than show that
Af(x)=2x+4.

Evaluate

b

1
Al — | by taking ‘1’
|:(x+1)(x+2)] yiaxing

as the interval of differencing

a

Find the missing entry in the following table

0 1 2 3 4
1 3 9 - 81

7. Following are the population of a district

VA 1881 1891 1901 1911 1921 1931

Population (y)

Thousands 363 391 421 - 467 501

Find the population of the year 1911

8. Find the missing entries from the following.
0 1 2 3 4 5
0

fx) - 8 15 - 35

5.2 Interpolation
Consider the profit of a manufacturing
company in various years as given below:

VCIIEIRN 1986 1987 1988 1990 1991 1992

Profit
(Rs. in lakhs)

29 24 30 32 31

The profit for the year 1989 is not
available .To estimate the profit for 1989 we
use the technique called interpolation. Let x
denote the year and y denote the profit. The
independent variable x is called the argument
and the dependent variable y is called the entry.
If y is to be estimated for the value of x between
two extreme points in a set of values, it is called
interpolation.

If y is to be estimated for the values
of x which lies outside the given set of the
values of it, is called extrapolation.
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5.2.1 Methods of interpolation

There are two methods for interpolation.
One is Graphical method and the other one is
algebraic method.

5.2.2 Graphical method

We are given the ‘n’ values of x and the
corresponding values of y for given function
y= f(x). we plot these n observed points
(xi,y,.),i =1,2,3.... and drawa free hand curve
passing through these plotted points. From the
graph so obtained, we can find out the value of
y for any intermediate value of x. There is one
drawback in the graphic method which states
that the value of y obtained is the estimated
value of y. The estimated value of y differs from
the actual value of y.

Example 5.12
Using graphic method, find the value of y
when x = 38 from the following data:

10 20 30 40 50 60
63 55 44 34 29 22

Solution:
Steps in Graphic method:

Take a suitable scale for the values of x
and y, and plot the various points on the graph
paper for given values of x and y.

Draw a suitable curve passing through the

plotted points.

AY
70 L

60 1
50 |
40 L
301 '\\
201

101

| | | | 3
>

< T N S i
X' Ol 10 20 30 40 50 60 70 80 X
Yy’

Fig. 5.1

Find the point corresponding to the
value x = 38 on the curve and then read the
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corresponding value of y on the y- axis, which
will be the required interpolated value.

From the graph in Fig. 5.1 we find that for
x = 38, the value of y is equal to 35.

5.2.3 Algebraic method

Newton’s Gregory forward interpolation
formula (or) Newton’s forward interpolation
formula (for equal intervals).

The first two terms will give the linear
interpolation and the first three terms will
give a parabolic interpolation and so on.

Let y=f (x) denote a polynomial of
degree n which takes (n+1) values. Let them
be ¥y, ¥;> ¥,5... ¥, corresponding to the values
XX 5 X, respectively.

The values of x (x,,x,%,,...x, ) are at
equidistant.

(ie) x, =x,+h, x, =x,+2h, x;=x,
+3h,...,x, =x, +nh

Then the value of f(x) at x = x +nh is given by

S ey k)= fx,) 4 AJ(O) ”m D
zvfu0+”m_2?_ZHVfu@+m
(or) y(x—x +nh) = Yo = Ay + n(nz| 1) Azyo

nn—-1)n-2)
" 3!

X=X,

3)/0 +... wheren =

Newton’s Gregory backward interpolation
Formula.

Newton’s forward interpolation formula is
used when the value of y is required near the
beginning of the table.
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In general Newton’s forward interpolation
formula not to be used when the value of y is
required near the end of the table. For this we
use another formula, called Newton’s Gregory
backward interpolation formula.

Then the value of f(x) at x = x +nh is
given by

f(x, +nh)= f(x, )+ Vf( L)+

n(n +1)

V2 f(x,)+...

n(n+1)
2!

sz(xn)+ n(n+1;'(n+2)

n
(1) Yxms, iy = Y ¥ VIt vy,

+1)(n+2 x—x
+ i’l(l’l )(71 )V3y +...whenn=—"

3! ! h

Newton’s backward interpolation formula is
used when the value of y is required near the
end of the table.

Example 5.13

Using Newton’s formula for interpolation
estimate the population for the year 1905 from
the table:

18901 1901 1911 1921 1931

98,752 1,32,285 1,68,076 1,95,670 2,46,050

Solution
To find the population for the year 1905
(i.e) the value of y at x = 1905.

Since the value of y is required near the
beginning of the table, we use the Newton’s
forward interpolation formula.

n nn—1)
y(x:x0+nh) =y0 +1_!Ay0 + 21 Az
N nn—1)(n—2) A3y0 N

3!
To find yatx=1905 .. x,+nh=1905,
x, =1891,h=10.
1891471(10)=1905 =>n=14

Numerical Methods I 113 -
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1891 98,752
33,533
1901 1,32,285 2,258
35,791 -10,435
1911 1,68,076 -8,177 41,358
27,614 30,293
1921 1,95,690 22,746
50,360
1931 2,46,050

Y(w=1005) =98,752+(1.4)(33533)

N (1.4)(0.4) (2258)

N (1.4)(0.4) (—0.6) (~10435)

, 14)(0.6)(-0.6)(-1.6)
24
= 98752 + 46946.2 + 632.24 + 584.36 + 1389.63
= 148304.43
= 1,48,304

(41358)

Example 5.14
Thevaluesof y= f (x)for x=0,L12,..,6
are given by

Estimate the value of y (3.2) using forward
interpolation formula by choosing the four
values that will give the best approximation.

Solution:

Since we apply the forward interpolation
formula,last four values of f(x) are taken into
consideration (Take the values from x = 3).

The forward interpolation formula is
nn—1)

n 2
y(x:x0+nh)=y0+FAy0+ Ay0+

nn—-1)n-2) A3
3!

Yo + e
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‘ ‘ XII Std - Business Maths & Stat EM Chapter 5.indd 114

X, +nh=32,x,=3,h=1

1
n=-—
5
The difference table is
3 16
4
4 20 0
4 10
5 24 10
14
6 38

1(_4)
1 .. 55
Y(x=32) =16+ - (4)+ = (0)

1 (_4) (_9)

MXIO
6

=16+0.84+0+0.48 =17.28

+

Example 5.15
From the following table find the number
of students who obtained marks less than 45.

Marks 30-40 40-50 50-60 60-70  70-80

No. of Students [IE)! 4 51 35 31

Solution:

Let x be the marks and y be the number of
students.

By converting the given series into
cumulative frequency distribution, the

difference table is as follows.

Less than 40 31

42
50 73 9
51 -25
60 124 -16 37
35 12
70 159 -4
31

80 190
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n n(n—1)
y(x=x0+nh)=y0+iAy0+ 21 A2y0+

nn—-1)(n-2)

3 Ay, +...

To find y at x = 45 .. x,+nh=45,

X, =40,h=10 =n=—~
2

1(_1)

1

Yix=15) =31 + = x 42 + 212
2 2

BIE),.
FEREM

(0)

24
X
8 16 384
=47.867=48

Example 5.16

Using appropriate interpolation formula
find the number of students whose weight is

between 60 and 70 from the data given below:
VEHERIEN 0-40 40-60 60-80 80-100 100-120

No. of
250 120 100 70 50

Solution:

Let x be the weight and y be the number

of students.

Difference table of cumulative frequencies

are given below.

Below40 250

120
60 370 -20
100 -10
80 470 -30 20
70 10
100 540 -20
50

120 590
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Let us calculate the number of students

whose weight is below 70. For this we use
forward difference formula.

nn—1)
2!

n
y(x=x0+nh) =Yo +FA)/O + Az)’o +

nn—1)(n-2)
3!
Tofindyat x=70.. x,+nh=70,
X, =40, =20
40+n(20)=70 = n=15

" V(=n0) =250+1.5(120)+—(1'5)(0'5) (—20)
2!

(1.5) (0.5) (-0.5) (-10)

3!

(1.5) (0.5) (=0.5) (-1.5) (20)

4!

Ay, +..

+

+

=250+ 180 - 7.5+ 0.625 + 0.46875
=423.59
=424

Number of students whose weight is between

60 and 70 = y(70)— y(60) = 424 —370 = 54

Example 5.17

The population of a certain town is as

follows:

1941 1951 1961 1971 1981 1991

Population in 0 24 29 36 46 51
lakhs: y

Using appropriate interpolation formula,
estimate the population during the period 1946.

Solution:
1941 1951 1961 1971 1981 1991

20 24 29 36 46 51

Here we find the population for year1946.
(i.e) the value of y at x=1946. Since the value of
y is required near the beginning of the table, we
use the Newton’s forward interpolation formula.
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n(n—1)
A? %

n
y(x=x0+nh)=y0+ﬁAyO+ 21 0

+n(n 1;(71 2)
To find y at x =1946
" X, +nh=1946, x, =1941, h=10
1941+n(10) =1946 = n=0.5

Ay, +...

1941 20
4
1951 24 1
5 1
1961 29 2 0
7 1 -9
1971 36 3 -9
10 -8
1981 46 -5
5
1991 51
Y(x=1946) = 20 + %(4) + —0'5(0'? D 1)+

N 0.5(0.5-1)(0.5-2)

3 @
L 0-50.5- 1)(0.5—2)(0.5—3)
4!
0.5(0.5—1)(0.5—2)(0.5—3)(0.5— 4)
51 (=9)

=20+2-0.125+0.0625-0.24609
=21.69 lakhs

(0)+

Example 5.18
The following data are taken from the
steam table.

40 150 160 170 180
UENN eyl 3.685 4854 6302 8076 10225

Find the pressure at temperature ¢ =175

Solution:
Since the pressure required is at the end
of the table, we apply Backward interpolation

- 116 I 12" Std. Business Mathematics and Statistics
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formula. Let temperature be x and the pressure

be y.

nn+1)
2!

n
y(x=xn+nh) =V +Fvyn + szn

N nn+1)(n+2)
3!
To find yatx=175

sox, +nh=175, x, =180,h=10 = n=-0.5

Viy +..

140  3.685
1.169
150  4.854 0.279
1.448 0.047
160  6.032 0.326 0.002
1.774 0.049
170  8.076 0.375
2.149
180 10.225

Y(x=175) =10.225+(—0.5)(2.149)

L (209)(0=9) (0.375)

(—0.5)(03 '— 5)(1.5) (0.049)

. (—0-5)(0.5)(1.5)(2.5) (0.002)
41
=10.225-1.0745—0.046875
—0.0030625—0.000078125

=9.10048438 = 9.1

Example 5.19
Calculate the value of y when x=7.5 from

+

the table given below:

1 2 3 4 5 6 7 8

1 8 27 64 125 216 343 512

Solution:
Since the required value is at the end of
the table, apply backward interpolation formula.
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1 1

7

2 8 12
19 6

3 27 18 0
37 6

4 64 24 0
61 6

5 125 30 0
91 6

6 216 36 0
127 6

7 343 42
169

8 512

nn+1
y(x=xn+nh) yn V + ( 21 ) sz

+n(n+1)(n+2)
3!
To find yatx =75.x,+nh=7.5,
x,=8h=1= n=-05

-0.5 —0.5(-0.5+1
Y(z=75) = 512+1—169 ( )42

Viy +..

—0.5(-0.5+1)(-0.5+2) .
3!

+
=421.88

Example 5.20

From the following table of half- yearly
premium for policies maturing at different ages.
Estimate the premium for policies maturing at
the age of 63.

Age 45 50 55 60 65
11484 96.16 8332 7448 6848

Solution:
Let age = x and premium =y

To find y at x = 63. So apply Newton’s
backward interpolation formula.

n nn+1)
y(x=xn+nh)=yn+ﬁ yn+ 21

Viy,

N nn+1)(n+2)

3 Viy +..
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To find y at x = 63

2
X,=65,h=5 :>n———

~x, +nh=063,

114.84
-18.68
5 9616 5.84
-12.84 -1.84
55 8332 4 0.68
-8.84 -1.16
60 7448 2.84
-6
65 6848
_ —2( =2
-2 5(5 1)
Y S
(=63) = 68.48 + =2-(—6) + 0
HEI S
2.84+ (-1.16)
3!
HE R 6
+ (0.68)
3!

= 68.48 + 2.4 — 0.3408 + 0.07424 - 0 — 0.028288
(63) = 70.437.

Example 5.21
Find a polynomial of degree two which
takes the values.

Bl 2 3 4 5 6 7
Bl : 2 4+ 7 u 16 2 2

Solution:
We will wuse Newton’s backward
interpolation formula to find the polynomial.

nn+1)

VZ
2! In

n
y(x=xn+nh) =Va + Fvyn

N nn+1)(n+2)

3 V3yn+

Numerical Methods I 117 -

08-12-2021 17:35:14‘ ‘



1
1 2 1

2 0
2 4 1

3 0
3 7 1

4 0
4 11 1

5 0
5 16 1

6 0
6 22 1

7

7 29

To find y intermsof x ..x, +nh=x,
x,=7,h=1= n=x-7.

x—7)x—6
Yie) =29+(x—7)(7)+—( )2( )(1)
:29+7x—49+% (x2—13x+42)
:1[58+14x—98+x2—13x+42]
2
1
=5[x2+x+2:|

5.2.4 Lagrange’s interpolation formula

The Newtons forward and backward
interpolation formulae can be used only when
the values of x are at equidistant. If the values of
x are at equidistant or not at equidistant, we use

Lagrange’s interpolation formula.

Let y=f (x) be a function such that
f (x) takes the values ¥y, ¥, ¥yseeeeeeos Y,
corresponding tox =x,, X,,X,...,x, That is
¥; Zf(xi),i=0,1,2,...,n. Now, there are
(n+1) paired values (xi,yi),i=0,1,2,...,n
and hence f (x) can be represented by a

polynomial function of degree » in x.

Then the Lagrange’s formula is

- 118 I 12" Std. Business Mathematics and Statistics
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(x—xl)(x—xz)...(x—xn)

LA R e TP ey
. (x —xo)(x —xz)...(x —xn)

(xl - XO)(Xl - X2)...(X1 - xn
(x=2x))(x=x))oc(x=x,,)

(Xn —XO)(.X'” —xl)...(xn —xn_l

Example 5.22
Using Lagrange’s interpolation formula
find y(10) from the following table:

5 6 9 11
12 13 14 16

Solution:

P oot

))’n

Here the intervals are unequal. By
Lagrange’s interpolation formula we have

Xy =5%=6,x,=9,x,=11
Yo =12’y1 =13’y2 =14>)’3 =16
(x—xl)(x—xz)(x—x3)
Xo —xl)(xo —xz)(xo — X3

(x—2x,)(x—x,)(x—x;)

(xl _xo)(xl _xz)(xl RE

)’:f(x):( )X)’o

+

)X)’l
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* Exercise 5.2

. Using graphic method, find the value of y

when x = 48 from the following data:
40 50 60 70
6.2 7.2 9.1 12

HH

. The following data relates to indirect labour

expenses and the level of output

Months Jan Feb Mar
Units of output V] 300 400

Indirect labour 2500 2800 3100
expenses (Rs)

Months Apr  May June

Units of output EZ 540 580

Indirect labour

expenses (Rs) 3820 3220 3640

Estimate the expenses at a level of output of
350 units, by using graphic method.

. Using Newtons forward interpolation

formula find the cubic polynomial.
x 0 1 g 3
fix) 1 2 1 10

. The population of a city in a censes taken

once in 10 years is given below. Estimate the
population in the year 1955.

Year 1951 1961 1971 1981

Population in
lakhs

3

ul

42 58 84
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10.

In an examination the number of candidates
who secured marks between certain interval
were as follows:

JUEIS 0-19  20-39 40-59 60-79 80-99

No. of
41 62 65 50 17

Estimate the number of candidates whose
marks are lessthan 70.

Find the value of f (x) when x =32 from
the following table:

30 35 40 45 50

iR 159 149 141 133 125

The following data gives the melting point
of a alloy of lead and zinc where ‘¢ is
the temperature in degree ¢ and P is the
percentage of lead in the alloy.

i 40 50 60 70 80 90
8 180 204 226 250 276 304

Find the melting point of the alloy containing
84 percent lead.

Find f (2.8) from the following table:

0 1 2 3
f(x) 1 2 11 34

Using interpolation estimate the output of a
factory in 1986 from the following data.
Year 1974 1978 1982 1990

Output in 1000
tones

25 60 80 170

Use Lagrange’s formula and estimate from
the following data the number of workers
getting income not exceeding Rs. 26 per
month.

Income not

exceeding () = = = =

No. of workers IS 40 45 48
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11. Usmg. interpolation estlmate‘ the business 7. If'n is a positive integer A" [ AT f (x):l
done in 1985 from the following data

2 b +h
1982 1983 1984 1986 (@) f(2x) (b) f(x+h)

Business done 150 235 365 575 (c)f(x) (d) Af(x)
(in lakhs) 3 Ef(x) _
12. Using interpolation, find the value of f(x) (a) f (x _h) (b) f (x)
when x =15 (©) f(x+h) (d) f(x+2h)
3 7 119 o Vo
2 43 47 60 - o L
a B}
-l -1
* Exercise 5.3 ©1-E (d)1+E
10. Vf (a)=
Choose the correct Answer (a)f(a)+f(a—h)
2 _
LAy = () f(a)- f(a+h)
@) ¥, =2y, +y, ®) y,+2y, -y, (c)f(a)—f(a—h)
@y, +2y,+y, () y,+y +2y, () f(a)
2. N (x) - 11. For the given points (xo,yo) and (xl,yl)
@ (@ f (x +h) (b) f (x)— f (x +h) the Lagrange’s formula is ®
© f(x+h)—-f(x) @ f(x)-f(x—h) @ y(x)= 5y p X%,
5 E= Xo =% X1~ X
(@)1+A (b)y(x)=;1__j: yo+;__z° b2
0~ %1 1~ %o
&) 1-4 X—X X—X
(0)1+V (c)y(x)=x _xl )’1+x _xo Yo
0~ %1 1~ %o
(& 1-V X, — X X — X,
_N
4. If h=1, then A(xz): (@ y(x)— Xy — X N X, — X, Yo
(a)2x (b) 2x -1 12. Lagranges interpolation formula can be
(©) 2x+1 )1 used for

(a) equal intervals only

5. If cis a constant then Ac= ‘
(b) unequal intervals only

() c (b) A (c) both equal and unequal intervals
(c) A’ (d)o (d) none of these.
6. If m and n are positive integers then 13.1f f ( x) =x24+2x+2 and the interval of
A"A"f (x ) - differencing is unity then Af (x)
(@) A™"f(x) () A"f(x) (a) 2x—3 (b) 2x+3
(c) A"f(x) (d) A" f(x) ()x+3 (d) x-3
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14. For the given data find the value of A’ Y, is

515
(a) 1 (b)o (c)2 (d) -1
Miscellaneous Problems
1 If f(x ( e™ then show that f (()),

)=
Af(0),47

( ) are in G.P.

2. Prove that i) (1 + A)(l - V) =
i) AV=A-V (ii) EV=A=VE
3. A second degree polynomial passes though

the point (1,-1) (2,-1) (3,1) (4,5). Find the
polynomial.

4. Find the missing figures in the following
table:

0510152025
@ 711—18—32

5. Find f(0.5)if f(-1)=202, f(0)=175,
f(1)=82and f(2)=

10.

From the following data find y at x = 43 and
x=84.

B © 0 6 70 8 9%

184 204 226 250 276 304

The area A of circle of diameter ‘d’ is given
for the following values

BN s0o 85 90 95 100

5026 5674 6362 7088 7854

Find the approximate values for the areas of
circles of diameter 82 and 91 respectively.

If u, =560, u, =556, u, =520, u, =385,
show that u, = 465.

From the following table obtain a polynomial
of degree y in x.

1 2 3 4 5

1 -1 1 -1 1

Using Lagrange’s interpolation formula find
a polynomial which passes through the
points (0, -12), (1, 0), (3, 6) and (4,12).

In this chapter we have acquired the knowledge of

o Af(x)=f(x+h)—f(x)
® Vi)=f(x)-f(x=h)
Vf(x+h)=Af(x)
Ef(x):f(x+h)
E”f(x)=f(x+nh)

nn—1) A2

y(x Xo+nh) yO += A)/ +

Newton’s forward interp()lati(m formula:
-Dn-2
n(n—1)(n-2)

® Newton’s backward interpolation formula:

n(n +1)
— 7V y +

n
y(x=xn+nh) =V + Fvyn
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3
5 Ay, +..
n(n+1;'(n+2) V3yn N
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® [Lagrange’s interpolation formula:

(x—xl)(x—xz)...(x—xn) (x—xo)(x—xz)...(x—xn)

%0 =) (%0 =) (%0 =%,) 0 " (=) (3 = ) (2, — %,

y = f(x) =( )y1+...

GLOSSARY (&emevéaismmaen)

Algebraic methods Buwih&eoofls (LPemma6iT
Backward difference operator Wer@GmBméE CeumiLm (hé 61&wed)
Extrapolation UMEEE([HEH6D
Finite differences L omeor GeumILmbs6i
Forward difference operator (PeorGHN&EE Ceumiun(bs aswed
Graphic method 6UEMITLIL (LP6DM

® Gregory- Newton’s formulae HflGanifl-Hluy L evfledr gy SHSImrhisern @
Interpolation BemL&F5[HEHD
Lagrange’s formula Beosnmerduletr gSHb
Numerical eT6voT600 IUIWLIED
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Shifting operator 8L Leuwieys e\Fwed
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