
Questions and Problems

1. Fundamentals of Mechanics

t .1. A wind is blowing with a constant velocity v in the
direction denoted by the arrow in the figure. Two air
planes start out from a point A and fly with a constant
speed c. One flies against the wind to a point B and then
returns to point A, while the other flies in the direction
perpendicular to the wind to a point C and then returns
to point A. The distances AB and AC are the same.
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Which plane will return to point A first and what will be
the ratio of the flight times of the two planes?
1.2. A boat is moving across a river whose waters flow
with a velocity u, The velocity of the boat with respect
to the current, vo, is directed at an angle a to the line
perpendicular to the current. What wi ll be the angle e at
which the boat moves with respect to this line? What
will be the veloci ty v of the boat wi th respect to the ri ver
'banks? What should be the angle at which the boat moves
directly across the current with given u and v?
1.3. From a point A on a bank of a channel with still
waters a person must get to a point B on the opposite
'bank. All the distances are shown in the figure. The per
son uses a boat to travel across the channel and then
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'walks along the hank to point B. The velocity of the
boat is VI and the velocity of the walking person is v2•

Prove that the fastest \vay for the person to get from A

Fig. 1.3
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to B is to select the angles at and a 2 in such a manner
that (sin Ct1/(sin ( 2 ) = V1/V2 •

1.4. An object slides without friction down an inclined
plane from a point B to a point C that is distant a from

B

Fig. 1.4 Fig. 1.5

a point A. At what height h (or at what angle a) is the
sliding time minimal?
t .5. The time dependence of the lengths of the paths of
two bodies moving in a straight line is given by curves a
and b, respectively. What curve corresponds to accelerat
ed motion and what curve to decelerated motion?
t.6. A material particle is moving along a straight line
in such a manner that its velocity varies as shown in the
figure. At which moment in time numbered successively on
the time axis will the acceleration of the particle be max
imal? How should one use the graph to determine the
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average velocity of motion over the time interval from
t 1 to t 2?
1.7. The velocity of a particle moving in a straight line
varies with time in such a manner that the v vs. t curve-
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is represented by one half of an ellipse. The maximal ve
locity is urn and the total time of motion is t. What is
the path traversed by the particle and the average veloci
ty over t? Can such motion actually occur?
1.8. The velocity of a particle decreases in relation to
the path traversed according to the linear law v = Vo 
ax. After what time will the particle get to a point B
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that lies on the axis of abscissas distant X m from the ori
gin of coordinates?
t.9. The velocity of a particle moving in a straight line
increases according to the linear law v = V o + kx, How'
does the acceleration change in the course of such mo
tion? Does it increase or decrease or stay constant?
1.10. The figure shows the "timetable" of a train, the de
pendence of the speed of the train on the distance trav
eled. How can this graph be used to determine the average
speed over the time interval it took the train to travel
the entire distance?
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i.11. A rod of length lleans by its upper end against a
smooth vertical wall, while its other end leans against
the floor. The end that leans against the wall moves uni-
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formly downward. Will the other end move uniformly,
too?
1.12. An object is thrown upward with an initial veloc-
ity Vo- The drag on the object is assumed to be propor
tional to the velocity. What time will it take the object
to move upward and what maximal altitude will it
reach?
t .13. At a certain moment in time the angle between
the velocity vector v of a material particle and the acce-

Fig. t.14

leration vector w of that particle is 6. What will be the
motion of the particle at this moment for different B's:
rectilinear or curvilinear, accelerated or uniform or de
celerated?
1.14. A particle is moving along an expanding spiral in
such a manner that the particle's normal acceleration
remains constant. How will the linear and angular veloc
ities change in the process?
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1.15. A particle is moving in a circular orbit with a
constant tangential acceleration. After a certain time t'
has elapsed after the beginning of motion, the angle be
tween the total acceleration wand the direction along
the radius R becomes equal to 45°. What is the angular
acceleration of the particle?
1.16. An object is thrown at an angle (J., to the horizon
tal (0° < ex < 90°) with a velocity yo. How do the nor-
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mal acceleration W n and the tangential acceleration Wt
vary in the process of ascent if the drag is ignored?
1.17. At the foot of a hill a certain velocity is imparted
to a sled, as a result of which the sled moves up the hill

FIg. 1.t7 FIg. 1.18

to a point A and then down the hill. What are the direc
tions of the normal and tangential components of the
acceleration at point A?
1.18. An object moves without friction along a concave
surface. What are the directions of the normal and tan
gential components of the acceleration at the lowest pos
sible point?
1.19. A stunt rider on a unicycle is riding around the
arena of a circus in a circle of radius R. The radius of the
wheel of the unicycle is r and the angular velocity with
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which the wheel rotates is co. What is the angular accele
ration of the wheel? (Ignore the fact that the wheel axis is
inclined.)
1.20. A liquid has been poured into a cylindrical vessel
of mass M (the mass of the vessel bottom can be ighored)
and height H. The linear density of the liquid, that is, the
ratio of the mass of the liquid column to its height, is a.

Fig. 1.19 Fig. 1.20 Fig. f.21

What is the height x of the column of liquid at which the
common center of gravity of the liquid plus the vessel is
in the lowest position?
1.21. A cone-shaped funnel is being rotated with con
stant angular velocity roe An object is placed on the inner
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wall of ~he funnel. The object can freely move along the
generatrlx of the cone, but during the motion of the
funnel the body is in a state of equilibrium. Is this equi
librium stable or unstable?
f _.22. A vessel filled with water is moving horizontally
with constant acceleration ui. What shape will the surface
of the liquid have?
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t .23. A liquid has been poured into a cylindrical vessel.
What shape will the surface of the liquid have if the
vessel is rotated uniformly about its axis with an angular
velocity oo?
1.24. A piece of cork has been attached to the bottom
of a cylindical vessel that has been filled with water and
is rotating about the vertical axis with a constant angu
lar velocity 00. At some moment the cork gets free and
comes to the surface. What is the trajectory along which
the cork moves to the surface: does it approach the wall
or the axis or does it move vertically upward?
1.25. A force acting on a material particle of mass m
first grows to a maximum value Fm and then decreases to

F

Fm

o~------_....-..-_-...,-"""'-

I,....
Fig. 1.25

zero. The force varies with time according to a linear
Iaw, and the total time of motion is t m - What will be the
velocity of the particle by the end of this time interval if
the initial veloci t v is zero?
1.26. Along which of the two trajectories, the horizon
tal line ac'b or the broken line consisting of two straight

Fig. t.26
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segments (ac and cb), will the work performed by a force
in displacing an object be greater if the friction is the
same for all three straight segments?
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t .27 • An object of mass m is sliding down. a hill. of ar
bitrary shape and, after traveling a certain horizontal
path, stops because o.f, friction. The friction co~fficient
may be different for different segmel~ts of the ~ntlr~ path
but it is independent of the velocity and direction of
motion. Find the work that a force must perform to re
turn the object to its init.ial position along the same
path.
1.28. The dependence of the potential energy of an
object on its position is given by the equation W = ax2
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(a parabola). What is the law by which the force acting
on the object varies?
1.29. An object whose density is Pob falls from a certain
height into a liquid whose density is Pliq. In the figure
the potential energy W of the object is plotted along the
vertical axis and the position of the object (its altitude)
is plotted along the horizontal axis. The potential energy
of the object at the level of the liquid is taken zero and
the positive direction of the vertical axis (the W axis) is
the one pointing upward from the liquid's surface. De
termine which of the five straight lines, 1-5, corresponds
to an object with the highest density and which to an
object with the lowest density. Is there a straight line
among these five for which Pob = (112) PUq? The arrows
on the straight lines point in the direction of motion of
the object.
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1.30. The dependence of tho potential energy W of the
interaction between t\VO objects on the distance r sepa
rating thorn is shown ill t.he figure. What will be the
distances between the objects that correspond 1.0 equilib
rium positions? At what dislancc wil l the equilibrium
be stable? (Answer the same question for unstable equi
librium.) What segments of the curve correspond to a re
pulsive force and what segments, to an attractive force?
1.31. A load of mass m2 is hanging from a string. A bul
let flying horizontally hits the load. Three cases are pos
sible here, namely, (1) the bullet pierces the load and,
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retaining a fraction of its velocit.y, rontinues its flight.,
(2) the bullet gets stuck in the load, and (3) the bullet.
recoils from the load. In which of these three cases will
the load he deflected by an angle a with the greatest
magnitude and in which wi ll it be deflected by an angle
with the smallest magnitude?
1.32. Two spheres of equal mass collide, with the colli
sion being absolutely elastic but not central. Prove that
in this case the angle between the velocities after collision
must be 90°.
1.33. A sphere of mass In! impinges with a velocity V o
on a sphere of mass m2 that is at rest, with m 1 > nu: The
collision is absolutely elastic but not central. By what
maximal angle 8 will the impinging sphere be deflected?
1.34. Two spheres of equal mass are moving at right
angles with velocities that are equal in magnitude. At
the moment of collision the velocity vector of sphere 1 is
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directed along the straight line connecting the centers of
the spheres. The collision is absolutely elastic. Plot the
veloci tY vectors before and after collisiOIl in di fferent
coordinate systems: (t) ill the laboratory system (in this
systeln the velocities of the spheres are those specified
above), (2) in the coordinate system connected with the
center of mass of the two spheres, and (3) and (4) in the
coordinate systems linked to each of the spheres.
1.35. The centers of the spheres 1, 2, and 3 lie on a
single straight line. Sphere 1 is moving with an (initial)
velocity VI directed along this line and hits sphere 2.

o
Fig. 1.34 Fig. 1.35 Fig. 1.37

Sphere 2, acquiring after collision a velocity V 2 , hils
sphere 3. Both collisions are absolutely elastic. What must
be the mass of sphere 2 for the sphere 3 to acquire max
imum velocity (the masses m , and m3 of spheres 1 and
3 are known)?
t .36. A sphere of mass m1 moving with a velocity Do

hits a sphere of mass m2 that is at rest. The collision is
absolutely elastic "and central. The velocities of the
spheres after collision are Ul and U 2, respectively. What
are the mass ratios for the following values of velocities:
Ul = 0, u t < 0, and U1 > O?
t .37. A device often used to illustrate the laws of uni
formly accelerated motion is the Atwood machine. The
machine consists of two loads of mass m1 and m2 at
tached to the ends of a lilnp but inextensible string. The
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string runs over a pulley. The acceleration with which the
loads movo is

w-- ml- m2 g
- ml+ m2 '

whereas the angular acceleration of the pulley is ignored.
Is the Iast assumption true for ex act calculations?
1.38. Strings arc wound around a shaft and a sheave of
equal mass, and a load is attached to the end of each
string (the loads have equal mass). Which of the two loads

Fig. 1.40

1

Sheave
Shaft
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will descend with a greater acceleration and which of the
rotating objects, the shaft or the sheave, has a greater an
gular acceleration?
1.39. A vacuum cleaner standing on the floor turns
through a small angle when switched on and then stops.
Why does this happen?
1.40. A number of types of helicopters, among which
are the Soviet-made "Mi" helicopters and the Westland
Whirlwinds designed for use by Queen Elizabeth II,
utilize one main rotor and a small vertical tail rotor.
What is the function of this second rotor?
1.41. A rod whose lower end is sliding along the hori
zontal plane starts to topple from the vertical position.
What will be the velocity of the upper end when this
end hits the ground?
1.42. A thin rod of length 2R and mass m is standing
(vertically) on a perfectly smooth floor. The state of equi
librium in which the rod is at rest is unstable, and the rod
falls. Find the trajectories that the various points of the
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rod describe and the velocity with which the upper end
of the rod hits the floor.
1.43. A homogeneous rod AB is lying on a perfectly
smooth floor. A bullet hits the rod and gets stuck in it.
The direction of the bullet's initial velocity V o is rerpen
dicular to the rod, and the point where the bullet hits
the rod lies at a distance x from the middle of the rod.
The mass of the bullet is m and the mass of the rod is M.

D
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Will a velocity directed in opposition to Yo be iJl1pul'tcd
to end A at the first mornent after the collision?
t .44. The axis AB of a gyroscope is mounted ill ~\ Iraruo
that can rotate about the axis CD. This frame is mount
ed, via vertical supports ee' and DD', on a horizo~
tal platform which, in turn, can rotate about tlle axis
EF. At first the platform is at rest and the gyroscope is
rotating in the direction designated by arrow 1. Then
the platform begins to rotate in the direction designated
by arrow 2. How will the gyroscope's axis change its
position in space?
t .45. A top is spinning in the direction designul.od by the
arrow in the figure. In what direction docs the proces
sion of the top occur?
1.46. A shaft whose diameter is d and length is l is ro
~ating without friction in bearings with an angular veloc
ity 000• A sleeve of height h and ou tel' d lametor D is
fitted on the shaft (the materials of the sleeve nod the
shaft are the same). At first the sleeve is no t co.mected
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with the shaft and is a t rest. Then at some moment the
sleeve is clamped to the shaft. What will be the common
angular velocity of the shaft plus the sleeve?
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t .47. A disk and a sphere roll off two inclined planes of
the same altitude and length. Which of the two objects
will get to the bottom of the respective plane first? How
does the result depend on the masses and diameters of
the disk and the sphere?
t .48. A spacecraft is circling the earth E along an ellip
tical orbit. How must the velocity of the spacecraft at
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perigee P and apogee A he changed so that the spacecraft
follow H circular orbi to?
1.49. Several artificial satellites of the same In8SS arc
circling the earth along circular orbits of different radii.
How do the kinetic, potential, and total energies and
angular momenta of the satellites depend on the radii of
the orbits?
1.50. Three orbital space stations arc circling the earth
along different orbits: one along a circular orbit and the
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other two along elliptical orbits whose major axes are
equal to the diameter of the c~rc.ular orbit: The masses
of the stations are the same. WIll the energies and angu
lar momenta of the stations coincide or will they be
different?
t .51. A spacecraft is circling the earth along a circular
orbit and retains its orientation with respect to the earth.
Is zero gravi ty inside the spacecraft absolute in this
case?
1.52. A cornet flies into the solar system from remote
outer space. The trajectory of the cornet is a branch of
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a hyperbola. Can the comet become a satellite of the sun
S if the interaction of the comet with the planets of the
solar system is ignored?
t .53. What shape will a round disk have if viewed Irom
a system of coordinates with respect to which the disk is
moving with a certain velocity directed along the di ame
ter of the disk?
1.M. An isosceles right triangle is moving with respect
to a system of coordinates with a velocity v directed
along the hypotenuse. When viewed from this system, the
triangle appears to be an equilateral triangle. Find the
velocity with which the triangle is moving wi t.h respect
to this system. .
~ .55. The various relationships that ex ist between t.i I1U.'

Intervals, coordinates, and veloci ties in the speci al theory
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of relativity are conveniently illustrated via a system
of coordinates in which on the axes we layoff either
distance and time multiplied by the speed of light or
time and distance divided by the speed of light. Curves
that represent motion in such systems are known as world
lines. Various world lines are shown in the figure in the
x/c vs. t coordinates. What does each line represent? Is
there a line that contradicts the main principles of rela
tivity theory?
1.56. A world line is directed at an angle e to the x/c
axis (see Problem 1.55). What is the ratio of the kinetic
energy calculated via the formula of relativity theory to
the value calculated via the formula of classical mech
anics? Take the specific case of e = 60° as an example.
1.57. Two systems are moving with respect to each
other with a certain velocity. The motion of one system
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in terms of the coordinates x/c and t of the other system
is represented by a world line directed Hl all angle e to
the xlc axis. After a time interval To reckoned from tho
origin of coordinates has elapsed, one system sends a sig
nal to the other. After what time will the second system
receive the signal?
1.58. Three systems, A, Band C, are moving with res
pect to each other in such a manner that with respect to
system B the velocities of A and C coincide in magnitude
and are directed toward B (Figure (a)). When system A
Comes alongside system B (Figure (b)), the clocks in the
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two systems are synchronized. At this moment system A
begins emitt.ing signals direc~ed at . Band sc.parated by
equal time Intervals To· TIlls continues unl.il A comes
alongside C (Figure (c)), with N signals being set over
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Fig. t.58

the entire interval between the encounters. At this IHO

rnent the clock in C is synchronized with the clock in A
and system C starts to send signals directed at B that are
separated by the same time intervals To. Find the differ
ence in readings of the clock in Band C when these two
systems come alongside (Figure (d)).



Answers and Solutions

1. Fundamentals of Mechanics

1.1. If AB = AC == l, then the times of flight from A
to B and from B to A are, respectively, l/(c - v) and
l/(c + v). The entire flight time is

t __l_ __'__~
1- c-v + c+v - cl_v,e

For the second airplane to fly from A to C, its velocity
must be directed at an angle to the direction of the wind

Fig. 1.t Fig. 1.2

in such a manner that the resulting velocity directed to
ward C is equal to (c2 - V2) 1/ 2 in magnitude. The entire
flight time of this airplane will be

2l
t2 = V-- ·c'-vl

The second airplane will arrive before the first, and the
flight time ratio is

t 2/t1 = V1-V2/ C2 •

1.2. The figure shows that

t e Vo sin a + U t + Uan == == an (X ------:-,--
Vocos ex vO·,cos a.

Velocity v can be found frorn the equation

(vo sin ex, + U)2 + v: cos2 a = zr,
121



which yields

V~V .. / 1 +2 ~sina+(~)2.
o V Vo Vo

The boat will travel directly across the river if e ::=: 0.
Under this condition, sin o: = - ulu.; Obviously, the
boat can travel at right angles to the current only if Po

is greater than u.
1.3. The time of travel by boat from A to C is

t 1 = Vx2+a2/vt·

The time of travel by foot from C to B is

t2 =:: -V (d- X)2 + b2/ V2•

The total time of travel is

-VxS+a2 V(d-X)2-t--lJ 2

t ~ tt + tz == + .
VI V2

The extremum condition is dtldx = 0, or
dt x d-x
dx = VI Vx2+a2 V2 V'"(d-x)2+b2 =0.

Since
x . d d-x ·

Vx2+a2 ~~Slna1 an V(d-x)2+b 2 ==SIOct2,

we can write sin (Xt/vI == sin a 2/v2, whence
sinal Vl

sin <%2 v;-.
We can easily see that the extremum corresponds to the
minimum of time of travel.
1.4. The time of travel along straight line Be is deter
mined by the length S of segment BC and the acceleration
ui. The figure shows that

S == -Va2+h2 , w == _h_ g.
Ya2 +h2

Since S = wt2/2, we can write

Va2+h2==~ h t2

2 Va2+h2 '
whence

_ /2 (a2 +h2 )

t- J C h '
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Nullifying the derivative (the extremum condition),

dt h2 - a2

dh ~-~ V 2gh3 (a2+h2)
0,

yields h === a.
The same result is obtained if we express Sand w in

terms of a:

S == a/cos Cl, w == g sin ex,

t= 1//~ a
Y g sin ex. -cos a ·

Nullifying the derivative dt/dct, we find that a == 45°.
1.5. The acceleration in rectilinear motion is the second
derivative of the distance traveled with respect to time.
For a concave curve the second derivative is positive, while
for a convex curve the second derivative is negative,
whereby curve (a) corresponds to decelerated motion and
curve (b) to accelerated motion.
1.6. By definition, acceleration is the time derivative of
velocity, w = dv/dt. For rectilinear motion the vector
equation can he written in scalar form. The acceleration
is the highest when the derivative is the greatest, that is,
when the curvature of the curve is maximal. The curva
ture is determined by the slope of the tangent line to the
particular point on the curve. This corresponds to mo
ment 2 on the time axis. Note that for curvilinear motion
the question contains an ambiguity, since to determine
the acceleration we must know the radius of the trajectory
at every moment in the course of the motion in addition
to the magnitude of the velocity. To find the average veloc
ity, we must know the distance traveled by the particle
in the course of a definite time interval. In terms of the
velocity vs. time graph, the distance traveled is the area
of the figure bounded by the curve, the time axis, and
the vertical straight lines passing through the initial and
final moments of time on the time axis. Analytically the
distance is calculated via the integral

t.

s ; Jvdt,
f.
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whence the average velocity is
t.
5vdt

v=_t_t_
t2 - tl •

1.7. In terms of the velocity vs. time graph, the distance
traveled is determined by the area bounded by the curve

and the time axis. Thisx
-------------- ama is

Xm
The average velocity is

S 3t
v=T=~ TVm·

o t Such motion cannot be re-
Fig. 1.8 alized in practical terms

since at the initial and final
moments of the motion the acceleration, which is dvldt,
is infinitely large in absolute value.
t.8. The particle will never get to point B but will ap
proach it without bound. Indeed, from the equation
v = Vo - ax we get

~=dt.
vo-ax

Integration of this expression yields

In (ox-vola) = -at,
-vola

whence

x=~(1-e-at). (1.8.1)
a

The limit value X m = vola can be attained only at
t ~ 00. The dependence of x on t defined by Eq. (1.8.1)
is represented by the curve shown in the figure.
1.9. The acceleration

dv dv dx
w=dt= dz dt =k(vo+kx)

increases with x. The same result can be obtained from
the following line of reasoning: at constant acceleration
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the relationship between the velocity and the distance
traveled is given by the formula

v2 = v~ + 2wx,

so that the velocity increases in proportion to the square
root of the distance. Hence, for the velocity to increase
linearly wi th x, tile acceleration must increase.
1.10. The train covers tho distance dx in the course of
cIt == dxlv (x), where v (x) is the speed with which it
travels over dx. The total time of motion is

s

t = Jv~;) •
o

The average speed is determined by dividing the distance
covered by the train by the entire time of motion:

S
Vav = S

r dx
J v (x)
o

If the graph cannot be represented by a formula, it can
he reconstructed into the 1/v vs. x graph. In this case the
integral in the denominator of the expression for Va v

can be evaluated by graphical means.
1.11. Tho speed with which the lower end of the rod
moves, V x == dx/dt, can be written in the form

dy dx
V x = (It dg~

Since x = Vl2 - y2, we can write

dx y
dg= - Vll_y'l. '

whence
y dy Y I Vy I

v~= - Vl2 - yS de = Vl2_l/'I. •

Thus, the speed of the lower end gets smaller and smaller
and vanishes at y = o.
1.12. Since the drag is proportional to the velocity of the
object, so is the 'acceleration caused, by this force (with a
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minus sign). lienee, by Newton's second law,

dv
(ft= -g-rv,

where r is the proportionality factor. Whence

v,

v

Fig. t.12

v t

) v~~/r= -r Jdt.
Vo 0

Integration yields*

v = ( Vo+ ; ) e-ri - ; .

(1.12.1)

For v === 0 this yields

t ===! In (1 + rvo ) •
m r g

(1.12.2)

To find the maximal altitude, we rewrite (1.12.1) in the
form

dh ( g) -rt g-= v +- e -_.dt 0 r r

Integrating this equation up to t, we find that

h == (vo+ L) .!. (1- e-r t ) _1. t.
r r r

(1.12.3)

(1.12.4)

Bearing in mind that at the point of greatest ascent v ==
dh/dt = 0 and combining this result with (1.12.3),
we get

(1.12.5)

Combining (1.12.4) with (1.12.5) yields

h = vo-gtm .
r

Substituting t m from (1.12.2), we arrive at the final re
sult

h = +[vo- ; In (1- r;o )].
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When drag is extremely low, or rvojg~ 1, we can employ
the expansion

In (1 +~) ~ ~_ 1- (~)2.
g g 2 g

This results in the well-known Iorrnula
2

h==~
2g •

* The section of the curve that lies below the t axis (see the
figure) corresponds to the descent of the object after the
object has reached the maximal altitude. The rate of descent
asymptotically approaches the value at which the force of
gravity is balanced by the drag.

1.13. The acceleration vector can be decomposed into
two components, the tangential acceleration Wb which is
directed along the same straight line as the velocity of
the particle, and the normal acceleration W n , which is
perpendicular to the velocity. For instance, for e > 90°
(see Figure (a) accompanying the problem) the tangential
acceleration is directed opposite to the particle's velocity
and the motion in this case is decelerated, w < O. The
presence of a nonzero normal acceleration suggests that
the motion is curvilinear. The situation for the other
cases is as follows: for e< 90° (Figure (b)) the motion is
curvilinear and accelerated, for e = 90° (Figure (c) the
motion is curvilinear and uniform, and for e == 1800

(Figure (d) the motion is rectilinear and decelerated,
w < O. Of course, characterizing the motion by the angle
between the velocity v and the acceleration w is meaning
ful only for a definite moment in time. Subsequent ITIO

tion may change this characteristic.
1.14. The normal acceleration is

Wn = v2/R = w2R ,

whence the linear velocity grows in proportion to the
square root of the curvature radius of the spiral, while
the angular velocity decreases by the same law.
1.15. When the angle between the total acceleration and
the radius becomes equal to 45°, the normal acceleration
becomes equal to the tangential acceleration. Since
W n :=::: w2R and Wt == eR, we have w2 == e, and since
(I) == et , we have e2t2 == E, with the result that

B = 1/t2
•
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1.16. The acceleration with which the object moves is
the acceleration of gravity, which at all points of the
trajectory is directed vertically downward. From the
figure that accompanies the problem we see that as the
object ascends the tangential acceleration decreases while
the normal acceleration grows. At the highest possible
point the tangential acceleration is zero while the normal
acceleration is equal to the acceleration of gravity.
1.17. Since at point A the sled's velocity is zero, so is the
normal acceleration W n == v'llR. The tangential accelera-

tion is directed down the
hill along the tangent to
the surface of the hill.
The figure accompanying
the answer shows the forces
that act on the sled. These
are the force of gravity mg
and the reaction force N
exerted by the surface of
the hill. The resultant F

is directed downward along
the hill. According to
Newton's second law, the

acceleration vector points in the same direction as the
resultant. If there is friction, the resultant vector does
not change direction but becomes somewhat shorter,
with the result that the tangential acceleration becomes
smaller, too.
t.18. The acceleration vector points in the direction of
the resultant of the forces acting 011 the object. At the
lowest possible point only the force of gravity and the re
action force act on the body, provided that there is no
friction. This means that at this point the object experi
ences no tangential acceleration. Since the object is mov
ing along a curvilinear trajectory with a certain veloci
ty, there is a normal acceleration, which is directed to
ward the center of curvature of the trajectory. This acce
leration is generated by the difference between the reac
tion force exerted by the surface and the force of gravi
ty.
1.19. In the course of time tlt the angular veloci ty vector
will vary from (01 to 0)2 without changing its length. The
direction of the vector will change by an angle of ~cp.

This angle is equal, on the one hand, to 1.100 I/w and,
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on the other, to ~S/R, where J1S
1

stands for the displace
ment of the center of the wheel. * This displacement is
equal to QR I1t, where ~2 is the angular velocity of the
cenler of tho wheel. Thus,

I ~CI) j/ro=QRM/R and B= lim ~CJJ =roQ.
At-+O t

(1.20.2)

Fig. t.19

e=w2 -!....R·
* It is assumed that L\cp~ 1 rad.

When the wheel is rotating, the point at which it touches
the arena wi ll shift in the course of I1t by a distance of
ru>l1t on the wheel and by
R~2~t on the arena. Hence, co
and ~~ are l inkod by the fol-
Iowi ng Iorrnula: wr ~ ~~/1, w2

whence

1.20. Tho height of the cen
ter of Blass of the vessel with
the liquid is determined hy
the formula

he =--= IVl (If /2) -f- m (.r/2) , (1.20.1), M+,n
where In is the mass of the liquid. We rewrite (1.20.1)
by replaci ng t.he mass of the liquid wi th 6x:

h _~ M//+6.x2

c- 2 M+fJx .

Nullifying the derivative of h with respect to x,

dhc ==! 20x (M -t-fJx) - 0 (MIf -1- fJx2
) =-.: 0

dz 2 (M +cSx)2 ,

we get

,. _ .. /- M2 I AI11 _!!-
.I -- + V (~2 --: (~ {) •

(1.20.3)

Of course, only the posi tive value of the root has physi
cal meaning. Substi t.ut.i ng this value into (1.20.2), we
will find the position of the center of mass. After elemen
tary transformatious we get

he ~= V ~2 -+- ~1I - 1.
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We have found that the position of the center of mass co
incides with the level of the liquid.

Here are some particular eases:
(1) 6H === AI (the liquid filling the vessel cornpletel y

has a In3SS equal to the mass of the vessel). Then

hc = x= H (V 2- 1)~ 0.41H.

(2) 61/~ M. Let us transform (1.20.3) to the form

AI (I 6H )x =-~. T ]/ 1 -~ At - 1 ·

The fraction in the radicand is considerably less than uni
ty. Expanding (1 -1- 6H/ A1)1/2 in a series and retaining
only three terms, we get

M ( fJI{ 62112
)

X ~ T 1+ 2M - 8M2 -1 ,

or

H ( su )hc==x~2 1- 411-1 •

The level of the liquid is below the middle of the vessel
by au insignificant distance.

(3) 01/» M, Let us transforlll (1.20.3) to the Iorm

( / M'l. M M )
x===H l 62H2 + ofl - fJH •

Bearing in mind that (M /OH)1/2 ?;> M/6H, ,ve can assume
that the expression inside the parentheses in the above
Iorrnul a is simply (JV1/6H)1/2, whence

he = X ~ H (M/6H)1/2.

Tho level of the liquid is above the bottom of the vessel
by an insignificant d istance. ~

1.21. For the object to be in a state of equilibrium in re
lation to the wall of the funnel the resultant of the forces
acting on the object must impart an acceleration to the
object together with the funnel. These forces are the force
of gravity and the reaction force exerted by the funnel.
Since the force of gravi ty is constant in this problem and
the resultant rnust be directed horizontally, the direction
and magnitude of the reaction force are determined uni
quely. But the latter has a different value at different
distances Irom the funnel axis. At a constant angular ve-
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10city of the Iunnel , the greater the radius of rotat.ion the
greater the reaction force. For this reason (see the Iigurc
accorn panyi ng the answer}, as the object moves Iarther
from the funnel axis, tho resultant of the force of gruvi t.y
and tho react.ion force <lc,quil'cs a component directed up
ward, while as the object moves closer to the axis, the re
sultant acquires a component directed downward. In

Fg. 1.2\ Fig. 1.22

tho first. ease the object tends to move away Irom the axis
still further and rises, while in the second case it tends to
move toward the axis [\})(I lowers. Thus, the stale of equi
libr i urn is unstable.
1.22. It is convenient to think of the vessel with water
as a noninertial system. In this case, on each particle of
water there acts, in addi Lion to the force of gra vi ty, a
force of inertia equal to the product of the particle's mass
by the acceleration taken wi th the minus sign, The sur
face of water is a plane perpendicular to the vector of the
resultant of these two forces. The slope of this surface ill
relation to the horizontal plane is

tan ex == wig.

1.23. Just like in the answer to the previous problem,
we can assume the vessel with the liquid to be a noniner
tial system, in which a force of inertia equal to -mw::::::
-rnU)2x acts on every particle of mass In. The resul
tant of this force and the force of gravity is perpend icular
to the surface of the liquid. The derivative dy/dx, equal
to the slope of the line tangent to the surface at a gi ven
point, is

dy moo2x

-d === tan a= --.x mg
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Integratiug, we iind that

The surface of the liquid is shaped in the forrn of a parabo
loid of revolution.
1.24 . Just like in the answers to Problems 1.22 and 1.23,
the vessel can he assumed to he a noni nerl.i al system. In
such a syst.em , every mass clement of wa tor, say, an ele
mont whose volurne is equal \.0 the volume of the piece of
cork, is ill a state of equili briurn due to three Iorces:

(a).

w~

I
I
I

--i·~z._ -m~ -- I
l.!.. I_ -.. mg "I

r

(b)

Fig. 1.23 Fig. 1.24

the force of pressure of the surrounding water, the force
of gravity, and the force of i nert.i a , which is equal to the
product of the element's mass by the normal acceleration
of that element taken with the minus sign (Figure (a)).
There are also three forces acting on the piece of cork that
replaces the element of water: the force of pressure of the
surrounding water is the same but the forces of gravity
and inertia are lower. As Figure (b) shows, the net force
(the difference between the force of pressure and the
forces of gravity and inertia) make the cork rise to the
surface and, at t.he same time, move toward the axis of
the vessel.

A similar line of reasoning forces us to conclude that
an object with a density greater than the density of water,
when immersed into a rotating vessel with water, wi l l
sink and" in the process, move toward the wall of the ves
sel.
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1.25. According to Newton's second law,
t

j F elt~ !J.mv.
o

In tho ease at hand,
t

j F <It ~= Fmt/2,
()

whence
V ==--= }/Int/2m.

1.26. The work performed along ac' is

Al == ac' mgk.

The work performed against the forces of Irict.ion on tho
inclined segrnent ac is

A2 ==- ac mgk cos ex == .z': mgk cos a == ac'mgk .
cos a

We see that the two quantities coi ncide, and so, obvious
ly, do the simi Iar quantities for c'b and cb. The change in
the potential energy about ac' band acb is zero. Thus, the
work performed against the forces of IricLion along
ac'b and that performed agaiust the forces of friction
along acb coincide.
1.27. The initial potential energy of the object with res
pect to the bot tom of t.he hill, mgh, has been used up Ior
work against the force of friction. In returning the body
to its initial position, the force performs the same work
and, in addition, imparts to the object the initial poten
tial energy. As a result, the total work will he 2mgh.
1.28. The work performed on an elementary segment of
displacement is equal to the decrease in potential energy:

dA == -dW.

The same work can he represented as the product of force
by displacement:

Hence
dW

Fx == - dx == -·2ax.
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Forces known as quasiclast.ic also obey this law.
·1.29. When the object is immersed in the liq uid , Lwo
forces act on it: the Iorce of gravity and Archimedes'
force. If V is the volume of the object, the resultant of
these t \VO forces is

For POb > Pl1q' as the object is immersed in the liquid,
its potential energy continues to fall below zero, but slow
or than it would in air. The rale of this decrease is the
higher the greater the value of rOb" Straight line 1 in the
figure accom panying the problem corresponds to an object
sinking in a liquid. When POb == Plifl' the potcntial ener
gy remains constant (straight line 2 co incidi ng with the
x axis). If rob < Pl1Q' the potential energy of the object
begins to increase when the object sinks into the liquid
(straight lines 3, 4, 5), and the rate of this increase is the
higher the lower t he value of Pob. The potential energy,
while growing, cannot exceed the initial potential energy
of the object in air (the dashed horizontal line), and the
object can attain this level only when the medium exerts
no drllg Oil it. If this is the case, the object will sink to a
certain level in the liquid, slop, and then return to the
surface with tho same speed at tho surface as it had when
it entered the liquid. Onc.e out of the liquid, the object
will rise to the height determined by the initial potential
energy. After this it drops back into the liquid, and so
on. Of course, under real conditions the drag exerted by
the medium wil l slow down the object, and the greater
tho viscosity of the liquid the Iaster this happens.

If 1he density of the material of the object is one-half
the density of the liquid, Pob :.--:.:; (1/2)PUq, then

III this case the difference between Archimedes' force and
1he force of gravi ty is equal (in absolute valuc) to the
latter but is directed. in opposition to the force of gravity.
Tho slope of the straight line must he the same as that of
the slraight line that represents the vari at.iou of the po
tential energy of a falling object. Straight Ii ne 4 has such
a slope.
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1.30. The formula that links the force act.i ng on an object
with the potential energy of the object,

dWF ---
r - dr'

shows that equilibrium, which occurs when the force is
zero, sets in when d W/dr == O. There are two SUCll points
on the curve, point 2 and point 4. Since when the object
moves away from point 2 its potential energy increases
while when it moves away from point 4 its potential ener
gy decreases, at point 2 oquilibrium is stable and at point
4 it is unstable. The fact that a system always tends to
a state in which its potential energy is minimal i mplios
that repulsive forces act on the 1-2 and 4-5 segments and
an ut.t.racti ve Iorce acts on the 4-2 segment.
1.31. Momentum conservation for the given problem can
be written thus:

(1.31.1)

where m., is the bullet's mass, m2 tho load's mass, Uo
the i ni tial veloci ty of the bullet, Ul the final velocity of
the bullet, and U 2 the velocity acquired by the load as a
result of the collision. From (1.31.1) it follows that

(1.31.2)

If the bullet flies through the load, after it has left the
load it has a velocity that is surely greater than U 2 •

We write U 1 == u2 + V. Substituting this expression into
(1.31.1), we get

ml (vo- V)
u2 :.=:: ml +m2 •

(1.31.3)

If tho bullet gets stuck in the load, then U 1 === u 2 ann,
hence,

(1.31.4)

Finally, if the bullet recoils from the load, the velocity it
acquires after collision, Ul' is negative and (1.31.2) can
be wri tten in the form

ml (vo+ I Ut 1)
u2 = m2. (1.31.5)
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Fig. 1.33

A comparison of (1.:31.3), (1.3'1.4), and (1.31.5) shows that
the load acquires the highest veloci ty (and the greatest de
flection, as a result) when the hullet recoils Irom it, while
the Iowost velocity is acquired when the bullet pierces
the load.
1.32. For the sake of convenience we employ a coordinate
system in which the velocity of one of the spheres prior
to collision is zero. According to the energy conservation
law, in the case of an absolutely elastic collision we have

where m 1 and m 2 are the masses of the spheres, Vo is the
velocitiy of the first sphere prior to collision, and U 1

and u 2 are the velocities of
the spheres after collision.
Since the masses of the spheres
are the same, we can write

~-..-.....-----'-...60-~..... mtvo v~ = u~ + u:.

The velocity vector Va is the
hypotenuse of a right triangle
whose sides are the velocit.y
vectors "1 and U 2 ' and hence
the angle between Ul and "2

is 90°.
1.:-J3. Let U 1 and u 2 he the final velocities of the impinging
sphere and Lhe one that was at rest prior to collision, res
pect.i vely, and 0 is the angle between Ul and yo. The equa
tions that express the laws of conservation of energy and
momentum (for each projection) have the following form:

222
lnlvO __ mlu t + m2u2

2 -- 2 2'

mlvO == nuu., cos e + m 2u 2 cos ({),

m1u1 sin 8 + m 2u2 sin 'P == o.

(1.33.1)

(1.33.2)

(1.33.3)

If m l , m 2 , and V o are fixed, then U 1 ' U 2 , 8, and rp are
linked through three equations. For this reason two of the
four variables can be excluded and the variable e can be
expressed in terms of the third remaining variable, say,
U1• Taking n~lul cos e to the left-hand side of Eq. (1.33.2),
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squaring the result and Eq. (1.33.3), and adding the l \VO

squares, we get
2 (. 2 2 · ~ 0 ~) __ 2 2m1 Vo - U1U Z cos -t- U 1 -- nt-/1 2•

Replacing u z with its value obtained Irorn (1.:-33.1) and
carrying out the necessary transformations, we arrive at
a quadratic equation for U 1, namely,

whose solution has the form

Ul=ml~m2 (cosO + V (;:;r-sin20) Vo· (1.3:~.5)

This equation shows that the maximal angle 0 is deter
mi ned by the condi Lion

sin 8m == m 2/m1• (1.33.H)

For values of e smaller than 8 m two cases are possible,
since two distinct values of U 1 correspond to one value of
8. For example, for m1/mZ == 3 and sin 8 == 0.2, the veloc
ity U 1 may have two values, O.93vo and 0.53vo. The first
col lision is commonly known as soft, while the second is
commonly known as hard. The extreme ease of soft ('.01

Iision is the grazing collision (01' even the case where one
sphere misses the other), while the extreme case of hard
collision is the head-on collision, after which the ve
locity of the irnpinging sphere becomes

Condition (1.33.6) can be obtained in another manner
as well. For instance, if we express cos 8 via (1.33.4),
namely,

() 1 ( ) U 1 ( ) Pocos...,=-- m1+m __J_ m1-m -
2ntl I 2 Vo 1 2 Ul '

and nullify the derivative of cos 8 wi th respect to U 1,
We can find the minimal value of cos 0 or t.he maximal val
ue of sin 8. The motion of the i mpiug i ug sphere can also
he considered using the system of coordinates Ii nk erl wi th
the center of mass of the two spheres. If in the laboratory
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system the coordinates of the spheres arc Xl and .X 2' l hen
the coordinate of the center of mass is

m'lX t +m2x2
x= ml+ m2 '

whi le the velocity of the center of ITIUSS is

ml
vc = - + vo•ml m2

Correspondingly, the velocity of the i mpiugi ng sphere 1(}

this system prior to collision is

v; = Do - Vc = Vo·

As a result of the collision the vector v~ retains its
length but turns through a certain angle depending on the
distance between the center of the second sphere and

(0) (b)

Fig. t.33

(C)

the direction of flight of the i mpiugiug sphere prior Lo col
lision. The velocity u, is equal to the sum of v~ and Yc

The momentum vee-tors of both spheres are shown in t.he
figure for three cases: soft collision (Figure (a)) and hard
collision (Figure (b)) for rn 1/m 2 == 3 and sin 8 :-=: 0.2
and the case with sin e ~ m2hn1 =-= 1/3 (Figure (c.)).
The velocity of the impinging sphere after collision is

u1 = m+1vo cos e== O.707vo.
ml mz

The above-discussed problem is important for the theo
ry of atomic collisions. For instance, if a potassium ion
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impinges on a helium atom (m1/m2 == 10), as a result of an
elastic. collision the ion may be deflected by an angle no
greater than 5.7°.
1.34. We will consider each case in the order that it ap
pears in the problem.

(1) The directions of tho vcloci ties of the spheres in the
laboratory system are shown ill the figure accompanying

vor-- I~

I I
I

--.Ivo

(u)

Q -y-'-~V'2

o
(C)

\b)

~V2'

0

~ YoVf

(d)

Fig. 1.34

the problem. If at the moment of collision we project the
veloci tics of the spheres and the corresponding momenta
on two axes one of which co i ncides with the direction of
the initial velocity of sphere 1 and the other with that
of the ini ti al velocity of sphere 2, then in the first of
these two directions the spheres exchange the respective
projections of the velocities, just like in a head-on elastic
collision. Sphere 1 stops in the process. Since in the colli
sion the force acts along the straight line connecting the
centers of the spheres, the i nit.inl velocity of sphere 2
is conserved, wi t h the velocity of sphere .1, which is per
pendicular to the initial velocity of sphere 2, added to it.
As a result the velocity of sphere 2 becomes equal to the
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geonlcl.ric. SUIrl of the initial velocities of hoth spheres,
t.hat is, Uo-V 2:. (Figure (a)).

(2) 1'0 determine the velocities of the spheres in the cen
ter-of-rnass system, we decompose the velocity vector
of each sphere into two perpendicular and equal compo
nents, VIa, Vtb and V 2 a , V 2b. The components V I n and
V 2 a are equal in magnitude and point in the same direc
t.ion. Obviously, the common center of mass moves in
the same direction and with the same velocity, vc' with
respect to the laboratory system. Therefore, in the system
linked with the center of mass there are only the veloci
ties VI band V2b. The velocities of the spheres after colli
sion can be obtained if we subtract V c from the velocities
of the spheres in the laboratory system. The other veloc
ities are shown in Figure (b).

(3) In the system linked with sphere .1, the sphere, ob
viously, remains at rest during the entire collision process.
The velocity of sphere 2 in this system can he obtained by
subtracting geometrically the initial velocity of sphere 1
from the velocity of sphere 2 in the laboratory system.
Since the velocity of sphere 1 after collision is equal, ill
the laboratory system, to zero a nd is also zero in I.he sys
t.em linked with sphere 1, the velocity of sphere 2 ill
this system aft.er collision is the same as in the laboratory
sys tern (Figure (c)).

(4) In the system linked with sphere 2, the veloc.ity
of sphere 1 is obtained by subtrnct ing geornct.ricall y the
init ial velocity of sphere 2 from the velocity of sphere 1.
After collision the velocity of sphere 1 is equal, in abso
lute value, to the final velocity of sphere 2 in the labora
tory system and points in the opposite direction (Figure
(d)) .

In conclusion we would like to bring the reader's atten
tion to the fact that the angular momenta of the spheres
with respect to the center of mass remain constant during
the entire collision process. In collision, the center of
mass is the point where the spheres touch and the angular
momentum of sphere 1 is zero and remains such after
collision. The angular momentum of sphere 2 is equal,
prior to collision, to the product of momentum mv by
the arm R. After collision the momentum of sphere 2
becomes mv -V2~ but the arm is now R/V~ so the product
is the same and the angular momentum is conserved. Of
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course, since the system consisting of the spheres is isolat
ed, the angular momentum is conserved in the entire
process of motion.
1.35. After collision, sphere 2 acquires the velocity

(1.35.1)

U 3 == (ml -!' ln2) (m2 + m3) •

The extremal value of U 3 can be found by nullifying the
derivative of u 3 with respect to ms:

dU3 __ 4ml~1 (ml,n3 - m~) ---: o.
dm2 _.. [(lnl-~'ln2)(m2-\-ln:l)]2

From this it follows that

m2 :-:=-: Vnum-:

We can easily see that this value corresponds to the
maximum of u 3 •

Here are some particular cases.
(1) m 1 » rrt3 • In this ease

Sphere 3 acquires the following veloci ty after collision:

2tn2U2

U 3 ==-: m2 -1- m3 •

Substituting the value of U 2 from (1.35.1), we get

4mlm2vl

If we also assume that m1 »m2 , then

U 3 ~ 4v 1 •

If sphere 1 were to hit sphere 3 directly (without the
intermediate sphere 2), the highest velocity of sphere 3
for m , ~ m 3 would be roughly 2v1 •

In some fantastic projects of interplanetary flight it has
been suggested that the spaceship be accelerated to the
necessary speed through a series .of collisions with inter
mediate objects whose masses must be calculated in the
appropriate manner.

(2) m1 == ma- In this case m 2 == m1 === rn3 and U a == VI'

(3) m1 ~ n~3' Assuming that m2~ nu, we get

U 3 ~ 4v1m1lms·
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Here the velocity of sphere 3 IS approximately double the
veloci ty wi thout an intermediate object, sphere 2.
1 .36. The veloci ties of the spheres after collision are

1nl- nl2 2m!
ut :_-_: ml +m2 vo, u2 = ml-t m2 Vo·

Here are some particular cases.
(1) U 1 < 0 if nl,l < m2 • Since in this case 2m} < m1 +

m2 , we have 0 < u2 < Vo.
(2) U 1 == 0 if mi == m2 " Then U 2 == vo.
(3) U 1 > 0 if m1 > m 2 • Then 2m! > », + m2 and

Vo < U 2 < 2voo

1.37. The equations of motion for the loads and the
pulley can he written as follows:

m1w = mIg - T1, m 2w == T2 - m2g, Je == (T 1 - T2)R,
(1.37.1)

where T1 is the force exerted by the left end of the string
on the left load, T 2 the force exerted by the right end
of the string on the right load, J the moment of inertia
of the pulley, w the acceleration of the loads, and E is
angular acceleration of the pulley. Dividing (1.37.1)
by R, adding all the equations, and replacing e with
w/R, we arrive, after appropriate transformat.ions, at

w = :;1- m2 g. (1.37.2)
ml m2+ J /R

Equal ion (1.37.2) shows that in exact calculations we
must allow for the moment of inertia and the radius of
the pulley.

If the pulley is a homogeneous disk, then instead of J
wo can write lnp R2/2, and Eq. (1.37.2) assumes the form
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sheave, and £ the angular acceleration of the shaft of
sheave. El irni nat ing T front the equations and replacing e
with to!R and the moment of inertia of the shaft or sheave
wi th ill I12/2, we arri ve, after simple transformations, at

mw- g
- m+M/2 '

from which it Iol lows that the accelerations with which
l.he t\VO loads are lowered coincide. The angular accelera
l ion is 1he greater t.he larger the radius .. which means t.hat
the shaft has a greater a ngulnr acceleration than the sheave.
1.a9. Prior to swi tch-on , the sum of the angular momon
ta of all the parts of the vacuum cleaner is zero. When
the motor is switched on, a torque appears in the rotor
of the motor, with the same torque (in absolute value)
appearing in the stator and the easing of the vacuum clean
er fixed to the stator. Due to the latter torque, the vacuum
cleaner begins to turn, hut this motion dies out very soon
because of friction.
1.40. When the engine of the helicopter of this type is
operating, two torques appear: one is applied to the
main rotor and tho other (equal in magnitude to tho
first) is applied to the fuselage of the copter. This second
torque tends to turn the fuselage in tho direction opposite
to that of the main rotor. The vertical tail rotor creates
a torque that cancels out the torque applied to the fuse
lage. In toy helicopters this second rotor is fixed and the
helicopter rotates in flight in a direction opposite to that
of the main rotor.
1.41. The rod is in rotational motion, and so its poten
tial energy is transformed into the kinetic energy of
rotation. If the mass of the rod is m and the length is l,
we have

mgl Jw 2

-2-=-2-·

I\eplac.ing ro with oll and J with ml2/3, we get

V= V3g1.

1.42. 1'0 determine the trajectories that the various
points of the rod describe, we introduce a coordinate
system whose origin lies at B, the lower point of the rod
prior to falling, whose x axis points horizontally in tho
direction in which point B moves during motion, and

143



whose y axis points upward, along the rod prior to motion.
Since t.here are no forces that act on the rod in the hori
zontal direction, the rod's center of mass moves downward
(frorn C to B). As Figure (a) shows, the coordinates of the

Dx

Fig. t.42

n x

points lying above the center of mass by a distance a
are determined by the equations

x ::-= -a cos ex, y:=: (R + a) sin ex,

whi lo the coordinates of the points lying below the center
of mass by a distance a are deterrnined by the equations

x == a cos «, y == (R - a) sin a.

These equations Imply that in the process of falling the
rod (and that means all of its points except the center of
mass) describes quarters of ellipses (Figure (b)) specified
by the equations

:x2 lJ2-+ -'--1 (upper points),a2 (R+a)2-

x 2 y2
(i2-t- (R-a)2 ==: 1 (lower points).

When the rod is falling, its motion can be considered as
rotation about an inslantaneous center, D. Therefore,
t.he velocity of the upper point (A) can be determi ned
just like in Problem 1.41, using the law of conservation
of energy. The appropriate equations yield

v==V6gR.
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(1.43.2)

1.43. The velocity imparted to point A will he directed
in opposition to Vo if the rod's linear velocity acquired as
a result of rotation after the bullet has hit the rod is
greater than the velocity of the center of mass of the rod.
Moreover, for such a situation to occur, the distance x
111USt not exceed one-half of the length of the rod. Accord
ing to the l aw of conservation of momentum,

nUJo === 111, (lJ + (Ox) + M». (1.43.1)

Here we have allowed for the fact that the velocity of
the bullet after the bullet has hit the rod is the sum of
the velocity of the center of mass, v, and the velocity ffiX

which the point that is distant x from the center of mass
acquires as a result of rotational motion with angular
velocity ro.

According lo the law of conservation of angular mo
mentum,

lnv oX·,== m (v --1- wx) x + Jt»,c

where .T is the uuornent of inertia of the rod nho ut the
center of mass, J == MR2/3. Multiplying ('1.43.1) by x
and subtracting the product from (1.43.2), we get

(0 == Mvx/J = :1vx/.R2.

The linear velocity of rotation acquired by point A (we
denote this velocity by V) is

V = wR = 3vx/R.

The ratio V/v is greater than unity if x > R/3.
1.44. According to the right-hand screw rule, the vector
of the angular velocity of the gyroscope is directed to the
right in the figures accompanying the problem and the an
swer. The revolving platform applies a torque to the frame,
and the vector of this torque is directed perpendicularly
to the vector of the angular velocity of the gyroscope.
This torque creates an angular acceleration e, and under
this acceleration the vector of angular velocity rotates
in the direction shown by the arrow in the figure accom
panying the answer. As a result the giroscopc's axis places
itself vertically and the direction of rotation of the gyro
scope coincides with the direction of rotation of the plat
Iorm , If the direction of rotation of the gyroscope or the
direction of rotation of the platform were to change, the
gyroscope's axis would point in the opposite direction.
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In all cases the axis rotates in such a manner that the
vector of angular velocity places itself ill the direction
coinciding with that of the vee-tor of an oxt.ernal torque.
'I'his property of gyroscopes is used in navigutiou in
gyrocompasses. Tho "platform" Lhat applies a torq ue to
the gyroscope is the earth in this case.
1.45. The vector of the angular velocity of the top is
directed upward along the top's axis (see the flgure
accompanying the answer). The force of gravity applied
to the t.op at the top's center of mass creates a torque

/...-
(

".......-

-------------
Fig. 1.44 Fig. 1.45

whose vector, baing perpendicular to the vector of angular
velocity, is directed away from the reader. This torque
does not change the magnitude of the angular velocity
but creates an angular acceleration and hence changes
the direction of the vector of angular velocity, just like
centripetal acceleration does not change the value of
the velocity but does change the direction of the velocity
vector, as a result of which the body to which the centri
petal acceleration is applied moves along a circle. In the
case at hand the direction of the angular acceleration is
such that precession occurs counterclockwise (if one views
the top from above).
1.46. Since no external forces act on the shaft-sleeve
system, the total angular momentum of the system re
mains constant:

Ish 000 = (Jsh + J s1) to,

The moment of inertia of the shaft is

rtd 4

J sh = P32 l ,

i46
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where p is the density of the material of the shaft and
sleeve. The moment of inertia of the sleeve 1.S

J
_ n(D4_-d4)

sl-P 32 h.

From (1 .46.1) it follows that

(l)od
41 == (I) [(D4 - d4 ) h -l-' d41],

whence

d4l d4l

U)= d4(l-h>+D4h 000 = d41+ (D4- d4)h (J)o

1

= 1+ (~-1)!!... roo'
d4 l

1.47. The potential energy of an object on the top of a
hill, mgh, transforms into the kinetic energy of transla
tional and rotational motion:

mvl Joo2
mgh=-2-+-2-·

Replacing U) with viR, we get
mv2 Iv!

mgh=-2--t- 2Rl • (1.47.1)

The moments of inertia of the disk, Jd , and the sphere,
J sp , are

J mR2 d J 2 R2d==-2- an 9p=Sm,

respectively, with R the radius of disk or sphere. Sub
stituting these values into (1.47.1) and dividing- by m,
we get

v2 v2
gh =2+(; = O.75v2 (1.47.2)

for the disk and
v2 v2

gh =2+ 5" == O.7v2 (1.47.3)

for the sphere. Since the left-hand sides of these equations
are the same, the final velocity of the sphere is greater,
and since the motion is uniformly accelerated, the sphere
will get to the horizontal section earlier than the disk.
Neither the masses nor the radii of the objects rolling
down the inclined planes are present in (1.47.2) and
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(1.47.3), with the result that the time it takes the objects
to roll down is independent of these quantities.
1.48. When the spacecraft goes into a circular orbit at
the perigee, it wi ll circle the earth along a low orbi t
during the second hall of the orbit. For this reason the space
craft's potential energy at the new apogee will be lower
than at the old one and, hence, such a maneuver requires
lower kinetic energy. This menus that the spacecraft
must lower its velocity. Similar reasoning shows that
to go into a circular orbit at the apogee, the spacecraft
must increase its velocity.
1.49. The kinetic energy of a satellite is determined by
the value of the orbital (or satellite) velocity. According
to Newton's second law and the law of universal gravita
tion,

G Mm = mv'
RS R'

where M is the mass of the earth, m the mass of the satel
lite, v the velocity of the satellite, and G the gravitational
constant, From this it follows that the kinetic energy

mvl GMm
Wk1n =-2-=~

is the smaller the higher the orbit of the satellite.
The potential energy (we take it equal to zero at in

fini ty)

Mm
W pot = -GIl

is the greater the higher tho orbit of the satellite. The
same is true of the total energy:

W Mm
= Wk 1n +W pot = -G2/l.

Tho angular momentum also increases as we move farther
away from the earth and is equal to

mvR=mYGMR.

1.50. Let us consider an extremely elongated orbit. In
this case the distance between the foci differs little from
the length of the major axis. Therefore, the force acting
on a space station near the apogee can be assumed to be
roughly the sarne for all extremely elongated orbits.
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Under this force the space stations move with the same
accelerations We === v2

/ R, where R is the curvature radius
of the trajectory, and v is the velocity at apogee. The
smaller the radius of curvature, the smaller is the veloc
ity of a space station, and the greater the elongation
of the orbit, the smaller is the radius. Hence, the velocity
and therefore the kinetic energy at apogee tend to zero
and the space stations possess almost exclusively poten
tial energy.

Since the total energy of a space station remains con
stant in flight, at all other points on the orbit it is equal
to the SUln of the kinetic and potential energies. The
potential energy of the interaction between the earth and
the station (this energy is assumed to be zero at infinity) is

W pot == -G Mg ,
a

where Mis the mass of the earth, m the mass of the station,
G the gravitational constant, and a the distance from the
center of the earth to the station (this quantity is prac
tically equal to the length of the major axis of the orbit).
When circling the earth along a circular orbit whose
radius R is approximately a/2, the station possesses
potential energy

Wpot"-~ -2G ~m •

As shown in the solution to Problem 1.4U, the kinetic
energy of the station in this case is

MmW k 1n ~== G-- ,a

while the total energy is

W= -G JJfnl,
a '

which lUCaJlS that it is the same HH for all elliptical orbit.
It is convenient to determine the angular momentum of

a station when the station passes through the apogee:

L = mua.

For extremely elongated orbits, a is roughly the same
for all orbits, but t.he greater the elongation of the orbit
the smaller the velocity at apogee. Hence, the angular
rnomentum at apogee is the smaller the greater the clon-
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gation of the orbit. But since the torque of the force of
attraction to the earth is zero, the angular momentum
must be the same at all points of the orbit. Hence, the
energy of the station in a circular orbit and that of the
station in an elliptical orbit coincide, while the angular
momentum is the smaller the greater the elongation of
the orbit.
1.51. The fact that the spacecraft retains its orientation
with respect to the earth means that all points of the
spacecraft move with the same angular velocity. Suppose
that the point closest to the surface of the earth moves
with the orbital (satellite) velocity according to the
equation

ro2R = G :. ' (1.51.1)

where R is the distance between this point and the center
of the earth. The point of the spacecraft farthest from the
earth moves with an acceleration 002 (R + D), where D
is the distance between the two points.

If we consider the spacecraft to be a noninertial system,
we can assume that on an object of mass m placed at the
point farthest from the earth there acts a force of inertia

F. = -moo2 (R + D).

At the same time, there is the force of gravity acting on
this object:

Mm
F=G (R+D)2.

Tho SUIll of these two forces plays the role of "weight"
for the object, or numerically the reaction of the support
exerted on the object:

Fw = mro2(R+D)-G (R~~)2 •

Bearing in mind that D ~ R, we can replace (R + D)-2
with (1 - 2D/R)/R2. Thus

Fw ~ m [ {t)2R (1 -1- ~ ) - G ~ (t- 2~ )J'
and if we allow for (1.51.1), we get

Mm 3D
Fw~GR2-11·

150



Since Gll1mllZ2 is equal, to a high accuracy, to the
weight of the object on the surface of the earth, or mg,

3D
we get FW=R mg.

This expression gives the "weight" of an object in the
spacecraft at the point farthest from the earth. Assuming
that D is 2.1 ill and bearing in mind that R == 6300 km,
we find that the "weight" of an astronaut whose mass is
70 kg is 6.9 X 10-4 N at the point within the spacecraft
farthest from the earth.
1.52. The potential energy of the cornet (equal to zero
at infinity) is -GMmlr, where m is the comet's mass,
M the mass of the sun, and r tho distance between the sun
and the cornet. As the cornet approaches the sun, this
energy decreases, which means that the kinetic energy
increases, wi th

mv2 G Mm
-2-- -r-

remauung zero.* The angular momentum of the comet
is also conserved, since the torque produced by central
forces is always zero. If we take two points, one at the
aphelion of the presumable closed trajectory and the other
placed at the same distance from the sun on the second
branch of the parabola, then the potential energies at
these points must coincide (since the distances coincide),
which means that the kinetic energies at these points
coincide and so do the velocities. But, as follows from
the figure accompanying the problem, the angular mo
mentum at the aphelion must be higher than on the
branches of the parabola, which is impossible. At the
same time, at symmetrical points both the kinetic ener
gies and the potential energies are the same, and the same
is true of the angular momenta.

The above reasoning is true for both closed orbits
(ellipses and circles) and open orbits (parabolas and hyper
bolas) of heavenly bodies moving in the field of a single
attraction center. The fact that both the energy conser
vation law and the angular momentum conservation law
must he satisfied makes it impossible for a central force
to change the nature of a trajectory.

* It is assumed that the initial kinetic energy of the comet in
far-away regions of space is negligible.
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1.53. If Do is the diameter of the disk at rest, then in
the system of coordinates wi th respect to which the disk

Fig. t.53

is in motion the diameter in the direction of the velocity
will be

The same is true of the ratio of the halves of the chord
passing at an altitude y from the center:

x == X o·V 1- ~2.

Since x~ == R2 - y", we have

x2 ~ (R2 _ y2) (1 _ ~)2,

whence
·x2 y2

Rt (1 - ~2) + R2 = 1.

The moving disk appears to he an ellipse with semi-axes R
and R Vi _ ~2.

1.54. The velocity of the triangle is directed perpendic
ularly to tho altitude, with the result that the length of
the alti tune is independent of the vclocit.y. Tho hypote
nuse is equal to twice the alti tude (1 0 :-.~ 2h), while the
length of a side of the cquiluteral triangle is l :-:::
2h tan 30°. Thus, for the moving triangle we have I tr:': lo
and

2 ~3 h= 2h V1-~2.

Hence ~ == 0.816.
1.55. As Figure (a) accompanying this problem shows,
the world line passing through the origin at an angle e
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to the x/c axis represents the Illation of an object moving
away Irorn the observer (placed at the origin) wi til a
velocity v == c cot e. The other figures correspond to the
following cases: (b) an object moving toward the observer
with a velocity v =:::: C cot 8, (c) motion with the speed
of light, and (d) all object is at rest at a certain distance
Irorn the origin. Case (e) contradicts the main principles
of relativity theory since it represents the motion of an
object with a speed greater than that of light.
1.56. According to the theory of relativity, the kinetic
energy of a moving object is given by the following- for
mula

W reI = moc2
( V 1 - 1 ) ,

1-~2 ,

with ~ ~ vic. In classical mechanics,

mov2
W c1= - -. 2·

Wrel = ~ ( 1 _ 1 )
Wei ~2 V1-~2 ·

Since ~ =:::: cot a, we have

Wrel 2 (1 )
WeI = cotta Vi-cot2 0 - 1 ·

At 8 = {lO°,

Wrel!Wcl =:: 1.37.

1.57. Let us aSSUJno that at t=-::::O by the clocks in both
systems, the systems were close to each other (in t.he
figure accompanying the problem this moment corre
sponds to the origin). If one of the syst.oms sends a signal
after H t.ime j utervul 1'0 has clapscd , the second system
will receive the :-dgnal 'after a tiUIO i ut.ervul

T=-~To -V :~~ ·
The angle e corresponds to a relative velocity ~ == cot 8.
Thus,

/' 1 +cot e
T~ToV 1-cot e.'
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1.58. 'I'he t.imo interval separating the signals rocei ved
by 1J from A is

T T .. /TIT
1== oV 1-~'

Since system C is rna vi ng toward A, its (rein ti ve) vcloci t y
is nogati ve and, hence, the signals it sends are recei ved
by A separated by Lime intervals

/
1-~

T2==To l 1+~'

System A will register N signals from B in the course of

while the signals from C will he registered ill the course of

When system A meets system C, the clock in the first
system will show

( .. /" 1+~ / 1-~) 2NTo
tB~t1+t2~NTo V 1-~ +l 1+~. == V"1-~2 ·

The clock in C will show the time that is the sum of the
time during which system A sends N signals prior to
meeting C and the ti me during which system C sends N
signals prior to meeting system B. Thus,

tc == 2Nl l

o•

The difference in the readings of the clocks will be

~t~t -t ==:2 ( 1 -1)NT.
B c V1-~2 0

The fractional variation in the duration of the signals is

tB 1
te:== Y1-~2 •

For example, at ~ == 0.6 we have

tBlte == 1.25.
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