Exercise 2.8

Chapter 2 Derivatives Exercise 2.8

We have been given that the volume of a cube=F

Length of the edge of the cube=x

Then = (edge)’

O =2

Difterentiating with respect to £ implicitly | we get
ﬁ =35 ﬁ
dt ot
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2y
The area of the circle 15 given by
A=t s22(1)
Where r 15 the radius of the circle

Differentiate both sides of the equation (1) with respectto t

Where t i3 titne in seconds

dA dr
A

dede

(E)

Mow rate of change in radius .:;TrZI mfs 1z given and r=30m
i

Then rate of change in Area

e 2930 1= 607

dt

i

%: 60m=188496 m?/s
£

Hence the area of the circle i3 increasing with the rate 188 496 mZ
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Let the side of a square be x cm
Given that side of the square is increasing at the rate of 6 cm/s.

Let % 15 the rate of change of side. 5o

dx
— =6 cm/
= sec

Given that area is 16 cm®
S0 A=16cm

But area is X° em’”

So x*=16
=x=416=14

But side 1= always +ve
S0 x=4cm

Area of the square A=x" cm®
Differentiating both sides with respect to x

di d; ,
dAd dx
b M (]
dt dt
Since by chain rule

Substituting x =4 and % =6 cmisec

%:2}(4){6

=48 cm’ /sec
~. Rate of change of area of square =48 cm’/sec
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Let the length and breadth of a rectangle be x cm and y cm_

We know that jrx is the rate of change of its length. But it 1s given that the length 1s

increasing at the rate of 8 cm/sec
dx

So — =8 cmysec
dt

Also ajf

& 1s the rate of change of breadth. But it is given that the breadth is increasing at
the rate of 3 cm/sec
So & =3 cm'sec

dt

Tt 1s given that x =20 cm
y=10cm

Area of the rectangle A =xy

(Since area of rectangle is length < breadth)
Differentiation both sides with respect to ¢

22 ()

i dr

dy

: : dx
Usin duct rule mives = x—— + p-—
g pro gi T

By substituting given values j: =20x3+10=8

=60+80
=140 cm’ / sec
. Rate of change of area of rectangle =140 cm® /sec
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Consider the rate of water filled to the cylindrical tank with radius 5 mis 3 m?/min.
Find the rate of height of the water.

Let j be the height of cylinder and » be the radius of the cylinder, and J# be the volume of
the cylinder.

Then, volume of the cylinder is.
V =nar'h
The rates of change are derivatives.

Here, the water is filled to the cylindrical tank at rate 3 1® /min.

So, d—V=3
ct
And p =35,

Differentiate the equation y = g2 with respect to the time t to obtain that,

dv . dh : : ;

—=gr — Since the radius » is the constant.

clt dt

ak_ 1. d¥F

dt  mrt dt
P dV . .

ug the values — =3 ,and p =35 inthe above equation.

t
d_ 1y
et g{_‘j)
_ 3
Sr
. dh 3 )
Therefore, the rate of height of the wateris —— =|——m / min|.
dt 25x%

Chapter 2 Derivatives Exercise 2.8 6E

The radius of a sphere is increasing at a rate of 4 mm/s.

Let rand V be the radius and volume of the sphere.

50, ﬂ = 4 mm/s.
df

The objective is to find the rate of change of the volume of the sphere when the diameter is 80
mm.

When the diameter is 80 mm, then radius is 40 mm.

So. need to find ‘;—V at p =40 mm/s.
t



The volume formula for a sphere of radius ris given by,

V=—mr.
3

Differentiate both sides with respect to time r to obtain that,

i[y]zi[i,r,S]
di di| 3

UJsing the Chain Rule,

L

dr 3 dt
dv 5 dr
—=dgr —
dt dt

Substitute the values y =40 mm,% =4 mm’x’s in the above equation to obtain that,
13

d¥V 2

& _4n(40) (4

W in(a0) (4
=4-7-1600-4
=256007

Thus, the volume of the sphere increasing in the rate of |25 6007 mm?/s|.
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Caonsider the function:

y=+2x+1

(a).

The objective is to find @ when y =4, and ﬁ =3
dt dt

First, differentiate both sides of the equation with respect to ¢, by using the chain rule.

ifJL’:%[(sz:,é]

dr
1
=i|:(21+1)2:|£
dv dr

| L @5
=—[2x+1)2 —|2 1|—
i R g o

=2 (2r+1) [2%[:{]+%[I]}%

1 K dx
=E(2x+l] :[2-1+0)E
-2
S ax el dt
Therefore,
dy 1 dx
& Paiid

: dy ~dy | dx
Substitute the values x=4,—=3in —= i
dt dr \2x+1 di

Therefore, ﬁ = [I[
dt



(b).

Here the objective is to find ﬁ when y=12. and @ =5
Feld dt
From (1), we can write

dy 1 dx
dl 2x+1 dt

::>ﬂ =+2x+1 ﬂ
df et

Now substitute the values y=12and %:5"} & =2x+1 ?
t

t dt
dx
;:JZ{IE}H-[S}
=/25.(5)
=55
=25

Therefore, ? =|(25|,
1]
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Suppose 4x* +9y" =36 ,where x and y are functions of ¢.
Then, differentiate both sides with respect to ¢ and get;

8xZ 18y P o0 ()

dr dr

Then putting values in equation (1), we get
el 2 1
8(2)=+(18)=5-=0
{ }dr { ]3 3

162 1405 =0
d

dx 45
dr 16
. A
4

Therefore, ﬂ _"‘E




ey
ot
x==2
2
i fE
) 3

Then putting values in equation (1)

8(—2][3}+IR[§-£]%=0

a8 +12d5 % =0

ot
dy 48
dr 1245
4
5
Therefore, 2 = =
et \.'E
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Suppose x*+)y +z° =9  where x, ¥ and z are functions of z.

Then ExE +2yd—y+22ﬁ= 1]
ot ot ot

Here x=2 ,y=2, z=1, E=5 ; d—y=
ot dt
dz
Then 4[5)+4(4)+2I=0
£
— 20+16+2§:0
ot
= 36+2£=0
it
= E=—18
it
wll i
at
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A particle 18 moving along a hyperbola 2y =18 as ttreaches the point [4, 2) , the %-
coordinate 15 decreasing at a rate of 2 cocmis.

Then Ey—l—xaf—yzcl
et et
dx

= —[(2)+4(-3)1=0
" (2)+4(-)

= E=+E=5 cm/is
it 2

| x— coordinate of the point changing at that instant 15 cmef s
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(&) Altitude and speed of plane are given

B The rate at which the distance ffom the plane to the station is increasing,



()

| mile

B} Let the Horizontal distance from the plane from the station be x, and the
distance from the plane to the station be ¥

From the figure, by the Pythagorean Theorem, we have

B e have ¥y =142
Differentiating with respect to t implicitly

()

O v ax

Or &y _xds .
dt

MNow, given that v =2 miles, and speed of the plane = dx/dt = 500 mih
Then from (1), we have  x° = y* -1

Or #=22-1=3

Or, e «E miles

Therefore from {(2), we have

dy 3

{500 mim
d: 2
Or, ‘;l: 25043 mi/h
i

Thus rate at which distance from the plane to the station iz increasing 1s 2504{?: mithr
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iy Given that the rate of decrease of surface area is 1cm®/imin

Let the surface area be .3, then Z—S =—1cm*/min
£

By We have to find the rate at which diameter decreases.
Let the diameter be D then we have to find 40V,

(<)

L Ifthe radius of the ball 15 B then surface area of the ball 15
5 =4k

2
— S=4ﬂ{§]

= S=mir



Ey Now we have S=mlr
Differentiating with respect to £ implicitly, we get

ﬁ =2m0 @
ot ot

dD 1 dS

Or, i R
dt 27D gt

Mowr, j—Sz—l em*min  and D =10 cm.
i

dp_ 1
gt 210 cm

N N W
dr 207

Then [—1 cmzfmin)

Or

: 1 :
Thus diameter decreases at the rate of f cmimin
T
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4y  Height ofthe pole=15 £t
Height of the man =6 ft
Zpeed of the man =5 ftfs

B %We have to find the rate at which the tip of the man’s shadow is moving when he
1z 40 ft from the pole.

()
C

151t

(I Fromthe figure,
Height ofthe pole BC =15 ft
Height of the man DE =6 ft
Length of the shadow DA = v £t
At time t, distance from the pole to the man BD = x ft
Then defdt =35 ftfs
Zince the triangles AADE and AASC are similar, then

AR D4
= e

BC DR
s x+y = ¥

15 &

= 1oy =6x+6y
= Qy=6x
= Sy=2x
= y=2x/3
Then distance from the tip of the shadow to the pole L= xty
Or L= xt+2%3
O L=53 e k1)

Ey Differentiating (1) with respect to t implicitly

ZSpeed of the tip of the shadow 13 ﬁ = Ed_x
dt 34t

Or ﬁ: 2[5)
df 3

O a =25/3 ftfs
ot

Then the tip of the shadow is mowving with the speed of 25/ 3 ft/s
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It is given that Ship A is 150 km west of ship B. Ship A is sailing east at 35 km/h and ship B is
sailing north at 25 km/h.

The objective is to find the rate at which the distance between the ships changing at 4:00 PM.

Sketch a diagram with the given information.

gk

W E

X 150 - x

The distance between A and B is initially 150 km.
Ship A is sailing east at 35 km/h.
Ship B is sailing north at 25 km/h.

Let z be the distance between the ships at 4 PM.

Then find E at r=4.
i

Here £ is the time in hours.

Initially the distance between the ships is 150.

Let ship A be traveled x km for 4 hours.

Then the distance between A and initial point of Bis {50 —x-

Let ship B is traveled y km for 4 hours.

From the diagram, observe that the triangle is a right triangle.

From the Pythagoras theorem,
hyp® = opp” +adj’

Apply the Pythagoras theorem for the data.
z =(150 —.1:)2 +y*

Differentiate both sides with respect to t.

R N
dt dr ot
dz dv  dv

g—=~(150-x)—+y—
e ki

dz 1

—= —[{xm150}£+ yd}

il 1
dit =z di dr] L



Since ship A is sailing east at 35 km/h,

d
et

And A is traveled 35 km per hour.

35

Since ship A is traveled x km for 4 hours,
x=4(35)

=140km
And
Since ship B is sailing north at 25 km/h,
dy _
dt

And B is traveled 25 km per hour.

25

Since ship B is traveled y km for 4 hours,
y =4(25)
=100km

Substitute x =140,y =100 in
z* =(150-x)’ +y*

z* =(150-140)" +(100)°

=100+ 10000
= 10100
z=+10100
Substitute. x =140, y =100,z = 10100 . %:35 and %:25in (1) to find the required rate
f !
dz
dr
dz

| el dy

2% =2 FE1soy T i

dt z[{x }r,fr Ja’rj
1

10100

((140-150)(35)+(100)(25))

;

I

= (—10(35)+2500)

4

:

(~350+2500)
1010

2150
V10100

=214
Hence, the rate at which the distance between the ships is changed at 4 PM is 21.4km,.-"h :




Chapter 2 Derivatives Exercise 2.8 15E

Consider the data,

Initially the two cars are at the same point.

Speed of first car moving towards south is 60 mi/hr
Speed of second car moving towards west is 25 mi/hr

Sketch the figure showing the figure direction of the cars.

West B y P

A
South

From the figure, initially the cars at P. later the first car moved towards A. and the second car
moved towards B.

After t hours the first car is at the point A and second car is at B

Speed of the first car is 60 mi‘h, then ;.E = (0 mi/h
i

Speed of the second car is 25 mifh, then %: 25 mi‘h
3

For 1 hour the distance covered by first car is=60 mi
After 2 hours the distance covered by the first car is
x=2-60

= 120 mi

For 1 hour the distance covered by second car is=25 mi
After 2 hours the distance covered by the second car is

y=2-25
= 50 mi



Let the distance between the cars be z at time £.

Represent this z in the right triangle formed above.

West B L P

A
South

Because the figure represents a right triangle use Pythagorean Theorem
22 =t +y2 CRLIN

Whnen x =120 miles and y =50 miles

Then

2 =(120)" +(50)’

2% =16900

z=130 miles

Differentiate (1) with respect to t implicitly

Zz£= 2xﬁ +2y£
dt di dt

z 1| dx dy
—_—| Y—— ";é

di z| dt T~ drf
Plug the values of x, y, z , ﬁ and d—}

df i

Hence, the rate of change of the distance between the cars is
dz 1
—=——|120{60)+50(25

dr 130 L ( ﬂ
E= 65 mi/h

di

Thus, the distance between the cars is increasing with the rate of
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B the property of similar triangle, we have

=5 A0
BC DE
Or 12—7::2
2 &
24
= e e (1)
(12—;{)

Let the spotlight be at the point &, which is 12 m away from the wall DE.

Length of the manbe BC=2m

Let the man be at x meters away from the wall at time ¢ and at this time the length
of the wallbe DE= 2 meters

We have been given that the speed of the man 15 1.6 m/s toward the wall.

Then E=—1.6 mfs
ot
By the property of similar triangle, we have
AR AD
EC DE
O 12—-x | 12
2 By
24
= S=rr—1+ L (1)
[12—;:)

Differentiating equation (1) with respect to £ implicitly, we have
ds 24 dx

dt (12— de
dx

When ?:_1'6mfs and x =4 m, then
i
2y 24
— = [-18
19

—-2(1.6)~ 8 wh]

Length of the shadow decreases at the rate of 0.6 m/s.
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Let after titne t seconds, the man reaches at the point 5 and the distance covered
by him iz =

Let after time t seconds, the woman reaches at the point B and distance covered
by her 15 .

The point Q 1z 500t away from the pownt P, and the woman starts from Q)

Speed of man 15 4 ftfs then % =4 ftfs
i

Speed of woman 15 5 ftfs then d_y =51tz

it

From the figure

MS=x+y
Let ES =D feet
Then by the Pythagorean Theorem

D =(x+y) +(500) G)
Differentiating with respect to t, implicitly

di dx d

2D = (x4 yy| 242
dt df de

Or (2

dDz[x+y)[dx+d_y]

dt D \dt a



Distance covered by woman after 15 minutes is

¥ =speedx ime
= y=(5ft/s)%{15min » 60 s/min) [1 minute = &0 5]
= »=43500 ft

When the woman starts, the man already walked for five minutes, thus the man
walks for 20 minutes.

Then the distance covered by the man, 15 minutes after the woman starts walking,
13 x=speedxtime
£y x=[4ft/s)»x(20min x 60s/min)  [1 minute =60 5]
= x=4800 ft
From (1), the distance between man and woman is
D = (4800+4500) +{500)"

Or I? = 86740000
Or D= 931343 ft

Then from (1), the rate of increase of the distance between the man and the
Wotnat is

dD _ (4800+4500) (443
di 931343

dl) 83700
Oy —_— .
gt 931343
Or Em 899 ft /s
ot
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S(2nd)

(3rd) T4,

{4y Formthe figure, the man hits the ball at point H and runs towards the point F (first

base)
Let at titne £ the man 15 at the point P, which 15 x feet away from the point H.

cince the speed of the man 15 24 ft /s, then ?: 24 ftfs
i

We have been given that HF=F5=5T=TH=90 ft
Then the distance between the man and the second base at time t iz
SP*=F3*+PF*
= =90V +(s0-x) . (1
Differentiating with respect to time £ implicitly, we get
Do cpfon=)2r
i i
90—
Or ‘f_y=_( xj[ﬁj sl 2y
et ¥ dt

2y




When the man is halfway to the first base, x=451ft

From (1), we have ¥ =(50Y" (90— 45’
Or ¥ =10125
Or y=10125 =455 £t
Therefore, from (2), we have
90-45
dy__ (90245
dt 4545
Or e
5
Thus the distance from the second base i decreasing with the rate of % ftfz
B A gain from the figure, we have
TP*=TH*+Hp*
Or A=(30V +22 (3
Differentiating with respect to time t implicitly
2z E = 2xd—x
i oli
Or = _[F]%E 30
et z [} dt

When x =45 ft, then from (3)
27 = (90" +45°

Or z*=10125
Or z=-10125=45.5 &
Therefore from (4, the rate of change of the distance between the third base and
the man 15
d _ {i}(m)
dt \4545
Or d_zzﬁ ftis
di .5
Thus the distance from the third base is increasing with the rate of ﬁ ttrs.

7=
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Let the altitude be & and the base be &
Then the area of the triangle iz
1
A=—hi a1
5 (1

Differentiating with respect to the time £ implicitly, we get

ﬁ: 1— b%+k@ [Product rule]
dt 2| dt it
...... (2
We have j—kzl cmimin  and ﬁz 2 cm?*/min
4
When A=10cm and 4=100 cm?

Then from (1)

100:%3) =h=20ft

Substituting the values in the equation (2)

B %{20(1)+(10) ‘fb}

dt
Or 20+10@:4
ot
Or 10@=—16
et
O ﬁz —1.6 cmimin
it

Thus the base is decreasing with the rate of 1.6 cm/imin.
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Suppose that the bow of the boat be at point B and dock is at point D and the bow is at a
distance s from the point B.

Pulley is fixed at P which is 1 m higher than B.

This information is sown below:

________________ P = Pulley

<
so¥ height =1 m

D = Dock

- BOL distance (s) ——>

Points 8 and D are on the same straight line, so from D, the height of Pis 1m.

Then the points B, D, and P form a right angle triangle, where length of the rope is acting as
the hypotenuse of the right triangle.

So by the property of right triangle, we have
(BP) = PD’ + BD’

Here height PD is constant = 1m

So, we have

(BPY =1+BD° ... (1)

Differentiate both sides of the equation (1) with respect to time { (seconds).

z(ﬂ.ﬂ]—d(:;‘p] =2(BD)x* —d(jﬂ}
(BP}-@#BD)-@ ...... (2)

MNow the rope is pulled in at a rate of 1 m/s.
So the length of rope is decreasing at a rate of 1 m/s.
Therefore,

dt

Here negative sign shows that length of BF is decreasing.
Giventhat, s =8 m
BD=8m
So the length of the rope BF is given by using Pythagorean Theorem,

(BPY =1+ BD’

BP =1+ BD’
BP =+J1+8"

BP =+/65

=8.062 m



Then rate of change in the distance of dock from the bow can be calculated by the equation

(2).

(BP) d(jp)z{m)} d(iﬂ}
8.062-(—1)=8 ‘I(iD}

d(BD) -8.062
dt 8

= -=1.0078 m/s

This means that the distance B = 5 of dock from the bow is decreasing at a rate 1.0078 m/s.

In other words, the boat is approaching the dock with rate of [1.0078 m/s
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M
¥
€ [100km
A / B
Voo(xty)
X ;
P R N L v

Let at tune £ the first ship A 15 at the distance x fom 1ts starting point and the ship
B iz at the distance y from its starting point.
At time £, the distance between the ships 15

2 =100% +|::r:+y:l2 ....(10 [Bythe Pythagorean Theorem]
Differentiating with respect to time ¢ implicitly, we get
dz dx  dy
2z —=2(x+y)| —+—
o “V)(afz dzJ
+
Or dz_(xty)(dx d @
i z i df

The speed of the ship & 12 35 km/h then ? =35 km'h
4

The speed of the ship B 15 253 km'h then j—y= 25 kmrh
i

At 400 P, the distance covered by the ship A 1= x=35km/h x4 h=140km
And, the distance covered by the ship B is= y=25km/h x4 h =100 km
Then from (1)

% =100* +(140+100Y’
Or z* = 67600
Or z=260km

Substituting the known values in equation (2, we have

dz _(140+100)

. (35+25)
dt 260
% dz _ 14400
di 260
Or & 5538 kmih
dt

Thus the distance between the ships 15 increasing wit the rate of 55 38 km/h
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Consider a particle moving along the path y = Zsin[%],

Let (x,y} be a point on the curve, and § be the distance from the point to origin.

Then, by using the formula for distance between two points is found as follows:

L=1/(x-0) +(y-0)".

The change in x-coordinate is ,J."]_{] cm/s, wWhen the particle passes through the point

4

That is, % =10 em/s.
f

Sketch the visual representation of the problem as follows:

If the particle is moving along the curve, then both x and yare changing while the distance is
changing.
To find the rate of change of the distance r, differentiate each side of [? = x? 4 3* with

respectto 1.

A S, . 4
T T

dlL  dv  dy

— e =

dt ot ) elt

As r}#:zsin[%], differentiate y with respectto r.

dy _dy dx
di dv dr
(:ﬂrx] T dx
=208 — |H—x—
2 dt



Compute the distance from point [%IJ to origin as follows:

L= J(%—o]z +(1-0Y’

= §_+|
9
=£cmfs
3
Substitute Lzﬂ‘d_rz 0. st Deweanl P n Lﬂt’\.ﬁ_'_yﬁ_
3 dt 2 Jd ot dt df
v%d.{ Fih e
—_— = x3/10 + yir cos| — \{'ﬁ
3 =0 meos 3
dL TX 3
— =3x+3ymcos| — Multiply both sides by —
i ! [2] = ¥ o

At the moment if the particle is at [%,I], then the rate of increase of distance is computed as

follows:

1
ﬂzi‘: L +3(1)zcos 2 Rc:plau:c:czi and y=1
di 3 2 3

=1+ 3;rcos[£] Since coa[ﬁj = ﬁ
6 6 2
=] +3R’[§]

33

=1+ 7

Therefore, the distance of the particle from the origin is increasing at a rate of

Jﬁfr
2

cm/s|.

1+

Chapter 2 Derivatives Exercise 2.8 23E

Given that
The diameter of the tank =4 m =400 cm
Then the radius of the tank 12=2 m =200 cm
Height of the tank 15 =6 m =600 cm
The rate of increase of'the height of the water level = 20 cm/ min

Then ﬁz 20 cmimin
brid

Water iz leaking out at a rate of 10000 cm*min

Then Rate out= 10000 cm*/min
Let at time £ the height of the water level be & and the radius be n.

Andthe volume of the water in the tank be 7



By the property of similar triangle, we have

“ = & =r=hki3
ro 2
Wolume of the water iz
plmy
3
£ e s
O F==m|=| (A= —=mh sl
3 [3] (%) 27 M
Differentiating (1) with respect to time ¢ implicitly, we get
a1 g dk
=
di 9 i

=Since ff_Vz rate in - rate out = rate in — 10000
id

Then rate-10000= 1h? 2
9 4t
Or rate in =10000+ 2 2 )
8 gt
Substituting the known values in equation (2, we have
We have rate in =10000+%n-(200 3#(20)  em®/min
Or rate in = 10000+ 2000007
Or [rate in =~ 289253 cm® fmin]
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Consider the following data:

A trough is of length 10 ft. and the top base of it 3 ft. and ends of this trough are in the form of
isosceles triangles.

Rate of change of water to be filled in trough is 12 ft/min

Water level is rising by 6 inches=0.6 ft. deep.

The trough with the given data is as follows:

Suppose the water level is at height /7 seen by the dotted lines.

Since the trough is being filled at a rate of 12 f‘[3,"m'1n.

That is to say, if Jis the volume of the water in the trough then % =12 ftﬂf'min

Determine change in water level that is the rate of change in height @ when

dt

fr =6 inches =— ft.

b | —



To find the volume of the water at height j , use the geometry formula for any Right Cylinder.
Then the volume is:

V =(area of face of cylinder )-(length of cylinder).

In this case, a Right Isosceles Triangular Cylinder is of length 10 ft. and face is right isosceles
triangle.

50,

V'=( Area of triangle DBC )-(10 ft )

But, a triangle has Area formula % base time’s height. So, the triangle has height j, then the

volume is:
V:[lﬁ- h]{lﬂ] e ()
2
The figure the shows the triangle is as follows:

%ﬂ

- >

1 ft

v

C

Use half the triangle AEC which is a right triangle to find the area of triangle DBC. See that x

is equivalent to the quantity %Hﬁ This is clear from the above picture.

Hence equation (1) becomes:
V=(x-h)(10) ...... (2)
But. it is needed that  in terms of only the variable j so let's find x in terms of .

Using a proportion of large right triangle to small right triangle:

Large triangle — %_ 1 «——Large triangle
Small triangle —» ¥ h «— Small triangle

So, the value of x is:

x=ih-
2

Substitute the value x= %h into equation (2). Then,

V:[%h-h]{ln)

30

==K

=15k*

So, the volume is given by equation:



Take i of both sides of equation (3) and use the Chain Rule. Compute the rate of change of

dt
volume as follows:
av =i[|5,¢,2:|
di  di
= ISi[.-'i':]ﬂ
dh ot
dh
=15(2h)—
(2k)—
= 3[].!’?ﬁ
ddf
Solve the equation for ﬁ
dt
dh_ 1 dv
dt  30h di
L ! ; | dV g :
astly, plug in all the known values 4 =E I"t,? =12 fi f"mmtn get:
[
li
e (12)
af 30[ ]
2
_12
15
-2
5

ft,-"rnin at the instant the water level is at height

| e

Thus, the water level is rising at a speed of

6 inches.
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Consider a trough is 10 m long and a cross-section has the shape of an isosceles trapezoid
with 30 cm wide at bottom, 80 cm wide at top and has height 50 cm.

Draw the diagram and label all measurements in same units.




Suppose the trough is being filled with water at a rate of 9.2 m?® / min -

so. & _g2
et
Here, ¥V is the volume of the water in trUUgh.
Find the change of the height of water in trough %
!

The volume of trough is,
= %s(q b))k

where [ is the length of the trough, j is the height of the trough, and b, b, are the wide of
trough at bottom and top respectively.

As the length of trough is [ =10, and & =03,b,=b_

S0, V=%JN&3+H&
Estimate the value of p using similar triangles.

025 m 03m 0.25m

e 03m — =

Here. pb=0.3+2x

By the similar triangles,

h_ 05

v 025

-
X

h=2x
S50, b=034h

Plugin p=0234+ hinthe equation ¥ =%10(0_3+b]ﬁ to obtain that,

p =2-10(0.3+0.3+h))
=5{(0.6+h)h
=3h+5h°

Thus. " =3j+ 5k

As the volume of the water and height of the water are changes with the time ¢
So, they are the functions of time ¢.

Differentiate the equation 17 = 35 4+ 54* with respectto ¢ .

ﬁ = 3£+ S[Zkﬁ]
dr dt dr

dh
=(3+10m)<2
(3+108)=



Plugin 4 =03 m (water level) and d—V = (.2 in the above equation d—V={3+|{}h]ﬁ to
df dr dr

obtain that,

0.2=(3+ 10{0.3}}%

0.2 =Il5ﬁ
dt
02_dh
6 it
an_2
dt 60
1
30
Thus, the water raising is,
dh 1 )
— =—meter/min
et
=—1-xlDDcmfmin
30
= E-;:m.frnin. ;
3
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Begin by naming variables. Let i be the water level in the pool, and let V be the volume of
water in the pool. The pool is 20 ft. wide, and a cross-section is shown below.

ke ]

6 12 16 6
The given quantity is the rate, at which the pool is being filled,
LW ft’ /min
dt

The unknown is the rate at which the water level is rising %,when h=51t:
t



Since ? is unknown and ﬂ;_fr" is known, the next step is to find an equation relating the
I I

variables i and V. Since the pool is 20 ft. wide, the volume of water is 20 times the cross-
sectional area of water. The cross-section can be divided into regions A, Band C, as in the
picture. Region A is a right triangle. Since the slanted line on its boundary has a total height of
6 and a total width of 6, the base and height of triangle A are equal, so

Areaof 4 =%bﬁ

I
=~ (h)h
e

2

Region B is a rectangle of width 12 and length f, so
Arcaof B=1h

= (m)(12)
=12h

Finally, region Cis a right triangle. Since the slanted line on its boundary has a total height of 6
and a total width of 16, the ratio of its height to width is 6:16. so

Area ofC=%bh

=1[E,¢,],¢,
206
4

=
3

The total cross-sectional area of the water is the sum of these areas,
A" = Area of 4+ Area of B+ Area of C

kg orog d g2
5 3

=y 1o
6

The total volume of water is

IV =widex A
=204"

—20[ h +12h)

I | U + 2408

To get an eqguation which involves the rates of change, differentiate both sides with respect to t.

L “'[“Dh 240;;]

dr dr\ 3

LI [I ID ] i{izmh) By using the sum rule
d di\ 3 et

=%§(h ) +240=— d {};} By using the constant multiple rule

3 d v

:(%h 240]dh

”ﬂ[zhﬂ] 24[}% By using the power rule: i(x“):nx""rnem
t

dt



Now plug in the known values to solve for the unknown.

e
0.8= [@[5} i 24{}J£ substitute 47— 08,h=5

dt et
_8. = __I 100 +240 ih-
I( 3 i

-

_[ISZD]dh

dt

3
3 Jdr

So, @=

et |2275

4
5
1
5

ft/min
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The volume of the pile 15 v= 13?2'.?“231 . where » 15 the radius and h 15 the height of
the pile {conical shape).

Also, given that, r = g {Diameter = height)

R, s

Then v=—-A—h=—0°%F% ey
3 4 12
Differentiating (1) with respect to £ implicitly |, we get
av T dh
dr 4 d

; Codv ]
But the rate of increase of the volume is —— =30 £t fmin
b

e 4
4
6 2 _120
g T
At R=10f,
i 120
dt ;ar(log)

= |0 382 £t min.

Thus the height of the pile increases with the rate of |0.332 ft/ min .
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Suppose that the kite is at pwhen the length of the string is 4P =2001t .
The height of the kite is BP =100 ft(constant ).

This information is shown as below:

1001t




The angle between string and horizontal is,

sin9=£

AP

_lo0

© 200
e
T2

Then, 8= %r‘adian

Then horizontal distance from A to B (opposite to the position of kite) is,
s=AR

=AP.cosf Since cus&‘mﬂ
AP

= 200[(:03%]
= Zﬂﬂ[ﬁ]
2

s=10043 ft
Now the relation between horizontal and height is,

tan & = B
AR

or [anfﬁ':E
&

Differentiate both sides of the equation of this equation with respect to time £ (in seconds).

2, d8 =100 ds
sec’d:—=—n—1—
dt s dt

Substitute @ = %, s =1004/3 ft and ? =8 fi/sin this equation, to get
fe

[ 2 ] 48 _ -8 gince seci:—-z—

) d 300 6 3
4.d8_ 8
3 dr 300
40 _-8 3
dr 300 4
ga.=
dr 100
ﬁ=—'GI.(!2 rad/s
dt

Therefore the angle between string and horizontal is decreasing at a rate of |0.02 rad/s
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A




In triangle ABC, AB =4 m and BC =5 m are given If the angle between AB and
BC iz & then

Altitude of the triangle & = AB.sin&or [k =4sind] =55 (1)

The area of the triangle = % base = altitude
1
A=—xBCxh
2
= l5.[4 sin 9)
2
A=10zin & - 2)

Differentiate both sides of the equation (2) with respect to ¢, we have
The rate of change in area, 1.8,

E='llﬁ]cc:usa5'.ﬁ
ot bl
We have
g==
3
and ﬁ= 0.06 radfs
cff
Then
B 0reed 5 063
it 3
= li].t‘i.l
2
=03m*fs

. . ) ) 3
Then the area of the triangle 15 increasing with the rate (0.3 W

g

Chapter 2 Derivatives Exercise 2.8

Consider a ladder 10 ft long rests against a vertical wall.

Let x be the horizontal distance from the wall to the ladder, and let y be the vertical distance
from the ladder to the ground.

Let g be the angle of ladder to the ground at any time.

The objective is to find ﬁ

dt

Sketch the diagram as shown below:




The rate of travel of bottom of the ladder is 1 fi/s.

S0, £=I1"b"s
dt

The rate of change of angle in radian per second is ‘;_9
T

From, the above triangle,
cosf = X
10

x=10cosd

Differentiate the above equation y =[0cos @ to obtain that,

dt
do__ 1 ds
dr  —10siné dr

When the bottom of the ladder y = §
By the Pythagorean Theorem:
¥ +yz =10°
6 +y' =10°
y=10°-§"
¥ =100-36
' =64
y==8
y=8 Take positive only.

_ Oppositeside
- Hypotenuse.
_ 8
10

Plugin £=I fisand sin@ =— in the equation 6 __ 1 dx
dt 10 dt —10sinf dt

o__ 1

-1

Therefore, the rate of angle between bottom the ladder to the ground is ﬁ — —lﬁfs .

dt b

Here, the negative sign represents the angle between the bottoms of the ladder fo the ground
is decreasing.
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Rate of change of sliding of ladder (decreasing height) is (.15 m/s and at this rate ladder is 3
m from the wall.

Rate of change of ladder to move away from wall (increasing distance) is 0.2 m/s.
The objective is to find the length of the ladder.

Let x be the horizontal distance from the wall to the ladder, let y be the vertical distance from
the ladder to the ground, and let L be the unknown length of the ladder.



Sketch the figure as follows.

L ladder

X

Rate of change the heightis ().15. So,

ﬁ=—(].IS m/s
df

With the quantity being negative since the position y is decreasing in time.

Also, given that when y =3 m. then % =0.2 m/s.
t

Positive since x is increasing in time.

Determine the length of the ladder L.

Use the Pythagorean Theorem on the right triangle seen in the picture above.
xz +y2 - L!

Squaring on both sides to obtain that,

P=x'+ yz

Differentiate the above equation with respect to f and use the Chain Rule.

di..y d 3
2(2)- 2 +7)

0= 2,1_’£+ Zyﬁ
dl dt

Note that, the length L is constant in time its time derivative is 0.

Plug in the known values at the moment in question gives,
0=2(3)(0.2)+2y(-0.15)
03y=12
y=4m
Plug in the known values of x and y at the given time to equation (1), to obtain that,
=y +)?
— 32 -1-43
=25
Since the length must be a positive number, the length of the ladder is,
L=4+25
=5
Therefore, length of the ladder is [ 5 m|.
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The bowel is being filled at a rate of 2L/min = 2000 cm’fmin.
Let h be the water level in the basin, and let V be the volume of water in the basin.
3o,

Y _ 2000 em’ /min.
dt

The objective is to find Er.}i when the height of the water reaches 15 cm.

et

Sketch the figure as shown below:

The volume of the water at height h is given by the formula,

V::r[rhz -l;ﬁ]
3

where ris the radius. In this case, the diameter is 60 cm, so the radius is 30 cm.

Therefore,
V:z[mh"—lh’]
3

Differentiate with respect to { to obtain that,

d d 5 T

—(¥)==-| x| 300* —=h

a”) m[”( 3 D
ﬁ=;-.L-{m:n!:—f:az]-—‘ﬂ

dt dt

Solve this Tor ﬂ to obtain that,

dr
—p).dh 4V
7 (600 -h7)- Gt =
dh 1 ar

ot z(ﬁoh—hz)?



Plug in the given values =15 cm’% = 2000 cm"fmin to obtain that.

t
dh _ 1
d " 7] 60-(15)-(15) |
_ 2000
7(675)
BO-25
" 7(27-25)
80
27z
Thus, the rate at which the water is the water is rising in the basin when it is half full is

dh | 80 .
— =|—— cm/min|.
dr |27x

- 2000
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EBoyle's law iz
PV=0C -— (N
Where P is pressure and WV is the volume of gas and © 15 a constant,
Mow differentiate both sides of the equation (1) with respect to t, we have

) d

—( B =—(C

—(BYl=—1C)
Ev product law

P.ﬁ+ V.E: 0 - (1) [where C iz a constant]

et dt
df :
When I = 600CHT, P=150 kPa and d_= 20 XFa /min then from the
£

equation (1), we have

150.ﬁ+ HE00x20=10
ot

150 % _ _1s000

cdt
dl”  —12000

4 150

:ﬁz—so Cm® /! min
dt

Thus the volume is decreasing with the rate [30Cm?® /min

Cm? /! min
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Consider the r‘ollm'e'ing equatimn:

PF=G = s (1)
Here, ( isaconstantand p is pressure j7 is the volume of the gas.
The volume is 7 = 600 cm® -
The pressure is P =150 kPa -
The pressure is increasing at the rate of 20 kPa/min -

That is £ =20 kPa/min
edt

The objective is to find rate of decrease of volume.



Differentiate both sides of the equation (1) with respectto .

dt it

MNow. substitute the values ¥ =600 Cm®. P=150 kPa and B

ar

=20 kPa/ min in the above

equation.

600(20) + (150)“:’ 0
'

12000 +1509% = ¢
ot

dl

150 =-12000
dt

dv 12000

d 150
=80

Therefore, the volume is decreasing at the rate about |80 Cm® / min|-

Chapter 2 Derivatives Exercise 2.8

“We hawve l=i+L

R R R
Then Rzﬁ

R +E,
o R (& +Rg) C(RiR) = (RRy)— (R +2,)
En E (R +RQ)
a’R R, R, ng

P e R

dit (R+R)

We have 5 =800 £, =100¢3, fff' 0301 & and %:UQQIE
i 1

dR _(80+100)[80.(0.2)+(0.3)100]-[8000][0.3+0.2]

Then =
dt (180)
N (1807(16+30) 4000
- 32400
4280
32400
dF 10?
dt 810
Oy 4R 0132008 ﬁis the rate of change in B
dt it
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We have W =0.120%% - {1
Cwer 10 million years the average length of a certain species of fish evolved from
15 Cm to 20 Cm at a constant rate
Then
i, S O B e [1million = 10%]
df 10 million 10

From equation {1}
W=0127"

i

Then —-=0. 12(253).83 o

at

= 0.3036.&”3&
dt

= 030362 (5x1077)
=1.518.7 5107 gramsfycar



Now we have B = 000707

Then 2= (0.007) 2% 20
dt 3 dt
21
=(0.007) = ———=(1.518) 27 x107
330120
When L = 18cm then
dB _{0.007)2x(1518)(18) " Lo
dt 3/0.12(18)*"
EZTBF:: 1.045%10% gram sfyear
i

Chapter 2 Derivatives Exercise 2.8

Step 1:

Given:

gt - deprees

B =
dr Nl

Want to know:

le i
% when 8 = 60 degrees
ar



Step 2:

By the Law of Cosines:

5F]

2o p? {8
C b+ L&bcaskﬁlj

¢* = 157 +12% ~2+12+15-cos( 60
c= 13.74
Step 3:

de

¢ = 3:%0-5;.{&]-*'—"’
it \ de

de 2rsind G0

dr 13.74

de meler
dr - minute

Note: Make sure your calculator is in the correct mode (degree), or your calculator will give you
the incorrect answer for c.

Chapter 2 Derivatives Exercise 2.8
P

A 0 B
Let &F =b and PB = athen a+b =39 because total length of the rope 15 3% &

Then b=39—-a  -—(1)

MNow let AQ ==z and BO =y and PO = 12 ft the length of altitude of ABP
From (1) we have

B=39-a
=12° +2° =39- 128 +5° k2]

(Using Pythagoras theorem in triangles POA and POBR)
Differentiating both sides of the equation (2) with respect to t, we get

1 2x dx 1 2y dy

iz & 2 i, d

wey W @R SR @
N2 de 1074y de

So we have

dy _—f12 4+ x dx

dt v JiF iR

3




When AQ =x =275 ft then from equation (2)
N2 457 =39- 122 457
=13=38- f122 47
=128 4+ 3% =39-13
= 122 437 = 26

Squaring both sides
122 437 = 262
=y =262 =122 =532 = »=23.06

~ =

Mow from the equation (3), when y = 23 and Ez 2 ftfs,

dt
d—yﬁﬁ_—ﬁ 3
di 23 J160
—26 10
g R
23 13

M—gﬁfsecondns—ﬂ.g? fiis

Then cart B mowing with speed about % ftfs = 087 ft's| towards O

{The negative sign indicates the decreases in distance ¥ as cart B move toward O

Chapter 2 Derivatives Exercise 2.8

B Rockel

0

Camera — C b A Basc of Pad

(&) Let the camera ig located at C and base of the rocket launching pad isat &, B iz
the position of rocket Then we have a triangle ABC
Where AC =b =4000 ft 15 given
HNow by Pythagoras theorem,

BC? = AC? + AB?

A —
When we have b =4000 ft and ¢ = 3000 ft
Then
a* = (4000)" + (3000’
= 16000000 4 %000000
& = 25000000
= @ = 3000
MNow differentiate equation (1) with respectto t
2ad—a=0+ 2':'£ [Because b =4000 iz a constant]
dt dt
Or LN
df  a dt
We have c=32000 £, a =35000 f j—c=600ﬁfs
i
Then d_az @.600_}'3;’5
df 5000
= 2.600
3
Or d_az 3604 0s
i

Hence the distance between camera and rocket is increasing by the rate (260 #/5



B Let angle of elevation of the camera at the point B 1: 8 .
whenc=3000ft, a=35000ft

AC _b_ 4000 _4

snd="""="=_"_""=_
BT @ 5000 5
And cosﬂ:ﬁ:i:@:é
B a  S000 5
Now we have cosd= &,
@
Then c=acosd
Differentiate both sides with respect to t
de ) d8 dat
— =—asnd —+cosd—
bel
Then asin Hﬁz n:r:)sf;”.af—a;—ﬁ
it dt  df
= 5000, i _5'= 3.360— 600
gt 5
=4000. j—gz 216—600 =—-384
£
:’ﬁ= ﬁ= —0.0%rad s
gt 4000

Then the angle 15 changing with the rate |0.096 rad / 5

[Megative sign indicates that the angle decreasing as rocket moves upwards]

Chapter 2 Derivatives Exercise 2.8

3km

iz apoint on shoreline, x distance from the point P
A 1z the lighthouse.
Mow light Beam makes 4 revolutionmin = 4 % 27 radians/min.

Then ? =8 rad/min ... i
I3
From the triangle AFQ, we have
x=3tan &
dx ﬁ

(2

= 2= Zgect @
dt di

Whenxz=1kmthen 3tanf8=1=tanF=1/3
=  sect@=1+tan® @=1+1/9=10/9
Therefore from (2)

He 3[@(&-@
dr L9
= %ﬂ' kmimin

= (83278 kmimin.
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Let: x km. be the horizontal distance of the plane from the tracking station,

8 be the angle of elevation
Then

x = Scot(#)

Differentiating each side with respect to t, we have

LLp _5[CSGEE]1—T

dt
The given

= % and ‘i—ﬁ = % rad/min (because the angle is decreasing)
o 4t

2 - () -2)
as [”%][}J: 1o [km;’min)
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We have period of circular motion t=2 minutes so the frequency is

""'l:"

vet=d

The angular speed ¢y = 27N = 7. 50 angle of rotation is
= it = mi

Let h be the height, h is given from equality

R—h= Rcosfl = h= R —Rcosfl = R(1 —cosf)

h(r) = 10(1 —cos(mr)) (1)

Differentiating with respectto t

dh >
o mﬂ'sm[mj (2)



At h=16 m, we have

16 = 10(1 —cos{mwt)) = 16 = 10 — 10cos{wt) = 10cos(xi) = —6

50

[
cos[mj Sl —0.6
therefore

sin[mj= \Il —cosz[m) = \,1 —(—06)° =+/0.64 =08

50

% = 10?rsin{mj = lﬂﬁ{ﬁ.'&) = &4 (m/min)

The riderrising at &7 m/min when his seat is 16 m above ground level
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Consider a plane flying with a constant speed of 300 km/h passes over a ground radar
station at an altitude of 1 km and climbs at an angle of 3q°.

To find rate, the distance from the plane to the radar station increasing a minute later:

C




Let the radar be at the point A and plane be at B. Then AB =1 km.

A plane flying with a constant speed of 300 km/h passes over a ground radar station means

e =300
dt

The plane is climbing at an angle of 3(°
Then angle ABC =90° +30°

=120

By the Law of Cosines,

¥ =x"+17=2(x)(1)cos120°

=x1+I’—2-x-[—1) Since ::n;lslzil’z—th

2 2
=x'+1+x

yi=xt+x+l o (1)

MNow differentiating the equation (1) with respectto t

Zyﬁ = 2.r£+£ Power Rule

et et ot
dlx
=(2x+1)—
(2x+ }dr

dy _(2x+1) dx )
dx 2y dt

Distance climbed after 1 minute or éh

.Jr=."5lfllfl><L km
60

=5km

Put y = 5 in eguation {1),
Y=t +x+1

V=5 +5+1

=31

Thus, y =31 km

Put x=5,% =300 knvh,and y =+/31 in (2).
t

dr a3t}
d 2.31
11300

NI

Then the rate of change of the distance of the plane from radar is

-ci:ﬁ)@-kmm or 296 km/h

dr 31
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W 4 E
Q a A

s

Let the first person starting from the point O and walking in the east, reaches at
the point & after time “¢7 And let the second person starting from the point O
reaches point B after time “2.7 Let Ob=a miles and let OB=h miles. Let the
distance between AF be ¢ miles.

Then from the properties of triangles, we have
T b -

03
4 Zak
L al bt -gt

NG 2ak
u@ab: a® +5t -t
le? = a® +5 — J2ab| Se)

Distance covered by first person in 15 minutes

3><l= Emiles
4 4
And distance covered by second person in 15 minutes, 1e, in ihris
=2x l = E miles
4 4

Then from the equation (1), we have

o oy 32

i e [ e I e
4 4 J_44
9 4 62

IR TG

_13 62

16 16

J13-642

Cr ¢ = ———— miles
4

MNow differentiate the equation (1) with respect to ¢, we get

i 2a.di+2b@—ﬁa_@— G
d d d g g

We have after 15 minutes

Sy 2de gty Ly, M50

g=—,h=— —=3—=2 =
A 4
Then
13— 6+/2 de 3 2 3 P
s i s S0 o SO [ 5 PO 0 Ml
g2 5)e (B 34 ()
i, 8
2 W2
13— 62




Then
e s
— = 2,125 mlesih
i

=5 |rate = 2.125 miles/h]

Chapter 2 Derivatives Exercise 2.8

Let the runner be at the point A, QA i1z the radius of the circular track that is
r= 100 m (given) and let the friend be standing at the point C then OC = 200m
{given)

Suppose the distance of the runner from his fiend 15 AC = x meter and angle
ABO =8

Then the length of arc AB 15

L=rd
Then ﬁ=r'ﬁ
i it

We have %:? tnfs and r=100m

Then
ﬁ = lra-::l.-’s - {13
i 100

If two sides and angle between these sides of triangle are given then the third side
can be calculated by the properties of triangles

In triangle OAC
A= 0 + 02 - 2040 oz 8

We have
x* = (1007 +(200)” - 2{100).{200) cosd
x* = 50000 - 40000, cos & 2 555(2)
When x =200

200% = 50000 - 40000, cos 8
40000 =50000-40000.cos 8

Then |cos@= l
4

sinf=+1-cos* 8

Then = I—L
16

_[15_415

Y16 4
Ty sinE:?




How differentiate both sides of the equation (2) with respect to t

EJ:E =40000. s1in H.E

cft cdi
Or E= EOUUU.sin&?.E
et ¥ i

J15 de 7

Wehave x =200 m, sin &= T and —— radfs

4t 100
Then
dr_ 20000 15 7
g 200 4 100
O E=7".E =678 mis
dt 4

Thus the distance between runner and his friend iz changing with the rate
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Consider a watch with 8mm hour hand and 4mm minute hand.

Use law of cosines formula, to find the rate of change of distance between the tips of the hands
at one o'clock.

Law of Cosines Formula:
=gt +bt - ZHhEHS{C}

The visual representation of the problem is as follows:

Let x be the distance between the tips of the hands, and @ be the angle from the minute
hand to the hour hand.
Here g=8,b=4c=xand C=6.
Plug in the values to the law of cosines formula.
X' =8"+4"-2(8)(4)cosd
=64+16-04cosd
=80-064cosf,
Differentiate the equation 2 =80 —g4cos g With respect to ¢, in order to get the rate of

change of the distance between the tips of the hands at one o'clock.

2 = s o0
cfi ot

xﬁ =32sin Hﬁ
i df



At one o'clock the angle g is %:%

Plugin & =% to the equation 42 = 80— 64 cos &,

x :80-64cus(£]
6
X =80-64 E since m:ns[E]zﬁ
2 6 2
¥ =80-3243

x=+/80-323

Thus, the distance between the hands is , - -|'IS[}—32J§.

The minute hand goes an angle of 24 radians per hour, and the hour hand goes an angle of

% radians per hour in the same direction.

So, the angle between them changes at a rate of 2}[—% = % radians per hour.

At one o'clock, the angle between the hands is decreasing so the rate of change of the angle is
ﬁ=_”—ﬁ radians per hour.
clt 6

Plugin x= sn_3zJ§_ﬁ=_E, and 8= to he equation ¥%* =325ing9%.
dt 6 6 di

d
J80-323 & _325in [E]}: [_E]
dt 6

6
e 1\ 11x . R 1 1
80-3 ‘Ed.' 3 [2)[ - ] Smcﬂsm(ﬁ] 5
Sﬂ—32ﬁ%=-g—fﬁ Simplify
ax_ 88
di 380-3243
~—-18.590

Therefore, the distance between the tips of the hands at one o'clock is decreasing

approximately |]8_6 mm per hour|.




