PROBABILITY
N 00

It i remarkable that g Science, which began with the consigeration of
zgames of chance, showld be elevated 1o the rank of the most imporiont
subject of hwman nowledee: —Pierre Simon Laplace

15.1 Iniroduction

In everyday life, we come across statements such as
(1) Tt will probably rain today.
(2) I doubt that he will pass the test.
{3) Most probably, Kavita will stand first in the imnual examination.
{4) Chances are high that the prices of diesel will go up.
{(5) There iz a 50-50 chance of India winning a toss in today's match.

The words ‘probably’, ‘doubt’, ‘'most probably’, ‘chances’, etc,, used in the
statements above involve an element of uncertainty. For example, in (1), *probably
rain” will mean it may rain or may not rain today. We are predicting rain today based
on our past experience when it rained under similar conditioms. Similar predictions are
also made in other cases listed in (2) to (5).

The uncertainty of *probably’ ete can be measured numerically by memns of
‘probability’ in many cases.

Though probability started with gambling, it has been used extensively in the lelds
of Physical Sciences. Commerce, Biological Sciences, Medical Sciences, Weather
Farecasting, eic,
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15.2 Probability — an Experimental Approach

In earlier classes, you have had a glimpse of probability when vou performed
experiments like tossing of coins, throwing of dice, etc., and observed their eutcomes.
You will now learn to measure the chance of occurrence of a particnlar outcome in an
experiment,

The concepl of probability developed in a very
strange manner, [n 1634, a gambler Chevalier
de Mere, approached the well-known 17th
| century French philosopher and mathematician
| Blaise Pascal regarding certain dice problems.
| Pascal became inleresied in these problems,
studied them and discussed them with another
French mathematician, Pierre de Fermal. Both
Blaise Pascal Pascal and Fermat solved the problems  piarre de Fermat
(1623-1662) mdependently, This work was the beginning (1601-1665)
Fig. 15.1 of Probubility Theary. Fig. 15.2
The first book on the subject was written by the Italian mathematician, J.Cardan
(1501-1576). The title of the book was ‘Book on Games of Chance’ (Liber de Luda
Aleae), published in 1663, Notable contributions were also made by mathematicians
J. Bernoulli (1654-1705), P. Laplace (1749-1827). A AL Markov (1556-1922) and A M.
Keolmogorov (borm 1903),

Activity 1 ¢ (1) Take any coin, toss it ten times and note down the nomber of times a
head and a tail come up. Record vour observations in the form of the following table

Table 15.1
Number of times Number of times Number of times
the coin is tossed head comes up tail comes up
10 — —

Write down the values of the following fractions:

Number of times a head comes up
Total number of times the coin is tossed

Number of times a tail comes up
Total number of times the coin is tossed

and
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{i) Toss the comn twenty times and in the same way record your observations as
above. Again find the values of the fractions given above for this collection of
observations.

{id) Repeat the same experiment by increasing the number of tosses and record
the number of heads and tails. Then find the values of the corresponding
fractions.

You will find that as the number of tosses gets larger. the values of the fractions
come closer to 0.5, To record what happens in more snd more (osses, the following
group activity can also be performed:

Acitivity 2 : Divide the class into groups of 2 or 3 students. Let a student in each
group toss a coin 135 times. Another student in each group should record the observations
regarding heads and tails. [Note that coins of the same denomination should be used in
all the groups. It will be freated as il only one coin has been tossed by all the groups.]

Now, on the blackboard, make a table like Table 15.2. First, Group 1 can wrile
down its observations and calculate the resulting fractions. Then Group 2 can write
down its observations, but will calculate the fractions for the combined data of Groups
1 and 2, and so on. (We may call these fractions as cumulative fractions.) We have
noted the first three rows based on the observations given by one class of students.

Table 15.2

Growp | Number | Number | Cumulative number of heads | Cumulative number of tails
of of Total number of times Total number of times
heads | tails the coin is tossed the coin Is tossed
(1 (2) {3 (4) (5
3 12
I 3 12 15 E
__ 743 _10 3412 20
. & . Bl 30 15415 30
7+10 _17 B+20 _ 28
2 ! i 15+30 4 1530 45
4 ; : 5 ;

What do you abserve in the table? You will find that as the total number of tosses
of the coin increases. the values of the fractions in Columns (4) and (5) come nearer
and nearer to 0.3.

Activity 3 : (i) Throw a die® 20 times and note down the number of times the numbers

on one face. Sometimes dots appear in place of numbers,
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1,2,3,4, 5, 6ecome up. Record your observations in the form of a table, as in Table 15.3:

Table 15.3

Nuomber of times a die is thrown Number of times these scores turn up

1 2 3 4 s 6

Find the valoes of the following fractions:

Number of times 1 turned up
Total number of times the die is thrown

Number of times 2 turned up
Total number of times the die is thrown

Number of times 6 turned up
Total number of times (he die is thrown

(i) Now throw the die 40 times, record the observations and caleulate the fractions
as done in (i),
As the number of throws of the die increases, yvou will find that the value of each

Iraction caleulated in (1) and (ii) comes closer and closer o —l_- :

To see this, you could perform a group activity, as done in Activily 2. Divide the
students in your class, into small groups. One student in each group should throw adie
ten times. Obzervations should be noted and cumulative fractions should be calculated.

The values of the fractions for the number 1 can be recorded in Table 15.4. This
table can be extended to write down fractions for the other numbers also or other
tables of the same kind can be created for the other numbers.
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Table 154
Group Total nomber of times a dic Comolative nomber of times 1 torned op
_ isthrown ina group Total number of times the die is thrown
1) 2] (3)
1 - - -
3 - —
3 — —
4 — _—

The dice used in all the groups should be almost the same in size and appearence,
Then all the throws will be weated as throws of the same die.

What do you observe in these tables?

You will find that as the total number of throws gets larger. the fractions in
Column (3) move closer and closer to % ;

Activity 4 : (i) Toss two coins simultaneously ten times and record your
observations in the form of a table as given below:

Table 15.5

Number of times the Number of times Number of times Number of limes
two coins are fossed no head comesup | one head comesup | twoheads come up

10 . - -

Write down the fractions:

e Number of times no head comes up
~ Total number of times (wo coins are tossed
B Number of times one head comes up

~ Total number of times two coins are tossed

___ Number of times two heads come up
- Total number of times two coins are tossed

Calculate the values of these fractions.
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Now increase the number of tosses (as in Activiliy 2). You will find thal the more
the number of tosses, the closer are the values of A, B and C to 0.23, 0.5 and 0.25,
respectively.

In Activity 1, each toss of a coin is called a rrigl. Similarly in Activity 3, each
throw of a die is a trial, and each simultaneous toss of two coins in Activity 4 is also a
frial.

So, a trial is an action which results in one or several outcomes. The possible
outcomes in Activiiy 1 were Head and Tail; whereas in Activity 3. the possible oulcomes
were 1, 2,3, 4, 5and 6,

In Activity 1, the getting of a head in a particular throw is an evenr with outcorme
‘head’. Similarly, getting a tail is an event with outcome “tail’, In Activity 2, the
getting of a particular number. say 1. is an event with outcome |,

If our experiment was to throw the die for getting an even namber, then the event
would consist of three outcomes, namely, 2, 4 and 6.

So, an event tor an experiment is the collection of some outcomes of the experiment.
In Class X, you will study a more formal definition of an event.

So, can vou now tell what the events are in Activity 47

With this background, let us now see what probability is. Based on what we directly
observe as the oulcomes of our trials, we find the experimental or empirical probability.

Let » be the total number of trials, The empirical probability P(E) of an event E
happening, is given by

P(E) = MNumber of trials in which the event happened
}= The total number of trials

In this chapter, we shall be finding the empirical probability, though we will write

‘probability’ for convenience.

Let us consider some examples.

To start with let us go back o Activity 2, and Table 15.2. In Column (4) of this
table, what is the fraction that you calculated? Nothing, but it is the empirical probability
of getting 4 head. Note that this probability kept changing depending on the number of
trials and the number of heads obtained in these trials. Similarly. the empirical probability

12
of getting a tail is obtained in Column (5) of Table 15.2. This is —— to start with, then

15

iti 2 i 2 d
_:[ LT +
11 18 3 1€n 45 dfid 50 0n

So, the empirical probability depends on the number of trials undertaken, and the
number of times the outcomes you are looking for coming up in these trials,
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Activity 5 : Before going Turther, look at the tables you drew up while doing
Activity 3. Find the probabilities of getting a 3 when throwing a die a certain number
of times. Also, show how it changes as the number of trials increases,

Now let us consider some other examples.

Example 1 : A coin is tossed 1000 times with the following frequencies:
Head ; 455. Tail : 545
Compute the probubility Tor each event.

Solution : Since the coin i3 tossed 1000 umes, the total number of rials is 100U, Let us
call the events of getting a head and of getting a tail as E and F, respectively. Then, the
number of times E happens, i.e., the number of times a head come up, i3 455.

Number of heads

: h = -
So, the probabiity ok Total number of rials

455
2 _‘ F i) = e = ‘}.455
i.e ®r= Tooo
et i o i i Number of tails

T Y O e A O = TR e oF Gl
545

,‘ . P —_— U.545
1.e (F) 1000

Note thatin the example:above, P(E) + P(F) =0.435 +0.545 = 1. and E'sand F are
the only two possible outcomes of each trial.

Example 2 : Two coins are tossed simultaneously 500 times, and we get
Two heads : 105 times
One head : 275 times
No head : 120 imes
Find the probability of ccewrence of each of these events.

Solution : Let us denote the events of getting two heads, one head and no head by E
E2 and Ea, respectively. Se,

P(E,) = % =021
275

P(E,) = 500 =1).55
120

P(E,) = 755 =04
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Observe that P(E ) + P(E,) + P(E,) = 1. Also E , E, and E, cover all the outcomes

of a trial,

Example 3 : Adig is thrown 1000 times with the frequencies for the outcomes 1,2, 3,
4. 5 and 6 as given in the following table :

Table 15.6
Outcome 1 2 3 4 5 b
Frequency 179 150 157 149 175 190

Find the probability of getting each outcome.
Solution : Let E, denote the event of getting the outcome i, where i =1, 2, 3, 4, 5, 6.

Then

Probability of the outcome 1= P(E)) =

Similady, P(E,) =
P(E,) =
and P(E,) =

Note that P(E,) + P(E,} + P(E,) + P(E,) + P(E,) + P(E,) = 1

Also note that:

150

1000
149

1000
190

—— ={.1%,

1000

Frequency of 1

S L1 D
157
=015, PE,)= 1000 =0.157,
175
=0.149, PE)= ﬁ =175

(i} The probability of each event lies between 0 and 1.
{ii) The sum of all the probabilities is 1.
() E,E, ... E, coverall the possible outcomes of a trial.

Total number of tmes the die is thrown

Example 4 : On one page of a ielephone directory, there were 200 telephone numbers.
The frequency distribution of their unit place digit (for example, in the number 25828573,
the unit place digitis 3) is given in Table 15.7 :
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Table 15.7

Digit 0 1 2 3 - 5 ] 7 8 9
Frequency | 22 | 26 | 22 | 22 | 20| 10| 14 | 28 | 16 | 20

Without looking at the page. the pencil is placed on one of these numbers, i.e., the
number is chosen at randonr, What i5 the probability that the digit in its unit place i3 67

Solution : The probability of digit 6 being in the unit place

B Frequency of 6
~ Total number of selected telephone numbers

2 0.07
200
You can similarly obtain the empirical probabilities of the occurrence of the numbers

having the other digits in the unit place,

I

[Example 5 : The record of a weather station shows that out of the past 250 consecutive
days, its weather forecasts were correct 175 omes.

(i} Whart is the probability that on a given day it was correct!

{ii) What is the probability that it was not correct on a given day?
Solution : The total number of days for which the record is available = 250
(1) P(the forecast was correct on a given day)

Number of days when the forecast was correct
Total number of days for which the record is available

175
S et ] I
250
{ii) The number of days when the forecast was not correct = 250 - 175 =75
75
50, Plthe forecast was not correct on a given day) = _235 ={.3

Naotice that;
Piforecast was correct on a given day) + P(forecast was not correct on a given day)
=0.7+03=1
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FExample 6 : A tyre manufactunng company kept a record of the distance covered
before a tyre needed to be replaced. The table shows the results of 1000 cases.

Tahble 15.8
Distance (in km))| less than 4000 | 400010 9000 | 9001 to 14000 more than 14000
Frequency 20 210 325 445

I you buy a tyre of this company, what is the probability that :
(i) it will need to be replaced before it has covered 4000 km?
(it} it will last more than 9000 km?
(iii) it will need to be replaced after it has covered somewhere between 4000 km
and 14000 km”
Solution : (i) The total number of trials = 1000.
The frequency of a tyre that needs to be replaced before it covers 4000 km is 20.
20
So, P(tyre to be replaced before it covers 4000 km) = m_nn =0.02
(ii) The frequency of a tyre that will last more than 9000 km is 325 + 445 =770

770
So, P{tyre will last more than 9000 kan) = m =TT

(i) The frequency of a tyre that requires replacement between 4000 km and
14000 km s 210 + 325 = 5335,

535
So. Ptyre requiring replacement between 4000 km and 14000 kin) = 1000 = 0.535

Example 7 : The percentage of marks obtained by a student in the monthly unit tests
are given below:

Table 15.9
Unit test I i it v v
Percentage of 69 7 73 68 e
marks obtained

Based on this data, find the probability that the student gets more than 70% marks in
a unif test,
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Solution : The total number of unil tests held is 5.
The nurmbet of unit tests in which the student obtained more than 70% marks is 3.

: 3
So, Plscoring more than 70% marks) = E =0.6

Example 8 : An insurance company selected 2000 drivers at random (i.e., without
any preference of one driver over another) in a particular city to find a relationship
between age and accidents. The data obtained are given in the following tahle:

Table 15.10
Age of drivers Accidents in one year
U yoars) 0 1 2 3 over 3
18-29 440 160 10 6! 35
30- 50 505 125 60 2z 18
Above 50 360 45 35 15 9

Find the probabilities of the following events for a driver chosen at random from the
S IATH
Y {i) being 18-20 years of age and haying exactly 3 accidents in one year,
(i) being 30-50 years of age and having one or more accidents in a year,
{if) having no accidenls in one year.
Solution : Total number of drivers = 200(0.
(i) The number of drivers who are 18-29 vears old and have exactly 3 accidents

in one year is 61,
So, P (driver is 18-29 vears old with exactly 3 accidents) = Eﬂﬁ
= 0.0305 = 0.031
(i) The number of drivers 30-50 years of age and having one or more accidents
inone year= 125 + 60+ 22 4+ 18 =225
So, P(driver is 30-30 years of age and having one or more accidents)
225
= —— =0.1125=0.113
2000
{ifi} The number of drivers having no accidents.in one vear = 440 + 505 + 360

= 1305
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1305
Therefore, Pidrivers with no accident) = Eﬁﬁﬁ ={L.653

FExample 9 : Congider the frequency distribution table (Table 14.3, Example 4,
Chapter 14), which gives the weights of 38 students of a class.

(i) Find the probability that the weight of a siudent in the class lies in the interval
46-30kg.

(i) Give two evenis in this context, one having probability 0 and the other having
probability 1,

Solution : (i) The total number of students is 38. and the number of students with

weight in the interval 46 - 50 kg is 3, 4

So, P(weight of a student is in the interval 46 - 50 kg) = T 0.079

(it} Forinstance, consider the event that a student weighs 30 kg. Since no student has
this weight, the probability of occurrence of this event is 0. Similarly, the probability
38
of a student weighing more than 30 kg is T L.
Example 10 : Fifty seeds were selected at random from each of 5 bags of seeds, and
were kept under standardised conditions favourable to germination, After 20 days, the

number of seeds which had germinated in each collection were counted and recorded
as follows:

lable 15.11

Bag 1 2 3 4 3

Number of seeds | 40 48 42 29 41
verminated

What is the probability of germination of

(i} more than 40 seeds in a bag?

(it} 49 seeds in a bag?

{iii) more that 35 seeds in a bag?

Solution : Total number of bags is 5.

(i) Number of bags in which more than 40 seeds germinated out of 50 seeds is 3.

3
Plgermination of more than 40 seeds in a bag) = e 0.6



ProsAmLLITY 183

iy Wumber of bags in which 49 seeds germinated = 0.

]
P(germination of 49 seeds in a bag) = E =0

(iii) Number of bags in which more than 335 seeds germinated = 5.

5
So, the required probability = o=k

Remark : Inall the examples above, vou would have noled that the probability of an
‘gvent can be any fraction from O to 1.

EXERCISE 15,1

L. Inacricket maich, a batswoman hits a boundary 6 times out of 30 balls she plays. Find
the probability that she did nol hil a boundary,

2, 1500 farmilies with 2 children were selected randomly, and the Following data were

recorded;
Number of girls in a family 2 1 0
Number of families 415 B4 m

Compute the probability of a family, chosen at random, having
iy Zgirls {iiy 1-girl (i) Mo girl
Also check whsther the sum of these probabilities is 1.

3. Referio Example 5, Section 14.4, Chapter 14. Find the probability thata student of the
class was bom in Avgust.

4. Three coins are tossed simulianeoosky 200 times with the following frequencies of

different outcomes:
Outcome Jheads | 2 heads head | Nohead
Frequency 2] T i 28

1f the three comns are simuligneously tossed again, compute the probability of 2 heads
coming up.

5. An organisation selected 2400 families at random and surveyed them {o determine a
relationship between income level and the number of vehicles in a family, The
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fi.

information gathered iz listed in the table below:

Monthly income Vehicles per family
{in ) 0 1 2 Above2
Less than 7000 10 160 5 0
7000 - 10000 0 05 bij 2
10000 - 13000 1 535 2 i
13000~ 16000 2 46 5 %5
16000 or more 1 by 2 88

Suppose a family is chosen. Find the probability that the family chosen 15
(v earning ¥ 10000 - 13000 per month and owning exactly 2 vehicles,

(i) earmng T 16000 or more per month and owning exactly | vehicle.

(iii) earmung less than T 7000 per month and does not own any vehicle,
iiv)  earning T 13000 — 16000 per month and owning more than 2 vehicles,
iv)  owting not more than | vehicle.

Referto Table 14.7, Chapter 14,

i} Find the probability that a student obtained less than 20% in the mathematics
=1

(i} Find the peobabiity that & student obtained marks 60 or above,

To kmow the opiion of the smdents about the subject sraiistics, a survey of 20
students was conducted. The data is recorded in the following table,

Opinion Number of students
like 135
dislike &5

Find the probability that a stndent chosen at random
fib  likes statisticd, i) does not like iL

Referto Q.2, Exercise 14.2. What is the empirical probability that an engineer lives:
fiy  lesz than 7 kem from her place of work?

(it morethan orequal to 7 km from her place of work?

1
(i} within 3 ki [rom her place of wozk?
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0.

]“i

11.

12.

13,

Activity : Note the frequency of two-wheelers, three-wheelers and four-wheelers
going past during a tme interval, in front of your school gate, Find the probability
that any one vehicle ont of the total vehicles you have observed s 8 two-whesler.

Activity ; Ask all the smdents in vour class (o write 8 3-digit number, Choose any
smudent from the room at random: What iz the probability that the mumber written by
herthim is divisible by 37 Remember thal & nomber is divisible by 3, if the sum of its
tligits is divisible by 3.

Eleven hags of wheai flour, each marked 5 kg, actually contained the following weights
of flour {in kg);

497 305 508 503 500 506 3508 498 504 507 500

Find the probability then any of these bags chosen at random containg more than 5 kg
of flour,

In Q.3, Exercise 4.2, you were asked to prepare a frequency distribution table, regarding
the concentration of sulphur dicxide in the air in parts per million of a certain ity for
30 days. Using this table, find the probability of the concentration of sulphur dioxide
in the interval 0.12 - (. 16 on any of these days.

In Q1. Exercize 142, vou were asked 1o prepare a frequency distribution table regarding

the blood groups of 30 students of a clags. Use this table to determine the probability
thal a student of this class, selected at random, has blood group AB.

15.3 Summary

In this chapter, you have studied the following points:

1.
2,

&

An event for an experiment is the collection of some ontcomes of the experiment.

The empirical |or experimental) probability P{E} of an event E is given by

FE)

_ Mumber of wrials in which E has happened
- Total mumber of trials

The Probability of an event lies batween 0 and | (0 and 1 mclusive).
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PROOFS IN MATHEMATICS
B

ALl Introducton

Suppose your family owns a plotof land and
there i3 no fencing around it. Your neighbour
decides one day to fence off his land. After
he has fenced his land, you discover that a
part of your family’s land has been enclosed
by his fence. How will you prove to vour
neighbour that he has tried to encroach on
vour land? Your first step mav be to seek the
help of the village elders to sort out the
difference in boundaries. But, suppose apinion
1s divided among the elders, Some feel you are right and others feel your neighbour is
right. What can you do? Your only option is to find a way of establishing your claim for
the boundaries of your land that is acceptable to all. For example. a government
approved survey map of your village can be used, if necessary in a court of law, to
prove (claim) that you are correct and your neighbour is wrong,

Let us look at another sitaation. Suppose your mother has paid the electricity bill
of your house for the month of August, 2005. The bill for September, 2005, however,
claimy that the bill for August has not been paid. How will you disprove the claim
made by the electricity department? You will have to produce a receipt proving that
your August bill has been paid.

You have just seen some examples that show thal in our daily life we are often
called upon to prove that a certain statement or claim i1s true or false. However, we
also accept many statements without bothering to prove them. But, in mathematics
we only accept a statement as true or false (except for some axioms) if it has been
proved to be so. according to the logic of mathematics.
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In fact, proofs in mathematics have been in exisience Tor thousands of years, and
they are central to any branch of mathematics. The first known proof iz believed to
have been given by the Greek philosopher and mathematician Thales. While
mathematics was central to many ancient civilisations like Mesopotamia, Egypt. China
and India. there is no clear evidence that thev used proofs the way we do today.

In this chapter, we will look at what a statement is, what kind of reasoning is
involved in mathematics, and what a mathematical proof consists of.

Al.2 Mathematically Acceptable Statements

In this section. we shall v to explain the meaning of a mathemaftically acceptable
statement. A ‘statement’ i3 2 sentence which is not an order or an exclamatory sentence.
And, of course. a siatement is not a question! For example.

*What is the colour of your hair?” is not a statement, it is a question,

“Please go and bring me some water.,” s a request or an order, not a statement.
"What a marvellous sunset!” is an exclamatory remark, not a statement.
However, “The colour of your hair is black™ is a statement.

In general. statements can be one of the following:

= glways true

= alwavs false

* ambiguous

The word ‘ambiguous’ needs some explanation, There are two situations which
make a statement ambiguous. The first situation is when we cannot decide if the
statement is always true or always false. For example, “Tomorrow is Thursday™ is
ambiguous, since enough of a context is not given o us 10 decide if the statement is
true or false.

The second situation leading to ambiguity is when the statement is subjective, that
is, it is true for some people and not true for others. For examiple, *Dogs are intelligent™
is ambiguous because some people believe this is true and others do not.

Example 1 : State whether the following statements are alwayvs true, always false or
ambiguous, Justily your answers.

(i) There are 8 days in a week.
{i) It is raining here,
{iii) The sun sets in the west.
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(iv) Gauri is a kind girl,

{v) The product of two odd inlegers is even,

{vi) The product of two even natural numbers is even,

Solution ;

{i)  This statement is always lalse, since there are 7 days in a week.

i) This statement is ambiguous, since it 18 not clear where "here” 15,

{iify This statement is always true. The sun sets in the west no matter where we live.

(iv) This statement is ambignouos. since it is subjective—Gauri may be kind to some
and not to others,

{v) This statement is always false. The product of two odd integers is always odd.

{vi) This statement is always true. However, to justify that it is true we need to do
some worl. It will be proved in Section Al .4,

As mentioned before, in our daily life, we are not so careful about the validity of
statements. For example, suppose your friend tells you that in July it rains everyday in
Manantavadi, Kerala. In all probability, you will believe her, even though it may not
have rained for a day or two in July, Unless you are a lawyer, you will not argue with
her!

As another example, consider statements we i
often make to each other like “it is very hot today™,
‘We easily accept such statements because we know

the context even though these statements are - ’
ambignouns. Tt is very hot today’ can mean different
things 1o different people becanse what 15 very hot

for a person from Kumaon may not be hot for a person
from Chennai,

But a mathematical statement cannot be ambiguous. In mathematics, a statement
is only acceptable or valid, if it is either true or false. We say that a statement is
true, if it is always rue otherwise it is called a false stalement.

For example, 5 + 2 = 7 i3 always true, 30 '3 + 2 = 7" is a true statement and
5+ 3 =7 is a false staternent.
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Example 2 : State whether the following statements are true or false:
{i) The sum of the interior angles of a triangle is 180°.

(i) Every odd number greater than 1 is prime.

(iii} For any real number x, 4z + x = 3,

{iv) For every real number x, 2r > x,

{v) For every real number r, 2= x,

{vi) IT a quadrilateral has all its sides equal, then it is a square.
Solution :

{i) This statement is true, You have already proved this in Chapter 6.
(i) This statement is false; lor example, 9 is not a prime number.

(1) This statement is true,

{iv) This statement is false; for example, 2 x (-1) = -2, and - 2 is not greater than -1,

1
. : 1 1 1. 1
(v} This statement is false; for example. [E] =3 and 7 18 nol greaier than 3

(i) This statement is false, since a thombus has equal sides but need not be a square.

You might have noticed that to establish that a statement is not true according to
mathematics, all we need 10 do is to find one case or example where it breaks down.
Soin (ii), since 9 is not a prime. it is an example that shows that the statfement “Every
odd number greater than 1 is prime™ is not true, Such an example, that counters a
statement. is called a counter-example. We shall discuss counter-examples in greater
detail in Section A 1.5.

You might have also noticed that while Statements (iv), (v) and (vi) are false, they
can be restated with some conditions in order o make them true,

Example 3 : Restate the following statements with appropriate conditions, so that
they become true statements.

{i) For every real number ¥, 2x > x,

(ii) For every real number x, x* > X

(iii) If vou divide a number by itself, vou will always get 1.

{iv) The angle subtended by a chord of a circle at 4 point on the circle is 90°.
(v} Il a quadrilateral has all its sides equal, then it is a square.
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Solution :

(i) MWx=0. then2x>x.
i) HTx<0orx=1,then #=x
(i) If you divide a number except zero by itself, you will always get 1.

{iv) The angle subtended by a diameter of a circle at a point an the circle is 90

{(v) If a quadrilateral has all its sides and interior angles equal, then it is a square.

a

EXERCISEALI
State whether the following stalements are alwave rue, always false or ambigious.
Justify vour answers.
{i} There are 13 months in a yvear,
tit} Diwali falls on a Friday.
tiii) The temperamre in Magadi is 26" C.
iiv) The garth has one moon,
v} Dogs can fly.
ivi) February has only 28 days.
State whether the following statements are true or false. Give reasons for your answers.
(i} The sum of the intetior angles of a quadrilateral is 3507,
i} Foranyreal numberx, 2220,
tit) A rhombus is a parallelogram.
tiv) The sum of two even numbers is even,
(v} The gum of wo odd numbers 18 add.

Restate the following statements with appropriate conditions, so that they become
trie statements.

(iy Al prime numbers are odd.

(i) Two limes a real number iz always even.
(i} Forany 3, 3x +1 =4,

fivy For any £, 2 =0

v} Inezvery triangle, a median is also an angle bisector.

A 1.3 Deductive Reasoning

The main logical tool used in establishing the truth of an unambiguous statement is
dedyctive reasoning. To understand what deductive reasoning is all about, let us
begin with 4 puzzle for you to solve,
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You are given four cards, Each card has a number printed on one side and a leter
on the other side.

A ' 6 5

Suppose vou are told that these cards follow the rule:
“If a card has an even number on one side, then it has a vowel on the other side.”

What is the smallest number of cards you need to turn over to check if the rule
1s trug?

Of course, you haye the option of turning over all the cards and checking. But can
vou manage with turning over a fewer number of cards?

Notice that the statement mentions that 4 card with an even number on one side
has a vowel on the other, It does not gtate that a card with a vowel on one side must
have an even number on the other side. That may or mav not be so. The rule also does
not state that a card with an odd number on one side must have a consonant on the
other side. Tf may or may not.

So, do we need to twn over *A'T No! Wheather there is an even number or an odd
number on the other side, the rule still holds,

What abount *5°7 Again we clo not need to tum it over, because whether there i3 a
vowel or a consonant on the other side. the rule still holds,

But you do need to turn over V and 6. If 'V has an even number on the other gide.
then the rule has been broken. Similarly, if 6 has a consonant on the other side, then the
rule has been broken,

The kind of reasoning we have used to solve this puzzle is called deductive
reasoning. It is called “deductive” because we arrive at {i.e., deduce or infer) a result
or a statement [rom a previously established statement using logic. For example, in the
puzzle above, by a series of logical argumenis we deduced that we need to turn over
only V and 6.

Deductive reasoning also helps us to conclude that a particular statement is true,
because it is a special case of a more general statement that 18 known to be true. For
example, once we prove that the product of two odd numbers is always odd. we can
immediately conclude (without computation) that 70001 x 134563 is odd simply because
70001 and 134563 are odd.



292 MATIEMATICS

Deductive reasoning has been a part of human thinking for centuries, and is vsed
all the time in our daily life. For example, suppose the statements *“The flower Solaris
blooms, only if the maximum temperature is above 28” C on the previous day™ and
“Solaris bloomed in Imaginary Valley on 15th September. 2005” are true. Then using
deductive reasoning, we can conclude that the maximum temperature in Imaginary
Valley on 14th September, 2005 was more than 28° C.

Unfortunately we do not always use correct reasoning in our daily life! We often
come o many conclusions based on faulty reasoning. For example. if your friend does
not smiile at you one day, then you may conclude that she 15 angry with you. While it
may be true that “if she is angry with me, she will not smile at me”, it may also be true
that il she has a bad headache, she will not smile a1 me™. Why don't you examine
some conclusions that you have amrived at in your day-to-day existence, and see if
they are based on valid or fanlty reasoning?

EXERCISE Al.2

L Uss deduetive reasoning 1o angwer the following,

(1} Huomans ard mammals, All mammals are veriebratzs, Based on thess two
siatements, what can yoo conclude aboot humans?

(i} Anthony is a barber. Dinesh had his hair cut. Can you conclnde that Antony cut
Dinesh’s hair?

(i} Martians have red tongues. Gulag is a Martian. Based on these two statements,
whil ean you conclude about Gulag?

tivh If it rains for more than four hours on a particular day, the gutters wall have (o be
cleaned the next day. It has rained [or 6 hours today. What can we conclode
about the condition of the gutters tomorrow?

iv) What is the fallacy in the cow’s reasoning in the cartoon below?

ey
(. ATl dogs have uils,
I have a tail,
Therefore T ama

ﬂ dog. J
4]

i —e

e
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2.  Onceagain you are given four cards. Each card has a number printed on one side and
a letter an the other side. Which are the only two cards yvou need 1o turn over 1o check
whether the following rule holds?

“If a card has a consonant on one side, then i1 has an odd pomber on the other side.”

(] 3 U 8

A1l.4 Theorems, Conjectures and Axioms

So far we have discussed statements and how to check their validity. In this section,
vou will study how to distinguish between the three different kinds of statements
mathematics is built up from. namely. a theorem, a conjeciure and an axiom

You have already come across many theorems belore, So, what is a theorem? A
mathemartical statement whose truth has been established (proved) is called a theorem.
For example, the following statements are theorems, as you will see in Section A1.5,

Theorem Al.l : The sum of the interior angles of a rriangle is 1807,
Theorem Al.2 : The product of two even natural numbers is even.

Theorem ALY : The product of any three consecutive even natural numbers is
divisible by 16,

A corfeciure 13 a statement which we believe 15 trne, based on our mathematical
understanding and experience, that is, our mathematical intuition. The conjecturs may
turn out to be true or false. Il we can prove it. then it becomes a theorem.
Mathematicians often come up with conjectures by looking for patterns and making
intelligent mathematical guesses. Let us look at some patterns and see what kind of
intelligent guesses we can make,

Example 4 : Take any three consecutive even numbers and add them, say.
24+44+6=12,4+0+8=18,6+8+10=24,8+10+12=30.20+22+ 24 =60.

Is there any pattern you can guess in these sums? What can you conjecture about
them?

Solution : One conjecture could be :

{i) the sum of three consecutive even numbers is even.
Another could be ;

{it) the sum of three consecutive even numbers 13 divisible by 6.
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i

Example 5 : Consider the following pattern of numbers called the Pascal’s Triangle:
Line Sum of numbers
1 1 1
1 1 2
1 2 1 4
1 3 3 1 3
16
1 5 10 10 5 1 32

0 ~ @ th b oW
—t
e
=)
g

What can you conjecture about the sum of the numbers in Lines 7 and 87 What
about the sum of the numbers in Line 217 Do you see a pattern? Make a guess about
a formula for the sum of the numbers in line n.

Solution : Sum of the numbers in Line 7=2x32=564=12¢
Surm of the numbers inLine §=2x64=[28=27

Sum of the numbers in Line 21 = 22

Sum of the numbers in Line i = 271

Example 6 : Consider the so-called triangular numbers T :

)
®
e ©
=]
® e ® ® @

& ® e @ @ e @ & B ®
T1 T! T! T-l

Fig. Al.1

The dois here are arranged in such a way that they form a triangle. Here T, = 1.
T,=3T,=6,T,=10, and 50 on. Can you guess what T, is” What about T,? What
about T ?
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Make a conjecture about T .
It might help if you redraw them in the following way.

—_—
T1 Tz Ta T4
Fig.Al.2
S¥6
Solution :T!= l+2+3+4+5=15= “‘_2""
6x7
T, = 1+2+3+4+5+6=21=T
n¥(n+1l)
T = 5

A favourite example of a conjecture that has been open (that is, it has not been
proved to be true or false) is the Goldbach conjecture named after the mathematician
Christian Goldbach (1690 — 1764). This conjecture states that “every even imnteger
greater than 4 can be expressed as the sum of twe odd primes.” Perhaps you will
prove that this result is either true or false, and will become famous!

You might have wondered — do we need to prove everything we encounter in
mathematics, and if not, why not?

" Why do I have to
prove everything I
sayl
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The Tact is that every area in mathematics 15 based on some statements which are
assumed to be true and are not proved. These are ‘self-evident truths” which we take
to be true without proof. These statements are called axioms. In Chapter 5, you would
have studied the axioms and postulates of FEuclid. (We do not distinguish between
axioms and postulates these days.)

For example, the first posiulate of Euclid states:

A straight line may be drawn from any point to any other point.
And the third postulate states:

A circle may be drawn with any cenire and any radius.

These stalements appear (o be perfectly true and Euclid assumed them to be true.
Why? This is because we cannot prove everything and we need to start somewhere.
We need some staternents which we accept as true and then we can build up our
knowledge using the rules of logic based on these axioms.

You might then wonder why we don't just accept all statemenis o be true when
thev appear self-evident. There are manv reasons Tor this. Very often our intuition can
be wrong, pictures or palterns can deceive and the only way o be sure that something
i3 true 15 to prove it, For example, many of us believe that if a number is multiplied by
another, the result will be larger than both the numbers, But we know that this is not
always true: for example, 5 x 0.2 = 1, which is less than 5.

Also, look at the Fig. A1.3. Which line segment is longer. AB or CD?

& g
A\ ra=
Line segment AB

Line segment CD

Fig. A3

It tums ount that both are of exactly the same length, even though AB appears
shorter!

You might wonder then, about the validity of axioms. Axioms have been chosen
baged on our intuition and what appears to be self-evident. Therefore, we expect them
to be true. However, it is possible that later on we discover that a particular axiom is
not true, What 1s a safeguard against this possibility? We take the following steps:

(i) Keep the axioms to the bare minirum, For instance, based on only axioms
and five postulates of Euclid. we can derive hundreds of theorems.
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{if) Make sure the axioms are congistent,
We say a collection of axioms is inconsistent, if we can use one axiom (0
show that another axiom is not true. For example, consider the following two
statements. We will show that they are inconsistent.

Statement]: No whole number is equal o ils successor,
Statement 2: A whole number divided by zero is a whole number.

{Remember, division by zero is not defined. But just for the moment, we
assumne that it is possible, and see what happens.)

1
From Statement 2, we get — = a , where a i3 some whole pumber, This

0
implies that, 1 = 0. But this disproves Stalement 1, which states that no whole
number is equal to its snccessor.

{iii) A false axiom will, sooner or later, result in a contradiction. We sav that there
i5 a contradiction, when we find a statement such that, both the statement
and irs regation are true. For example, consider Statement 1 and Statement
2 above once again,

From Statement 1, we can derive the result that 2 = 1.
Now look at ¥* — x%, We will factorise it in two dilferent ways as lollows:
(i) x*—x=x(x—x) and
i) ¥ = =(x+x)x=21)
RO, atx =x)=(x + 2x =3
From Statement 2. we can cancel (x — x) from both sides.
We get x = 2x, which in tarn implies 2 = 1.
So we have both the statement 2 # 1 and its negation, 2 = 1, true. This is a

contradiction. The contradiction arose becanse of the false axiom, that a whole number
divided by zero is a whole number,

So, the statements we choose as axioms require a lot of thought and insight. We
must make sure they do not lead to inconsistencies or logical contradictions. Moreover,
the choice of axioms themselves, sometimes leads us to new discoveries. From Chapter
5, you are familiar with Enclid®s fifth postnlate and the discoveries of non-Euclidean
geometries. You saw that mathematicians believed that the fifih postulate need not be
a postulate and 18 actually a theorem that can be proved using just the first four
posiulates. Amazingly these attempts led to the discovery of non-Euclidean geometries.

‘We end the section by recalling the differences between an axiom, a theorem and
a conjecture. An axiom is a mathemalical statement which is assumed (o be tue
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without proof; a conjecture is a mathematical staterment whose truth or falsity is vet
to be established; and a theorem is 8 mathematical statement whose tiuth has heen
logically established.

EXERCISEALS3

1. Take any three consecutive even numbers and find their product; for example,

2x4dx6=48,4x6x 8 =192 and 50 on. Make three conjectures about these products.
2. o back to Pascal’s triangle.

Linel:1l=1I0

Line2:11=112

Line3:1 2 1=112

Maks a conjecture about Line 4 and Line 5. Dioes your gonjegture hold? Does vour

gonjeciure hold for Line 6 {oo?

3. Let us look at the triangular numbers (see Fig.Al.2) again. Add mwo consecutive
tiangular numbers. Forexample, T + T, =4, T +T,=9, T+ T, =16.

What about T, + T, ¥ Make a comjecture about T, +T,.
4. Look at the following pattem;
H=1
113=121
LT1A=12321
L111¥=12334321
LL1112= 12345432
Make 4 conjecture about each of the following:
3=
1111113=
Check if your conjecture 15 true.
5. List five axioms (posinlates) used in thiz book.

Al.5 What is a Mathematical Proof?

Let us now look at various aspects of proofs. We start with understanding the difference
between verification and proof. Before you studied proofs in mathematics, you were
mainly asked (o verify stalements.

For example. you might have been asked to verify with examples thal “the procuci
of two even numbers is even”. So vou might have picked up two random even numbers,
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say 24 and 2006, and checked that 24 x 2006 = 48144 15 even, You might have done so
for many more examples.

Alzo, you might have been asked as an activity to draw several wiangles in the
class and compute the sum of their interior angles. Apart from errors due to
measurement, you would have found that the interior angles of a triangle add up two
1807,

What is the flaw in this method? There are several problems with the process of
verification. While it may help you to make a stalement you believe is true. you cannot
be supe that it is true in all cases. For example, the maltiplication of several pairs of
even numbers may lead us to guess that the product of two even numbers is even.
However, it does not gnsure that the product of all pairs of even nuinbers is even. You
cannot physically check the products of all possible pairs of even numbers. It you did,
then like the girl in the cartoon. you will be calculating the products of even numbers
for the rest of your life. Similarly, there may be some triangles which you have not yet
drawn whose interior angles do not add up to 180", We cannot measure the interior
angles of all possible triangles.

242 x 3002 = 3248 x 5468 =
726484, even 17760064 , even

At age 8 At age 16

12466 x 3474 = 43306884 x 45676
43306884, even =1978085233584 , even

At age 36 At age 86
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Moreover, verification can often be misleading. For example, we might be tempted
to conclude from Pascal's triangle (().2 of Exercise A 1.3), based on earlier verifications,
that 11%= [5101051. But in fact 11° =161051.

So, you need another approach that does nol depend upon verification for some
cases only. There is another approach, namely ‘proving a statement’. A process
which can establish the truth of a mathematical statement based purely on logical
arguments 18 called a mathematical proaf.

In Example 2 of Section A1.2. you saw thal to esiablish that a mathematical
staterment is false, it is-enough to produce a single counter-example. So while it is not
enough to establish the validity of a mathematical statement by checking or verilving
it for thousands of cases. it is enough to produce ong counter-example (o disprove a
statement (1.e., to show that something is false). This point is worth emphasising.

Girls don't ‘
climb trees. :

1o show that a mathematical statement is false, ji 15 enough io find a single
counter-example.

So, 7T+ 5 =12 is a coanter-example 1o the statement that the sum of tao odd
numbers iz odd,

Let us now look at the list of basic ingredients in a proof;
(i) To prove a theorem. we should have a rough idea as to how (o proceed.

(it} The information already given 1o us in a theorem (i.e.. the hypothesis) has o
be clearly understood and used.
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For example, in Theorem A 1.2, which states that the product of two even
numbers is even, we are given two even natural numbers, So. we should use
their properties. In the Factor Theorem (in Chapter 2}, you are given a
polynomial p(x) and are told that p(a) = 0. You have to use this to show that
(x—a) is a factor of p(x). Similarly. for the converse of the Factor Theorem.
you are given that (x— a) is a factor of p(x), and you have to use this hypothesis
to prove that p(a) =0,

You can also use constructions during the process of proving a theorem.
For example, to prove that the sum of the angles of a triangle 15 1307, we
draw a line parallel to ong of the sides through the vertex opposite to the side,
and usze properties of paralle] lines.

{iii} A proof is made up of a successive sequence of mathematical statements.
Each statement in a proof is logically deduced from a previous statement in
the proof, or from a theorem proved earlier. or an axiom, or ow hypothesis.

{iv) The conclusion of a sequence of mathematically true statements laid out in a
logically correct order should be what we wanted to prove, that is, what the
thearem claims,

To understand these ingredients, we will analyse Theorem Al.1 and its proof. You
have already studied this theorem in Chapter 6. But first, a few comments on proofs in
geomelry. We often resort to diagrams to help us prove theorems, and this is very
important. However, each statement in the proof haz to be established using only
logic. Very often, we hear students make statements like “Those two angles are
equal because in the drawing they look equal” or “that angle must be 90°, because the
two lines look as if they are perpendicular to each other”. Beware of being deceived
by what you see (remember Fig A1.3)! .

So now let us go o Theorem Al.1.

Theorem Al.l : The sum of the interior angles of a riangle iz 180°,
Proof : Consider a triangle ABC (see Fig. Al4).
We have to prove that «~ ABC + £ BCA + £ CAB = 180° (1

D A E

FigAld
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Construct a line DE parallel to BC passing through A, (2)
DE is parallel to BC and AB is a transversal.
So, £ DAB and £ ABC are alternate angles. Therefore, by Theorem 6.2, Chapter 6,

they are equal, i.e. Z# DAB = £ ABC (3)
Similarly, £ CAE = £ ACB (4)
Therefore, £ ABC + 2 BAC+ £ ACB = £ DAB +< BAC + £ CAE (5)
But £ DAB +.2 BAC + ~ CAE = 180", since they form a straight angle, (6)
Hence, £ ABC+ £ BAC+ ZACB=180°. ® {7

Now. we comment on each step of the proof,

Step 1 : Our theorem is concerned with a property of triangles, so we begin with a
triangle,

Step 2 : This is the key idea — the intuitive leap or understanding of how to proceed so
as (0 be able o prove the theorem, Very oflen geomelric proofs require a construction,

Steps 3 and 4 : Here we conclude that £ DAE = £ ABC and £ CAE = £ ACB, by
using the fact that DE is parallel to BC {our construction), and the previously proved
Theorem 6.2, which states that il two parallel lines are intersected by a iransversal,
then the alternaie angles are equal.

Step 5 : Here we use Eoclid’s axiom (see Chapter 5) which states that: “Tf equals are
added to equals, the wholes are equal” to deduce

£ ABC + 2 BAC+ £ ACB = # DAB +2 BAC + 2 CAE.

That is. the sum of the inlerior angles ol the triangle are equal to the sum of the angles
on a steaight Tine,

Step 6 : Here we use the Lingar pair axiom of Chapter 6, which states that the angles
on a straight line add up to 1807, to show that £ DAB +2 BAC + /£ CAE = 180°,

Step 7 : We use Euclid’s axiom which states that “things which are equal to the same
thing are equal to each other” to conclude that £ ABC + ~ BAC +
ZACB = Z#DAB +2 BAC + 2~ CAE = 180°. Notice that Step 7 is the claim made in
the theorem we sel out to prove.

We now prove Theorems A1.2 and Al1.3 without analysing them,

Theorem AL2 : The product of two even natwral numbers is even.
Prool :  Let x and y be any two even natural numbers,
We want Lo prove that xy is even,
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Since x and y are even, they are divisible by 2 and can be expressed in the form
x = 2m, for some natural number m and y = 2n, for some natural number i,
Then xy =4 mn. Since 4 mn is divisible by 2, so isxy.
Therefore, xy 15 even. m
Theorem ALY : The product of any three consecutive even natural numbers 1y
divizible by 16.
Proof : Any three consecutive even numbers will be of the form 2Zn, 2rn + 2 and
2n + 4, for some natural number n. We need to prove that their product
2n(2n + 2)(2n + 4) is divisible by 16,
Now, 20n(2n+ 21(2n+4) =2n = 2n +1) x 2n+ 2)
=2x2x2nn+ln+2)=8nln+ 1n+2)
Now we have two cases. Either n is even or odd. Let us examine each case.
Suppose n 15 even : Then we can write ;= Zmt. for some natural number #.
And, then 2n(2n + 2)(2n +4) = Bn(n + D)in + 2) = 16m(2m + 1)(2m + 2).
Therefore, 2n(2n + 2)(2r + 4) is divisible by 16,
Next, suppose # is odd, Then n + 1 is even and we can write n + 1 = 2, for some
natural number r,
‘We then have : 2n(Zn + D2n+ 4)=8nln + 1in + 2)
=R2Zr—1)x2rx(2r+1)
= l6r{2r— 1}2r + 1)
Therefore, 2nl2n + 2)(2n + 4) is divisible by 16,

5o, in both cases we have shown that the product of any three consecutive even
numbers is divisible by 16. W

We conclude this chapler with a [ew remarks on the difference between how
mathematicians discover regults and how formal rigorous proofs are written down. As
mentioned above, each proof haz a key intuitive idea {sometimes more than one).
Intuition is central to a mathematician’s way of thinking and discovering results. Very
often the proof of d theorem comes to a mathematician all jumbled up, A mathematician
will often experiment with several routes of thought, and logic, and examples, before
she/he can hit upon the correct solution or proof. It is only after the creative phase
subsides that all the arguments are gathered together to form a proper proof.

It 15 worth mentioning here that the great Indian mathematician Srinivasa
Ramanujan used very high levels of intuition to arrive at many of his statements, which
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he claimed were true. Many of these have turned
out e true and are well known theorems. However,
even to this day mathematicians all over the world
are struggling o prove (or disprove) some of his claims
(conjectures).

Srinivasa Ramanujan
(1887-1920)
Fig:AlLS

EXERCISEALA4
Find counter-examples to disprove the following statements:

i} I the corresponding angles in two triangles are equal, then the triangles are
CONERIEnt,

iy A quadrilateral with all sides equal 15 4 squace,
iiti} A quadrilateral with all angles equal is a square.

(v} For integers @ and b, .,ll'al + 5 =a+h
(v} Zr'+ |1 15 apnme for all whole numbers n.
tvi} n'—n-+41 iz a prime for all positive integers n.

Take your favourile proof and analbyse it step-by-step along the lines discussed in
Section AL1.5 {(what is given, whal has been proved, what theorems and axioms have
besn used, and o on),

Prove that the sum of two odd numbers is even.

Prove that the product of two odd numbers is odd,

Prove that the sum of thres conseculive even numbers is divisible by 6.
Prove that infinitely many points lie on the line whose equation 15 v = 24
i Hint ; Congsider the point (s, 2n) for any integer n.)

You must have had 4 friend who must have told you to think of & number and do
various things 1o it, and then without knowing vour original nomber, telling you what
number vou ended up with. Here are two examples, BExaming why they work.

iit Choose & number. Double it. Add nine. Add your original number. Divide by
three. Add four, Subtract your original number, Your result is seven.

iy Write down any three-digit number ( for example, 4231, Make a six-digit number by
repeating thess digits in the same order (425423), Your new number is divisible by
7,11 and 13,
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A LG Summary

In this Appendix, you have studisd the following points:

1. Inmathematics, a slalement is only aceeptable if il i either always tue or alwavs false.

2, To show that a mathematical statement is false, it 15 enough to find a single connter-
example.

3. Axioms are statements which are assumed 1o be true without proof,

4, A conjecture i8 o statement we believe i8 true based on our mathematical intuition, but
which we are yet (0 prove,

5. A mathematical statement whose tuth has been estahlished (or proved) is calied a thearem.
6. "The main logical wol in proving mathematical statements is deductive reasoning.

7. A proofl is made up of a successive sequence of mathematical stalements. Each siatemenl
in a proofis logically deduced from a previouly known statement, or from a theorem proved
earlier. or an axiom, or the hypothesis.



