Exercise 9.5

Answer 1E.

Given equation 1s
x—y'=xy
=y+xy=x
Which is 1n the form » +p(x)y=g(z)

Hence the given equation 15 linear differential equation.

Answer 2E.

Given equation 1s

Y+u'=x

Which 1s not in the form ' +p(x)y =g(z)

|He:m::e the given equation 1snot alinear differential equation.

Answer 3E.

Given equation 1s

1 1
y'=—+—
x y

Which 1s not in the form ¥ +p(x)y=g(x)

Hence the given equation 15 not a linear differential equation

Answer 4E.

Given equation 1s
ysinx=x) —x
=xy'—(sinx) y=x
,_SInx 1

:?_}f 2 F=—
X X

Which 1s 1n the form ' +p(x)y=g{x)

|He:m:e the given equationis alinear differential equation




Answer 5E.

Given equationis y'+y=1
Compare this equation with » +p(x)y=g(x) we get p(x)=1g(x)=1

. ar dx
Integrating factor IF = e-m e < EP =g"
Solution 1s

Y(IF) = fg(x) IF dx

= ye" =Ile'dx=le”dx=e' +c

=|y=1+ece™

Answer 6E.

Given equationis Y —y=¢"
Compare this equation with y' +p(x)y=g(x)
we get p(x)=-1,¢(x)=¢"

. ) —1dx .
Integrating factor IF :e'[ﬂ : =EI =g
Solution 1s

y(IF) =[g(x) IF dx
=y = Ie'e"'dx
=[1dx

=x4c

=|y=e"(x+¢)

Answer 7E.

Given equation 1s

Y=x-y

=y +y=x

Compare this equation with Y +p(x)y=g(x) we get p(x)=1lg(x)=x

Integrating factor IF =§Pum =Epa =e"
Solution 1s

y(IF)=[q(x) IF dx

= ye" =Iexxa'x=e"(x-1)+c

=y =(x-1)+ce™




Answer 8E.

Given equation 15

42y +x'y =sin®x

.4 sin’ x
=y +—y= 3
x x

. L s 4 in®
Compare this equation with ¥y +p(x)y=g(x) we get p(x)=—,g¢(x)= E‘—x
x x

_ Hna  [tar
Integrating factor IF = of = ef; =g = 5t

Solution 15
YIF) = [ q(x) IF dx
=>yx" ]x" sin’ xdx ]sinzxdx lBsinx—sian .
= = = " 4
x 4
= yx' =Z(-cos )—1 ¢ EO;BI)
|yt = cos3x  3cosx
12 4
Answer 9EE.

We have to solve '+ y=Jx

sy y=+x
dx
Dinding by x
£+1y=x'm ___(1:]
dx  x
This 15 a inear differential equation

Comparing with ::—y+P(x)y=Q(x)
x
el _ A
Wehave P(x)=—and Q(x)=x
x

Since IP(I)dI:Jldx
x

=lnx
So the integrating factor [ =GJ'P(=')¢
hx
=g
=x

Multiplying by x, both sides of the equation (1)

We have xﬁ +y=x"
X
d V2
= =x
= (@)
Integrating both sides
= I xdx
x3."2
=%+




Answer 11E.

Consider the following differential equation:
. dy . [ 2
SiINxy—+|CosXx)y=sn|x
- +(cosx)y =sin(x’)

Rewrite the equation as follows:

QJ,(M"‘)y _ sin(x*)

dr \sinx sin x

cosx
sinx

and 0(x)= (sinx)" )

The equation is in the form of a linear equation, with P(,r} =
sinx

The integrating factor is calculated as follows:
I(x)="
[E

i Cosx ‘
- ehlmnxl I . ]d{r =sinx
sinx

=sinx

Multiply both sides of the differential equation by gin x . to get the following:

. dy . cosx : Sin(f)
sinx—+sinx| —— |y =sinx—
sin x

sin.x
dy

sinxz+cnsx-y =sin[f)

sinx-% +%{sin x)-y =sin[13)

%{ysin x)=sin(x*) Use the formula (uv) =w/ + v’

Integrate on both sides of the differential equation %[_}’sinx} =5in(f) with respectio x  fo

get the following:

ysinxy = Isin(f )dr +C Here C is the arbitary constant
B Isin(x’}dr+£‘
= sinx

Therefore, the solution is y= Ism (I*}i" +C
sin x




Answer 12E.

Consider the differential equation
dl"

x——4y=x'e

Rewrite the equation as

4 x'e
ﬂ——y—_
dx x X
dv 4 3 x
———y=xe
dx .ry

The equation in the form Liner equation, with P(x) = —i and Q(_r) =x'e"
x

The integrating factor is
I(x)= e‘mp‘
4
_

X 1
=g () I[—]d\':]nx
X
1
- eu-:x]
l nin|a) "
= — e =a
e

x| dx
1l dyv 4 ;
Y
Lﬂ,,i(L] . i[L)__"”
X dv de\ X i dx\ x" x"
%(%-y)=e" %{uv): :%(r]+vi{u}

l, = Ie‘dr +C Where C is the arbitary constant
X
l_] =¢"+C
X
y=xe+C, Cx’ = C, is the arbitary constant
Therefore, the solution is
Answer 13E.
du
We have to solve (1+£)I+u=[1+£), t>0
Dividing by (1+1)
du u 1 —m

I+(‘1+.¢)=



Comparing with j—?+P(£)u =Q(z)

We get P(t) = d Qt)=1

: an
(1+£)
Since IP(;)d::Iﬁd::ln f1+]

=In(1+¢) [1+f>0since £>0
So integrating factor is
I= E]'P(!)l’? =0 - (1+£)

Then multiplying both sides of the equation (1) by (1+t)
du
1+¢)—+u=(1+¢
(1+6) 2 +u=(1+2)
d
= —|{1+£)u |=(1+¢
2[+0)a]=(1+1)

Integrating both sides
(1+¢)u = [ (1+¢)dt

5‘2
=t+—+C
2

=%[z’+2a+2c)

=u = (2 +2+2C)/[2(141)]

Answer 14E.

We have to selve
zlnz‘£+r =t
dt

Dividing by £lnf , we get
I
s (1)
dt tlnt Ing

Comparing with %+P[£) =2(¢f)

We have .F'(at):L and Q(t)=e'/Int
tlnt

Since [P(t)dt= %a!;
flnt

Let Int =u
1

So IP(:)dz:Ildu
b/
=lnu

=In(lnf)

Integrating factor /= eI S
_ o)
=In¢



Multiplying by Inz |, both sides of the equation (1)

lnz£+1r=e’
di ¢
d
O —(rlnt)=¢"
r d{[:r nt)=e
Integrating both sides

rint = Ie’d‘t

=rint=e"+C

T
2 +C
=|r=
Int

Answer 15E.

Given equation is
2y +2xy=lnx
. 2 Inx
=y +—y= —
x x
Compare this equation with » +p(x)y=g(x)
In x

2
we get p(x)=—,g(x)=—
x x

.E'F=€P“JI* =EI§# =gty _ 2

Integrating factor x

Solution is
YUF)= [ g(x) IF dx

:."yf:l[x:l—t;.,idx:‘l’lnxdx

=y’ =xlnx-x+e

We have y(1) =2
=2=-=1+¢
=c=3
zlnx—x+4c |lnx-1 3
= 2 = +_2
x x x

Answer 16E.
Given equation 15
£ Q-F Ay =cost, y(m)=0
dt
;. 3 cost
YRS
Compare this equation with Y +pif)y=g(f)
cost

3
we get p(i)=z—.q(r)= =

3

. na la
Integrating factor IF = eIﬂ e e‘[’ =g =
Solution 1s

y(IF)=[q(e) IF dt

cost :
= di = Icost df =sini+c

=y’ =sint+c
We have y(m) =0
=0=0+¢
=c=0

=y = If

ooyt =sint

= yV=—




Answer 17E.

Given equation 13

tj—?=t2+3u. u(2y=4
du 3

=" _Tu=t¢
dr

Compare this equation with u"+ p(fiu = g(£)

We get p(f) =—§, g(f)=t¢

. ne |- 3w a1
Integrating factor fF:eI =g’ ! =g =¢ =E3—

Solution 15
Y(IF)=[qt) IF at

1 1 1 1
= = |f=df= di=——+
tafizle]man—ie
=>u=f3[—1+.:)=—ﬁ+c:3

¢

We have u(2)=4
=4=-4+8¢
=e=1

Answer 18E.

We have to solve initial value problem
2xy'ty=6x, x>0,y(4)=20
Dividing by 2z

Comparing with :1+P(x)y =Q(=x)
x
We have .F(Jr):i
2x
1 1
Th Plx)dr=]—dx=-=1
en I (x)dx sz x 2nl|1r|

So integrating factor is [ = e]’p(m e

Multiplying by +/x, both sides of the equation (1), we get

e L L
dx 2x
:ﬁ%+ﬁy=3£
d
::’E(V';)’)= 3\!;

Integrating both sides -J;_{.y = 3] J;dx
i
= afxy =3x 2%+C

= y= 2x+£

7=

x>0



Whenx=4 y=20

So 2U=8+£=>£=12
Ja o2
~[c=2]
. 24
Thus the solution 15 |y =2x+ —
Jx

Answer 19E.

We have to solve initial value problem
' '=y+xisinx, y(7)=0

:>y'—ly=xsinx
x

dy

:——lyzxsinx -==(1)
dx x

Comparing with :—y+P[x)y =Q(z)
x
We have P(x)= —l
x

Then IPlixjdx= l—%dx

=-Inx
=In(1/x)
Integrating factor
JELCT
)
1
x

Multiplying both sides of the equation {1)by !
x

ldy 1 )
= _—_L—_y=snx
xdx X:J’
:d[] )—smx
dx .T-y -
Integrating both sides we get
l_y:Jsin xdx
x
Or ly:—l:os.ﬂr-l'-f.',"
x

= y=Cx—xcosx

We have y(7)=0
S0 = 0=mC-mcosm
=20=mC+r=C+1=0

=[c=-1

Thus solution is |y =—x{1+cosx)




Answer 20E.

Consider the differential equation
( 2 dy _ -
X +1)=+3x(y-1)=0, y(0)=2
dx
Rewrite the equation in standard form of linear equation

(x3+1)%+3x{y—l}=u

(@)

@ 3x & 3x
dr+(,t'3+])y (.t’+l)

3x 3
The equation in the form Liner equation, with P(-’l’) and Q{ ) z.x‘
(f 1) (% +1)

The integrating factor is

1(x)=d"™

j|, )
J]’[r Il
_ v ) f'(x) ol £(x
I[f( )]dx In(f(x))
=|£'l“h:‘|}E nln{a)=tn[a")
=(x"+l)i e =x

k]
Multiply both side of the differential equation by (Iz + 1)'_1' ,we get

(|2 (£+ et (r +1)

(«° +I) —+(x +I)

R
(f +l)E -%+(Jx2 +1)*‘ (3x}y=(x2 +1)z (3x)

(II +I)'_: % +%[(13 +l)§ ]y: [(.rz +|)§] i{uv} = ug+v%

%[y(x’ﬂ);): ((fu)%]

Bla Ea



Integrate on both side of the above differential equation with respectio x , we get

y= (.r’ -1 )J +C Where C is the arbitary constant
(.r: + I); +C
y= —
(x’ + l}i
y=1+ L}
(,t'2 - I)2
y=1+ ¢

Therefore, the solution is

(* + l}1

Since y(0)=2

_y:l+

Plugin xy=0 and y=2 inthe general solution i, we get

(x3+]}3
C
(0+1):

-+

Substitute ( =] in the solution y=1 3 we get

(.\‘3 +])3
1

y=|,+—3_
(x*+1)°

y=1+—1
(x* +1)

Therefore, the particular solution is

Answer 21E.

We must solve the given differential equation show below:
w'+riy=e"
Two cases are considered.

Case 1:Whenx=0,y=%_

Case 2: x=10

w'+rly=e"

The above equation 1s a first order linear differential equation. We can put 1t in the

formy+P(x)y=0(x).

o '+2y=¢"
¥

yl+2_y= e—
x  x

Where P(x)= E and Q(x) = i.
x x

We must find the integrating factor and multiply both sides of the equation by 1t in order
to integrate both sides.



Find the integrating factor.
I(x)= Ny

Now multiply both sides of the equation by the integrating factor.

¥
y I+ 2_y= e—
x  x
y'+2xy = e’
i(x’y) = 7"  Reverse the Product Rule.
ax
Integrate. Let

u=x,dv=edr=du=dx v=e"
d x
Ja(fy)dx=lxe dx Ixe’dx:uv—lvdu

)= é“ [x—21)+c - X&r _Qx
a =g (x-1)

Where C 15 some constant.

The following is a graph of several members of the family of solutions:

Figure 1: [-3, 3] by [-6, 8]

As Cincreases for C' > () the hyberbolas move outward. As C decreases for C' <0
the hyberholas move outward.

Answer 23E.

Bernoulli differential equation is

f+P(x)y= Q(x)»y"

X
When » =0, equation becomes

%+ P(x)y=@(x) This is a linear equation



When 2=1 equation becomes

%+P(x)y= Q(x)y

=>%+(p(x)—g(x))y=

This 15 alse a linear form

We have %+F(I)F=Q(I)F“ -——(1)
Let y™=u then (1- n)y"jy ;ﬁ
X X

Dividing by »", both sides of the equation (1) we get
7 2y p(x)=0(x)
dax

(11 ) x +P(x)u Q(x)

= %+[1—H)P(x)u=(1—”)9(x)

This 15 a linear differential equation.

Answer 24E.

We have to solve % y=-n"

Dividing by x

dy 1
Zi—y=-y -——(1)

This is the form of Bernoulli equation ?+P(x)y =Q(x)y"
X

Dividing by yz both sides of the equation (1)

We have yo I[:"‘1—“)I+l_:wl=—1
dx x
du
Let oy =- _gaj-'
= ¥ dx  dx
Then we have — ﬁ+l:.n: =1 . (2)
dx x
= ﬁ—la =1 (This 15 a linear form)



Comparing with i—u+P(x)u =0(x)
X

We have P{x) = —l,

x
Then [P(x)dx= j—ldx= ~In x|
X
=—lnzx, forx>0

Integrating factor is [ = S wr _qy s

Multiplying both sides of the equation (2) by 1/x, we get

1du 1 1
xdx x x
d[l ) 1
=—| —u|=—
dx\x x

Integrating both sides, we have
X &
1
= —u=lax+C
X
=u = xln|x[+Cx

:‘»y_l =xln lx|+Cx

1

=PE x(ln|x|+C’)

Answer 25E.
2 Y

We have to solve  y'+—y==5
x x

2i2y-2 ---(1)

This 15 the form of Bernoulli equation ?+P(x)y =0(x) y"
X

Dividing both sides of the equation (1) byyg, we have

Ly 2a 1
ar x x
zdy  dt
Let y2=¢t=-2y 22 =
7 Y dx dx
e 14,2, 1
2dx x &
dt 4 -2
-2



Comparing with the standard form of the linear equation we get P(x)=——
X

Then [P(x)dx= —4]ldx
A
=—4ln |z

=ln—1;
x

Jreose _ _u{ust)
-V,

Multiplying by i‘ both sides of the equation (2)
&

1dt 4 2
:‘Td—_—s-’-=_—a
X A X X

d(¢ 2
=== =

Integrating factor 1s e

dr'\ x x

Integrating both sides — =
x

=:r_;1,r'2 = i-1—('.'2';5‘
5x
2
=oy_1 =+ —+C:r4
S5x

Answer 26E.

Consider the following second-ordered differential equation:

0" +2y =124°.
Substitute u = y' in the equation x"+2y = 12x%, to obtain the following

xu'+2u=12x"
, 2
uw+—u=I12x
x
The linear differential equation is of the following form:

dy .
=t P(x)y=0(x)

So, the differential equation u'+3n =12x in the form of a linear equation with P(x)=
x

O(x)=12x.

= |r2



The Integration factor is calculated as follows:
1(x)=el"
o
:F.&
=g ¥

= olx)

Multiply both sides of the differential equation '+ 3;.- =12x by x? ,and solve as follows:

x
. 2
2lu'+=2u|=x12x
X
2 ¢ r
xu'+2xu=x"-12x
L r
x’u’+(x:) u=12x' (uv) =+ v’

(rzu )' =125

Integrate on both sides of the above differential equation, and solve as follows:
I(.rzu) =I12x’dr
4

X " "
Yu=12 T +C Here, C is an arbitary constant.

Yu=3x'+C

Substitute back u = y' in the equation y*y = 3x* + (. and solve as follows:

Xy =3x'+C
. 3x'+C
x3
V=3 +C G =£2
X
%:312 +C,

Since the equation is separable, so separate the variables on both side of the equation, to get
as follows:

dy =(3x" +C, ) dx
Integrate on both side of the equation, and solve as follows:

Iaﬁ' = j{l‘r’ +C, )d’c

X
y=3?+Clx

y=x'+C, C, = C,x is the arbitary constant.

_ 3
Therefore, y=x “'Cz i




Answer 27E.

(&)  Wehave inductance L =24
Constant voltage & (¢) =40v
Resistance R= 1002

We have the initial value problem

L£+Rf =E(t)
dt

:2%“0;:40, 1(0)=0

:%w;:zo ...... (1), with1(0)=0

Here Pt)=5 so integrating factor g]"(’)" =QI5.&
- Es:

Multiplying both sides of the equation (1) by e¥

We have P %+%5’I = 20e™

=>i(e-“.z) = 20¢™
dt
Integrating both sides
e* 1=20[<"at

5t
=:~e*_f=2o%+c'

=I{t)=4+Ce™

We have 7 (0) =0
=0=44C
=C=—4

0 f(ﬁ): 4(1 —e"‘r”)

EB) Current after 0.1 second is

1{01)=4{1-™")n
Answer 28E.
(&)  We have been given E(ﬂ) = 40sin 60¢ wolts

And  R=200
L=1H
AndI(0)=1A



We have the mnitial value problem

Lj—I+Rf:E[e) 1{0)=1
£

:%no;:mansm sl

. _ [ma
Integrating factor is I _

Multiplying both sides of the equation (1) by ™

o dl
at
d

= —(e™'1)=40&™ sin 60¢
dt

+20e™ ] = 406™ sin 60¢

e

Integrating both sides
=™ 1=40[¢™ sin 60t dt

Using the integral

Ie"sinbudu= f z(asinbu—bcosbu)+c
a +&
We have
208
a e .
g =40 —(2051:15&—601;0560!) +
400+ 3600

xr

= fu—o(zosm 60t — 60 cos 60¢) +C

= 1(£) = ——(20sin 60t 60 cos 60¢) + Ce™
100

We have 1(0)=1

So 1=L(20 sin0-60cos0)+Ce"
100

—1=_L (0-60)+C
100

—1=-24C
10

=C= +£=E=E
10 10 5

Then |I(t)= L[zosin 60— 60:0360:)+§e-’”
100 5

(B) Current after 0.1 5, 15

1{0.1)= ﬁ[EOsinG—ﬁO cosﬁ)+§e'ﬂ

~ 0224
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Answer 29E.

We have been given, a differential equation

R%+%Q=E(z) _______ (1)

Resistance R=502

Capacitance C= 0.05F

Constant voltage & ) = 60V
And O (0) =0 15 the initial charge

Then form (1) we have mnitial value problem.

aQ 1 _ -
s+ 0-60,  Q(0)=0
:%+4Q=12 . eM=0 @

Integrating factor is It
Multiplving both sides of the equation (2) by et
e" £+4e“;2 =12¢"
dt
= i(e“g) = 12"
di

=e%0 = 12je‘*dz [Integrating both sides
=YD =32Y+C

=Q(t)=3+Ce™

We have O(0)=0thus =20=3+C=|C=-3

So we have

Q(£)=3(1-¢™) | This is charge at time ¢




Answer 30E.

We have been given
Resistance R=2 (2
Capacitance C=0.01F
E (t)= 10 Sin 60t
And Q(0)=0

So we have the mitial value problem

g%
a’
ag 1

=2% 4 | 0-10sin60¢
dt 001

=+ Q E(t), @(0)=0

‘fnog Ssin60 ... (1), o(0)=0

Integrating factor 15 gj'sn: =g
Multiplying by esm, both sides of the equation (1),

™ aQ = 4+50e™'Q = 5¢™ sin 60¢
ot
:?i(emQ)= 56" sin 60¢

Integrating both sides
e =5]e™ sin 60t 4t

Using the formula Ie“ sinbudu=———(asinbu —beoshu)+C

a +b
Esn:
="' Q=5 ——————{50sin 60t —60cos 60¢) |+C
2500 +3600
S50

()=

J+C

= Q(z) - _lzlﬁiﬂﬂsin 60t —60cos 505) +Ce™



We have Q(0)=0

So  =0=——(0-60)+C

1220
60 6 _3
1220 '122 61

So charge at time tis [Q(f)= é[S sin 60f — 6 cos 60¢) +%e""'”

Current at time tis /(¢) = ag
dt
dQ d -
=l=—"= 50 sin 60t — 60cos 60¢ )+
dt d:[mzo( sin cos 60¢) +——e ]
=1(t)= LI:5EJ>< 60 cos 60 +60 x 60s1n 60¢) — 3x30 &0
1220
- 150 o,
= 1(£) = (3000 cos 60 +3600sin 60¢)~ e
1220 1
=1(t)= L[300t:cosﬁ[]£+3t$(]sm 60:)—@ 502
122 61

= |1(¢)= L [150cos60¢ +180sin 60t —150¢ ]
61

Answer 31E.

A model for learning is given by the differential equation
ﬁ—k[ﬂf P(e)]
Where P f?.) 1s the performance level at time £, M 15 the mazimum performance
level and k 1s the positive constant
We can rewrite the equation as
4F M-k P(e)
dt

%ﬁhﬂ(zj ............ (1) This is the form of linear equation

Integrating factor is eI ="
Multiplying both sides of the equation (1) by ekt

" i‘P +he®P =le"M
t

= i(e""f:':l = kM "
di

Integrating both sides
e*P= M| k" dt
=e"P=M"+C
= P(t]: M +Ce™®| Where C 1s a constant

We assume that attime £ =0, P {0) =Pq
So we have Fp= M+Ce

=C=R-M
Then P(t)=M+(FR-M)e™
=[P(e)=m-(3-5)e™|




Pt}

. X
0 t = umc

Answer 32E.

A model for learning is given by the differential equation
=P
i
Where P (t) 1s the performance level at time t, M 1s the maximum performance
level and k 15 the positive constant
We can rewnite the equation as
22 -k P()
dt

= i—P+kP[:j= . S (1) This is the form of linear equation
t

Integrating factor is =g
Multiplying both sides of the equation (1) by ekt
e j—P+ ke P = k"M
4

= i(e”P) = kM "
dt

Integrating both sides
e"P= M| k" at
=e"P= M 4O
=|P(t)= M+Ce™| Where Cisaconstant ... .......(2)

We have been given, for the first worker.
Pi(1)=25 P(2)=45 P (0)=0
Let the maxmimum performance level for the first worker be I

Then B(¢)=M,+Ce™ Srom(2)
Then B(£)=M,(1-™)



By the given conditions we have
25 =M (1-£%)

:E= 1-¢*
M.

seto1- 2 SE)

And 45= Ml[]—e'm)

=e 1_E -—-—(4)
w2 _ 4
:[e ) =1 i,

2
Therefore :»[l—é] =1—£ from (3)
M, M,
625 50 45
Sl+—a-—=1-—
My M, M,
625_5
M} M,
=625-5M,=0
625

So mazimum number of units per hour that first worker is capable of processing is
125

We have been given, for the second worker
5(1)=35, B(2)=50, £(0)=0
Let the mazimum performance level for the second worker second worker be Iz
Then B(t)=M,+Ce™ Srom(2)
=0=M,+C =C=-M,
Then B ()= M, (1-¢7%)

By the given conditions we have
35=M,(1-¢7)
=-£= 1-¢7*

=et=1-2 ——(5
te1-2 )

And  50=M,(1-e™)

seto1 0 ——~(6)

Therefore



2
35 50
:[1——) =]l-— ﬁam(ﬁ)

1225 70 . 50
Mg Mﬁ Mﬁ
1225 20
=222 -0
My M,
=1225-20M,=0 = M, =122%0=61.25

=1+

So |MJ s 61 um'.:s'perkourl

Answer 33E.

Let y (t) be the amount of salt (in kg) after t minutes

Given that the tank contains 100L of water, so at time f =0,y (0) =10
Since at the beginning, amount of salt in the tank 15 0g,

The rate of change of amount of salt 15 given by the equation

dy .
—=|rat — | rat t
” (ratein) — (rate out)

Rate in =U.4k—g><5i,= 2 kg/min
L rmun
Since solution 15 being added with rate 5L / min and drained with the rate 3L /min
So amount of the sclution in the tank at time t 15 =100+ (5-3) £ =({100+2t) L
L
y(t) ke L 3y kg/min

Then rate out = ————x3—=
(100+2¢)L min 10042

Then we have di: 2 3_y

di 10042t
: : 3
We rewrite the equation as %+ m =2 -——(1)

This 1s the form of Linear equation.
. : | (m:u:izr)"

Integrating factor 1s =¢

_ JRme)

= eh.(lmm;"‘

= (100+2¢)**

Multiplying both sides of the equation (1) by (100+ 21)30

= (100+26)*? 2 +3(100+26)? y = 2(100+2t)

dt
d 31 3/2
::»E((IU[H 21" y) = 2(100+ 2)

372

Integrating both sides, we have
100+ 267" y=2[(100+2: ¥ ae
( )

(100 +2¢ )" e
(5/2).2

_2
5

{100+ 2¢)+C (100 +2¢)

(100+ 2" +C

:y(£)= =372

[



We have y (0)=10

So 0 =§(100)+U(100)‘3”
=40 =C(100)""

= C = -40x(100)"" =-40000

Then the solutionis |y (£) = %(mmz)-moom(mm 2t)>"

Amount of salt after 20 minutes 1s

»(20)= %[100+2x20)—4UUUU[IUU+2><2U)_m

40000
1404/140

4000
= 31.85
144140 e

= 56—

And amount of solution in the tank after 20 minutes
=1004+2%x20 =140L

Then concentration = y(EU) ke - 31.85kg
1401 140L
= 10,2275kl

Answer 34E.

Let v (t) be the amount of salt (in grams) after t seconds so initial amount of salt
v (0) = Concentration of salt x amount of solution

=400x005¢g
v (0) =20 grams

The rate of change of amount of salt 15 given by the equation
Y _(
dt

Rate 1n =0 gfs because only pure water 15 pumped in to the tank

Since pumping rate 1s 4 Lis and draining rate 15 10 Lis then amount of solution
after t seconds =400-(10-4) t

=400-6t
yit)
00 - 6¢

ratein)—(rateout)

Then rate out =

x10 gfs

Therefore @ =- 10y
dt 400 6¢




Integrating both sides

1 1
I;dy=—101400 dt

— 6
=10
=lny= —6111(400—6:)+C

=lny= gm(400-5:)+c'

=1n y=1In (400 —ﬁt)m+ln et
= y(t) =" (400- 6¢)""
Then  y(t)=k(400-6)" grams (LeteS =k}

We have y (00 =20 grams, therefore
20 = k(400-0)""

%mg 21x107

(40 )

So »(t )—( Oﬂjm (400 - 63) grams

53
)

Then |v(z)=20(1-0.015

Answer 35E.
(&)  We have to solve the differential equation m i—v =g —cv

: . dv
Rewrite the equation as m % +ev=img

=2 g ———[:1) This is a linear equation
dt m
Lo
Integrating factor is £ =eI o gtim
Multiplying both sides of the equation (1) by >
We have o™ £+ C &y = e’
dt m

d
Or e eﬂ‘hl_v e aim

(e v)=ge

Integrating both sides, we have
P L g.l'em’ndz

m .
=M™ y=g o™ 1k k 15 a constant
£
=v=E0 4 i
€

Integrating both sides, we have
P L glem"cﬂ

m .
=™ y=g—oe™ 1k k is a constant
£
]
=y= 82 paim

c



(B)  For finding limiting velocity
‘We have to find ltim v(2)
]

From (1) we have limv(£)=lim E(l—e""""')

Hoc

=2 o
c
]

c

So limiting velocity is

(C)  Distance s(t)= J-v(zjdt
_ E _ gt
NLTIEE
N ﬁ - )]
7 (1o
= E[z +Ee"’”"] + 4 A is a constant

c c

When ¢ =0, s (0) =0 because object starts from the rest

F]
Then distance after £ seconds is 5(1) = E[; +E g-ﬂf‘;]-”:?—g
c c

Answer 36E.
The veloctty of a falling object of mass m is given by

_ Mg -am
v_c(le )

Differentiation of both sides with respect to m gives

dv E =ctim ”‘g( —aim ©L ]
—_— 1_ +— = it
dm ¢ ( ‘ ) € ¢ w

— d_v= E[l_e—m’l _C_"'g—n.fm}
dm ¢ w

This 15 the expression of a mass #2.

Now suppose m) and mo be two masses such that mo >m then for the heavier object to
fall faster we must have ﬁ— ﬂ =0
dm, dmy

dm, dm c m, m

dv av ] ct - el _
g l_g—afn, ——E_ﬂh“ —14e ctim, f— c:.f;-l:|

=£ Pl (1+£}—E_‘"”‘ (1+£J:|
€L " "




. 1 1 ct ¢t ct ct
Now since my >y, > —>—=—>—=1+—>1+—
T T L B L 0y
. i i _ _
And since— > & = g , -aim
My Py

i [ 4
There fore & '™ {1 +C—) S R [1 +C—]
7 7y

Thus acceleration of heavier mass is more that the acceleration of lighter mass.
So heavier objects do fall faster than lighter objects
Answer 37E.
(a). Given equation 1s

p'=kp[1—§] ————— M

Fu:l=z

(1) becomes — izdz = E(]- L]
z z zM

=2 +iz =

k
M

(b). Here P(f)=k.q(t)=§

. rd
Integrating factor »:'F'=e'-r’|tlrll =e'lh=eh
Solution is

2(IF) = [q(®)IF dt




Answer 38E.

(a) Given the logistic differential equation,

i =k(rjP(1—ij
dt M)

Substituting z =% we get

1 1
(3] ] “‘J[l_ chrJJ

Frid z

1 zM() 1
id(;]jm[zm;) zM(z))
dt z

1 dz_ k@)(zM(6)-1)

2d 2ME

& __ kQz2MO k@

dt M)
%\ rre = FO.
= Eﬂc(z)z %0

(b) We need to find the solution of the differential equation

& pipre 2O
dt M5
This equation 1s a first order linear differential equation in standard form:
y+P(x)y=0(x)
Where P(x)=k(¢), and Q{x)= RO

Miz)
We must find the integrating factor and multiply both sides of the equation by it in order
to integrate both sides.

Find the integrating factor.
o

_ g_[mw

Now multiply both sides of the equation by the integrating factor.

% k2=

dt M

E.[Mth‘t E +e-l-wmﬁ:(.!)z = Ejﬂr:ﬂ ﬁ
dt M)

This can be written as

i (e.[man _ ej'mm ﬂ
dt M(£)



On integrating we get

[jhm }i I Juina k() E;)

— J'R(J 4 l- kaa j:(.g)
(f-)

C +'|'e~[’°"Mr *© i
M)

=lz=
J'M!H
2

', 15 the constant of integration.
If M) 1 constant:

C+Ielwm %d:
Q]’Hna
1 [kt
+ Ele ke(t)dt

Ejmm

F=

Eecallz = l
P

So we get
j'MM

Py = J_ o

C+El k(e

Mfﬂrw

= Pt)=
pe+ [l

k()dt

= P() = =

Mce T2 +g‘f”’”’jef”"”’k(z)dc

If we let
u=[k(t)at

= du = k(f)d:
Seo

[l k(epat = [ "
=g"

_

Then the function simplifies to

M
P(t)=
[ Mce-fam +€-]‘wwejmmj

So we get

1]
(C’M Juna 1]

P =




{c) Assuming k i1s constant but A varies:

lim P(£) =lim
9w T

14+ CpeTH0
M

14CM [gme'f“”‘*J
M

1+C’M[ J"'”’)

M
C1+CM (o)

M

“1+CM(0)
M

" {1+0)

=M

So we have llm Plt)= hmM[ )

We found earlier that:

C_'_I-Ejmw k(6
2(6)= M@

. J’xma

When &£(£) 1s constant but M (f) varies the above expression simplifies to:

C’+]' ,
z(£) = —[S) +e"°_[e" £

So we have

?
i
z(t)=Ce™® +&®|e® ——ds
ul M(s)




Taking the limit as £ —>c0gives:

. . 1
lim P(£) =i

M(s) ds-

I
Ce™™ 4™ ] ®
0

o
=lim = p
o c+|e” ds
i ! M(s)
lime®
- i=w
' k
lim m!f M[S)ds}
lim &*

o+ g

If"lrim M(I) exists, then the denominator integral blows to oosince lim 2* tends to oo and
— S iy

the factors in the integrand are either constant & or constant in the limit 3 (s).

Then, the abowve limit becomes [Ej , and I'Hospital’ s rule applies.

]
dr r
-
lim P(¢) = lim ‘ﬁ[ ]
= R d H = k
£ C’+le ds
dt ) M(F)
™
—C
1
W0
= lim — 1
F=w l
Mit)




