CHAPTER

02

Definite Integral

Learning Part

Session 1

* Integration Basics

* Geometrical Interpretation of Definite Integral

* Evaluation of Definite Integrals by Substitution

Session 2

*» Properties of Definite Integral

Session 3

» Applications of Piecewise Function Property

Session 4

« Applications of Even-Odd Property and Half the Integral Limit Property
Session 5

» Applications of Periodic Functions and Newton-Leibnitz's Formula
Session 6

« Integration as Limit of a Sum

Applications of Inequality

* Gamma Function

« Beta Function

Walli's Formula

Practice Part

* JEE Type Examples
« Chapter Exercise

| Arihant on Your Mobile !
'I Exercises with the [@| symbol can be practised on your mobile. See inside cover page to activate for free.



Sessmn 1

Integration Basics, Geometrlcal Interpretatlon
of Definite Integral, Evaluation of Definite

Integrals by Substitution

Integration Basics

What is Definite Integral ?

Let f be a function of x defined in the closed interval [a, b]
and ¢ be another function, such that ¢’ (x) = f(x) for all x
in the domain of f,then

[[ 60 dx =[0(x) + <l = ob) - 0(a)

is called the definite integral of the function f(x) over the
interval[a, b], a and b are called the limits of integration, a
being the lower limit and b be the upper limit.

Remark
In definite integrals constant of integration is never present.

Working Rules
To evaluate definite integral J: f(x)dx.
1. First evaluate the indefinite integral J' f(x)dx and

suppose the result is g(x).

2. Next find g(b) and g(a).

3. Finally, the value of the definite integral is obtained
by subtracting g(a) from g(b).

Thus, [ f0) dx =[ ()L} = 56) - 8@

1 Example 1 Evaluate

L Mm/2 . g
(ii) sin” x dx
0 °3+lt = J::
InG+4x) '
Sol. (i) Here, I = L e =|: 7 ]0
1 T
=-;[]n7—lnB]—4l.n(3)

n2
(ii) Let I = -[o sin® x dx

1 vz, .2 v 1~ 2
=2 x) dx =~ (1= cos 2x)° dx
2 e ok

= lJmlz (1-2cos2x + cos? 2x) dx

eSS

=l H2 (1—2c052x+

PR

_1 (w2 (3—4c052x+cos4x)dx
0 2

1+ cos 4x)dx
2

S

1 4 sin 4x M2
=- 3x——sin2x+—]
8 2 4 0

| [ 2B gt = i 0t | =0
8 2 4

| Example 2 The value ofJ. [ (tan 1—)]dx is
X

(Qm/2 (bym/4 (c)-m/2 (d) None of these
d a1
Sol. LetI= 1=
0 et I_ [dx (tan x)]dx
d( 41\_d, _ -1
Here, E(tan ;) = Ex—(mt 'x)= e

I=| - dx = —I
=L 1 +x? ‘1 +x?
= —(tan” x)_‘ = —[tan"'(1) - tan"}(-1)]

Hence, (c) is the correct answer.

n! 1){1 (tan“ 1) =tan™'(1) - tan™'(-1)
X X)a
=£_(_£)=£
4 4 2

is Incorrect, because tan"(l) is not a anti-derivative (primitive)
X

Remark

Note that Ill(gd-ta
-1\ dx

of:(tan"l)on the interval [-1, 1].



| Example 31f I, = f(log x)"dx, then I+ nl,,_, is equal to

(a) -;— (b)e ()e-1 (d) None of these

Sol. We have, I, = r(log x)'dx = r(logx)" - 1dx
1 1 T Lff
I, = [x-(og V' - ["n-(logx)"™"- 2. xdx
x
=(e—0)— nf(log, x)'dx=e-n-I,_,
sItnI_=e
Hence, (b) is the correct answer.

1 Example 4 All the values of ‘'d for which
2. 2 3 .
J; {a®+(4 —4a)x+4x>}dx <12 are given by

(@Q)a=3
(c)0<a<3

(bya<ua
(d) None of these

Sol. We have, f{a’ +(4—4a)x +4x)dx <12

= [azx+(2-2a)x'2 +x‘]125 12
=ad’2-1)+(2-2a)(4-1)+(2" -1*) <12
= a® +3(2—-2a)+15< 12
= a® —6a+9<0
= (a-3)* <0

a=3

Hence, (a) is the correct answer.

Geometrical Interpretation
of Definite Integral

If f(x) >0 for all x €[a, b],thenJ: f(x) dx is numerically
equal to the area bounded by the curve y = f(x), the

X-axis and the straight lines x =aand x =bie. [/ f(x) dx

In general, r f(x) dx represents the algebraic sum of the

areas of the figures bounded by the curve y = f(x), the
X-axis and the straight lines x =a and x =b. The areas
above X-axis are taken with plus sign and the areas below
X-axis are taken with minus sign,

x=a f(x) x=b
! s
L C
P+ + !
OE A - M - B iD
| Q R :

Figure 2.1
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ie. [ f(x)dx = Area(OLA) — Area (AQM) ~ Area (MRB)
‘ + Area (BSCD)

Remark
Ib f(x) dx, represents algebraic sum of areas means that area of
a

function y = f(x) is asked between ato b.
=> Area bounded =J'b | f(x) ] dx and not been represented
‘a

byr f(x) dx. e.g. If someone asks for the area of y = x?

between —1to 1, then y = x> could be plotted as

Figure 2.2

1

Area=.[_0l -x3 dx+-|.o1 x3 dx=2

or using above definition, area =J.11 | x?|dx =2J‘l x? dx
- )
1
4
4 o 2
But, if we integrate x> between —1to 1.

1
= .[-1 x? dx =0 which does not represent the area.

Thus, students are adviced to make difference between
area and definite integral.

| Example 5 Evaluate j; [ (x =1)(x —2)| dx.

Sol. Let =[x = 1)(x-2)| d
We know,
_ o) (x=1)(x-2), x<lorx>2
I(x=1(x 2)|_{—(x—1)(x—2). 1<x<2
+ L+
R

Using number line rule,

1= [ ltx =D (x-2)] dx
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_j (x=1)(x - z)dx-j (x=1)(x -2)dx
+j (x=1)(x-2)dx
=‘Ll(-\r2-3:c+2)ab~r—j'l2 (x* =3x+2)dx
+_‘-3(x2—3x+2)dx

3 2 1 3 3
i x———+2x ———————+2x
3 2 3
0 2
+2)_(§_E a1y 3
3 2 3

(27 z_+6__+2_4)=11
3 2 32

Evaluation of Definite
Integrals by Substitution

Sometimes, the indefinite integral may need substitution,
say x = ¢ (t). Then, in that case don’t forget to change the
limits of integration a and b corresponding to the new
variable t. The substitution x = ¢ (t) is not valid, if it is not
continuous in the interval [aq, b].

1 Example 6 Show that
/2 dx T

; a,b>0.
0 a’cos?x+b?sin?x 2ab’
T ) i A
x=0 g2 cos? x + b%sin® x
x=mw2z  sec? xdx

=0 g2 4 p?tan? x

(divide numerator and denominator by cos? x)

tan x =t = sec? x dx = dt

t=  dt

t=0 g2 4 p*t?

We find the new limits of integrationt = tan x =t =0
when x =0andt =eowhenx =7 /2

el 30 [ i
b* Y0 a |,

(3)2“2 b® alb
b

Put

= I

I Example 7 Evaluate _[ 7 directly as well as by

+x?
the substitution x =1/t. Examme as to why the answer
don't valid?

sol Let I=[' —&
R 5= T2 g4 x?
2
=[ltan_‘(£):| =l|:tan"(1)—tan"(—1)]
2 2)]., 2
A= _z) <2
T2l 4 4
= I=E
4

On the other hand ifx=1/t, then

__J-IIZ
_IZ 4+ x? "zt(4+l/t)

; 12
=] —[— tan™'(2¢) :l
2 -2

=_ltan“(1)—[—%tan"(- 1))

J-uz dt
“Vz 447 41

2
R L )
8 8 4
1
I=-E,whenx=;

In above two results, I = — 1/ 4 is wrong. Since, the

integrand . 5 > 0and therefore the definite integral of
4+ x
this function cannot be negative.

Since, x =1/t is discontinuous at ¢t = 0, then substitution is
not valid. (wI=m/4)

Remark

Itis important that the substitution must be continuous in the
interval of integration.

s =1
I Example 8 Evaluate _[;/ Zx_sm—tdx
1=x

s -1
Sol. Let I= qu L N
Vi-x?

Put sin™' x =6, then x = sin® = dx = cos0dO

Also when x =0, then 8 = 0and when x -l
2

6

I=["in0.— 0 . o500 = [** 6.sin0a0
? Vi-sin0 I°

=(-0-cos0)* +I:l°cos 0 a9,
using integeration by parts.
+(sin@)y'®

n_ -\ 1

momn
S=—C0s—+0+sin—-0=
6 6 6

then 6 = sin"(l) =l
2

=(-0cosO)V*

12 2



1 Example 9 For any n>1, evaluate the integral

0o 1
———dx.
'[° (x+Vx2+1)"
1
Sol. Let [ = [ —————dx
J:(xh/sz),,
Put x+vi+x®=t

=1+x% =(t—x)?

= Vi+x? =t-x

t2-1 1 1
= x= orx=—|t——
2t 20t

] )
1-n —(n+1)l 2 1-n n+1

| Exampl;’: 10 The value of

x© +2x -1

Ie—] e 2
0 (x+1)

(a) Vo)) (b)) (c)0

x2+2x-1

x3-2
dx+‘[;e xlog x-e 2 dxis equal to

(d) (We) '~

xt-2
e~ = e 2
Sol. LetI—J: e dx+‘|'l xlogx-e dx

Put x + 1 =t in first integral

2
-2
T 12—2

2
1=[ dt+J"xlogx-e 2 dx
t 1

t?-2 i -2\
= lee 2 {—+t-logr}d!= logt-e 2
t
1

=(Jey~?
Hence, (d) is the correct answer.
x dt
I Example 11 Let f(x)= [, ~—and g be the
1+t
inverse of f. Then, the value of g’(0) is
(@)1 (b)17 V17 (d) None of these
dy

1
Sol. Here, f'(x)=—F——==—"
14xt dx

!
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Now,g'(x)=£=w/l+x‘
dy

dt

1+t

Therefore, g’(0) = V1+16 = V17

Hence, (c) is the correct answer.

When y =0 ie. I; =0,then x=2

R o
| Example 12 Let a,,—J: (1-sint)" sin 2t,
4}
then lim ) —is equal to
e N

(a)1/2 (b)1
(c)4/3 (d) 3/2
/2 X )
Sol. We have, a, = L (1-sint)"sin2t dt

Let1-sint = u = —cost dt =du
=ZJ.l u"(1-u)du = r u"du-JI u"*'du
=2y o o

=2 1 1
n+l n+2

Therefore, L ) (
n

[26-9-2-5)]
3 2 )
o[ (]33

3 .
Hence, (a) is the correct answer.

1 Example 13 The value of x> 1 satisfying the equation

1.
[“tintdt=—is
1 4
(a) Ve (b) e (©e? d)e-1
X tz i
Sol. Letl:j tlntdt =|Int-—
1 2
1
% 2 3
_lJ' 1 eg=n e
29 2 22|
2
=K e el
2 4 4
2
X lz.nx_%x2=0 = [2lnx-1]=0 (asx>1)
= lnx=% = x=\/:

Hence, (a) is the correct answer.
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x2+ax+1 . (1), .. 1Example 15 If the value of definite integral
L Examplé 13- 1f ah_r’rl _-[ 1+ x" i (;) axle f x-a1%8sX) dx where a>1and [x] denotes the

1
equal to T' where ke N, then k equals to greatest integer, is 9;, then the value of ‘d equals to

@4 (b)8 ()16 (d) 32 (@) Ve (b)e (©) Je+1 de-1
e xPtax+l (1 g
Sol. Letl= [ == tan (;)dx Sol. LetI= [ x-a® ") dx
Put x =1/t and adding, we get Putlog,x=t = a'=x

[using tan™}(1/x)+ cot ™' x = /2] I= lna~J'l (a-aM.a')dt = lna‘_[)1 (@1 .a")dt
o

r (x? +1)+axdx

1
o bt = lna~J: (a"-a')dt =].na-fn a* dt
- (x? +1), xdx lna a*] 1
x + - w| 2808 ] St =t if t€(0,1
[0 e af” = =5 J@ -0 [as {t} = t, if t €(0,1)]
nf ®  an n? 7 1 e-1
=—| —t—|=| ==+ — 3 2(a®-1)= — =Je
4[2\/5 4] [&E 16] A 2(:1 1) 2 = a e
1 w2 na n? n? 2 Aliter x€(1,a)
v E+Y]=ul‘->“l[(sﬁ)a+ﬁ]=1_e = log x £(0.3) = (loga21=8
e
s et T O R X M N

Hence, (c) is the correct answer. Hence, (a) is the correct answer.

Exercise for Session 1

nld 2 n2  dx
1. Io cos?xdx Jo —
3. r’zJ1+cosxdx 4. J':élean-cosxdx
1
5 I \/_ J_ 6- Iﬂ |OngX
n/4(sinX +COS X) b 1
————d; 8. dx,
IO 9+ 16sin2x L (x-a)b -x) x.b >a
9. Ib"g_—idx 10. I:“a/tanxdx
a -
x /4
11. [ cos2x.log (sinx)dx 12. J’" S'M[M) -
’ cos®x

13. 1ff(x)is a function satisfying f(-l) + x*(x) =0 for all non-zero x, then Imsf(x )x is equal to
X sind

|
14. The value of I ( [Tt +r)) [‘§1m]dx equals to

r=1

(a)n (b)n! ) (n+ 1)1 @d)n-n!
15. The true set of values of ‘a’ for which the inequality I:(a‘z‘ -2.3%)dx >0is true. is
(@) [0, 1 (b) [~e= - 1] (€) [0, =]

(d) oo = MUl ]



Session 2

Properties of Definite Integral

Properties of Definite Integrals
Property L [ f(x)dx=[" f(t)at

i.e. The integration is independent of the change of
variable.

Proof Let ¢(x) be a primitive of f(x),then
d _ d
;;[Cb(x)]—f(x) =>E[¢(t)]—f(')
Therefore, [ f(x) dx =[4(x)]} = 6(5) - o(a) )
[ ) de =[06e)): = ob) - o() i)

From Egs. (i) and (i), we have
[} fode=[] sy ar
Property IL Lb ) de==[* f(x) dx

i.e. if the limits of definite integral are interchanged, then
its value changes by minus sign only.

Proof Let ¢(x) be a primitive of f(x), then
[} fx) dx = ob) - @)

= [ f(x) dx =~ [&(a) - (b)) = $(b) — ¥(a)
[* flodx==[" fx) dx

Property IIL. I:f(x) dx = Ioaf(a — x) dx (King’s property)

Proof On RHS put(a — x) =t,so thatdx =—dt
Also, when x =0, thent =a and when x =a,thent =0

I,, fla-x) dx:—Lo f® d:=J’0" £t d:=J‘0“ f(x) dx
o [T fla-x)dx =[] f(x)dx

and

and

Remark

This property is useful to evaluate a definite integral without first
finding the corresponding indefinite integrals which may be
difficult or sometimes impossible 1o find.

Geometrically I:f(x) dx =J:f(a - x)dx

This property says that when integrating from 0 to a, we
will get the same result whether we use the function f(x)
or f(a - x). The justification for this property will become
clear from the figures below :

y
fx)
|
4+ x a-x|
— < ! i
0 a

As x progresses from 0 to g, the variable a — x progresses
from a to 0. Thus, whether we use x or a — x, the entire
interval [0, a] is still covered.

yj )

fla-x)

0 > X

The function f(a — x) can be obtained from the function
f(x) by first flipping f(x) along the y-axis and then
shifting it right by a units. Notice that in the interval [0, a}
f(x) and f(a - x) describe precisely the same area.

There are two ways to look at the justification of this

property, as described in the figures on the left and right
respectively.

'
|
]
Il
'
i
'
1l
Il
il
'
'
'
'
H

1 Example 16 Show that
) 7% fisinxydx=[""* ficos x)dx

(ii) I:/z )‘(tanx)dx=‘[:/2 fcot x)dx
(iii) I:lzf(sinZX)sinxdx =j:lzﬁf(c052x)-cos xdx
=I:/2f(sin 2x)-cos xdx

g n " =£ n "
() .[0 X flsinx)dx 2 -[0 Flstriaiehs [IIT JEE 1982]
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Sol. (1) We know,

Inwf(sln X)dx = L:u' [vln (-:E - x)] dx

[using [*fxyde=[" fla=x dx]

- Jlum S(cos x)dx
J.omf(siu X)dx = I om f(cos x) dx

(i) J-“m fQtan x)dx = Inm f (mn (% - x)) dx

[using I: f(x)dx = I;‘ fla=x)dx ]

= Iom f(cot x)dx
Iomf(mn x)dx = Iom f(cot x) dx

(iii) We know, I = JI:“ f(sin 2x) sin x dx (1)

i f[sin 2 (g - x)]-sin (g - x) dx

[using I: f(x)dx = I: fla=x) dx]

= [ fisin (r - 2x)) cos x dx

I= L:uz f(sin 2x) cos x dx ..(i)
Adding Egs. (i) and (i), we get
2] = I e f(sin 2x) (sin x + cos x) dx

—J_I f(stx)sm(x+ )dx

Putx+£=(—-0) (i.e.x=£—-0)
4 2 4

= I=—a/-j-"“ f(cos 20) cos 0 dO
_J"r

=22 Io f (cos 20)cos0 dO (since it is even)

f(cos 20) cos 0 dO

I= JEI:“ f(cos 20) cos 6 dO
() Let  I=["x f(sinx)dx i)
Replacing x by (1t — x), we get
I= f: (= x) f(sin (= x)) dx
= I= jo" (m - x) f(sin x) dx ...(ii)
Adding Egs. (i) and (ii), we get
2l = jo" 7 f(sin x)dx =1 = % [ flsin x)dx

I: x f(sin x)dx = %J‘: f(sin x) dx

1 Example 17 I f and g are continuous functions
satisfying f(x)—f(a x) and g (x)+ g (@—x) =2, then
show thatI flx) g (x)dx = J' f(x)dx.
Sol. Let I= J'o f(x) g(x)dx = j'o fla- x) gla—x)dx
=[" f(x)-[2- g(x)dx
[using J'on f(x)dx = Ioa f(a- x)dx]

+ f(x)= f(a—x) and gla—x)+g(x)=2 (given)
[ f) gxydx =2 [)" fx)dx = [ ) g(x)dx

or 2" f(x): g(x) de=2[" f(x)dx
= [* S g(x)de= [ f(x)dx

1 Example 18 Evaluate

(i) I"/z de (ii) j‘nﬂ log (tan x) dx
tan x
(iif) I i log(1+tanx)dx (iv) J'"/Z de
1+sinxcos x
: w2 dx 2 ,/cos x
Sol. Let I = = dx .
(i) Let .[o 1+ tan x '[0 Jcos x ++/sin x

,/cos (/2= x)

Jcos(n/Z x)+Jsm(n/2—x)

Then, I= L’“

sm x

InIZ
= Ll
0 :;sm x + cos x (@

Adding Eqgs. (i) and (ii), we get

af= J-n/z \/sm x oy, J-x/z Jcos x &
,,/sm x +Jcos x o Jsin x + Jcos x
J- n/2 \’sm x + \lcos x _[ n/2 dx
sin x + \/cos x & -
=Pl g = gt o 1-F
2 2 4
e n/2
(ii) Let I =I log (tan x) dx (i)
Then, = J‘ log {tan (E = x)} dx
= I= Jo log (cot x) dx (i)

Adding Egs. (i) and (ii), we get
w2
2= Io log (tan x) dx + J‘oﬂzlog (cot x) dx
n2
=Io (logtanx+logcotx)dx

w2
=.‘:, log (tan x - cot x)dx:Jom2
= 2I=0 = I=9

log (1) dx



log (1 + tan x) dx (1)

n/4
0

(iil) Let I= |
- I n/4
=J'onl4

(]

In“
)

log [1 + tan (/4 = x)] dx

tan /4 — tan x
log 14—
1+ tan(m/4) tan x

1+ tan x + 1 - tan x
log| ———————— |dx
1+ tan x

= I 5 log 2 dx
0 1+ tan x

4
= Iﬂ log (2) dx - J'o"“ log (1 + tan x) dx
= I=(log2)(x)%" -1

[using Eq. (i)]
T n

22l==log2 = I==|
e g 82

n/ i —
W) Let =] 28Ix ~c0s X

dx ()

1+sin x cos x

. T 1
mzsm(;- X )— cos (;—X]
Then, I=I° dx
1+ sin (E—x) cos (E— x)
2 2

n/2 cos x —sin x i
I=I —_—dx (i)
0 1+ cos xsin x

=

Adding Egs. (i) and (i), we get

n/2
+|
0

™2 sin X — COSs X cos x —sin x

dx =

=" SIS X L CO8X = FTA
0 1+ sin x cos x 1+ sin x cos x

2[=0 = [=0
1 Example 19 The value of J': log (cot a+ tan x)dx,

where ae (0,7t /2) is equal to
(a) alog (sina) (b) —alog(sina)
(c)-alog(cosa) (d) None of these

Sol. LetI= J'o" log (cot a + tan x) dx

a cosa , sinx
= I log| — + dx
0 cos x

sina

. '[oa IOg( _____COS (a - X) J dx

sin a cos x

=J: log [cos (a - x)] dx - Io“ log (sin a) dx
= J.on log (cos x) dx

= I: log cos(x)dx — Ioalog(sin a)dx —Ioalog (cos x) dx
[using J.onf(x) dx = Ioaf(a = x)dx to first intcgml]

= - log (sin a) Ioa dx = - a log (sin a)

Hence, (b) is the correct answer.
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b b
Property IV. L f(x)dx = _L fla+b-x)dx
‘ (King's property)
Proof Putx=a+b—-t =dx=—dt
Also, when x =a, thent =b, and when x =)

af foyde=[" flasb-n)(=d)==[" fla+b-1)d
=" fla+b-nyde=[" fla+b-x)ds
' feyde=[ fla+b-x)de

‘b
Geometrically J:f(x)dx =J' fla+b-x)dx

a-+b-x

b

o -1;--?

As the variable x varies from a to b, the variablea + b — x
varies from b to a. Thus, whether we use x ora +b — x,
the entire interval[q, b]is covered in both the cases and
the areas will be the same.
y

X
—

The graph of f(a + b - x) can be obtained from the graph
of f(x) by first flipping the graph of f(x) along the y-axis
and then shifting it (a + b) units towards the right; the

areas described by f(x)and f(a +b - x) in the interval
[a, b]are precisely the same.

| Example 20 Evaluate L’;f +
+ftan

n3 cos x - dx

dx

Sol. Let1=["" - i

“"‘“‘ 1+ :;mn x Jwe ;;cos X+ ;;sin x ®
thiesi, I=Inl:l Jcos (m/2-x)

ne Jcos(n/Z— x) + Jsin (m/2-x) o
(a+tb=m/2)
L(id)

n3 sin x
= I= dx
we o Jsin x + \Jcos x



92  Textbook of Integral Calculus

Adding Egs. (i) and (ii), we get
2l = I e ldx =
n/6

1 Example 21 Prove that

flx) b-a
d —3
J f+ flasb-x " 2
Sol. L =[x ;
ol. Let I L Py e Q)
then, I=Ib flatb-x) dx
@ fla+b-x)+ f(a+b-(a+b-x))
= I= b fla+b-x)

b Farb-n o "
Adding Eqgs. (i) and (ii), we get

_[* fla+b-x)+ f(x)
o e

- 2=["1dx=(b-a) = fim Do

| Example 22 Solve

_ —sin t Jf(l)dl )
st [flcos2t-2)+f(2)
—sintt f(z) dz

Sol. We have, I =I

cost ¢

Jf(cos2t —z2) +f(2) .

=" sint ¢ f(cos 2t — z) dz i)
Tt [flcos2t-2) +f(2)

[usingj;b flxyde=|" f(a+b—x)dx]
Adding Eqs. (i) and (ii) we get
2= j' W e =5 pr (z)“““

I=———(sin‘t+cos t)=—£(l--23in2tcosz t)
2
)
._._l 1_lsinzzy =—l+—sm221
2 2 2 4

Directions (Ex 23-25) Let the function f satisfies
f(x)-f'(=x)=f(=x)-f'(x) for all x and f(0)= 3.

| Example 23 The value of f(x)- f(-x) for all xis

(a) 4 (b)9
(012 (d)16
Sol. Given, f(x)-f'(-x)= f=x)-f'(x)
fix) _f1ex)
. fx)  fCx)

Integrating both sides, we get
In f(x)=-f(-x)+C
In[f(x) f(-x)]=C

f(x) f(=x)=C
But f(0)=3
= fXo)=C . C=9
f(x)-f(=x)=9
Aliter f(x) f'(x)-f(=x)-f'(x)=0
= L f(-x)-fG1=0
dx

Integrating both sides, we get f(x)- f(-x) = Constant
Hence, (b) is the correct answer.

1 Example 24 _[ ——— has the value equal to

f( X)
(b) 34
(d)o

ISI dx

5‘3+f(X) 13+ f(-x)

{us'mg J’:f(x)dx =L°f(a+ b- x)dx]

(@)17
(c) 102

Sol. Let I= j

I"‘ B+ f(OIB+ f(-x)]

J‘ 6+ f(x)+ f(=x)
519 +3[f(x) + f(=x)]+ f(x)- f(-x)
6+ f(x)+ f(=x)
J'5‘18*-3[1'(3f)+f( x)]dx

151 :
=1 e 2 251
37-51

3

51

= I=—=17
3

Hence, (a) is the correct answer.

1 Example 25 Number of roots of f(x)=0 in[-2,21is

@o (b)1
(02 (d)a
Sol. Let x = be the root of f(x)=0.
: fle)=0
f(x)-f(-x)=9
Put x =, then 0=9 (impossible)

Therefore, f(x)has no root but f(0)=3.
~ f(x)>0,Y x € Ras f is continuous possible function

f(x)=3e7*.

Hence, (a) is the correct answer.
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Exercise for Session 2

1. The value of IO"” log (1+ tan 0) d0is equal to
(@ % 02 (b) - 2 log 2 (c)% log 2 (d) None of these
4
2. For any integer n, the value of J': 0% ¥ . cos? (2n + 1) x - dx is equal to
(@0 ()1 (©) -1 (d) None of these

3. The value of IaL dx is equal to
2 [65-x +x

(a) 1/2 (b) 1/3 (c) 1/4 (d) None of these

4. The value of [ dx is equal to
0 (17 +8x —4x2)(e®1-%) 4+ 1) a
1 2-J21 1 2+ 421
(@) - —=| B log| ST
BVZ1 0| 2+ V21 © 8J2_1°9421-21
1 2-V21 2+ /21
(€) - —= I - d) None of these
8\/2—1{09 2+ 421 J2_1-2H ©
5. Iff is an odd function, then the value ofJ' - —% dx is equal to
-a f(cos x)+ f(sin“ x)
()0 (b) f(cos x) + f(sin x) (c)1 (d) None of these
. . 10 [x2)dx
6. If[x]stands for the greatest integar function, then J' 5 5=
4 [x©-28x +196]+[x“]

(a)1 (b) 2 (c)3 (d)4

7. The value of ['——% __(0<a<n)is
01+ cosa-sin o
(@)= b) ——— (€)== (d) SN
sina sin o sina o

8. Iff, g, h be continuous functions on [0,a] such thatf(a - x) =f(x), g(a - x) = —g(x) and 3h(x) = 5 + 4h(a - x),
then the value of I:f(x)~ g(x)-h(x)dx is
(a)0 (b)1 (c)a (d)2a
9. If2f(x)+Ff(-x)= %sin (x —%). then the value of J'Jaf(x Yx is
(a)o (b)e (c)1e (d)e+1/e
10. Prove that I;)I(f(sinx)dx = %!:f(sinx)dx.

x2sin 2x -sin (%cos x) dx

11. Evaluate I: r—

12. Number of positive continuous function f(x ) defined on [0, 1]for which J:f(x Yix =1, J: xf(x)dx =2and I; X(x)dx = 4.

13. Let! —f—ex—dx and/ =_|'1—-de Then 1Lis equal to
' BELIES . 06x%(2-x3) I
3 3 1
= b) = c) 3e i
(a)a ( )9 (c) (d) =

__e* ., _x) _ _(fta _ Iy .
14. Iff(x)-n—GT.h—I’(_‘)x g{x(1-x)}dx andlz-J"(_’)g(xU x)}dx, then the value ofils

(a1 (b)-3 (c)-1 (d) 2



Session 3

Applications of Plecemse Functlon Property

Applications of Piecewise
Function Property
Property V (a). J.: f(x)dx = I: f(x)dx + Lb f(x)dx,

where c &> R
Proof Let ¢(x) be primitive of f(x), then

[} £x) dx = 0(8) - 6(a) )

and  [* f)dx+ [ flx)dx =[oe) - a)] +[6(B) - O(c)]

={(b) —¥a) (i)
From Egs. (i) and (ii), we get

Lb flx)de=[° fx) dx + f: f(x) dx

Generalisation Property V(a) can be generalised into the
following form

.f: feydx =" floydx+ [ flx)de+..+ f F(x)dx

where, a<c; <€y <...<Cp_y <€, <b
Property V (b).
a al2
[7 fix) dx = [ fxyde+ " fla=x)dx

Proof As we know,
[¢ foydx= [ fooydx+ [ flx)dx

Put x =a —t = dx =—dt in the second integral also,
when x =a/2,thent =a/2and when x =a,thent=0.

[¢ oy de=[;" fexydx+ [, fla=n(-dn
= J‘o"” f(x) dx + jo“’z fla—t)dt
[¢ foodx= [ fxydx + [ fla-x)dx

Property V (c).
0, if fla+x)==f(b-x)

b - a+
o F B2 15 ey d, i fla+x) = 6= %)

Proof Let us consider the function f(x) on[a, b]when
f(a+x) = f(b— x),then f is even symmetric about the

on the interval [a, b] when

o a
mid-point x =

f(a+x)=- f(b-x),then f is odd symmetric about the

L of the interval[a, b]

; ; a+
mid-point x =

. [ 0, iff isan odd function
=~ U =
sing I—a Ji)v { 2f(x)dx, if f is an even function
flb-x)

b o, if fla+x)=—
dx = a+b
= [ fl=)ix 277 fx)de,if fla+x)=f(b~x)

x%, foro<x<1
1 Example 26 Given function, f(x)=

> l Jx, fori<x<2
Evaluate Io f(x)dx.

s s [ fer6e = ! e+ [ s

[ fde=[x?ac+ [* Vx ax

I Example 27 Evaluate the integral | = f: [1- x| dx.

Sol. By definition, |a—b|={b‘;: 1:: a<lI:
a-b, if a>

Il_x|={(1—x),05x51

Then,
(x=1),1Sx<2



p: I: [1=x]dy = I“‘ (L= x)dy + J.ln (x = 1) dy

i o! T ol !
mv—-—] ] —-y
2 Y
S0 - \

At

g

| Example 28 Evaluate

() [ lcos x]dx (i) [ *|x? +2x-3]dx

Sol. (l)j |w\v|d\='|- lw\\'|(1\+f | cos x| dx

= I“ (cos x)dx - -[m (cos x)dx

=[sin x] ¥ = [sin x] %,
=(1-0)=(0=-1)=2

i) [[*1x* +2x = 3] dx

1 o 2 r
=j0 |x‘+2x-3|dx+jl | X +2x =3|dx .

We have, x* +2x =3 =(x+3)(x-1)
x*+2x=3>0 for x<=3 or x>1
andx® +2x-3<0 for -3<x<1
So, | x* +2x -3|
={ (x* +2x-3), for
—(x*+2x=3), for —3<x<1

*. Eq. (i) becomes

2
1=J'o' —(x’+2x-3)dx+£ (x* +2x = 3)dx

) ! 3 :
=—| Xy x?-3x | + X b xtoax
3 0 3 1

=4

| Example 29 Evaluate _[_'l (x —[x1)dx, where []
denotes the greatest integral part of x. !

Sol. Let 1=J’_'l (x - [x]) dx =J‘_‘l x-dx —J'_'l [x]dx

- ("?z)l‘ = U_"l (xlde+ [ [x]dx)

x<=3orx>1
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1 Example 30 Evaluate 'ful |x} dx, where (x) denotes
the fractional part of x.
sol. [* (x}d = [* (x=xDde= [ xav-[* (x]dx

r b
=[‘TJ] -U“' [elde + [ [x]dx)
=%“'°)'le o(1x+j'l2 ldx)

=2-(x)=2-(1)=1
Remark
In above example, for greatest integer less than or equal to x, it is

compulsory to break It at integral limits.

1 Example 31 Evaluate jog {/x} dx, where [x} denotes
the fractional part of x.

sol. [" (Vxhdx =’ (,/;_[,/;]) dx
=J'09 (x"?)dx —J‘og [w/;] dx
i =2} - [ Wrldx
=2pn- ) tx1dx

As [’ Wxldx =0<x<9 and 0<Vx <3
Thus, it should be divided into three parts

0sVx<1<Vx<22<Vx <3
ie. I=20)- [ [Vx)dx

lB-[Ll Wxlde+ [ * Wrlds+ [ [J?]dx]
18—(]’0'odx+L' 1dx+L’ 2dx)

=1s-(o +(x)‘,+(2x)3)=1s—(3+1o)=5

| Example 32 If for a real number y,[y] is the
greatest integer less than or equal to y, then find the
value of the integral L [2sin x1dx.

Sol. We know, -1<sinx<lasxe[rn/23n/2]
= —-2<2sinx<2
*. 2sin x must be divided (or broken) at x =5n /6, 7, 71 /6.
As2sin x = + 1,0, — 1 at these points.

w2 T
.'.jm [2sin x]dx = J‘m [2sin x]dx + J‘s:“ [2sin x]dx

m/e
+[™" [2sin x)dx+ L;":’ [2sin x] dx
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=j's"”' vax+ [ odx+Lm6 © 1)dx+J'7L“:2 (-2)dx

_(5_"_2)”_(7_"_,:)_2(3_"_22):_5
6 2 6 2 6 2
| Example 33 The value of L:oo [tan™" x]dx is equal

to (where [] denotes the greatest integer function)
(a) tan1-100 (b)m/2-tan1
(c) 100 —tan1 (d) None of these

Sol. LetI= Lm [tan™! x]dx

where [tan~’ x] is shown as
2
>3 PR e —
L M i
1'.'1
—tan 1 |tan1
--------- i i -1
s W .
-2
1 ~——
—tan 1 O tant
~—r—e -1
—_—r— +-2

Iom [tan™! x] dx is shown as

Y

o tan 1 100

=1x(100 — tan 1)
Hence, (c) is the correct answer.

| Example 34 The value of
I min{x —[x],— x —[— x]} dx is equal to (where [.]

denotes the greatest integer function)
@12 (b)1
() 3/2 (d)2
Sol. Let f(x)=min(x = [x], - x = [~ x]) = min ({x}, {~x})
Graphically, {x} and {-x} could be plotted as;

X' — o

20 -1

2
From the above graph, we need f-z min ({x}, {~ x})shown as

1/2
o | ol

2 1 1 1
[, f(x)dx_4jo flx)yde=axox1x_=1
Hence, (b) is the correct answer.

1 Example 35 The value of j'lz (™ +[x21% ) dxiis
equal to where [] denotes the greatest integer function

+~/_+(2f 2*")+ e -3%3)
(b)3+~/§+‘/— (2‘/_ "-)+ 50" -3%3)
(c)= +£+ 1 (2‘/‘ 2~/-)+ (9 3./_)

(d) None of the above
Sol. Let I=[* (<"1 4 () ax

=Lﬁ (x+l)dx+Lf

2 73
2 3 x & 2
=[x_+x] +|:x—+ 4 + "_‘+ =
2 i 3 log 2 W7y 4  log3 o

=i+\/§+£+
4 3

(x? +2')dX+IJ2; (x® +3%)dx

1 3 _2 1 .2
— @ -2ty 1 (32—
82( ! log3( ™

Hence, (b) is the correct answer.

I Example 36 The value of fom [|sin x|+|cos x|1dx is
equal to
T
(@) = (b)

(c) 3?“ (d) 2n



Sol. Let f(x)=[|sin x|+]cos x|]
As, |sin x|2sin? x and|cos x| 2 cos® x
|sin x|+|cos x |21

|sinx|+|cosx|$,'12+l2

= lslsinx|+|cosx|S\E

and

Thus, [|sin x|+|cos x|]=1
2
Jo " [[sin x| +| cos x |] dx =Lu ldx=2n

Hence, (d) is the correct answer.

| Exgmple 37 The value of the definite integral
E sin|2x-o| dx, where o € [0, ], is

1+ cosa 1-cosa
C d
(c) 5 (d) 5

Sol. Let = I(:_ a)sinllldt, where2x-o =t = dx= &
= 2

(a)1 (b) cosa

10 s =
=-I -smtdt+lr sintdt
27-a 270

1 0 1 -0
=|—cost —| —cost
2 et 2 o

= l[l~cosa]—%[—cosa -1]

~n

1
(1-cosa)+5(1 +cosa)=1

NI N -

(1-cosa)+ %(1 +cosa) =1
Hence, (a) is the correct answer.

I Example 38 Let f be a continuous functions
satisfying
; 1 for 0<x<1
f (Inx)—{e,_1 for  x>1

and f(0)=0,then f(x) can be defined as

1, if x<0 | 1. if x<0
(a)ﬂx)-{l_ex‘ if x>0 (b)ﬂx)_{ex-I, if x>0
_[x, if x<0 | x . if x<0
(c)ﬂx)-{ex, ¢ ws0 (d)f""-{ex_1, if x>0
7 _J1, for 0<x<1
Sol. f(lnx)—{x_ fy ot

Put Inx=t = x=e¢'

Forx>1; f’(t)y=¢' for t>0
Integrating f(t)=¢'+C; f(0)=e"+C = C=-1

(given, £(0)=0]
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f(t)y=¢'-1, fort>0 (corresponding to x > 1)

Therefore, f(x)=e*-1,for x>0 .(i)
Again, for0< x <1,
f'(lnx)=1 (rx=e")
f'(t)=1, for t<0
f(t)y=t+C

f0)=0+C = C=0 = f(t)=t, for t<0
=  f(x)=xforx<0
Hence, (d) is the correct answer.

1 Example 39 The integral
5n /4 ; .
j P (|cost |sint+ |sint |cost)dt has the value
T

equal to
(@) o (b)1/2
©1/2 (d)1
Sol. Let

n/ 2 . T . .
I= LM 2sint cost dt +Ll2 [(-sintcost)+(sint cost)]dt‘

zero
sm/4
+ L (-2sin t cos t) dt

n/ 2 n/4
= j' sin 2t dt —J' sin 2t dt
n/4

5
n
These two integrals cancels
= Zero.

Hence, (a) is the correct answer.

1 Example 40 The value of J'oz f (x) dx, where

0 whenx—L n=1273

fx)=1" n+1" " 7777 3is equal to
1,elsewhere

(@)1 (b) 2

(€3 (d) None of these

2 2
Sol. Here, J-o f(x)dx =L e IJI; il +J-z:/;;4 i+

n
1 2
+ L_"lldx+...+‘[‘ 1dx

1 2 1 3 2 n n=1
== |+ === |+|==-=|+...+ - +o+
O o I Prrit s R

n
= +..+1, asn > oo
n+1

We take, limitn — oo
We have, Ioz f(x)dx=1+1=2

Hence, (b) is the correct answer.
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Exercise for Session 3

10.

11.

The value of I_: {l x =2 + [x]} dx, where [.] denotes the greatest integer function, is equal to

(@)5 (b)6 ©7 (d) None of these
The value ofI_a1 (Ix|+]x —1])dx is equal to

()9 (b)6 ©3 (d) None of these

1 -
Letf(x) = x - [x], for every real number x (where, [x]is integral part of x). Then, the value ofj'_1 f(x)dx is equal

to
(@0 (b) 1 (c)2 (d) None of these
2 . . .
The value of Io [x + [x + [x]]]dx (where, [.] denotes the greatest integer function) is equal to
(@)2 (b)3 (c)-3 (d) None of these
x
The value of Iolx] 22[” dx is equal to (where, [.] denotes the greatest integer function)
(@) L (b) -1 (c) X1 (d) None of these
log 2 2log 2 4log 2

The value of _[; {x} dx (where, {.} denotes fractional part of x) is equal to
@) % (b) g (c)-;- (d) None of these
The value of J;4 {x)1*) dx (where, [.] and {.} denote the greatest integer and fractional part of x) is equal to

11 13
@ ®) =

7 19
(c) o (d) T
The value of J’o' [t + 1° dt (where, [.] denotes the greatest integer function of x) is equal to

2 3
@ KLY @+ 9 O KLV g4 92 9
3

© (IXJ ([;] + 1)) + (X1 + 9 (0 (d) None of these

0
The value of J: “[tan"xkix (where, []denotes the greatest integer function of x)is equal to

(a) tan1 (b) 10n
(c) 10n - tan1 (d) None of these

IF£(x) =min{|x - 1L,}x].|x + 1], then the value of f1 f(x)dx is equal to
1
a)1 b) -
(a) (b) 3
1 1
(© 2 (d) o
The value of I:[ZG" ldx (where, []denotes the greatest integer function of x)is equal to

(@1 (b) log, 2
()0 ) ;‘



12.

13.

14.

15.

16.
17.

18.

19.

20.
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10

The value of L "([sec‘1 x]+ [cot™" x])dx (where, []denotes the greatest integer function) is equal to
(a) (sec 1)-10n (b) 10n—sec 1

(c)n—sec1 (d) None of these

w2 . L
The value of I-ulz [cot™ x1dx (where, [] denotes greatest integer function) is equal to

(a) m+ cot1 (b) 7 + cot2
(c) ™+ cot1+ cot2 (d) cot1+ cot2

/4 . st
The value of jo (tan"(x —[x1)+ tan""?(x —[x]))dx (where, [1denotes greatest integer function) is equal to

1 1 1 1
(@- b) — d
n P (c)n(n—1) ()n(n+1)
The value of J':[xz - x + 1jdx (where, []denotes the greatest integer function) is equal to
@5+5 by 15 =5 @ 5=Y5
2 2 2 2

Evaluate _f:[x"]dx. (where, []denotes the greatest integer function).

Prove that J': [xkx = x[x]—%[x]([x]+ 1), where [] denotes the greatest integer function.

X
Iff(n)= JJ:O”_— (where, [1and {} denotes greatest integer and fractional part of x and n € N). Then, the value
{x}dx
0

of f(4)is ...

Iff(n)= I:[cost]dt, where x € (th 2nm + 2) n € N and [] denotes the greatest integer function. Then, the value
)
m
If I:[xhx = .[:)x ]xdx, x e integer (where, []and {} denotes the greatest integer and fractional parts respectively,

then the value of 4{x} is equal to ...

of isi..




Session 4

Applications of Even-0dd Property and
Half the Integral Limit Property

Applications of Even-0dd
Property and Half the Integral

4 :
| Example 42 Evaluate 'f_://“ x*sin® x dx.

Sol. Let f(x)= x7 sin* x, then
lelt Property f(=x)=(=x)*sin* (- x) = = x° [sin (- x)]*
Propezty VL. =- x* (-sin x)* = - x* sin* x = - f(x)
J'_"a f(x)dx = 2 I: f(x) dx, if f(x)is an even function So, f(x)isan o’s:i functio;. i
0, if f(x)is an odd function Hence, _[_ e J(X)dx =0

Proof We know,
I f(x)dx = J.f(x)dx+j f(x)dx,ifa<c<b

w4 .
ie. I x*sin® xdx =0
-n/4

1 Example 43 Evaluate _[_1;//22 sin? x dx.

= d d G
I‘“ b I‘“ Finke +'[° TR B Sol. Let f(x)=sin? x, then
Now,j'° f(x)dx =j° f(~t)(~dt), wheret=—x f(= x)=sin? (- x) = [sin (- x)]* = (- sin x)?
- ¢ =sin® x = f(x)
=— J. : f(=t)dt =_[: f(=t)at So, f(x)is an even function, hence

e J.K/z (sin® x) dx =ZI"“ (sin® x) dx
=I f(~= x) dx (using properties I and II) 2 o
0

= J'NIZ 1- cos 2x dx
a . . o 2
dx, if f(x)is even
= Io f(x)dx, if f ...(id) =(x_sin2x]n/z_£
_I: f(x)dx, if f(x)isodd 5 ), "3
nlz
From Egs. (i) and (ii), we get _[_ s sin? xdx =L~
a _ ZJ"l f(x)dx, f(x)iseven
| eee=) e o, if f(x)isodd 1 E’“M“PIe 44 The value ofj Iog( )dx is equal to
; b)1 o
I Example 41 Evaluate J.-11 (x® + 5x +sinx)dx. (a) 2 (b) (01 (do
Sol. Let, f(x)= x> +5x + sinx Sol. Let flx)= log( = )
. f(=x)=-x*-5x —sinx = = f(x) .
So, f(x)is an odd function). Now, f(-x)= log( L ) _ 10g{ ;; x )
X
Hence,‘l’_ll (x3 +5x +sinx)dx =0 =—log[ Geae )
B
5 0, f(x) is odd f o f- x)=_k,g(§;§ )=_f(x)



i.e. f(x)is an odd function.

So, f f(x)dx__[ (

]dx 0
x

[ , if f(x)isodd
[' J:,. flx)dx = {J‘ f(x)dx, 1ff(x)|seven:|

Hence, (d) is the correct answer.
1 Example 45 The value of
X sin (2x)-sin ( Ecos X )

n 2

A 2x—m) dx is equal to
8 i 8 n?
(@) = (b) S (© = () W
x sin (2x) - sin ( T ocosx )
Sol. Let I= j'o" : 1: dx ()
x —
(m— x)-sin 2(m - x)-sin (g cos (T — x))
I= -[0 2(M-x)-m o
(m = x)-sin (2x) -sin( % cos x)
I= Jo T de (i)

Adding Egs. (i) and (i), we get

n
(2x — ) sin 2x +sin ( r cos x)

2= L dx

T
= I=1J'xZsinxcosx-sin(—cosx)dx
2% 2

(2x - m)

(put cos x =t, then — sin x dx = dt)

e
=Zfolt-sin(-;£ )dt

(using by parts)

_ 8
__z

(=(50)]

Hence, (c) is the correct answer.

Chap 02 Definite Integral 101

cosx e 2xcos’x/2
I Example 46 If f(x)=| x> secx sinx+x® |,
1 2 X+ tan x

(X2 Lf(x)+ f”(x)1dx is equal to
(c)2 (d) None of these

2x cos? x/2

then value off
(@1 (b) -1
cos X e"z
sin x + x>
x + tan x

x?  secx
| 1 2

= f(=x)=- f(x)
= f(x)isodd. = f’(x)is even.
= f"(x)is odd.
Thus, f(x)+ f”(x)is odd function, let

d(x) = (x*+1)-{f(x)+ f"(x)}
= 0(-x) = - 6(x)
i.e. ¢ (x)is odd.

n2
[ys 00 dx =0

Hence, (d) is the correct answer.

Sol. As, f(x)=

1 Example 47 The value of

j] X .sin”' (2x J1-x?)dx is equal to
=%

(a) 42 (b)a(W2-1) (c)4(2+1) (d)None of these

Sol. Let I=_[l1 %-sin_‘@x\ll—xz)dx
=%
=2J'! s -sin
0 :}l—xz

[using [5, flxyax =2 [ f(x)du,if f(- x)= f(x)]

Put x =sin® = dx = cos 0 dO
I=2J’M sin O

-sin” ! (25sin O cos 8)- cos B d§
0 \/ —sin? 0

w4
=2.[o sme-zede+zj'm (m—20)sin 8 dO

[using sin™" (sin 20) = {n 2_928 n(;j 2 9< : ;4/ 2]

“1@2x y1-x?)dx

LN e L2
—4I° 9-sm9d6+27tjm sdeB—-tI““ 0 -sin® d9
= 4{8(-cos B)}F'*~4 | "1+ (~ cos 0)d0 + 21 (-cose)zf
-4{0(- cosG)}'“-hlI (= cos 0)dd
m- 2+ En- T —a+22=42-4
2 I
=4(J2-1)

Hence, (b) is the correct answer.
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1 Example 48 Suppose the function
gn(x)=x""+a,x+b,(ne N) satisfies the equation

fl (px+q)g,(x)dx =0 for all linear functions (px+q),
then

3
(@)a, =b, =0 (b) b, =030, =-————

3 3 3
ca,=0;b, =-—— d)a,=———:b =-—01—
19 " o+ @ =3 =203

Sol. We have, J’_l, (px+q)(x*"*'+a,x+b,)dx =0

Equating the odd component to be zero and integrating, we
get

2—p+2aLp+2b,,q =0forall p, q

2n+3 3
3
Therefore, b, =0 and a, =-
" T omes
Hence, (b) is the correct answer.

Property VII (a).

J-Za f(x)dx={2‘[o‘ f(x) dx, if f(Za_x)=f(x) }
0 0, if f(Za—x)=_f(x)

Proof We know,
[ feyde=[" e+ [ faydxe .0
Consider the integral J;za f(x) dx; putting x =2a —t, so

that dx = —dt

Also, when x =a,then t =a and when x =2ag, thent =0.

o [* fxyde=[" flea-n)(-dn==[" fea-r)dt
=I°“ f(u-:)d::jo" f(2a—x) dx

[ fex)dx, if fl2a-x)=f(x)
-[° flx)dx, if f2a-x)=-f(x)

(i)

From Eqgs. (i) and (ii), we have

[ fox)dx= 2[ f(x)dx, if fza-x)=f(x) ]

’ 0 ,lf f(20-x)=-f(x)
n X

| Example 49 Evaluate | ey i

x

n
I= —_—dx
J:’ 1+ cos® x

Sol. Let

_In (m - x)dx =In T dx _Jn x dx
"D 14cosP(m-x) T 1+cos’x 0 14cos’x
n dx
I=n _—1

L 1+ cos? x

n dx n/2 dx
= =271
= = '[0 1+ cos? x J

s 0, f(2a—x)=- f(x)
[usmgj:J f(x)dx = 2]‘0“ f(x)dx, f(2a—x)= f(x)

2
n/2 sec” X

= I=1tI —2——dx
0 sec” x+1

0 1+ cos’x

(dividing numerator and denominator by cos? x)

2
n2  sec” x
I=TEI —e—z—dx
0 2+tan®x
Put tan x =t =>sec’ x dx =dt
Also, when x = 0,then t = 0and when x = 1 /2then t = o
« dt n gt )"
Hence, I=n — i | EARTY
f 2412 JE( V2 ),
_m (E—o)— n?
V2 \2 22

I Example 50 Prove that
n/2 i n/2 s
_[o log (sin x) dx = Io log (cos x)dx = — 5 log 2
Sol. Let I=["™" log(sin x) dx ()
Then, I =Lm2 log sin (n/2 - x) dx
n2
= L log (cos x) dx ...(ii)
Adding eqs. (i) and (ii), we get
2l = Ioﬂ“ log sin x dx + Lmz log cos x dx
n/2
= Io (log sin x + log cos x) dx

= Iomz log (sin x cos x) dx = Lmlog (—_2 2ia :;cos x)d_‘
= [, 1o (%) dx
= .[omz log (sin 2x) dx - Lm (log 2) dx
= Lﬂ/ L log sin 2x dx - (log 2) (x),¥?
= 2= J'onlz log (sin 2x) dx — % log 2 (i)

/2
Let I, = Io" log (sin 2x) dx



n2
Hence, Io

n . o,dt _1en ] y
= J; log sin t i L log sint dt (putting 2x = t)

_l. n/2
= 2 2.[0
2a 0, f(2a - x) = - f(x)
i dx = a
[usmgjo f(x) X {2‘[0 f(x)dx, f(za—x)=f(x)'
=J;M2 log (sin x) dx

log (sin t) dt

-~ Eq. (iii) becomes 2] = - % log 2

logsinxdx:—glog?_

Remark
Students are advised to learn

i
| Example 51 If f(x)= —_[ox log (cos t)dt, then the
value of f(x)-2f (%+

()

X
Zlog2
(C)3 og

Sol.

-xlog2

log (sinx) dx =I:/2 log (cosx) dx =— glogz

X T X
=l+2f[=-=]i
2) ( 2) IS equal to

b) Zlog 2
()20g
(d) None of these
T X n/4+ x/2
Here, f(:+;)=—jo log (cos t) dt
T X /4 - x/2
f(;‘;]—‘fo
=- Ion“ log (cos t) dt — LZ‘ E
. X E_x
..2f(4 ) zf( 2)

n4-x/2 n4+x/2
=2 P log (cos t) dt —2 J-m log (cos t) dt

J'n/4 x/2

log (cos t) dt — log (cos t) dt ...(i)

log (cos t) dt

i log (cos t) dt ...(ii)

. "
Putt = i first integral and t = % + z in second

integral, we get

——2_[ logcos(—-z)dz-z.f logcos(z+ )dz
=—ZI"21 2 .2 d
X og E(cos z—sin® z) |dz

=2["" (log2) dx -2 (g

=x log2—2‘[0x,2

log (cos 2z) dz

log (cos 2z) dz

] Example 52 If [ [
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. LUINE 2 (L 3
.2f(4+2) Zf(4 2) x (log 2)
—2_[0 log (cos 2z) dz

= 2f(%+§)—2f(% %) x (log 2) + f (x)
or f(x)—zf(%+§J+2f(%——)=—xlog2

Hence, (a) is the correct answer.

2
} dx = A, then the value

nx
n 2x2-cos? x
B s /e dx is equal to
0 e
(1+sin x)
(@) A+2n-m? (b) A-2n+m?
(c)2n-A-n? (d) None of these
n 2x* cos? x/Z
Sol. Let B= " (1+sn x)z
B—A=I“ x? (2 cos? x/Z—l)d
(l+sm.7c)z
_ _x"-cos x_
0 (1+smx)z
Using by parts,
xz " n x
B-A={-—— +2" T ax
1+sin x 5 % (1+sin x)
B-A=-n*+2K 0
where, K= I de IRM
1+smx 0 1+sin x
K=mn =
‘[ 1+smx

0, f(2a~ x) = - f(x)

. 2“ -
[usmgj.o f(X)dx—{zj‘: f(x)dx, f(2a-x)= f(x),

= 2K=2n

dx n2 dx
. =2nI —
0 1+sin x o 1+ cos x

2
—21!J‘ —sec —dx 27:{ E} =2n

0
K=n
Thus, B-A=-n%+2K
= B=A-n%+2n

Hence, (a) is the correct answer.
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1 Example 53 The value of
a -1 =1 2
_[_a (cos™' x —sin ,/l—x )dx (a> 0) (where,
IOO cos™' xdx=A) is

(Q) ma-A (b) ma+2A
(c)ma-2A (dna+A

Sol. Let I=j‘_¢n (cos™' x —sin™" {1 - x?)dx
0

=J'_¢(cos"x-sin",/l—x’)dx

+L¢ (cos™' x —sin™! \/l— x?)dx

0
=I cos"xdx+A—2]w sin”' {1 - x? dx
[ i

(asa>0)

0
=—L (m—cos™' x)dx + A -2A

a %
=ﬂ:a—L cos ' xdx - A

=na-A-A=mna-2A
Hence, (c) is the correct answer.

Property VII (b)
L" fx)dx=(b=a) [ filb-a)x +aldx

Sometimes, it is convenient to change the limits of
integration into some other limits. For example, suppose
we have to add two definite integrals I, and I,; the limits
of integration of these integrals are different. if we could
somehow change the limits of I, into those of I, or
vice-versa, or infact change the limits of both I} and I,
into a third (common) set of limits, the addition could be
accomplished easily.

Suppose that I = J: f(x) dx. We need to change the limits

(a to b) to (a’ to b’). As x varies from a to b, we need a new
variable t (in terms of x) which varies from a’ to b’.

b pemmmmmmmmmm—————

> X

Of-=-mmmmmmmm——————

As x varies from a to b, t varies from a to b, t varies from a’
to b’

t-a’ _b'-a’
Thus, =

x—-a b-a

As described in the figure above, the new variable t is

given by,
, [b'=a’
t= + X —=a).
4 [b—a)( )

bl—a’
b-a

o 1= f(x) dx

=f:f(a +(b{’::,)(t-a')J(b’:::,J dt

The modified integral has the limits (a” to b). A particular
case of this property is modifying the arbitrary integration
limits (a to b) to (0 to 1) i.e. a” =0 and b” = 1. For this case,

1=[ fx)dx=(b-a) [ fla+(®-a)) dt

Thus, dt= dx

| Example 54 Evaluate

2 2
_]._us elx+s dx+3J']/23/3e9(x_3) dx.

2
Sol. Here, we know Ie" dx cannot be evaluated by indefinite
integral.

LetI|=J__‘5 elx+s) dx=(_5+4)J’o' eles+x—ass)? g
L=l eV g )
Again, let I, = Lz” e"(x—zn)’dx
\/3
1 1 2]
2_ 1\ "[[;‘;]“;“]
=l S 3
(3 B)L ¢ o
1 2 1
== SN
3.[0 e e S g)
where,I=1,+312=1l+3(__l_l_)=Il_[l=o
3
I_-s e(n-s)l dx+3j2n e”"zn)zdx:O
3

4

Property VII (c) If f(t)is an odd function, then
W(x) =L f(t) dt is an even function.

Proof We have, ¢(- x) = L_ ) f(t)dt
= O=x)=["" fyde+ [~ fe)ar
=

A=x)=0+["" f(t)dr

[ f(t) is an odd function, then I_“ f(t) dt =0]



= ¢(‘x)=‘Lx f(=y)dy, wheret=-y

= W-0=["fody

[ f is an odd function, then f(-y) =— f(y)]

- o=x)=[" f(t)de
= 6=x)=0(x)

Hence, ¢(x) = Lx f(t) dt is an even function, if f(t) is odd.

Example 55 If =["1 Ll i
| p f(x) Io og o dt, then discuss
whether even or odd?

Sol. Let  o(t)= log( ;%: )

1+t ) _ 1_—_?_ S
NP 294 W 13 T
= &(—t) = — ¢(t), i.e. ¢(t) is odd function

x 1=¢ . X
o(x) = J; log (l—:-t-) dt is an even function.

Property VII (d) If f(t) is an even function, then
o(x) = J.ox £(t) dt is an odd function.

Proof We have, ¢(— x) = Io_x f(t)dt= —J;x f=y)dy,

wheret=-y
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= o-x)==[" fy)dy

[+ f is even function = f(- y) = f(y)]
= o-x)==[" fleydt
= 0(-x) == ¢(x)

Hence, ¢(x) is an odd function.

Remark

If f(t) is an even function, then for non-zero 'a',J'; f(t) dt is not
necessarily an odd function. It will be an odd function, if

jo“ f(t) dt =0, because, if ®x) = L‘ f(t) dt, it is an odd function.

= O(=x)==0(x)

= [ rwdt=- | R(GED

= [Prodes [ roda=-[" rod- [ fod

= [Prod-[ 1-pdy=-[ rat-[ foa
[where, y =—tin second integral of LHS = f(— y) =f(y)]

= 2 1ot =[ fyay-|) feyot

-5 2f” ey dt=0

= - [, ftrat=0 = [ roydt=0

or o (x) =L‘ f(t) dt is an odd function, [when f(t) is even.]

Only, if jo’ f(t)dt =0
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Exercise for Session 4

12
1. Letf:R —Rand g:R — R be continous functions, then the value of I_""lz [f(x)+ f(-= x))g(x) - g(-x)ldx is

equal to

(a)-1 (b)0 (c) 1 (d) None of these
2. The value of J'_: (x|x]) dx is equal to

@1 (b) i) (c)0 (d) None of these

2
2 5

3. The value of J'_: (—x : I i'gx) dx is equal to

(@2-n (b)m -2 (c)2- g (d) None of these
4. if f(x)is an odd function, then the value of I ) —f(Siﬂlex is equal to

-a f(cosx)+ f(sin®x)
(@0 (b) f(cosx) + f(sinx) ()1 (d) None of these
- cos"(1 2x ZJ + tan“(1 2x 2)dx
+ X -x .
5. The value of I-uﬁ e is equal to
T T T T
a)— b) —= C d
(a) > (b) B ( )2—‘/3- ( )Wi
2
6. The value ofj'" cos f dx, wherea >0,is
-x 1+a [IITJEE 2001j
@n (b)am (c)2n @7

1 "
7. The integral f_‘:lzz {[x] +log, (ﬁ-) }dx is equal to (where, [] denotes greatest integer function)

1 1
— b) 0 1 s
-5 (b) © @2 log(z)
8. The value of _[ _“:2 = sm: " 1dx is equal to
1 x _m
()0 (b) (c) = () 2

9. If []denotes greatest integer function, then the value of I-“:z ([g] + ) dx is
@n (O ©0 .
2 @ 2

’ n/4 . b sinx
10. The equation I_m {a| sinx |+ Trootx c} dx =0, where a, b, ¢ are constants gives a relation between

(a)a, bandc (b)aandc (c)aand b (d)band ¢
;2
11. The value of J'_zz im X 1 dx, where [-] denotes greatest integer function, is
-+ -
I n | 2
(a1 (b)0 (c) 4 - sin4 (d) None of these
: : n+1
12. Letf(x)be a continuous function such that Im f(x)dx =n?n € Z Then, the value of ‘[_33 f(x)dx is
(a)9 (b)-27 (c)-9 )27
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41

X
g =t @ *ix = Then, [ £ f(t)dtis equal to
e* -1 -1

e* -1
(a)0 (b) o (c) 2a (d) None of these

13. Letf(x)=

and J’; x3.
2
14. Letf:R - R be a continuous function given by f(x + y)=f(x)+ f(y)forall x, y eR. if Io f(x)dx = o, then
2
I-z f(x)dx Is equal to
(8) 20 (b) o (c)0 (d) None of these
15. The value of J'_zz [[x1] dx is equal to

(a)1 (b)2 (©)3 (d)4
= Directions (Q. Nos. 16 to 17)
1-|x]|xIs1
Letf(x):{o,lal:| |> 1 and g(x)=f(x + 1)+ f(x —=1)forallx e R.
16. The graph for g(x)is given by
Y. AY
a) — /\/ \/\ X
()—3—10 13x (b)-3-2-1o 1 2 38
Y Y
M
. 3 2 -1 |lo1 2 3
(c)—3-2-10123‘(d) X
L1
17. The value ol‘ﬂ[_a3 g(x)dx is
(a)2 (b)3 (c)4 )5
= Direction (Q. Nos. 18 to 20)
n sinx
= —————dx;n=0,1,2,..
Eet. 2 I-n (1+ n*)sinx =
18. Thevalue of/,, , —1,is equal to
(@)nn (b)n (c)-n (d)01
10
19. Thevalue of ¥’ I5n, 1is equal to
m=1
(@0 (b) 5n
(c)10m (d) None of these
10
20. Thevalue of Y I, is equal to
m=1
(@)0 (b) 5n

(c) 10 (d) None of these



Session 5

Applications of Periodic Functions and
Newton- Leibnitz's Formula

Applications of Periodic Functions
and Newton-Leibnitz's Formula

If f(x) is a periodic function with period T, then the area
under f(x) for n periods would be n times the area under
f(x) for one period, i.e.

[;" feyde=n ] fx) dx

Now, consider the periodic function f(x) =sin x as an
example. The period of sin x is 27.

il
e——2n—

\ 0 | A} /\ >
a 1\:\/21; a+2n

e on——

Figure 2.6

on .
Suppose we intend to calculate J: sin x dx as depicted

above. Notice that the darkly shaded area in the interval
[2m, a +27] can precisely cover the area marked as

Iu+msmxdx=f:'sinxdx

a

Thus,
This will hold true for every periodic function, i.e.
a T
[T fx) dx = [ fx) dx

(where T is the period of f(x))
This also implies that

(27 feeyde = [} feydx =nf] f(x) dx

and [0 flx)dx= [ fex) dx

wd [T S = [ fdx #nf] S

4m
| Example 56 Evaluate _[0 | cos x| dx.
Sol. Note that | cos x| is a periodic with period 7.

Let I=4I°"|cosx|dx
[using property, I:T f(x)dx = nj: f(x) dx:|

=4{J-oﬂ/2 cosxdx—j":2 cosxdx}

n/2 n
=4 (sinx) -[sinx) }=4{1+1}=8
{ 0 2

I Example 57 Prove that _|.07'5 e* X gx=25(e—1).

Sol. Since, x —[x] is a periodic function with period one.
Therefore, e*~!*] has period one

1= extlar =25 [" x4y
0 0
. T T
[using property, [77 f(x) s =nf] f(x) ]

=25 "0 dx =25(e")} =25(c — )
=25(e—1)

| Example 58 The value of Iom [sin x + cos x]dx is
equal to

(@)-nm (b) nmc (c)-2m (d) None of these

(where [] denotes the greatest integer function)

Sol. Let I = Lzm [sin x + cos x]dx

We know, sin x + cos x = ‘\/5 sin( x+ % ) ()

1, 0sSx<m/2

0, m/2<x<3mn/4
-1 3n/4<x<m
-2 m<x<3m/2
-1, 3n/2<5x<7n/4

0, 7n/4<x<2m

sin x + cos x =

L" [sin x+cos x]dx:!om2 (1) dx + Lj:“ (0)ax



n 3n/2 n/4 2n
[ (= Ddx+ jn (-2)dx + J’M (- 1) dx + jm (0) dx

(53 )

=-T

Since, sin x + cos x has the period 27.

So, I= Lzm [sin x + cos x]dx =n J;zn [sin x + cos x]dx
=-nmn

Hence, (a) is the correct answer.

1 Example 59 The value of [ ° f(x) dx; where

f(x)=minimum ({x+1},{x —=1}),V x€R and {.} denotes
fractional part of x, is equal to

(@3 (b) 4 (©5
Sol. We know, {x +1}={x -1} ={x}
Thus, f(x)=minimum ({x + 1}, {x — 1}) = {x}

= [ fx)de= [0, hdx=5-(=5) [ tx}ax

(d) 6

[as {x} is periodic with period 1’]
=10 jo‘ (x - [x])dx =10 jo' x dx

1
2
- 10( il ) =5
2 0
Hence, (c) is the correct answer.

| Example 60 Show Iom - [sin x| dx = (2n+1)—cos V,

where n is a positive integer and 0<V <.
[T JEE 1994, 2004]

+V v 3 m+V
Sol. Iom |sinx|dx=_[u |smx|dx+_[v | sin x | dx

=IV sinxdx+nj" | sin x | dx
o o
T T .
[using property, J:“" f(x)dx = njo f(x)dx ie.
v n
I"’m |sin x|dx = "Jv |sin x|dx]

4 .
=|—cos x +nL sin x dx
)

n

=(- cos V+1)+n(— cosx]
)

=—(cosV)+l+n(l+l)=(2n+l)—cosV
Im+vl sin x| dx = (2n + 1) — cos V, where n is a positive
o

integerand0S V<.
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1 Example 61 The value of J'_z cot™! (tan x)dx is

equal to
n n?
(a) Bl (b) "2—
in 2
padid d
() 2 (dm

Sol. Let [ = J-_s:" cot™ ! (tan x) dx

= I=7J-o" cot"(cot(%—x))dx ..(i)

[« [T feode=(m=m [ fx)dx ]

x ,0<x<m/2

As we know, cot™! (cot x) =
M+x, T/2<x<T

ol e 32
|3 -5 L)

Hence, (b) is the correct answer.

1 Example 62 Let g (x) be a continuous and
differentiable function such that

2 [ 572
IO { jﬁ [2x% - 31dx } - g(x)dx =0, then g(x)=0
when x € (0,2) has (where, [.1 denotes the greatest inte-
ger function)
(a) exactly one real root (b) atleast one real root

(c) no real root (d) None of these
Sol. As,1<2x?-3<2 V xe(¥2,v5/2)

= J'J‘?’_z [2x* —3]dx >0,V x € (0,2)

= g(x)=0should have atleast one root in (0, 2).
[ g'(x)=0]
Hence, (b) is the correct answer.

1 Example 63 The value of x satisfying
J‘:[“]l‘l { % }dx = Iom [x+14]dx is equal to

(where, [.] and {.} denotes the greatest integer and

fractional part of x)
(a)[—14,-13)
(c)(—15,—14]

(b) (0, 1)
(d) None of these



110  Textbook of Integral Calculus

- J-za +2[x) { } dx = J‘:x' (14 + [x]) dx

Sol. Given, Iz[“m { -’25 } dx = J'o(x) [x + 14] dx
x
o 2

L 15 s 2
R eI M

using Ionr f(x)dx=n LT f(x)dx and

- [ {i}d”jz’““” { x }dx=(14+[x]){x}

-[xa T f(x) dx = .L"Tf(x) dx; where T is period of f(x)

14 + [x] = (14 + [x]) {x}
(14 +[xDA-{xh=0
[x]=-14
x €[~ 14,-13)

Hence, (a) is the correct answer.
Property IX. Leibnitz’s Rule for the Differentiation
under the Integral Sign

(i) If the functions ¢(x) and y(x) are defined on [a,b]
and are differentiable at a point x € (a, b) and f(x,t)
is continuous, then

i[ f Y et dt]

=
=
=
=

dx (x)

w(x) 0 dv™ (x, w(
_ : d x, y(x))
[ =—f(x1) ”{Tx }f

0(x) ox 44 f(’ )
dx

(ii) If the functions ¢(x) and y(x) are defined on[a, b]
and differentiable at a point x € (a, b) and f(t)is
continuous on [¢(a), ¢ ()], then

d v(x) _d
o ( foa S0V ) = {W)L FOu(x)
—- {00} 0D

1 Example 64 Find the derivative of the following with
respect to x.

(i) J'ox costdt
Sol. (i) Let f(x)= j’o’ cos t dt

"'%(ﬂx»=m5(ﬂ{ ;;(x)}—coso-{ ;;(0)}=cosx

2
(ii) jox cost2dt

using Leibnitiz’s rule, L3
dx.

v (x) _4d _d
20 flerde = - OIS W) dx{¢(x)}+f(¢(x))]

—d—{J‘x costdt}=cosx
dx |70

xz
(ii) Let f(x)= J; cos t* dt
L = cos () {Zd; (x’)} - cos (0)‘{%(0) |
=2x-cos x*

o L J'x2 (costz)dtJ=2xcosx‘
dx \;°°

d (% .
| Example 65 Evaluatea;u/x cos t dt).

Sol. Let f(x)='[l/f cos t? dt
. 4 rx)= 2 {4 o) —cos (L) 1(&)
= dx(f(x))—cos(‘/;) {dx(sl;)} cos(x) {dx B
1 1 1
—mcosx+’;;‘cos ?
d Jx 1 1 1
= E(Im costzdt)=mcosx+;-z-cos(?)
| Example 66 < Pet dt+J”‘2 sin? tdt|=0,
dx \ Jo 0 -

_ dy
find —-
ni e

Sol. We know, % on e ¢ dt + on’ sin? t dr) =0
= e {% (y)} - 2'0{% (0)} +sin?(x?) {% (xz)}

—sin%0 {-‘—:: (0)} =0

_,2 d \
= e Ey+2xsin2x2=0 = Z—i-=—2xc",sin:.\"

I Example 67 Find the points of maxima/minima of

Ixz t2 - 5t+4 dt

0 2+e¢f '
2 2

Sol. Let f(x)=[* L=t g
0 2+e
‘g2

- j’l(x)=x 5x I+4'2X—0

2+e"

=(x—l)(x+l)(x—2)(x+2)-2x

2
2+e”




From the wavy curve, it is clear that f‘(x) changes its
sign at x =12 1 0 and hence the points of maxima are
—1,1 (as sign changes from + ve to — ve) and of the
minima are -2, 0, 2 (as sign changes from - ve to + ve).

d 1

Example 68 Find — —dt|.

! P dx L’ log t
d 2 1 1 d

, — dt |= —(x?
B dx ( J."z log t J log x* dx (x3=
- 3x? 2x
3 log x
d 2 1 1
St —dt|= e
dx ( ‘Lz log ¢ t) log x (=" =)

1 Example 69 If y = jo" f(t)sin {K(x — t)} dt, then
2
prove that 3—)2/+ K2y = Kf(x).
X

)

log x* dx

Sol. We have, y = Jlox f(t)sin {K(x — t)} dt

Differentiating w.r.t. x, we get
dy =
el

Af (x)sin K (x - x)}- %(o) {£(0)sin K(x - 0)}

i {f(t)sin K(x — t)} dt + i(x)
dx i

= KJ’O’ £(t) cos K(x —t)dt +0-0
dy _ x _
- KID £(t) cos K(x — t)dt
Agai.n. differentiating both the sides w.r.t. x, we get

Sex{] &

{f(X) cos K(x—x)- —(X)} {f(0)cosK(x—0)-i(0)}}

2 — {f(t) cos K(x — t)} dt

=1<[-1<J‘0‘ F(t)sin K(x—-t)dt+f(x)—0]

=-K? j’o f(t)sin K(x — t) dt + K f(x)

d’y

=>i=_[(2y+Kf(x) = o +Ky Kf(x)

dx*

I Example 70 f [’ J3-sintdt+ [ costdt=0

then evaluate iy— :
dx

Sol. Differentiating w.r.t. x, we have

d x 2 d ry =
-d—x-(_[m V3-sin® t dt)+;j’o (cos t)dt =0

Chap 02 Definite Integral 111

d , . am d(m dy
P 2 ® o - - — c— — . —
= y3-sin® x T (x) =43 —sin = dx(3)+cosy I

— cos (0) d—‘i—(o) =0

d
= \/B—Sinzx+cosyﬁ=0
dy  43-sin’x

dx cos y

sin x

,x>0. If

d e
it ¥ F =
I Example 71 Let dx( (x))
4 ZQsian
=
K is
(a)10

dx = F(K) — F(1), then the possible value of

(b) 14 (c)16 (d)18

—(F(X))-

smx

Sol. We have,

= J‘ O e F(x) (i)

4 zesmx 4 esm(x) 3 sml
de= [ = [T 2

Now, J-

(x®=1)
= [F(1)}}* = F(16) - F(1)
= K=16
Hence, (c) is the correct answer.

1 Example 72 The function
flx)= on 108 g (sin t+ %) dt, where x € (0,2r), then

f(x) strictly increases in the interval

(a)[: 56“] (b)(— 21r)
n In 5t In
o(3%) o( %)

Sol. Here, f ‘(x)= log, 4in %l (sin x+ %) >0

= sinx+%<1 and (sinx+l)>0
2

= 0<sinx+%<1
= —-1/2<sinx<1/2
= XE(S?T: 7?ﬂ]asxe(ozrt)

Hence, (d) is the correct answer.
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1 Example 73 Let f:(0,%) R and F(x)= [ " t f(t)dt.
12
If F(x2)=x" + x5, then Zlf(rz) is equal to
r=
(a) 216 (b) 219 (c) 221 (d) 223

2
Sol. Here, F(x?*)=x*+x®= jo’ t f(t)dt

Differentiating w.r.t. x, we get
x? f(x?)-2x = 4x° +5x*

= f(xz)=2+§x =f(r2)=2+§r
S pretysan . Dy OE 1)
r=1 2 4
< 2y _ 12(60+13) _
= 3 ffp——ran

r=1

Hence, (b) is the correct answer.

| Example 74 A function f(x) satisfies
flx)=sin x+I: f/(t)(2sint-sin?t)dt, then f(x)is

(@) X sinx & 1-cosx tanx
1-sinx 1-sinx Cosx 1-sinx
Sol. Differentiating both the sides w.r.t. x, we get
f’(x)=cosx + f*(x)(2sin x -sin® x)

= (1+sin? x-2sinx) f’(x) = cos x

= fl(x)_ cos X cos X
1+sin?x-2sinx (1-sinx)?
cos x
Integrating, we get  f(x)= |[———
BPRing. e Ess; ] J‘(l—sin:«)’
dt 1 1
Put1-sinx =t¢, x)=-|—=-= +C
&) Ir’ t 1-sinx
Also, f(0)=0,hence C=-1
1 1-1+sinx sinx
flx)=——-1= LI L
1-sinx 1-sinx 1-sinx

Hence, (b) is the correct answer.

I Example 75 1f F(x)=[" f(t)dt, where

2 ' 4
fit)y= J"' —ILUU—du, then the value of F”(2) equals to
7 15 1517
iy b) — 257 d) ——
(a)uﬁ ()Jﬁ (€ (d) =8

1+¢% .20 2J1+1°

Sol. Here, f’(t)=——‘2—- .

Now, F(x)=[" f(t)dt = F'(x)=f(x)

)

F(x)=f'(x) = F"2)=f'(2)
From Eq. (i), f'(2) =V256+1= V257

Hence, (c) is the correct answer.

Property X. Let a function f(x, ) be continuous for

a<x <bandc<a<d, then for any a€cd],

if 1) = [ fx,0) dx, then =

di(c) ___j-b of (%) 4
a a

Jda
o= X axb 0
| Example 76 Evaluate I( )—J'o e
1 xt-1
Sol. We have, I(b) = J'o dx
d 19 xP-1
e =" Z] 2= |ax+0-0
= U=, ab( In x J o
gt xPlnx 1oy _x"+ll
_Io g d)r—'fo (x)dx—[b"_l L
1 1
T vy
d .
2 TO=57

Integrating both the sides w.r.t. b, we get
I(b)=log(b+1)+C
x* -1

Given, 1e)= ——dx
x
3 I(0)=0
Also, from Eq. (i), 1(0)=log (1) + C
. 10)=C

From Egs. (ii) and (iii),C = 0
= I(b) = log (b + 1)

1 Example 77 Prove that

)

(when b =0) ...(ii)

..(ii)

J'n/Z dx _m(a®+b?)
©  (a’sin?x+b?cos?x)?  4a’b?
Sol. Let 1=J”"2 _ ldx
®  a®sin® x + b? cos® x
/2 2 -
Then, I=-'.o s secz X dx=f dt
a® tan® x + b® 0 g% 42 4 p?
(where, t = tan x)
= 1=i[mn-l(ﬁ) "=L(£_o _n
ab b)), ab\2 2ab
w2
Thus, NN R . | .
I a®sin? x + b? cos? x 2ab f(ab)



Differentiating both the sides w.r.t. ‘@', we get

J- n2 —2asin? x e = T
°  (a®sin® x + b cos? x)? 2a%b
2 sin? x T
= =— L]
I" (a® sin? x + b cos? x)? 4a’b 1
Similarly, by differentiating Eq. (i) w.r.t. ‘", we get
2 cos® x b4
I = = g dx=— ...(ii)
0 (a®sin® x + b* cos® x) 4ab®
Adding Eqgs. (ii) and (iii), we get
lez (sin® x + cos® x) dx _m n
0 (a®sin? x + b? cos® x)*  4d’b  4ab’
w2 dx
= a® + b?
““’ (a® sin? x + b? cos? x)? 3b3 (@ )

1 Example 78 The value of

f"/z Mde'x>0 is equal to

b)m(/1+x-2)

(d) None of these

0 sin? @
(a)11:(,/1+x -1
(c)«/i(,/1+x -1

Sol. Given, f(x):J‘ﬂz Mdﬂ x20

sin® 0

As above integral is function of x. Thus, differentiating both
the sides w.r.t. ‘x’, we get

Fo=[" i

1+ xsin’0 smze

do+0-0

(using Newton-Leibnitz’s formula)
_ J- w2 cosec’ O dO
1+xsin?@® 70 cot? @ +(1+x)

/2
cot© J n

. .
,/l+x ,/1+x°

o fitx
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I )_ 1+x
= f(x):n,h+x+c

where, f(0)=0 = C=-T7
= f(x)=1t,h+x—n=1t(,/1+x—1)
Hence, (a) is the correct answer.
1 Example 79 Let f(x)be a continuous functions for

2
t
all x, such that (f(x))* =" f() ~=— dt and

tant
r)_3
(b)f(z)—u

(d) None of these

£(0)=0, then

() f(%) =log %

© f(f) =2

2

2sec’ t

Sol. Here, (f(x))*=[" f(t)-——at,

4 +tant

On differentiating both the sides w.r.t. x, we get

2£(x). f*(x) = flx)- 25X
4 + tan x
= f'(x): SCC2 X
4 + tan x

Integrating both the sides, we get

flx)= J.:fct x dx =log (4 + tan x) + C
Since, f(0)=0
= 0=log(4)+C
= =-log4

f(x)=1log (4 + tan x) — log (4)

- f(%) =log(4 +1) - log (4) = log %

Hence, (a) is the correct answer.
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Exercise for Session 5

1. The value of J' 1:) sgn(x —[x])dx is equal to (where, [[] denotes the greatest integer function)

(@9 (b) 10 (c) 11 (d) 12
2. The value of j:, & l(x —[x])dx (where, []denotes the greatest integer function)

(@ [x] (b) L;J © xIx] (d) None of these
3. The value of J'_":I;mlsin X +cos x|dx is equal to

a) 24/2n b) v2n . d) None of these

(a) (b) V2 (c) z ,/5" (

1 .
4. Let f(x) = x —[x]for every real number x (where, [-] denotes greatest integer function), then _f_1f(x )dx is equal to

@1 (b)2 (©0 d) %
5. 1f [ f(t)dt = x + [ tf(t) ot, then the value of £(1)is
1 1
(@ 3 (b)0 (c)1 (d) 2
6. The least value of the function ¢(x) = J';M(:isint +4cos t)dt on the interval [5—:—535] is
3 3,1
(a)J§+§ (b)—2J§+§+7__2.
(c) g + % (d) None of these
7. The points of extremum of ¢(x) = J': e~"/2(1-t2)dt are
(@x=1,-1 (b)x=-1,2 c)x=21 (d)x=-2,1
8. Iff(x)is periodic function, with period T, then
(@) [ fodx = [T (x)ax ®) 2 foox = [T £l
(@) [fxxx = [ Flxx (@ [2 oae = [ (e

d esimr zesinxz
9. Let—(F(x))=—, x>0.1If dx =F(k)-F(1), then one of the possible value of k is
ax X 1T X

(a)4 (b)8 (c) 16 (d) 32
10. Let f:(0,0) > R and F(x) = j: f(t)dt. If F(x?) = x*(1+ x), then f(4) is equal to
@2 )7 (©)4 @2
71. Let T >0be a fixed real number. Suppose f is continuous function such that f(x + T) = f(x)for all x €R. If
1= [ f(x)dx, then the value of [ f(2x)dx is
0 3
@) g/ (b)2 © ¥ @6
12. Letf(x)= L’ V2 -t2dt, then the real roots of the equation x2 ~f*(x) =0 are

(@) 1 (b)tjg <c)15‘ (d) £42
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13. Letf(x)be an odd continuous function which is periodic with period 2. If g(x) = jo' f(t)dt, then

(a) g(x)is an odd function (b) g(n)=0forallneN
(c) g(2n) = Oforalln eN (d) g(x) is non-periodic
14. Letf(x)be a function defined by f(x) = J': t(t? -3t + 2)dt, 1< x <3.Then, the range of f(x) is
@02 (b) [-‘_1, 4] © [_2, 2] (d) None of these
COS X
2[" cos™t
15. The value of lim Mdt is
x—=0 2x -sin2x
a)0 ) ] d) 2
(a) (b) > (c) 5 (d) 3
x bt 4t -asi i
16. I jo e 2 asinat g2 sn:4x for all x #0, then a and b are given by
(a)a=z1,b=1 (b)a=2b=2
(c)a=-1b =4 (dya=2b=4
17. 16/(x)= [} ()} "dt and j; Ft)™ =2, then
(@) f(x)=v2x (b) f(x) = y/2log, x
(e)f(x)=~/3x-1 (d) None of these

18. Letf be a real valued function defined on the interval (—1 1) such that e ™f(x) =2+ j: VE* +1dt, for all x € (-1,1)
and letf~! be the inverse of f. Then, (f~'Y(2) is equal to

[IIT JEE 2010}
(@)1 (b) 1/3
(c) 172 (d)1/e
s Directions (Q. Nos. 19 to 20) Consider the function defined on [0, 1] » R
flx)= si_nx_—_;cﬂs_x' ifx #0and f(0)=0.
x [IT JEE 2012]

19. j: f(x)dx is equal to
(a) 1—sin (1) (b) sin(1) -1 (c) sin(1)

(d) - sin (1)
20. lim ?12' J: f(x) dx is equal to

(a)1/3 (b) 1/6 (c) 112 (d) 1/24



Session 6

Integration as Limit of a Sum, Applications of Inequality
Gamma Function, Beta Function, Walli's Formula

Integration as Limit of a Sum

Applications of Inequality
and Gamma Integrals

An alternative way of describing Ib f(x) dx is that the
a

Fos b
definite mtegralL f(x) dx is a limiting case of
summation of an infinite series, provided f(x) is
n-1
continuous on[aq, b}, i.e. Ib f(x)dx= lim h >
a n— oo r=1

b-a

f(a+rh),where h = - The converse is also true, ie, if

n
we have an infinite series of the above form, it can be
expressed as definite integral.

Method to Express the Infinite

Series as Definite Integral
(i) Express the given series in the form Y, % f ( % ) .
(ii) Then, the limit is its sum when n — s,

fe lim 3 —j;f(ﬁ)

n—yeo

(i) Replace ~ by x and ~ by (dx) and lim by the sign of [.
n n A=—se

(iv) The lower and the upper limit of integration are
limiting values of T for the first and the last term of r

respectively.
Some particular cases of the above are

; - 1 .(r
wim 3 21(7)
. n-1 1 1

s e
®) lim ¥, 1f(£)= [0 £ dx
n—bﬂ"r:l n n

where, o = lim L=0(asr=l)

n—e n

Pn

and B=,,li_,m,, i:p(aSr:pn)

Some Important Results
to Remember

_n(n+1)

0 - :

(U)Z":r— P

w3 nt(n+1)?
@) 3 r=r )

! BT
(r-1)
(iv) In GP, sum of n terms, S,, = an, r=1
M,Irkl
(1-r)

(v) sinot +sin(ot +p) +sin(c +2) +...+sinfct +(n—1)B]
=sinnﬁtlz

sinf/2

(vi) coso +cos(o +B) +cos(t +2B) +...+cos [a +(;)ﬁ]
_sinnB/2

sinB/2

1 1 1 1

—t———t—— " 4 =

22 32 42 52 62

sinf[a+(n—1)B /2]

-cos[o +(n—1)B/2]

nZ
1

1 2

—t—t—t—t =l
2 2 6

D _ -0

21

0, -9 0_ -0
e +e . e —e
andsin h@ =

2

e® e

(xi) cos B = ,and sin@ = £

(xii) cos h® =

Remark

Thg methoq of evaluate the integral, as limit of the sum of an
infinite series is known as integration by first principles.



1 Example 80 Evaluate the following :

- 1 2 3 n-=1
(i) nll.m., (n—2+n—z+n—z+...+n—2)
) dim [ e+ L

n—=e | n+1 n+2 2n
o n n n
(iii) lim ML R

nse | n2 412 p? 422 2n?
. 1° +2° +..
(iv) lim ( - : +n ),P>0

s nPH

Sol. Let
n-1

(ii) Let S, = —— +
n+1

Hence, S= lim §, =
n=3 oo

(iii) Let S,

1

J‘ol

(iv) LetS, =

n+2

dx

lim —
n—e n

r=1 1+£
n

—[log(l +x)])

= log 2
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n-i
1 Example 81 Evaluate S = Z ————asn— oo

1
r=0 1’4!‘)2—/'
n-1 1 n-1
Sol. Let S, =
" E:o 4nz—rz r=0 nJ4—(r/n)

n—e n

1 Example 82 Evaluate

1 1
lim | ——+ +oot+t—|
n—e \2n+1 2n+2 6n
[ & e LJ
2n+1 2n+2 6n
4n 1 4n 1 1
—,gl 2n+r_,2=:, ;.2+(r/n)

4 dx
——=[n|2+ 2
o (n|2+x|],

Sol. Let S,

= S=lim S,,=I

n—eo 0

=log6—log2=1log3
S=In3

I Example 83 Evaluate j;a (ax*+bx + c) dx from the
first principle.

Sol. Let x =1+ rh, where h = 4

-1_3
n n
Asx—1,r—>0 and x >4, r—n

j (ax® + bx + ¢) dx = Jlim_ 2hf(1+rh)

lim 2 hla(1+rh)? +b(1+rh)+ c]

n—)oo

lim Y 3[«1(14»3—’) +b(1+3—')+c]
ﬂ—l“r-o’l " n
: « 1 9r? 3r
=3 li —laj1+—+=|+b|1+=
n—lvnon ’go n[a[ nz J ( n)+c:|

T | [a("+9n (n+ 1)2(2n +1), 6n(n+1)
n—oewn 6n 2n
+b (n ) S l))+cn]
2n

=3[a(1+3+3)+b(l+3/2)+c]=2m+$b+3c
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|1 Example 84 The value of

. n 2n 3n (n-1nm\""".
lim |sin—-sin=—-sin—...sin is equal to
n— o 2n 2n 2n
1 1
(@)= b) — c)— d) None of these
)2 ( )3 ( )a (d)
1/n
sol. LetA={ lim sin£~sin2—n~sm3—n...sinm}
n—ee 2n 2n 2n 2n
slog A= lim L log (sin I sin L ...sin M—)
n—e n 2n 2n 2n
1 2(n-1) m
= lim — 1 in —
o 2 og sin =

r=1

_j logsm( )dx
[usingnli_?“fl%f( )=I:f(x)dX]

L
n
L : 2 . TX
~ I log (sin t) - — dt [puttmgT = til
_2-2

log (sin t) dt
[using jo * f(x)dx=2 jo“ f(x)dx, if f(2a - x) = f(x)]

4 T n/2 n
=—{ ——log2 i 1 inx)dx = —— log 2
= { - og Hiusmg‘[o og (sin x) 2 B :l
=-2log2
: log A=log(1/4) = A=1/4
Hence, (c) is the correct answer.
1 Example 85 The interval [0, 4] is divided into n

equal sub-intervals by the points xg, Xy, X5, ..., Xp1, Xp
where 0= X, < X; <X, <X3<..<X,=4.

n
If 8x = x; - X;, fori=1,2,3,...,n, then sljﬂogxiﬁx is

equal to %
()4 (b) 8 (0 -1 (d)16
Sol. lim 3x(x, + x, + x3+..+X,)
8x—0
= lim [4+8+12+ ...... +4-1] ('.'8x=i)
n—=«nln n n n n
O x, x %3 Xn-1 Xo=4
1%
= m—(1+2+3+ A+ n)= lim — 16 "—(""'—l)
n—eep? n—epn 2

Hence, (b) is the correct answer.

2n

1 ,
1 Example 86 The value of lim —-E; is
noeN ;34n?+r?
equal to
@145 B -1+V5  (©-1+v2 () 1+42

1 2n
Sol. We have, hm = E
oen o n2+r2

x Jv-( x2+l)2=~/§—l
el

r

= lim - f
Hence, (b) is the correct answer.

Applications of Inequality

Sometimes you are asked to prove inequalities involving
definite integrals or to estimate the upper and lower
boundary values of definite integral, where the exact value
of the definite integral is difficult to find. Under these
circumstances, we use the following types

Type L If f(x) is defined on[aq, b], then
[ frax|<f 1 £e01ax

Equality sign holds, where f(x) is entirely of the same
sign on|[a, b].

1 Example 87 Estimate the absolute value of the

19 sin x
integral .[ 5 dx.
Sol. To find, I=| [” sa3 LI jl" Sina i)
“’ 1+ x® 1+ x®
) (using type )
Since, |'sin x| < 1for x 210
The inequality | 32X | < L ..(ii)
1+x* | |1+ %%
Also, 10x<19 = 1+x*>10°
1 1 N
= < — 1078 (i)
1+x*  10° |1+ x%)

sm X

From Egs. (ii) and (i), <107 ¥ is fulfilled.

dx

J’W sin x
0 14x?

19
<I 1078 dx
10

19 sin
‘L == dx | <(19-10).107* <1077

0 1+ x

(- the true value of integral = 10™°)



| Example 88 The minimum odd value of ‘a’ (a>1) for

19 sinx
which
10 1+ x¢

(b) 3

19 sin x dx j-w dx
0 14+x*

dx < %, is equal to

()1 (©5 (d)9

Sol. LetI=

0 14+ x°

(-.-sinx<l=sm—x< L
1+x* 1+x°

J-w dx 19 dx

__<I —_—

0 1+xT 0 1410°

(0 10<x<19 = 10°+1<1+x*<19° +1)
9

1+10°

I<

9
T1+10°

.. Minimum odd value of ‘a’ is 3.
Hence, (b) is the correct answer.

Type IL.
sJ( N f’(x)dx)( [ &) ax )

| [ ) gty
where f ?(x) and g?(x) are integrable on[a, b].

1
<;=l+10“>81 or10” > 80ie. a=2,34,5,...

| Example 89 Prove that _[OI (14 x) 1+ x*) dx cannot

exceed ./15/8.
Sol. jo’ Ja+x)(1+ x*)dx < J( jo'(x + x)dx) Uo'(x +x°) de

21 4 1

p (x+£.) (_]

2 0 4 0
35 15
sJ--—sJ—
2 4 8

Type IIL. If f(x) |g(x) on[a, b], then
Lb f(x)dx ZLb g(x) dx. In particular, if f(x) 20,

then Lb f(x)dx |0.

1 Example 90 If f(x)is a continuous function such
that f(x)|0,v xe[2,101and [’ f(x)dx =0, then find
().

Sol. f(x)is above the X-axis or on the X-axis for all x € [2,10].

If f(x) ias greater than zero at any sub-interval of [4, 8],
then L f(x)dx must be greater than zero. But

Chap 02 Definite Integral 119

L! f(x)dx =0, which shows f(x) can’t have any value

greater than zero in the sub-interval [4, 8].
= f(x) is constant in the sub-interval [4, 8] and has to be
zero at all points, x € [4,8].

= f(x)=0, V xe[4,8]
= f(6)=0

TypeIV.Foragiven function f(x)continuous on[a, b],if
youareable to find two continuous functions f (x)and f,(x)
on[a, b]suchthat f;(x) < f(x) £ f,(x),V x €[a, b],then

[ i ax<[’ f(x) dx <[’ f(x) dx.

n_ ! dx T
91 prove that = <| ——=<—+"
l Example 6 IO '4 —X2 _ X3 l‘\/i
Sol. Since, 4 - x2|4-x* - x*|4-2x*>1,V x€[0,1]

Ja-xtfa-x* -2 |a-2x* >1V xe[01]
1 1 PR N T
=>\/47—x2<\f4—x2—x3 J4—2x2 el

J-l dx <I1 dx
0 J4—x2_° J4—x2—x3
<’ 1

0 Ja-2x?
1 1
"li 1 dx 1 ._1i)
= (sm Z)OSI" 7=-4-x2_x333(sm & !

L dx n

Type V. Ifm and M be global minimum and global
maximum of f(x) respectively in[a, b], then

mb-a)<[" f(x)dx < M(b-a).

Proof We have,m < f(x) <M forall xe&[a,b]
b

= J; mdxsj;b f(x)deLb M dx

dx,Y x€[0,1]

=

- m-a)s [ f(x)de<M(b-a)

1 Example 92 Prove that 4 sf J3+ X dx <2V30.

Sol. Since, the function f(x)=/3+ x* increases

monotonically on the interval (1, 3].

M = Maximum value of \IS +x' = J'j +3' =30

and  m = Minimum value of\/:l +x=\3+1" =2
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m=2,M=+30,b-a=2

Hence, Z'ZSLS 1'3+x3 deZx/%
= 45[13 3+ x® dx <2430

1 2
I Example 93 Prove that 1 sjo e¥dx<e
Sol. For0< x <1, we have e’ < e*’ <
e (1 —o)sjo‘ e* dx<e'(1-0)

1 xl
= lsfoe dx<e

Gamma Function

If nis a positive number, then the improper integral
Lw e”* x""! dx is defined as Gamma function and is

denoted by I'n.

©
ie. I"n='|’o e™* x" 7! dx,where xe Q*.

1 Example 94 Evaluate

(i) 1 (ii) T2
as b
’ = - 1~—1 s . -x
Sol. (i) 1"1_1'o e *.x'dr= lim ["e ¥ dx
b
= lim [— e"] = lim (—e ’+e°)
b—r e 0 b—eo
=0+1=1
> b,
(ii) F2=fo e~ x? " 'dx =b1£mm ) € - x dx

b
= lim [—xe-’—e_x}
b— o0 o
= lim [(-bet-e?)-(0-1)]

= lim ___b_l+1 = lim i.’._l).g.]
b oo I boe b

(2

1

e e
Properties of Gamma Function
Gamma function has following properties :
() T1=1,T0=c and [(n+1)=nTn
eg I'5=4T4=4x33=4x3x2I2
=4x3x2x1IN=4x3x2x1

pL N (using L'Hospital’s rule)
— o0 eb

(ii) Ifne N,thenI'(n+1) =(n)!

(iii) [(1/2) =1

12
(iv) J;n sin™ x-cos" x dx =

(v) TnT(1-n)=

,0<n<1

sin nm

(vi)I"mI‘(m+%)

(vii)FlF(—z—)...
n n

Ji

22m—l

I'2m

1

l“( n—l)=(2n) z

n nl/2

I Example 95 Evaluate fom e™ x* dx.

Sol. By definition of Gamma function,

-
J. e * x°
o

-
'[ e % x3
o

dx=f~e_’x4_’dx=l‘4
o

dx=6

n-1
1 Example 96 Evaluate J'(: ( log % J dx.

n-1
Sol. LetT=|' (log—l-) dx
x

Putlogl=t =dc=-¢"dt
x

=0 e = [T e

1 1 n-1
| (log—) dx=Tn
0 x

Beta Function

The beta function is

B(mm)=[' x™"' (1-x)""" dx,

wherem,n>0

Properties of

(i) B(m,n)=B(n,

(ii) B(m,n) = rr (’"

(iii) B(m,n)=["

Beta Function

m), where m,n >0

'n
,wherem,n>0

m+n

xm—l

1+x)m*n
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1 w2 w2
6 2 : _ n
I Example 97 Evaluate Io x8 (1= x?) dx. [72 sint x = [ cos” x ox
n-1n-3 n-5 31 n .
- ) : s IS even,
Sol. Let, I=_‘.1X6«’(1—x2)dx n n-2 n-4 422
< n-1n-3 n-5 4 2 4 =
2 =— w.—+=-1nisodd.
Putletx® =t n n-2 n-4 53 -
= 2xdx=dt

2
| Example 98 Evaluate J.OR/ sin® x-cos® xdx.

1mn
[=—‘[o 52 Ja-t)dt
4 Sol. Using Gamma function, we have

il F(S/Z)r(7/2)=l‘(5/2) [(7/2)

I=lB 1,2 JM J'"“ sin! x-cos® xdv =
22 2 3.7 0 4+6+2 2T6
Cl=+= 2l=————=
2 2 2

531 1 3.1 )(5 3.1 )

by S “x-xI'(1/2 Zx=x-xI(1/2)
=1Q_M_5_" =(2 2P (3727 _3n

2 4-3-2-1 256 2x5! 512

1 Example 99 The value of _[: e~ dx is equal to

Walli's Formula -

r (@)= b=
- N L
An easy way to evaluate J‘o sin™ x - cos” x dx, where 2a 2a
T
mnel,. . () = (d) None of these

. n/2 |
We have,J; sin™ x - cos” xdx=j0 sin” x -cos™x dx
2

Sol. LetI=[" e o
(m-1)(m=3)..(lor2).(n=1)(n=3)...(lor2) = ol. Letl=[" e dx
- (m+n)(m+n=-2)...(10r2) 2’ o i [t L e [ e
when both m and n € even integer. ¢ 2aVt 2a '[‘
=(m—-1)(m—3)...(10r2)~(n—1)(n—3)...(lor2)

(put == v de=dh)

+n-2)...(1or2 1 po oy - -
(m+n)(m+n-=2)...( ) = Io UL BTN (\1sil\q‘[ =% Yy =Tn)
when either of m or n € odd integer. N
lawl 1 T |
Remark e I‘E e N (using [ % =Vn)

If nbe a positive integer, then Hence, (a) is the correct answer.
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Exercise for Session 6

/2 in?
1. The value of f(x) = Io I&g(1+—);:|n_e) de; x 20is equal to
sin

(a)%(q1+x—1) (b) v (JT+ x = 1) ©n1+x-1)

n
2. Thevalueof lim (;) is equal to
‘ \n+r

n—en -
(a)1-log 2 (b)log 4 - 1 (c)log2

3. The value of lim_ %{(n+1)(n +2)(n +3)...(n +n)}'"is equal to
(a) 4o e ©2
4 e

4. 1fm,n €N, then the value of j'ab (x —a)™ (b — x)" dx is equal to

(a)(b-a)”'*"~m!n! (b)(b—a)””""‘-m!n!
(m+n)! m+n+ 1!
- m.
(c)____(b E”J' m! (d) None of these
2t +1
. n! 5:5+1-
5. Thevalueof lim (—n) is equal to
n— oo n
2
(@e (b2 m@f
e e
1 1
G li + + ...+ t i
6. The value of "l_r’nmn{:;"bran+4 = T n erms] is equal to
1 9 1 9
. b= b) — | -
(a)2log(5J ()309(5)
(c)‘—llog(g) (d) None of these

s .32 . .
7. The value of lim —{sin® = +2sin® == + ...+ nsin® 0% 1is equal to
n— e n2 4n 4n 4n

J2 2
(o) % (52~ 150) (6) =7 (62~ 150)
© .9_7:? (151 - 15) (d) None of these

8. The value of f(k) = IO"IZ log (sin? 0 + k? cos? 6) dBis equal to
(@)nlog(1+K)-nlog2 (B)nlog2-log(1+K)  (c)log (1+K)-nlog2

9. Ifm,neN,thenl, ,= IL x™(1-x)" dx is equal to

mlin! 2min| mlin|
(a)(m+n+2)| (b)(m+n+1)l (c)(m+n+1)|
= sin? nd
10. The value of I(n)= [ — 75 ®is(VneN)

nmn nn
(a)m ®) @

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these

(d) None of these



JEE Type Solved Examples :
giggjg Optiqp Correct Type Questions

o Ex. 3 The true set of values of ‘a’ for which the inequal-
ity“'o (37 -2-37) dx 2 Ois true, is

thenf, 7 (X—%)dx e T@0.1] Oec] @be) @ Cm-1Ule)
Sol. We have, [ 3767 -2)dx20

o Ex. 1 Ifj: f(x)dx =§ and f(x) is an even function,

n T
(3): (b)— ©n (d) None of these
? Put3 * =t=3""In3dx=-dt
Sol. Here, f(::)d;r:E P 2 i
I: 2 = ln3f (t-2)dt=0 = [’;—2:] >0
Putx=t—% - i
. = (3—-2'3'")-(1-2]20
= dx=(1+—2)d¢ 2 2
t
2 J"'( - 1 1 T 'I
- ofx)dX—J;. 1 b dt 3
1 ~ B i - 3%_4x3943>0 = (37°-3)37-1)>0
=JT/‘(:—; d“'.[, f(";)’?d' = 3°>3'=a<1 or3°<3"=a>0

1 o (1 1 Thus, a €(-c0,—1]U[0,%0)
=I|-f(t _;)dt ot J’./{; —y] -(~dy) (put t= ;) Hence, (d) is the correct answer.

® Ex. 4 The value of the definite integral

=J:-](t-% dt—J;of(y —l}iy as f(x)is even i
Y Io max(sin x, sin ' (sin x))dx equals to (where,n€ I)

=J’|'](:-%)duJ:i(t-%)dﬁf:/(t—%)dt @ n(n?-4) ®) n(n:_ 4)

(i x—l)dx=rf(x)dx=— 4 :
o x o 2 © n(n*-8) (d) n(n?-2)
4 4
® Ex. 2 The value of Sol. Let I =Iommax (sinx,sin™(sin x))dx
1 [ 2 o 1
x+r — | dx equals to y
£ (few) (852
r=1 k=1 2
(@n (b) n! © (n+1)!  (d)n-n!
Sol. The given integrand is perfect coefficient of H (x+r) x %
r=1 0 n-X
1
n -n/2 X
I =[H (x+r)] =(n+1)!-n!=n-n! RE AN o
=1 o =1
Aliter (x+1)(x+2)(x+3)...(x+n)=¢
So that, when x = 0,then t =Inn! when x =1, thent =In (n + 1)! -2
[In(x+1)+In(x+2) +....... +In(x+n)]=t n/2
( 1 ; 1 . 1 )dx—dt =n[L x dx+I,:z(n-x)dx+I:“(sinx)dx]
+1) (x+2) 7 (x+m)) 2 w1, n?
In(aen)! £l (n+1)t =8 T+7_5 T Y 8
Therefore, I =Iln : eldt=[e' ] L
> n? n® 3n? 2_
=P = (4 1)l —nl=n-n! ="[T+7‘%‘2 =ML4‘Q

Hence, (d) is the correct answer. Hence, (c) is the correct answer.
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_1(“1) &
® Ex.5 limn 2\ "/ .(1'.2%2.3%...n")"" isequal to
1 1
@+e O @OF (d) e

_1(“1] L
Sol. Let L=limn 2 ".1'.2%.3% p")’

n—peo

n—ee 2

mL=um—l("”]1nn+i2 Elnk

1
-—("+1 In +lenxdx+l(n+1)ln
2\ n 2
-
=I x Inxdx=-= = L=e !
A

Hence, (c) is the correct answer.

tCzX
f(t)dt
P i Gl
!—DE xZ -
16 [IIT JEE 2007]

is equal to

8 2 2 (1
@—f(2) (b);f(l) (C);f(;) (d)4f(2)

[ fyae . .
Sol. lin:’x‘ 2 —=1 ‘f(sec x) ZS:C xtanx—0
= xZ o n_ x—— X
1 (applying L’Hospital rule)
_f@)-4_8f@)
n/2 T

Hence, (a) is the correct answer.

® Ex. 7 Let f be a non-negative function defined on the
interval [0,1]. /fJ‘o J-(F@)dx = jo f(£)dt,0 < x <1and

f(0) =0, then [IIT JEE 2009]
1 1 1 1 1 1 1 1
(a)f(—z—)<;andf(;)>; (b)f(;)>;andf[§)>§
1 1 1 1 1 1 1 1
(C)f(E) < Eand f(;) <; (d)f(-i)>3and f(;)< =

Sol. Given, jo’,h —(f(t)dt = I:f(t)dt,o <x<1

Applying Leibnitz theorem, we get
V1-(f (X)) = f(x)
= 1-(f'(x))* = f(x)
- (P =1 F1x) = fx)=£1- 1)

dy
dx
= &Y = +dx
,}1 = yz
Integrating both the sides, we getsin™'(y) =+ x+C
£(0)=0 =C=0

=+,/1-y?% wherey = f(x)

% y=xsinx
= y=sinx=f(x), given f(x)20 forx€[0,1]
Its known that, sinx<x,V xeR*

1 1 1 1 . (1 1
in] -|<= —|<= and —|<=
s]n(2)<2 = f(z) 2 an sm(s) 5

!(1)1
= ==
3) 3

Hence, (c) is the correct answer.

® Ex. 8 The value of lim A r Mdt

20430 %14 mTJIEE 2010
1 1 1
(a0 b) — c) — d) —
( )12 () = ( )64
Sol. lim L [* 180+ 5
x>0 30 4444
Using L'Hospital’s rule,
xlog(1+ x)
hm_dtx o logx) 11
=0 3y? x>0  3x 4+ 12
using ﬁmM=l
x=0 x

Hence, (b) is the correct answer.

40 va
® Ex. 9 The value(s) ofj: xlu*:)dx is (are)
+

[IIT JEE 2010]
2 2
(@=-n (b)— n_3m
T O @o @ ==
4 4
Sol. Let 1=(X{-%)"
0 1+x? %
=r(x‘ “D-x'+a-x*t
o 1+ x%)

o (M52 ap 1(1 + x* - 2x)?
[ =10 - x)%ax + I"W

= b ax?
-Io{(xz S1D-x)* +(1+ x%)-4x+ a :xz)}dx

4
dx
l—xz)

=J:((x2—1)(l- x)' +(1+x%)-4x + 4-



\, 4
-I (x“--t.\" +5x4 + 4—;)(1_\'
o Lk a?
1 4 5§ by
o, O T 5-0)-“’—24
7 6 5 3 4 7

Hence, (n) is the correct answer,

cos )
e Ex. 10 If .[:mo S (xtan0)dx (0 :e%t-.ne I] is equal to

tan )
(a) =cos0 L S(xsin0)dx

sin0)
(b) - tan0 Lm ) S(x)dx

JEE Type Solved Examples :

9 Ex. 11 Let f(x) be an even function which is mapped
from (=7, ). Then, the value of J'_‘“ ( [ f@de+t f(x)]) dx

can be (where,[+] denotes greatest integer function)
(a)0 (b
(c) 2n (d) an

Sol. As, f(x)is an even function, then I: f(x)dx is an odd function.
Also, [f(x)]=12
g(x)= J‘_"“ ( I:f(t)dt)dx+ j_"" [f(x))dx

[ since [f(x)]=1or2]

[as1< f(x)<3]

=0+ [ [f(x)dx
=[" 1ax
or J:de =21 or 47
Hence, options (c) and (d) are correct.
° Ex. 12 Let A, =J:”(min{|x—n|.|x—(n+l)|}) dx,
A, =J::lz(|x—n|—|x—(n+1)|)dx,
Ay=[" (x=(a+4]-Ix=(+3))dx

and glx)=A, +A, +A;, then

9
@A+A+A=9  DA+A+A =

100 100
©3 gx= ¥ @ 3 &(x)=300
n=1 ne=l
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(c) sin0 flnof(xcos())dx

1 Islnl)lm()
tan0 ’sin0

(d) f(x)dx

Sol. Let, I = J'c‘«:f(x tan 0)dx. Put xtan@=zsin6

1 N
1=] , flzsinB)cosOdz

=  dx=cosfdz
tan 0 tan 0
=- cosOL flzsinB)dz =~ cose‘l‘l f(xsinB)dx

Hence, (a) is correct option.

Sol. Here, min {| x—n|,| x —(n + 1)|} can be shown as

y

Ve

(o] <X x+1

A=[" @minflx =l | x~(a+ 1)) de

==X1X=-==
2 4

- Now, 4y=[""*(x=ni-|x~(n+ 1)]) dx

=[an-1e-1pae [put x=n+t = dx=di]
= [~ 1)de=["1de =7 =1
\ \ 1=
n+3
and Ay=["" (x=(n+4)|~|x=(n+3)))dx,

=I:(|‘-4|—|f—3|)df [put x=n+t=>dx=dl]

=I:((4-t)—(3—t))d:=j:1d:=1

Also, g(X)=A,+A,+A,=%+1+1=%
100
5 Y g =g(1)+ g(2) + gB) + ...+ g(100)

n=1

9
RS
4 4 4 4
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JEE Type Solved Examples :
Statement | and Il Type Ouestions

= Directions (Q. Nos. 13 to 15) For the following questions,
choose the correct answers from the codes (a), (b), (c) and
(d) defined as follows.
(a) Statement I is true, Statement II is also true; Statement IT
is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II
is not the correct explanation of Statement I.

(c) Statement I is true, Statement I1 is false.
(d) Statement I is false, Statement II is true.

® Ex. 13 Statement | If f(x) = J'; (x f(t) +1)dt, then
j: f(x)dx =12
Statement Il f(x)=3x+1
Sol. Let [\ f(t)dt =k, so f(x)=xk+1
Now, I;(kt+1)dt=k = §+l=k.sok=2
flx)=2x+1
J‘:f(x)dx=1z

Hence, (c) is the correct answer.

Also

o Ex. 14 Statement | The function f(x) ='[0x\/1+t2dt is

an odd function and g(x) = f’(x) is an even function.

Statement Il For a differentiable function f(x) if f'(x) is

an even function, then f(x) is an odd function.

Sol. If f(x)is of odd, then f’(x) is even but converse is not true.
e.g. If f'(x) =xsinx, then f(x)=sinx-xcosx+ C

JEE Type Solved Examples :
Passage Based Questions

f(=x)=-sinx+ xcosx+C
On adding, f(x)+ f(-x)=constant which need not to be zero.

For Statement I f(x)= J':Jl +dgx) =1+

f(=x) =J'o_’ 1+ %dtt=—y

flex)=-[" J1+y'dy

fx)+ f(-x)=0
=> fis odd and g is obviously even.
Hence, (c) is the correct answer.
® Ex. 15 Given, f(x) =sin> x and P(x) is a quadratic
polynomial with leading coefficient unity.
Statement | J:n P(x)- f"(x)dx vanishes.

Statement Il J:" f(x)dx vanishes.

Sol. P(x)=ax? + bx +¢; f(x)=sin’x
1= P)- f(x)dx

I om
Using LBP. P(x)- f/(x)[>" - j:" P'x)- f(x)d

zero I n

=[P - [P0 S|

[ . m g
_jo P (x)~f(x)dx=zjo sin® xdx=0

Hence, (a) is the correct answer.

Passage I
(Q. Nos. 16 to 18)

Suppose we define the definite integral using the following formula f f(x)dx = b%a( f(a)+ f(b)), for more accurate result

force (@), Fe) == 2(f(@ + WS B+ £,

Whei ¢ igﬁ, then [ f(x)dx = ”—;‘i( F(a)+ f(B) +2£(c)).

[UT JEE 2007]



o Ex. 16 J:lz sinxdx is equal to

() 2(1+~/3) (b) E(Hﬁ)
T
= d
€3 s
T

=-0
Sol. J:lzsinxdx= 2

n

by 0+—

sin(0) + sin{—) +2sin| 2
2 2

Hence, (a) is the correct answer.

=%(1+~/5)

® Ex. 17 If f(x) is a polynomial and if
[ rwax-2( 50+ sy

=0 for all a, then the

t—a (t- a)3
degree of f(x) can atmost be
(@)1 (b) 2
(©)3 (d) 4
Sol. Applying L’ Hospital’s rule,
L S0 S0+ sy -2
t—sa 3(t- n)z =0
SO0 e €9
= t—m 3(t- a)z =0
po-tuo+ -2
= B 12(-a) =0
= lim 8, 0
t—a 12
" 0-10+ -2 10
= =0
t—ta 12(‘ a)

= umm=of’(a)=0foranya.
toa 12

= f{(a) is atmost of degree 1.
Hence, (a) is the correct answer.

® Ex. 18 If f"(x) <0,Y x € (a,b) and c is a point such
thata <c <b and(c, f(c)) is the point on the curve for which
F(c) is maximum, then f’(c) is equal to
@) f(bz—f(a) 2 (f(b)- f(a)
—-a

# b-a
2f(b)- f(a)
(@=2=22 (0
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Sol. F'(c)=(b-a)'(c)+ f(a)— f(b)
F(c)=f"(c)(b-a)<0

= F'(c)=0

sy = SB) = f@)
= flo)= .
Hence, (a) is the correct answer.
Passage I1
(Q. Nos. 19 to 20)
cos(o+B) -—sin(o+PB) cos2pB

Let f(o,B)=| sina coso sinf |.

—cos sino cosP

® Ex. 19 The value of

=& (oo A(Z0)+ (22- B)) s

(a)e™? (b)o
() 2(2e™* - 1) (d) None of these
Sol. Here, f(o,B)=2cosf i.e. independent of o

I= Imea(f(o 0)+]‘(— n) 3—” E- ))dﬁ

=I * @ +2cosp + 2sinP)dp

Hence, =[¢® (2 + 2sinB))¥/2
=4e /2 -2 _z(zeﬁlz _1)

Hence, (c) is the correct answer.

B(f(o B)+ f(o -——B))dB then

(a)e™? (b)2
(c) 2(2e™?* 1) (d) None of these

Sol. Again,I = fzz cos’f (f(O, B)+ f(o,% ‘5)) dB

w2,
= J_m cos“P(cosP + sinB) df

°Ex.20 if1=["

[Nis

/2 /2
= I_m cos’BdB + I—n/z cos®BsinP df
_ /2 3
= ZID cos’BdB+ 0
= I =;e = [I]=2

Hence, (b) is the correct answer.
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JEE Type Solved Examples :
Matching Type Queit_i_gns

® Ex. 21 Match the followmg

Column 1

(A) The function f(x)= |s not defined at

e::osx o (P) _]
inx?
x=0.The value of f(0), so that f is continuous at
x= 0, is ]
o Ld . (@ 0
The value of the definite integral | —————
®) o
equal to a+ bIn2, where aand b are integers, then
(a+b)is cqual to

©

Given, e"rw dO=1, then the value of (g S
_ tannis equal to

(s) 1
(D) Leta, —I", tan~'(nx) dx and

n+l

_J' \ sm"(nx)dx then hm b" has the value

Colu n Ilr

n+l
equal to
Sol. Aa) - (:) (B) - (p), (C) - (s) (D) - (r)
@A) lim er cosx—lz— — &5 - 1-x
x—0 3 sin x x=0 x
= (applying L’'Hospital’s twice)
=W e*“®*.(—xsin x+ cos x) —1
x—0 2x
€% (—x cos x —sin x —sin x) +e*“***(—xsin x + cos x)
=l—b0 2
- )
T2

(B) Put x =u® = dx=6u’ du

J-l 6u’ du_ J-lu+1

—_— du=5-6In2
0 4’44t

=a+b=5-6=-1
© ¢ [ e™® (sec” 0-tan @) dB =1
Put-0=t = do=—-dt
-C"I:e‘(scczr-f- tant)dt =1
[use [ e (f(x)+ f'(x)=¢*f (x)]
= —¢"[e' tant];" =1=>—¢" [~e " tann]=1=tann=+1
f/l:ﬂ tan™" (nx) dx

1/n

(D) n—poo P |
i sin™’ (nx)dx

b
Put nx=t = dx=—dt
n

-l-r tan”! () dt
nnin+1

(2 form)
0

e L
nonin+l
tan~ | —= n
5 gaiay . n+1 __4__1
Use L’Hospital’s rule, ,.h_.n:- —_1(—"—)— = ™ -
sin
n+1 2
® Ex. 22 Match the followmg [IIT JEE 2006]
Column 1 C;)iuﬁn 1 ‘
! _dx 1 2
Zloel-=
(A) .“_1 1+ X2 (p) 2 03(3)
1 dx 1 3
®) J‘om @ 5103(5)
3 dx p
© [z ® 2
= —— -
D) [——— L
(D) le e © 3

Sol. (A) > (s), (B) = (s), (C) = (q), (D) > (r)

1 dx
(4) —
'[-l 1+ x*
1
flx)= 5 is an reven function.
1+ x

-1

(B) I r—— =[sin™" x]'——
S E T
2 x%-1 2 A

_11,,2=11n(3)

2 3 2 (2

2 dx
(D) Let I =j' [put x=sec 8 = dx=secBtan0do)
! x;}x’—l

x=1
x+1

© -4

2lx

=J-"/l sec Otan 0d0
L sec Otan 0
3

= 1do="=
o 3



JEE Type Solved Examples :
Single Integer Answer Type Ouestlons

® Ex. 23 Let f:R— R be a continuous function which
satisfies f(x) =J:f(t)dt. Then, the value of f(In5) is

[IIT JEE 2009]
Sol. (0) From given integral equation, f(0)=0
Also, differentiating the given integral equation w.r.t. x, we get
f(x)=f(x)
If f(x)#0, then m=1 = f(x)=e%”
I fx)

f(0)=0 = ¢°=0, a contradiction
f(x)=0,YxeR = f(In5)=0

© Ex. 24 For any real number x, let[ x] denotes the largest
integer less than or equal to x. Let f be a real valued func-
tion defined on the interval[-10,10] by

£(x) ={ x-[x], if[x]is odd

1+[x]-x, if [x] is even’

2 40
Then, the value of n—f f(x)cosm xdx is.
10 “-10 [IT JEE 2010]

if [x]is odd
if [x]is even

x=[x],

Sol. (4) We have, f(x) ={1 S [a]

f(x) and cos mx are both periodic with period 2 and are both
even.

. K‘:o f(x)costxdx=2 J:of(x) cos Ttx dx
=10 I: f(x)cosmxdx

Jd _f(:l')cosmrdx:jl (l—x)cosﬂ:xd:t:—Jl ucos nudu

\AAA/

-10-9 -2 -

1
sz(x)(:osm\'dx:_"lz(x—1)cosmcd:r=—_f0 ucos nudu

0 1 40
Il f(x)cos nxdx:—zojo ucosﬂ:udu:P

=—I f(x)cosmxdx=4
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© Ex. 25 Let f(x) be a differentiable function satisfying
Flx)+ f(x + %j:m €Rand g(x)= J’o f(B)dt. Ifg(1) =1,

- 8 .
then the value of Y is.

n

Y (g(x+k*) - glx +k)

k=1
Sol. (6) Here, f(x)+ f(x+ %J 1
Replace xby(x+ %) , we get f(x+ %) + f(x+1)=1
On subtracting, f(x)= f(x+1) i)
2 -3 x+ 2
" f0de=[ fode+ | Y fyar

Since, f(x+1)= f(x)
g+ 1= f)de+ 1% J'; f(bdt

gle+2) =[] fyde+2*- j’; fle)dt
g+ k) =[ feyde+ k- j: f(t)de ()
(i)

Also, g(x+ 12)=J:j+

and g(x+k)= J’o f(t)dt +k- [; f(t)dt
Thus, 3} (g0x+ k) - glx + k) =3 (K2 =k)- [} f@yae
k=1 k=1

= 2 (k* —k)- g(1), given g(x) =L f(t)dt
k=1

=(n(n+1)6(2r1+1)_n(n;-l))xl
=n(n—1)(n+l)
3
s 8
2 n =
n=2 2 (g(x+ k) —glx+ k) =2 BDnE+D)

8 x3

((n+l) (-1)__ 1 1
(n=1)- n(n+1) (n— l)n n(n+1)

1 1 J
o =
((n—l)n n(n+1) ]

1 1
=2|| ——— || ——— |+
[1xz 2x3 2><3 3x4)

n(n + l)l_'_
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Subjective Type Questions

® Ex. 26 Find the error in steps to evaluate the following
integral.

r dx  _rn sec’xdx r sec’ xdx
I, I, =l;

1+2sin’ x sec’ x+2tan’ x 1+3tan’x

= % [tan™* (v/3 tan x)] 5=0

Sol. Here, the Newton-Leibnitz’s formula for evaluating the defi-
nite integrals is not applicable because the anti-derivative,

f=) =% [tan™! (/3 tan x)]

has a discontinuity at the point x=2 which lies in the interval
[0.7]. 4
. 1 o
LHL = lim — tan™* /3 tan(E—h) atx=1
h—»oJ; 2 2

= lim 4 tan™" (/3 cot h)

h—)oﬁ
1oy =T 3
J_tan (o0) = 2B ..(i)
Also, RHL = lim Ltan'lw/i?l:tan(1!-+h)]atx =
h—04/3 2 2
=hli—I:10 %m"(—aﬁcoth)
= lim —tan (~e)=——% (ii)
_h—vo Ja_ B m

From Egs. (i) and (ii), LHL # RHL at x=m / 2
=> Anti-derivative f(x)is discontinuous at x=m/2.
So, the correct solution for above integral;

I_Jvn dx _J-x sec? xdx (iii)
0 1+2$i112x © 1+3tan’x

. fea-x)=-f(x) °
Usmg,L f(x)dx= 2_[ f(x)dx, f(a-x)=f(x)
We know, iff(x)=l+5;£szx- flm—x)=f(x)

n/2 seczxdx

*. Eq. (iii) reduces to I =2 Io T
+3tan” x

J_Io = (puh/;tan x=t = sﬁseczxdx=dt)

=E[taﬂ-' Oy
=72-(tan" oo —tan™" 0) =%(% -o) =77§T

J-n dx n
0

1+2sin’x T

® Ex. 28 Evaluate

Remark
Students are advised to check continuity of anti-derivatives
before substitution of integral limits.

b
® Ex. 27 Ibelsinxldx=8andJ;a+ |cos x|dx =9,
b
then find the valueofj; x sin x dx.

b
Sol. We know, I |sin x| dx represents the area under the curve
a

from x=a to x=b.
We also know, area from x=ato x=a+ mis 2.

[ Isin x| dx=38
a
8m R
b—d=22 (i
= == (i)
Similarly, L”b | cos x| dx=9
- il 0-97" (i)

From Eqs. (i) and (ii),a=n/4,b=17n/ 4

17n/4
Hence, I xsmxdx—f xsin xdx

174
1704
=[-xcos x]y/s +I cos xdx

17n 17n
=—Zcos—Z + X cos & 4 [sin x]7¥
2 e ' z [sin x]7/4

4T

V2

b
_L xsin xdx=—22n

sin (sin™'B) | cos (cos ™' x) P

cos (cos™ @)

sin(sin™" x)

Sol. We know, cos(cos™ x) and sin (sin™* x) could be plotted as

*. sin(sin™" x) and cos(cos™! x) are identical functions.

sin(sin™' B) cos(cos™ lx) sin(sin™1 B)
———r—dx= —(R_
Icos(cos 'a) sm(sm x) ‘Lol(cos"u) 1dx (ﬁ o)
PR
y=cos(cos'x) ____y:sm(sm X)
......... . .
H \
H | :
-1 ; A ;
H X - ! s
! B E 1
........ -1 :
...... =)




o Ex. 29 Evaluate I:

Sol. Let

Put

= dx.

B
I=L

x=0acos’ t +PBsin? ¢

Q)

x-o=0cos’t+Bsin’t - =P [sin(t) + ofcos®t —1)]

=Bsin’t—asin® t = (x— o)) =(B - o)sin’t

Similarly, B —x=(— o) cos? t
dx=2(B-a)sint costdt
where, x=0=ssin’t=0 = t=0 (- o <B)
and x=B=>cos’t=0 = t=m/2
. Eq. (i) reduces to
2 —o)sin® ¢t
I ) ‘2(B-a)sint costdt
— o) cos® t
n/z sml .
~I —ot)sint costdt
COS'

Aliter

When
When

;2

sin” t sint

=+——aste[0,n/2]
cos’t cost

=B- a)j:lzz sin’ tdt =B - o) I:lz(l —cos2t)dt
sin2t
=B-o)| t———
-0-as- )

el ool

1=26-0)
put JB-x=t
Let I=jB ~% ax or B-x=t*
@ =X = —dx=2tdt

p-a=

x=0, thenf-a=t* =
x=p, then 0=t> = 0=t

2 ___._W(_zg) dt
t

~J5=
- 2
=—2,/a—_a‘/(ﬁ o) -t dt

_z'[oJ‘ﬁ (JB—a)?—t*dt

B-o) t =
t =i0L) ;=
=2{ -Z-J(B—a)-t2+ > sin ( B_a)]

[ “

&) sin"(l)} -{o + (ﬁ;a) sin"(O)}]
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,/(a’ +b%)/2 X

Ga? +b?)/4 [(xz —a?)(b? —x?)
J(nz-sz)ll %

Sol. LetI=| O oy dx )

o Ex. 30 Evaluate dx.

Put x*=a’cos’ t+ b?sin’ t
= 2xdx=[2a’ cos t(—sin t) + 2b%sin t (cost)] dt
1 .
= xdx=-2-(b2—a2)sm2 tdt
2,42
For x2=2 +b 4 cos?t+bisin’t,

a?+b2=2(1-sin?t)a® +2b%sin’ t

or (a®+b?)=2a"+2(b* -a®)sin’t

1 b11
=  sin’t=- = cos2t=0 = t=—
2 4
2, 42
¥ ,
For FR > b o ? cos? £ + b?sin? t,

3a% + b? =4a’ + 4(b% —a?)sin’t

1 1 1
= sin2t=z = c052t=5 = t=—

6
*. Eq. (i) reduces to
J.uu 1 (b —a®)sin2t
e 2 J(bz—az)sxn t(b* —a®)cos’t

cole A3 )E
e[+

- .
cos x (1—sin x)

G [sin (x + E)]
n/4 4
O s Y

Sol. Let I=
° cos x(1 —sin x)

dt

® Ex. 31 Evaluatej.oﬂ“

1 /4 €% (sin x + cos x)(1 +sin x)
k dx

cos x(1 —sin® x)

_LIRH €®“* (sin x + cos x) (1 + sin x) dx
270 cos® x- cos x
1 /4 gecx
=—I° €% .(sec x tan x + sec x)(sec x + tan x) dx

1 n/4
= I €%°¥ . [sec x tan x(sec x + tan x) +sec’x

+ sec x tan x]dx

/4
=7-2-I0 €%°°% . [sec x tan x(sec x + tan x + 1) +sec’ x]dx

®CX | sec x tan x (sec x + tan x + 1)

J-Inll

*.sec’xdx



132  Textbook of Integral Calculus

Applying integration by parts,

I —T((sec x+ tan x + 1) e*°*} 4

4
_Io (sec x tan x + sec’x)- e“"dx+—j *.sec? xdx

VZ+1+1)e”? —(l+l)e}—T[e““]"“

J_{(

=—(J§+2)eﬁ—ﬁe—$(e & -e)=

JE (1+\/§)eﬁ—

N

/4 x? (sin 2x —cos 2x) dx )

® Ex. 32 Evaluatej'o

(1+sin 2x) cos? x

Sol. Let 1=[ ™" ' (sin2x —cos2x)dx
(1+sin2x) cos® x
=1 _ElEni-conl) (put2x=0)
870 (1+sint)(cos®t/2) g
Lpw o leintoont)
470 (1+sint)(1+ cost)

[using, J-: f(x)dx':_..‘;l fla-x) dx]

()

- 2

(;—l) -(cost—sint)

I=l_[m dat (i)
440

(1+ cost)(1+sint)
Adding Egs. (i) and (i), we get

2
. 3 .
b4 t——) (sint—cost)
n/2 4

1
2I='ZJ-°

/2 int—
e, [T Stoaet_y
0 (1+ cost)(1+sint)

[as J‘:zf(X) dx=0,if f(2a—x) =—f(x)]

...(iii)

(1+ cost)(1 +sint)

.. Eq. (iii) becomes
! .[m mt(sint —cost)dt "
- (1+ cost)(1+sint)
_m J-n/z t{(1+sint)—(1+ cost)} dt
0

8 (1+ cost)(1+sint)
_nJ-n/z tdt _nj-n/z tdt
“8d 1+4cost 1+sint
_nJ.n/z tdt Im (m/2—t)dt
"8 l+cosr 1+ cost
_2m w2 tdt u_ w2 dt
T8 1+cost 167 1+cost

2

T /2 2 11 n/2 2
== t/2)dt—— Bec’t/2)dt

A Io t(sec®t/2) 3 L ( )

n/2

n/z 2
/2
=% Zt-tanij —I" l-2tan£dt -"—(manﬁ)
8 2), o 2 16 25

n/2 2
[(n—0)+4(logcos—;-) }—%{1—0}
0

7[2 2

‘—n{ﬂ:+4lo }—— 7t—+1rlog——1-
8 L N

n? 1 n’ n
=—--nlog2=—-—1log2
8 2 - 16 4 8

CAE]

2
x* cos x
dx.

® Ex. 33 Evaluatej;" (——);-
1+ sin x

n xz Ccos X

0 (1+sinx)

dx =J‘°K x%{(1+sin x)~2 cos x} dx
Applying integration by parts,
1 [plrima ) e, @reng,
-1 ), D -1

2 n x
=(— +2
(-n°+0) Io

-{(i)

1+sinx

[using, J:;l f(x)dx =J.: fla—x) dx]

1=—n’+zjo" AB~7) o .

1+sinx

Adding Egs. (i) and (ii), we get

2l =—2n? +zJ' =
sin x

1-sinx

2 n
=-2n’+2n | .
0 cos“x

=-2n%+2n [tan x—sec x]
=-2n*+2n[0—(-1-1)]=-2n%+4n

I=-n?+2n
® Ex. 34 Compute the following integrals.
S F® gen . —n dx _
(i) J'O fx™ +x )lnx7—

=0

Y n -n dx
(ii) Io fx™ +x )Ian_x2

Sol. (i) Let t=Inx = x=¢
dx=e'dt or £=dt
x
Also, x=0 = t=-o
and X=c0 = t=o0

|7 f + T T =[7 flet+e™)-tde=0
0 i Yo
(- integrand is an odd function of !

i % " = dx = nt , _-nt .
(ii) Io f&"+x )h\x-sz:j'_—f(c ey ——gedt

1+e



N at, anty_te!
Now, it' () = f(e" +e )-‘—

r e

" -nt Nt | t"
Then, h(=t)= fle™ + ¢ )‘(—l)‘c" - t

vert T iae®
(=) ==M1)
Thus, integrand is an odd function and hence

1
-
e e

™A 4t L
I“ ST+ Inx H-.\"-O

e Ex. 35 Show that
() j‘; sinxdy=1 ) J‘“" cosxdy=0
Sol. Let us first evaluate;
1 ='f ¢ Vsinxdy and ¥ =I ™" cos xdx

Usiny integer by parts, we get

I=-¢""cosx—s] ssid)
and J=eVsinx+sl (i)
Subtracting Egs. (i) and (ii), we get
[=me® Ccos X+ ssin x
1+5?
4
= =e |sinx- sinx— cos x
1 s+l 1+s*
_ -w|Sinx-scosx
1+s?
B s 1
Thus, I e ¥sinxdy=—
] st+1
- 3
and I e ™ cos xdx=——
(] s°+1
Now, I: sinxdx= lim ;e'“sinxdx = lim =1

5= 0 5052 +1

= s
e ¥ cosxdx=lim ———=0

N = lim
and L cos xdx ot BT

s=0

® Ex. 36 Find a function g : R — R, continuous in[0, =)
and positive in (0, =) satisfying g(0) =1and

%jo' g’(t)dt:%( [ &0 dt)z.

Sol. Let flx)= fo" gt)dt
= f(x)=g(x)
= % [ oena =% [ g i)

=} 0] =Lueor
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i 1
1 I" X(‘):]Aul([(x»z

2 x 2 x
LA 7 | ap LD
" E'EU‘J“O]‘“ 7 x
1.pX s Hl(f(x))z . .
- AR St (using Eq. ()]

Differentiating both the sides w.r.t. x, we get

Lp poeenit o X2L00) £10) = (fx))*
2100 3

= Sl =2 S (g0 -’

(x;,v(x))z . [ xg(x)) y
f(x) f(x)

= {* -4t +2=0,wheret= xf‘(‘i’;)
o e i o D e
2 f(x)
= Inf(x)=2% V2 In x + constant
2-V2

= f=c'? or o
= gx)=f'(x)=¢ V7 o c, Pl
where, ¢, and ¢, are constants of integration.

But g is continuous on [0, %), then ¢, x‘"ﬁ is ruled out.
gx)=¢ LV2
g0)=c'=1 = g(x)=x”‘E

Hence,

Also,

® Ex. 37 Letl, = j:m tan” x dx (n>1and is an integer).
Show that

() Iy +1 =nL (i)

1 1
—<
-1 2(n+1)

2(n-1)

I, <

. /A x4
Sol. (i) Given, I, =j‘° tan" xdx:jo tan""2 x- tan® x dx
n/4 n/4
=I° seczx-tan"'zxdx—fo tan""% xdx

L
=Io t""%dt—1I,_, where t =tan x

1
t"-l 1
I,,+I,,_z=[ = J S Ll =—

=k n-1

(ii) For 0<x<m /4, we have 0 <tan" x <tan"" % x

So that; o<l <I,_,
L4k a2l gl %1 .4
= l <21,,<-1—
1 n-1
1 1
=

<, <——
2(n+1) 2(n-1)
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° Ex.38 ifu,=[" Feusnix

dx, where n is positive
1—cos x

integer or zero, then show thatU,,, +U, =2U,,,.

Hence, deduce thatj'"/z M = 1 nm
sin?g 2
Sol. U,,,~U,,, =J-oﬂ [1-cos(n+ 2)lx]—[1 —cos(n+1) x] dx
—COos X

=J"‘ cos(n+1) x—cos(n+2)x
0 1—-cosx

dx

2si.n( n+2) T Rl
n 2 2

=Io

2sin? X
2
so(r3)-
in n+2
n+2 n+|—J. dx (l)
E
i i
n+
il _I T = ...(ii)
sin>
2
From Egs. (i) and (ii), we get
n sm("+%)x—ﬁn(n+—)x
(UH’Z_UH’I)_(U"*‘I-UA)=J:) x 2 dx
sin—
2
Upy o+ Uy =20, = 2o DX s x/2

sinx/2

n
=ZI cos(n+1)xdx =2(
n+1

= U,,,+U,=2U,,,

= U, U4, U, arein AP.
1=1
Now, U°=J‘x dx=0
0 1-—cosx
n l—cosx
_J' =n
1 cosx
U,-U,= (common diffe
U,=Uy+nn=nn
U,=nn
n/z /2 1— 2
Now, L= sin ne . j-ﬁ 1—cos2nf
o sin?@ 0 1-cos20
j-ﬂl cosnx 1
=— =—nn
1-cosx 2

o Ex. 39 Prove that for any positive integer K,
sin2Kx

sinx
Hence, prove that Io"/

=2[cos x +c0s3xX +...+Co0SK —1) x]

? sin2Kx-cotxdx ==

sin(n+ l)x)x=0
0

rence)

Sol. To prove;

® Ex. 40 EvaluateI

Sol. Let I= jo

® Ex. 41 Prove thatJ‘o' e S

Sol. LetI= L" e

sin2Kx =2sin x [cos x + cos3x + cos5Sx +
ot cos(2K -1)x]

Taking RHS, [2sinxcosx+25in.\’c053x+ 2sin xcosSx+
..+2sinxcos(2K —1) x]

=(sin2x) + (sin 4x —sin2x) + [sm6x sin 4x) +
..+ (sin2Kx =sin(2K -2) x]

=sin2Kx
2 n2 [ sin2Kx
Now, I sin2K x-cot xdx =I ——— |-cos xdx
0 0 sin x

.—_Im 2 cos x[cos x+cos3x +...+ cos(2K —=1) x]dx
o

®2
=J’m (1+ cos2x)dx+ Io (cos 4x + cos 2x) dx
o
+ J'om [cos2K x + cos (2K -2) x]dx

But we know that,
J'om (cos2nx)dx=0,Vnel and n#0

/2
= I
0

~/2 n
sin 2Kx- cot xdx=j.o ldx+0=;

1+x?

sin" 2x2 dx
1+x? 1+x
Now. s'm'l[ 2x |_ 2tan'x, if-1<x<1
1+x? n-2tan' x, if x>1

NI [ N | 2
~I= sin”™' dx + Y
01+ x? (l+x2] I‘ T sin o dx

1 2tan™ NEgE I =X
=I°_ de_x_‘_J"R 2tan”' x
14x 1 1+x?
3 3 tan™!
I zd"“zj tan~ x
R v+t

' tan'x
—ZI T dx+m
X

4
_ i n3
-zJ'o tdt+ m (tan ‘x),‘/; —zjm tdt  (puttan™' x=1)

73 YA 2\ *
= 5 +n{tan™ V3 - tan™ 1}—2['_]
0 2

L)

1= e dl-—I_xc[:¥)“e_(L'.]'d:
A ), g 1),



212

X
1px —=-— 1 .2 i i
=—| e4 4dz=-e~". ~22/4
ZI“' 2 I—x € dz

<24 [ X 124 1 274 x .2
e I_xe dt=a.e’ .ZL et gy

2l
T2
[using. [ s de=2[" fix)dx, when f- x)= f(x)]

20 pX _g2
=e* “L et dr

x 2 2 x _,2
= Io e x7" dt=e* “.L et g

o Ex. 42 If f(x)=e" + jol (" +te™™) f(t) dt, find f(x).

Sol. We can write f(x)=Ae* + Be™*, where
1 1
A=1 +J’o f(t)ydt and B=Io tf(t)dt

A=+ [| (Ac + Be)de =14 (A€ - Be
A=1+A(e'-1)-B(e'-1)
=5 (2-e)A+(e'-1)B=1
B= fo‘ t(Ae' + Be™')dt
=A(te' —e')g + B(—te™" —e");
B=A+B(1-2¢7")
= A-2"'B=0

From Egs. (i) and (ii), we get
2(e-1)

B= e~1
4e-2¢%"

4-2e

A=

f(x)=M.e’+_el.e"

Hence,
ence, P PR

® Ex. 43 If|a| <1, show that

J-n Iog(1+acosx)dx_nsin_1a
0 Cos X

Sol. Given,|a|<1

= log(1+ acos x)
Lt fl@)=] g—cosT_dx
dx
w7 cos x _
f(a)-jo cos x-(1+a cos x) J"’ 1+acosx

N0)

..{(ii)

(differentiating w.r.t. ‘a’ using Leibnitz rule)

x dx —0.t=0
uttan—=t =—= ,whenx=0,t=
B 2 dt 1+t
and when x=m,t >
2dt
1+

= f'(a)=J'o" e
1+a( )

141
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=I- 2dt =I" 2dt
o (1+t)+a(1-t*) ‘0 (1-a)t*+(1+a)
2 e dt

b —==

“Tea 2
1-a 2 1+a
t"+

1-a

2 1 i fl—a]' 2 n
= Jtan 't f— | =———=
1-a J1+a)/(l-a) 1+a), Ji-a* 2

135

(integrating both the sides w.r.t. ‘a’)

= fla)=msin""a+c
n log(1+ 0 cos x)dx
= —_— =0
But fo=|, =
= c=0

fla)=nsin"'a

n/
]

9 Ex. 44 Evaluatef ? cosec tan™" (c sin B) d®.

Sol. Let  f(c)= Iom cosec O tan™" (csin 6) d©

(sin 0)

———d0+0-0
1+c?sin’ @

fe)= IOM cosec 0-

Jn/z do
o 1+c%sin’@
cosec’ 0d0

(c®+1)+ cot? 0

Im cosec’ 8d0 _J'ﬂli
o ¢?+cosec’® ‘0

1
=————[tan
¢t +1

Fle)=—m

_, cotB

n/2
Jet+1 ]o

24c*+1
Integrating both the sides, we get
ndc
fe)=]

T
2J8—+]=;log(c+,'cz+1)+.4

where, f(0)=A
But  f(0)= Iom cosec Otan™" (0)d0=0

= f(c)=§log(c+ ?+1)

® Ex. 45 Evaluate J:)"/z secO- tan™"' (a cos 0) db.

Sol. Given definite integral is a function of ‘a’. Let its value be I(a).

Then, I(a) =Iom sec 0-tan™" (a cos 0) d©

~/2 1
= I'(a)= sec 0: —————-cos8d0+0-0
(@) -[0 1+a*

cos’ 0

(using Leibnitz rule)

sec’ 0
sec? 0+a’

0= J«oxﬂ

J-u/z 1
°  1+a’cos’®
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_ sec’ @

w2
= S8R (put tan 6=1)
'[° 1+ tan® 0+ a’

=J’" dt _ 1 - t
o #4@+1) Jat+1 a+1),

- (E—o) = I'a)=

=\/a2+1 2

Integrating both the sides w.r.t. ‘a’, we get
I(a)=-;-t-log(a+\)az+ 1|+C

Since, 1(0)=0+C

= I(a)=%log|a+,'l+az|

® Ex. 46 Let f be a continuous function on[a, b]. Prove
that there exists a number x € [a, b] such that

x b
[" ryde= [ f@ar
Sol. Let g(x)=" ft)dt - f: f(t)dt, x€[a,b]
We have, g(a)=~ [ f()dt and g()=], * feydr

= g(a).g(b)=-(ff(,)d,)’so

Clearly, g(x) is continuous in [g, b]and g(a)-g(b) 0.
It implies that g(x) will become zero at least once in [a,b].

Hence, I d f(t)dt =Ib f(t) dt for atleast one value of x €[a, b].
a x

2 a*+1

o Ex. 47 If f(x)=x+ [ (o +x%y) (f(y)) dy. find f2)
Sol. Given, f(x)=x+ xfal ¥ fy)dy +x° Io’ y f»)dy
(14 v sorw) 2 (f) y f6)dy)

= f(x)is a quadratic expression.
= flx)=ax+ bx® or f(y)=ay+byz ..(i)

1
a=1+['y* fiy)dy =1+ y*(ay+by*)dy

where,
4 s)!
=1+(9_+b_y_] e 54
4 5 4 5
0
= 20a=20+5a+4b or 15a —4b =20 ..(i1)
. 1 1 5
and b=[y f)dy =[, yiay +by")dy
3 o)!
= £¥_+b_y_ = b=£+k
3 4 3 4
= 12b=4a+3b or 9b—-4a=0 ...(iii)

From Egs. (i) and (iii),

80
a:ls—o and b=—r
119 119

- Eq. (i) reduces to

80x% +180x
_80x" +180X
fx) 119

o Ex. 48 Prove that
[ rodn du=[" (x—u) f (u)du

Sol. Here, applying integration by parts to
N 1-4[" fy di} du
0 0

—
)14 I

i.e. taking ‘1’ as second function and J.ou £(t) dt as first function,

we have

L‘ 1 { jo" Ji0) dt} du ={ jo“ £ m}: (u)E - J’o’ f(w)-udu

=(u fo" f) dt)o ——J'ox uf(u)du
=x[ ftydt~ L’ uf (u) du
=on (x—u) f(u)du

® Ex. 49 Evaluate J;m” (log | sin x[) (cos (2nx)) dx,n€ N.

Sol. Let I(n)= J':"” (log|sin x|) (cos 2nx) dx
1 n

5 3n/2 g
sin2nx 3n/2 sin2nx
s —I cot x——

2n 0

I(n)=( log | sin x| dx

(using integration by parts)

1 32 sin2nx-cos x 1
I(n)=0—— e =0—— i
(n) = j'o e dx =0 21,(,.) ()

3n/2 sin(2nx) cos x

Let I,(n) =J’o e
L(n+1)= f:m sngnto)ecoas :uzl): COSX dx

3n/2 (sin(2n + 2) x —sin2nx)- cos x s
sin x

& L(n+1)=L(n) =J‘°

=IM/2 2cos(2n+1) x-sin x-cosx .o
0 sin x

n2
= Io (cos(2n + 2) x + cos 2nx) dx

=0+0

=( sin(2n+2) x » sin(2n) x w2
(2n+2) 2n

= Ln+1)=1(n)=...=1,(1)

0

3n/2 sin2x-c In/2 2si 3
l'(1)=I,, osxdx_:J-ﬁ 2sin x cos x cosxdx

sin x sin x



_ w2 i w2
_L 2cos adr=fo (1+ cos2x)dx

( sinz.\‘) el
=| X + ——
2 Jy

LA 1
= k)= P I(n) = I(n)= o L(n) [using Eq. (i)]

3n
In)=——
(n) e

e Ex. 50 Evaluate‘L e ™ sin"x dx, ifn is an even integer.
Sol. Here, I, =I“ e ¥sin" xdx
o
=(-sin"xe %)y +n Io. sin"™! x cos xe™* dx
=nL (sin""" x- cos x)(e™) dx [where (- sin" xe *)g =0]
1 n
= I,=n[(-sin""" x-cos xe~¥)5
-0~(n—1)J0 si.n"'zxcoszxc"dx—f: sin" xe™* dx]
L= n(n-l)L- e *sin""? xdx—n® Io- e *sin" xdx
=n(n-1)I,_,-nl,
= (n*+1)I,=n(n-1)I,_,

=n(n-l)

el S Y
" nt+1 " 2

Replacing n by (n —2),(n - 4),..., 2, we get

_(n=2)(n-3) =('l—1)('l-3)_(ﬂ-4)(n-5)1

A L
... and so on.
2(2-1)

T

_n(n-1) (1=2)(n=3) (1-9)(@=5) 2@-1),

TRl (-2P+1 (o341 2041

n! n!

( I =Io—e" dx= 1)

=r_.1° =
n {1+@n)%
r=1

'illz 1+ 4r°
r=1

® Ex. 51 Evaluate J;l (tx+1—x)"dx,neN andt is
independent of x. Hence, show

L‘x" (1-x)"*dx=

"Ck(n+1)‘
Sol. Here, 1=J'o' (u-{-l—x)"dx:fol (t-1) x+1)"dx

={((l-l)x+ 1)"”}l

(n+1)(t-1) |,

T P R T ()
n+1
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1 1
Again.l:Io (:x+1-x)"dx=j'° {1-x)+ 4" dx
=j°' (1 —x)" + "G (= x)"" (1) + "C, (1 - x)"?
(tx)? + oot "C, (1= x)" " (x)" + ...+ "C, (tx)"} dx
= Io‘ Z; "C-x)" (tx)'} dx
< n r 1 n-=r T
=2_‘; C,t L. {0=x)"" *}dx (i)
From Eqgs. (i) and (ii),

FrC e[ -y dr= T T k)
o o n+1
Equating coefficient of t* on both the sides, we get

1 i 1
"G [ -2 "x"dx="+l

1 i 1
—x) Y T
= L (1-x) <* D)
© Ex. 52 Given a real valued function f(x) which is

monotonic and differentiable, prove that for any real
numbers a and b;

[" 17 200-F 2@nax=[ 1 2xtb-f 7 e

Sol. As, f(x)is differentiable and monotonic.

= f 7N (x) exists.

Let  f7'(x)=t=>x=f(t)ordx=f’(t)dt
As, x=fla)=f{fla}=t=>t=a
and x=f(b)= f ' {f(b)=t=t=b

o [ 2xlb=f@hde= ] 200G fOd

=[" 6-nesw fora
1 o

=G-0UF @Mk + [ (O a
=~Gb-a){f@F+ [ (FOF d
=[] drOF-1f @) de
b 2 2
=[, - @hdx
® Ex. 53 Evaluate

j-l sin8 (cos? 8 —cos? m/5) (cos? 0 —cos? 21/5) ®
o sin50 '

Sol. We know,

29 —1=(z? —1)[:2 —2cos(§)z + 1][:’—2(cosz?n)z + 1]

4n
x( z’—Zcos—S—z +1 )( 12—2c05%2+1)
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s 1 _ 1 e ¢ 2n 1
or z'——=|z-— || z-2cos—+— [[ z—2cos—+—
z z 5 z 5 z
x(z—2c054—"+l)(z—2cosﬂ+l)
5 z 5 z

Put z=cosO+isinB

= 2isin56=(2isin 6)(2 cos 6-2 cos 1 /5)(2 cos 0—2 cos2m / 5)
X(2cos0—2cos4m/5)(2cos0—2cosém /5)

= sin50=16sin O(cos’ 8- cos® 1 / 5)(cos? B cos?2m / 5)

sin O(cos® B cos® 1t /5)(cos® O —cos?2m /5) _ 1

sin50 16
Il sin 6(cos® - cos® 1t / 5)(cos® B — cos? 21 '5) 4o
o sin50
111
0 16 16
n ﬁc
® Ex. 54 Showthat lim X —K—e—Z.
n>e k=0 pK (K 4+3)
n "Cx 5 1 1
Sol. li —_—lim o Ll
A 00 nK(K+3) n—ee g K+3 & IIK
=i e K+2dx K#de
,.h_'.’lé I ( K+3 Io

(2 B e (5] e
=jo' x‘{ nu_{r_._(n’;‘)n}dx
[l et [+ am (102] =]

=(x*-e")y —J;l 2x-e'dx=¢—2{ (xe"'):,—J:)l e* dx}

=e-2{e—e+1}=e-2

2
° Ex.55 Letl=[ L
acosx +bsinx
and_l=‘|'"z St dx, where a>0and b>0.
0 acosx+bsinx
Compute the values of  and ).
Sol. - al +bJ =£ i)
n/2 bcosx—asinx
and bl -aj= I acosx+ bsinx
iR bl - aj =In[acos x + bsinx]}'?
oy bl-aJ=In (3) i)
a
From Egs. (i) and (ii),
a’l +abj =?

b%I -abJ =bln(b/a)

. ﬂ+b1n(3)]
a®+b%| 2 a
bn

Again, abl + b =—
and ab[-g’]:aln(b/a)

: -1 ﬂ—aln(g)
On subtracting, we get J = 2+b% 2 a

Aliter Convert acosx + bsinx into a single cosine say
cos (x + ¢) and put (x + ¢)=t.
Inxdx
® Ex. 56 Evaluate r I,
° x*+2x+4
Sol. | =J'-Tl%
0 x*+2x+4
x? and constant term same)
J- an+lnt E@- dt 1= _Intdt

WreeD 2% Freet 20 Pried
L I, =zero

(put x =2t = dx =2dt to make coefficient of

_J-" Intdt
2o 2yt
I° Iny-(+1) 5

1 1 2
—t—+1ly
s -

[putl:l :dt:—dey)
y y

0 Inydy 0 Inydy
I,= =— =-1
4 'L y2+y+1 "‘" yz+y+1 2
- dt 2 L [t+a/2F |
NOW.I,=I ——:[—tan ‘*
0 2 2|3
(34.1) +(£) \/5 o
2 2
___i[£_£]= 2n _In2 2n _mln2
Vilz 6] 343 2 353 33

In xdx
ax® +bx+a
[Hint By putting x=1/t, we get I =-I,s0 I =0]

Note Fora>0,I= I

® Ex. 57 Find a function f, continuous for all x (and not

zero everywhere) such that f?(x) =J" f(t) sint
0 2+cost
Sol. We ha 2 f(t)sm:
5 ve, f4x)= L s dt

(Note that f%(x) being an mtegml function of a continuous
function is continuous and differentiable)
2f() ()= L S0 x
+cosx
Inlcgratmg. we get 2 f(x)= C In(2 + cosx)
$ x0=)f(o)0=:C In3
3
x =— Inee—= ___
flx) 2

2+ cosx



r tan 'ax—tan”' x

® Ex. 58 Evaluate

, —————dx, whereaisa
parameter. . lx
oo t r e -
Sol. Let 1=J' lan "ax~tan ¥ g
X
ﬂ_r 1-x = dx
da %0 (1+a°)x 0 1+a%x?
1 = dx
e o -1 _qe _
azjo L [atan™ x]7'=—
x*+—
a

Whena=1and I =0thenC=0

Hence, I=§lna
" 2D
® Ex. 59 Evalute -[o de(az <1).
x2J(1-x?)
Sol. Let I=[ In@-a®") ) laj<1
0 42 [(1_"2)
dl ¢ -2ax’ dx .
o= N e (put x =sin6)
da ‘I-° (1-a’x®) x2y1-x?
n/2 2ad® _Jm/z 2asec’ 0 dO
_'[” 2%sin?0-1 %  a’tan?6-(1+tan’0)
_._J'“IZ __Zaﬁz_ea—e__ (Put tan0=1)
" do (1-a%)tan’B+1
2adt 2a dt

-ID (1~a2)‘2 +1

*i=an b :u( : T
1-a’

Chap 02 Definite Integral

139

__ 2a [tan"h/;—_az-]: - T -2a ___Ta
V1-a? 21-a? 1-a°
or I=ny1-a*+C
If a=0and I =0,then C=-7
1=n(J1—a’—1)
2 1+asinx) dx
® Ex. 60 Evaluate [ In| | ——(la|<1).
0 1-asinx ) sinx
% 1+ asi dx
Sol.let  I=[" ln(—a—s.uz)’._(|“|<1)
0 1-asinx /sinx
dI_J-nlz 2sinx .dx
da 70 (l-azsinzx) sinx
_.[m 2sec’ x
o 1+tan’x-a’tan’x
/2 2sec’ x
= ———— ut tanx =t
L (1-a*)tan®x+1 @ )
sl 2dt 2 J.- dt
0 (1-a%)t?+1 (1-a%) " 1 ¥V
2+
1-a*
= = [tan"YtV1 -0 =
vi-a® 1-a°
o di= nda

Hence,

.

1-a’
Whena=0and I =0, thenC=0

I=nsin"\(a)

I=msin'a+ C



Definite Integral Exercise 1:

~ Single Option Correct Type Questions

1.

2 .
The value of‘[: (" - 4y +5)sin(y - 2)dy is

(2y* -8y +1)
(@)o ()2
(c) -2 (d) None of these

Let f(x)=x* +ax + band the only solution of the
equation f(x)=minimum f(x)is x =0and f(x)=0has
root 0. and 3, then J': x? dx is equal to

(a)%(ﬁ‘ +a') ) %(a' —bY)

(©) 0 (d) None of these
. j:“\/(:& —2sin®t)dt + L’cos tdt =0, then (%) atx=m
andy=mis
@+3 ®) -2
(c) - NG (d) None of these

ju sin ™' (sin x) + cos ' (cos x) dig log[(l + x’)J

el ]

-n
+brtan”| &
1+cm

J(where, [[] denotes greatest integer

function), then number of ways in which a—(2b+c)

a-5
distinct object can distributed among —— persons
c

equally, is ' .
9 12! 15! 10!
(a) ay () @y (c) oy (d) o x3!

. The value of the definite integral

I- _dx____ (a>0)is

o (1+x)1+x?)

@ ®7

(OGR4 (d) Some function of a

. The value of the definite integral

J':m [(1+ x)sin x + (1 — x) cos x]dx is
3n n
(a) 2 tan -E- (b) 2 tan T{

(©2 lan% (@0

m  tan”' (nx)

7. LetC, = dx, then lim n? . C, is equal
mel gin™! (nx) A -
to
(a)1 (b)o
©-1 @3

8.

_ . ! dt !
If x satisfies the equation ‘L ——————“2 FEYETEY
A
-

xXis

’ o
ik 2sina
(0) " _“

sinQ

as
b andl dr) x—2=0(0<o<m) then the value of

t?+1
2sina
b) x|/
(b) J =
((l)tZISi“u
o

« tdt
9.1f =e*™ and g(x) = . then f”(2)is equal to
f(x)=e*" and g(x) L ) f
(a) 2/17 (b)o
(e) 1 (d) Cannot be determined
10. If a, band c¢ are real numbers, then the value of
lim In G J: (1+asin bx)"* d.\') equals
(a) abe (b) ﬂ
c
be ca
(c) a (d) 3
re=dn
11. The value of lim # is equal t
Jim ; =T P is equal to
= 1
35 (b) 5
1
©— )L
10 (d) 3
12, Let f(x)= I_. " dtand h(x)= f(1 + g(x)) where 8(x)is

13,

defined for all x, g’ (x) exists for all x,and g(x)< 0 for
x>QIfh"(1)=e and g'(1)=1, then the possible values
which g(1) can take
(a)0

(c) -2

(b) -1

(d) -4

Let f(x)be a function satisfying f*(x)= f(x)with
£(0)=12and g be the function satistying

f(x)+ g(x)= x*.

The value of the integral Il S(x) g(x) dvis
" § X iy

1, 5
L Be-e -3

(")%(f‘:‘) (d)(—lp'—i

< 2



14,

15.

16.

17.

18.

19.

20,

x(x)

Let f(x)= I

\’l +t*
whcrcg(x)—j (1+sin t)dt. Also, h(x)=e™"* and

f(x)=x qm—.lfxathndf(O) O,lhenf( ]lsequalto

(a) I'(0) (b) K (07)
(K (") (@) lim L2508
=0 xsinx
For f(x)=x* +| x|, let ], =_[“ f(cos x) dx and

n/ 2 I
I,= J'n ! f(sin x) dx, then I—' has the value equal to

(a)1 (b) 172
(c) 2 ()4
Let f be a positive function. Let

=], O fx=x)dal, =] flx(-x)dx,

where 2k — 1> 0. Then, %‘- is

(a) k (b) 172
()1 (d) 2
Suppose that the quadratic function f(x)=ax* +bx +c

is non-negative on the interval [1,1]. Then, the area
under the graph of f over the interval [-1,1] and the
X-axis is given by the formula

(a) A= f(=1)+ (1)
1 1
e o)
@ A=2[£(-1)+2f0)+ [0
@ A =2 [f6-1) + 470) + Q)]
2
Let I(a) = I" (i +asin x) dx, where ‘d’ is positive real.
o \a

The value of ‘a’ for which I(a) attains its minimum value,

(a) \/—; (b) J—E (c) J— (d) \/:i;

The set of values of ‘a’ which satisfy the equation
3 4) .
J (t = log, a)dt = log, (—;—).m
% a
(a)aeR (b)aeR*
(c)a<2 (d)a>2
lim (x' I”' ﬂf_'_) dl] is equal to
S 1 14e!
1 2
(a) 3 (l));
(€1 @o

21,

22,

23.

24, 1f

25,

26.

27.

28

30.

31.
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The value of \/TT Uﬂma

(a)v/2008  (b) m+/2008
lim
Ny ,,z.“, n®+ k2 3t

(a) x tan ' (x)

) tan” (x)

x | sin 7x | dx) is equal to

(c) 1004 (d) 2008

, x>0is equal to

(b) tan™ (x)
@ tan"z (x)

Let a>0and f(x) is monotonic increasing such that

a | Y .
f(0)=0and f(a)=b, then [ f(x)dx + L £ (x)dxis
equal to
(a)a+b (b)ab + b

wh o xt =
I ——— cos
N3 - x?

(c)ab+a (d) ab

J— 4
dx=k j” -3
X

2 , then

1+x?

‘k’ is equal to

(@mn (b) 21 (c)2 d)1

I f(x+ )-—dxnsequalto

(b) 1
(d) Cannot be evaluated

(a) 0
1
(c) =

P_r'no (J: 1+ x)* dx)

®2
e

/A
is equal to

@212 ©mni ) 4
e

If g(x) is the inverse of f(x)and f(x)has domain

x €[1,5], where f(1)=2and f(5) = 10, then the values of
Ls f(x)dx+ Lw g(y) dyis equal to
(a) 48 (b) 64 (N

The value of the definite integral
Lm sin x sin 2x sin 3x dx is equal to

1 2
() 3 (®) - 5

(d) 52

1 1
(- 5 (d) 7

If f(x)= j:( f(t))*dt, f : R— Rbe differentiable function

and f(g(x))is differentiable function at x = a, then
(a) g(x) must be differentiable at x = a

(b) g(x) may be non-differentiable at x =a

(c) g(x) may be discontinuous at x = a

(d) None of the above
The number of integral solutions of the equation
= Intdt
4I - -nln2=0;x>01is
o x? 4ot
(a)o (b) 1 (c)2 d3
Jm ™ cosZ [E] dx is equal to
2(n
(a) 0 (b) 1 (c)2 (d)3
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32.

33.

36.

3r.

38.

39.

41.

lfj: (ax? =5) dx:Oand5+J:z (bx + ¢) dx =0, then

(a) ax® = bx + ¢ = 0 has atleast one root in (1, 2)
(b) ax® — bx + ¢ = 0 has atleast one root in (-2, —1)
(c) ax* + bx + ¢ = 0 has atleast one root in (-2, - 1)
(d) None of the above

The value ofj: (Jx +412x =36 + Jx - J12x =36) dx
is equal to

@643 ®) 43

(c) 1243 (d) None of these

Definite Integral Exercise 2 :
More than One Option Correct Type Questions

If f(x)=[sin™" (sin 2x)] (where, [] denotes the greatest
integer function), then

(a) I:nf(x) dx = 12!- —sin™ (sin 1)

(b) f(x) is periodic with period &t

(c) lin: f(x)==-1

X =
2

(d) None of the above
Which of the following definite integral(s) vanishes?
(a) I: "In (cot x) dx (b) L" sin® x dx

e dx x [1+ cos2x
O™ @ &

The equation 10x* —3x* —1=0has
(a) atleast one root in (-1, 0)

(b) atleast one root in (0, 1)

(c) atleast two roots in (=1, 1)

(d) no root in(-1, 1)

Suppose I, = J':n cos (msin? x)dx;

"/2
I= Ilncos(Zn sin’ x)dx and I, = J‘u cos (m sin x) dx,
(]

then
(@)1, =0 ®IL,+I;,=0
L, +1,+1,=0 @i, =1,

. Let f(x)= j', (1=[t]) cos (xt) dt, then which of the

following holds true?
(a) f(0) is not defined
(b) lin: f(x) exists and is equal to 2

(c) lim f(x) exists and is equal to 1
x=0
(d) f(x) is continuous at x =0
The function f is continuous and has the property

f(f(x))=1-xfor allxe[01]and 7= I: f(x)dx, then

42.

45,

©Fa+7=2

34.1f1, = r (Ix +1H{x* +2}+{x* +3} {x® +4}) dx, (where,
{} denotes the fractional part), then I, is equal to

2 1 £ th
(a)_% (b)—; (c); (d) Nc:nco these
ni2 sin(2n — 1) x _ x/z2 sin nx,nE N,
3. Letr, = [ T dx ], ki ==,
then
@7, -%=1 ) Jar =T =l

(d) ]. +1 _Jnol =7

@ s(2)+1(2)-
(b) the value of j equals to 1/2

o)1)

@ J-m—% has the same value as J
o (sin x + cos x)’

Let f(x)is a real valued function defined by
f(x)=x? +x* J’" tf(t) dt + x* JI, f(t)dt,
then which of the following hold(s) good?

@], efd=3 ® S+ fe1) =3

@f, o d> [ fod @ fo- fen=2

. Let f(x)and g(x)be differentiable functions such that

f(x)+ _[: g(t)dt =sin x (cos x —sin x)and

(f"(x)* +(g(x))* =1, then f(x)and g(x) respectively,
can be

cos 2x
T

| ¢
(a) E sin 2x, sin 2x (b) cos 2x

5 §
(c) zsn 2x, —sin 2x (d) —sin® x, cos 2x

L Let f(x)= I_: (t sin at + bt + c)dt, where a, b, ¢ are

non-zero real numbers, then lim M is
x=0 X
(a) independent of a
(b) independent of a and b, and has the value equals to ¢
(c) independent a, b and ¢
(d) dependent only on ¢

d.
LetL=ann L le.whereaeR.lhenLcanbe
=% 14+n'x
(a) m (b) /2 (c)o @1



Definite Integral Exercise 3 :

~ Passage Based Questions

Passage [
(Q. Nos. 46 to 48)
J-x t? dt
o r\Vp
Suppose lim L.t) =1, where
x50 px—sinx
peN,p22,a>0,r>0and b0
46. If I exists and is non-zero, then
(a)b>1 (b)o<b<1
(c)b<o0 db=1
47. If p=3and [ =1, then the value of ‘@’ is equal to
(a)8 (b)3
(06 (d) 3/2
48. If p =2and a =9 and [ exists, then the value of l is equal
to
3 2 1 U
(2) > (b) : (c) 5 (d) =
Passage I1

(Q. Nos. 49 to 51)
Suppose f(x)and g(x)are two continuous functions defined
for 0 x<1. Given, f(x)= J'ol e**'. f(t)dtand

gx)= L‘ et g(t)dt+x
49. The value of f(1) equals

(a)0 (b) 1
(e de
50. The value of g(0) — f(0) equals
2 3 1
(a)S—e’ ® el -2 © e’ -1 o
§1. The value of 50 equals
8Q2)
@0 ®) ©F  @F
3 e e
Passage I1I

(Q. Nos. 52 to 54)
We are given the curves y = J“ f(t)dt through the point
1
(0, E) any y= f(x) where f(x) >0and f(x)is differentiable,
V x€ R through (0,1). Tangents drawn to both the curves at

the points with equal abscissae intersect on the same point on
the X-axis.
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52, The number of solutions f(x) = Zex Is equal to

()0 (b) 1

(c) 2 (d) None of theae
53. lim (f(x) 0 1s

(a)3 Mo

()1 (d) None of these

54. The function f(x)is

(a) increasing for all x
(c) decreasing for all x

Passage IV
(Q. Nos. 55 to 57)

(b) non-monotonic
() None of these

Sx)= J: (4t* = at®)dt and g (x)is quadratic satisfying

g(0)+6=g’(0)—c=g"(c)+2b=0 y=h(x)and y=g(x)
intersect in 4 distinct points with abscissae x,11=1,2, 3, 4 such

that ZL =8,a,b,ce R* and h(x)= [’ (x).
X,
55. Abscissae of point of intersection are in

(a) AP (b) Gp
(c) HP (d) None ol these

56. ‘d’ is equal to

(a)6 (b) 8 (c) 20 (d) 12
57. ‘¢’ is equal to
(a) 25 (b) 25/2 (c) 25/4 (d) 25/8
Passage V
(Q. Nos. 58 to 60)
Let y= Ivm S()dt,let us define & as dy
) dy  dx

=V (x) £2(v(x)) = 1’ (x) £ (u(x)) and the equation of the

tangent at (a,b)and y- b= & (x=a).
ax (a, )

58. Ify= J" t dt, then the equation of tangent at x = 1 is

(@) x+y=1
(Qy=x

b)yy=x=1
(dy=x+1

59. Ify=r, (In t)dt, then lim ‘;—yis equal to
x a0
(a)o (b) 1 (c)2 (d) -1
60.16 f(x)= [ ¢ (1= t*) dt, lhcn;—lf(.\')nt xwlly
ax

(a) 0 (DR
(c) 2 () -1
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T——— X =" |t
Consider f:(0, )—->( 2,2),deﬁnedasf(x) tan ((log,X)z'”

61.

Passage VI (Q. Nos. 61 to 62)

The about function can be classified as
(a) Injective but nor surjective
(b) Surjective but not bijective

].

62. The value of Jm [tan]dx is equal to (Where, [] denotes

the greatest integer functxon)

(c) Neither injective nor surjective (a) —; (b)
(d) Both injective and surjective ©-1 @ l
Definite Integral Exercise 4 :
Matching Type Questions -
P P ’ o — e e o e =
63. Let rhf}. = _L (sin x +sin ax)® dx = L, then — Column 1
~ Column| Colum:I] (B) The value of the definite integral @ €
(A) Fora=0, the value of Li is ® 0 j - dr+ j *J=1n x dx is equal to
3) Fora—],thcvalueolesV- (qlu _”_2,_ B . (Bt iy %l © é’
© Fora——l,thcvalueoles I O Jlim EEEEEry equals
(D) ForaeR-{-1,0,1} the valuc of L is (s) 2 = —
o S— O e
= i : d g(0) = +cos 0) dx
LELF® -L (x +5in 8)" dx and £(0) L . c'o ) 66. Match the following
where 0 € [0, 21t] The quantity f(6) — g(8),V 8in the : . S
interval given in column [, is c°|umn 1 B ~ Columnnl
Column | Column II @A) 1f oy = j“” Svlicre ® -2
== ﬁ
(A) (m 3m (p) negative conx 5
44 gx)= L (1 + sin £*)dt, then value of
= 7 Ty ey V ).
(B) (3_1: “] (qQ) positive o (3) is
4’ e P o
6 _l::h: ?l:j - (;'; 7non-ncgative (B) If f(x)is a non-zero differentiable @ 2
e I_.‘2 4 function suchthutj' Sy de={f(x)},
® (0, %) v (771:, 21!) () mompositive Vx € R then fQ2)is equal to
) - o SR s e (C) "J. Q+x- x)dxlsmaxlmu.m then r 1
’ ,hﬁ?t,c_h:!lf,fiuo_wfg.. e T a+ bis equal to
Col I C | Il < i
R E— i l"mn (D) If lim (sn;)zx +a+ %) =0,thenda+p & -!
(A) j (1 + 2008 x"”') e d.xcquals ® € x

has the value
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Definite Integral Exercise 5:
* Single Integer Answer Type Questions

67. If f(x)= Z%:'_x and j: f(x)dx = 10],'(2]. then the value of (m+n)is ...
n

_ [ cos x dx
68. The value of I = j_m m

-
69. Iff(x)=—j “sxln ,"ede(ne N), then the value of fUs)+£13)
m°° sin‘0 f(15)= f(a)
70. Let f(x)= I;e “*9dt and g(x) = (h/ x), where h(x)is defined for all x € h. If g'"* =¢* and h’(2) = 1. Then, absolute value
of sun for all possible value of h(2), is ...

(where, [] denotes greatest integer function) is ...

"/2
71. If= _L " sin x- log (sin x)dx = log (E) Then, the value of K is ...
e

Definite Integrals Exercise 6 :
Questiqns Asked in Prgyigus 10 Ye_gs'_Exams

[I] JEE Advanced & IIT-JEE 76. The option(s) with the values of aand L that satisfy the
an
. e'(sin® at + cos* at)dt
72. The value of 'f Iz w dx is equal to equation on ¢ ) = L, is/are
o 1+e [Onzly One Correct Option 2016] : e'(sin® at + cos* at)dt
2
) "T -2 ) "T +2 [More than One Correct Option 2015]
an x
©nt—enn @+ @a=2L=5"1 Byt t!
- e +
73. The total number of distincts x € [0, 1] for which . e 1 o
¢ (c)a=4,L=— (da=4L=——
r dt =2x—1is & =1 e +1

o1+t! Integer Type 2016]
il ® Directions (Q. Nos. 77 to 78) Let F: R— R be a thrice

differentiable function. Suppose that F(1)=0, F(3)=-4
e (_E_ E} Then, the correct expression(s) isfare and F'(x) <0 for all x e (1, 3). Let f(x) = xF(x) for all x € R.
22 77. The correct statement(s) is/are

74, Let f(x)=7tan" x+7 tan® x-3tan* x-3tan” x for all

[More than One Correct Option 2015]

ge Based Questions 2015]
@ ["xflx)de =~ " flx) dx=0 @ (1) <0
af, xfyde== ®f S il
O “xfwax=2 @[ fde=1 (©) £/(x) # 0for any x €(1,3)
6 3 1 (d) f'(x) = 0 for some x (1, 3)
; 192 _ 3
75. Let f'(x)= 2+sil’: = forall xe Rw1thf(§) =0.If 78, lfJ»l:x, P(x)de=-128nd Lax, o A i T
ms r f(x)dx S M, then the possible values of mand M correct expression(s) is/are
12 _ 3 B
are [More than One Correct Optlon 2015] @9f @)+ f(1)-32=0 (b) J.If(x) dx =12
@m=13,M=24 (b)m=l,M=% @9 G- fF+32=0 (@ [flx)de=-12
4

)m=-11,M=0 (dm=1,M=12
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[x], x<2
0, x> 2
where [x]denotes the greatest integer less than or equal

tox.IfI = : sz)
24 f(x+1)

79. Let f : R— Rbe a function defined by f(x)= {

dx, then the value of (41 — 1)is
[Integer Answer Type 2015]

) Ay [12+9x?
80. Ifa = _L(e pEHSHTEy (—z—] dx, where tan™" x takes
Tgx

only principal values, then value of (logth +o|- 3—:—) is
[Integer Answer Type 2015]
81. The integral J-::(Z cosec x)""dx is equal to
[Only One Correct Option 2014]

(a) j’:’“”ﬁ’z(ewe-")"du o) j:"‘"ﬁ’(eue-")"du

© j:“"ﬁ’(e"-e-")"du @ [P

~u\16
i —e™)du

82. Let f:[0,2] > Rbe a function which is continuous on
[0, 2] and is differentiable on (0,2) with f(0)=1

Let F(x) = L” F(Jt)dt, for x € [0.2].IFF' (x) = £ (x).V

x €(0,2), then F(2) equals  [Only One Correct Option 2014]
(a) e* -1 (b) e* -1
(c) e-1 d) e

83. Match the conditions/expressions in Column I with

statement in Column II. [Matching Type 2014]
Column | Column Il
A. ' _dx P 1, (_2_)
I-l 1+x* 2 M3
B 1 dx q 2
J"’ 1-x? 210g( )
C. J" dx r L3
2 |-x? 3
D. J" dx s L3
' xyxt-1 2

84. Match List I with List I and select the correct answer
using codes given below the lists.  [Matching Type 2014]

List |l List Il
A. The number of polynomials f(x) with non-negative p. 8
integer coefficients of degree < 2, satisfying
1
£(0)=0and jo f(x)dx=1,is
E- Thé number of points in the interval (/13,13 Jaa. q. 2
which f(x) = sin(x?) + cos(x”) attains its maximum
value, is B

= s. 0
(juz cOSZXlOg(l + x]de
-2 1-x
v2

Codes

A B C D A B CD
(@ r q s p bq r s p
() r q p s dq r p s

2
85. The value ofJ:4x’{d1—z(1 —x’)s} dx is
Ix
[Integer Answer Type 2014]

T—x
cos x dx
T+ Xx

86. The value of the integral J'_n ::/z (x’ +log

" [Only One Correct Option 2012]
2

n
(@) o (®) i
nl nz
(c) 5 ¢ () T

xsin x?

Jiog3
87. The value of '[/m sin x* +sin (log6 — x*)

[Integer Answer Type 2011]

1 3 1 3
Zlog= log=
(a) Toes (b) 2log2
3 1 3

log= ~log=
(c) ng (d) 6log2

88. Let f:[1, o] — [2 o] be differentiable function such that
f()=2 Iféj.le(x) =dt =3x f(x)— x>,V x> 1then the
value of f(2)is ... [Integer Answer Type 2011]

89

1 4 - 4
The value(s) of J x(l%f) dx is (are)
o 1+x

[Only One Correct Option 2010]

22 2

(a) —- —

T ®) 105
(c) 0 (d) n 3
15 2

90. For ae R (the set of all real numbers), a # -1,
" (1° +2° +...+n") 1_

m ==
™" (n+1)""[(na+1)+(na+2)+...+(na+n)] 60
Then, ais equal to
(a) 5

=15
(c) T

[More than One Correct Option 2010]

(b) 7
@ 2
2
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» Directions (Q Nos. 91 to 92) Let f(x)=(1-x)'sin®x+x", 4, Let f be a non-negative function defined on the interval

2(t-1) x
VxeRand g(x)= J ( —lnt)f(t)dt\'/x e (1, o). [0,1].Ifr'1—(f'(f))2 d::Jnf(t)dt,OS x<1land
0
[Passage Based Questions 2010] f(©)=0, then [Only One Option Correct 2009]

91. Consider the statements " 1 1 N 1

P: There exists some x € Rsuch that, (@) f( ) < and f( )> 3 O f(_J 72 i f(g) >3

flx)+2x=2(1+x?). 1

Q: There exists some x € Rsuch that 2f(x)+1=2x{1+ x). (©) f( )< and f( )<- (d) f( )> and f( ) 3

Then,

(a) both Pand Qare true  (b) Pis true and Q is false 95. If I =JK _ﬂx__dx_ n=0,1, 2,..., then

(¢) Pis false and Qistrue (d) both Pand Q are false “*(1+m*) sinx

92. Which of the following is true? [More than One Correct 2009]

10
(a) gisincreasing on (1, =) (@ I,=1,,, ®) Y Ip,, =107
(b) gis decreasing on (1, o) “ i
(c) gisincreasing on (1, 2) and decreasing on (2, o) (c) 21“‘ =0 aI=1I,,
(d) gis decreasing on (1, 2) and increasing on (2, =) m=1

. n-1
93. ?or any real number x, let [x] denotes the largest 9. Lets, = z n and T & z , n _, for

integer less than or equal to x. Let f be a real valued &in? +kn+k? ion’+kn+k

function defined on the interval [-10, 10] by
_ ) x=[x[, if f(x)isodd = x
fo= {1 + [x[—x if f(x)is even @35, < 33 052 m

n=123..., then [More than One Correct Option 2008]

Tt kg T
Then, the value of — | f(x)cos 7tx dx is.. ©T <— DT, >—
10 j [Integer Answer Type 2010] 33 33

(ii) JEE Main & AIEEE

67, The fntegral J_“ o e s quailim 102. Statement I The value of the integral  [2013 JEE Main]
®/4 1+ cos X [2017 JEE Main] J-n n dx is equal to 1t/6
(a)—1 (b)-2 ®/6 1+ /tan x 3 '

(c) 2 (d) 4
98. Let I, = [tan"x dx,(n>1).1, +I, =atan’ x+bx®+C,

where C is a constant of integration, then the ordered

Statement II J‘: f(x)dx= j: fla+b—x)dx

(a) Statement I is true; Statement II is true; Statement Il is a true
explanation for Statement I

pair (a, b) is equal to . [2:"17 JEE Main] (b) Statement I is true; Statement II is true; Statement II is not a
1 1 L lanation for Statement I
e -, -0 (d) ( 2 1) true exp.
@ ( 5 0) ®) ( 5 l) © (5 ) 5 (c) Statement I is true; Statement II is false
oin (d) Statement I is false; Statement I is true
99. lim Mﬂﬂ is equal to
oyt n? (2016 JEE Main]  103. The intercepts on X-axis made by tangents to the curve,
@ g ®) g © % (d)3log3 -2 y= L | t| dt, x € R, which are parallel to the line y = 2x,
¢ ¢ £ . are equal to [2013 JEE Main)
. log x : (a) 1 (b) £2
100. The integral [* dx is equal to
LR L log x* +log(36—12x+xz) (c) £3 (d) £4
[2015 JEEMain] 404 1f o(x)= " cos 4t dt, then g(x + ) equals
(a)2 @1 @8 . )) I ST oz ey
@ 5D © a0+ ) @5~ sm) (@ 505
101. The mtegralj 1+4sin’ = - 4sm X dxis equal to
(2014 JEEMaINl 155 The value ofI M dx i

(a)m -4 )2 ? —4-443 +x? [2011 AIEEE]
(©)4V3 -4 (d)43-4-1/3 (“);logz (b)EIOgZ (c) log 2 (d) m log 2
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106. For x (0 —}dcﬂm [(x)= I Vi sint dt. Then, f has

108. J [cot x] dx,[ ] denotes the greatest integer function, is

2009 AIEEE;
[2011 AIEEE] equal to ¢ y
() local minimum at 7 and 2% (a) i (b) 1
(b) local minimum at 7 and local maximum at 27 2 it
() local maximum at ® and local minimum at 2n (c) =1 d -—
(d) local maximum at 7t and 27 cosx
107. Let p(x) bc. a function defined on R such that 109. Let [ = J'ﬂ{dx and J= I
f( ’ ’
.h[“ f( ')—— Lp’(x)=p’(1-x).forall xe[0, 1} p(0) =1 Then, which one of the followmg is true?  [2008 AIEEE]
] . 2 2andJ<2
and p(1) = 41. Then, Jn p(x)dx equals 2010 AIEEE] (a) I> aﬂ"d J>2 (b)Ei< 3 I
(a) Vau ® 21 © I<Zand7>2 (@) I>Zand 7 <2
(c) 41 (d) 42 3 3
Answers
Exercise for Session 1 Exercise for Session 5
i EE2 5 32 2282 R TR LS W VPR S
8 3 4 3 3 2 . 2
! 0. % - b 23+ =+ T.x=1-1
6. -1 7.2—Iog,3 8.7 9. 2= a) 6 °~/_+2+;/Z x
0. fogidE=iy =t ,,_,+(£_J§)‘;fli b [f@ac=[" feode 916 10.4 113
W' 2 i ‘ i
13. 101 14.n.n! 15.[— eo = 1] U[], 0] 12221 13.g2n)=0 14.[—2,2] 15. ——
1
Exercise for Session 2 16. a= Z'b =1 17. f(x) =V2x 18. =
1. %Iog2 2.0 3.% 19. (1) = sin (1) zo.%
2+421 5.0 6.3 Exercise for Session 6
4z 7- 'Wz- 8|32 L© 2@ 3.0 40 50 6@
T 4o 45 “._19 3.0 . 5 7. (@ 8.(@) 9.(c) 10.(a)
sin o ® Chapter Exercises
14. 2 L@ 2@ 3.(a) 4. (a) 5.()  6.(a)
7.(d)  8.(d) 9.(a) 10.(a) 1l.(c) 12.(c)
Exercise for Session 3 13. (d) 14.(c) 15.(c) 16.(d) 17.(d) 18.(a)
" i 1,13 19. (b) 20.(a) 21.(d)  22.(c) 23.(d) 24.(a)
1.7 2.9 . . Tlog2 12 25. (a) 26.(b) 27.(a)  28.(d) 29.(a) 30.(c)
\ , 3. (@) 32.() 33.(a) 34.(b) 35(b) 36.(abyc)
8. ([xl [x] + ') 9.107 — tan 1 10.—  1llog} 37. (c.d) 38.(a) 39. (a,b,c) 40. (c,d) 41. (a,b,d)
2 2l :i. (:sd) :3. (c) 44.(d)  45.(ab,c) 46.(d) 47.(a)
L , ( 9. (a) 50.(a) S5L.(b) 52.(b) 53.(c)
12, 10m = sec ] 13.mt+cotl+cot2 14 = 15.7 54. (a) 55.(a) 56. (c) 57. (a) s8.(b) 59.(a)
; 60. (a) 61.(c) 62. (c)
16. Y r=1)- (" = (r=)") + kO =K 63. (A)— (@), (B)— (s), (C) = (p), (D) - (1)
P 64. (A)> (@), (B)> (1), (C) - (s), (D) - (p)
18. 3 19.1 20.2 65. (A)— (s), (B)- (p), (C)—> (q)
::- E;z\)) - é:). (Ol:)—b(r). (€) - (1), (D) > (q)
ssion 4 .  ( 69.(3)  70.(2) T71.(2) T2(a)
Exercise for Se . - & 73.(1) 74.b)  75.()  76.(ac) 77, (abe)T8. (cd)
1.0 2.0 3.2-= 4.0 s.m b 79. (0)  80.(9) 81.(a)  82.(b)
2 83, A-s, B-s, Cop, Do, 84, (d) 85.(2) 86.(b)
7. -1 4 F 9.0 10.aandc11.0 12,-27 87. (n) 88.(8/3) 89.(n)  90.(bd) 91.(c) 92.(b)
3 2 93, (4) 94.(c) 95. (a,b,c) 96.(d) 97.(c) 98.(c)
13. 20 14.0 15. 4 16.(c) 17.2 18.0 99. (b) 100.(c)  101.(d) 102.(d) 103.(a) 104.(c)
19. 10x  20.0 105, (d) 106.(c)  107.(b) 108.(d) 109. (b)



Solutions

1o Lerr o [f Oty ShinGy ~0y

@y* -8y +1)
Put y-2=z
= dy =dz
_r? (2" +1)sinz
I= e r)ang
I,.-, (2z* -7) dz
= I=0,as [ f(x)dx=0,when f(-x)=- f(x)

=(zz + 1)sinz
&=
2. Hence, f(x)=x*+ax-b

and dz is an odd function.

The solution of f(x) = minium f(x) is x = =
2

Given, f(X)pinimum 1S at x = 0.

= —_a=0 or a=0
2
f(x) =x* —b = 0has roots o and p.
= a=+bandB=-b
B4 — -5 E) s
Lxdx— % x’dx=0

U:. f(x)dx = 0, when f(-x) = f(x)

* — y _
> & Here,‘[“lz ,[(3—25m t)dt+L costdt =0

Differentiating both the sides, we get

({3 -2sin*x)-1+ (cosy)({:!-) =
x
dy - 3 —2sin’x

= - =
dx cosy

(d_y) . 8
dx) s -1

x!
4. Here,-4<x<4= OSE<1

2
L [f_,] 0 and sin™'(sin x) is an odd function.
P Y
Let,]:j' wd +J" cos (c;-osx)
1+ x*)x1 - (14 x*)x1
® cos” (cosx)
(1+ x%)

I=Z[I:1+x I(l+ dx]

=0+ 2]

=log (1 + n?) +2m(tan™" x)§ — [log (1 + 16) — log (1 + *)]
=log(1+ n?)+2n(tan™ 4 — tan™' 1) -1
og(1+ m*) +2n(tan an”' 1) °g1+7t’

= log————-(l L1 n’)1-7(1 ) +2m tan"[tan"( s ]1

1+ 4n
3y 4-7
=log L +2mtan™
17 1+ 4m

1 242 . o
On comparing with log ((—+alt—)] + br tan '(%] we get

a=17,b=2andc=4
-5
a—(2b+c)=17—8=9and“7=3

Thus, the number of ways to distribute 9 distinct bijective into
1

9!
3 persons equally is — oy
. Putx=tan®
_I"’ de _I'” (cos B)° o= ==
“Jo 1+ (tan@) 7o (sin @) + (cos B)°

x4 In/4 .
3 I=I (sinx+cosx)dx+j X (sin x — cos x) dx
0 ° —

In/4 » n
=I (sin x + cos x) dx
o

Ix /4 Ix/4 .
+ [x (—cos x —sin x)]; L (sin x + cos x) dx
LT
=2L (sin x + cos x) dx + 0=2 [— cos x + sin xJ3**

. N B T il
_2[+ﬁ+ﬁ+lJ—2(ﬁ+l)—2taﬂ =

tan™ (nx)
n+1 in™
tan” (t)
Iﬁ e (t) (put nx =1)
-1
Now, L= 11m n? = hm af tan.l k dt (e X 0)
- n+l
~— sin™ 0
L=l , (— form)
2 0
Applying Leibnitz rule, n
4 on
tan
0 n+1 ( 1 z)
sin™ (n+1)
L= lim Ll L. -
nzve _1 4 2
nz
3 t¥sin2t
2 .L dt = 0 as the integrand is an odd function.
1
Also, J’ #
° t'+2tcosa +1
L t+cosal o
=— an ———| = ———
sina sin o 2sino
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Thus, the given equation reduces to
. O

2 __2=0 = x=121fﬂ‘—°—‘
2sino o

8. Fl=e . gm0 =

— 8% x ) _ 0
fx)=e™ TXT e =¢’ =1

Hence,

f'(2)=e5“) -g’(Z):e" .l;_
17
10. lim In G J’; (1 + asin bx)"* dx]
Jﬂ (1 + asin b x)"* dx
=Inlim*®®—

=0 '
=1num(1+“i“b')m Iy et asin bt

=0 1 f/C
1

\/g n(s\gﬂ]’
%i I 3Vx + 4)°
' [3‘/;+4) \/: J—<J_ )

3 1
Put 3Wx + 4=t = —-——=dx=dt
u X 2 J_

10 dt 2[11 2[1

=Ine™ =abc

11. T, =

1].2 6 _ 1

3210730 10

3 « 3
12. Given, f(x) = j & di;h(x) = f(1 + g(x)); g(x) < 0 for x>0

Now, h(x)= Jd L ¢ dt = f(1+ g(x)) (given)

Differentiating, we get k' (x)=e""* = #(x)

Now, KHQ)=e (given)

e(l +g)? | g’(l) =e

= a1+ g(1)’ =1

= 1+g(1)=%1

= g(1) = 0 (not possible)

or gl)=-2

13. Given, f'(x) = f(x) = f(x) =Ce”

Since, f(0)=1 1= f(0)=

- f(x) =" and hence g(x) = x* -e

Thus, I: fx) g(x)dx= J: (x%e* —e**) dx
=[x%e"], -2 LI xe* dx — [E;_II,
=(e-0)—2[(xe")y ~(€7) 1= 5 (€ )

=(c-0)—2[(:-0)—(:-—1)]—%(:'—1)

1, 3
—e--¢€ -=
2 2

14. Here, f'(x)=

g (x)
Y1+ g(x
n)__g@/2) . (z)ﬂ:gr(ﬁ)
o f[ZJ—,/1+g'(n/2)' Bz 2
But g(x)=[1+sin (cos® x)] (- sin x)

!(_’;):1(—1):-—1
..15 =— KO*)=-1
f(z) 1asK(0%)

15. Clearly, fis an even function, hence

I, = || fleos (x - x)]dx = [ fi- cos ) dx

Hence,

= J': f(cos x) dx
1, =2 [ f(cos x) dx -2 |7 fisin x) dx=2I,

=ho,
2
Aliter Let u = cos x =>du = —sin x dx

I, =I_’l Tgf(u)z du

1-u

= L=2] = [CRPY

1-u’
Similarly, withsin t =1,
1=I SO 4

Jl——:

From Egs. (i) and (i), - -

16. Given, I, = xf(x(1-x)) dxand
L=[", fx(-x)dc

Using King’s property I, = .[:.. (1 -x) f(x (- x))dx

a =] flxa-xde=1,

17. A=j; (ax® +bx+c)dx=zj’: (ax* +¢)dx

Y

X

=

a 1
=2|=+c{==-[2a+6
[3 ] 3[« c]

A =§ [f(=1) + 4£(0) + f(1))

()

-..(ii)



x 2 x
18. I(a) = L (% +a’sin® x + 2xsin x) dx ( L xsin x dx = 11:)
' | na’ e
)= +T% Lon_pl®  a
(a) v T R[Sa' 5 |+em
2
L a 2n
=n||—-—4=]| +
[(Jsa Ji) a]* o

. 3 a 2
I(a) is minimum when —— = — = 4% = <
3a 2 S 3

= a= 1:‘]?
3

Also, [1(a) ) =21 + n’Jg
[+ i
= |2 ~loea e ‘] =2-log, (") (+a>0)
0
= (2-2log,a)=2-21log, a
= 2log,a=2log,a = aeR*
x 2
20. Consider I = I” M dt (i)
Uz 146
= =" Lt ) dt (using King’ property)
“ux o 14e”
'
1=[" M dt (i)
-x 1+¢

On adding Egs. (i) and (ii), we get
=" ma+e)di=2[ m@+r)a

= 1=["In@+r)de
]
Hence, I=lim % [\ In(1+#)dt

1/x 2
dt
= lim ﬁl (2 form)
e e 0
Using L’ Hospital’s rule,

1
x«ln(1+L,).(__,) 1
I=lim X = =-hmxln(l+—)

X

3 xm-

=2 fiin ln(1+—,) (1" form)
3ixe X
s R 1 1
=im e (10 k)5
21, Putnx=t = dx=—'
1=l._j r|sm¢14:——j' “tlsint]dt .0
n
= 1-—_[ * 20087 — ) | sin ¢t | dt (i)

On adding Egs. (i) and (ii), we get

2 = 200871 IW
T ]

'|sine|d:=(zooa)'~j:|sln:|dt
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= [ =(2008)" = T =2008
22. T = L = .

Rk n[l+(k/ n)'x'l‘

1
z 1+(k/n)‘ : Io 14 '

n k=1
1 dt I i) - tan™ (x)
=-x_’j° (e +(l/x')_ [x an (‘X)I, x
23. Lety = f(x) = x=g(y) and dy = f(x)dx
/ g

< s
.
1= fdx+ [ g0 dyiy = f(x)

= x=f10)=g0)=[ flde+ [ xf (x) dx
=[] () + of (x)) dx = [xf(x))s = a fa) =ab

wi o x! 4 2x .
24, Letl= I_”ﬁ = cos ) dx (i)
Wi x! a4 —2x i i
= I-uﬁ T s (1 = x‘) dx (using King's property)
W3 x* g 2% ”
=I= I—uﬁ T (1: - cos = x‘) dx (i)
On adding Eqs. (i) and (ii) we get
w3 s xt
Zl—nj_”r Tordx = 2= an | — dx

k=mn
25. Putinx=torx=¢' =dx=¢' dt

1=]" f +=")ei,e' dt=[" fle +e')tde=

(as the function is odd)
Aliter I Put x =tan9

I f(tan0+ l)lntanGA

tan®) tan®

_J- f tan® 4+ 1 1 In tan 0 @
tan 0 ) sin O cos O

AliterII Putx=1/t=>I=-1=32[=0=[=0

(128
- (p \ a+xr|
26. m(jo(nx) dx) = lim [To
) PRI 1A
=P—'R( A+1 J
vol 5 s
=¢lu'<“-|i[’ ).:I |]=en"'-"-[1xu:n]

=,‘"r'[&*-n ] el = ( )___

sec’ do

(17 form)

4
e
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27. Lety = f(x) = x=f"(¥)=g®)
dy = f'(x) dx
1= f) dx+ [ of (x) dx

Wheny =2,then x=1
and wheny =1, then x =5

X 14

I=J-l’(f(x) + x f'(x))dx=|x f(x)|}
=5f(5)— f(1)=5-10-2=48

28. 1 =J'Ks/izn x sin 2x sin 3x dx ..(i)
_I-n. (—— )smz(—-— ]sinS(E— de
2 2
= I=.L — cos x sin 2x cos 3x dx ..(ii)

21 =J‘”2-sin 2x (cos x cos 3x —sin 3x sin x) dx
o
xi2
=I —sin 2x cos (4x) dx
o
=- rnsian(Z cos’ 2x —1) dx
o

Putcos2x =t = —sin2x X2dx=d!t

21=_["1(z¢ 1)d:_5[%-{l
E( 2 -n-(2ar —1)]
EREMEC R
29. Here, f'(x)=(f(x))'>0.-;; flgx), -

- £ (e tim B2

It implies that g(x) must be differentiable at x =a.

2
30. Onputting t = X and then solving,
z

J- :"xzdt=2n]nx
0 x“+ ¢ X
Inx In2
= st B it
x x
= x =2 and 4 i.e. two solutions.
31. Put———

J'ﬁ cos—[ﬂ] %I os—’zi[t] dt
4n |

‘ n
&— —[t]dt=0
1: L C052[]

32, [ (@xt -5)dx+ [[(bx+c)dx +
=J’" (ax* -5—bx+c+5)dx=0

Hence, ax® — bx + ¢ = 0 has atleast one root in (-2 —1)

33 1= j((,/ 3+3)+(3-x-3)dxc= =63
34. =] (xt+ (P ix}dx
=2 {x’}dx=[—2x3—1=—§

x2sin® nx —sin (n--l)"fdx

35, 3. =%a=]; —F

_j-nsm(Zn—l)x smxdx—l.

ie. i = Foit= I,
= ].u‘]-—__lnﬂ
36. Y4
7.2 8
2
14
& = x 3m
o 2 4 T
X - N7 r X
3 H !
-1
i 4-E
—F T

37. (a)I:J':”ln(cot x)dx = 1=I:’zln(tan x) dx
1=_j:“1n(cox B

| >
@)I:L sm’xdx=—L sin® xdx=>I=0

(c)Atx=l.1=J'"' —Qfydt e dr
t ¢« —1/t(lnt)” ve t(lnt)”
I=-1o0r I=0

1+ cos2x x |1+ 2
¢ ’* > cos 2x
) 2 0 = L P dx>0

1
38. 1 =_[° (10x* -3x* = 1) dx=[2x* -’ —=x]} =0
Since, f(x)is even, hence must have a root in (-1,0)

39. We have, I, = I: % cos (r sin’ x) dx
x/2
I = L cos (nt cos® x) dx
< L1E]
On adding, 2], = L cos (r sin’ x) + cos (1 cos® x) dx

x/2 T
=], 2cos(;)-cos(% cos2x)dx=0

e =0 )



40.

41.

n/2
I,= L cos {1 (1 — cos 2x)} dx

"2
=- L cos (7 cos 2x) dx

1 ¢x
= L cos (T cos t) dt (put2x=1)
2 px/2
_—EL cos(m cost)dt =1,
= IL+I,=0
x/2
I, =- L cos (7 sin t) dt
fjFilg =0 i)
Hence, I, +I,+1,=0

fl =2, (1= 1) cos (xt) dt
I 1

=2[(1 -1 sinxxf[ & lx J'; sin xidr]=2{|0 —% cos xl1l-Jl

_,|1—cosx
f =2 =52%]

(x#0)

fx=0, Lhenf(x):J‘il (1-|r|)d:=zj; (1-f)dt=1

.. option (c) is correct.

) =[2(1 —:fs "), if x#0

Hence,
, ifx=0
.. f is continuous at x = 0.
. option (d) is correct.
Given, f(f(x))=—-x+1
Replacing x by f(x), we get
FUSEN == f(x)+1
fa—x)=— f(x)+1
fx)+ fa-x)=1 (i)
Now, J= I‘: flx)dx= LI f( = x) dx (using King's property)

= 27=[ (f)+ fi-x)dx

= 2]=J:dx=l=> ]=%

Putx= i inEq. (i)

Qe =)o)

x/2 sin x

ALK
o (sin x + cos x)’

i),
(G-

/2 cos X
=1 =I —_—
o (cos x + sin x)

Now I =

g

42,

43.
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2 d
2 =J;lll 1 zdx lj,n/ Ix .
“ Mo msay 2 ( - sinx+Lcosx
V2 vz

—-_l——:
=- [1-1]=t

We have, f(x)=x’+ax’ + bx’

where, a=[ tfdr and b= [ rwa
Now, a =I.l. tl(@a+1) £ +be’)dt
) .
= a=2b jo tde=" ; (i)
Again, b=[ foyde= [ Ga+ne+bryde
= b=zj:(a+1):’dr
- b= 2a+1) (i)
3
From Egs. (i) and (i), %“:3(%‘)
(5 2) 2 11 2
= —_———|la=- —_—a=--
2 3 3 6 3
= a=—andb=E
11
L 4 1 10
Hence, I—n t f(t) dl:ﬁ and I_l f@) dr=‘—1
f(x)=(@a+1)x* + bx’
fQ) =@+1)+b
f-1)=@+1)-b
= )+ fe) =Za+ 1) =32
and - fen=2=2
Given, (f'(x))* + (g(x))’ =1

f(x)+ j: g(t) dt =sin x (cos x —sin x)

Differentiating both the sides, we get
f'(x) + g(x) = cos 2x —sin 2x (i)
Squaring both the sides of Eq. (i), we get
(f'(x))? + (g(x))* =2f"(x)- g(x) =1 —sin 4x

= 1+2f(x): g(x)=1-sin4x

2f'(x) g(x) = —sin 4x

sin 4x

2f'(x)

Now, substituting g(x) = — in Eq. (i), we get
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f(x)- :‘;::; = cos 2x —sin 2x
Put f(x)=t

= 2t* —2(cos 2x —sin 2x) t —sin 4x =0

= 2 (cos 2x —sin 2x)  ,/4(1 — sin 4x) + 8 sin 4x
4

4t =2 (cos 2x —sin 2x) £ \[4(1 —sin 4x) + 8 sin 4x
= 2t =(cos2x —sin2x) ¢ ,[1 + sin 4x

Taking + ve sign, 2t = cos 2x —sin 2x + cos 2x + sin 2x
= t=cos2x
Taking — ve sign, t = —sin 2x

Since, f'(x)=cos2x or f’(x)=-—sin2x
f(x)=%sin2x+c, or f(x)=¥-+€,
flo)y=o0

= C=0 and C,=-1/2
f(x)=%sin2x or f(x)=°°”2—""‘

If f’(x) = cos 2x, then g(x) = —sin 2x
If f'(x) = —sin 2x, then g(x) = cos 2x

ie. f(x)= -;— sin2x and g(x)=-sin2x

cos2x—1

= f(x)= ) and g(x) = cos2x

44, Consider f(x) = J‘ (tsinat + %: + c)dt

even

=2 L' (tsin at + c) dt

X
=2 [-t Eﬂ{ + j" ﬂa—‘dt+|¢:t|j,'](using LB.P.)
a |, 7o a

— X COos ax
=2[__

1 .
+—smax+cx]
2
a a

(x) _ 'mz[— cosax sin ax+c]
x=0 x x40 a a-ax
=2[—1+l+c]=2c
a a
45. Consid 1=r ndx =l'n(tan"nx);=(-’£—tm"an)
'n'(x'+i n 2
’Il
n, ifa<0
L=lim(£-:an"an)= n/2, ifa=0
b 0, ifa>0

tdt x*

-[o (@+?)”? . (@+x)"” ; .
: =li Using L'Hospital's rule
46. ‘ll_l.l: bx —sin x "ﬂ b - cos x & P

For existence of limit, li_r'z} denominator = 0
b-1=0 = b=1

B x* 1

(1-cosx) x°

B X

47. I=}lﬂm)l—,"
lim 1 =2

=2 = Y {)llp = a'’*

2
Ifp=3andl=1thenl=—% = a=8

1/3
a

2 2
48. lf.p=2anda=9,thenl=;;=;

49. Here, f(x)=¢" I: e - f(t)de
R
A (ray)
f(x) = Ae” -@
= f(t) = A€’
where, A= I: e - f(t)dt
= A=[l ¢ Adds A=af e ar

: 1 - Vim g
Now,A“oe"dt—IJ=0 = A—QasLe dt=0

Hence, flx)=0 = f()=0
50. Again, g(x)=e" J: e g(t)dt+ x
= g(x) =Be* + x —@)
= g(t)=Be' +1
o, _ iy t
where, B=Le g(t)dt:B—I.c(Be +1)dt
1 2' 1 '
= B=B[ ¢"dt+ [ ¢ tdt
But I; et dl=%(c’—l) and LI te' dt =1
B= 1:- (e -1)+1
= 2B=B(e*-1)+2
= 3B =Be* +2 = B=—2
3-¢*
From Eq. (ii =2 e 3
rom Eq. (i), g(x)= — 3 +.\'$g(0)=m
Also, flo)y=0
2 2
0 -fO =2 —0= 2
2¢* 6
51. g(2)= +2=
5@ 3-¢ 3-¢
£(0) - 2 ‘J—C’ _l
g 3-¢ 6 3
Solutions (Q. Nos. 52 to 54)
We have the equations of the tangents to the curve
y= I__ f(t)dt and y = f(x) at arbitrary points on them are
Y j ) dt = f(x) (X = x) “
and Y - f(x) = f(x)(X = x) ~)

As Eqgs. (i) and (ii) intersect at the same point on the X-axis
Putting Y = 0 and equating a~coordinates, we have



x—M—x—t £t dt

e f(x)
_fx _f®
N [ foa 1
= L f(£) dt =cf(x) ...(iii)

as, fO)=1= [ f(t)dr:cxl:c:%

1 ;
= I:_ f(t)dt =5 f(x); differentiating both the sides and
integrating and using boundary conditions, we get f(x) = e?*;
y =2ex is tangent to y =e**.
. Number of solutions = 1.
Cearly, f(x)is increasing for all x.

lim (eh)c’ =1

X e

Solutions (Q. Nos. 55 to 57)

(=° form)

We have, g(x)= g(0) + xg’(0)+x?lg"(0)=—bx’ +ex -6

h(x) = g(x) = 4x* — ax’ + bx* — cx + 6 = 0 has 4 distinct real
roots. Using Descarte’s rule of signs.

Given biquadratic equation has 4 distinct positive roots.

Let the roots be x,, x,, x, and x,.

1 2 3
— = —
Now, N X X X 2.1 -
4 Vx:xzx;x.
2 3 4
= 222=>l=—=—=—=k
xl xz xJ x.
- 1,204 g
X X X X
= 2 o k=2
3/2

.. Roots are %, 1, % and 2. Also, a =20 and ¢ =25

58. Atx=1,y=0, % =2x-(x')* = (x")" =1
- Equation of the tangentisy = x —1.
59, ¥ _ 4x’(In x*)? —3x* (In x*)*
dx

=64x" (In x)* —27x* (In x)*

v lim % =64 lim x* (In x)? 27 lim x* (Inx)' =0
x50° dx x— 0" x=0
60. We have, f(x)= J‘l’e,-/z 1-#)dt
FE =" -
Now, f)y=e?-0=0
61. Here, f(x)= tan"(—log‘—x-].o <x<oo
log, x+1

1 3
attains minimum at x = - and maximum at x =e.
e
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Also, f(x)has y = 0 as asymptotes.
f(x) can be shown as

1 K\ [e, tan™! ('Zi)]

xL
2

A == X
(o] 1‘\___,/

51 Ger )

Clearly, f(x)is neither injective nor subjective, also graph for
[f(x)] can be shown, as

T
H
E
Y SE—

62. [ [f(x)dx =] —l-dx+J‘-0-dx=—(x)%=—l

T y 5 - 2
63. (A)Fora:o.]:L sin’ xdx=L lc%dx
ul
=l~——sin2xl=£——sm2T

T
(B)Fora=1,L 4sin’ xdx=L=2

T
(C)Fora:—l.J'o 0dx=0=L=0
(D) Fora#0,—-1,1,
i
I=L (sin® x + sin® ax + 2 sin x - sin ax) dx

_ IT (1 —c052x+ 1—cos2ax
0

2 2 + cos(a—1)x —cos(a + 1)x)dx

= x—lsian—isinZax
4 4a

sin(n—l)x_sin(a+1)x[

a-1 a+1
L=1im£—llml
To=T To=T
. 2 u
[lsian_LsinZGx*_sm(a—l)x_sm(a+1)xl
4 4a a-1 a+1
= L=1
x + sin )’ 1+5sin8)’ —sin’ §
8.5 f(e)=[( - )I=( ;
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65.

66

3 PR
and g®) = (x+cos0)’ [ _(1+cosB)’ —cos’ 6
3 3 3
_._f(e)=l+35in0+35in19mdg(9)=1+3c059+3cosze

3
Now, f(8) — g(8) =(sin 6 — cos 0) + (sin*® — cos*0)
and f(8) — g(®) =(sin® — cos 0) (1 + sin B + cos O)
Now verify all matchings.
(A) Let a = 2008, then

1 .
1=j'u (1+ax") ™ dx
I =I: (€ +ax" e )dx (note :ax® =ax- x*7")

I =j': (e +e -x-ax") dx
1 .

=] (f(x) + x f(x)) dx, where f(x) ="
Hence, I =[xe*" ]} =e
®) I=I+1I,

Consider I, =jlm —1In x dx
Put~Inx=t=-lnx=t=x=¢"
= de=—2te" dt

1 -t? gt 1 et _l - Lt
I’=I,+'(_2" ydt=[te"' ]} J'oe de== Le dt
o
b g 1 _ v i 8 l —e!
Hence, 1, —L e *dx+ : L e dt—e e
Note that, if f(x)=e™", then f™(x) =~ Inx

|- O]

(C) L= lim

= InL=lm—

Ave

[ (3)+zn (s n3)emnC)]

n

Sum=~+. Lm(l)
n .5 n n
[x* Inx 1

g(x)

(A) We have, f'(x) =
1+ g’(x)
and g’(x) = (1 + sin (cos’ x)) (=sin x)

Fx)= (1 + sin (cos’ x)) (- sin x)

1+ 2

Hence,

(B) We have, L’ fx)dx = {f(x)f
Differentiating both the sides, we get
0 =2f() f) = f®)=3
Integrating both the sides, f(x) = % x+C
where, f(0)=0 = C=0
fo)=7 = f@)=1

=

(C) Maximum whena=—1,b=2=a+ b =1

i b
(D) If limsm,zx+a+—z—=0,then
x=0 x b3
sin 2x + ax® + bx
im 22X T T -0
tim SRS

For limit to exist2 + b=0=>b=-2

2 3
. sin2x + ax” —2x
lim —————=

x—0 x

0

Using left hand rule and solving, we geta = g

. 3a+b=2
67. LetB=Y = e SO BB
- 4 4 4

x 2
and A=1+ cosz + cosrf-+

e'2x

eLt
.'.A+LB=1+T+

—t...=
2 l_f:
4
. 5 1 4
Thus, B imaginary part of —=
1-&  4-cosx—isinx
4
4sin x 4sinx
= o fr) =
17 —Bcosx 17 —@cosx

and J’u" f(x)dx:j" 4sin x

% 17 —Bcosx

el (2_5)

2 . 9

5 m

=1 =1 il
og(3) og(")

m+n=8
2
68. Here,1=['? _ Cosxdx
~%/21+ 2[sin™'(sinx)]
-1 cosx 0
=j‘ dek Cosxdx+ll cosxdx+rncosxdx
~xl2 =3 -1 -1 0 i 3

1p-n/2 -1 ”
.—.EL cosxdx + L cosxdx+ﬁ cosxdx+§jl Cosxdx
1pn/2
=§L COS'(-d')+K cos () -(~dt)
+II cosxdx+lrlzcosxdx
=0 2 3%



1 pni2sind ~sin?
69. Here, flx +1)= fix) = — | NELUE RO

o sin’o
lj‘- f3sin(@n +1)0 -.\*in()‘
me sin’0

- lj- f2sin(@n +1)0

r Yo sin’0

- _}_U‘ Nsin2nd- cost
% sinQ
Using, cos8 + cos38 + cosSO +....+ cos (2n = 1)0
n-(20)

sin -~

= ‘) <cos(0 + (n = 1)0)
sin('{;i

i.e. cosB + cos30 + cos50 + ..+ cos@@n - 1)0 = l(“‘_‘zgﬂ]
2\ sin
s fln+ l)-—f(n)=%

i
L]

@+ j: " cosan0 d())

l' ®x2 ']
LZL cosO + cos30 + ...+ cos (2n — 1)+ cosOdO + 0

]

x12
- %j. "{(2cos0 cos8) + (2 cos30 cosh)
+...(2cos (2n =1)- cos0)}d0
1 px2 "2
=—I 1-d®, asj cos2nfdd =0
ntJo °

f(n+l)—f(n)=%

If n=1.f<z)-f(n=§(asf(n)=§)=f(z)=

N

2

o on=2f0)- @)=

=5 f(3)=%andsoon f(n)=§
15,3

e 00574

2 2
_ M Laen?
70. Here, g(x) = I4 ¢! dt

= g (x) = (x)-e"

= g(x)=Hk(x)e

= g =K@y

= e' =1.e""® given g'(2) =¢'and H'(2) =1

(1 +h2)" =4
= 1+ h2)=2-2
3 h(2)=-3,1

Absolute sum for all possible values of h(2) =|-3+ 1|=2
71. Let 1=[""sinx-log (sinx)dx = % I "inx- log (sin’ x)dx
= %I: “sinx- log (1 - cos’ x)dx
Put cosx =t = —sinx dx =dt
I= %L‘ log (1 - t")dt

- lj" (-t' e + )’ ...)dl
27 2 2
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i 1
SN | L TS ._‘_+_‘_+__+,_,]
203 10 21 2X3 20 42

[t 6]

2
=log,2-1= log,(:)

o K=2
72 10 1=[" S de 0
[ [ fxyix = [fa+b-x dx]
= =" i’_li:‘—(‘—") dx (i)
-n e

On adding Eqgs. (i) and (ii), we get
LYE I 1 1
2l = cos + dx
& I..ux £08% [I+c' l+c"]

=J'"’:zx' cosx - (1) dx

[ [ fxdx = 2] f(x)dx, when f(=x) = f(x)]

= 21 =2r“x'cosxdx
0
Using integration by parts, we get
21 =2 [x*(sinx) = (2x) (- cos x) + (2) (~sinx)] *'?

 }
= 21=z[“——2]
4

I=n——2
4
73 ALl
. Let = dt
et flx) J‘ul+l"
XI
=3f'(.\')=l+x‘>0.for1\llxe[0.l]

= f(x) is increasing.
Atx=0, f(0)=0andat x=1,

JLORY
RSTYS
1

Because, 0< -‘—7 < L

1+t 2

1 v B

= LO-dl<J‘”+’. dx<L§-dt
= o<f(|)<%
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74.

75.

Thus, f(x) can be plotted as

Y
1/2
; f(x)
0 3 X
-~y = f(x)and y =2x — 1 can be shown as
Ly )
y=2x-1
1/2
y =1(x)
X ) ; X
O-0fy

From the graph, the total number of distinct solutions for
x €(0,1] = 1. [as they intersect only at one point]

Here, f(x) =7 tan® x +7tan® x—3tan* x—3tan’ x
for all xe(j,g)
2 2
f(x) =7tan® x sec” x—3tan’ x sec’ x
=(7tan® x—3tan’ x) sec’ x
Now, I”‘xf(x)dx = un x (7tan® x—3tan’ x) sec’ xdx
o LI | I
=[x(tan” x—tan’ x)] 5 '
/4
—L 1(tan’ x —tan® x)dx
=0- r " tan® x(tan* x—1)dx
o
=—I”“tan’x(tan' x—1) sec’ x dx
0
Put tanx=t =>sec’ x dx =dt
e flxydx == [ P -1)dt
[0 x flaydx ==
4 s
1
=J'(t’—t’)d:=rt——t—1 2 4 A
0 775,747 ¢ 12
14 n/4
Also, I: f(x)dx=L (7tan® x —3tan’ x) sec’ xdx

=J':(7:° —3t)dt =[t' -], =0

192 x°
Here, x) = —————
fx) 2+sin' mx
192x’ 192x°
—<f(x)s
n f(x) =
1
On integrating between the limits 5 to x, we get
* 192x°
192x a5

x 3 x
Im!zzidx = J'mf'(x)dx s Jlll 2

76.

77.

1192_2(,“ _%) < f(x)- f(0) < 24x* —%

3
= 16x* 1 < f(x)<s24x* =

e
Again, integrating between the limits 5 to 1, we get

[ (oxt-ndx < [ fexyde s f,,(“’f‘ _%) -

[16x° 1 [2ax* 3 1T
= I_—Sx— - x:[lz < Im f(x)dx < [—5— -=x g
1 2 1 33 6
= (? + g) < J'm f(x)dx < (E + ﬁ)
= 2.6 SL‘“f(x)dx <3.9

4
Letl, = J' " ¢'(sin®at + cos® at)dt
o
2x
= r ¢'(sin®at + cos®at)dt +L ¢'(sin® at + cos® at)dt
0
3 ax
+J ne'(sin‘ at + cos® at)dt +J ¢'(sin® at + cos®at)dt
2 n
L=L+L+I +I ..(i)
2x
Now, I, =J ¢'(sin’ at + cos® at)dt
x
Put t=m+t= dt=dt

"
L= L e"**. (sin® at + cos® at)dt

=e'I, ...(ii)
In
Now, I‘=Jz ¢(sin at + cos®at)dt
Put t=2n+t=>dt=dt
n
Tji= Io e'**"(sin’ at + cos® at)dt
=e", (i)
- g ! ein® 6
and I —L.e (sin’ at + cos® at)dt
Put t=3m +t
T A+
I, =L € *(sin®at + cos® at)dt
=e".1, (iv)

From Eqgs. (i), (ii), (iii) and (iv), we get
L=L+e" L+e™ I+ I, =(1+e" +e*™ +e>) I,

B g é
- L €'(sin® at + cos® at)dt

=
L €'(sin® at + cos® at)dt

. ‘.—
l(e—ll)foraeR

=(1+e" +e* +¢e")=
e‘

According to the given data, F(x) <0, Vxe (1, 3)

We have, f(x) = xF(x)
= f'(x) = F(x)+ xF(x) )
= F)=FQ1)+ F(1)<0

[given F(1)=0and F’(x)<0]
Also, f@)=2F@)<0 [using F(x) < 0¥xe(1,3)]
Now, f(x)=F(x)+xF(x) <0

- Pla<o [using F(x) < 0, Vxe (13)]



78. Given, L’ x*F'(x)dx=—12
>  [XFx)P- L,Zx- F(x)dx = -12

= 9F®)-F()-2[ flx)dr =12 [ xF(x) = f(x), given]

= —36—0f2‘[laf(x)dx=—12
rf(x)dx =-12
and fx’F"(x)dx =40

= [FF@)- f:ix’F’(x)dx =40

= [x*(xF’(x)]} -3%(-12) =

= (- [f(x)-F(x)}}} =4
=9[fB)-FOI-[f1)-FQ1)]=4
= 9[f @) +4]-[f()-0]=

= 9f (3)-f(1)=-32

_ [x], x<2
79. Here.f(x)—{o, s
_ [ xf(x")
2+ f(x+1)
_ 0 _xf(x*) v x fx)
-12+f(x+l)dx+-[°2+f(x+1)
«[" xf(x’) s |7 x f(x")
1 2+f(x+l) 22+ f(x+1)
x f(x*)
L'2+f(x+1)dx
-j odx+j od:c+_[l —-—d +L_’0dx+J.;;0dx
v-1<x<0=0<x’ <1 =[x*]=0,
0<x<1=0<x*<1=[x*]=0,
1<x*<2 =[x*]=1

1<x<«/§=&{

2<x+1<1+«/5=:>f(x+1)=0.
V2 <x<3 =2<x*<3= f(x*)=0,
and{3<x<2=3<x’ <4=f(x*)=0

1
= I= j dx _["1 =-(z-1)=:
4I=1=4/-1=0
Put 9x+3tan'x =1t '

]dx:dt

= [o+—2
1+x*
9+3In/4
a=j et
]

= log,|l+u|=9+§4£

80. Here,

=[er]:nn14 \N!ll‘_l

=e
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= log,|o + 1|—--3—:- =9

81. Plan This type of question can be done using appropriate

substitution.
Given, I = ! (2 cosec x)" dx
_ IK 12 2"(cosec x)'* cosec x (cosec x + cot x) d
x/4 (cosec x + cot x)
Let cosec x + cot x =t
= (- cosec x-cot x — cosec’x) dx =dt
and cosec x —cot x =1/t
1
= 2cosec x=t+ ;

16

t+ -
1=-f_ 2"[—t g
VZ+1 2 t

Let t=¢" = dt=e“du Whent=1e"=1=u=0
and whent=+vZ + 1,e* =2 +1
= u=In(V2 +1)
e 2 u —uyis €'du
= I= .[u..(ﬁm 2" +e ") —
In(J2 +1)
=2J ' (e +e“) du

82. Plan Newton-Leibnitz’s formula

dx LL(:) f® dﬂ_f{\" ()} { \y(x)} F ()} { ¢(X)}

Given, F(x) = J:,f(«/l_‘) dt
F/(x) =2x f(x)
Also, F'(x)= f'(x)
= 2x f(x) = f'(x)
& _
fo
bilc) .
= If(x)dx_j 2x dx
= In f(x)=x"+c = f(x)=e" **
= f=Ke' K =¢]
Now, f(o)y=1
1=K
Hence, flx)= e

F(Z) = J.: e'dt = [e' ]: =e' -1

83. (A)uu:j‘%
S+ x

Put x = tanf
= dx =sec’0d0
x/4
I=2 aw==1

2
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dx
Vi-x

Put x=sin® = dx=cos0d6
x/2 T
I—In 1d9 ="

3 dx k
© Jz 1-x %[log(llt_:)}
Al 2)

(D) j:—x ,—::_1 =[sec” x]} =§—0_§

84. (A)Plan
(p) A polynomial satisfying the given conditions is taken.
() The other conditions are also applied and the number of

(B) Let I =J:

polynomial is taken out.
Let f(x)=ax* +bx+c
fl0)=0 = c=0
Nows [t = 28]
ow, x)dx=1 = |—+—]| =1
o 3 2 ),
= 11—-+E=l=> 2a+3b=6
3 2

As a, b are non-negative integers.
So, a=0b=20ra=3b=0

f(x)=2xor f(x) =3x*
(B) Plan Such type of questions are converted into only sine
or cosine expression and then the number of points of maxima
in given interval are obtained.

f(x) =sin (x*) + cos (x*)
=2 [\/_15: cos (x*) + :/.1—2: sin (x’)]
=2 [cos x* cos —E + sin ; sin (x’)]: V2 cos (x’ - %)

n n
For maximum value, x* = - 2nm = x* =2nm + <

= x=i\[£.forn=0
4
x=:t‘/97n.forn=l

So, f(x) attains maximum at 4 points in [—«/ﬁ. ,/m

(C) Plan

® [ fedx=| flx)dx

@ j flx)dx =2 L f(x) dx, if f(-x) = f(x), i.e. f is an even

function.
2 2
1=|" 3% dx and I=r—3x—_-dx
2]l +e” 21 +e’"

2 2%
= u=[ J£_+E£J)k
21+ e +1

21=I’ It dx = zl=zj:3x'dx
-2

1=} =8

(D) Plan J’ flx)dx=0
If f(-x)=—f(x),ie. f(x) is an odd function.

Let f(x) = cos 2x log : i :
=] o
f(=x) = cos 2x log (1 g xJ fx)

Hence, f(x)is an odd function.
12

So, J'_m flx)dx=0
(A) - () (B) = (x); (C) = (p): (D) (5)
85. Plan Integration by parts

[ £x) g(x) dx = f(x) [ gx) dx = (ﬁ (£ [ &) dx) dx

2
Given, I =Ll 4:]:’%(1 - 1:)’ dx
[erda —x*)’] ~[l1zx 44— 2y &
[ & , o ax

= [4x’ x51-x*)" (- 2x)1

—12 [[xz (1-x*)°], -j: 2x(1 — x*)° dx]

=o—o—12(o—0)+12j°' 2x (1 —x%)* dx

Crps] Q=% .11
_IZXL—_6—I=12LO+EJ=2

86. 1= f::z {x’ + log (—: _: x]] cos x dx
x
As, [ f(x)dx =0, when f(-x) =~ f(x)
I =J...,:zn x* cos xdx + 0 =2I: = (x? cos x) dx
=2{(x* sin x)F* — L " 2-sin x dx}
=2 [1:— —2{(-x-cos x);* - I: G 1-(— cos x) dx}]
r 2 2 2
[l
87. Put x* =t = xdx=dt/2
_—
I- g3 smt-;
lg2sint + sin (log 6 — t)
i b b
Using, [ f(x) dx = j fla+b—-x)dx

o J"’l’ sin (log 2 + log3 —t)
2 sin (log2 + log3 — t) + sin

2
(log6 —(log 2 + log 3 — 1))
1 J"“l‘ sin (log 6 — 1)
2 72 sin (log6 — t) + sin (t)
s [ sin (log 6 — 1)
‘82 sin (log6 —t) + sint

1)

(i)



On adding Eqgs. (i) and (i), we get
21=l log3 sin ¢t + sin (log 6 — t)
2 “we2 sin(logé —t) + sint

1
. 21 =2 0% =%(log3—

= g (z)
4 & 2

88. Given, f(1) = -andsj' fe)dt =3x f(x)-x°,Vx21

log 2)

Using Newton-Leibnitz formula.
Differentiating both sides
= 6f(x)-1-0=3f(x)+3xf"(x)-3x*

= 3% (x)-3f(x) =3%* = f‘(x)—i fl)=x

T, a4 {i}”
x dx | x
On integrating both sides, we get
&) _ [ #ijm
= x+c l f)=
§=1+c = c=§ andf(x):x’—i—x
=gt 8
f@)=4 53
Note Here, f(1) =2, does not satisfy given function.
=l
f(l)—3
For that f(x) = x* —;xand f(2)=4—§ =§
89, Let I = J"M
1+x°
I(x -1)(1-x)'+(1- x)
(1+x%)
i o i 1(1+ x* —2x)°
=J;(x —-1)(1-x) dx+J‘oT+—xT

4x? }dx
1+ x*)

= f:((:r’ —D)(1-x)' +(1+x*) - dx+ 4-1—:7) dx

=I:{(X’ —1)(1-x)' +(1+x")—4x+

4
=I‘ (x‘ —4x°+5x* —4x* +4———-z) dx
[ 1+x

7
=|:x——4i SL—%+4X 4 tan™ x:[

90. Converting infinite series into definite integral
ie. lim M
ame p
h(n)

Jim ~ 1y f( ) [ fix)ax

r=gn)

1]
3)

91.

92,
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lim M where, L8
n

am= n
I is replaced with integral.

10 2V .
+(na+n)} 60

is replaced with x.

Here, _lil'f_l_(" +1) {(na+1)+(na+2)+ ...

< Cl
2" x

(n+1)"" -I-n'a + ___n(n;— l)} 60

36 .

H-(l + l)‘ -@na+n+1)

= lim

-

- w30 iy

1 1 _l
= 2J'°(x')dx-l_(20+ 1) 60
2 [x*"], 1
= 2l 1
(a+1)-(@a+1) 60

2 1

@a+1)(@a+1) 60
(a+1)(a+1)=120
2" +3a+1-120=0
2a* +3a-119=0
(@a+17)(@a-7)=0
a=7, _—17
2
Here, f(x) +2x=(1 — x)*-sin® x + x* + 2x (i)
where, P: f(x) +2x=2(1 + x)* (i)
> 201+ x*)=(1—x)'sin’ x + x* + 2x
= (1-x)'sin’ x=x-2x+2
= (-x)sin'x=(1-x)’+1 = (1-x) cos’x=—1
which is never possible.
- P is false.
Again, let Q: h(x) =2 f(x) + 1 -2x(1+ x)
where, h0)=2f(0)+1-0=1
h1)=2f(1) +1-4=-3,as K0) h(1) <0
= h(x) must have a solution.
. Qis true.

Here, f(x)=(1 - x)*-sin®x+ x* 20,V x.

and g(x) = j(z(' ~log :] Feydt

L ULy

2(x - .
= gkx)= {( 1) —log x}%{_)e’ (1)
For g(x) to be increasing or decreasing,
let P L) BV

)
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iyt 1 -1
¥lx)= (x+1¢ x  x(x+1)
¢(x)<0,forx>1 = Hx)<o(1) = &(x)<0 ...(ii)
From Egs. (i) and (ii), we get
g(x)<0forx (1, =)
. g(x)is decreasing for x € (1, o).
93. Given, f(x) ={ x—[x], if [x] is odd.
1+[x]-x if[x]iseven.

f(x)and cosT x both are periodic with period 2 and both are
even.

If(x)cosﬂ:xdx ij(x)cosnxdx

-10

%
10-9 -2-19 12 9 10
2
=IOIf(x) cosTx dx
0

1 1 1
Now, If(x) COST X dx=j(1 -x) cosn:xdx:—Jucosnu du
0 o 0

2 2 1
and If(x) cosnxdx:f(x—l) cosTx dx=—_[ucos1r,u du

If(x) cosTx dx——zojucosﬂ:u du —-%

-10

= -—If(x)cosnx dx=4

—IO

94. Given [ : JI—(F@F dt=[ f(d0sx<1

Differentiating both sides w.r.t. x by using Leibnitz’s rule,

we get
Ni-{f@F =flx) = fl)=% V1= {fl)*
f'(x) | _
= [——L=2t—dx=%|dx = sin {f(x)}=xx+c
IJI —{fF ‘[
Put x=0 = sin™ {f(0)}=¢
= c=sin(0)=0 [~ f(0)=0]
& f(x) =%sinx
but flx)20,V xe [0,1]
f(x) =sinx
As we know that,
sinx<x, V x>0
= g 1 . (1 1
sin (—) < —andsin (—) <=
2 2 3 3
= f(i—)<%andf(§)<%
95. Given I, =j(—1+s—':%; dx i)

Using I‘f(x) dx = J:f(b + a — x) dx, we get
n* sin nx

I,, =I_Kmdx (u)

On adding Egs. (i) and (ii), we have

] smnx xsmnx
I —
J, sinx L smx
[ flx )— X is an even function]
= L =J'n de
0 sinx
i + 2)x —sinnx
. I,,,,—I,,=J.l sin (n .) dic
o sinx
= I"M e
o sinx
[sin+xT_,
=ZI cos(n+1)xdx=2 im(—"—)—x =
(n+1)
L=k -..(ii)
Since, I, =Jﬂ M dx
° sinx
= I,=m and I,=0
FromEq. (iii) I, =I,=I;=..=7
and L=1,=I,=..=0
10 10
= > lp,=10m and X L, =0
“ -
. Correct oplions are (a), (), (c).
96. Given, S, =Y ——
,_Z,n +kn+k'
1 »
Sl im
R B E e ) k=t 1+_’5+(’£)
n n n

2 (2Tt e s
B\3 ) 3B "3

Similarly, T, > L
33
97. I o W D)
®/4 1+ cosx
= In/4 dx (u)

x/4 1—cosx
Adding Egs. (i) and (ii)
Iin/4
a=|

x/4 sin®x

4
——dx = l—j:: cosec® x dx

I =—(cot x))%/¢ =2

98. I,+I‘=j(lan‘x+tan‘ x)dx:j tan* x sec’ x dx

1
=lun'x+e = a=lb=0
5 5



99. (b)Let [= ,.li.'?. {WT

[(n+ 1)-(n +2) (n+ 2n)

n—o— n*

-mf(":*)(#)---(umf

Taking log on both sides, we get

S oo
= log! =nﬁj,li [log (1 - )+log(l % 2)+...+ log (1 + 2:")]

= log!=lim— 210g(1+ )

r=1

logl— lim

= log I = L log (1 +x) dx

[ 1 ;
= logl:[log(l+x)-x-—jl+x~xdxo
fim 1 0 TS
= log 1 = [log (1 + x)- xJ; - [/ =
= log1=2-log3~ ['[1-——|ax
2B J ° 1+ x
= logl=2-log$—[x—log|l+x|]:

log I =2-log 3 —[2 - log 3]
logl=3-log3 -2 = log!l=log27-2
ﬂ
e:

[

l=2b‘"_z =27‘e-z =

1] b
100. Central Idea Apply the property J‘ f(x)dx = L fla+ b—x)dx
and then add. Let

‘ log x*
J.llogx + log(36 —12x + x° )

_ 2log x 2
22]log x + log(6 — x)*
e 2log xdx
- 22[log x + log(6 — x)]
- I= I‘ log xdx ()
2[log x + log(6 — x)]
_ o+ log(6—x)

...(ii)
2]og(6 — x) + log x

[ || ez =['fia+ b~ x)dx]
On adding Eqgs. (i) and (i), we get

_(logx + log(6 - x)
z]og x + log(6 — x)

= 2l = de =[x)

= 2l=2= I=1
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| x—-a, xza
101. Plan Use the formula,|x—a|= ) xR
to break given integral in two parts and then integrate

separately.

r ( —2sin )dx J 1= 25m——|dx
0
=J’? (I-Zsin—)dx-I.( —2sin )dx
0 2 3
£
=(x+4cos§)] (x+4cos )—4\/_ 4—?
L

Cn d (1)
102. Let I _L/51+:;lanx

_qrn dx =J.-/: dx
_un (1: ) K61+
1+ _[tan ;—X

& J.u/: tan xdx (i)

r/6]1+ . /tanx

cotx

On adding Egs. (i) and (ii), we get
al=[""dc = 2l =[x);2dx
x

x /6

r_=]l_m
= 1_5[3 6712

Statement [ is false.

But I .f(x)d.t = _[.f(a +b— x)dx is a true statement by

property of definite integrals.
103. Given,y = J':|r| dt
dy R T
E=|x|'1—0=lxl [by Leibnitz’s rule]
** Tangent to the curve y = I |t] dt, x € R are parallel to the
lme y=2x

" Slope of both are equal = x=+2

t
y=["ltldt=x2
Equation of tangent is

y-2=2(x-2) and y+2=2(x+2)
For x intercept put y = 0, we get
0-2=2(x-2) and 0+2=2(x+2)
= x=*1

104. Given integral g(x) = J-: cos 4t dt

Points,

To find g(x + m) in terms of g(x) and g(r).
gx) = L’ cos 4tdt
= g(x+1t)=_["-:”cos4tdt
=L'cos atdt + I“‘
=g(x)+ I,
xX+R L3
I,=I cos4ldt=L cos 4t dt

= g(n)

cos 4tdt

(say)

(definite integral property)
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= g(x + ) = g(x) + g(m)

But the value of I, is zero.

- I=[sm4f| (sm4n sinTO)=o
= g(x + 1) = g(x) — g(n)

In my opinion, the examiner has made this question keeping
g(x) + g(m) as the only answer in his/her mind. However,
he/she did not realise that the value of the integral I, is

actually zero. Hence, it does not matter whether you add to or

subtract from g(x).

105. =I‘de
° (1+x%)
Put x=tan® = dx=sec’0d0
When x=0 = tanB=0
0=0
When x=1=tanf
= 0=
4

x/48log [1 + tanB]

- —-sec’0d0
o 1+ tan’®

-]

x/4
I =8Jo log (1 + tan ) dO

Using I:f(x) dx = J:f(a — x) dx, we get

I =sj°mlog {1 + tan (%—e)}de

n/4 —tan 6
= ——dd
8-‘ { 1+ tan 0}
x/4
= do
8'[ {1+tan9}

Adding Eqgs. (i) and (ii), we get

fl

6

x r
21=8L & l]og {1 + tan 6} + log S

= I= 4]’ “log 2 d8 = 4-log2(0)"*

=4log2- (— - 0) 7 log2

106. If ¢(x) and y(x) are defined on [a, b] and differentiable for
every x and f{t) is continuous, then

Jv( )

YO it = SR )~ £ 0015 00)

... (i)

flx)= J':\/; sin t dt, where x € (0, 57":)

Here,

f(x)= {x sin x - 0} .(i)
(using Newton-Leibnitz formula)

f'(x)=w/;sinx=o

= sinx=0

; X=Tm,2"%
f(x) =+/x cos x + ;j—;-sin x

Atx=m, fr(m)=-vm <0

. Local maximum at x = T. At x =27, f"(2n) = J2m>0

.. Local minimum at x =27

107. We have, p'(x)=p'(1-x), ¥ x €[0,1], p(0) =1, p(1) =41
= P(x)=—p(1—x)+C
= 1=-41+C
= C=42

o plx)+p(l—x) =
Now, I=][ p(x)dx= j’: p(1—x)dx

= 20=[ (p(x)+ p(i-x)dx = [ 42dx = 42
= I=21

108. Let I =I: [cot x]dx (i)
=1I= j: [cot (m — x)] dx = jo [~ cot x] dx ..(ii)

On adding Eqgs. (i) and (ii),
2= [cot xldx+ [ [~ cot x]de= [ (-1)ax
[ [x)+ [-x] =

=[-x]g =-n
T

) L

2
109. Since, I= I smx

-1,ifxezand0,ifx ez]

de<f =

because in xe(O,l),x>sm x.

1
1<J°w/;dx=§[x’“]:, = 1<§

!

<2

Cosx

1
d Y e
an J;dx<jax’dx-2




