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3 ANALYTICAL GEOMETRY

<®/) Learning Objectives
]
.I:Il

After studying this
chapter, the students will

the locus
the angle between two lines.
the concept of concurrent lines.
the pair of straight lines

the general equation and

parametric equation of a circle.
the centre and radius of the
general equation of a circle.

the equation of a circle when the
extremities of a diameter are given.
the equation of a tangent to the
circle at a given point.
identification of conics.
thestandard equation ofaparabola,

its focus, directrix, latus rectum

and commercial applications

Rene Descartes
(1596-1650)
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Introduction

The word “Geometry” is derived
from the word “geo” meaning “earth” and
<« » . <« . »
metron” meaning “measuring”. The need

of measuring land is the origin of geometry.

“Geometry” is the study of points,
lines, curves, surface etc., and their properties.
The importance of analytical geometry is
that it establishes a correspondence between
geometric curves and algebraic equations.

A systematic study of geometry
by the use of algebra was first carried out
by celebrated French Philosopher and
mathematician Rene Descartes (1596-1650),
in his book’ La Geometry, published
in 1637. The resulting combination of
analysis and geometry is referred now as
analytical geometry. He is known as the
father of Analytical geometry

Analytical geometry is extremely
useful in the aircraft industry, especially
when dealing with the shape of an airplane
tuselage.

3.1 Locus

Definition 3.1

The path traced by a moving
point under some specified geometrical
condition is called its locus.

3.1.1 Equation of a locus

Any relation in x and y which is
satisfied by every point on the locus is
called the equation of the locus.

Analytical Geometry
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For example,

(i) Thelocus of a point P(x, y;) whose
distance from a fixed point C(h, k) is
constant, is a circle. The fixed point
‘C’ is called the centre.

(ii) The locus of a point whose distances
from two points A and B are equal is
the perpendicular bisector of the line

segment AB.
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Straight line is the locus of a point
which moves in the same direction.

Example 3.1

A point in the plane moves so that
its distance from the origin is thrice its
distance from the y- axis. Find its locus.
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Solution

Let P(x;, y;) be any point on the
locus and A be the foot of the perpendicular
from P(x,, y;) to the y-axis.

Given that OP =3 AP
OP? =9AP?
(= 0P+ () —0) = 97

xt+yf =9x

8xi —yi =0
.. The locus of P(x,, y,) is
8x* —y2 =0
Example 3.2

Find the locus of the point which is
equidistant from (2, -3) and (3, -4).
Solution

Let A(2, -3) and B (3, -4) be the
given points

Let P(x;, y;) be any point on the
locus.

PA = PB.
PA? = PB?
(=20 +(n+3) =
(5= 37+ (1 + 47
xi—4x,+4+yi+e6y,+9 =
xi—6x,+9+yI+8y,+16

Given that

Le, 2x,—2y,—12 =0
ie., x—»—6=0
Thelocusof P(x, y,)is x—y—6 =0.

Example 3.3

Find the locus of a point, so that the
join of (-5, 1) and (3, 2) subtends a right
angle at the moving point.
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Solution

Let A(-5, 1) and B(3, 2) be the given
points

Let P(x;, y;) be any point on the
locus.

Given that ZAPB = 90°.

Triangle APB is a right angle
triangle.

BA? = PA%+PB?
(3+5)2 + (2-1)* = (q +5)
+(n = 1) + (=3P +(n—2)
65 = xi+ 10x + 25+ y; — 2y, + 1
+xf—6x,+9+yf — 4y, +4
i.e., 2x; +2yf +4x,— 6y, +39—65 =0
ie., xt+yi+2x—3y,—13=0
The locus of P(x, y;) is

x*+y*+2x—3y—13 =0

C@ Exercise 3.1

L. Find the locus of a point which is
equidistant from (1, 3) and x axis.

2. A point moves so that it is always at
a distance of 4 units from the point
(39 _2)

3. If the distance of a point from the
points (2, 1) and (1, 2) are in the
ratio 2 :1, then find the locus of the
point.

4. Find a point on x axis which is
equidistant from the points (7, -6)
and (3, 4).

5. If A(-1, 1) and B(2, 3) are two fixed
points, then find the locus of a point
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P so that the area of triangle APB =
8 sq.units.

3.2 System of Straight Lines
3.2.1 Recall

In lower classes, we studied the
basic concept of coordinate geometry, like
distance formula, section - formula, area

of triangle and slope of a straight lines etc.

We also studied various form of
equations of lines in X std. Let us recall
the equations of straight lines. Which
will help us for better understanding the
new concept and definitions of XI std
co-ordinate geometry.

Various forms of straight lines:
(i) Slope-intercept form

Equation of straight line having
slope m and y-intercept ‘¢’ is y = mx+c
(ii) Point- slope form

Equation of Straight line passing
through the given point P(x,y;) and
having a slope m is

y=yn=m(x—x)
(iii) Two-Point form

Equation of a straight line joining

the given points A(x;,y,),B(x,,,) is
"N _XTX

NN XX

In determinant form, equation of
straight line joining two given points
A(x;,y1) and B(x,,y,) is

x y 1
x y» 1|=0
Xyl

Analytical Geometry
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(iv) Intercept form
Equation of a straight line whose x

. XY
and y intercepts are a and b, is -+ 5 =1

(v)  General form

Equation of straight line in general
form is ax + by + c =0 where a, b and c are
constants and a, b are not simultaneously
zero.

3.2.2 Angle between two straight
lines

Let /, and I, be two straight lines
represented by the equations [;:y = m;x + ¢,

and l:y = m,x + ¢, intersecting at P.

If 6,and 0, are two angles made
by I, and I, with x-axis then slope of the

lines are m; = tan 0, and m, = tan0, .

YA

« ¥

Fig. 3.3

From fig 3.3, if 6 is angle between
the lines [, & I, then

0=0,—0,

. tan 0 = |[tan(0, = 0,)|
tanf, —tan0,
1+tanf,tand,

T m,
tanf = 1+m1m2|

-1 "M m2|

6 = tan 1 _|_ ml
- 54 ‘ 11t Std. Business Mathemancs and Statistics
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m
(i) If W is positive, then 8,
the angle between I, and [, isacute
and if it is negative, then, 0 is the

obtuse.

(i) We know that two straight lines are
parallel if and only if their slopes
are equal.

(iii) We know that two lines are
perpendicular if and only if the
product of their slopes is —1. (Here
the slopes m; and m, are finite.)

- "KNOw?
The straight lines x-axis and
y-axis are perpendicular to each
other. But, the condition m;m, =—1
is not true because the slope of the
x-axis is zero and the slope of the
y-axis is not defined.

Example 3.4

Find the acute angle between the
lines 2x—y+3=0and x+y+2=0

Solution

Let m, and m, be the slopes of
2x—y+3=0andx+y+2=0

Nowm =2,m,= -1

Let 6 be the angle between the
given lines

|y T m,
tan 0 = 1+m1m2|
_ 2+1 |
T2 1)

0 = tan ' (3)
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3.2.3 Distance of a point from a line

(i) The length of the perpendicular

from a point P(, m) to the lineax + by +c¢ =0
s d= al+tbm+c

(i) The length of the perpendicular
form the origin (0,0) to the lineax + by +c¢ =10

. c
ISd_‘ Ja*+ b?

Example 3.5

Show that perpendicular distances
of the line x—y+5=0from origin and
from the point P(2, 2) are equal.

Solution
Given lineis x—y+5=10

Perpendicular distance of the given
. . 2—2+5
line from P(2, 2) is =

® 1ne ir (2,2)1 ‘ 12+ 12

5

N D T I~
- 1= 72
Distance of (0,0) from the given line
3 5 _|.5 |_ 32
_‘\/12+12 ‘ﬁ|_ V2

The given line is equidistance from

origin and (2, 2)

Example 3.6

If the angle between the two lines is
% and slope of one of the lines is 3, then
find the slope of the other line.

Solution

We know that the acute angle 6
between two lines with slopes m, and m,
is given by

| mTm,
tan 0 = 1+mm, |
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Given m; =3 and 6 :%
g T _ [ 3T My
SN = {14,

= m, =5

Hence the slope of the other line is %

3.2.4 Concurrence of three lines

If two lines I, and [, meet at a
common point P, then that P is called point
of intersection of [, and [,. This point of
intersection is obtained by solving the
equations of [, and I,.

If three or more straight lines will
have a point in common then they are said
to be concurrent.

Thelines passing through the common @
point are called concurrent lines and the

common point is called concurrent point.

Conditions for three given straight lines
to be concurrent

Let aix+by+e¢ =0 - (1)
amxtbhyte =0 - (2)
a3 x+byyte=0 - (3)

be the equations of three straight
lines, then the condition that these lines
to be concurrent is

a b ¢

a b, =0

a; by ¢

Example 3.7

Show that the given lines 3x —4y — 13 =0,
8x—11y=33and 2x—3y—7 = 0 are concurrent

08-12-2021 19:40:10‘ ‘

and find the concurrent point.
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Solution
Given lines 3x —4y—13 =0 .. (1)

8x—11y =33 ... (2)
2x—3y—7=0 ..(3)

Conditon for concurrent lines is

a b ¢
a, b, 6| =0
a; by
3 —4 —13
e, |8 —11 —33|=
2 =3 -7

3(77-99) + 4(-56+66) — 13(-24+22)
=-66+40+26=0
=  Given lines are concurrent.

To get the point of concurrency
solve the equations (1) and (3)

Equation (1) X2 = 6x-8y =26

Equation (3) X3 = 6x-9y =21

When y=5 from (2) 8x = 88
x=11

Point of concurrency is (11, 5)

Example 3.8

If the lines 3x — 5y — 11 = 0,
5x+3y—7=0and x+ ky =0 are concurrent,
find the value of k.

Solution

Given the lines are concurrent.
a b ¢
a b, ¢| =0
a; by ¢

Therefore

- 56 ‘ 11 Std. Business Mathematics and Statistics

‘ ‘ 03_11th_BM-STAT_Ch-3-EM.indd 56

3 =5 —11
1 kK 0

1(35+33) - k(-21+55) =0
= 34k=68. .. k=2.

Example 3.9

A private company appointed a clerk
in the year 2012, his salary was fixed as
%20,000.In 2017 his salary raised to ¥25,000.

(i) Express the above information as a
linear function in x and y where y
represent the salary of the clerk and
x-represent the year

(ii) What will be his salary in 20207?

Solution

Let y represent the salary (in Rs)
and x represent the year

ey

2012(x,) 20,000(y,)
2017(x,) 25,000(y,)
2020 ?

The equation of straight line expressing
the given information as a linear equation in

xand yis
yon _ XTX
V2T N XX
y — 20,000 x—2012

25,000 — 20,000 ~— 2017 —2012

y—20,000 x—2012

5000 - 5
y =1000x - 2012000+20,000

y =1000x - 19,92,000

In 2020 his salary will be
y =1000(2020)-19,92,000
y =3%28000
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m Exercise 3.2

1. Find the angle between the lines
whose slopes are % and 3

2. Find the distance of the point (4,1)
from the line3x —4y+12=0

3. Show that the straight lines x + y — 4 =0,
3x+2=0and 3x — 3y + 16 = 0 are
concurrent.

4. Find the value of @’ for which the straight
lines 3x+4y=13;2x—7y=—1 and
ax —y— 14 = 0 are concurrent.

5. A manufacturer produces 80 TV sets
at a cost of 2,220,000 and 125 TV sets
at a cost of ¥2,87,500. Assuming the
cost curve to be linear, find the linear
expression of the given information.
Also estimate the cost of 95 TV sets.

3.3 Pair of Straight Lines

3.3.1 Combined equation of the pair
of straight lines

Let us consider the two individual
equations of straight lines

Lx+my+mn =0and
Lx+m,y+n,=0
Then their combined equation is
(hx+my+m) (Lx+tmy+n) =0
LLx? + (hmy+Lmy)xy + my m, y?
+(lln2+lzn1)x+(m1n2+m2nl)y
+nmn,=0

Hence the general equation of pair
of straight lines can be taken as

ax® + 2hxy + by* +2gx +2fy +¢c =0
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where a,b,¢, f, g and h are all
constants.

3.3.2 Pair of straight lines passing
through the origin

The homogeneous equation
ax’+2hxy +by* =0 .. (1)

of second degree in x and y
represents a pair of straight lines passing
through the origin.

Let y=m;x and y=m,x be two
straight lines passing through the origin.

Then their combined equation is
(y—mx)(y—myx) =0
= mmx*—(m+ mz)xy +y*=0 ..(2)

(1) and (2) represent the same pair

of straight lines

. _a  _ 2h _b
T omym, —(ml-l-mz) 1
= mlmZZ%and m1+m2=—%.

i.e., product of the slopes = % and
2h

sum of the slopes =— -~

3.3.3 Angle between pair of straight
lines passing through the origin

The equation of the pair of straight
lines passing through the origin is

ax’+2hxy +by* =0

Let m, and m, be the slopes of above

lines.
Here m, + m, = —%and m,m, = %.

Let 0 be the angle between the pair
of straight lines.

Analytical Geometry

08-12-2021 19:40:19‘ ‘



B [ ® H .  EEEm

Then Example 3.10
tanf = % Find the combined equation of the
given straight lines whose separate equations
12M‘ are 2x+y—1=0and x+2y—5=0.
atb

cn> Solution
Let us take ‘@’ as acute angle

The combined equation of the given
2V h*—ab

-
0 =tan >

] straight lines is
(2+y—1) (x+2y-5)=0

' ie, 2x+xy—x+4xy+2y*—2y—10x
NOTE y y+2) —2y

(i) If O is the angle between the pair of —oyt5=0
straight lines ie., 2x°+5xy+2y° —1lx—7y+5=0
ax® + 2hxy + by* +2gx + 2fy +c =0, Example 3.11
2_

then 0 = tan_l[ % ] Show that the equation 2x* + 5xy +
3> + 6x + 7y + 4 = 0 represents a pair of

ii) If th ight li llel,
(if) th ‘ ehzsiralbg ¢ lines are paratle straight lines. Also find the angle between

cnan them.
(iii) If the straight lines are perpendicular,
@ then g+ bg: 0 perp Solution @

. . 2 . 5 Compare the equation
i.e., coefficient of x” + coefficient of y~ =0

2x°+5xy+ 3y +6x+7y+4=0

3.3.4 The condition for general second with
degree equation to represent the ax® + 2hxy + by* +2gx +2fy + ¢ = 0,
pair of straight lines we get

Th dition f 1 d
€ co'n 1.10n or a general secon a=2,b=3,h=%,g=3,f=% and
degree equation in x, y namely 4
Cc=
ax®+2hxy + by’ +2gx +2fy +c=0

: , O Condition for the given equation
to represent a pair of straight lines is

to represent a pair of straight lines is

2 2 2
abc + 2fgh-af“-bg“-ch* = 0. abe + 2fgh-af*~bg>~ch? = 0.
NOTE abc + 2fgh-af*~bg*—ch*> =
The condition in determinant form is 24 + 1075 — % —27—-25=0
Z Z 8 Hence the given equation represents
fi=o a pair of straight lines.
g fc

Let 0 be the angle between the lines.

- 58 ‘ 11 Std. Business Mathematics and Statistics
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i -
Then 6 = tan™' ‘Zhab‘
| a+b
[ /25
= tan | 2 T_6]
— 5
oo @=tan™’ <51;>

Example 3.12

The slope of one of the straight
lines ax®+ 2hxy+by> =0 is twice that of
the other, show that 84> =9ab.

Solution
Let m, and m, be the slopes of the
pair of straight lines
ax’+2hxy +by* =0

omyt+m, = —% and mlmZZ%

It is given that one slope is twice the
other, so let m, =2m,

ml-f-ZmI:—%andml~2m1 =%

mlz—%andZmlz%
_2hV _ a
$2< 3b) = b
8h* _a
- 9p2 ~ b
= 8h? = 9ab

Example 3.13

Show that the equation 2x*+ 7xy +
3y* + 5x + 5y + 2 = Orepresent two straight
lines and find their separate equations.

Solution
Compare the equation
2x”+ 7xy+ 3y +5x+5y+2=0
with
ax®+ 2hxy + by’ +2gx + 2fy + ¢ =0,

we get,

_ _ _7 _5 _5 _
a=2, b=3, h—j,g—j, f—j, c=2
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a h g 2%%
Now |h b f|=|% 3 &
g f |l |53 5 2
_ 25\ _7(5_25
=2(6=F)-5(7-%)
5(35 _ 15
54 — 2
1\ 7 3,55
:2<4 2 4t
1 21,25
=278 g 70

Hence the given equation represents
a pair of straight lines.

Now consider,
2x° + 7xy + 3y2 = 2x*+6xy+xy+ 3y2
2x(x+3y)+ y(x+3y)
= (x+3y)(2x+y)

Let 2x”+ 7xy+3y> + 5x+5y+2 =
(x+3y+1)(2x+y+m)

Comparing the coefficient of x,

21+ m=5 (1)

Comparing the coefficient of y,

[+3m=5 (2)

Solving (1) and (2), we get m = 1
and [ =2

.. The separate equations are

x+3y+2=0and 2x+y+1=0.

Example 3.14

Show that the pair of straight lines
4x* —12xy+9y* +18x—27y+8 =0
represents a pair of parallel straight lines
and find their separate equations.
Solution

The given equation is 4x* — 12xy +
9y* +18x—27y+8 =0

Here a=4,b=9and h=-6

h*—ab=36—-36=0

Analytical Geometry
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Hence the given equation represents

The given line represents a pair of

a pair of parallel straight lines. straight lines if,

Now 4x* — 12xy + 9y* = (2x— 3y

abc +2fgh —af* — bg* — ch* = 0

Consider, ie. 4k+675 225 25

4x* —12xy+9y*+18x—27y+8 =0

= (2x—3yf+9(2x—3y)+8 =0 z
Put 2x-3y =z
Z2+9z+8 =0
(z+1)(z+8) = 0
z+1 =0 z+8 =0 1.
2x-3y+1 = 0 2x-3y+8 =0
Hence the separate equations are
2x-3y+1 =0 and 2x-3y+8 =0
Example 3.15 >
Find the angle between the straight
lines x*+4xy+y*=0
® Solution
The given equation is x* + 4xy + y* = 0 3.
Herea=1,b=1and h = 2.
If 0 is the angle between the given
straight lines, then
o= |25 .
= tan_l[ 72\/? H
= tan | (\/5)
T 3.4

-3

2 2Tk =0

16k + 1350 — 648 — 450 — 25k =0
9k =252 .. k=28

C@ Exercise 3.3

If the equation ax* + 5xy — 6y +

12x + 5y + ¢ = 0 represents a pair
of perpendicular straight lines, find
a and c.

Show that the equation 12x* — 10xy +
29" + 14x— 5y+2 = 0 represents a
pair of straight lines and also find
the separate equations of the straight
lines.

Show that the pair of straight lines
4x* + 12xy +9y* —6x—9y+2 = 0
represents two parallel straight lines
and also find the separate equations
of the straight lines.

Find the angle between the pair of
straight lines 3x* — 5xy — 2y* + 17x +
y+10=0

Circles

Example 3.16 Definition 3.2

For what value of k does 2x? + 5xy +

A circle is the locus of a point

2y* + 15x + 18y + k = 0 represent a pair of which moves in such a way that its
straight lines. distance from a fixed point is always
Solution constant. The fixed point is called the
Herea =2, b =2 h= %’ g- 175, centre of the circle and the constant
f=9,c=k distance is the radius of the circle.

11 Std. Business Mathematics and Statistics
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3.4.1 The equation of a circle when Solution
the centre and radius are given Equation of circle is x? + 2 = r?
» P(x, y) Herer=3
r
cZ I i.e equation of circle is x* + y* =9
R
» 3.4.2 Equation of a circle when the end
points of a diameter are given
P(x, y)
1 N >
O L M X
Fig. 3.4
Alx,y) € B(x, y,)
Let C(h, k) be the centre and ‘7’ be v 22
the radius of the circle
Let P(x, y) be any point on the circle
P - » Fig. 3.5
Cp? = r2 Let A(x)1) and B(%2)2) be the

end points of a diameter of a circle and

(x=h)*+ (y-k)* =12
is the equation of the circle. P(x, y) be any point on the circle.

In particular, if the centre is at the We know that angle in the semi

circle is 90°

.. |APB = 90°

.". (Slope of AP) (Slope of BP) = -1

origin, the equation of circle is x* + y* = 12

Example 3.17

Find the equation of the circle with
centre at (3, -1) and radius is 4 units. (y-yl ) « ( Y=Y, ) _

. X=X X~ X
Solution

Equation of circle is (V=) (y—r3) = —(x—x)(x—xp)

(x—hyP+(y—k) =1 = (x—x)(x—x%)+(y—n)(y =) =0is

Here (b, k) = (3, -1) and r = 4 the required equation of circle.

Equation of circle is Example 3.19

(x—3P+(y+ 1} = 16 Find the equation of the circle when

the end points of the diameter are (2, 4)

xX*—6x+9+y*+2y+1=16 and (3, -2).
Xty —6x+2y=6=0 Solution
Example 3.18 Equation of a circle when the end

Find the equation of the circle with points of the diameter are given is

centre at origin and radius is 3 units. (x—x)(x—x)+ (y _)/1)()’ _)/2) =0
-
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Here (%1:)1) = (2, 4) and
(%2.02) = (3,-2)
S(x=2)(x=3)+(y—4)(yt+2) =0
x*+y*=5x—2y—2 =0

3.4.3 General equation of a circle

The general equation of circle is
x*+y*+2gx+2fy+c = 0 where g, f and

¢ are constants.

ie x*+y 4 2gx +2fy =

C2g+ g — gy 2+t = —c

(xtgf—g+(y+fy—f* =
(x+gf+(y+f) = g+f1—c

[~ (P +ly—(AF = [/@+f~c]

Comparing this with the circle
(x=hyP+(y—ky=1r’
We get, centre is (—g —f) and radius

s @

The general second degree equation

ax®+ by* + 2hxy + 2gx + 2fy +¢c =0

represents a circle if

(i) a=0b i.e., co-efficient of x* =
co-efficient of y°.

(ii) h=01i.e., no xy term.

Example 3.20

Find the centre and radius of the
circle x*+y*—8x+6y—24=0

Solution
Equation of circle is
K +y*—8x+6y—24 =0
Here g=-4, f=3and c=-24

- 62 ‘ 11t Std. Business Mathematics and Statistics
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Centre = C(—% —f)=C(4,—3) and

Radius: r = /g +f*—c
= 16 +9+24 =7 unit.

Example 3.21

For what values of a and b does the
equation
(a=2)x*+by* +(b—2)xy+4x+4y—1=0
represents a circle? Write down the resulting
equation of the circle.

Solution

The given equation is
(a=2)x+by* +(b—2)xy+4x+4y—1=0

As per conditions noted above,
(i) coefficientof xy=0 = b—2 =0

Sob=2
(ii) coefficient of x* = Coefficient of y*
=>a-2=b
a-2=2 = a=4

Resulting equation of circle is
2x°+ 2y  +4x+4y—1=0

Example 3.22

If the equation of a circle x>+ y*+
ax + by = 0 passing through the points (1, 2)
and (1, 1), find the values of a and b
Solution

The circle x*+y*+ax+by = 0
passing through (1, 2) and (1, 1)

.. Wehavel +4 +a+2b=0and
l+1+a+b=0

= at2b = -5 (1)

and a+b = -2 (2)
Solving (1) and (2), we get a=1, b, = -3.
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Example 3.23

If the centre of the circle x>+ y*+
2x—6y+1 = 0 lies on a straight line
ax+2y+2 =0, then find the value of ‘@’

Solution

Centre C(-1, 3)
It lieson ax+2y+2 =0
-a +6+2=0
a=38
Example 3.24

Show that the point (7, -5) lies on the
circle x* +y*—6x+4y-12 = 0 and find the
coordinates of the other end of the diameter
through this point.

Solution
Let A(7,-5)
® Equation of circle is

X*+y*—6x+4y—12 =0
Substitute (7, -5) for (x, y) , we get
Xty —6xt+dy—12 =

72+ (=57 —6(7)+4(=5)—12

=49 +25-42-20-12=0

.. (7, =5) lies on the circle
Here g= -3and f=2

Centre = C(3, -2)

Let the other end of the diameter be

B (x, y)
Midpoint of AB =
x+7 YO\~ —
(252252 )=c6.-2)
x+7 y—>5 _
2 =3 2 2
x=-1 y=1

Other end of the diameter is (-1, 1).
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Example 3.25

Find the equation of the circle passing
through the points (0,0), (1, 2) and (2,0).

Solution
Let the equation of the circle be
X+ y+2gx+2fy+c =0

The circle passes through the point (0, 0)
c=0 . (1)
The circle passes through the point (1, 2)
12+22+2¢(1) +2f(2) +¢c =0
2¢ +4f +c=-5 .. (2)
The circle passes through the point (2, 0)
22+ 0+2g(2) +2f(0)+c =0
49 +c=-4 .. (3)
Solving (1), (2) and (3), we get
g="1, f=—% andc=0
The equation of the circle is
Xy 2(— 1)x+2<_T3)y+0 =0
ie., 2x°+2y* —4x—3y =0
3.4.4 Parametric form of a circle

Consider a circle with radius r and
centre at the origin. Let P(x, y) be any point
on the circle. Assume that OP makes an
angle 0 with the positive direction of x-axis.

Draw PM perpendicular to x-axis.
Ay
P(x, y)

Ry

Fig. 3.6

Analytical Geometry
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From the figure,

X
cosﬁ=7:>x=rcos¢9

sinf = % = y=rsin0

The equations x =rcos, y =rsinf
are called the parametric equations of the
circle x*+y*=1*. Here ‘0’ is called the

parameter and 0 < 0 < 2r.

Example 3.26

Find the parametric equations of
the circle x*+y* =25

Solution

Here =25 = r=5

Parametric equations are x =r cos 6,
y=rsin0

= x=5cosf, y=5sinf, 0 <0 <2m

@ Exercise 3.4

~—_

1. Find the equation of the following
circles having

(i) the centre (3,5) and radius 5 units

(ii) the centre (0,0) and radius 2 units

2. Find the centre and radius of the circle
(i) x*+y* =16
(i) x*+y*—22x—4y+25=0
(iii) 5x*+5y*+4x—8y—16=0
(iv) (x+2)(x=5)+(y—2)(y—1)=0
3. Find the equation of the circle

whose centre is (-3, -2) and having
circumference 167

4. Find the equation of the circle whose
centre is (2,3) and which passes
through (1,4)
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5. Find the equation of the circle passing
through the points (0, 1),(4, 3) and
(1, -1).

6. Find the equation of the circle on the
line joining the points (1,0), (0,1)
and having its centre on the line
x+y=1

7. Ifthelinesx+y=6and x+2y =4 are
diameters of the circle, and the circle

passes through the point (2, 6) then
find its equation.

8. Find the equation of the circle having
(4, 7) and (-2, 5) as the extremities of
a diameter.

9. Find the Cartesian equation of the
circle whose parametric equations are
x=3cosf,y=3sin0,0<0 <21 .

3.4.5 Tangents

C(-g -

1 o—
P(x,, y)) T
Fig. 3.7

The equation of the tangent to the
circle
x*+y*+2gx+2fy+c =0at
(xI) )ﬁ) iS
xxy Fyy+gx+x)+f(y+y)+c=0.

Corollary:

The equation of the tangent at
(%1, %1) to the circle

x*+y*=a’is xx +yy = a’
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To get the equation of the tangent at
(%1, 1) to the circle

Xy +H2gc+2fy+c=0 ..(1)

+
replace x* by xx;, )/2 by yyi, x by %

+
and y by / 2)’1 in equation (1).

Example 3.27

Find the equation of tangent at the
point (-2, 5) on the circle

x*+y*+3x—8y+17 = 0.
Solution

The equation of the tangent at (x1,)1)
to the given circle x* + y* + 3x — 8y + 17 =0 is
xx tyyt+3 X%(’H'XI)_SX

%(y+y1)+ 17 =0
Here (x)1) = (-2, 5)
—2x+5y+3(x—2)—4(y+5)+17 =0
—2x+5y+%x—3—4y—20+17 =0
—4x+10y+3x—6—8y—40+34 =0
x—2y+12 =0 is the required equation.

Length of the tangent to the circle

T
.‘
P(xl, yl)
Fig. 3.8

Length of the tangent to the circle
x*+y*+2gx+2fy+c = 0 from a point
P(x1, y1)is PT = /x? + yf +2gx, + 2fy + ¢
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(i) If the point P is on the circle then
PT?=0
(ii) If the point P is outside the circle
then PT? > 0
(iii) If the point P is inside the circle
then PT? < 0

Example 3.28

Find the length of the tangent from
the point (2, 3) to the circle

Xy +8x+4y+8=0
Solution

The length of the tangent to the
circle x*+y*+2gx+2fy+c = 0 from a

point (%1, %1) is /x2 +y2 +2gx, + 2y + ¢

Length of the tangent

= Jxl+yl+8x+4y, +38

= /22 +32+8(2)+4(3)+8
[Here (x,3,) = (2,3)]
_ /19

Length of the tangent = 7 units
Example 3.29

Determine whether the points
P(0,1), Q(5,9), R(-2, 3) and S(2, 2) lie
outside the circle, on the circle or inside
the circle x>+ y* —4x+4y—8 =0
Solution

The equation of the circle is x>+ y* —
4x+4y—8 =0

PT? = x{+yl —4x, + 4y, — 8

At P(0, 1)

PI?=0+1+0+4-8=-3<0

At Q(5,9)
QT?=25+81-20+36-8=114>0

Analytical Geometry
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At R(-2, 3)
RI°=4+9+8+12-8=25>0

At S(2,2)
ST?=4+4-8+8-8=0
.. The point P lies inside the circle.
The points Q and R lie outside the circle
and the point S lies on the circle.

Condition for the straight line
y = mx + ¢ to be a tangent
to the circle x*+y*=a* is

=a*(1+m?

Result

Example 3.30

Find the value of k so that the line
3x+4y—k = Oisatangent to x* + y* — 64 =0
Solution
The given equations are x*+y*—64=0
and 3x+4y—k=0

The condition for the tangency is
=a*(1+m?

Herea2=64,m=_T3andc=§
9

@ Exercise 3.5

1. Find the equation of the tangent to the
circle x>+ y* —4x+ 4y — 8 =0at (-2,- 2)

2. Determine whether the points P(1, 0),
Q(2, 1) and R(2, 3) lie outside the
circle, on the circle or inside the circle
Xy —4x—6y+9 =0

3. Find the length of the tangent from (1, 2) to
the circle x* +y* —2x+4y+9 =0

4. Find the value of P if the line
3x+4y—P = 0 is a tangent to the
circle x*+y* = 16
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3.5 Conics

Definition 3.3

If a point moves in a plane such
that its distance from a fixed point bears
a constant ratio to its perpendicular
distance from a fixed straight line, then
the path described by the moving point
is called a conic.

)
M P(Moving point)
"
—
i3]
bt
5
(9]
£
o
[}
s
= F(Fixed point)
Fig. 3.9

In figure, the fixed point F is called
focus, the fixed straight line [ is called
directrix and P is the moving point such
that% = e, a constant. Here the locus of
P is called a conic and the constant ‘e’ is
called the eccentricity of the conic.

Based on the value of eccentricity
we can classify the conics namely,

a) If e = 1, then, the conic is called a
parabola

b) Ife <1, then, the conic is called an ellipse
¢) If e > 1, then, the conic is called a
hyperbola.

The general second degree equation
ax® + 2hxy + by* + 2gx + 2fy + ¢ =0
represents,

(i) a pair of straight lines if abc+ 2fgh —
af*—bg*—ch*=0
(ii) acircleifa=band h=0
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If the above two conditions are not
satisfied, then ax*+ 2hxy+by* +2gx +
2fy+ ¢ =0 represents,

The axis of the parabola is the
axis of symmetry. The curve
y* = 4ax is symmetrical
about x-axis and hence x-axis
or y = 0is the axis of the
parabola y* = 4ax . Note

that the axis of the parabola
passes through the focus and
perpendicular to the directrix.

(i) a parabola if h*-ab =0
(ii) an ellipse if h*-ab<0
(iii) a hyperbola if h*-ab>0

In this chapter, we study about
parabola only.

The point of intersection of
3.5.1 Parabola the parabola with its axis is
called its vertex. Here, the
vertex is V(0, 0).

The distance between a point

Definition 3.4

The locus of a point whose distance
from a fixed point is equal to its distance on the parabola and its focus

from a fixed line is called a parabola.

3.5.2 Definitions regarding a
parabola: y? = 4ax
Ay

P(x, y)
M(-a, y)l—

is called a focal distance

A chord which passes
through the focus of the
parabola is called the focal
chord of the parabola.

It is a focal chord ®
perpendicular to the axis

of the parabola. Here, the
equation of the latus rectum
isx = a. Length of the latus
rectrum is 4a.

Z(-a,0) VN F(a,0) x 3.5.3 Other standard parabolas
1. Open leftward: y* =—4ax@ 2 0@
If x > 0, then y become imaginary.

i.e., the curve exist for x < 0.
)\y

Fig. 3.10

X=a

The fixed point used to draw P=—dax
the parabola is called the

focus (F).

Here, the focus is F(a, 0).
The fixed line used to draw F(—a,'o) Vv
a parabola is called the

directrix of the parabola.
Here, the equation of the

il 7

directrix is x = — a. Fig. 3.11

Analytical Geometry
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2. Open upward : x*> =4aya 2 0¢

If y < 0, then x becomes imaginary.
i.e., the curve exist for y > 0.

)\y x2= 4ay
&F(0, a)
4 x
y=-a
Fig. 3.12

3. Open downward: x*=—4ay@m 2 0@

If y > 0, then x becomes imaginary.
i.e., the curve exist for y < 0.

)\y

2_
x*=—4ay ®
F(0, -a)

Fig. 3.13

y=0 y=0

Axis x=0 x=0
Vertex Vv(0,0) V(0,0) V(0,0) V(0,0)
Focus F(a,0) F(-a,0) F(0,a) F(0,-a)

Equation

of X=-a x=a y=-a y=a
directrix

Length

of Latus 4a 4a 4a 4a

rectum

Equation

of Latus x=a xX=-a y=a y=-a
rectum
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The process of shifting the origin or
translation of axes.

AY
v (X, Y)
------ ---1P(xy)
1
, Y
ol | S
1
! X
k :
h 1
olo,00 M L X
Fig. 3.14

Consider the xoy system. Draw a
line parallel to x -axis (say X axis) and
draw a line parallel to y — axis (say Y axis).
Let P(x,y)be a point with respect to xoy
system and P(X,Y) be the same point
with respect to XO'Y system.

Let the co-ordinates of Owith
respect to xoy system be (h, k)
The co-ordinate of P with respect to
X0y system:
OL =O0OM+ ML
=h+X
ie)x =X+h
similarly y =Y +k

.". The new co-ordinates of P with
respect to XO'Y system.

X =x-h and Y = y-k

3.5.4 General form of the standard
equation of a parabola, which
is open rightward (i.e., the
vertex other than origin):

Consider a parabola with vertex V
whose co-ordinates with respect to XOY
system is (0, 0) and with respect to xoy
system is (h, k). Since it is open rightward,
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the equation of the parabola w.r.t. XOY
system is Y = 4aX .

By shifting the origin X =x—hand
Y =y—k, the equation of the parabola

FP?= (x—1Y+(y—3)
=x*—2x+1+y*—6y+9

=x"+y = 2x—6y+10

with respect to old xoy system is (x—y+2)
) PM =+ 2"~
(y— k) =4a(x—h) V1+1

This is the general form of the (x—y+2)
standard equation of the parabola, which =t J2
is open rightward.

,_ (x—y+2y

Similarly the other general forms are PM*= ——5——

(y—k)* =—4a(x—h) (open leftwards) Xy A —2xy—4y+ax
N 2

(x—h) = 4a(y—k) (open upwards) FP? = PM2

(x—h)* =—4a(y—k) (open downwards)

Example 3.31

Find the equation of the parabola
whose focus is (1,3) and whose directrix
isx—y+2=0.

26°+2y* —4x— 12y +20 =
x*+y*—2xy— 4y +4x+4
The required equation of the parabola is

= x*+y* +2xy—8x—8y+16 =0

® Example 3.32 ®
Solution Find the focus, the vertex, the
equation of the directrix, the axis and the
M P(x, y) length of the latus rectum of the parabola
L yz =—12x
It Solution
2 )\y
)
=
F(1, 3)
o >
Fig. 3.15 F(-3,0) V(0,0) x

Fis (1, 3) and directrixis x —y+2 =10
x—y+t2=0

Let P(x,y) be any point on the

Fig. 3.16

parabola. The given equation is of the form
2 —_
For parabola % = y© =" 4dax
where 4a = 12, a=3.

FP =PM

Analytical Geometry
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The parabola is open left, its focus is
F(—a,0),F(—3,0)
Its vertex is V(h,k) = V(0,0)
The equation of the directrixis x = a
ie, x=3

Its axis is x — axis whose equation
isy=0.

Length of the latus rectum = 4a = 12
Example 3.33

Show that the demand function

x = 10p — 20— p*is a parabola and price
is maximum at its vertex.
Solution
x = 10p —20—p*
= —p*—20+10p+5—75
x—5=—p>+10p—25
= —(p*—10p+25)
- ~(p-5F
Put X=x—5andP=p—5
X=—P* ieP’=—X
It is a parabola open downward.

.. At the vertex p = 5 when x = 5.
i.e.,, price is maximum at the vertex.

Example 3.34

Find the axis, vertex, focus, equation
of directrix and the length of latus rectum
for the parabola x*+6x—4y+21 =0

Solution
4y = x*+6x+21
4y = (x*+6x+9)+12
4y-12 = (x+3)
(x+3)Y =4(y-3)
X=x+3Y=y—3
x=X—3and y=Y+3
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X? =4Y
Comparing with X?’=4aY,4a=4

a=1

Referred
Referred | to (x, y)

to(X,Y) | x=X—3
y=Y+3

Axis y=0 Y=0 y=3
Vertex V(0,0) V(0,0) V(-3,3)
Focus F(0, a) F(0, 1) F(-3, 4)

Equation of
directrix (y=-a)
Length of Latus

4(1) =4 4
rectum (4a) (1)

Example 3.35

The supply of a commodity is related
to the price by the relation x=5P—15
. Show that the supply curve is a parabola.

Solution
The supply price relation is given by
X2 =5p-15
=5(p-3)
= X*=4aP where X=x and
P=p—3
. the supply curve is a parabola
whose vertexis (X=0,P=0)

i.e., The supply curve is a parabola
whose vertex is (0, 3)

@ Exercise 3.6

1. Find the equation of the parabola
whose focus is the point F(—1, —2) and
the directrix is the line4x-3y+2 = 0.
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. The parabola y* = kx passes through

the point (4,-2). Find its latus rectum
and focus.

. Find the vertex, focus, axis, directrix

and the length of latus rectum of the
parabola y*-8y-8x+24 =0

. Find the co-ordinates of the focus,

vertex, equation of the directrix, axis
and the length of latus rectum of the

parabola

(a) y2 =20x
(b) x* = 8y
(c) x*=— 16y

. The average variable cost of a monthly

output of x tonnes of a firm producing
a valuable metal is ¥ %xz — 6x + 100.
Show that the average variable cost
curve is a parabola. Also find the
output and the average cost at the
vertex of the parabola.

. 'The profit Ty accumulated in thousand

in x months is given by y=—x*+
10x —15. Find the best time to end
the project.

Exercise 3.7

~
@

Choose the correct answer

1. If m and m, are the slopes of the pair

of lines given by ax*+ 2hxy + by* = 0,
then the value of m; +m, is

@ 3 ) ~3

(c) 21 (-2
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. The angle between the pair of straight

lines x*-7xy+4y* =0 is
(a) tan ! (%) (b) tan1<%>

(c) tan”! <@> (d) tan! (%)

. If the lines 2x —3y—5=10 and 3x—

4y —7 = 0 are the diameters of a circle,
then its centre is

(a) (-1, 1) (b) (1,1)
(C) (1)_1) (d) (_1)_1)

. The x-intercept of the straight line

3xt2y—1=01is
@3 ™2 ©3F @35

. 'The slope of the line 7x+5y —8 = 0 is

@+t O-2 ©2 @D-2

. The locus of the point P which moves

such that P is at equidistance from

their coordinate axes is

@ y=5 (b) y==x

(c) y==x (d) y="5"

. 'The locus of the point P which moves

such that P is always at equidistance
from the line x+2y+7=0 is

(a) x+2y+2=0 (b)x—2y+1=0
(c)2x—y+2=0 (d)3x+y+1=0

. If kx*+3xy—2y*=0 represent a

pair of lines which are perpendicular
then k is equal to

@5 O-3 ©2 (@-2

. (1, -2) is the centre of the circle x*+

yz +ax+ by —4 =0, then its radius
(@3 (b)2 )4 (d)1

Analytical Geometry
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10.

11.

12.

13.

14.

15.

16.

The length of the tangent from (4,5)
to the circle x>+ y* = 16 is

(a4 (b)5 (c)16  (d)25
The focus of the parabola x* = 16y is
(a) (4,0) (b) (-4,0)

(c) (0,4) (d) (0, -4)

Length of the latus rectum of the
parabola y* =—25x.

(a)25 (b)-5 (¢)5 (d) -25

The centre of the circle x* +y* —2x +

2y—9=0is
(a) (1,1) () (-1, -1)
(c) (-L,1) (d) (1, -1)

The equation of the circle with centre
on the x axis and passing through the
origin is

(a) x2—2ax+y2 =0

(b) y*—2ay+x*=0

(c) x*+y*=a’

(d) x*—2ay+y*=0

If the centre of the circle is (-a, —b) and
radius is v/ a* — b*, then the equation
of circle is

(a) x*+y*+2ax+2by +2b> =0
(b) x*+y*+2ax+2by—2b>=0
(c) x*+y*—2ax—2by—2b*=0
(d) x>+ y*—2ax—2by+2b*=0

Combined equation of co-ordinate

axes is
(a) xz—y2=0 (b) x2+y2=0

(c) xy=c (d) xy=0
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17. ax*+4xy—+2y* =0 represents a pair
of parallel lines then ‘@’ is

(a) 2 (b) -2 (c) 4 (d) -4

18. In the equation of the circle x* + y* = 16
then y intercept is (are)

(a) 4 (b)16 (c) x4 (d) xl6

19. If the perimeter of the circle is 8n
units and centre is (2,2) then the
equation of the circle is

(@) (x—2)+(y—2yY=4
(b) (x—2+(y—2} =16
(c) (x—4Y+(y—4)Y=2
(d) X¥*+)y*=4

20. The equation of the circle with centre
(3, —4) and touches the x - axis is

(@) (x—=3\+(y—4yY =4

(b) (x—372+(y+4P =16 ®
() (x=3P+(y—4F =16

(d) x¥*+y*=16

21. If the circle touches x axis, y axis and
the line x = 6 then the length of the
diameter of the circle is

(a) 6 (b)3 (c)12 (d)4
22. The eccentricity of the parabola is
(a)3 (b) 2 (©)0 (d)1

23. The double ordinate passing through
the focus is

(a) focal chord (b) latus rectum

(¢) directrix (d) axis

24. The distance between directrix and
focus of a parabola y* = 4ax is

(a) a (b) 2a (c)4a (d) 3a
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25. The equation of directrix of the
parabola y* =—x is

and px + 8y —7 = 0 are perpendicular
to each other.

(a) 4x+1=0 (b) 4x—1=0 5. If the slope of one of the straight lines
(c) x—4=0 (d) x+4=0 ax®+ 2hxy + by* = 0 is thrice that of
. the other, then show that 3h* = 4ab.
Miscellaneous Problems
6. Find the values of a and b if the

1. A point P moves so that P and the
points (2, 2) and (1, 5) are always
collinear. Find the locus of P.

equation (@ = 1)x*+ by* +(b — 8)xy +
4x+4y—1 = 0 represents a circle.

2. As the number of units produced 7. Find whether the pc.nnts (=1.=2),
increases from 500 to 1000 and the (1,0) and (=3, ~4) lie above, below
total cost of production increases or on the line 3x+2y+7=0.
from ¥ 6000 to ¥9000. Find the 8. If (4,1) is one extremity of a diameter
relationship between the cost (y) and of the circle x* + y* — 2x + 6y — 15 = 0,
the number of units produced (x) if find the other extremity.
the relationship is linear. 9. Find the equation of the parabola

3. Prove that the lines 4x+3y =10, which is symmetrical about x-axis
3x-4y=-5 and Sxty=7 are and passing through (-2, -3).

® concurrent. 10. Find the axis, vertex, focus, equation of @

4. Find the value of p for which the directrix and the length of latus rectum
straight lines 8px+(2—3p)y+1=0 of the parabola(y—2)* = 4(x—1)

® Angle between the two intersecting lines y=mx+¢g and
m,—m,
1+mm,

1

y=myx+c, is @ =tan”
® Condition for the three straight lines ajx+by+¢ =0, a,x+b,y+¢, =0, and
a b g

a;x+byy+c; =0 to be concurrent is |4, b, & =0.
a; by ¢

® The condition for a general second degree equation ax” + 2hxy + by* +2gx + 2fy + ¢ =0
to represent a pair of straight lines is abc + 2fgh-af >~bg *~ch* = 0.
Pair of straight lines passing through the origin is ax*+2hxy +by* = 0.
Let ax*+2hxy+by> =0 be the straight lines passing through the origin then the

product of the slopes is % and sum of the slopes is _5 i

® If O isthe angle between the pair of straight lines.

+2/h*—ab

a+b

ax’+2hxy + by’ +2gx +2fy+c=0, then 6 = tan_l[

Analytical Geometry
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® The equation of a circle with centre (k, k) and the radius ris(x —h > +(y — k) = r*.

® The equation of a circle with centre at origin and the radius r is x* + y* = r*.

® The equation of the circle with (%1,%1) and (%2)2) as end points of a diameter is
(x=x)(x—x2)+(y=n)(y =) =o0.

® The parametric equations of the circle x*+y*=r
0<0=<2r

® The equation of the tangent to the circle x*+y*+2gx+2fy+c = 0 at (%, 1) is
xx Ty tglx+x)+f(y+y)+c=0.

The equation of the tangent at (X1, 1) to the circle x>+ y* = a® is xx; + yy, = a’.

2 are x = r cos@, y = r sin0

Length of the tangent to the circle x>+ y*+2gx+2fy+¢ = 0 from a point (X1, y1)
is o/x?+y2+2gx5 + 2y +c.

2_ 2

® Condition for the straight line y = mx+ ¢ to be a tangent to the circle x>+ y* =a

is c2=a2(1+m2).

® The standard equation of the parabola is y* = 4ax .

GLOSSARY (ss»e056lFTmseir)

Centre 6WLDILILD
Chord [5 T 6357
@ Circle 6uL_L LD @

Concurrent Line

s Lsirerf] euflds G

Conics Fn DL OleuL’ 1g &H6iT
Diameter Y| [T

Directix @ w1 GHeuswr

Equation FLoeTLT(h

Focal distance @lwggTrid

Focus @eflwib

Latus rectum AQESTBYELMN)

Length of the tangent CBTHCHTL 19657 FHeTLD
Locus BUWLILTENS V6V &)W E61en T
Origin 9B

Pair of straight line Qi ewL CpisGasm®
Parabola LIT6U6D6ITIILD

Parallel line @)ewent Gar(H
Parameter HI6M 6T LIV (S,

Perpendicular line
Point of concurrency

QFBIGSSH CHT(H
R(HBIFemewTayl LsTafl

Point of intersection Geul_Bd Lysirarf]
Radius 241D

Straight line CpisCasr(h
Tangent QBTHCHTH
Vertex (Lpem6aT
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