
5. Electromagnetism

5.1. Currents II and I 2 flow in the same direction along
two parallel conductors, with /1 > 12 • In which of the
three regions I, I I or I I I, and at what distance from the
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conductor carryi ng current 11 is the magnetic i nduction
equal to zero?
5.2. Two mutually perpendicular conductors carrying
curren ts II and 12 lie in one plane. Find the locus of
points at which the magnetic induction is zero.
5.3. Equal currents are flowing along three conductors:
a ring of radius R (Figure (a)), an infinitely long straight

o
(n) (b)

Fig. 5.3_

(C)

~.;-

conductor that forms a loop of the same radi us R (Fig
ure (b)), and an infinitely long straight conductor that also
forms a loop of radius R but is broken at the point where
the loop touches the conductor (Figure (c)). Find the re
lationships that link the magnetic induction vectors at
the center of each circle.
5.4. Three conductors carrying currents are perpcndicu-
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lar to the plane of the drawing. They intersect the plane
at three points that lie on a single straight line, wi th the
distances from the middle conductor to the other two
being equal. The currents in the outer conductors flow
away from the reader, while the current in the middle con~

rluctor flows toward the reader. How is the magnetic Held
vector directed at the point on the straight line that is
perpendicular to the straight line passing through the
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three conductors in the plane of the drawing and is sepa
rated from the middle conductor by a distance equal to
the distances between that conductor and the outer con
ductors? All three currents are equal in magnitude.
5.5. Along four parallel conductors whose sections with
the plane of the drawing lie at the vertices of a square
there flow four equal currents (the directions of these
currents are as follows: those marked with an "x" point
away from the reader, while those marked with a dot
point to the reader. How is the vector of magnetic
induction directed at the center of the square? 1
5.6. Two infinitely long parallel conductors carrying
currents are directed at right angles to the plane of the
drawing. The maximum of magnetic induction is at a
point M that lies in the middle between the conductors.
The direction of the magnetic induction vector B at this
point coincides with the positive direction on the x
axis. Determine the direction of the currents flowing in
the conductors and the relationship that exists between
these currents.
5.7 ~ Two infini tely long parallel cond uctors carrying
currents are directed at right angles to the plane of the
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drawing. The magnetic induction at a point M that lies
in the middle between the conductors is zero. To the
right of this point, the magnetic induction vector points
upward, at right angles to the x axis. Find the direction
of the currents flowing in the conductors, the direction
of the magnetic induction vector to the left of point M,
the relationship between the currents, and the point on
the x axis at which the magnetic induction is maximal.
The distance between the conductors is a.
5.8. Prove solely by reasoning (without performing any
calculations) that the magnetic induction on the axis at
an end face of a very long solenoid is half the value in the
middle of the solenoid. A "very long solenoid" is one
whose length is much greater than the diameter.
5.9. A current flows clockwise in a flat square loop. In
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the plane of the loop there lies an infInitely long straight
conductor carrying a current whose direction is designat
ed by the arrow in the figure. How will the loop move
in the magnetic field created by the current flowing in the
straight conductor and how wi ll the shape of the loop
change as a result of the action of this field?
5.10. A conducting loop carrying a current is placed in a
nonuniform magnetic field. How will it move as a result
of the action of this field?
5.11. A direct current (constant in magnitude and di
rection) flows in a contour made from soft wire. What
shape does this contour tend to acquire as a result of the
act.ion of the magnetic field created by the current?
5.12. A small flat contour with a current flowing in it is
placed successively at three points on the axis of a sole
noid in which a current also flows in the same direction.
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The points are at the middle of the solenoid (point 1), at an
end face (point 2), and outside the solenoid at a distance
from an end face equal to one-half the length of the so
lenoid (point 3). The plane of the contour and the plane
of the cross section of the solenoid are parallel. At which
of these three points does the contour experience the
greatest interaction with the solenoid and at which is
the force minimal? Is the force attractive or repulsive at
these points? The length of solenoid is considerably larger
than the diameter.
5.13. At a small distance from a solenoid carrying a cur
rent thero is placed a contour with a current in such a

Fig. 5.12 Fig. 5.13

manner that the solenoid's axis lies in the plane of the
contour. The directions of the currents in solenoid and
contour are shown by arrows. How docs the contour
move? I-Iow will it IJlOVe if the current in it flows in the
direction opposite to the one shown in the figure?
5.14. Between two fixed contours, 1 and 3, carrying cur
rents that flow in the same direction there is suspended
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another conl.our , 2, that also carries a current. Contour 2
is oriented i 1\ such a manner that the forces caused by
the currents in contours 1 and 3 are opposite in direction,
equal in magnitude, and lie along a single straight line;
thus, contour 2 is in equilibrium. Is this state of equilib-
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Fig. 5.16

rium stable or unstable? Consider the case where the
current in contour 2 has the same direction as the cur
rents in 1 and 3 and the case \vhere the direct ions are
opposite.
5.15. Two contours whose planes are parallel to each
other and are separated by a certain distance carry C.Ul'

rents that flow in the same direction. One contour is left
fixed while the other is positioned in a different manner
with respect to the first: in one case its plane is turned
by 90°, in the other by 180°, while in the third case it is
just moved parallel to itself
over a certain distance. In
which of these three eases
one will have to perform the
greatest work and in which,
the smallest?
5.16. In a uniform magne
tic field there are two charged
particles moving with velo
cities VI and v 2 and carrying
equal charges, with I VI I === , v 2 I == v. The velocity of
one particle forms an angle CGl with the direction of the
field, while the other velocity Iorms an angle CG z• In
what parameters does the Inotion of one particle differ
frorn that of the other'? Detenntne which of the parame
ters is greater for which particle.
5.17. The device shown in Figure (a) is commonly used
to measure the charge-to-mass ratio of tho electron. The
electrons that leave the cathode C are accelerated by an
electric field that exists in the space between the cathode
and the anode A. A fraction of electrons fly through the
hole in the anode. These electrons, leaving region I of tho
device, fly into the region where there is no electric Ilel d.
In this region the electrons are deflected from a straight
line via a magnetic field directed perpendicularly to the
plane of the drawing. This field is generated by two so
lenoids. The region I I where the trajectory of tho elec
trons is bent lies between these two solenoids. By increas
ing the current flowing through the two solenoids connect
ed in series we can direct the electrons into a Faraday
cylinder F, with a galvanometer G registering the result
ing current. Any further increase in the solenoid current
results in a drop in the current flowing through G, since
\~e electrons beg-in to. move along a circle of a srualler ra-
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dius. The dependence of the galvanometer current on the
solenoid current is illustrated by the curve in Figure (b).
The following quantities are known in measurements: the

potential difference U
C between anode and cath

ode, the curvature ra
di us R of the axial line
of region II (assuming
that the majority of elec
trons deflected by the
magnetic field travel
along this line), the num
her of turns No per unit
length of solenoid, and
the solenoid current I
at which the galvano
meter current is maxi
mal. How to determine
the charge-to-mass ratio
of the electron knowing
the values of these quan
ti ties?
5.18. A charged parti
cle of HIHSS m and charge
Q has acquired a certain
veloci t y by passing
through a potential di Iier

ence Uo• With this velocity it flies into the field of a
parallel-plate capacitor, with the distance between the
plates being L, the potential di fference bei ng U. The veloc-
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ity of the particle is directed parallel to the plates.
Where should the magnetic field that makes the particle
move along a straight line in the capacitor be directed
and what should its value be (the induction B)? ~ .
5.19. A direct current I is flowing through a plane in the
direction designated by an arrow. The plate is placed in a
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transverse magnetic field B. As a result of the Hall effect
there appears a transverse potential difference. What is
the sign of the potential at point a if the plate is made of
metal and if the plate is an n-type or p-type semicon
ductor?
5.20. Two contours are positioned in such a manner that
thei r planes are parallel to each other. Contour 1 carries
a current whose direction is designated by an arrow. The

Fig. 5.20 Fig. 5.21

contours move in relation to ODe another, but their planes
remain parallel in the process. What is the direction
of the current induced in contour 2 when the contours are
moved toward each other or away from each other?
5.21. A spiral made Irorn elastic wire is connected to a
DC SOUI"ee. The spiral is stretched. Will the current flowing
in tho spiral become greater or srnal ler in the stretching
process l.han tho i ni ti al current or will it remain un
changed?
5.22. A solenoid carrying a current supplied by a DC
source with a constant emf contains an iron core inside
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it. How will the current change when the core is pulled
out of the solenoid: will it increase, decrease, or remain
the same?
5.23. Two identical inductances carry currents that
yarr with time according to linear laws, In which of the
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two inductances is the self-induction emf greater? Will
the values or signs of the self-induction emf's change if
the currents begin to increase in the opposite direction
after they pass through zero (with the linear laws retained
i Jl the process)?
5.24. A current that varies with time according to a law
depicted graphically in the figure passes through an induc
tion coil. In which of the moments denoted in the figure
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will the self-induction emf be maximal (the inductance of
the coil rernains unchanged in the process)?
5.25. Various circuits are used to observe the phenome
non of self-induction. Among these are the circuits shown
iu Figures (a) and (h). III Figure (a), key K is init ial ly
opened and the current Ilows through the induction coil L
and resistor R connected iu series. In Figure (h), key J(
is initially closed and the current branches on to Rand
L. In both circuits the resistance of the coil J-I is much lo\v
er than R. Can an induction emf be generated in either'
one of these circui ts that is higher than the emf of the
DC source?
5.26. When a certain circuit consisting of a constant
euif, an inductance, and a resistance is closed, the cur
rent in it increases with time according to curve 1 (see
the figure accompanying the problem). After one parumo
ter (G, L, or R) is changed, the increase in current follows
curve 2 when the circuit is closed a second time. Which
parameter was changed and in what direction?
5.27. A current is flowing in a circular contour 1 whoso
radius is R. A. second contour, 2, whose radius is much
srnaller than that of the first, is moving with a consl ant
velocity v along the r axis in such a manner that the
planes of the contours remain parallel to each other in th~
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course of the motion. At what distance from contour 1
will the emf induced in contour 2 be maximal?
5.28. A certain circuit consists of a DC source with emf
~, an induction coil L1, and a key Kl. No resistance is
present in the circui t. Another coil, £2, which is con
nected electrically to a resistor R through a key K2, is
fastened to L1. At some moment in time key KI is
closed. After a certain tirne interval K2 is closed. flow do
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the current in the primary circuit (the one containing ~),

the induction emf in the secondary circuit (the one with
£2 and R), and the current in the secondary circuit vary
with timo?
5.29. An infinitely long straight conductor and a flat
rectangular contour with sides a and b and with N turns
lie in a single plane. The distance between the straight
conductor and the side of the contour closest to the
straight conductor is c. Determine the following quanti
ties: (1) the mutual inductance of the conductor and the
contour; (2) the quantity of electricity induced in the
contour if the contour is rotated through goo about the
AB axis provided that a current I is flowing in the con
tour and the resistance of the contour is R; (3) the work
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that must be done to rotate the contour through 180
0

about the AB axis provided that there is current I both
in the long conductor and in the contour and that the
sense of the current in the contour is clockwise (in the
plane of the drawing).
5.30. A common device used in electrical measure
ments is the so-called Rogowski loop. It constitutes a

flexible solenoid that can be
transformed into a torus if
the two ends are brought to
gether (Figure (a)). The leads
can be connected to an A C
ammeter, a ballistic galvano
meter", or an oscillograph.
By circling a conductor with
a Rogowski loop one can mea
sure an alternating current
flowing constantly in the
conductor or even isolated
changes in the current, such
as those that occur when the
current is switched on or off
or when pulses pass through
l ho circuit. Suppose the Ho
gowski loop forms a toroid
that encircles a conductor
carrying a direct current I
(Figure (b)). The parameters
of the loop are as follows:
the cross-sectional area is ,S,
the number of turns is N,

the resistance of the winding is R, and the radius of the
toroid is r. It is assumed that thewidthd of the loop prop
er is very small COIn pared to r. At a certain moment the
current is switched off; the current becomes zero in a very
short interval. The ballistic galvanometer in the circui t
of the loop measures the quantity of electricity Q that
has passed through the loop (and the galvanometer}.
IIow can one find the current I that was flowing in the
conductor prior to switch-off knowing the values of the
above-mentioned parameters?

• A ballistic galvanometer has a large period of oscillations.
It is commonly used to measure the quantity of elect.ricity
that flows in a cireui t in the form of a short pulse.

. . ,... 1 .
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5.31. A flat coil with a cross-sectional area S and with
N turns is placed in a magnetic field. The leads of the
coil are connected to an oscillograph. When the coil is
moved out of the lield, an induction emf is generated in
it, and the oscillogram of this emf is shown in the figure.
How do the maximal value of the emf, ~ Irm and the area
under the curve depend on the rate with which the coil is
moved out of the field?
5.32. Suppose that we have two solenoids of the same
length. Their diameters differ only to the extent to which
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one can be fitted onto the other. The inductances of the
two solenoids can be considered the sallIe and equal to I~.

I-Iere are the ways in which the solenoids can be con
nected:
: (1) the solenoids are connected in series and are sepa
rated by a large distance;

(2) the solenoids are connected in parallel and are sep
arated by a large distance;

(3) the solenoids are connected in series, one is fitted
onto the other, and the senses of the turns coincide;

(4) the solenoids arc connected in parallel, one is fitted
onto the other, and the senses of the turns coincide;

(5) the solenoids are connected in series, one is fitted
onto the other, and the senses of the turns are opposite;

(6) the solenoids are connected in parallel, one is
fitted onto the other, and the senses of the turns are oppo
site.
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Fig. 5.33
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beterrnine the total ind uctance for each of the above
cases.
5.33. The current flowing in a cert.aiu inductance coil
varies in time according to the curve shown schematically
I in the figure. Draw the
~ curve representing the in~

duced emf as a function
of time (also schematically).
5.34. Two similar parallel
electron beams point in
the same direction. The
linear dimensions of the
cross section of each beam
are small compared to the
distance between the

beams. Suppose that v is the electron velocity and n
is the electron concentration in either beam. In a coordi
nate system with respect to which the electrons are in
motion there are two types of interactions, the electrostat
ic and the magnetic. Which of the two is greater in
magnitude?
5.35. Electric charges do not generate magnetic field in
a system of coordinates (better to say, frame of reference)
where they are at rest. The magnetic field that surrounds
a conductor carrying a current is generated by the charges
that are moving in the conductor. Since the electron con
centration in a conductor is of the order of 1022 em -3, the
directional veloci ly of the electrons in the conductor is of
the order of one mi ll imcter per second (if the current den
sity is estimated at 100 A/cn12) . We position the con
ductor carrying the current in such a manner that it follows
the magnetic meridian at the point where the conductor
is present. Just as in Oersted's experiment, a magnetic
compass needle placed under the conductor will be de
flected. If the needle is moved along the conductor with a
speed equal to the directional veloci ty of the electrons
in the conductor (i .e. of the order of several millimeters
per second), the electron wi ll be at rest in relation to the
needle and, since the magnetic field in the system connect
ed wi th the needle must be nil, the needle will not be
deflected. More than that, if the needle is moved along the
conductor with a speed greater than that of the electrons,
the needle will be deflected in the opposite direction. Are
these assertions correct?
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5.36. How are the magnetic induction vector and the
magnot.ic field vector directed inside and outside a bar
magnet?
5.37. Two types of steel are characterized by the hyste-
resis loops shown in Figure (a) and (b). The loops are ob
tained in the processes of magnetization and demagneti
zation of the steels. Which of the two types is best suited

Fig. 5.34

Fig. 5.37

4

Fig. 5.38

Fig. 5.39

for using as the core of a transformer and which, for using
as a permanent magnet?
5.38. flow can one use the B vs, II graph (the magnoti
zation curve) to determine the work that a source of cur
rent must perform to magnetize a ferromagnetic. core of a
solenoid whose length is l and whose cross-sectional area
is S? The magnetization curve is shown in the figure ac
companying the problem.
5.39. Does a hysteresis loop possess sections in which
we can formally assign to permeability a value that is
zero or infinite or negative?
5.40. A straight conductor passes through a ferromag
netic toroid, as shown in the figure accompanying the
problem. The conductor carries a current that first grows
to a certain maximal value and then falls off to zero, as
a result of this the toroid becomes magnetized. Indicate
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the directions of the lines of force for magnetic induction
in the toroid and find the sections or points on the hyste
resis loop corresponding to the state of the toroid after
the current has ceased to flow (see the figure accompanying
Problem 5.39).
5.41. Suppose we wish to calculate the circulation in
tegrals of the magnetic field strength and magnetic induc
tion along various contours, some of which lie entirely

Fig. 5.40
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in a vacuum while the other partially overlap a medium
with a permeability fl. The "x" inside a small circle
marks the section of a conductor carrying a current by
the plane of the drawing. Are all the circulation integrals
of the magnetic induction equal to each other? Is this
also true of the circulation integrals of the magnetic
fteld strength?



5. Electromagnetism

5.1. If we use the right-hand screw rule, we wil l Iunl tha;
both ill region I and ill region I I I the directions of the
magnetic induction vectors coincide and the resultant
induction niay vanish only at infinity. The same rule
shows that only ill region I I can the magnetic induction
vectors point in opposite directions (i ,e. the induction
created by the two currents), with the resultant indue
tion vanishi IIg somewhere inside I I. If a is tho distance se
parating the conductors, then the distance x from a con
ductor carrying the current 11 to the point where the induc
tion is zero can be found from the equation

Hence,

5.2. If we use the right-hand screw rule, we wi ll es
tablish that the magnetic induction can vanish only in
sectors I ann III. If y is thn distanco from a certain point
on tho conductor carrying
the current lIto the poi nt
where the magnetic Inductiou
is zero, and x is the distance
Irorn this point tu the ('·011-

ductor carryiug the current
12 , thou

t"o~lI1 ,!o~12

21tfJ ~

Hence, the locus of points fig. 5.2
where t.he ruaguetic induction
is zero is the sl.rnight line that passes through the point
of i mersection of the cond uclors and whose equation is
y ::-=: ( I1/I 2) .T.

5.3. The magnetic i nducl.iuns generated by a straight
conductor with a current and a circular conductor are,
respectively,

B· p'oJ.tIand B==-
2r
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Fig. 5.4

In the case corresponding to Figure (h), the directions of
the two induction vectors coincide, while in the case cor
responding to Figure (c) they are opposite. Thus,

B ~ ~ollI , B ~ f-toIJ-I (1-r-~),
a 2r b 2,. 11:

B :...:~ ~to~tI (1-~)
c 2,. :Tt '

whence
:Tt -~- 1 · , :Tt - - '1. B 68 BBlJ =:.:..;--Ba·-~~ 1.32Ha, Bc= - - a==-:O. b :

:Tt :Tt

5.4. If the distance from the middlu conductor to each
of the other two conductors and to the point where we

wish to determine tho field
is a, t he magnetic field gen
crated hy each outer conduc
tor at this point is

II . . I
1 - ~JulV'2

Using the right-hand screw
rule, we lind that the vectors
of the maguctic flclds gcu
crated hy the outer couducturs

are directed at an angle of UO°, so that the resultant rnag
netic field strength is

V;- IHi 2 :-_. 2 1f1 ::.....= -- ,, 2na

with the vector reprcsoutiug this resultant directed paral
lel to the line passing through tho conductors. Employing
the same rule, we wil l find that the magnetic field H:J
generated by the middle conductor points in the direc
tion opposite to the one of tho resultant H l , 2 ' with H 3~

I/2na, that is, I ti, J :..::= I 1/],2 I. rrhu~, the resultau t
of all three fields is zero.
5.5. A magnetic inductinn vector is always directed
along a tangent to a line of force (for each of the four C.OJl

duct.ors the line of force is a circle ill 1he plano of the dra w
ing). As the figure accornpanying the answer shows, the
magnetic inductions generated by currents I I and 14 are
directed along the diagonal of the square Irorn the couduc
tor carrying 12 to the conductor carrying I;j. Reasoning
along the same line, we conclude that the magnetic in
ductions generated hy currents 12 and I:J are directed.
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along the diagonal of the square Irorn the conductor car
rying /4 lo the conductor cutryi ng II. Tho result.ant indue
l.iou of the magnetic field ge
neratcd by all four currents,
01' the geometric SHIll or tho
magnetic induction vectors
of tho four currents, lies ill
tho plano of the drawing and
points front right to left.
5.6. Tho presence of a maxi
mum in the middle bet,veen
tho conductors suggests that
the currents in the conductors
arc flowing in opposite diroc
tious and that, tho currents
are equal ill maguitude. Al
lowing for the direction of
the Induction vector at point
Al and employing the right
hand SCl'e'V rule (see the figure
accompanying the answer),
we conclude that in tho
upper conductor the current is directed toward the
reader and in the lower, away from the reader.

5.7. At the poin t that lies in the
middle between the conductors the
Induction is zero, which means
that hath currents flow in the same
di rocl.ion. Employing the right
hand screw rule, we can determine
the direction of the magnetic in-

A due-lion vee-lor in the region to the
right of the conductors for both
possible directions of current. As
tho Iiguru accompanying tho pro b
Icm shows, the induction vector to
the right of the conductors is direct
cd upward. Hence, the currents
are flowing toward the reader (see

the figure accompanying the answer). At a distance x
from point lVI the induction is

B - ~IlP,].'\·

- JT [.£2-1- ( ; )2J ·
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The derivative

Itolt! [X2+ (-~r-2x2]

n [X2+ ( ; r'l'
vanishes at x = a/2. It is at this distance that B is maxi
mal, with IJn1a x :.=: llo!ll/na.
5.8. The induction in tho middle of a very long solenoid
depends only on the number of ampere-turns per unit
length of solenoid. Suppose that we have two very long,

I~'ig_ 5.8

similar solenoids with equal ampere-turns per unit length
and that those solenoids are placed far apart. We denote
tho induction in the middle of a solenoid by B nl and that
at all end Iacc, by lJe .c- Lot us bring these two solenoids
together in such a manner that the d irecl.ions of their
magnetic inductions coincide and that the solenoids form
a now long solenoid. At the point where the two solenoids
touch (the right end face of the left solenoid touches the
left end Iuco of the right solenoid), the two induction vec
tors B p . ( add up and Iorrn the total field with induction
2Be.f - But this point is simply the middle of the new so
lenoid, where the induction, as we already know, is lini

Thus, B m = 2B e.r.
5.9. Employing the left-hand rule, we will find that the
force acting on the side of the loop parallel to the conduc
tor and closest to it is directed toward the conductor
while tho force acting on the opposite side of the loop pu
rullcl to the conductor and farthest from it is directed
away Irorn tho conductor. Since the first force is greater
in magnitude, the loop moves toward the conductor.
Employing the same rule once more, we will see that the
force acting on the upper side of the loop is directed up
ward while that acting on the lower side of the loop is di
reeled downward. Thus, the forces tend to pull the loop
apart, t hat is, to increase tho area su blended hy the loop.
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ri'his will actually happen if tile m.ateriai of the loop is
elastic.

The answer to the question can be obtained Irorn a more
general reasoning. The work done in the process of displac
ing a loop carrying a current in a magnetic Held is A =
I ~1p, where ~'I' is the increment of the magnetic flux
coupled with the loop. 'The loop tends to move or change
its form in such a manner that the magnetic flux coupled
with it acquires the greatest possible value. The nux is
assumed to be positive if inside the loop it coincides in
direction with the flux created by the current in the loop.
In allowing for the various changes in the flux coupled
with the loop one must take into account the changes that
are due to the changes in the shape of the loop. In the
case at hand the direction of the magnetic flux created by
the current in the straight conductor and that of the mag
netic flux created hy the current in the loop coincide, and
since the induction of the field created by the current in
the straight conductor increases as we move closer to the
conductor, this will lead to a certain displacement of
the loop. The fact that the square loop transforms into a
circle as the loop's area increases also leads to an in
crease in both the outer and inner magnetic fluxes.
5.10. Both a torque and a force act on the loop. The di
rection of the torque is determined by the fact that the
positive normal to the plane of the loop must point in the
direction of the induction of the external Held. The right
hand screw rule is used to determine the positive di
rection of this normal, which therefore coincides with the
direction of the magnetic field of the loop proper. In ac
cord wi th the direction of the current in the loop, the pos
itive normal points upward. In the external field the loop
turns counterclockwise, with the magnetic field generated
by the current flowing in the loop coinciding in direction
with the external magnetic Iield. The direction of the force
acting on the loop is determined by the nature of the
inhomogeneity of the external field. Since a loop carry
ing a current and placed in an ex tornal magnetic Iielrl
moves in such a manner that the magnetic flux coupled
with it attains the maximal possible value (ill the algch
raic sense), when the directions of the ex ternal and the
intrinsic flux coincide, the mot ion occurs in the direc
tion of the field with the higher induction, which in tho
case at hand means frorn left to right.
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tl.ft. A. similar qucsl.ion has heon considered in Proh]effi
5.9. Although in this case no external magnetic nux is
present, the contour may influence the magnitude of
tho nux coupled with i I. by (",hanging its shape. Since the
area aud , hOIlCO, tho flux through tho contour arc muxiuial
when the contour is in the Iorm of a circle, the magnetic
forces acting on the contour tend to transform tho contour
in just this manner. We can arrive at the same conclu
sion by considering the interaction of two clements of
the contour that arc opposite to each other. The currents
that fJO\V in these elements terul to move the clements
apart, since they flow in opposite directions. The col
lection of all such forces tends to stretch the contour.
5.12. The following force acts on a contour carrying a
current and placed in a nonuniform magnetic field with

~~
I

I air I
I.. -1"- -.,

(0)

(5.12.1)

the directlons of the Iines of force of this fielrl col nr.irling
with those of the field generated by the current ill the

dB
contour: F == 1)m~

In the case at hand, the force is determined hy the values
of the derivative dB/dr at different points of the field of
the solenoid. The induction of the field of a solenoid of a
finite length. is given by the formula" (see Figure (a) nc.
companying the answer)

B ~oINo ( . .)== 2 slna'1- sl n cx2'

After simple l.rnnsformntinns, the rleri vnt.ive dB;'],. cuu
he wri tten as
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Formula (5.12.2) shows that (ji?/dr js nonpo~iUve for
r > O. This means that the force acting on the conlour is
attractive (in Figure (3) t.his force points from right to
left).

At r =--.; U we have JiJ/d,. ~ U, with the result that at
point 1 the force is zero. This also follows from the fact
that point 1 in the middle of the solenoid is the equilib
rium point of the contour positioned inside the solenoid.
At point 2 (r :::-::: a),

~~ =- ft;~t 0
[ (1 -1-1a~/U2)3/2 - 1] ' (5.12.3)

while at point 3 (r = 2a),

dB 110
1N 0 [1 1 ] (5 12 4

~ == 2r _ (1-t- na2/112) 3/ 2 - (1+a2 j R2)3/2· •• )

Comparison of (5.12.3) and (5.12.4) shows that the numer
ical value of the derivative is greater at point 2 than at
point 3. It can also be verified that at all poi.nts outside
the solenoid the attractive force (if the direction of the
current in the contour is opposite to that of the current
in tho solenoid, tho force is repulsive) is smaller than at
an end face of the solenoid, and decreases as the di~

tance Irorn tho solenoid grows.

Formula (5.12.1) can be obtained in the following manner
(see Figure (b) accompanying the answer). The element <Ix
of the length of the solenoid contains No dx turns (with No
the number of turns per unit length). The induction at point
A generated by the current flowing in these turns is

dB=~ INodxRdffJ
4n :z:2 '

whore R drp is the element of length of the turn subtended
by an angle drp. The projection of dB on the solenoid axis is

dBII=[1oINo~:Rdcp cosa. (5.12.5)

The perpendicular component of dB is compensated by the
ind uction generated by the symmetric elements of the same
turn. Expressing all quantities in terms of angle a and the
solenoid rad ius R, we get

R R
z=--, r-x=ll tana, d.T-=-='--: ----2- dce,

cos a cos a
Substituting all this into (5.12.5), \VO find that

dBIl =:: _u_ Jl'ol N 0 d({) cos ex d«,
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which yields formula (5.12. f) after we int~grate from 0 to
2n wi th respect to <p and from a l to a 2 with respect to Ct.

5.13. Initially the external magnetic flux coupled with
tho contour is zoro. III tending to increase this flux, the
contour moves in such a manner that (a) the magnetic mo
ment vector associated with the contour aligns with tho
induction vector of the external field and (b) contour
moves into the region of higher induction after the align
merit is completed. Under the given directions of the cur
rents, the induction generated by the solenoid is directed
from right to left and the magnetic moment vector of the
contour is directed upward. Thus, the contour rotates
counterclockwise and moves toward the solenoid. If the
direction of current in the contour is opposite to the one
shown in the figure accompanying the problem, the con
tour rota tes clockwise and also rnoves toward the sole
noid.
5.14. Contour 2 is in a nonuniform magnetic field. If
the current in this contour flows in the same direction as
the currents in contours 1 and 3, contour 2 is attracted
to the other two contours. If it is deflected from the
state of equilibrium in SOUle direction, then Irom this di
rection there acts on it an attractive force that is greater
than the other attractive force (since contour 2 is in a
nonuniform magnetic field), and this means that it will
move in that direction and wi ll be drawn closer to the
corresponding contour. If tho current in contour 2 flows
in the direction opposite to that of the currents in con
tours 1 and 3, then it might seem that contour 2 is in a
state of stable equilibrium, since repulsive forces act
from both directions. But there is another reason for in
stability. For an arbitrarily small rotation of contour 2
there appears a torque acting on this contour, and this
torque tends to rotate the contour into such a position
in which the direction of the current in contour 2 coin
cido with that of the currents in contours 1 and 3. When
this process is completed, we again have to deal with the
instability considered in the first case.

Analyzing the behavior of contour 2, we see that ill
both cases the instability manifests itself through a gen
eral rule, according to which a contour moves in an ex
ternal field or changes its form in such a manner that the
magnetic flux coupled with the contour acquires maximal
value.
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5.15. The work performed in moving a contour carrying
a current is equal to A = I ('¥ 2 - WI). If the flux coupl
ed with the contour whose position is changed is initial
ly WI' then upon rotating the plane of the contour by
1.80

0

this flux becomes -'1'1' upon rotating the plane by
90° it drops to zero, and upon moving the contour whose
position is changed away from the fixed contour the flux
decreases but does not become zero. Thus, in the first
case Al ::::= -21\J'1' in the second A 2 = -flyI, and in the
third A 3 == -I ('1'1 - lJ!2), where \f2 is the flux coupled
with the contour upon moving the mobile contour away
from the fixed contour. The minus that is present in each
formula shows that the work must be done against the
interaction of the contours.

5.16. The velocity of each particle may be decomposed
into two cornponents, one pointing along the induction
vector, and the other at right angles to the induction vec
tor. The component directed along the field does not
change since the Lorentz force affects only the component
that is perpendicular to the field. If we denote this latter
component by V.l the Lorentz force is

F = evloB. (5.16.1)

This force, which is perpendicular both to the velocity
of a charged particle and to the induction vector, imparts
a normal acceleration to the particle in question, with
the equation of motion of the particle in the direction
perpendicular to the field being

(5.16.2)

Combining (5.16.1) with (5.16.2), we can determine the
radius of the circle along which the particle moves and
the time it takes the particle to complete one circle (which
does not depend on the velocity). In the course of the
same time interval, T, the particle also moves along the
field by a distance h = vIIT, where VII is the component
of the velocity along the field. The result is the motion
of the particle along a helical line with radius R and lead
h. Since for an initial velocity v and an angle a the lon
gitudinal component of the velocity is VII = v cos a
and the transverse component is v.l == v sin ex, the trajec
tory of the particle with the larger angle ex has a greater
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radius and a smaller lead of the heiicai line.
5.17. An electron accelerated by a potential di fference
(1 acqui res ki netic energy

mv2j2 = eU. (5.17.1)

The force acting on the electron in a magnetic field is the
Lorentz force

F = cuB;

which makes the electron move along a circular arc whose
radius is R, so that, according to Newton's second law,

mv21R == eull, (5.17.2)

rrhe ind uction of the magnetic field generated by the cur...
rent in the solenoid is

(5.17.3)

Excluding velocity v Irorn Eqs. (5.17.1) and (5.17.2) and
substituti r.g the value of B from (5.17.3), we find the
sought for charge-to-mass ratio:

e 2U
m = J!512N~R2

5.18. The electric field vector inside the capacitor is di
rected at right angles to the capacitor plates. The force
Fe = QE = QUIZ with which the electric field acts on
the particle is directed in the same manner. A force equal
in magnitude to Fe but pointing in the opposite direc
tion acts on the particle from the magnetic field. Accord
ing to the Lorentz formula, this force is Fm = QvB
and is directed at right angles to the velocity of the par
ticle and the magnetic induction vector. This means that
the induction vector must be perpendicular to the electric
field. As we have said earlier, the two forces must be
equal: QUIZ = QvB, or

B = UI(vZ). (5.18.1)

The velocity the particle acquired in an electric field
can be found by employing the energy conservation law:

mv2/2 = QUo.
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Solving this for v and substituting the result into (5.18.1);
we finally obtain

B= ~ V 2Q";;o •

5.19. According to the Lorentz formula, charges moving
in a magnetic field are subjected to a force whose direction
is determined via the left-hand rule, where the positive
direction of a current is defined in the "electrical-engi
neering" sense, that is, the direction in which the positive
charges move in the conductor. Therefore, irrespective of
the sign of the charge carriers, the forces acting on these
carriers point in the sarne direction. In the case illustrat
ed in the figure accompanying the problem, the charges
move downward. In a metal or an n-type semiconduc
tor, where electrons are the charge carriers, this will re
sult in a depletion of charge carriers in the region about
point a; the region will acquire a positive potential. In
the case of a p-type semiconductor the sign of the charge
is obviously minus.
5.20. According to Lenz's law, the induced current is in
such a direction as to oppose the change in the magnetic
field that produces it (that is, oppose the change in. mag
netic flux coupled with the contour). When the two con
tours approach each other, the flux coupled with the sec
ond contour increases, which means that the direction
of the induction current in that contour is opposite to the
current in the contour. On the other hand, when the con
tours are moved away from each other, the decrease in
the flux in contour 2 leads to an induction current in that
contour that is directed in same sense as in contour 1.
5.21. The induction emf is

G. - - d (LI) - - L ~ - I ~
l .- dt - dt dt ·

In the case at hand the variable quantity is the induc
tance. When the spiral is stretched, the inductance falls,
so that dLldt < 0 and ~i > O. The generated induc
tion emf leads to an increase in the current in the cir
cuit. For an exact calculation one is forced to solve the
equation

(
dI dL)jI = ~o-Ldt-I Cit R,
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which requires knowing the time dependence of the In
ductance, L == L (t).
5.22. Since removal of the iron core results in a decrease
in the induction and the magnetic field flux in the so
lenoid, during removal there emerges a self-inductio n
emf, which opposes the reduction in the flux and, hence,
increases the current flowing in the solenoid (the direc
tion of the external emf, which supplies DC power to the
solenoid, and that of the self-induction emf are the
same).
5.23. The self-induction emf defined by the formula
~S.1 = -L(d1/dt) is proportional to the derivative
dI/dt (for equal inductances), which is the greater the
steeper the straight line. Hence, the self-induction emf
is higher for the inductance for which the time dependence
of the current is depicted by straight line 1. Since the
slopes of the straight lines do not change when the
currents pass through zero, both the numerical values
and the directions of the self-induction emf's are re
tained.
5.24. The self-induction emf defined by the formula

~ --L~5.1· - dt

has its maximal value, obviously, at the point where the
rate of decrease of current is greatest, that is, at point 3.
5.25. In Figure (a), after key K is closed, the current
flowing through the circuit that consists of Land R con
nected in series is initially the same as the current that was
flowing before K was closed. For this circuit we can write
Kirchhoff's law in the form

dl
-1.1 dt==Rl.

Separation of variables and subsequent integration yield

I = 10 exp ( -Rt/L).

The current falls off according to an exponential law,
with the self-induction emf being initially

dI
~S'l' == -L dt ==: Io·R,

which means that the self-induction emf is equal to the
emf of the DC source.



In Figure (b), after key K is opened, the current initial
ly is the same as the one that was flowing in the circuit
before K was opened. In this case, however, ther esistor
R closes the circuit. Since prior to opening the key the
current flowing in the resistor was much weaker than that
flowing in the induction coil, the voltage across the resistor
after K is opened may initially become considerably high
er than that prior to opening the key, which is possible
only if R is considerably higher than the resistance of the
DC source. One must bear in mind also that after open
ing the key the current in the resistor will reverse its
direction.
5.26. The increase in current in the circuit with a re
sistance and an inductance occurs according to the law

I = ~ [1- e(R/Llt]. (5.2ti.1)

Since by hypothesis only one parameter can vary, the pa
rameter may be only the inductance because conserva
tion of the limiting current is possible only when two pa
rameters, 0 and R, are varied simultaneously. Formula
(5.26.1) implies that the increase in current is the slower
the higher the inductance in the circuit. Hence, curve 2
corresponds to a higher inductance.
5.27. The magnetic flux coupled with contour 2 is

\f == BS,

where S is the area of the contour, and B is the magnetic
induction at the point where the contour has been
placed. Accordingly, the induction emf generated in the
contour is

dB dB dr dB
01 ~- - S ~: dt - S ---err- dt == - Sv ---err •

The induction of the magnetic field generated by the cur
rent flowing in a circular contour and measured at a cer
tain distance from the contour on the contour's axis is
given by the formula

B !!oPm
- 21t (R2+ r2)3/2 '

where Pm is the magnetic moment of the contour. There
fore, the ind uction emf in contour 2 is

<£? _ 3floPmSv r C__r__
e~ -?n (R2+ r2)O/2 (R2+ r2)O/2
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with C = 3!JoPmS v/2n . The sign of r determines the sign
of the induced emf; when contour 2 is moved closer to con
tour 1, r is negative and so is the induced emf, so that the
direction of the current in contour 2 is opposite to that
of the current in contour 1. When contour 2 passes
through contour 1, the induced emf changes sign. The
maximal value of this emf can be obtained by nullifying
the derivative,

d~t (R2 + r2)5/2- (5/2) (R2+r2) 3/ 2 2r2

de == C (R2+ r2) & == o.
Thus the emf is maximal at r = R12. An emf of equal mag
nitude but of opposite sign is generated at the same dis
tance hut Oll the other side when the contours are brought
together.
5.28. When key K1 is closed, a closed circuit consisting
of a DC source and the induction coil L1 is formed.

(u )

Fig. 5.28

(c)

Since there is no resistance ill this circuit, the stun of
the emf's is zero:

~-Li ~I =0.

The fact that 0 and £1 are constant requires that dlt/dt
he constant, too. Thus, a current linearly increasing with
time will flow in the circuit (the solid line in Figure (a)
accompanying the answer). The magnetic flux generated
by this current is coupled with both coils and also linear
ly increases wi th time:

'¥ = L 111 •

In the second coil there appears a constant emf (Fig
ure (h) accompanying the answer) whose direction is op
posite to that of the current in L1:

~2=== - cd}'!' ~ - t., dl 1 === -L
2

d/1
. . t d~ (it .



The current in the first coil increases with a constant t i me
rate as long as K2 is open. When K2 is closed, a current.
flows in L2, with the magnetic field generated by this CUf

rent opposing the field generated by the current ill Ll .
The fact that the instantaneous value of the flux coupled
with both coils must be preserved requires that there be
a jump in the current in L1, after which the current wi ll
continue t.o grow according to the same linear law (the
dashed broken line in Figure (a)). The current in £2 wi ll
remain constant during the entire process (Figure (c) ac
companying the answer).
5.29. (1) To find the mutual inductance we determine
the magnetic flux coupled with the contour and generated
by current I flowing in the straight conductor. In this
case the mutual inductance is determined from the equa
tion M == 'I!/ I. The induction at a distance x from the
straight conductor is B == !lo~tII2Jtx. The fluxes that flow
through a part of the contour dx wide and b high and
through the entire contour are, respectively,

d<D ~ ~o~ !..- b dx
2n x '

c+a

cD === f.lol1 lb r ~ == f.toll Ib In c+a •
2rt J X 211: C

c

When there are N turns in the contour, the flux coupled
with the contour is

'If =--= NQ> ~-== f.tof.t I Nb In c+a .
211: C'

which implies that the mutual inductance is

M ==- Ilo~ bN In c+a .
2n c

(2) Since the rotation of the contour through 90~ makes
the flux coupled with the contour vanish, the amount
of electricity induced in the contour as a result of such a
rotation is determined by the formula

Q~ --!. ~-= floflb NIl c+ a
If 2rrR' n c .

(3) The rotation of the contour through 180
0

requires
the following work to he done:

A ==.: -20/1== _ ~toJlI2 Nb In c -l-a
... n c
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(since after the rotation the flux coupled with the contour
will become -'¥). The "minus" shows that the work is
done against the forces induced by the magnetic field.
5.30. When a current flows in a conductor, the induction
of the rnagnetic field generated by this current at a dis
tance r from the conductor is

B = ~oI/2nr.

The magnetic flux coupled with the contour formed by
the winding of the loop is 1f = BSN, or

'¥ = floISN/2nr.

When the current drops to zero, the flux follows it, and
the amount of electricity flowing in the contour is deter
mined by the formula Q === 11'¥/R. Hence, the current
that had been flowing in the conductor prior to switch-off
is

I:.=: 2nrRQ
lloSN •

5.31. The following emf is induced in the coil:
- d'l'Gl ~ -dt. (5.31.1)

We see that the maximal possible value of ~i is the high
er the greater the rate with which the coil is moved out
of the field. The area under the curve is given by the inte
gral

t \1'2

) Gjdt "'-' -- .\ d qr r: 'Y,- lYZ 'c lV, ~- BSN
o \1'1

and, hence, is independent of the rate of coil removal from
the region with the field.
5.32. (1) The system can be considered as being a new
solenoid whose length is twice as large as that of one sole
noid, with a density of turns the same as that in one so
lenoid and with the same cross-sectional area. Since the
inductance of one solenoid is L == l-!oN0V, where No
is the number of turns per unit length, and V is the sole
noid volume, which in this case is twice the volurne of
one solenoid, we have L 1 == 2L o. The same result can be
achieved by considering the self-induction emf that is
generated in the two solenoids connected in series. Th~
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total emf is equal to the sum of the emf's generated in
each solenoid; hence,

'[I = - 2L o ~~ ,

which yields L 1 = 2L o•
(2) When the solenoids are connected in parallel, the

self-i nduction emf in each solenoid is

cc ::-; - L d (I /2) == _.J..-- L ~
1 0 dt 2 0 dt •

Because the solenoids are connected in parallel, the total
emf has the same value. Thus, with a current I in a cir
cuit that is external with respect to the solenoid, the in
duced emf is one-half the value for the inductance L o.
Hence,

1
L 2 ==: 2 t.;

(3) In this case, the number of turns per unit length is
twice as large as that of one solenoid, and since the induc
tance is proportional to N~, we have (provided that the
current remains unchanged)

£3 = 4L o·

(4) If one solenoid is fitted onto the other and the senses
of the turns coincide and the solenoids are connected in
parallel, the current through each solenoid is //2 if the
current in the circuit is I, while the flux associated with
current /12 is <!l/2. The total flux is <D and the flux coupled
with each solenoid is 'If == fJJN c- In each solenoid
there is generated a self-induction emf equal to the one
induced in a separate solenoid when current I varies.
Since the solenoids are connected in parallel, this emf
is the common emf of both solenoids. Hence,

L 4 = L o-

(5, 6) In both cases the induction flux in the solenoids
is zero, so that L5 = L6 = O.
.~,.33. The induced emf is

dI
~,1~ -L dt~



Hence, the value of the emf is determined by the rate
with which the current decreases (the sign of this rate is
opposite to dI/dt). The slope of the straight line on the
0-1 section is twice as large as that of the straight line
on the 1-2 section and coincides (numerically) with the
slopes of the straight lines on sections 3-4-5 and 5-6.
Hence, in the time interval between poi nts .1 and 2 the

it 6 t

Fig. 5.:~3

induced emf is one-half of the eruf 's in the other intervals
except the interval from point 2 to point 3 where ~1 ==
o (I = const).
5.34. In each beam we isolate an element of length l.
On the one hand, the element can be thought of as a charge
Q == enSl, or, on the other, as an element of current
I == env!.'). An electrostatic repulsive force Fe == EQ acts
on each charge element, where E can be assumed to be
the electric field generated by an infinitely long straight
conductor carrying a charge whose linear density is
1" == enS. This Held, which acts on the charges in the
second beam, can be written in the form

so that



The isolated element, if considered as an element of CUf

rent, is under a force Fm = BIl, where B is the induction
generated by the other current:

B -_ envS
- f.lo"2Jir-

Thus

The ratio of these two forces is Fm/Fe == V2Bol-t o. Since
Eof.lo == 1/c2 , '\vhere c is the speed of light in vacuo, we
obtain

H

8

Fig. 5.36

'I:===-===:rN

5.35. The reasoning is all wrong. Even if the electrons
in the conductors are at rest in relation to the needle, the
positive ions that are moving in this case in the opposite
direction create, obviously, a magnetic field equal to the
one generated by the moving electrons when the needle
was at rest. If the electrons are moving in a vacuum, then
the electrodes and the electric field move in the opposite
direction (when the needle is at rest in relation to the
electrons).
5.36. The permeability of air is practically unity and
at any point the magnetic field vector coi ncides in di
rection with the magnetic induction
vector. In the emu system of units
both vectors coincide in magnitude
as well, while in the SI system
they are related thus: H = BIllo.
Since the lines of force of indue- sA::::==:::::!!:==~
tion are continuous, inside a bar
magnet they are directed from the
south pole to the north pole and
are continued outside the rnagnet
by lines directed from the north
pole to the south pole. To deter-
mine the direction of the magnetic field inside the
magnet, one must bear in mind that the circulation
integral of the magnetic field vector along a closed con
tour must he equal to the algebraic sum of the currents en
compassed by the contour. Since in the case at hand there
{H·'~ no currents, the circulation integral along any con-



tour lying inside the magnet must be zero. If the contour
passes partially through the air surrounding the magnet and
partially in the magnet, the circulation integral may be
equal to zero only if inside the magnet the magnetic field
vector is directed from the north pole to the south pole.
Formally this means that inside the magnet the permea
bility is negative.
5.37. Alternating magnetization results in liberation of
heat in the steels, with the amount of heat proportional
to the area bounded by the hysteresis loop. Since a trans
former operates on alternating currents, the amount of
heat liberated in the core of a transformer will be the
greater the bigger the area bounded by the loop. From this
fact one can conclude that the steel whose hysteresis loop
is depicted in Figure (b) accompanying the problem is more
desirable. On the other hand, it is desirable that a per
manent magnet have as high a residual magnetic induc
tion and a coercive force as possible. This implies that
the steel more suitable for manufacturing a permanent
magnet is the one whose hysteresis loop is depicted in
Figure (a).
5.38. The elementary work involved in changing the
magnetic flux coupled with a contour carrying a current
I is

dA = I d'l', or dA = IBN dB.

If we use the relationship that exists between the current
in a solenoid and the magnetic field generated by this
current, H = IN/l, we obtain

dA = H Sl dB = VHdB,

where V is the volume of the core. The entire work is
B

A=V IHdB.
o

The integral on the right-hand side is the area bounded by
the B vs. H curve, the ordinate, and the segment of a
straight line parallel to the H axis (see the figure accom
panying the answer).
5.39. A.s shown in the answer to Problem 5.36, the mag
netic field inside a permanent magnet is directed from the
north pole to the south pole, while the induction is direct
ed from the south pole to the north pole, with the resulj
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that these quantities have opposite signs. On the hyste
resis loop, this condition is met on sections 2-3 and
5-6 (see the figure accompanying the problem). Formally,
to the permeability on these sections we can assign a nega
tive value. Correspondingly, to point 0 we may assign a
permeability equal to ±oo, while points 3 and 6 cor
respond to zero values of the permeability.
5.40. After the current in the conductor has ceased, the
circulation integral of the magnetic field strength along
any closed contour is zero (this is true even for a closed

o H

Fig. 5.38 Fig. 5.40

contour that passes in the toroid). Since all points of a
contour that is a circle concentric with the section of the
conductor are identical, the magnetic field strength at
all points inside the toroid is zero, too. At the same time,
the toroid carries a residual magnetic induction whose
lines of force are circles directed in the manner shown by
the arrow in the figure accompanying the answer. This
magnetic state of the toroid corresponds to point 2 or
5 on the hysteresis loop (the choice of the point depends
on which of the two directions is assumed to be positive).
If the posi ti ve direction of the magnetic field vector is
the one the toroid acquires during magnetization, this
magnetic state of the toroid is depicted by point 2.
5.41. The circulation integral of the magnetic field is
uniquely determined by the current flowing inside the
contour. Because of this, the circulation integrals along
contours 1, 4 and 5 (see the figure accompanying the prob
lem) are the same and equal to the current I, while the
circulation integrals along contours 2 and 3 are zero. How
ever, the situation with the circulation integrals of the
magnetic induction along these contours is quite different.
When the circulation integrals are evaluated along con-
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tours that pass through a homogeneous medium (in the
case at hand, in a vacuum), they do not depend on the
shape and size of the contours, with the result that the
circulation integrals along contours 4 and 5 are equal.
Reasoning in the same manner, we conclude that the cir
culation integral along contour 3 is zero. But in evaluat
ing the circulation integrals along contours 1 and 2
that include sections of a medium with a permeability
greater than unity, the circulation elements in this me
di um are fl times greater than in the vacuum (if I-t is great
er than unity). For this reason the circulation integral
along contour 1 is greater than that along contours 4
and 5, while the circulation integral along contour 2
is nonzero.
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