CHAPTER]

Matrix Methods of Analysis

10.1 Algebra of Matrices
Let us consider a set of simultaneous equaltions
v+3y+52=0
Ax+2¢y+32=0
5vr+3y+4z=0
Now we wirite down the ceelficient of x, yand zof the above equations and enclose Ihem within brackets
and lhen, wo get

The above sysiam of numbers, airanged in a reclangular array in rows and column and bounded by
brackets is called a malrix.
[4),,,, , Means matrix of ‘1 rows and 'n’ columns,

A matrix is denoled by [A] and its determinant is denoted by [ Al.

10.2 Types of Matrices

{a)} Row malrix: Il @ matrix has onlyane row and any number of column then it s called & row matnx
eg ’
[A] =1 2 3]



(b)

{c)

(d)

(e)

U}

Column matrix: If amalrix has only one column and any number of row then iLis called a colump
malrixe.g.
I
[Aj=| 1
S
Square matrix: A malrix which has equal number of rows and column ig calied a SQUAre Matrix
0.g.

Diagonal malrix: A square malrix is called & diagonal matrix, it alfils non-giagonal elemenis are
zero. e.q.

1 0 0]

(Al={0 2 0

0 0 4

Symmaliic matelx; A square malrix will be called symmelric matrix il element have symmetry

apout il diagonal i.e., a,=4, eg.
[a h g
A=ln b 1
g ! ¢

Transpose of @ malrx: If in a matrix, we inlerchange tha rows and colurmns with each other. the
new malrix oblained is called transpose of a matrix

{135
[4=l4 2 3
5 3 4
[1 4 5
14)=[3 2 3
534

10.3 Matrices Operations

(a) Addilion ol matrices: Addilion of matrices can be done only when they are of same order

{A]mt nt [Bim'-,n:[Clm. n ie.,

f135 1 24
al=14 2 3land[B])=|-2 5 3|,
43

534 i

13581 24
Then, A+B=14 2 34|-2 5 3
534 1 43

(i+7) (3+2) (5+4)] [2 5 9
= {(4-2) (2+5) (3+3}j=(2 7 ©
L(5+1) (3+4) (4+3)] |8 7 7]

{b) Subtraction of malrices: Subtraction of matrices can be done enly il they have the same order.
ALy 0= Bl a = Dl si€0

135 124

WA =14 2 3fand(8]=|-2 5 3|,

534 143
[1 2 4} (1 3 8
Then, [B-4}=|-2 & 3|-14 2 3
1 4311|534

[ (-1 (243) (4-5)] [0 -1 -1
(-2-4) (5-2) (3+3)]=|-6 3 O
L (1-5) (4-8) 3-4)] |4 1 4

)

33

{c) Scalar multiplication of malrix: If [A) is any matrix and k Is any scalar number, il matrix [4] is
muluplied by scalar quanlily k. then each element of {A] is multiplied by k. i.e.,

13 2x1 2x3 2x5 2 6 10
Then, 2A=214 2 - {2x4 2x2 2x3| = 8 4 6
‘ 53 2x5 2x3 2x4 106 B
{d} Mullipliceticn of malrices: The multipticaucn of two matrices {4} and [B] is only possible if the
number of columns in fA] is equal 1o the number of rows-in {BJ.

I [AIHJKPX{B)P:. a= {Cinl!n
© Wherg,
The elemenis of row of mairx [A] is mulliphied to the corresponding elements of cotumn of
malrix 8],

Properties of malvix mulliplication:
1. Multiplicalion of matrices is not cumulative,
- AB=zBA



2. Malrix multiplication is associative, ; . Cr = 8y kb +8px by +ay;x by
ABO)=(ABC = (3x2+{(1x3)+(2x2)
3. Malrix multiplication is distributive i.c., ; v ; = 6+3+4=1
AB+ O)=AB+ AC ) 18 2
w ‘ k - g=1-121
. - 2 4 1
1 -2 3 012 , : trix. of the cofactors of malrix A
HA=[{2 3 -1apdBg=|0 13 'findjhfgproduclAB? {e) Adjointof a square malrix: The adjointof fAfis (he transpose matrix.of the
8 1 2 132 : ’ : -
Sotution a a a
ution: )
Let, CA=|b b b
1 -2 30 12 ¢ G G
AB =12 3 {013
-3 1 2|1 3 2 Colactor of matrix A are
b,
Gy = 8yx by, +2,% by + 8,5x by, A= b b =60, -bG A= —? (;:‘="le»+‘34°1
= (Ix0;+(-2x0}+{3x1) & G !
= 0-0+3=3 b, b*—b c Bz_a, a’:.a,c,+a\q
Cp = 8y xby+8,%xD,+3,xby, . A= 6 el G -be | 6 G 2oy T
= {1x)+{-2x1)+{3x3)
A a!
= 1-2+8=8 g, = a, & =ac, ~a,0 B:= —C‘ C:l:—('hcz + 3,6y
Ca = a,xb,+8,xb,+a,x1b, R b
= 1%2+{-2x3)+{3x2) 4, a
] - = - = -ab, +a.b,
= 2-6+6=2 » C = b, b: =& -ab, v G b, b e
Gy = 3y xDby, +a,% by + 2y nb, ! v
= (2x0)+ (3% +(~1x1) ’ a &l L. ap
= =a b, -2,b
= 040-1=-1 G b, b
Cp = yxb,+ay,%by,+ X by, The matrix formed by cofaclors.
= 2xN+{@8x1)+(-1x3) ~ 5
= 2+43-3=2 AAA
~ R i [ay=18 8 8
Cp = Ay )y + By X by 4+ 3,8 Dy : c ¢
= 2%2)+(QAx3)+(-1x%2 2 |
@x2)+1 Jrlix ! Acfi |A) =Transpose of [A)
= 449-2=11 -
Coi = @%by + a5, % by + 2y x by, i . (A B ]
= (Ax0p+({1x0)+(2x1) 3 ! : AdilA)=|A B Q
= 0+04+2=2 . 1A B G
Cor = a5y v 3y x by 44,0 b () tnverse of a matrix: Inverse of A matrix is represented by A”
. = ([[Bx+{I1x1)+(2x3) ] . Ao‘j[/\}
= -J+1+6=4 A'_——f/-.‘l“




Example 10.2

Adj[A]
A

3 -3 4

2 -3 4

0 -1 1

A-3+4)+3(2-0)+ 4(-2-0)

3+6-8=1
B+4=9,8,=3-4=~1,C,=-12412=0
~2~0=-2.82'=3—0=3,Cz=~12+5=—“§
-2_0='2'BJ=3-0=3’CJ="9+G='3

3 -3 4
lfA=12 -3 4}, find A",
0 -1 1

Solition:

We know/, At =
Al =
|4 =

Cafactors of |4 are, A=
/“2 -
AJ =

Matrix formed by cofaclors is Ay =

AdjA) =
Adj[A] =
A =

A A A][1 -2 -2

8 B &l=(-1 3 3

¢ G Gl o4 -3

Transpose of the matrix of cofaciors

(1 -1 0

-2 3 -4

-2 3 3 _

1 -10 1 10

AAL Y 5 5 alle 3
4o 3 3|23 3

NOTE v

In struciurel problems, flexibilily and stiliness matrices are always square matrix.

Flexibility and stiftnass malrices are always symmetrical matarial. it means the lfanqpose

iy * Inflexibility and stiliness malrices, the diagonals are non-zero and non-negative.
B -

of [A] (lexibilily or stiliness malrix) is same as malrix [A].

{g) Determinant of matrix: A delerminant is a real number. associated with avery square malrix. 1tis

“denated by “del A” ar [A].

Properties of Determinant

*  Adelerminantwill have zero value it any two rows or columns are identical. :

= dlelementol weo sows or columns are imerchanged, Ihe sign af determinant changes

¢+ Theclementsinarow or calumn may be mullipled by a constant or added 1o anather row or column
without changing the vatue of determinant,

*  The adjoint of square matrix {A] is oblained by the ranspose of the matrx of cofactars of A,

10.4 Standard Results of Slope and Deflection

S.Ng. Loading Slopo Dafioction
1. | Axlat load at frea ond oranﬁiovéc
PL
k| B 9;=0 &= RE Vil
A i T —p
2. 1 Momenl at freé end of cantilaver.
Py S— B - Ml
e M IE" BT =
“‘{(i
3, | Poinl load al free end of canlilever.
p
PL o PL
'AH—T“_‘:--—_JB I % =35 LT
Lol [‘h
T
4. | Simply supporled beam with moment at bolh end:
M M o M Mg
c 0, =0y = 5= 2=
AA‘.‘:» ) 0, T On,\-'ﬁ 2Ef 8E!
5, | Simply supported beam with moment 8! one end a ML )
* " 6EI 5, =0
iy oML =0
=T, AR %= 3
6. | Simply supporied begam with moment al mid span 0,20 ML §=0
' £ LR 7]
------- N M 6.=0
! LN f.c 0=
M A ”ut_:;;i © T 12Ef &=0




7. | Propped cantilover subjected to moment al ]
propped support: '

{?m-' b= JEr 5=0

ert” O
A i L _Q_D
M
G . |
\ﬂa:a [ %:A

9. Stmply supporied beam subjecled to point joad at
mid span: 8,=28,=0
P 0, =85% Lo )
l A7 %8 ™ 16Ef L
48E!

10.5 Flexibility and Stiffness

|

A=
The displacement caused by unit farce is known as flexiblfily, Fig-101
A
. f= —
P

The foree required to produce unit displacement is known as slifinass.
P
K=

a
Also note that, K= } orKxf=1

10.6 Flexibility Matrix

10.6.1 Properties
1. The llexibility matrix will always be a squate matrix (A x n} in which diagonal elements will be nan-
negative and nan-zero.
2. Order of flexibility matrix will be equal to degree of static indeterminacy. {Le., no. of redundants)

10.62 Procedure to Develop Flexibility Matrix @
It there are M coorcinate then Heebility matnx witl be N x

size square matrix. The eiement of fiexibilily malix represenis A -

displacement of any point produced by unil force in the direction of L 8

chosen coordinate. Consider a cantitever beam, the chosen coardinales '

are shovm inligure 10.2. Fig.10.2

There are o coordinates, therelore {lexibility matrix v4ill be ol square size (2 x 2).

LY ’nz}
”"[!21 b

Note thal in typical element of flexibility matrix i.e "r
j-represents directionof applied unit force.
i - represents direclion of displacement measured.
Here,
f,, = Displacementin direction of (1) when unit force is applied in the direction ot (1) alone.
f,, = Displacement in direction of {1} when unit lorce is applied in the direction of (2) atane.
f,, = Disptacement in direction of (2) when unit lorce is applied in the direction of (1) alone.
f,, = Displacement indirection of {2) when unil force is applied in the direction of (2} alane.
According lo Maxwell's reciprocal iheorem,
1,=1,
Hence, fa =0,
Step-1. To generate first column of tiexinility malriz apply unit forca in the direction of coordinate (1)
alone. Now measure the displacements produce in the directions of coordinate 1, 2, .....N. o
Stap-2. To generale second column offlexibility matrix now apply unit force in the direction of coordinate
(2) alone and measure the displacements produce in the directions of coordinate 1,2,..... AL

for given cantilever, apply unit toad in direclion of @
coordinate (1).

f,, = Displacement of point 8 in the direction ol ] 8 —w
coordinate (1) due tc unit force in the direction j}" 1 kN
ol{1}alone.

Flg. 103
f,= _'|_><_f___ =—£'- )
“TUAE T AE .

f,, = Displacement of paint 8in the.direction of coordinate (2) due to unit faree in the direction (1}
alore.

hy=10

Alsa from Maxwell's reciprocal thecrem.

ha= £ =0 @

Nows apply unit force in the direction of coordinate (2) alone. N

;= Orsplacement of point 8 in the direction of
coordinate (2) due 1o unit force in the direction of R __._______,_I____G)
(2)alone. : )
=L Fig.10.4

Therelore flexibility malrix for given coordinate sysiem is

Lo

[(f1= 3
Q L

3Et



For lhe coerdinale marked in figure, devélop Hexibifily matrix.
@

’B
AY }-@
t o)

Apply unit force in the direction of coordinale ( 1} alone and measure displacements in the direction of

{1).(2)and (3). '@
1, —lﬁ:-_f‘- k -
WS RE T AE al N, o
!2 L Q) -~ ‘1h.N

Solutjon:
First Column:

=0
. =0
Also irom the Maxwell's reciprocal thearem,
lig=ly =0
and fa=fy, =0

Second Column:

Apply unitlorce in the direclion of coordinale (2) alone and measure displacements in direction of (1),
(2)and (3).

f,=0  (already known)

w2 ;
2" 361 3€/ A
1xtf ?

@S ToEr T T 2Er

Also, ramithe Maxwell's reciprocal theorem,

2
b= e = og;

Third Column: ’

Apply unil moment inthe direclion of coordinate (3} alone and measdie displacements in the directions
of (1}, (2yand (3},

1@
!13 =0 (Alraady knawin)

2

1
fom e (Al
0= =557 (Already known)

ALY

o R

Therefore the llexibility matrix for given coordinale syslem s

L
= h] ]
2 7
(=30 35 ~2&
e L

T?E E

PIPSTYE Fioxiblliity matrix for & beam element is written in the form:

212 5
{Al=§§{5 16]

What is the corresponding stifiness matrix?

6EI[I6 5 GEI|IE &
@) 73—[5 2 ®) 755 2

sEfrf16 -5 G6EI16 -
() T”‘[-s 2] “@ _7'7.“-[*5 2
Ans. (d)

Product of flexibility ang stiffnass matrix s an identity matrix i.e. flexibility malrix and slilfness matriz
are inverse of each other.

K=
=1
a b
Wa know, for square mavrix, A= {c d]
1{d -
The inverse of {4] is given by, [AI = m[‘c a]
16E[ 16 =
Simitarly, 1= m?[—S 2}
i GEI[16 -5
‘ m:ur’:ﬁg[_s 2}

[/l =2x16-5x5=7

GEI16 -
;'.1 . o [K] = 7?{_5 2]



'Etis constant,

Example10.5

For ths beam with cocrdinate shown In figura. Develop the flexiblilty matrix.

6]
- ] 5
&3
0] @
\ L .
i 3 t -
Solution: !
Firsl column: Appty unil moment al A ir, direction of {1).
s e by :
T 3E Py} i %"
L - ¢
}Il = E-I > 1 ¥N-m
fy = I3 {ByReciprocal theorem)

Second column: Apply unit moment a1 8in direction of coordinale {2).

fz =hy =§L§ (By Reciprocal theorem)

&c
b4

0t s,

l .\A.___'ioﬁ
= —— A
{22 = 3 ._"-1 ~

ha = L, (ByReciprocal theorem)
Third column: Apply unit load at Cin direclion of coordinale (3).

L2

fo5 e
16E!

1=

(= [ -A&:"..}PA

T T

LS
48E¢

2
= "8k
’__L;._

16E}
Therefore the flexibility mairix for given coordinate system is
Lt
3Et  BE;
BE!  3E!@ IGES
_LZ' _'L;‘ L3
16E7 16E£! 4ABE!

Hence, f. =

fa?:fm:

2
16E£7

1 kMN-m

i
S

!
{

Example10.6 Generale tlexibility mainx (o given coordinate system.

a )] (?‘J
¥ Y [ l
3 a < o

=L ——p— U3 -~ 3]
Solution:
Firs1 column: Apply unit foad at Bin the direction ol coordinale (1) and measure displacements in the
directionof 1, 2and 3.
t 3
(5) #

"7 37 BIES
by =8+ 05 Lys
L T v I R N o
I21 = e—— F— = m—
@1El 261 3 162 Er
’:n=80
fyy = 8405 Loy
RN (T - R
N7 gier 281 T3 T BlEr

Second column; Apply unit foad al Cinthe direction of coordinate (2) and measure displacements in
the directionof 1, 2 and 3.

3
fo= foy =1i 5 (By reciprocal theorem)
NEAY
p 17 g 3 1RN
2" T3E 8VE A T

2

g 1 [ 3 ] Lo

= e~ T T e

T gEr 2613 B1ES
Third column: Apply unitioad at Din the direction of coardinate (3) and measure displacements in the

directionsof 1, 2 and .
ap

fq= b= 5 —I:? {By reciprocal theorem) !

f=f —ﬁr-'a—(ﬂ reciprecas lheorem)
mEMT R E yiec ( k )

L:!
fiy= =
T 3L




Hence lor the given coordinale sysiem ihe flexibility matrix is,

£ 5 a4
81E/ 162 £ B1EJ
58 88 190
162 E1 B1EI B1E/
428 1up g2
B1Er B1Er 3l

(3=

Example10.7 Davelop the flexibllily matrix for the simply supporled beam AB with coordinate

systermn shown in figure.
@
A N /la
s e Z-5

First column: Apply unit moment In \he direction of coordinals { 1) and measure displacements in the
directionol 1, 2 and 3.

Solution:

Ll L P DT B
" 2Er T 12E A S O S
by=0

[e ixL -

9T T2aE T 24E
Also, [ram the Maxwell's reciprocal theorem,
hy=1,=0
L
fy= ’:N = ‘*‘_"‘“245!

Second column: Apply unit load in the direction of coordinate and measure displacements in the
direclion ol 1, 2 and 3. '

RN
1, = O(Already knowm) A l
+ g
fe=0 £ c iy
L=0 . '
Also, ram Maxwell's reciprocal theoarem,
ly=1z=0

Third column: Apply unit moment in the direction of coordinate (3) and measure displacements inthe
directionol 1, 2and 3,

L e ’
fy = ~=— (Already known Y0 Yof . B
[k 24F7 ( y KN ) A < = :
f.o=0 (Alrcady knovn) ’ ' K-m -

bk L
¥ 3Er 3Er
Hence the ilexibility matrix for the coordinate system s
L 0 - L
12E1 24E1
= g 0 0
L L
——  ——
24E1 37

Exampte19.4 Generale flexibility matrix for canlliever frame shown in figure,

o)

A
PrEr——
Solution: c
First column: /4 \
e H .
Y \\4»»,
LZ
b= ~5Er
L’.’
foy = =
372kt
Also, from Maxwell's reciprocal theorem,
] 12 o
fo = b T3l 3%
-2
f= = 2E7
x B - ';"-“"---------'--c
Second column; by 1 kN
2 ‘:
le= 2E1 {Atready known) ‘
L :
f, = — '
»TEr x
= £ A
o Er




~ Also, from Maxwell's reciprocal theorem,

L
In=rle= 5
2
Third column: fy= 2E7 {Already known}

L
fog = E (Already known)

For f,,: !
Using sirain-energy method
Strain-energy stored in frame
U= Ugp+ Uye
o ML ML MR :
T 2E1 261 EI
0. = A _2ML
¢ M El .
W A= 1kN-m, then, 8, becomes
2L
[ = =
BT Er
Henee the flexibility matrix for given canlilever frame is —A—
| £ £ -2 '
3E/ 2El 2E1
LS A 2
U=l-2e1 & &
S S}
2E1 El &l
—— e e — — e ]

10.7 Stiffness Matrix

10.7.1 Propertles
1. Thesulfness matriz s always square matrix having non-zero and non-negative diagonal elements.
2. Theorder of matrix = Degrees of freedom (D,)

NOTE: {a) il load is verlical in beams, then axial displacement should be neglectad,
(b} I members are axially rigid, then also axiat displacement should be ignored.

10.72 Procedure to Develop Stiffness Matrix @

It there are N coordinate then stiffness malrix will be l ,
N x N size square matrix The element of stiiness matt: A
represents larce producad by unit displacement in the directian '
of chosen coordinate Fig.10.5

&, = Force/moment produced in the direction of x when unil displacement {A or 8) is applied in y-direction
alone.

Itis also noticed thal,

k,, = K, {According to Maxwell's reciprocal theorem)

Step-1. To generate first column of slilfness malrix, give unit disptacement in the direclion al coordinate
(1) alone without any displacement in other coordinale directions (i.e. No A or 8 at other coordinale) and measure
{orces developed in all coordinate directions.

Step-2. To generale sccond column of stillness matrix, give L
unit displacement in the direction of coordinate (2) alone without any ; —l
displacement in other coordinale directions (i.c. No A or 0 at other A j T - j

1 ' 0)

Consider a canlilever beam with coordinate as shavn in figure. Fig.10.6

coordinates) and measure lorces developed in all coordinale directions.

First cofumnn: To generale first column of stifiness matrix, give unit displacement in the dircction af
coordinale (1} alone without any displacement in the direction of other coordinate i.e. no a orQ alother coardinales
and measure force produced in the directions of all coordinales.

Give 0g=1 ) and ensure 4= 0

- =1
So pravide hinge support at 8. - onfe
k,, = Force developedin the direction of coordinate L 2
(1) when unit displacement is provided in Ibe 4E1
direction of coordinate (1). t
: . o Fig. 10.7
k,, = Force developed inthe direclion of coordinate
{2) when unil displacement is provided in the direclion of coordinate {1).
Take. My =0
4Er 2E!1 @
Agxt-—-—— =90 )
] L )
GE/ ; ——— 6
Ag= = 1 L& Fas
e @\\_
Q€S
fam A
6E/ Flg.10.8
Second column: To generale second column of »
slillness matrix, give unit displacemenl in the direction
coordinate (2) and measure force developed in the direction
of coordinales (1) and {2) B & T
Give A, =1{T) and ensure 0= 0 /,./ BN J I
Se. Iz the end B al & so lhal ' o5 A ¢ T'? a=1
s o
88" = tumt v l
: oar - e T e e - a8
Take, ‘ ‘ M. =0 e
6E!  6E1 e
Tt fMext =0 Fig.10.9



0= JE (T)
. . _ BEl - 12Ei
R k= B and "Z‘RB=_L3“‘

Hence the sliliness malrix for given beam is

4E1 BE1
L iz
6E! 12E1
WO

K =

10.7.3 Standard Results for Stiffness

Typo of Displacement Co-ordiriate system Displacoment dlagram Stiffnoss
1. Axial
2. Transvorsao displacamant
{2} with far end fixed
® B
. ) 3E
b) with far and hin: l - 8 koo
ib) inged A B A T
) @L/[ FaN 31
Ky = -
3643 L
LZ
3. Flexural displacemont 4EN0
L 4
(a) wilh for end lixed A4 8 & ; Ky = —:_E”,
\
-/ (@) | 2
26 kn=—
L
3E10
L 3Er
- ko= S
{b) with far end hinged "l(:‘*——?\ ) A < = 19) "L
ey —
Hyy =0

Example 10.9 Generals sliliness matrix for the eoordinate shown in figure.

@
0] @~
oo .

Solution:
Flrst column: Give unil displacement in the direclion of coordinale {1).
o=t O andensura A, =0,45=0and8;=0

So, replace supbon B by fixed suppon. 4.{:'&
ZF,=0 R+ Bp=0 .0} ( W
M, =0, H,,x;+ﬁ?+—2%=o ;:T =
Ao= -2 and = 2
o = 221 o= 2L
foy = ‘6% kg = '57_’;-—!

Sacend column: Give unil displacement in the direction of coardinate (2).

8,=1 andensure d = 4,=08nd0,=0
f:} 8% 4 %

IF, =0 R+ fy=0
IM, =0 -‘?th+%+%{ =0
Ry = 'LZEI and R, =—6§—1
\ Kz = "Q‘LEl kg = 4TE’
Ky = qﬁ'—; Koz = :%gi

Third column: Give unit displacement in the diroction of coordinate (3).
s a,=1(Nandensure 0, =8;=0
andA;=0

-BE/
Koy = —

13 IE
N )

w® TE

1REY
X




~12€!

Ky = &

Fourlh column; Give unit displacement in the dirccron of coordinale {4).

& Ag=tandensure Oy= 8;=0and4, =0

6E1

M=
__BE/
TR
12E]

1 = B
12E1

Ky = -‘LT'

Hence the slifiness manix for given coordinale system is

T Tt G I
i E] 2
" = ¢ [k Ik
2 I £ £

5 2 LZ L3 LZ!

rap;  -281 -BEI  BEL]
-pEl 4El BE/  -BEI
-GEI 6E/ 12EI —1260]

66/ -6EI ~12EI 12EI

Ekéf:{;ﬂe 1010
: @
;D\ n €
AT~ T

El ks corstant

S 3

Solution:

First column: Give unit displacement in the direction of ceardinate {1).

s D,=17)andensure g =0 T ,
AEI WA [

K.

< A
1 1
2E1

ka=

Second column: Give unit displacement in Ine direction of coordinate {2).

. _ P 260
A Gp=1 Qand ensure0,=0;=0

Ganerate stiffness matrix tor coordinale shown In figure.

’
C ] on ) Y
2¢&1
b= T

dE/

8EI
K, = m——
27

Hence the stiftness matrix for given beam is,

AEL 261
L {
2€1 BES

L L

[ =

E:'gafnp!e!O.H For tha [rame shown In igure genarate stilfngss matrix.

(eY® @30
WA

Solutlon: P

2e
N L
Second column: Give unit displacement in the direclion of coordinate (2).
8. =1andensure By =0

26t

2£¢
b a

4E1
o= T

Henge stiflness malrix for given Irame is

BEI 2EI
A
N AL
(W= 261 JEL
L L




GGl RlRP]  Draw stiffness matrix for the frame shown below,

@

Oy

fa
(€]

L, B

2

A
o
Solution:

First column: Give unit displacemant in the direction of coardinate (1).
& Bp=1{-)andensured,=0,

Take, My =0
6E/;, GE1
Hyxl =L —3 H,
ALy L“,’ E‘. =0 '
12E7
H, = ==
A 5
Also, IF,=0
o= Hy
12E1
Hy= <1
(1] L::
12E7
k= _'j—’
I
-6E/.
Ky = gl
il ‘3 '

Sacond column: Give unit displacement in Ihe direclion of coordinate @.
0y =1and ensure Ag = 0(-)
IF =0

Hy = H,

Also, IM, =0, Mo 8

2C1, 4ET :

B T 3 A Skl Ak R, L

1 ] 4 L, ’:

6E7 ;

Hy= ==L i

g : ;

Hence, Hy= 8EL \ i

I 4 E

4E7, 3El
ko= —2t 22
oy + i

Hence, slifiness matrix for given frame is

ey _eEn
3 2
=15 g
-6E [@ +aa,,]
g \L bk

10.8 Analysis'of Beam and Frame Using Flexibility Matrix Method

10.8.1 Degree of Static Indeterminacy (D)
(a) 2D-Beam: As the beam has open configuration, the degree of internal indeterminacy is zero. Hence
lhe degree of stalic indeterminacy is given by,
o Dg=1,-3
Il beam has internal hinges, then the degree of sialic indelerminacy,
, DS = I'E -3-n
where, «r, = No. ol independent external reaclions
n = No. of Internal hinges
(b} 2-Drigid frame: For 2.0 rigid frame, the degree of stalic indelerminacy is given by
. Dg=3m-r -3j~r,
vihere, m = number of members
r, = number of independen! external reactions
f = number ol joints
7, = number of reactions released

10.8.2 Basic Released Structure

It is slatically determinate and stable structure which Is oblained by releasing a suflicient number of
internal forces o external reaction companent in order lo obtain determinate siruclure from corresponding statically
indelerminate struciure.

. . - A 8 D
Consider a continuous beam ABCD as shown in figue. W rﬁ _é_ _Q“
Degree of s1atic indeterminacy for above beam is ' o o ’
‘ Oe=1,-3 Fig10,10
Here, l =5
g ‘DS =5-3=2
Beam is statically indelerminale lo second degree. Thus to @ ®
make the beam slatically determinate. two reactions component either ] ]
internal or exlernal have lo be released. A (1]

A a
Fig T0.11 Releasedstnicturovehen Ry and 8,
arcteleased

Cese-1: Consider external reactins at 8and C are redundant.
Thereleased stucture can be obtained by removing restraint offered by
reaclions. For above beamreleased struclure is simply supported beam,



Case-2: If bending momant at 8 and external support reaction at C is refeased, Than the released
struclure comprises two simply supported beam AB and BD as showmn in ligure.

@
A /‘- é\ [ (2}
x A &
=
T ! i
R (g

F19.10.12 Relenscd structurewhen M, andR, are released

Cass-3: i bending momeni at Band Cis releasad. Then the raleased struclure comprises three simply
suppotted beams AB, BC and CD as shown in figure.
e

A 8N o}
A

A L B BN /T o
A BSR Gy A

Flg.10.13 Released stiucture when M, and M are refeased

Procedure of Analysils

In flexibilily method, unknown lorces are laken as redundamt and numbaer 'of redundant are equal to
degree of slalic indelerminacy. If thore are N redundants, ther flexibility matrix will be a square maltrix of size
Nx N

Consider a beamwith coordinates as shown in figure.

f,, = Dellectionin the direction of coordinaie (1) when unit load @
is applied in the direclion of coordinate {1).

f,, = Dellection in the dircctionof coordinale (1jwhenunitioad A ']———ﬁ-———I —®
, ]

is applied in the direction coardinatc {2).

iload P, is acling in the direction of coardinaia {t) and load P, is
aclingin the direction of coordinate {2).

Flg.10.14

Thus Ihe lotal deflection in the direction of caordinale {1} is,

a, = 1P+ 1,7, i)
Similarly. the lolal dellection in the direction of coardlinale {2} is,

&y = Py + faP2 i)
The equations (i) and (i} can be represenied in matnx farm as [

2= el |

{a] = (N{F P, 2

P =10"(8) l l
A B cl

Step-1.Find degree of static indeterrinacy (D). Now identify FAN .ﬁ_ [N 'k
fhe redundants in such a way Ihal released struclure remain slable
and detesminate, Neglect all axial effect in beams. Example A= RJ TR‘] =R,

In above case there are wo redundant say £, = A, and
A =R Fig. 70,15

B - "
. .. @ @

Step-2. Remove the redundants and assign ona coordinate in-
the direction of each redundant. . I [

Step-3. Develop flexitility matrix for above cootdinate sysiem and I
find inverse of llexibility matrix i.e. [f]™. Fig. 10.16

Step-4.Remove redundant and obrain basic released strucliusre
with given loading which is stalicalty determinate and stable. 0] P @ P,

1

Step-5. For basic released structure, find dellection dus 10 | ‘

givan loading in the direction of assign coordinate. Let A, and Ay

are dellections in the direction of coordinale (1) and (2} dus Lo given
loading in basic refeased struclure,

step-6. Remove loading and apply redundant {orces in the
direction of assign coordinale and find deflection al coordinale (1)and (2). LetA, ,and A, are the displacemants
due to redundant reactions in the direclion of coordinates (1) and (2) respeclively.
aip= Ay + fpfh
Bop = by Ay + Infhy

Fig. 10,17 Basicreleased structore

fy A, o
Hence. el [ i ‘2][ '] G
_ ‘ Aoy by b2l ‘
Eind final deflection due lo given loading and redundant reaction at coorgdinate (1) and {2).
&, = An. + '\l,ﬂ
B, =8y + 895

Siace in the direction of coardinate { 1) and {2) redundant reaclions arc present. Hence {inal defleclions
Wil e zero.

dp = -By
By = Ay
A =4y
Also, I m] = I k]
Az ~Ay

[_ﬂu-}

T [~
-1

_ hy e

b fa

Ay .
=3 l AR




[FEUTSPATREY  Analyse the beam shown In figure using Nexibility matrix melhed,
50N 100 KN

A BRI B

" k3 £

|=— 3m —f+—3m—= 3 M3 |
E!'ls conslont '
Solution:
Di=r,-3
Dy=5-3=2 @ @
Thus given continuaus beam is redundant to
second degree.

Letus consider reaclions Agand A, as redundant.
Also et coordinate (1) in the direction of Ay and coordinate
{2}inthe directionof A

T begiak

&m } 6m 1
Co-ordinnte Systern
Flexlbifity Matrix

Column 1®% Apply unit load in the direction of coordinate (1) and measure displacements in the
dirgction of coordinate (1) and {2).

e 72
"7 3gr T EI
Ly = 8p+8yxLle
2
- 72 1x(B) «
- £ 2E1
72 108
= e o er—
£ E1
180
b= Ff
Aso. irom reciprocal theorem,
180
' = f T ——
12 21 Ef
Column 27 Apply unit load in the direction of coordinate (2} and measure displacement is the direction
of coardinale (1) and (2). (RN
180
[RER i
N Er 8
A ] I
ix(12y 576 ! 6m : &mn—-—l|

r,= =
w7 T3ErE

Hence, the Nexibildy malrix for basic released struclure is

2 e
El Er 1172 180
M=l s78 ‘E[weo svs]
! EOEr
Inverse of flexibility matrix,
576 -180
(4 = Agjlfl _ [-180 72 ]

1f] ~ (72x576-180x 180}

00634 -0.0198
-3
t 'EI[-omss 0,0079]

The displacements in the direction of coordinates due o external loading:

SO0 KN @ 00 KN @

SRR N R
d s .

—3m—fe—3 m—y

Using conjugale beammethod,

[

= Confwgalo beam

. A, =BMal 8

= A1:\—", * Azfz + AyXy + A%,

600 1 450 2 300 1300 2
- e — P - —— - Pty 1.5 —~—x—— —_%3
e »3Ix45 3 E] <3x(3+3x3) 3 x3x 5% F xzxsx
i - ——511[60013x4.5+-——--——450><3x5+30{)x3x1.5+300x3xi}
' 13725
! . L1802 .
Ef © *

A, =BMatC



e

b, = 800 lisg 2 1300'(2)

5 x3x105- 2x Ixsx 4+3x3 1 X3 x 6+3x3

300 1 300 2
--ET- %3 X(6+ |5)—§XE~A3(3+ 3 XJ)

1 450x3x11 300x3Ix8 300x3x5
= - 105+ 7.5+ ———
= E}[GGOxax 05 > + 3 +300x3x7.5+ 3 }

38925 !
== '“ET" )
R=107{-3)
R . 0.0834  -0,0198 s -{~13725)
A -0,0198 0.0079 | EI|~{-38925) ;
A1 [0083 -00198][13725
R ={-00198 0.0079 || 38925
Ry = R, = 0.0634 x 13725 - 0.0198 » 38925 = +99.45 kN
R, = R, = -0.0188 x 13725 + D.0075 x 38925 = +35.75 kN '
Alternate Solutien - @
Now let us consider M, and Ry as redundant. Alsolet I
coordinate (1) in the diraction of M, and coordinate (2} in Lhe ®
direction of Ra- ( .
Flexibllity Matrix Co-avdinate aystom
Column 1%t
LI =2
U 3E £l .
1, =1,,(By Reciprocal thecrem)
Column 2n4:
BRLIS
©TUNeEr T Et
JIx£ 3%
27 AgEl EI

Hence llexibility matrix for selecled coordinate system is

14 -8
= E?{-g as]
The nverse of Hexibility mate,

Adlf| E:{ 05714 +o.m23] .

1=
Il +0.1428  0.0634

The displacements in the direction of caordinates dua to external loading:

S0 kN 100 kN

R

Je—3m—ef+—2m —=f—3 m——fs—3m

‘Using conjugate beam method,

\C
=
Conjugoto Beam lgo
1_187.5 187.5 12625 1875 12625 2025 )
o o= 3 g e B ] 2% E TR A0
Applying. IMe =
1 187.5 187, 1 282.5 2
- = ,.— = 3x=x3=0
R,‘w12+2,<3>\ £l X1O,+ 1 x6>-.5 sz z 5+ 7 —x 3x3
2_129;‘+(2812‘5+5750+1.125—1-787.5):0
El
956.25
= = TE
1068.75 : (L2025 )
8= "TE; ( 0 ="g; A
QJG?.: 95625

A, =0,=SFatAinCB=~

(in the dircetion of (2)
A, =BMatBinCB

.-R‘gm(-»ax 8'5“]*[”‘7"‘3 |5] (—;rarﬁ..a)

£f I3

B 9562.»6 3:-:1875 4 187..)/;571 3x37.5_ 712"(l)
B BTV TToE £l T U2Er Er




(A =10"-a

[Rx] 0.5714 0.14287 1 [-956.25

= Ei W

R, 0.1428 0.0634|" E7 [+37125
A, = 05714 x-856.25 + 0.1428 x 3712.5
My =R, = -16.25 kN

and 0.1428 » - 956.25 + 0.0634 x 37125
Rg= R, = 98.82kN(T)
Alternate Solution

Letus consider M, and M, as redundant. Also let coordinale (1) in the direction of M, and coordinate

{2) in the direction of Mg
®
A
@

Lo N ¢
=) R
® .

@ @
Flexibility Matrix
Column 15
1KN-m
(axL_ 8 2 f 8
" 3Er T 3B E s,
Lt .1
= EE T
Column 27
1
ho=ly= I
lg = (Oghia * (B )gz :

L, L2 2x8

2= 3E 35 T 3E T 3E

4
fy= '57

Hence Mexibility matsix for selecied coordinate is

12 1
1= =
" El l"l 'iJ
The snverse of flexibility matnx is

L Adl] {0.57:4 —0.1428}

= ~0.1428  (.26857

The displacements In the direction of coordinates due to sxtems! loading:

5D kN 100 kN
@ @

f @ 'l' /’—8 ;] l c
S & &) s
} Im : 3m { } 3Im } 3m }

50:(52- 112.5
S e -y

_ §0x6” 100x8° 3375
b= T5Er *TieET T El

CR=(1-a)
Al gf0871¢ —01428] 1 [-1125
R T|-0a428 02857 | Er[-3375

M, = R, = 05714 % (-112.5)- 01426 x (-337.5)

e =]

otz

. M, = -1B.08 kKN-m
and Mg = A, =-0.1428 < (-112.5) + 0.2857 x {~337.5)
Mg = -80.35KN-m
" Analyses the conlinuous beam shown in figure. Use llaxibliity matrix methad.
100 ki
A ilr\r\'\'\i.\ﬁirwvﬁfvv-\ &8 l ]
] Y r-S
§ 4m 1.8 m—rf—1{.5 m—]
€115 constant
Sn!ulﬁ‘on:
' O;=5-3=2
@
Thus the given beam is indeterminate to second
degree, ,
Letus consider A and Ay be the redundants, Also 4 | 5
{st coordinati (1}inthe divectéon of A.and coordinate (2)in
the direction of A, Co-cdnate System
Flexibllity Matrix
Column 13%
5 Al 8
g = e 3w '
"UOU3Er  3f) | 4m | Im =

fy = f,  (FromMaxwell's raciprocal theorem)




Column 2: 1+N
x4 1xa?
= e e X
27 31 2E1 Al
d
136 B ¢
fp= 3 - 4m { Im |
e 64
2" BE1  3E1 !
Hence the llexibility matrix {or selected coordinate is
48 1%
_ 113 3
" Eie o
.3 3
The inverse of Hiexibllity matrix is
M -1
= Adl0_Efy 3 3
1116 343
2 3
0.055 -0118
A 1= E} i
W= [—o‘na 0.297}
This displacemant In the direction of coordinates dua to exlarnal loading:
100 kN
1 SOKNm l c
A 1 5 =
f 4m 1.5 m—»|=—1.5 n1—={
100 (ADF  100x(AD)? 60 (ABY 60x(AB)°
A, = A= + +
w= de [ 3] TR T oer E¢
o 1002557 100x58 . 60x4® gOxa’ | 11654.58
3E2 2E1 T UBEl T GEr T E
100x(48)° 100x%(A8)° §ax{A8)"
= Ag = -~ + L
32 = o [ 3£ Y B Y=
5253.33
A?L = - Ei
1A ="

[R, =E,[0.055 ‘°"‘8},¢L —{~11654.58)
R -0.118 0297 | £1|-(-5253.33)

R = M, =0055 « 1165458 -0.118 x 5253.33
R = 21.10KN
and Ry = A, =-0.118 x 11654.68 + 0.297 x 5263.33

Ay = 185KN
R, + R+ A, = 100 + 60 x 4
R, = 340-21.10-185=133.9 kN

Alternate Solution
Mow, lel us sefect M, and M as redundant.

AT BN
Vi A3 RS
N

Flexibllity Matrix
Column 1%

Column 24
4
he = BE
foz = (Og)g+ Oploe

A, 37
T 3EIT3EN 3&

Hence the flexibilily mateix lor selected coordinate is

1
=7z

olh wis
W~ e

The inverse of lexibilty matrix is

. Ady]_ &l [ 23 -—O.GG'."I
= V] 2654|0667 1.33
0.877 -0.261

B E’i—e.zm o.scn]



Tha displacements in the direction of coordinates due o axlermal loading:
100 kKN

o 60 KN/ e c
g O

————dm 1.5 M= pem1.5 m—i

100 kM
60 klm
A 8
[ am |
60x4° 160
A, =0, = =
T AT e TE

o1 = (Balag + (Og)5c

- SOx43+100x32_216.25
24E7  16E1 T E;

[R} = Ul-‘ ["JL] .
A1 g, 0877 0254 L1 [-180
AT T|-0251 0501 Er|-216.25
Ry = 0.877 % (-160) + (~0.251) x (-216.25)

M, = A, = 8604 kN-m .
My = Ry =-0.251 x (-160) + 0.501 x (-216.25) = - 68.18 kN-rn

10.9 Analysis of Beam and Frame Using Stiffness Matrix Method
Pracedure of Analysis using Stiffness Matrix Methad

Step-1: Delerming degrea of kinemalic indeterminac

y neglecting axial delormations. Identify independent
joint displacerment [ . SO

-
Step-2. Assign one coordinale in the directian of eachunknown dis,

placement of joint. Develop shﬂness
matrix and iind inverse of marrix. ’ '

Step-3. Remove displacements in the direclion of coordinales ang oblain locked structure, Find the
farces developed in (he direclion of assign coordinale due 1o given loading in Ihe locked stiuclure,

Let P,  Fyy.....P, are forces doveloped in the direction of coordinate. Thendisplacement AL a4
will e ‘

3.

:.\' ar KigeeoKig &
N RN LT ) Y
RE Py

) ""m -krrv
A=K7 -R)

Uslng stilfness matrix method analyses the beam shown In figure. Find final
moment end also draw bending moment diagram.

10t
S0 Um Ck
A Brwwvww—vvvvf
J—1.5 m—= ~—1.5 m—] im d
E}is conslant
t
Solution:
Oy =3j-c,-ar"

Here, j= 3, r, = 5 and m" = axially rigid member = 2

’ 0y=3%x3-5-2
O¢=2

Take 8, and 8,;as unknown displacement.

. c 3
Assign coordinale (1} in the direction of 8, and AN é N\ ]
coardinate (2) in the direction 8. 2 )@ e )@
1 -l
Stiffness Matrix |- 3m e dm {
Column 12t

Give unil displacement in the direction of coordinate {11,

. 8y=landensureBy=0 Ky h
' 4E1 N U ) 4m
& 2=

nT 3
281
3

aprie——

Ky =

Column 20¢;
Give unit displacement in the direction of coosdinate (2).

0p=1andensure8, =0 (-k“
2E; |
ke = =5

kze = ﬁg—l -+ i‘?]— = ;—EI
The stiffness matrix ior selecled coordinale is
4E1  2E7]
3 3 _Erf4 2
We=leer 773 [2 ?]
3 3

The inverse of stiffness matnx is
1 [ 7 =2]

171 P




‘ Let Py, and Py, are forces {Moments) deveioped in the coardinale directions dug to the given load in
-t locked struciure, _ = 2E 3
MEC = MDC'fT 2“n +0c"‘L—
101
’ 2EF (2x1.1875
- B[ E2 22,00 X
= -8B+ 1 ( £7 + ] -6.81t-m
—  2EI 34
t+—1.5 m~—= 1 5 m——e} am | : Mgy = Mca+ - (00 +20, - -L—]
—~ _ 10x3 ] ' :
Ma = - =-375tmJ - ; ‘ = m%i("gsw-o) =8.503-m
Mas = 375tm 7D
Ve = -6x42 =81 )
e 2 ™o
Meg = Bt—m:)

Py = Mag=-375tm
Py = Mag-Msc PHRMPPET]  Analysis the frame shown In figure using stiflness matrix method.
= 375-8=-4.25tm ' ‘ 60 kNim

& L7 A)f-ars) ' | e A
Az BEI -2 4)|-(~.25) i
. 1 ! Im
- A = == [7x375-2x4.
TS 2 . om—sl @
. 222 C
& Ay = 8, = —E- 2m B8 4m /)
. Al @4-
and 1 ' T ®
4, = 5&7 [-2><3.75+4 x 4.25’ Solution:
: o= 3f—r - §
N - 8 = 1.1875 ‘ 0, =3 r, mr m
A= Bo= El Here, j=3.r,=5.m" =2 ’
Final end moments: i D,=3x3-5-2=72
Take 0, and 0 as unknown displacement. Assign coordinate Al

2€¢ a4

My, = Mag + T(geﬂ +0y _T) {1}in the direction ot 0, and coordinate (2} in the direction of 6

Stiffness Matrix

My = '3~75*%{[2¥&+L1875 ‘0) Column 1%

£l 34
Mw = 0t-m Give unit displacement in the direction of coordinale {1).
05 = 1and ensure 0. =0

_ .. RE6 A
My, = MB”T(QG““"'T] . _ AED_4EQN) _14EI
=g YT T

2E(21)
4

N

by = = El

3_7S+g§i(2x141875

2.22
I +'-l:::l—-—0) =G.81tm



Calumn 219; ¢ = 8g=4, = 41,664
Give unit displacement in he direction of coordinate (2). ) ) . El
 8g=1andensure =0 ks and A= '5'17 [<0.217 % 56 + 0.608 x (80)]
kg = by = &
.y . oa . 80792
kyy = @ _ 5 o ) T Er
Hence, the stillness matrix lor selected coordinale is Final and momants:
. ’ ) 3a
W = [ —E/ Er} A M= MAa+—-—-—[26A +8p L)
Er 2&1
2E1 41 564
The inverse of stillness matrix is . =86+ ( 0) ~18.33 kN-m
1 [0 -5] . 0434 -~0.277
[ - — 3/
W= 538 [ 5 m] o & [»o 217 0,608 ] Mg, = Mas +—2-§-(0,., +20g --‘3)
_. [ L

Let Py, and P, areforces (moments) developed in the coordinate directions dus tothe givenoading ' :
in locked slruclure. : 044 260 ( L2nA1664

, . 60 kim . : T ~)=sr.4sm-m

- 2E{21) 34
Moo= Mec + Loc (239 +8¢ -—L—)

Mas = Pog _____50x:4;y2 24km ) “am !
i 5 ‘ 4Ei (41864 60792
50 (N ] @ —’80 == | =-57.46 kN-m
2 Rfien \ E7 El!
— _ZV_!_ 60x 47 -8 U .
Moe =712 12 4 n L 2ERD(, 34
om Meg= Mcg + +28¢ T
wi?  g0x4a° Lge
Mes =75 =7 =B80kN-m ) A !
] ~ 4E/ (41664 2x60.782
—_ ' - Moo= 480+~ =57~ 9)=90
P = Mpa = Mag !
= Py =24 - 80 = -56 kN-m ' m Analyse the [rame shown In figure using stiliness matrix method.
and PE.'. = frfc_g "b";'" .
Py =BOKN :
' P 4am
Hence, j‘ = [k]"[ P“] ‘ _
N P
A2 & i ¢ 3m 22.5 kim
(3] 10424 —0217][~(-56) 5 o 2/
L82) " Er{-0217 0608 }|-(80) am
- g Flam
ar|_ 1 foa3a -0217][s56
|aa )~ Er{-0217 0608 ||-60 s
. B .

A - -E—';[o.aaa 256 4(-0,217) x (~20))



Solution:

h‘gm
Dy=8j—r,— o7
Here, j=5,1, = . !
m" = 2{Axial d;sptacement of ODand GBalready preventedi.e,
fixed al both end) ic N N
,;=3x5-:1-2=2 1 s é 21 55\:)
Take 8, and 8, as unknown displacement. Assign coordinate {1)
in the direciion of @, and coordinate (2) in the ditectionof 8. !
" Stiffiness Matrix: ' 8

Column 15%
Give unil displacemant in the direction of coordinate (1),
o 8y=1landensure8,=0

4EQ@N AEI AECSI) 4EL

= = 4 3 7
Ky = 661
k= 25(2:} E

Column 209,
Give unil displacement in the direclion of coordinate (2).
« Oy=landensura ;=0

Kp = Ky = EI o
AE(21
Ky = ( )

The stiliness malrix for sclecled coordinate is,

=2E!

61 £
W = [EI 251]

The inverse of stillness malix is

PAC UNE LR

k] ~11Er{-1 B s
Let P, and P,, are lorces {momenis) developed in the coordinate directions due lo the given lnading
in locked structure.
. 2
P, = Mon=-222L
" 12
: " = —30kN-m
P, = Mo =+30KNm

Hence &
ence, A2,
4,
= G,
and A,
= [

Final end moments:

Mo

Mo

My

Moo

1 [ 2 -1)[-t-30
1E | -1 6|1-(30)

— (2% 30~ 1x(-30))

11El E 22,5 kN/m
8.18 ¢ dm
b= g 1
-1%x30+6x-30
_ -19.09
T FEl

Mao+ ZE:-ZI) [29,’l +0g ...3[‘3} '

4Ef (2%=19.09 B8.18
4E1(2x-19.09 BA8 ) _,
30+ ( T )

—_ A
M+ 25(2!)(% +28, SL)

4E1( 19.09 2x8.18
_ap 2ELf 1903 -0 - .
30+ a ( 1 + T, ) 32.73 kN-m
Hﬂa+£[208+90—%)
4 t
2Et 8.18
&=L . = 409 kN-m
O+ ) [01— EI]
Hgg+£{[05+233—§£)
4 L
0+ ?-Ei(O+—"’—“—'3-‘—8--o]=a.1akru-m
El
ﬁco+g§m[20¢+ﬂo—%)
a L
3E4 8.18
20+ ——-0]| =6.135kN-m
o 4( 2 )

Bl + 26050, 1 20,-32)

04 35( 2x8.18

0+ ——---o] = 12.27 kN-m
3 El



2E/ (. 8.18 .
- 0+ 818 )
3 [°+ = 0)-4.09km.m

2 34

Mo = Moo+ —:-{ (00 +20, 'T)

0

0

it

2E1(, 2xB.18
+-4—[0+ 7 '0]=8.18kN‘m

Example10.18 Using stiftness matrix methad, analyse the frams shown In figure.

50 kN/m
a8 13
¢ om WA
3m
100 kN
Bm Sm
Im
i R
A
£/t constant
Solution:
D= 8j~r < nr
Here, j=5.r, =8 nf=4
: 0.=3x5-8-4
=3

Take G 8.and 8, as unknown displacement. Assign coordinate (1) in the direction of 8,. coordinare

{2)inthe direction of B, and coardinate (3) in thé direction of [

8

7o) 7N
g

®©

Stiffness Matrix
Column 1%

Give unit displacement in the direclion of coordinale (1),

Op=1andensureB;=06:=0

4E] 4ED 4

, k” = —6—-‘6--6—=§El'
261 _EI
k?‘k‘ 6 3
ky=0

Caolumn 2°9-

Give unit displacementin the direction of coordinate (2).

8c= tandensure By =6.=0
4

kip=kyy = %
Ky = ig-lwi?:q»%a:ZEl
Considar 3%

orETTy

Give unit displacement in the direction of coosdinate (3).

Og=tandensure 03 =08, =0
Kyy=ky=0
£s

bag = Kyz= =

_ €2
6 3
The slilfness matrix for selected coordinate is,
Ef
3

261 —

@ w| R

F
3

q k=0

8 c
' (o
A o

™)



The inverse of stiffnass matrix [X):

4[1941

1
RIS aote
. 1>< /< >< '
1 6><1/\1><6
!
3 1M1 -2 1 ‘ !
AdiK = £|-2 8 -4 5
1 -4 23
M = 412- - 1{2-0)+0
I ~ 42

_ 0261 -D.OO476° 0.0238
W = ___A"’;:“l - L_?, 000476 0.1904 ~-0.0852
, 00238 -00852 05476

’ 0783 -0142 00714
A7 = =1 -0.142 05712 .-0.2856
00714 -0.2856 16428

Let £, P, and Py are forces developed in coordinale diraction due to the given foad in locked
shuclure i

50 WNfm
Py = MBA_&E)

_ 100x6 50x6?

-8 12 | 100 kN
) = ~/5kN-m
P, = 150khm i
P?L = O :
a, 0788 -0122 00714 ][-(-79)
dg| = z[-0142 05712 -Go8s6||-(150)
Aq G0714 -0.2856 16428 ||-0

A = E—"{OJSS *x75+0,142x 50+ 0]

- 0. - a 8002
e g
1
and 3, = -571—1—0.142,\:75—0‘5712::aso+o]
96.33
= TR m—— !
= b= Mg

and A= E‘_—‘;[OD’/L‘)'.75'&0‘2355)(150-!-0]
48.19
BE = AJ = £l

Final end moments:
—_ 3
My = M+ ‘3‘2[20,\ . TA]

- 75+ 2—‘Ei[o 80.02 02—0J —48.33 KNm

B 6 £
= 33
I'v‘,&\ = Mpy+ 2—5—’-{3‘4 + 203 - T}

2E1 £0.02
El

= 75+T 0+2x ———0]-.12385kNm

Mo = Hgmg—gl[zonwc-%‘i]

2E/
= =150+ & [

80.02x2 -953-0]- ~128.76 kNm
T

My = ﬁcﬁgg—’[oﬂuoc—gf-]

2€7(80.02 2x9633
— o220 BT TR 0= 112.47 KNm
= 180+=¢ [ E7 Er ]

My = Mo,.-v-ig—[ZUD 0c~§£—]

. 0+ %ﬁ[o gﬁ-o]naz,nmm

- 2E1 aa
Mg = Mc_)+—-6-—[00 20, - L]

= 0+

2E7 ?x-9633
cEllge E27 2027
6 E!

- 0] = -64.22 khm

My = Mg +25] 20F+GC-3L‘3]
_ 0+ 2E1[2%48.19 9633 0]=0kNm
6 Lt Et

: 35
Mpe = Moz + —gi [ur + 20, -T]

_ o 28 iﬂ-ls!-?*-%?—‘ﬁ] = —48 14 kMM
- [ &/ El



Examplo 10.39_ Develop the stittness matrix for the end loaded prismatic beam elsmant AB
with reference 1o Ihe coordinates shown In figure,

3 q
5 ‘ /‘;‘\s

A (B 2
Solution:

First calumn; To develop the first caiumn of siiflness matrix, give unil displacement in the direction of
coardinate 1 and find force induce in other coordinate directions, :

A= _P.L_ A ! A - 8
CAE 3— =1-~§—~——‘—hf “«p
ita=1tenpPek o L -
AE . ’
k” = T .
' AE
e =T
By Maxwell's reciprocal theorem,
AE
Kia =k = T
kal =0, !\‘_” =0, Ky =0, kﬁ-l =0
Second Column;
AE i IB
e P——)I#— T —[——a=1--£ «—p
AE
fe=
Kp = 0.k = 0.k, = 0, kp =0
Third Colurnn:
Ky =0, kg =0 ’
GE/
o= " A s s
c | a
6L/ g g
fo= - \—D
12871 \T
IM, =0 A, L—T - Ry
12E7
Rz =5

Fourth Column:

IMy = 0;

and

Klu=0.k,=0

Filth Column:

k5= 0. ko = 0

Sixth Column;

Ry
x
~
+
3

£
[]

1281

12ET

e
12E;

A,
ag
A |
‘\ g=1 l
’ 2E
L
€1
_6E e
Ru==%
L
2=
I3
1 B=d
i N
&
L 6E7
-85 R,
L!



Hence, the sliffness matrix for given coordinale systam is

.

A _sE
L L
_4E A
3 L
0 0
0 0
1] 0
]

2}

[}
1267
3

0 0 0
0 o o
_12E1  BEr  6El
T E T FE
1261 6EY SEE,
£ B I
6E1  4EI  2FY,
2 N
6Es 261 4EL
I L L

i

Analyse the partai Irame shown in figure by flexibllily matrix method. £l is

consiant.

Solutlen:
Here r,=3+3=6

The redundants selfecled are

Cooardinate 1, 2 and 3 selected in the direclion of redundant
shawnin figure. The basic released structure is 2 canlitever
frame. The required defleclion may be calculated from unit

toad methed.

Bk

2

m £

J D
—* £lis constam '—]“‘

2m

Flg. Portai frame

—,_n
Oy=1,-3

B=6-3

H,

g,
A=

i

=3

25N
B———— c
2m- £ 2m
3m
S0KN ——» F
&m

Im

A

Fig. Baslc releasod struclure

Portlon Dpec CE €8 BF FA
Origin D C E B F
Ltmit 0-6 0-2 0-2 03 0-3
M 0 0 ~25¢ -50 | -50(1 + x)
l 0 x x+2 4 4
m, -x -6 -6 x-B x=3
m, -3 ‘ -1 -1 -1 -1

Where M= BM at any section due 1o given loading
m, = BM at any seclion when unit load is in the direction of coordinale 1
m, = BM al any saction when unil load is in the direction of coordinale 2
m; = BM al any section when unit moment is in the direction of coordinate 3

Mmdx
ay= | [

R T R e T

Ea,) = 0+0+ [ -25c(x+2)de + [ ~50x 4dic + [-50(1+ x}dctx

= 328" - 0r)ch - [ 2000k - [F200(1+ x)de

: e .
: 50t x
= [—25—3———5—‘[}—2%[,(#-1'? 2]0

. P%] i 2
- [_35;i-50x2J_200[2x3+%J

2266 67
M= T

A,
= g

Eify) = 0+04 [ (+25x)(~6)chv+ || -50(x ~6)dv+ [ -50( 1+ x){x - 3)ox

= joz 150 dx - J.:SO{ v=B)dv~ 50];(14» x){x=3)dx

? " 3 Bl & 2 s
It X K !
_ Yol - -3y r—-3
50‘ 5 638 1 50[ 3 KX 3 > L
1 ’

- I150#
= 2

= 300 - 675 ~ 450)



75
A=

j M".hdr
Blay) = 040+ [[ 2510l [ 1500+ [750(14 x)
=50+ 150 4 375
575

by, = El
I—d.r

2 2 2
6, = 0+jox2dx+jn(x+2y+j:1sdx+ﬁ15dx .
= 267 + 18.67 + 96 '
117.34
an = 7]

6y =5 _Im,m,d.r
2 =0 = Er (By Reciprocal theorem)

. .
EB) = O+ [;~6xcte+ [*-6(x+ D)t + fa(x - 8)cef d(x - Yetr
=-12-36-54-18
120

b= =—

£l

. = = fm,mad,r
n=03 = £/ {By Reciprocal theoram)

Bi8,) = O+ [F~a0es [~ (r+ 2)dh+ Jo-40te+ [*—ade

~fyaeie- [{(x +2)ckc-8[ o

=-2-8-24
32
BJI = E/
f”.,
B = [

5 2 b4 a 2
Bifdy) = [ x'ds+ ju 360+ [ 36t [ (v=6) v+ (s -3 0
=724724724+63+9

208
&= 22
=8

8:=84= .{ T dx {By Reciprocal theorem)

Bleg) = [+ [[6dv+ (60t + [ ~(x=B)dle+ [=(x~3)d
=18+24+ 135445

.8
T El

e [

By = 1w [10x+ [0+ 1.0+ [ 1.0
=64+2+2+3+3
16
&, = "
The compalibility equallon is
(8{A = [a]- 1]
[117.34 -120 =32 R
— =|-120 288 6){R|=10]-=—| 75
| -&2 &0 1B }{R

{m_,] dx

R] [117.34 -120 -32|[2266.67
Al=|-120 280 60| | -75 A
Bl [ -2 e 16]| -575

On solving (i}, we get

Rl [ 2083
| Rl=1] 3303
&) |-117es

= P =048 1M (T)

Hy = P, = 20,60 kN {¢=)

My = Py=-117.85 kit ( D) or 117.95 kN-m (1))
]

Summary *

The {lexibility of a structure is dofineg as the displacement caused by unit force and the
sliliness is defined as the force required to produce unit displacement.

@ ' * Flexibility end sliffness malrix are always square mavix.

= Elemenis of Hlexibility and siiiness malrix are always non-zero and non-negative along the

diagonal.
» Flexibility of stiffness matrix is always symmetrical about it leading d:agonai ofitforms a

mirror image aboul the diagonal.



Q.1 The flexibility matrix of the beam shovm in the
given tigure is

64 8 (64 8
3E "B EH B
@ g i (b) 35’ 5614
& 3F & "3
(8 8 64 8
3L EI =1
@le 41 @[T 5
El E '§ F

Q.2 Considering only lexural delormations, whichis
the stiffness matrix for the plane rame shuwn in

Ihe figure given betow?
—~2 10 XpUm :
( o)y
@
= &l 5
-~ 4.4
——— M ———

4 3 3 1]
@lsde el
2 1 11

ol ol

Q3 Flexibilly matrix of the beam shown befow is

e 112
3erje sf

® @
4
ﬂA B‘i’ c[
q !.6;1 3
A
If suppoart B scttles by 7l units, what is the
reaclion at 8?
(@ 0754 {b} 3.0a
(¢} 604 : T d) 2404

The slifiness malrix of a beam element is

2E1y(2 1 .
(T}L 2]. Which one of the following is its

flexibility mateix?

ol d o]
@ (st 71 @ ()5 ]

Flexibility matnx for a beam element is

1]
A= E{ 9 4
What is the corresponding stiffinass matrix [s)7

Ef{36 -¢ Et {36 9
@ 1= 5% 4] o -2 |

© [5):65_;[ 4 32] (@ 131=§§[; :s}

Consider the tollowing stalemenls relating lo

slructural analysis: '

1. Floxibiily matrix anc is transpose are cqual.

2. Elements of main diagonal of stiltness mairix
are always positive.

3. For unsiable structures, coellicients in

leading diagonal mainx can be riegative.

CE- R . B

|

w0

Which of these statemenis isfare correct? Answers o
(@ 1,2an3 {n) 1and 2only 1. (¢) 2. (b) 3. (c) 4. (b) 5. (c)
{c} 2and 3 only {d) 3only 6. (b) 7.(d) B (d) 9 (a)

A.Caﬂllle\ler beam is shova in ihe {ngure below Hints and Explanations:
with degree of (reedem, then &, will be

1. {c)

El o
H—-A——l ) Elements of flexibility matrix can be obtained by
1
2

applying unil force in the direction of any ane

e ' .
coordinale and calculating disptacement in the
I & direclion of both coordinales.
(a) — L) -—=
3E 3 10 KN
1281 1261 1 e N

Displacement coardinates for a beam are shown
in the given figure. The sliffness matrix is given

b - Applying unit load in Ihe direclion of 1.
¥

1x4" 64
P I 1 Deflectionat 8, f, = __;B ~35
@@ |
' Rolation at 8, £, = 20 o &
-4 m—rta 4 m—=t=>——8 m-—— . [] 8 oy = SET ]
3E Ef " 361 -0.5€&f The positive sign is used when the displacement
e e ' |-osE 2e is in the direction of coordinate, othenwise negalive
N AR 3El 05Ef sign is used.
© 0 2&t 0.5&f 2Ef Applying unit mement in the direclion of 2

i . Deflection al 8.
The stiffness malrix for the given coordinates of

the beam as shown in the figure is | )
® | 10kNem
i B PEELL.
i B~ A ‘ 2 £l Ei
S Y S Rotation al 8,
! B f. = M—i
[15E1 -3EH] [15Et 3£ 2= 5 T E
o IR So fiexibility malrix
@ ® | 3g 7E
361 TE ser 78 R
¢ L L ] _[m f\2]= 3E B
(156 -9E/] VSEl DE] foo fe) | 8 4
3 IE i £l Ei
© | op or (d) -
L |2e ra o1 7 2. ()
L ‘ t £ Keeping O, = 1.0 and 0, = 0. the {rame will b



0]
e
~:~'\":‘
~, 1.0uml
—t—
4x(3E
Sy = ‘_(S_',‘)+4—4E“I=3E/

2% (3El)
~6 -
Keeping 0, =0and D, = 1.0, the lrame will be

Sy =

1
_ 2x3E
2" 8 -
arrd S, = KR
{c)
We kinow thal,
2, = Oqs+ Fo

Dyisthetinal displacement matrix carresponding
o the recundants in the actual struciure,

D=t Doy ¢ Dop Dgp+ Oy

Dpgincluces Ihz effecis of exernal louds Dp).

lemperature (2, ). prestrain effecrs {0} support
setliemenis, elc.

Fis the Flexitiny malnx and Qg 1he unknown
reactions matriz,

Assuming upvard displacements as positive

) 0 4}
. Do = {.O]: Dap :[DJ

and V=

A

0 -4
Dy = [0}: Don =| EI
Q

) _a W
o D= |"E and Q=|"8
Ye

Final displacement,

. =0
O+ FQ =0
= FO:—DOS
= Q= -F—‘Dos
5 ] _3efs -2 [-&
Tl =~ £l
C 2 Ve 0

6] 2222 2

J= 3] 8+{-2)%0
4 (-—2)::14-15:0]

S
A
Vez%éx8=ed

3a

Tr2 =-154

(b}

The flexibility and stiifness malrices aro inverse
of each olher and both are symmelrical.
The value of determinant of stifiness mateix is

261 o6t
[ L

N

The fiexibility matrix will e = —=-] < !
y = SE -1 2

(d)

K,y = Force required along degree of freedom 1
lo produce unil displacement in the direction of
degree of treedom ' 1°. And degres of freedom 2
must be locked.

8. (a}
For coordinale 1,

sea i
126/ < i/‘ e

K,y = ——(standard result) T
L BES &\
B. (d) I
Sriffness malrix can be obtained by making 1260 l l
second coordinate i.e. rotation in the directior: of 2 12ER 3En
2 as zero and considering Unil rotation in the Iy 'Y
direction of coordinale 1. 1561
- = "-a"
q D,=10 c§°’=° : =y
A 5 E : -3¢¢
L @ E_ 4 Ky = T = Ky
po—4 M——pe— 4 Mt &m - 5 g
The beam AB has rolational stifiness, A i agt 9
4 , L
ngzl):ZEl and beam BC has rolational Af= K8 L
4F 4E4
stilfness, —4(—{) =El. M= T-o
Sa moment required inthe direction of 110 produce 4E!
unit rotation will be 26/ + 1= 3E1. Thus K, , = 3E1. K=-
The moment generated al point C in the direclion »
of coordinate 2 1s 1/2 x £f = 0.5 £/ as the carry 8 ¢
over facior is hall. So kG, = 0.5 £1. A éf'{ L
Similarly make O, = 0 and :30 =10. . 1
0,=0 2= 1 = 5-5
A ! Lo {.Z; . { 3£l
it \ : ‘ m= 220
4El  4E(2) 3€
= —t— =251 K= —
k2= T8 T
=088 ko AE1,3EL_TEQ
. KH K;z 35{ 0.5E¢ r7 I i = L
Slifness malrix = Ky K =losel  2f
i . . .
Conventional Practice Questions
MmN g ¢
Q.1 Analysc the ponal frame ABCD loaded as shown ] 'é
in figure below. The members are made of same | £2 B4
material. Length and moment of inerlia of each o | A4
member ate menlioned in the figure. o

A 10 s



Q.2 Analyse the conlinuous beamshown below using
sliffness matrix method. (Take £ = Conslani}
24t 12t

b e ]
i =, A
: Sm : §m } Sm S5m

I}
1

Ans. (R, = 12641 Ry=19.93 tand R, =343
Q.3 Develop the flexibility matrix for the simply

supporied beam AB with reference 1o lhe
coordinates showmin ligure. (Take & = Conslant)

@ ®
A0 O
L

AN
L i 1
Y am ' &m
1 0 050
110 36 -9 0
Ans.Bl=%7l o5 9 4 o
6 0 o0 o

¥ Ll
Q.4 Analyse ihe Irame shown using sliffness matrix,
16¢

2m 2m .

5 § ]
2m !

A

Q.5 Analyse the conliduous beam ABC loaded as
shown assuming £/ as constant,

12N

24N
al I 8 c
1 ve f &
b5 memeti— 5 mmste— S m—ape— 5 m-—eq
Ans. 34.375 Nm
Q.6 Analysethe frame ghown using stiffness malrix.
18

-] C
22t 2m 2 LN

Im, 2

5t——erl

3Im, 21

1=



