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Inverse Trigonometric
Functions

Topic-1: Trigonometric Functions & Their Inverses, Domain & Range of Inverse

Trigonometric Functions, Principal Value of Inverse Trigonometric Functions

11 MOQs with One Correct Answer 0%
Considering only the principal values of the inverse
trigonometric functions, the value of

[l ] ‘1\ f 5
tan| sin | = |—2cos ! — || 55 \dv. 2024

2 V2

&) == (b)

) &

24 24 4

=5 5
(c) e (d) 24

2 Integer Value Answer/ Non-Negative Integer

5 18 (In kr) (Tm (k+Dx)
The value of sect| =) sec] o 4 o Jgc| 154 T | ‘
e TR R RS 2o
: X m 3m | ;
in the interval At equals [Adv. 2019]

Match the Following

Match List I with List II and select the correct answer using the code given below the lists : |

Listl
( \2 \12
: ] 3 2
[ [cos{tan " y)+ ysin(tan ]_\') A
] i = R T TS takes value
L ;_r‘ \_ cot(sin ll1=)+lan(sm l_r) ; X

Q. If cosx + cosy + cosz = 0 = sinx + siny + sinz then possible value of cos

7 \
- iy : . 5
R I L‘DS| :— x | cos 2x + sinx sin 2 secx = cosx sin2x secx +
I'\ ."l

cos I*"Wcos 2x then possible value of secx is

/

6 MOQs with One or More than One Corvect Answer

(6) (4)
If e =3sin ]l — | and B=3cos™! t J
\11/ 9/
trigonometric functions take only the principal values, then
the correct option(s) is (are) [Adv. 2015]
(a) cosp=>0

B)y=0

, where the inverse

(b)

(d)

sinfp <0

(C) cosia-+ cosct <0

-

The principal value of sin ™| sin — | is [1986 -2 Marks]
- Bl |

, 21 2 4rt
(a) (b) i=— (c) - (d) none
3 3 3
Adv. 201
List 11
1[5
1. 5\,3
xX—y =
L 2 7
i ]
== X
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8- c:ot[sin‘1 1-x2 J = sin(tzm'I (I\/E)),x # 0, then possible value of x is 4]
Codes:
P Q R S
(a) 4 3 1 2
(b) 4 3 2 1
(© 3 4 2 1
i 3 4 1 2

Topic-2: Properties of Inverse Trigonometric Functions, Infinite Series of
Inverse Trigonometric Functions

1.

The value of cot {Z cot™! [1+ ¥ ZkN is [Adv.2013]

=] k=1

23 25 23 24

() 25 (b) 3 (c) 2 (d) n

If0<x <1, then V1+x% [{x cos (cot! x)+
sin (cot™! x)}2 = 1]V2 = [2008]

X
® 2 ®) x
© xVl+x° d V1+x2

The value ofx for which sin (cot = (1+x)) = cos (tan ! x) is
[20048]

@ 112 (O 1 (d) -172

2 3
T e e SO
2 4

4 6
1 7 X X T
+teosT | X ——F——... |=—

2

for 0< x| < +/2 , then x equals [2001S]
(@) 12 (b) 1 (c) —-12 d -1

The number of real solutions of tan™! \/x(x+1) +

sin ' x4 x+1=n/2is [1999 - 2 Marks]

(@) zero (b) one (c) two (d) infinite
If we consider only the principle values of the inverse
trigonometric functions then the value of

(c 0

m[cos'lﬁ-sin_l %} is [1994]
V29 29 3
(@) S (b) =% (c) (d) 29

4 .
The value of mn[cos"l[§]+ tan | — || is

[1983 - 1 Mark|

8,

9,

10

TR
Let tan~! (x) E[-E,;‘l for xe R . Then the number of real
solutions of the equation . /1 + cos(2x) = J2tan™! (tanx)in

the s.ct(—E —E]u a EJU e ]ls ual t
3" 2 G5 b T T ekt e

[Adv.2023]
The number of real solutions of the equation

it S35 | 23] -0

i=1 i=1 i=]

i : Loy, .
lying in the interval (-55} is . (Here, the inverse
trigonometric functions sinlx and cos™lx assume values

in {_g,g} and [0, 1], respectively.)

[Ady. 2018]

Con51der1ng only the principal values of the inverse

trigonometric functions, the value of [Adv. 2022]
Rt 2idn e o

—cos  ,|—— + - tan” — g

2 2+n? 4 2+ 'rrz L A S

12.

The greater of the two angles 4 = 2 tan ™! (2\/5_-1) and

B=3sin"1(1/3)+ sin~' (3/5)is :
[1989 - 2 Marks]

1
The numerical value of tan {Ztan'l [Ej —%} is equal

to [1984 - 2 Marks]
Let a, b, ¢ be positive real numbers. Let



n“"unajlgu”““uatﬁﬁﬁuﬁT;;”j

o
l@ 6

14.

15.

16.

9= tan) la(a+b+c) +tan] ’b(a+b+c)
be ca
+tan~) ’c(a+b+c)‘
ab

Then tan6=

[1981 - 2 Marks]

Forany y €R, letoot™! (y) € (0, m)and tan_l(y) e(—gg)
Then the sum of all solutions of the equation

=g
tan™! —GLZ +c0t*]{9—-y—J=EE for 0 < |y <3.is
9-y 6y 3
equal to [Adv. 2023]
@ 2y3-3 0) 3-243 © 4/3-6(d)6-443
For any positive integer n, let S, : (0, %0) - R be defined

{l+k(fc+ l)x‘?\1

n
=1
bys, (x)= kz_:] %0k L 3 J where for anyx € R,

T T
cot™! x € (0, n) and tan~!(x) e (—'5: 5] . Then which of

the following statementsis (are) TRUE?  [Adv. 2021]

1+11x°
10x

@ ;)= %—tanh‘( ],forallx>0

l‘ ==
(b) 2 1_:’11” cot (S, (x))=x. for all x>0
T
(c) The equation S3(x) = 7 has aroot in (0, o)

1
(d) tan(S, (x))< E.E'm'allnz] and x>0
For non-negative integers n, let
u ‘(k+1 ) [k+2 )
D sin m [sin| —=n
= n+2 n+2
z .g(.k+| J
Y sin?| —— =
o] n+2

Assuming cos”'x takes values in [0, 7], which of the
following options is/are correct? [Ady. 2019]

@ Jim £ =
=2

kT

18.

&Y w0

; 3 1
19.  Find the value of : cos(2cos'x + sin~'x) at x = : where

Let (x, ¥) be such that

(c) Ifw =tan(cos'l f(ﬁ)),(hen a2 +2a—1=0

(d) sin(7cos™ £(5)=0

[2007]

sin"(ax)+ cos'l(y) + cos_](bxy) = —;E

Match the statements in Column I with statements in
Column II and indicate your answer by darkening the
appropriate bubbles in the 4 x 4 matrix given in the ORS.

ColumnI Column I

(A) Ifa=1andb=0, (p) lies on the circle
then (x, y) xetyR=1

(B) Ifa=1landb=1, (@) lieson (x*—1)
they (x, y) 0?-1)=0

(© Ifa=1andb=2,then(x,y)
(D) Ifa=2andb=2,

(r) liesony=x
(s) lieson (4x%-1)

then (x, y) 0?-1)=0
Match the following [2006 - 6M|
Column | Column I1

@) Zmn—‘gz—]=:,thmtant= ® 1
i=1 i
¥
3

(B) Sidesa, b, c ofa triangle 4BC (Q

are in AP and cos 8, =bi .
c

b
cosfy = ——, cosB; = 5’
a+c a+

then tan? (3]*] + tan? [6—3] =
2 2

2
(C) Alineis perpendicular to (r) 3

X+ 2y +2z=0 and passes
through (0, 1, 0). The perpendicular
distance of this line from the origin is

0<cos 'x<x and —n/2<sin'x<n/2.
[1981 - 2 Marks]
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? Answer Key

Topic-1 : Trigonometric Functions & Their Inverses, Domain & Range of Inverse

Trigonometric Functions, Principal Value of Inverse Trigonometric Functions

1, G Sl 3. (bed 4 @ 4. (b)

Topic-2 : Properties of Inverse Trigonometric Functions,

Infinite Series ef Inverse Trigonometric Functions
14 (1) e (et 3. (d 4. (b) 5. (¢ 6. (d) 7. (d) 8. (3) 9. (2
10. (236) 11. (A) 12, (=7/17) 13. (0) 14. (c) 15. (a,b) 16. (b,c,d)
17. (A) =»p;(B)—>q (C)>p;(D)—>s 18. (A)—=>(p):(B)—> (1) (C)—> (@)




Hints & Solutions

Topic-1: Trigonometric Functions & Their Inverses,

. X 1
Domain & Range of Inverse Trigonometric Functions, T
EJ Principal Value of Inverse Trigonometric Functions = ¥
\'— 1
L =0
( o] 3 i 2 =Usin| (k+Dn ]
1. () Wehave, tan| sin™" | < —2c0s | —
_ \5) J5 =
\ 10
=y =]
l 3 ] 5 '3 5 Hence sec B z _—(*——K—
Let sin” —=a,2c08" —==B=cos—=— [ “4=0sin| (k+ 1)+ J
3 \E 2 J5 L \ 6
. i
3 |
sina=—=tana=— ——q11] =1 :
4 =T = 1 || =sec(1)=0
2tanf  2xl - 2/ . ;
2 s
tanp = fﬁ: ]2% 3 e da=3sin! = >3sin =g:> a> =
1—tan“ : 1—3 % S cosa<0 y
4 1
=" % BZBL‘os"16>3cos S e on
o = 2 <0and e
— il ip)= tan o —tan B = e cosP <0and sinf <0
I+tanatanf 1+1 24 3x
NOW&+5'>1J—‘ socos(a+ B)>0
10 3 i
2. (0)sec” 15" 5o d seo| ok , (et D 4. (@ The principal value of sin™! [sinEJ
L0812 T B -3
A T
r =sin ](SIH[K_EH — sin” 1(s.in n/3)=n/3
a1 & 1
RN 2 n kn Tr k :
k=0 b el il e Tt - 2
Zcos(u + 5 )cos(lz + - +2] 5 ® @ L[coc(tan y)+ysin (tan 1yﬂ oA
|: y2 cot(sin™! y)+tan (sin~! ¥)
— 1
10 ) > e
= SCC_I l i Jl( |( | 1 \l .( y \I\]I 2
2~ Tn | cm} cos” —-,_:J+ysianin : J '
=¥sin 6--rkrc 1 3 Jl+y? 1+y? 5
% = ? f ) ( \ =%
|_ thcot 1vl-y J+[an[tan'l— ,_Y_T
| DRs -1 ? Vi-y*
kz‘}sin[(k +1JJ'E+EJ =iy
b 6 1+y°
If kis an even integer, then § SR 4
= ——2- +y
1
; n -1 Vs — T
sm[fk-'-I)TH—]:—sinE = — ST
\ 6 5 2 y1-y°) )
If k is an odd integer, then sin| (k-+1)r+ 2 3
1s an odd integer, then sin| (k + )?HEJ = [1_}.4,-,3,4.)2 = L @P)->@
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Inverse Trigonometric Functions

Q) cosx+cosy=—cosz (1)
andsinx+siny=-sinz ~(m)
On squaring (i) and (ii) and then adding, we get
[cosx-cosy):*(sinx~
= 2+2cos(x-y)=1

e 4

v
=~=1 = ¢os

5 X
= dcos”

Q-@3)

IS
(R) cos [; = X] cos2x + sinx sin2x secx

. T
=cosX sin2x secx + cos (Z + x] cos2x

= ¢0s2X cos(ﬁ—x] —cos(£+x)
4 4

=sin2x secx (cosx — sinx)

o T . :
= ZSstmx cos2x = 2sin x(cos x —sin x)

sin y)* =cos® z +sin® z

1
= 2sin x| — (cos® x —sin® x) — COS X —SIin X J:
[JE{ )= ( )

COSX +Sinx 1]

V2

" T
=sinx=0 or tanx=1or cos[x—z] =1

= Zsinx[cosx—sinx][

=5 x={)org='secx=lor \/5

L (R)=>(2,9)
S) cot(sin_l m] = sin(tan‘1 xs/@)
1[5
Jl_x m TATas

L (8)=>(1)
Hence (P) —(4), (Q)—(3), (R) > (2. 4), (S) > (1)

Topic-2: Properties of Inverse Trigonometric

Functions, Infinite Series of Inverse
Trigonometric Functions

==

k=1

g (n+D-n |_
I+(n+1)n

. M cot™! (l+ Zn: 2&] =cot![1 +n(n+1)]

tan~! (n+ 1) —tan~!n

23 —Ié

2 Z [tan_l[n +1)—tan! nl= tan"' 24 —tan"'1=tan

n=|

ol S F 2t o1 2] 2

k=1

25

L

th

B111l
- ]
(c) u’l—x'f_{xcos{cot“xhsin(cm Iil'—'l:
I 2| r,.r' _]:;' X )
= vl+x7| .tCochos C— =
L \vi+x*//
1
+smtsin‘lL = b -1
vi+x<//|

=V1+x? {x = - -
—_— —
V1+x? Vi+x* | ]

A2 (2] P = i

@ sin [cot_] a+ xﬂ = cos(tan” ! x)

= SIH{SJR Lmj} = COS[COS
\/1+x

1
422 = 2x+1=0 = t=s =
3 + 6
(h) si:fl[x—-":—z+-x—...]+c05f._1[;c‘1~£—+£~‘..)=IE
2 4 2
E
4

2—ici+ici )—E—sin_][x—ﬁ+
2 473

J1+(1+x)

= 1+ 1+ 2x+5%=

= cos”! (x

4 6 2 3
1 2 X -1 d
= cos e e X——+—.
2 4 4
2 X .\'6 _\‘2 13
= X = o 4 L
2 4 2 4

On both sides we have GP. of infinite terms.
x? x 2x? 2x
= = =
[—xzj 1 (‘x) 2+x% 2+x
o = ]
2 2

=4 2x+x3=2xz+x3:;\ x(x-1)=0
= x=0,1but0<|x|<+2 = x=1.

(©) tan~! x(x+1) =n/2—sin"' Yx? + x +1

= ot Vx(+1) =cos ™ Vx? + x+1

2

= x +x+l=1=x(x+1)=0

= cos!

x=0,- 1 are the only two real solutions.




8112

1 1
6. @ Let cos™ —— = o= coso = ——
5\2 5V2

Now sma-u'l—cos a=[1-

sina

365(

- tano = =7=a=tan"'7

cosa

B =
=cos | — =tan"17

5v2
Also suppose sin— T—B =sinf= J_

1
Now cosp = l—sinz[i =—
J17

_sinf
Bps cosp
= P=tan~'4=>sin~! = tan"'4
J17
tan[cos'l ——1-——s.i1:1‘l i]
5V2 V17

=tan [tan~! 7-tan™! 4]

LT

ol (3)-3

7. @ Latcos‘1§=9 = cosO=—

Now sin@=1+1—-cos?0 = ’1—%::1‘.

5

BB e SRS ]
cosB 4 4

(3]

=1tan|tan "—+tan —
4 3

{ _1[ 3/4+2/3 H 17 12 _17
tan|tan” | ——— | [= —x—="—
1-3/4x2/3)] 126 6

8. (3) J1+cos2x =+/2tan"!(tanx)

= 2 cos? x =2 tan! (tan x)

tan®

= |cos x| = tan"! (tanx)

Ay
n
& 2 y=_2_
g o y=1
i
P ol n P
2 2 2
-
& C Y=_2_

Number of solutions = Number of intersection points = 3.

(g5

5o 5[4 - |

i=1

2 x‘ 5
iz X s =
sin : I—"—X“‘*z—x =Ssin 1 2)(.“]‘_ 3
-X 1-X fis 1HX
2

=L
[ sum ofinfinite terms of a GP. = i if [r|<1]

X X i X
= - = +
I-x 2-x 2+x l+x
2 2
. S ok X _0
l-x 1+x 2+x 2-x
= x(x +2: 1) x(2-3x- x) =
1-x 4-x2

= x[x3+2x2+5x—2]=0
= x=0 or x>+2x2+5x-2=0=p(x) (say)

1
We observe that p(0) < 0 and p(i) >0

. Oneroot of p(x) =0 liesin (0, %) .

Thus two solutions lie between —% and %

L e e B
(2.36) {Lct, cos 5= t =tan ﬁJ

{similarly for sin~! ﬂ}

Now, we have

Bt B L[ 20m), 42
2 o nz—-z T
i SEocldagabat ] Ay 2\/51':
=— 4 — — ——1t A
2 2 2 4 2l




Inverse Trigonometric Functions

| )
n | n -1 LY |
=—+—tan" | —= |——tan s
2 [\E] 4 i [ =7
. ¥2) )

e e ten [ 1( a4 =)
=—+—tan~ | — |-—| =n+2tan | —

2°2 (\E] A{ (ﬂJ
I I o3

b A R 8

1. A=2tan"'(22-1)=2tan"'(2x1.414-1)

= 2tan"}(1.828) > 2tan"' 3 =2n/3

A>2n/3 ()
Now B =3 sin~! (1/3) +sin"1(3/5)

= sin”! [3 x l—4 x—l-}+sin'l(3f5)
3 23
= sin”! §+ sin_l(0.6) =
27

sin~(0.852) +sin "1 (0.6)

<sin"'(3/2)+sin"'(V3/2)=2a/3

. B<2x/3 .(ii)
From (i) and (i), 4> B
et 25 e m}

-11_®)
12. tan[Ztan - 4] tan[ Ll (115)2J

- tan[m" (i]—tan_l(l)] = tan [m_l(snz-lj]
12 1+5/12
= tan (tan"'(=7/17)) =—7/17
13. Leta+b+c=u,then

_1 |au 1 |bu mlﬁ
=1 —+tan” " ,—+tan  ,[—
N O R
lau \/-E; __a+4!a+cl
bc

a, b, c are posnne real numbers]

lau [‘bu
_+ e
=1 bc ca +1:an'1 cu
_ Jau [bu 4
bc \ca

y=ﬂ+tan_1[%]whenxy>l]

0 =n+tan

[+ tan”" x+tan~"

a+b

11
9=m+tan"! Nabe +tan_l1’£u+
1_E ab
C

B113

e,
Ve Vea

_1{@ c)w/_ c }"'m“l‘j‘c}j
-(u c) ab
0=n—tan" J_ _1J7

- tan~! (-x)=—tan"'x]

bu _u
L _C

B=m+tan

StanB=tanmt=0

&y <0

14. (¢) Casel:ye(-3,0)=y<0= 5

6y\ 2n

=3

( ) (
tan™! L_ﬁy EJ +m+tan”) L—z
9-y =y
6y Juih
9-— sz
yl_ﬁ\/iy—9=0=>y=3J§—6('-‘YE("3-°))

2tan”! [

>0

Case-ll :ye(0,3)=y>0= 3

Py
_1( 6y ) 2 2
L_2J=—=>J§y +6y—9v"§=0
g=v 3

y=4/3 ory=-13./3 (rejected)
3+33-6=4/3-6
14k +1)22)

n
iven that § (x)= 2, cot
Given that S, (x) ICZ::] L = J

n =4 x
kz:lm [I+kx(kx+x}]

B P {52 L
1+ (o + x)(kx)

k=1

2tan

(a,b)

= § (x)=tan™! (nx +x)—tan !

=tan T —
1+(n+1)x*

2
@ Sw(x}=tan'l 10x P gy e 1+11x (x>0)
1+11x% 2 x

(Option (a) is correct)

(®) lim cot(S,(x) = ﬁmm[mt-r[ﬂ(nﬂ)xz D

nx

l+(1+le2
R n
= lim —————

n—o X

(Option (b)is correct)

=x(x>0)




; oo g Viathematics|
L ] )] = ~l (o
(© S3(x)=tan 11_+4_2=I If &= tan(cos™" £ (6))
X
= 4?-3x+1=0=x¢g R [ D is negative] =wn{cos_l{cos§D=tan£
(Option (c) is incorrect) 8
(d) Forx=1 2tan
. his
B .1 Now, tan——=l=>l 5 "821
tan(S,,(x))=m—E —tan” 1/
S 20 %
forn>3. =3 =1 > a*+2a-1=0
1-a=

(Option (d) is incorrect)
i 2sin[ k:; n)sin[kiinJ
n n
16. (b, d)f(n)=*="—, —
Z2sin2(—+—)n
k=0

n+2

¥

17.

where 7 is non negative integer

2 [ r ] (2k+3)r::'
Z CO8| —— |—cos———
= n+2 n+2

k=0

n+2

2n+3)x]
(1)[_][32 reos ST 4 oo |

£ MJ

n+2

2n T
n+l—|cos——+cos + e+ COS
n+2 n+2

sin(n+l)rc
n+2

(n+1)c:os[n:2J— sin(_"‘z_]

sin(n+1)n
nt?2 (2n+4)n

— s cos~——— 1
: ( b1 J 2(n+2)
Sim|="—

n+2

n n T
_(n+l)cosm+cos”+2 3 (""‘2)"-‘05["_‘_2]

3 = n+2

(2n+6)x
.cos
2(n+2)

I

n+l-—

18.

n+l+1

~f(n)= cos(njz)

lim f(n)= lim cos( k ]:l
n—c0 n—»0 n+2

- Option (a) isincorrect.
i m_3
4 = —ii= —_— = —
f(4) cos[4+2J s o =
.. Option (b) is correct

. Option (c) is correct

sin(7cos™'£(5)) = sin(?cos_l [cosl_:-)) = sin(‘,’ x EJ

=sinn=0
.". Option (d) is correct.
(A) = p; B) > q; (C) > p; (D) > s

. T
sin~!(ax) + cos™ ! y + cos~ ! (hxy) oy

= cos™! y+cos! (bxy) =g~ sin ~(ax) = cos ! (ax)

Let cos™! y = a, cos™ (hxy) = B, cos~! (ax)=y
then y = cos o, bxy = cos B, ax=cosy
» Wegeta+B=yand cos B =bxy
cos (y—a)=cos B = bxy
COs ¥ COs O +sin y sin o = hxy
axy +sinysin a=bxy = (a—b)xy=—sinasiny
(a— b)* x'z.\‘3= sin? a sin? Y

=(1-cos’ @) (1-cos?y)

(@-87x%2 = (1-)2)(1-a2?) (i)
Fora=1, b=0, equation (i) reduces to

32 =(1 -x%) (1-32) = x2+y2=]
Fora=1, b= equation (i) becomes
(1=-x%) (1-)%)=0 = (—1) =0
(©) Fora=1.5=2equation (1) reduces to

2 =(1-x2)(1-)2) = P+y2=]
(D) Fora=2, b=2 equation (i) reduces to

0=(1-4) (1-3) = @x2-1) 02-1)=0
(A) = (p) B) = (r): (CO) > ()

=¥ tant[ L =°°tan—:[t2_@;<_2ﬂ}
(A) Etan [21.2) E Tral

buuyuy-

X

B)

=2 [tan™' i +1)~tan~}(2i - 1]
i=]
=tan! 3 —tan~! | + tan~!5 — tan-13
tottan 12+ )~ tan 1 Qn—-1)+ ... o

= lim[tan'(2n+1)—tan"11]
n—x

: _[Ij 1 :‘
= lim tan
=m0 1+1/n

(A)—(p)

. 5 | 2n
=lm tan | ———__
n—»m !:1+(2n+1)]

=tan_1(l)=%=:>tanf=l,




Inverse Trigonometric Functions

®)

©

8115

- a,b,carein AP=2b=a+c
=
—tan~6;/2
Now C()SBT_: g 1 ! 161 o
b+c 1+tan~6; /2 b+c
tanle—i—b+r_a
< 2 b+c+a
e 3 a+b-c
Similarly, tan™ — =
2 a+b+c
26 2 03 gbr o126 2 19.
tan” —+t —_=
S 2 e W Y
Equation ofline through (0, 1, 0) and perpendicular to

xe =1z
4 = _:__,:_zk
x+2y+2z=0is 1 3 2

For some value of A, the foot of perpendicular from
origin to line is (A, 24+ 1,24)

Direction ratios of this L fromoriginare A, 24+ 1, 2A

2
S 1A2@H)+220=0=0= -5
_i]
=

.. Foot of perpendicular is L—%

.
O |

Hence required distance

5
\/_ =46

4725 016

cos (2 cos™! x + sin™! x)
= cos (cos™! x + cos! x + sin"x)
=cos (cos ' x+m/2) { cos!x+sinlx=n/2}

=—sin (cos™ x) = — \J1-cos?(cos " x)
\/1 x?

\/1 [cos(cos x)]

At x=%,cos(2¢os_1x+sin_tx)=— 1-x2
=246
—1-1/25 26

5



	2. Inverse Trigonometric Functions.pdf (p.1-4)
	2. .pdf (p.5-10)

