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The Forced Oscillator

The Operation of i upon a Vector

We have already seen that a harmonic oscillation can be conveniently represented by the
form e!“’. In addition to its mathematical convenience i can also be used as a vector
operator of physical significance. We say that when i precedes or operates on a vector the
direction of that vector is turned through a positive angle (anticlockwise) of 7/2, i.e. i
acting as an operator advances the phase of a vector by 90°. The operator — i rotates the
vector clockwise by 7/2 and retards its phase by 90°. The mathematics of i as an operator
differs in no way from its use as v/—1 and from now on it will play both roles.

The vector r = a + ib is shown in Figure 3.1, where the direction of b is perpendicular to
that of a because it is preceded by i. The magnitude or modulus or r is written

r=r|=(a®+5%)"?

and

r* = (a*+b*) = (a+ib)(a —ib) = rr*,

where (a — ib) = r* is defined as the complex conjugate of (a + ib); that is, the sign of i is
changed.

The vector r* = a — ib is also shown in Figure 3.1.

The vector r can be written as a product of its magnitude r (scalar quantity) and its phase
or direction in the form (Figure 3.1)

r=re'” = r(cos ¢ +isin ¢)
=a+ib

showing that a = rcos ¢ and b = rsin ¢.
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io
r=re
r ib ir cos ¢
4
a r cos ¢
a
9
- —ib ” —ir cos ¢
=re

Figure 3.1 Vector representation using i operator and exponential index. Star superscript indicates
complex conjugate where —i replaces i

It follows that

== (a2+b2)l/2
and
b b
sing =— =

r (a2 +b2)"?

giving tan ¢ = b/a.
Similarly

r* =re'? = r(cos¢ —isin¢)

—b
cos ¢ = g, sing =— and tan¢ = — (Figure 3.1)
r r a

The reader should confirm that the operator i rotates a vector by m/2 in the positive
direction (as stated in the first paragraph of p. 53) by taking ¢ = 7/2 in the expression

r=re' = r(cosw/2 +isin7/2)

Note that ¢ = —7/2 in r = re /2 rotates the vector in the negative direction.

Vector form of Ohm’s Law

Ohm’s Law is first met as the scalar relation V = IR, where V is the voltage across the
resistance R and / is the current through it. Its scalar form states that the voltage and current
are always in phase. Both will follow a sin (wf + ¢) or a cos (wt + ¢) curve, and the value
of ¢ will be the same for both voltage and current.

However, the presence of either or both of the other two electrical components,
inductance L and capacitance C, will introduce a phase difference between voltage and
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Figure 3.2a An electrical forced oscillator. The voltage V, is applied to the series LCR circuit giving
V, = Ld1/dt + IR+ q/C

current, and Ohm’s Law takes the vector form
vV=1I1Z,,

where Z,, called the impedance, replaces the resistance, and is the vector sum of the
effective resistances of R, L, and C in the circuit.

When an alternating voltage V, of frequency w is applied across a resistance, inductance
and condenser in series as in Figure 3.2a, the balance of voltages is given by

dr
Va:IR—i-La—i-q/C

and the current through the circuit is given by I = Iy e™“". The voltage across the inductance
d iwt : iwt .
VL:L_t:L_tIOe = 1wLlye™ =iwLl

But wL, as we saw at the end of the last chapter, has the dimensions of ohms, being the
value of the effective resistance presented by an inductance L to a current of frequency w.
The product wLI with dimensions of ohms times current, i.e. volts, is preceded by i; this
tells us that the phase of the voltage across the inductance is 90° ahead of that of the current
through the circuit.

Similarly, the voltage across the condenser is

1 1 . 1 i
1=—J1dt:—lojewdzz,—loem: _
cC C C iwC wC

(since 1/i = —i).

Again 1/wC, measured in ohms, is the value of the effective resistance presented by the
condenser to the current of frequency w. Now, however, the voltage I/wC across the
condenser is preceded by —i and therefore lags the current by 90°. The voltage and current
across the resistance are in phase and Figure 3.2b shows that the vector form of Ohm’s
Law may be written V= IZ, =I[R+i(wL — 1/wC)], where the impedance Z, =
R +i(wL — 1/wC). The quantities wL and 1/wC are called reactances because they
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Figure 3.2b Vector addition of resistance and reactances to give the electrical impedance Z, =
R+i(wl — 1/wC)

introduce a phase relationship as well as an effective resistance, and the bracket
(wL — 1/wC) is often written X, the reactive component of Z,.
The magnitude, in ohms, i.e. the value of the impedance, is

R? + ALE 2
wC

and the vector Z, may be represented by its magnitude and phase as

12
Z, =

Z,=7,e¢ = Z.(cos ¢ +1isin @)
so that

R X
cosp =—, sing===
Z, Z,

and
tan¢p = X,/R,

where ¢ is the phase difference between the total voltage across the circuit and the current
through it.

The value of ¢ can be positive or negative depending on the relative value of wL and
1/wC: when wL > 1/wC, ¢ is positive, but the frequency dependence of the components
show that ¢ can change both sign and size.

The magnitude of Z, is also frequency dependent and has its minimum value Z, = R
when wL = 1/wC.

In the vector form of Ohm’s Law, V =1Z,. If V = Vye“" and Z, = Z, e!?, then we have

12 Vo Vo i)
Z,elv  Z,

giving a current of amplitude V(/Z, which lags the voltage by a phase angle ¢.

The Impedance of a Mechanical Circuit

Exactly similar arguments hold when we consider not an electrical oscillator but a
mechanical circuit having mass, stiffness and resistance.
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The mechanical impedance is defined as the force required to produce unit velocity in
the oscillator, i.e. Z,, = F/v or F =VZ,,.
Immediately, we can write the mechanical impedance as

Z,, :r+i(wm—£) =r—+iX,
w

where

Zp=2Zne?
and

tanp = X,,/r
¢ being the phase difference between the force and the velocity. The magnitude of Z,, =
[r2 4 (wm — s/w) )2

Mass, like inductance, produces a positive reactance, and the stiffness behaves in exactly
the same way as the capacitance.

Behaviour of a Forced Oscillator

We are now in a position to discuss the physical behaviour of a mechanical oscillator of
mass m, stiffness s and resistance r being driven by an alternating force F cos wt, where F
is the amplitude of the force (Figure 3.3). The equivalent electrical oscillator would be an
alternating voltage Vycoswt applied to the circuit of inductance L, capacitance C and
resistance R in Figure 3.2a.

The mechanical equation of motion, i.e. the dynamic balance of forces, is given by

mx + rx + sx = Fycoswt
and the voltage equation in the electrical case is
Lg+Rg+ q/C = Viycoswt

We shall analyse the behaviour of the mechanical system but the analysis fits the electrical
oscillator equally well.

m < Fycos of —>

T

Figure 3.3 Mechanical forced oscillator with force Fy coswt applied to damped mechanical circuit
of Figure 2.1
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The complete solution for x in the equation of motion consists of two terms:

(1) a ‘transient’ term which dies away with time and is, in fact, the solution to the equation
mx + rx + sx = 0 discussed in Chapter 2. This contributes the term

_ ) 2y1/2
x=Ce rt/2m e1(.s/m r?/4m*) /"t

which decays with e />, The second term
(2) is called the ‘steady state’ term, and describes the behaviour of the oscillator after the
transient term has died away.

Both terms contribute to the solution initially, but for the moment we shall concentrate
on the ‘steady state’ term which describes the ultimate behaviour of the oscillator.

To do this we shall rewrite the force equation in vector form and represent cos wt by e'*
as follows:

mX + rx + sx = Fge'! (3.1)

Solving for the vector x will give both its magnitude and phase with respect to the driving
force Foe'“. Initially, let us try the solution x = A el where A may be complex, so that it
may have components in and out of phase with the driving force.

The velocity

X = iwA e = iwx

so that

and equation (3.1) becomes
(—Aw’m + iwAr + As) e’ = Fyel

which is true for all + when
iwr + (s — w?m)
or, after multiplying numerator and denominator by —i

—iF, —iFy
Wlr +ilwm —s/w)]  WZ,

Hence
X — Aeiwt _ —iFO ei“” _ —iF() e'iwf
wZ,, wZ,, ei¢
—iFeilwr—9)

wZ,,
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where
Zm = [r? + (wm — s/w)*]'/?

This vector form of the steady state behaviour of x gives three pieces of information and
completely defines the magnitude of the displacement x and its phase with respect to the
driving force after the transient term dies away. It tells us

1. That the phase difference ¢ exists between x and the force because of the reactive part
(wm — s/w) of the mechanical impedance.

2. That an extra difference is introduced by the factor —i and even if ¢ were zero the
displacement x would lag the force F(coswt by 90°.

3. That the maximum amplitude of the displacement x is Fo/wZ,,. We see that this is
dimensionally correct because the velocity x/¢ has dimensions Fo/Z,,.

Having used Fye!’ to represent its real part Fcoswt, we now take the real part of the
solution

_iFO ei(Wt7¢))

Wl

to obtain the actual value of x. (If the force had been F sin wt, we would now take that part
of x preceded by i.)
Now

— ~ [Cos(wt—¢)+isin(wt—¢)]

Wl

iF F
= —:}7(; cos (wt — @) +Tzom sin (wt — @)

The value of x resulting from F(coswt is therefore

F
x=—2sin (wf — ¢)
wZ,,

[the value of x resulting from F sinwr would be —F cos (wt — ¢)/wZ ).

Note that both of these solutions satisfy the requirement that the total phase difference
between displacement and force is ¢ plus the —7/2 term introduced by the —i factor. When
¢ = 0 the displacement x = F sinwt/wZ,, lags the force F(coswt by exactly 90°.
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To find the velocity of the forced oscillation in the steady state we write
(=iF0) _iw-o)
wZ
ﬂ ei(Wt7¢)
Zy,

v=x=(lw)

We see immediately that

1. There is no preceding i factor so that the velocity v and the force differ in phase only
by ¢, and when ¢ = 0 the velocity and force are in phase.

2. The amplitude of the velocity is Fy/Z,,, which we expect from the definition of
mechanical impedance Z,, = F/v.

Again we take the real part of the vector expression for the velocity, which will
correspond to the real part of the force Foe™'. This is

F
U:Z—zcos(wt—gé)

Thus, the velocity is always exactly 90° ahead of the displacement in phase and differs
from the force only by a phase angle ¢, where
wm—sjw X,

tan ¢ =
r r

so that a force Fycoswt gives a displacement

F() .
—_— t_
X sin (wr — ¢)

and a velocity

F
v:Z—Ocos(wt—¢)

m

(Problems 3.1, 3.2, 3.3, 3.4)

Behaviour of Velocity » in Magnitude and Phase versus Driving
Force Frequency w

The velocity amplitude is

Fo _ Fo
Zn 2 4 (wm — s/w)?]

172

so that the magnitude of the velocity will vary with the frequency w because Z,, is
frequency dependent.
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P

Velocity

+ ; (0]
wg = (s/m) 2

Figure 3.4 Velocity of forced oscillator versus driving frequency w. Maximum velocity vmax = Fo/r
at wj =s/m

At low frequencies, the term —s/w is the largest term in Z,, and the impedance is said to
be stiffness controlled. At high frequencies wm is the dominant term and the impedance is
mass controlled. At a frequency wo where wom = s/wy, the impedance has its minimum
value Z,, = r and is a real quantity with zero reactance.

The velocity Fo/Z,, then has its maximum value v = F/r, and wy is said to be the
frequency of velocity resonance. Note that tan ¢ = 0 at w, the velocity and force being in
phase.

The variation of the magnitude of the velocity with driving frequency, w, is shown in
Figure 3.4, the height and sharpness of the peak at resonance depending on r, which is the
only effective term of Z,, at wy.

The expression

F
v:Z—Zcos(wt—qﬁ)

where

wm —S/w
r

shows that for positive ¢; that is, wm > s/w, the velocity v will lag the force because —¢
appears in the argument of the cosine. When the driving force frequency w is very high and
w — 00, then ¢ — 90° and the velocity lags the force by that amount.

When wm < s/w, ¢ is negative, the velocity is ahead of the force in phase, and at low
driving frequencies as w — 0 the term s/w — oo and ¢ — —90°.

Thus, at low frequencies the velocity leads the force (¢ negative) and at high frequencies
the velocity lags the force (¢ positive).

At the frequency wg, however, wom = s/wq and ¢ = 0, so that velocity and force are in
phase. Figure 3.5 shows the variation of ¢ with w for the velocity, the actual shape of the
curves depending upon the value of r.
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vlags F
+ X g
2
Phase angle rincreasing
¢ (radians)
between 0 o
vand ~ vand F
in phase
o
2 vleads F

Figure 3.5 Variation of phase angle ¢ versus driving frequency, where ¢ is the phase angle between
the velocity of the forced oscillator and the driving force. ¢ = 0 at velocity resonance. Each curve
represents a fixed resistance value

(Problem 3.5)

Behaviour of Displacement versus Driving Force Frequency o

The phase of the displacement

Fo .
x= oz sin (wt — @)

is at all times exactly 90° behind that of the velocity. Whilst the graph of ¢ versus w
remains the same, the total phase difference between the displacement and the force
involves the extra 90° retardation introduced by the —i operator. Thus, at very low
frequencies, where ¢ = —7/2 rad and the velocity leads the force, the displacement and
the force are in phase as we should expect. At high frequencies the displacement lags the
force by 7 rad and is exactly out of phase, so that the curve showing the phase angle
between the displacement and the force is equivalent to the ¢ versus w curve, displaced by
an amount equal to 7/2 rad. This is shown in Figure 3.6.

The amplitude of the displacement x = Fy/wZ,,, and at low frequencies Z,, =
[F2 4+ (wm — s/w)*]"? = s/w, so that x &~ F/(ws/w) = Fo/s.

_n xlags F

I

2
Total phas_e rincreasing
angle (radians) Phase angle
between  _ T ) T 0 ¢ (red)
- | j&)\ xlags Foy % rad

x and Fin phase

Figure 3.6 Variation of total phase angle between displacement and driving force versus driving
frequency w. The total phase angle is —¢ — /2 rad
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At high frequencies Z,, — wm, so that x ~ F/(w?m), which tends to zero as w becomes
very large. At very high frequencies, therefore, the displacement amplitude is almost zero
because of the mass-controlled or inertial effect.

The velocity resonance occurs at w(z) = s/m, where the denominator Z,, of the velocity
amplitude is a minimum, but the displacement resonance will occur, since x = (Fo/wZ,,)
sin (wf — ¢), when the denominator wZ,, is a minimum. This takes place when

% (WZ) = % W + (wm — /)22 = 0
i.e. when
2wr? + dwm(w?m —s5) =0
or

2w[r? 4 2m(w?m — 5)] =0
so that either
w=20

or
, s r? , r?
W=——-S=wi— 55
m 2m 2m

Thus the displacement resonance occurs at a frequency slightly less than wg, the
frequency of velocity resonance. For a small damping constant r or a large mass m these
two resonances, for all practical purposes, occur at the frequency wy.

Denoting the displacement resonance frequency by

s 2\
wy=|————
m  2m?

we can write the maximum displacement as
Fy
Wiy

Xmax =

The value of w,Z,, at w, is easily shown to be equal to w’r where

2 2
,275‘ r > r

= — - — = W _——
m  4m? O 4m?2
The value of x at displacement resonance is therefore given by
Fy

Xmax = 7
w'r

2\ 1/2
w/ _ w2 _ r
o 0 gm2

where
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Figure 3.7 Variation of the displacement of a forced oscillator versus driving force frequency w for
various values of r

Since xmax = Fo/w’r at resonance, the amplitude at resonance is kept low by increasing
r and the variation of x with w for different values of r is shown in Figure 3.7. A negligible
value of r produces a large amplification at resonance: this is the basis of high selectivity in
a tuned radio circuit (see the section in this chapter on Q as an amplification factor).
Keeping the resonance amplitude low is the principle of vibration insulation.

(Problems 3.6, 3.7)

Problem on Vibration Insulation

A typical vibration insulator is shown in Figure 3.8. A heavy base is supported on a
vibrating floor by a spring system of stiffness s and viscous damper r. The insulator will
generally operate at the mass controlled end of the frequency spectrum and the resonant
frequency is designed to be lower than the range of frequencies likely to be met. Suppose
the vertical vibration of the floor is given by x = A cos wt about its equilibrium position and
y is the corresponding vertical displacement of the base about its rest position. The function
of the insulator is to keep the ratio y/A to a minimum.
The equation of motion is given by

my = —r(y —x) = s(y — x)
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Heavy base
A
Vi Equilibrium
——————————— +--------- restposition
! of base
v
L—

Vibrating floor

Fixed reference level

Figure 3.8 Vibration insulator. A heavy base supported by a spring and viscous damper system on a

vibrating floor

which, if y — x = X, becomes

mX + rX + sX = —mi = mAw? cos wt

where

= Focoswt,

Fo = mAw?

Use the steady state solution of X to show that

Fo .
= — t— A t
y = sin (wt — @) + Acosw

m

and (noting that y is the superposition of two harmonic components with a constant phase

difference) show that

where

Note that

Ymax (r2 + sz/wz) 12
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so that s/m should be as low as possible to give protection against a given frequency w.

(a) Show that

ymax:1

for w”=—
m

(b) Show that

2
¥ max <1 for w?> il
A m

(c) Show that if w? = s/m, then yna. /A > 1 but that the damping term r is helpful in
keeping the motion of the base to a reasonably low level.
(d) Show that if w? > 2s/m, then yn. /A < 1 but damping is detrimental.

Significance of the Two Components of the Displacement Curve

Any single curve of Figure 3.7 is the superposition of the two component curves (a) and (b)
in Figure 3.9, for the displacement x may be rewritten

F F
x =—2 sin (wf — ¢) = — (sinwf cos ¢ — coswt sin )
wZ wZ,,

@ - o )
O \r?4 Xpp2

Figure 3.9 A typical curve of Figure 3.7 resolved into its ‘anti-phase” component (curve (a)) and its
‘90° out of phase’ component (curve (b)). Curve (b) represents the resistive fraction of the
impedance and curve (a) the reactive fraction. Curve (b) corresponds to absorption and curve (a) to
anomalous dispersion of an electromagnetic wave in a medium having an atomic or molecular resonant
frequency equal to the frequency of the wave
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or, since
r . X
cos¢p =— and sing = ="
Zp Zn
as
F() r
= ——— sinwt — ———— coswt
wZywZy, WZ .y 2

The coswt component (with a negative sign) is exactly anti-phase with respect to the
driving force Fcoswt. Its amplitude, plotted as curve (a) may be expressed as

FoX F 2 _w?
__0_;[ — Om(wo 5 w ) (32)
wZy, m?(w)—w?)” +wir?

where w% = s/m and wy is the frequency of velocity resonance.
The sinwt component lags the driving force Fcoswt by 90°. Its amplitude plotted as
curve (b) becomes

Fy r Fowr

N - 2
wrr+ Xy mi(w}—w?)® +wir?

We see immediately that at w( curve (a) is zero and curve (b) is near its maximum but they
combine to give a maximum at w where

2
2 2 r

w :LUO ——2m2

the resonant frequency for amplitude displacement.

These curves are particularly familiar in the study of optical dispersion where the forced
oscillator is an electron in an atom and the driving force is the oscillating field vector of an
electromagnetic wave of frequency w. When w is the resonant frequency of the electron in
the atom, the atom absorbs a large amount of energy from the electromagnetic wave and
curve (b) is the shape of the characteristic absorption curve. Note that curve (b) represents
the dissipating or absorbing fraction of the impedance

.
(r2+x2)'"?

and that part of the displacement which lags the driving force by 90°. The velocity
associated with this component will therefore be in phase with the driving force and it is
this part of the velocity which appears in the energy loss term rx? due to the resistance of
the oscillator and which gives rise to absorption.
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On the other hand, curve (a) represents the reactive or energy storing fraction of the
impedance

Xm
1/2
(2 +x3)"

and the reactive components in a medium determine the velocity of the waves in
the medium which in turn governs the refractive index n. In fact, curve (a) is a graph of the
value of n? in a region of anomalous dispersion where the w axis represents the value
n = 1. These regions occur at every resonant frequency of the constituent atoms of
the medium. We shall return to this topic later in the book.

(Problems 3.8, 3.9, 3.10)

Power Supplied to Oscillator by the Driving Force

In order to maintain the steady state oscillations of the system the driving force must
replace the energy lost in each cycle because of the presence of the resistance. We shall
now derive the most important result that:

‘in the steady state the amplitude and phase of a driven oscillator adjust themselves so
that the average power supplied by the driving force just equals that being dissipated by the
frictional force’.

The instantaneous power P supplied is equal to the product of the instantaneous driving
force and the instantaneous velocity; that is,

F
P = Focoswt =2 cos (wf — ¢)
Z
F2
= -2 coswtcos (wt — P)

m

The average power

__total work per oscillation
av —

oscillation period

T

t

L Pay = J T where T = oscillation period
0

F2 T
=L J cos wt cos (wt — ¢) dt
Z.T Jo

FZ (T
= ﬁ J [coszwt €oS ¢ + cos wr sin wt sin ¢) dr
m 0

F2
= —ZZOm cos ¢
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because

T
J coswt X sinwtdt =0
0

and

IJT 2w dt !
—| cos ==
T), Y72

The power supplied by the driving force is not stored in the system, but dissipated as
work expended in moving the system against the frictional force rx.
The rate of working (instantaneous power) by the frictional force is

F2
(ri)x = ri? = r— cos? (wt — ¢)
m

and the average value of this over one period of oscillation

1rF§ 1F}
ErZ—nzi)ZEZ—:,COS¢ for é:cosqb

This proves the initial statement that the power supplied equals the power dissipated.
In an electrical circuit the power is given by VI cos ¢, where Vand I are the instantaneous
r.m.s. values of voltage and current and cos ¢ is known as the power factor.

V2 6
VI cos ¢ == cos ¢ = 220 cos ¢
e e

since

SIS

(Problem 3.11)

Variation of P,, with w. Absorption Resonance Curve

Returning to the mechanical case, we see that the average power supplied
Py = (F%/2Z,)cos ¢

is a maximum when cos ¢ = 1; that is, when ¢ = 0 and wm — s/w = 0 or w3 = s/m. The
force and the velocity are then in phase and Z,, has its minimum value of r. Thus

P, (maximum) = F g /2r
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A graph of P,, versus w, the frequency of the driving force, is shown in Figure 3.10. Like
the curve of displacement versus w, this graph measures the response of the oscillator; the
sharpness of its peak at resonance is also determined by the value of the damping constant
r, which is the only term remaining in Z,, at the resonance frequency wg. The peak occurs
at the frequency of velocity resonance when the power absorbed by the system from the
driving force is a maximum; this curve is known as the absorption curve of the oscillator
(it is similar to curve (b) of Figure 3.9).

The Q-Value in Terms of the Resonance Absorption Bandwidth

In the last chapter we discussed the quality factor of an oscillator system in terms of energy
decay. We may derive the same parameter in terms of the curve of Figure 3.10, where the
sharpness of the resonance is precisely defined by the ratio

wo

S wr—wy
where w; and w; are those frequencies at which the power supplied
P4y = % Py (maximum)

The frequency difference w, — w; is often called the bandwidth.

Pav(max)

Fo?
2r

0, ON 0, o)

Figure 3.10 Graph of average power versus w supplied to an oscillator by the driving force.
Bandwidth w, —w; of resonance curve defines response in terms of the quality factor, Q =
wo/ (w2 — wr), where w3 =s/m
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Now
P =rF§/2Z} =1P, (maximum) = 1F3/2r
when
Z,i =2r?
that is, when
rr4+X2=2r or X,=wm—s/w==r.
If wy, > wy, then
wom — s/wy = +r
and
wim—s/w; = —r
Eliminating s between these equations gives
wy—wi =r/m
so that
0 =wom/r

Note that w; = wo — r/2m and wy = wo + r/2m are the two significant frequencies in
Figure 3.9. The quality factor of an electrical circuit is given by

_ woL
0=".
where
wy=(LC)™!

Note that for high values of Q, where the damping constant r is small, the frequency w’
used in the last chapter to define Q = w’m/r moves very close to the frequency wy, and the
two definitions of Q become equivalent to each other and to the third definition we meet in
the next section.

The Q-Value as an Amplification Factor

We have seen that the value of the displacement at resonance is given by

Fy s r?
Amax =—— Wwhere R
w'r
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At low frequencies (w — 0) the displacement has a value Ay = Fg/s, so that

2 2 2 2, 4
A max _ F; T mwy
Ayp w'2r?F3  riwj —r2/4m?]

cu(z)m2 0?

r2[1—1/402)?) (1 —1/407

Hence:

Amax Q 1
= o~ 1+—| =
Ao [1—1/402)"? Q{ +8Q2] ¢

for large Q.

Fo
S

Displacement in units of

I
®o

Figure 3.11 Curves of Figure 3.7 now given in terms of the quality factor Q of the system, where Q
is amplification at resonance of low frequency response x = fy/s
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Thus, the displacement at low frequencies is amplified by a factor of Q at displacement
resonance.

Figure 3.7 is now shown as Figure 3.11 where the Q-values have been attached to each
curve. In tuning radio circuits, the Q-value is used as a measure of selectivity, where
the sharpness of response allows a signal to be obtained free from interference from signals
at nearby frequencies. In conventional radio circuits at frequencies of one megacycle,

(a)

(b)

Figure 3.12 (a) The steady state oscillation (heavy curve) is modulated by the transient which
decays exponentially with time. (b) In the vector diagram of (b) OB is the constant length steady
state vector and BA; is the transient vector. Each vector rotates anti-clockwise with its own angular
velocity. At t = 0 the vectors OB and BA, are equal and opposite on the horizontal axis and their
vector sum is zero. At subsequent times the total amplitude is the length of 0A; which changes as A

traces a contracting spiral around B. The points A;, A,, As and A, indicate how the amplitude is
modified in (a)
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Q-values are of the order of a few hundred; at higher radio frequencies resonant copper
cavities have Q-values of about 30 000 and piezo-electric crystals can produce Q-values of
500000. Optical absorption in crystals and nuclear magnetic resonances are often
described in terms of Q-values. The Mossbauer effect in nuclear physics involves Q-values
of 1010,

The Effect of the Transient Term

Throughout this chapter we have considered only the steady state behaviour without
accounting for the transient term mentioned on p. 58. This term makes an initial
contribution to the total displacement but decays with time as e /2. Its effect is best
displayed by considering the vector sum of the transient and steady state components.

The steady state term may be represented by a vector of constant length rotating
anticlockwise at the angular velocity w of the driving force. The vector tip traces a circle.
Upon this is superposed the transient term vector of diminishing length which rotates anti
clockwise with angular velocity w’ = (s/m — r?/4m?) 12 Tts tip traces a contracting spiral.

The locus of the magnitude of the vector sum of these terms is the envelope of the
varying amplitudes of the oscillator. This envelope modulates the steady state oscillations
of frequency w at a frequency which depends upon w’ and the relative phase between wr
and w't.

Thus, in Figure 3.12(a) where the total oscillator displacement is zero at time ¢ = 0 we
have the steady state and transient vectors equal and opposite in Figure 3.12(b) but because
w # w’ the relative phase between the vectors will change as the transient term decays.
The vector tip of the transient term is shown as the dotted spiral and the total amplitude
assumes the varying lengths OA |, OA,, OAj, OA4, etc.

(Problems 3.12, 3.13, 3.14, 3.15, 3.16, 3.17, 3.18)

Problem 3.1
Show, if Fye'" represents Fsinwt in the vector form of the equation of motion for the forced
oscillator that

Fo
= — ! —
x oz cos (wt — @)

and the velocity

Fo .
_Zo ‘—
v msm(w ?)

Problem 3.2

The displacement of a forced oscillator is zero at time ¢ = 0 and its rate of growth is governed by the
rate of decay of the transient term. If this term decays to e ™ of its original value in a time ¢ show
that, for small damping, the average rate of growth of the oscillations is given by xo/t = Fo/2kmw
where x is the maximum steady state displacement, F is the force amplitude and w3 = s/m.
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Problem 3.3

The equation mx + sx = F sinwt describes the motion of an undamped simple harmonic oscillator
driven by a force of frequency w. Show, by solving the equation in vector form, that the steady state
solution is given by

_ Fosinwt h 2 S
x=——>——> where wj=—
m(w§ — w?) m

Sketch the behaviour of the amplitude of x versus w and note that the change of sign as w passes
through w( defines a phase change of 7 rad in the displacement. Now show that the general solution
for the displacement is given by

Fosinwt .
X = 272+Acoswot+Bs1nwot
m(wg — w?)

where A and B are constant.

Problem 3.4
In problem 3.3, if x = x = 0 at t = 0 show that

Fo 1 . w .
X = — | sinwt — — sinwot
m (w§ — w?) wo

and, by writing w = wo + Aw where Aw/wy < 1 and Awt < 1, show that near resonance,

Fo .
x= 5 (sinwot — wot cos wot)
2mwg

Sketch this behaviour, noting that the second term increases with time, allowing the oscillations to
grow (resonance between free and forced oscillations). Note that the condition Awr < 1 focuses
attention on the transient.

Problem 3.5

What is the general expression for the acceleration v of a simple damped mechanical oscillator
driven by a force Fcoswt? Derive an expression to give the frequency of maximum acceleration
and show that if r = /sm, then the acceleration amplitude at the frequency of velocity resonance
equals the limit of the acceleration amplitude at high frequencies.

Problem 3.6
Prove that the exact amplitude at the displacement resonance of a driven mechanical oscillator may
be written x = Fo/w'r where F is the driving force amplitude and

Problem 3.7

In a forced mechanical oscillator show that the following are frequency independent (a) the
displacement amplitude at low frequencies (b) the velocity amplitude at velocity resonance and (c)
the acceleration amplitude at high frequencies, (w — o).
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Problem 3.8
In Figure 3.9 show that for small r, the maximum value of curve (a) is =~ Fo/2wor at
w| =wg — r/2m and its minimum value is = —F(/2wor at wy = wo + r/2m.

Problem 3.9

The equation X + wix = (—eE/m)coswt describes the motion of a bound undamped electric
charge —e of mass m under the influence of an alternating electric field E = Ecoswt. For an
electron number density n show that the induced polarizability per unit volume (the dynamic
susceptibility) of a medium

nex ne?

Xe = Ce0E eom(w} — w?)

(The permittivity of a medium is defined as e = ¢(1 + x) where ¢ is the permittivity of free space.
The relative permittivity €, = €/ey is called the dielectric constant and is the square of the refractive
index when E is the electric field of an electromagnetic wave.)

Problem 3.10

Repeat Problem 3.9 for the case of a damped oscillatory electron, by taking the displacement x as the
component represented by curve (a) in Figure 3.9 to show that

ne’m(w} — w?)

e,=14+x=1+
golm?(w} —w2)2 + w?r?]

In fact, Figure 3.9(a) plots £, = ¢/&. Note that for

2

ne
wKwy, &,~1+ 5
EoMmwy
and for
ne?
w>>wo, &~1-— 5
€0 mw

Problem 3.11
Show that the energy dissipated per cycle by the frictional force rx at an angular frequency w is given

2
by mrwx .

Problem 3.12
Show that the bandwidth of the resonance absorption curve defines the phase angle range
tanp = *1.

Problem 3.13
An alternating voltage, amplitude V| is applied across an LCR series circuit. Show that the voltage at
current resonance across either the inductance or the condenser is QV.
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Problem 3.14
Show that in a resonant LCR series circuit the maximum potential across the condenser occurs at a
frequency w = wo(1 — 1/203)"/? where w2 = (LC) "' and Qg = woL/R.

Problem 3.15
In Problem 3.14 show that the maximum potential across the inductance occurs at a frequency
w=wo(1—1/203) "2

Problem 3.16

Light of wavelength 0.6 pm (6000 A) is emitted by an electron in an atom behaving as a lightly
damped simple harmonic oscillator with a Q-value of 5 x 107. Show from the resonance bandwidth
that the width of the spectral line from such an atom is 1.2 x 104 m.

Problem 3.17
If the Q-value of Problem 3.6 is high show that the width of the displacement resonance curve is
approximately \/§r/m where the width is measured between those frequencies where x = x pax /2.

Problem 3.18
Show that, in Problem 3.10, the mean rate of energy absorption per unit volume; that is, the power
supplied is

ne’E} w?r

P
2 m2(wi—w?)® +wir?

Summary of Important Results

Mechanical Impedance Z,, = F/v (force per unit velocity)

Zy=2Zne? =r+i(wm—s/w)
where Z2 = r? + (wm — s/w)’

wm — S/w r wm — §/w
7/, cosqﬁzz—, tangbzi/

sin ¢ =
¢ L m r

¢ is the phase angle between the force and velocity.

Forced Oscillator

Equation of motion mxX + rx 4 sx = Fcoswt
(Vector form) mX + rx + sx = Fge™"
Use x = Ae' to give steady state displacement
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and velocity

When Fe' represents Fy cos wt

Fo .
= sin (wt —
v= 0 in (o)

Fy
v =—cos (wt — ¢

F
Maximum velocity = —_ at velocity resonant frequency wo = (s/m) 12
r

F
Maximum displacement :—/0 where o’ = (s/m — r?/4m?)"* ar displacement
w

resonant frequency w = (s/m — r2/2m?)"/?

Power Absorbed by Oscillator from Driving Force

Oscillator adjusts amplitude and phase so that power supplied equals power dissipated.

Power absorbed = 1 (F3/Z,,) cos ¢ (cos ¢ is power factor)
F2

Maximum power absorbed = 2—0 at wy

r

Maxmium power F2 , .
P absorbed = -2 at w; = wg — — and wy = wg + —
2 4r om m
. wom w
Quality factor 0 = -2~ = =0
r Wy — Wi

maximum displacement at displacement resonance

displacement as w — 0
A(max)

F()/S

For equivalent expressions for electrical oscillators replace m by L, rby R, s by 1/C and F
by Vo (voltage).



