COMPLEX NUMBERS [JEE ADVANCED PREVIOUS YEAR SOLVED PAPER]

JEE ADVANCED

Single Correct Answers Type

1.

If the cube roots of unity are 1, @, @, then the roots of
the equation (x — 1)’ + 8 = 0 are

a. -1.1+2w,1+20> b.-1,1-2w,1-2e’
ce. —-1.,-1,-1 d. none of these
(IIT-JEE 1979)

The smallest positive integer n for which [(1 + i)/(1 = )]" =1
IS
b. n=16

d. none of these
(IIT-JEE 1980)

The complex numbers z = x + iy which satisfy the equa-
tion [(z - 5i)/(z + 5i)| = 1 lie on

the x-axis

the straight line y = 5

a circle passing through the origin
none of these

p e

(1IT-JEE 1981)

4. Ifz=[(3/2)+i/2) +[(N3/2)—i/2] , then

a. Re(2)=0
¢. Re(z)>0,Im(z)>0

b. Im(z) = 0
d. Re(z) > 0, Im(z) < 0
(IIT-JEE 1982)

5. The inequality |z — 4l < Iz — 2| represents the region given

by
a. Re(2)=0 b. Re(2) <0
¢. Re(2)>0 d. none of these

(ITIT-JEE 1982)

6. Ifz=x+iyand w= (1-1iz2)/(z i), then lwl = 1 implies

that in the complex plane

a. z lies on the imaginary axis
b. z lies on the real axis

¢. z lies on the unit circle

d. none of these

(ITT-JEE 1983)

7. The points z,, z,, Z,, Z, in the complex plane are the verti-

ces of a parallelogram taken in order if and only if
. 2z, tz,=2,+2, b.2,+2,=2,+2,
C. 2, %2, =2,+2, d. none of these
(IIT-JEE 1983)



10.

11.

12.

13.

14.

15.

16.

17.

18.

If a, b, ¢ and u, v, w are complex numbers representing
the vertices of two triangles such thatc = (1 - r)a + rb and
w = (1 — r)u + rv, where r is a complex number, then the
two triangles

b. are similar
d. none of these

(ITT-JEE 1985)
If z, and z, are two nonzero complex numbers such that
Iz, + z,l = Iz,| + Iz,|, then arg z, — arg z, is equal to
T

a. have the same area
¢. are congruent

a. — 7w b. - 5 c.0

d. % e. (IIT-JEE 1987)
The value of i ¢in (27k/7) — i cos (2mk/7))is

a. —I kI:I 0 i ‘

d. i €. none (IIT-JEE 1987)

The complex numbers sin x + i cos 2x and cos x — i sin 2x
are conjugate to each other for

a. x=nxw b.x=0

c. x=n+12)x d. no value of x

(IIT-JEE 1988)

If w (# 1) is a cube root of unity and (1 + w)' = A + Bw,
then A and B, are respectively
a. 0,1 b 11 c. 1,0 d. 1,1

(ITT-JEE 1995)

Let z and @ be two nonzero complex numbers such that

Izl = lwl and arg z = 7 — arg w, then z equals

a. b. —w C. @ d. o
(IITJEE 1995)

Let z and @ be two complex numbers such that Izl < 1,

lwl < 1 and Iz - iwl = Iz = iwl = 2, then z equals ‘

a. lori b. ior—i c.lor-1 d.ior-l

(ITT-JEE 1995)
For positive integers n,, n, the value of the expression

A+)" +(0+2)" +(1+2)Y2 +(1+i7)™, where i = V-1
1s a real number if and only 1f

a. n=n,+1 b.n,=n,-1

c. n,=n, d.n,>0,n>0

(IIT-JEE 1996)
If w is an imaginary cube root of unity, then (1 + ® — ®®)’
equals
a. 128w b. -128« ¢. 1280w*  d. -1280°

_ i (IIT-JEE 1998)
The value of the sum 2, (" +i"*"), where i =+-1,

n=|

equals
a. i b.i—1 e —i d. 0
(IIT-JEE 1998)
6i -3i 1
If|4 3i —ll=x+iy,then
20 3 i

19.

20.

21.

22,

23.

25.

26.

27.

b.x=1,y=3
d.x=0,y=0

(IIT-JEE 1998)
If i = /=1.thend4+5[(=1/2)+iV3 /21 +3[(~1/2)

+(i \5 / 2}]3'&5 is equal to

a. 1-i\3 b.—- 1+ i3

c. i3 d.—iJ3  (IIT-JEE 1999)
If arg(z) < 0, then arg(— z) — arg(z) =
a. T b.—nx
T T
c. — 3 d. 3 (ITT-JEE 2000)

If z,, z,, and z, are complex numbers such that Iz,| = Iz,
=lz = |(1/z) + (1/2) +(1/25)| =1, then Iz, + 2, + 75l is

a. equal to | b. less than |
c. greater than 3 d. equal to 3
(IIT-JEE 2000)

Let z, and z, be nth roots of unity which subtend a right
angle at the origin. Then n must be of the form

a. 4k + 1 b. 4k + 2

c. 4k+3 d. 4k (ITT-JEE 2001)
The complex numbers z,, z,, and gz, satisfying
[(z, — 23)/(2, — 23)] = [(1 = ix/3)/2] are the vertices of
a triangle which is
a. of area zero

¢. equilateral

b. right-angled isosceles
d. obtuse-angled isosceles

(ITT-JEE 2001)
Letw=(—1/2)+ i( Ji /2). Then the value of the determi-

1 I I

nant || —1-@° 0| is
1 o o
a. 3w b. 3w(w - 1)
c. 3w’ d. 3w(l — w)
(IIT-JEE 2002)

For all complex numbers z,, z, satisfying Iz,| = 12 and
Iz, — 3 — 4il = 5, the minimum value of |z, — z,l 1§

a. 0 b. 2

e F d. 17 (IIT-JEE 2002)
IflzZl =1 and w = (z=1/(z+1) (where z # — 1), then

Re(w) 15 :

') 0. Lz+1 1
< ‘ 1 u'E
CI [ ]
z+1[1z+1P 1z + 11

(IIT-JEE 2003)

If @ (# 1) is a cube root of unity and (1 + ©?)" = (1 + ©%)",
then the least positive value of n is
a. 2 b. 3

c. 5 d. 6 (IIT-JEE 2004)



28. The locus of z which lies in shaded region (excluding the
boundaries) is best represented by

=
-
(-1 +V2,V2) f{f arg(z) < ‘—T
A HEE_{.L”]_
-
(-1,0) |
(1+V2,-V2) E'L“‘\ AR == -_‘?
1“3
a. z:|z+1|>2and |arg(z + 1)| < n/4
b. z:|z—1|>2and |arg(z - 1)| < #n/4
¢c. z:|z+1|<2and|arg(z + 1)| < a/2
d. z:|z— 1| <2and|arg(z + 1)| <x/2 (II'T-JEE 2005)

29. a, b, c are integers, not all simultaneously equal, and @
is cube root of unity (@ # 1), then minimum value of

la + bw + cw’| is \E I

3 . G m— d. —
a. 0 b C ; .

(IIT-JEE 2005)

30. If (w—=wz)/(1-2) is purely real wherew=a + i, f #0
and z # |, then the set of the values of z is

a. {z:|z2|=1} :
e fz:z31) d{z:|zZ=1,z# 1}
(IIT-JEE 2006)
31. A man walks a distance of 3 units from the origin towards
the north-east (N 45° E) direction. From there, he walks
a distance of 4 units towards the north-west (N 45° W)
direction to reach a point P. Then the position of P in the
Argand plane is

a. 3¢™ +4i
c. (4+3i)e™

b. (3 — 4i)e™"
d. (3 + 4i)e™

(IIT-JEE 2007)
32, Iflzl=1and z#+ |, then all the values of z/(1 — z°) lie on

a. a line not passing through the origin
b. 1zl = 2

¢. the x-axis

d. the y-axis (IIT-JEE 2007)
33. A particle P starts from the point z, = 1 + 2i, where

i = /-1. It moves first horizontally away from the origin
by 5 units and then vertically away from the origin by

3 units to reach a point z,. From z, the particle moves

J2 units in the direction of the vector 7 + / and then it
moves through an angle #/2 in anticlockwise direction
on a circle with center at the origin to reach a point z,.

Then point z, is given by

a. 6+7i b. -7+ 6i d.-6+7i

(ITT-JEE 2008)

c. 7+ 6i

34. Let z = x + iv be a complex number where x and y are
integers. Then the area of the rectangle whose vertices

are the roots of the equation 27 + zZ * = 350 is

a. 48 b. 32 c. 40 d. 80
(IIT-JEE 2009)
15
35. Letz=cos 8+ isin 6. Then the valueof ¥ Im(z*""") at
0=2°is m=]
a. | b. _l 53 ‘l d. ]
sin 2° 3sin2° 2sin2° 4 sin2°
(IIT-JEE 2009)

36. Let z be a complex number such that the imaginary part

of - is nonzero and a = - + z + 1 is real. Then a cannot
take the value

, " : a2
d. — 3 E.Z .4

(IIT-JEE 2012)

l

37. Let complex numbers & and = lie on circles (x — x,)°

+(yv—y,)' =r and (x = x,)* + (y — y,)* = 477, respectively.

If z, = x, + iy, satisfies the equation 2lz,)* = ¥ + 2, then
lod =

a. /N2 b1 . I/N7T  d.

(JEE Advanced 2013)

Multiple Correct Answers Type

1. If z, =a + ib and z, = ¢ + id are complex numbers such
that Iz,| = iz,| = 1 and Re (z,Z,) = 0, then the pair of com-
plex numbers w, = a + ic and w, = b + id satisfies
a. =1 b. lw,| =1
¢. Re(w,w,)=0 d.ww,=0

(IIT-JEE 1985)

2. Let z, and z, be complex numbers such that z, # z, and
Iz, = Iz,l. If z, has positive real part and z, has negative
imaginary part, then (g, +2,)/(z, — z,) may be
a. zero
¢. real and negative

b. real and positive
d. purely imaginary
(IIT-JEE 1986)

3. Let z, and z, be two distinct complex numbers and let
z=(1-1¢)z, + 1z, for some real numberrwithO<r< 1.
If arg(w) denotes the principal argument of a nonzero
complex number w, then

a lz—-zl+lz—-2l=1z-2|
h (:_hl)={h_h‘|)

Z_El E_Ei
C. _ _1=0

I‘-;_*_zi :__:I

(IIT-JEE 2010)



3 +i
4. letw = 5 and P={w":n=1, 2, 3, ..}. Further
l -1

H = {ZEC:REE}-Z-] and H, = {zEC:Rez{?}.

where C is the set of all complex numbers. If z, € PN H,,
z, € PN H,, and O represents the ongin, then £z, Oz, =
a. /2 b. /6
c. 2n/3 d. 57/6

(JEE Advanced 2013)

Linked Comprehension Type

For Problems 1-3

Let A, B, C be three sets of complex numbers as defined below:
A={zImz>1}
B={z:1z—-2-1il=3)
C={z Re((l - i)2) = V2] (ITT-JEE 2008)
1. The numbgr of elements inthe setAN BN Cis
a. 0 b. 1 c. 2 d. o

2. Let z be any point in A N B N C. Then, Iz + 1 — i
+ 1z — 5 — il lies between
a. 25 and 29 b. 30 and 34
¢. 35 and 39 d. 40 and 44

3. Let z be any pointin A N B N C and let w be any point
satisfying lw — 2 — il < 3. Then, Izl — Iwl + 3 lies between

a. 6and3 b.-3and 6
¢. —6and 6 d. -3and 9
For Problems 4 and 5
Let § =8 nNn§, NS, where §, = {z e C: lzl <4}, §,
f —Z'—l-i-w%f- ﬂ
=<¢ze(C:Im >0r and S, ={ze C:Rez>0
| | 1-V3i = }
(JEE Advanced 2013)
4. Areaof A =
Jlom L 20m o i6r 32
3 3 3 . 3
5. mnll1-3i-zl=
zZeES
2—«/5 2+J§ 3—«/5 3+\/3
a. b. C. d.
2 2 2 2
Matching Column Type

1. Match the conics in Column I with the statements/
expressions in Column II.

Column I Column I1

(a) Circle (p) The locus of the point (h, k)
for which the line hx + ky = 1
touches the circle ¥* + y* =4

(b) Parabola (q) Points z in the complex plane

(c) Ellipse (r) Points of the conic have
parametric representation

el
o= B[ 15 ) e 2

] + 2 1+ 12

(d) Hyperbola | (s) The eccentricity of the conic lies
in the interval 1 Sx <ee

(t) Points z in the complex plane

satisfying Re (z+ 1)’ =1z F + 1

(ITT-JEE 2009)

2. Match the statements in Column I with those in Column

[I. [Note: Here z takes the values in the complex plane
and Im(z) and Re(z) denote, respectively, the imaginary
part and the real part of z]

L. | (;ﬂlll!_l_li l_ | Column 11
(a) The set of points z (p) an ellipse with

satisfying lz—-ilzll-1z eccentricity 4/5
+ 11 zIl=01s contained in
or equal to

(b) The set of points z (q) the set of points 7
satisfying lz+ 4 |+ 1z - 4| satisfying Im z =
= 10 is contained in or
equal to

.[c) Ifl | =2, then the setm (r) thé. s.e:t_nf.painls Z
of points z = @ - (1/w) is satisfying Im z 1< |
contained in or equal to

(dinlf lw | =1, then the set (s) the set of _p_tﬁnts_ Z
of points z = @ + /@ is satisfying|Rez1< |
contained in or equal to

(t) the set of points z

satisfying [ z 1< 3

(IIT-JEE 2010)

3. Match the statements given in Column I with the values

given in Column II.

satisfying |l z+21-1z-21=%3

Column I Column 11

@ If Ga=j+3kb=—j++/3k and
¢=2+3k forma triangle, then the
internal angle of the triangle between

fad
(p) 6

a and b is
. 5 2n
(b) If J(f(x) -3x)dx =a* - b, then the | (Q) 3
value of f(i) 1S
6
a2 S/ -
(¢) The value of [ sec(mx)dx is | () 5

08¢~ 76




Codes:
(p) (q) (r) (s)

l (s) @
(d) The maximum value of |Arg ( ]

1- 2

a. 4 3 @ ()
forlzl=1,z#1is given by b. 2) @ 3) (1)
# c. @4 Q) () 2
(1) = d 2 @& () 3 (JEE Advanced 2014)
; 6. Match the statements/expressions given in Column |
(IIT-JEE 2011) with the values given in Column IL
4. Match the statements given in Column I with the Column 1 Column 11

intervals/union of intervals given in Column II.

(a) In R? if the magnitude of the (p) 1
projection vector of the vector

il P) Ce=-1) ai +Bjon3i + jis V3 andif
Re 2!'.-:1 : 7 1s a complex WL =2+ \@ﬁ , then possible value(s)
1 =-2" of lAd is (are)

number, lzl=1 7%+ ]} is (b) Let a and b be real numbers such (q) 2
that the function

Column I Column 11

Y

(b) The domain of the function fix) = | (q) (- o, 0) ‘—3&' *-2, x<I :

y fx) = < A 1S
sin”' { 83y ]is M2 e  bx+a®, x21
l = 32{1— ”

differentiable for all x € R.
Then possible value(s) of a is(are)

2,00
1 tan 6 1 0 | ) | (c) Let w+# 1 be a complex cube root (r) 3
(c) If fi6) =|—tan @ I tan 6|, of unity.
~1 —tan 6 ] fR-30+20)" "'+ (2 +3w-
: :r 39 + (-3 4+ 2w+ 3" =0,
then the set ¢ f(ﬂ):(]ﬂﬂ-::-i-} is then possible value(s) of n is (are)
: (d) Let the harmonic mean of two (s)4
(d) If Ax) =x" (Bx-10), x>0, then | (s) (= oo, — 1] positive real numbers a and b be
fix) is increasing in U1, =) 4. If g is a positive real number
() (= oo, 0] U such that a. §, g, b is an arithmetic
[2. o0) progression, then the value(s) of
. lg - al i
(IIT-JEE 2011) o
2km .. (2= L
S. Letz =cos T —isin 1o k=1,2,...,9 | (JEE Advanced 2015)
Column I Column II Integer Answer Type
For each z, th ISts a z; such 1) T
i Z .z a= P FIe R 8 4 e (1) True 1. Let @ be the complex number cos g}—fr-ﬂsin%r . Then
%
(q) Thereexistsake {1,2,.....,9] (2) False the number of distinct complex numbers z satisfying
such that z, . z = z, has no solution ” 4 @ .
z in the set of complex numbers -
o z+w' 1 |=0isequalto. (IIT-JEE 2010)
=zl = z,l....11 = z,] (3) 1 :
(r) equals ® ! ()
10
9 Sk (4) 2 2. If zis any complex number satisfying Iz —3 — 2/l < 2, then
s) 1- ¥ Cns(w) equals the minimum value of 12- —6 + 5ilis.  (IIT-JEE 2011)
k=0 3
3. Let w = ¢, and a. b. c. x. v. = be non-zero complex

numbers such that
a+b+c=x



a+bw+cal=y
a+bw+cw=7z

IxP +1yP +1zPF

Then the value of : 5 - 1S,
lal"+1blF +1lc| (HT-JEEMI].)

km .. km

. For any integer k, let o, = CDSTHSIH ER where

12
0,1 — ]
k=]

i = \J—1. Value of the expression - IS

E‘Qt-l‘ﬂﬁk-:‘
k=1

(JEE Advanced 2015)

Fill in the Blanks Type

sin[%} - cus[§]+ itan(x)

. If the expression = = }-

1s real,
X

| + 2isin(~
- 2 -

then the set of all possible values of x is

(IIT-JEE 1987)

. For any two complex numbers z,, z, and any real num-
bers a and b, laz, — bz, + 1bz, + az,’ =

(IIT-JEE 1988)
. If a, b, c are the numbers between 0 and 1 such that the
points z, =a + i, 2, = | + bi, and z, = 0 form an equilateral
triangle, then a = and b=

(IIT-JEE 1989)

. ABCD 1s a rhombus. Its diagonals AC and BD intersect
at the point M and satisfy BD = 2AC. If the points D
and M represent the complex numbers 1 + i and 2 — i,
respectively, then A represents the complex number

or . (ITT-JEE 1993)

. Suppose z,, z,, Z; are the vertices of an equilateral tri-
angle inscribed in the circle Izl = 2. If z, = 1 + iv/3, then
H= y 43 =

(IIT-JEE 1994)
. The value of the expression 1 x (2 - w) x (2 - w°)
+2xB-w0)xB-0)+ -+ -1)x(0n-w)x
(n - %), where w is an imaginary cube root of unity, is

(IIT-JEE 1996)

True/False Type

1. For complex number z, = x, + iy, and z, = x,+ iy,, we

write z, N zZ,, if x, < x, and y, < y,. Then for all complex
numbers z with 1 N z, we have ((1 = 2)/ (1 +2)) N 0.

(ITT-JEE 1984)

2. If the complex numbers z,, z,, and z, represent the verti-

ces of an equilateral triangle such that Iz,| = Iz,| = Iz,|, then
Z' + z: + 33 = 0- (IIT'JEE 1984)

3.

4.

If three complex numbers are in A.P., then they lie on a
circle in the complex plane. (IIT-JEE 1985)
The cube roots of unity when represented on an Argand

diagram form the vertices of an equilateral triangle.
(ITT-JEE 1988)

Subjective Type

1.

2.

10.

11.

12.

13.

Express 1/(1—cos@ + 2 isin@) in the form x + iy.
(IIT-JEE 1978)

Ifx=a+b,y=ap + by, z=ay+ bf, where y and f§ are
complex cube roots of unity, show that xyz = @’ + b’
(ITT-JEE 1978)

If x + iy = J(ﬂ +ib)/(c+id) , then prove that (x* + y*)*

= (a* +b*)/(c* + d°). (IIT-JEE 1979)

[t is given that n is an odd integer greater than 3, but n
is not a multiple of 3. Prove that x’ + x* + x is a factor of
x+1)=-x"-1. (IIT-JEE 1980)

. Find the real values of x and y for which of the following

equation is satisfied:

d+i)yx-2i N @ -3)y+i
341 3-i

(IIT-JEE 1980)

Let the complex numbers z,, z,, and z,, be the vertices of
an equilateral triangle. Let z, be the circumcenter of the

triangle. Then prove that zf‘ + zf. + z_:': = 333.
(IIT-JEE 1981)

Prove that the complex numbers z,, z,, and the origin

form an equilateral triangle only if ZE + Z% =423 = 0.
(IT-JEE 1983)

Show that the area of the tnangle on the Argand diagram

formed by the complex numbers z, iz, and z + iz 1S %Izlz.

(IIT-JEE 1986)

Complex numbers z,, z,, z; are the vertices A, B, C,
respectively, of an isosceles right-angled triangle with
right angle at C. Show that (z, — z,)° = 2(z, = 2,) (2, — 2,)-

(IIT-JEE 1986)

Let z, =10 + 6i and z, = 4 + 6i. If z is any complex
number such that the argument of (2 —2)/(z—2;)is
7/4, then prove that Iz — 7 — 9il = 3J2. (IIT-JEE 1990)

If iz* + 2 = z+ i =0, then show that Izl = 1.
(IIT-JEE 1995)

If Izl < 1, Iwl < 1, then show that Iz = wl’> < (Izl = Iwl)?
+ (arg z — arg w)>. (IIT-JEE 1995)

Find all nonzero complex numbers z satisfying 7 = iz".

(IIT-JEE 1996)



14.

15.

Let bz + bZ = ¢, b # 0, be a line in the complex plane,
where b 1s the complex conjugate of b. If a point z, is the
reflection of a point z, through the line, then show that
c=Z,b+2zb. (IIT-JEE 1997)
Let z, and z, be roots of the equation z* + pz + ¢ = 0,
where the coefficients p and ¢ may be complex numbers.
Let A and B represent z, and z, in the complex plane,
respectvely. If ZAOB =6 # 0 and OA = OB, where O 1s
the origin, prove that p* = 4¢ cos® (6/2). (IIT-JEE 1997)

18. If z, and z, are two complex numbers such that Iz,| < |

< lz,l, then prove that I(1 — 2,Z,)/(z; — z,)| < 1.
(IIT-JEE 2003)

19. Prove that there exists no complex number z such that

zl< 1/3and ¥ a,z" =1, where la | < 2.

1
(IIT-JEE 2003)

20. Find the center and radius of the circle given by

|(::—ﬂ')f(:—ﬁ)] =k, k¥ 1|, where z=x+ 1y, a = a,

16. For complex numbers z and w, prove that Izl w — Iwl z | _
=z-wifandonlyifz=worzw=1. (IIT-JEE 1999) +iay, f =P, +if,. (IIT-JEE 2004)
17. Leta complex number &, a # 1, be a root of the equation 21. If one of the vertices of the square circumscribing the
=" =2+ 1=0, where p, g are distinct primes. Show circle Iz — 11 = /2 is 2 + v/3i, find the other vertices of
thateither l +a+a* + -+ '=0orl 4+a+a + - the square. (IIT-JEE 2005)
+a’" ' =0, but not both together. (IIT-JEE 2002)
Answer Key
JEE Advanced Integer Answer Type
1. (1) 2. (5) 4. (4)
Single Correct Answer Type o
Lb 2d  3a  4b 5. d Fill i the-Blanks Type
6. b. 7. b. 8. b 9. c 10. d 1. x=2nm or x=nrw+nd ne ’
11. d. 12. b. 13. d. 14. c 15. d 2. (@*+ b)) (Iz,* + Iz,
6. d. 17.b. 18.d  19.c.  20. a 3 ~
21.a.  22.d. 23 c 2. b 25D 3. a=2-3,b=2-3 4 1-5*01-3-%
26. a. 27. b. 28. a 29. b 30. d |
31. d. 32. d. 33. d 34. a 35. d S. l—f\E,—2 6. —n[n—l][n2+3n+4]
36.d. 37 c %
Multiple C Answ True/False Type
Sltiple Correct Answers Lype 1. True 2. True 3. False 4. True
L @b & Bl z, T T D N .
Subjective
Linked Comprehension type J '[]‘ype 5 cot /7
. b. s B . d. 4. b. o ;
b B o = . w8 : [5+3ms&]+{5+3cnsﬂJ
M:ﬁ;tch;ng ((Inlu(mn :‘ypf; 5, xedl gl
. (d)=1(q), (s); (b) =(s), (1) 2 klo—
2. (a)-(q), (r); b=(p); (c) = (p), (s), (1), 20. Center= %~ k f and radius = Eﬁl
(d) - (p), (q), (s), (1) -k I = k1

e

(d) - (1)
(a) - (s)

ai

(€)= (p), (q), (s), (V)

2. 2,=(1-B)+i,z,==i3,2,= 3+ =i



Hints and Solutions

Single Correct Answer Type

3
1.b. (x-1+8=0 = (I—r:-l] = |

2. d.

-2

:r;l - 1‘ W, mz
-2

= x=-1.1-2w, 1 -2°

(1+i) 1-1+2i

(1-i)(1+1) 2

——

l+1

1—i

=1

- Now i" = 1. Hence, the smallest positive integral value of n

4. b.

should be 4.

We know that Iz = z,| = Iz — z,|. Then locus of z is the line, which
is a perpendicular bisector of line segment joining z, and z,:
Hence,

Z2=X+ iy
= lz-S5i=Ilz+5il
Therefore, z remains equidistant from z, = 5i and z, = - 5&.
Hence, z lies on perpendicular bisector of line segment joining
z, and z,, which is clearly the real axis or y = 0.

Alternate solution:

z=-15i -
z +5i
=  k+iy-5i=k+iy+5il
= b+ (y=-Sl=k+(+35)
= xX+@-5'=x+@y+5)
= X+y-10y+25=x+y"+10y+25
= 20y=0
= y=0

T[[;,,i]l(ﬁ_i]’
S - 2 2

S.d.

6. b.

7. b.

8. b.

5 ]
X .. K n .. X
= | cos—+isin— | +| cOS——ISINn—
6 6 6

6
St .. Sm 5::,.5::]
= | cos—+isin— | +| coOs— —isin—
6 6 6 6
= Ecnss—n
6

-

=  Re(z) <0and Im(z) =0

Alternate solution:

2=+

S
where z, = T+_

2

=5 z 1s real
= Im(z)=0
lz-4l<lz -2l
=% (x=4)+iyl<l(x=2) + iyl
or (x-4P+y'<(x-2)+)
or -8x+16<-4x+4
or 4x-12>0
or £33
= Re(z)> 3

lwl = |

| —1z
= - =]

z —i
or 11 -izl=lz-1l
or il lz+il=Ilz-il
or z+il=lz-1l

Hence, z is equidistant from (0, —1) and (0, 1). So, z lies on
perpendicular bisector of (0, —1) and (0, 1), 1.e., x-axis, and
y = (. Therefore, z lies on the real axis.

If vertices of a parallelogram are z,, z,, 2,, Z,, then as diagonals
bisect each other comparing complex numbers of midpoint,

E'I'I"E; _ ) +Z4
2 2

or Z+L=4+
Wehavec=(l-rna+rbandw=(1 -rju+rv

C—da wW-—Uu

= 7 (L)

b—a v—-u

Consider triangles with vertices a, b, ¢ and u, v, w as shown in
the following figures.

A(a) P(u)
B(b) €@ o) R(w)
From (1) ﬂiclz i w‘
a-— b] u—v ‘




10. d.

AC _ PR

= 2
AB PQ (2)
a-c u—w
a-b u—v
= /BAC=ZQPR (3)

From (2) and (3), using Side-Angle-Side criterion we can say
that triangles ABC and PQR are similar.

. Letz, =1z, (cos 8, + i sin 6,) and z, = Iz,| (cos 8, + i sin 6,).

Iz, + 2l = lz,| + Iz,
lz, + 2, = (Iz)| + 1z,))°
Iz, + 12,1 + 2Re(z,2,) = Iz, + 12,1 + 2Iz,liz,]
Re(z,z,) = 2Iz,liz,|
2lz,llz,lcos(8, - 8,) = 2Iz,liz,)|
cos(f, - 6,) =1
b -60,=0
arg z, —arg z,=0
Alternative Method:
Iz, + z,l = lz,] + Iz,
=z +(-,) =zl + Iz,
= AB=AO0 + OB for A(z,), O(0) and B(-z,)

Thus points A(z,), O(0) and B(-z,) can be plotted as shown in
the following figure.

I R A R

YA

A{Zﬂ
C(z,y)

=X

Bf—:y

So, A(z,), 0(0) and C(z,) are collinear as shown in figure.

= arg(z)) = arg(z,)

Letz =cos (2a/7) + i sin (22/7). Then by De Moivre’s theorem,
we have

x 2k . . 2mk
z" =cos—— +1isin —
7 7

6 A
= Z{—:‘)[cus-zj;—kﬂsin HTH]

k=]

I
—
|
o
S
[ |
o

I
|
-~
o
_—
| |
Fa .I“'—I_-.I
. —

11.d.

12. b.

13.d.

14. c.

=(—i}(z_]J [Using 2’ = cos 2kr + i sin 2k = 1]
| =2

=(;)[1_'_Z.J
| -2

—
—

Alternative Method:
- ( . 2k . Z;D'c]
Y | sin =——icos —
k=]
S . 2mk & 2=
= ) sin—— —i) cos —
k=1 71 = 7

|
o]

sin sin
. bm . b6x
sin— sin —
= —L sin(m)—i ; cos( )
sin— sin—
-
. T
sm(:r—;)
=0-i - (=1)
sin —

Let z, = sin x + i cos 2x; 2, = cos x — i sin 2x. Then
E]=21

= SIN X —1{COS 2x =COS X — [ SIn 2x
sin x = cos x and cos 2x = sin 2x

=5 tanx=1and tan 2x = |

(4 T
= x=— andx= —
4 8

which is not possible. Hence, there is no value of x.

=5 (-@*) =A + Bw (v 1+w+w’=0)
= —-w'=A+Bow
= —w'=A+Bw (vw'=1)
— l+w=A+Bw
= A=1,B=
We have
IzZl=lwland arg z=mr—-arg w
Let @ = re”. Then
7 = re’*
= z=re™ e =(re") (cos x + i sin x)
=w(-1)=-w
We have

2=lz-iowl <1 + lwl (0 lzy + 2l Slz)l +1zy1)

Izl + lewl > 2 (1)
But given that Izl <1 and lwl < 1. Hence,

lzl + lwl <2 (2)



15. d.

16. d.

17. b.

18. d.

19. c.

21. a.

From (1) and (2),
Izl = lwl =1
Also, lz+iwl =1z -iw |
= Iz - (—iw)l =1z -iw |
Hence, z lies on perpendicular bisector of the line segment
joining (—iw) and (i@), which is a real axis, as (—iw) and (iw)
are conjugate to each other. For z, Im(z) = 0. If z = x, then
l<l=22<]

— -1 <x<]
A+)" +0+" +0+)" +Q+i)™

= :(I +i)" +(1 -:‘)'": » :(1 +0)" + (I -f}"-‘]

- h(l+i}"' +(1+)" [+
- - -

(I+0)" +(l+r‘}“’]

= | purely real number] + [purely real number]

Hence, n, and n, are any integers.
We have,
(1 +w-w?) = -’y
= {_2)? (ml)‘?
=-128w"
=-128e°

1 13

D (i"+i"

i=} =]

I Il
——
i M
+ -
- 3
e p—
ey —_—
M +
s -
- —

-

=i-1as
Taking -3/ cornmon from C,, we gel
6/ 1 1
-3i|4 -1 -1 =0
20 1 i

("« Cy=Cy)

= x=0,y=0
E=4+5w)™" + 3(w)™
=4+ 5w + 3w’
=14+2w+ 3] + o+ w)
=1+(-1+ l\ﬁ)
= i3

. arg(-z) —arg(z) = arg(%:) =arg(-1)=n

Iz, =lzl =izl =1

Now, lzl=1=2zl'=1= 3,3 =
Similarly,
L4, =1, =1

1 1 1
+—+

El Z: {-3

Now,

or I +Z+% =]

or

|

or Iz, +2,+2i=1

22. d.

23.c.

25. b.

Let

()" = (cos 2km + i sin 2km)'"
2km 2k

r
ey

= COS +isin— ,k=0,1,2,....,n-1
n n
[Zk,nJ » (2&,1:)
Let ¢z, = cos +isin
n n
(kaJ o [Zkﬁn]
and z,= cos| —— |[+isin| —
n n

be the two values of z such that they subtend angle of 90° at
ongin. Then
2kt 2kym

n n

=i% = 4(k, - k,) = +n

As k, and k, are integers and k| # k,, thereforen=4m, me Z

Z!'El =l-'.‘j§

I.'! "-E_'q 2

i ~2Z, 1—:\@
=5 arg - = arg 5
<2 3

Hence, the angle between z, — z; and g, — z, 15 60°. Also,

g2 I-f\/:?: A(z;)

> S & - 2
i, G4

L= 60°
or Iz, -zl=lz,-2l B(z,) C(z3)
or AC=BC

Hence, the triangle with vertices z,, z,, and z, is isosceles with
vertical angle 60°. Hence, rest of the two angles should also
be 60° each. Therefore, the required triangle is an equilateral
triangle. |

. Operating R, - R, + R, + R,, we get

3 0 0

1| -1-0* o’

1 * o’

=3[-0' - 0° -w']

= 3(-1 - 2w)
= 3w’ - w)
=3w(w-1)
Given that Iz,| = 12. There- AV
fore, z, lies on a circle with
center (0, 0) and radius 12
units. As Iz, - 3 - 4il =5,
S0 z, lies on a circle with
center (3, 4) and radius 5 O
units.
From the figure it is
clear that Iz, - z,|, 1.e., dis-
tance between z, and gz,
will be minimum when they lie at A and B, respectively. Then
2, -z, =AB=0A-0B=12-2(5) = 2.




z-1

26.a. =
z+1
1+ w
= 7= —
| -
Now, lzl=1
| +
— —_—l =]
l-w
= lw + 1l =lw - 11

27. b.

28. a.

29. b.

Therefore, w is equidistant from (1, 0) and (-1, 0) and hence
must lie on perpendicular bisector of line segment joining (1, 0)
and (-1, 0), i.e., imaginary axis. Hence, w is purely imaginary,
1.e., Re(w) = 0.

(1 +0’)"'=(1 +w'"
— (—0)"=(]l +w)" = (—ﬂﬂl}"
— w" = |
Hence, the least positive value of n is 3.
Here we observe that

PA=AQ=AR=2
Therefore, PRQ is an arc of a circle with center at A and radius

2. Shaded region is outer (exterior) part of the sector APRQA.

Hence, for any point x on arc PRQ, we should have
PA4=AQ=AR =2

lz-(-)I=2
and for shaded region,

lz+11>2 (1)

PN V2 J2

= =1

Alﬂﬂ.mﬂ6= = =
AN 2-1D)-(-1) 2

= O=nr/4
and by symmetry, arg(z + 1) varies from —n/4 to 7/4 as it moves
from Q to P on arc QRP. Hence, for shaded region, we also
have

-m/4 < arg(z+ 1) < a/4
or larg(z + 1)l < x/4 (2)
Combining (1) and (2), we find that (a) is the correct option.
Given that a, b, ¢ are integers not all equal, @ is cube root of
unity # 1. Then

la + bw + ce’l

a+b[ﬁ]+fﬁJ+c[_l-fﬁJ

2 2

2 2

[za_b_f}f[m-cﬁ]

31. d.

32. d.

= %J{’Ea—bucf +3(b-c)’

]

:l;wﬁta’ +b* + ¢’ —4ab + 2bc - 4ac +3b* + 3¢ - 6bc

\.(Ja: +b* +¢’ —ab-be -ca

= Jé[{a -b) +(b-c) +{c—a)zl

R.H.S. will be minmum when a = b = ¢, but we cannot take
a = b = ¢ as per the question. Hence, the minimum value is
obtained when any two are zero and third is a minimum magni-
tude integer, i.e., 1. Thus,b=c=0,a = | gives us the minimum
value of 1.

Since (w-wz)/(1-2)is purely real, we have

w—wz | (w—wz

|-z -2

W—WI W-—wZ
or — =

-2 |-z
or W=WI—WI+WZ=wW=WI—-WZ+WwWz
or w—w=(w-w)lzl
or 1zP=1 (**w=a+iffand #£0)
or Izl = |

Also given z #1. Therefore, the required setis {z:lzl= 1,z # 1].

OP=0A + AP < A
Rotating OA by an angle 45° in QY
anticlockwise direction to get o
OP, we have B-:\ 7
-0 123,10 4 A% A
-0 IZ] I S /4
.
(where tan A = 4/3)
-0 5 .
=5 ;m” = g(cnsﬂ +isin@)
E:_: - 0 e 3 4
= e ;'Hg
= L =(3 +4)e™'*
Given Izl = 1 and z # 1. To find locus of w = z/(1 - 7%). We
have
o= ——=— _  (cll=l=lP=]1=3=1)
1-2° Zm=-Z

T
L e

which is a purely imaginary number. Therefore, & must lie on
the v-axis.



33. d.

Wehavez,=1 + 2i

2, =6+5i
Now z, moves /2 units in the direction of vector i + j i.e.,in
the direction of line y = x.

Using parametric form of straight line, we get coordinates of
point D as

[6+ﬁcus;—r,5+ﬁsing]s{lﬁ)

Now this point moves through an angle &/2 in anticlockwise
direction on a circle with center at the origin to reach a point z,.

2, =(7+6)™ = —6+7i

3M.a. Z(T+ %) =350

Puting z = X+ iy, we have
(& +y) (P =-y)=175
(P +y¥)(P-y)=5x5x7
X+y =25
and X¥-y'=7
(as other combinations give non-integral values of x and y)
x=x4, y=23(x,y€ I)
Vertices of rectangle are (£4, £3)
Hence, area is 8 X 6 = 48 sq. units.

15
35.d. S= Y Im(z"")
m=]

36. d.

37.c.

=sin @+ sin 36+ ... + sin 296
= 2(sin @ S =(1 —cos 260) + (cos 20 —cos 40) + ... +
(cos 286 - cos 300)

_ 1—cos 306
2sin 6

1
"~ 4sin2°

Givenequationisz + 2+ 1 —-a=0

=3 S

Clearly this equation do not have real roots if

D<(

=3 1-4(1-a)<0
= 4a<3
= ged
4

Given circles are (x — x,)* + (y = v,)* = and (x - x,)* + (y = y,)°
=47

or lz-zl=r (1)
and lz-z)=2r (2)

where z, = x, + iy,

Now o and é lies on circle (1) and (2), respectively. Then

la -zl =rand |— -z |=2r

I
o

= la-zl=rand |l -az|=2r|al
= la-zl=rand |1 - oz, =47 |af
Subtracting, we get ll—&'zﬂil—lﬂ—zolz=4f2 et —r?

= 1+|azf -8z -0z~ (laf +|zf - az - az)

=4r|af - r*

= 1 +ldflz,f - ot - Iz)' = 4 1ad* -
= (1 -lad®)(1 -lz)) =4 1af* - #
Given 2lz)' = + 2

r*+2

5

e

= (l-fcr.ll)[l—- )=.=1r3|¢:::|1—»-2

= -l = artlap -

. , | 1
= |af-1=8jaf-2 = |af== |a|=—
?

Alternative Method:

arg| — | = - arg(@ = arg
4

Thus & and é lies on the same ray as shown in the following

(4
figure.
C(1/&)
B(a)/ [,
r
AX /b
2
0
OB=IaI.OC=H=i
a lal
2
In AOBD., cos 9= 0 +la =1
21z, llcd
Izc,lz+L2—-=lr:t
In AOCD, cos 8= Ll
2zl
“ lcxl
12, B e — 2
Thus Izolz+lﬂlz—r1 _ ‘0 |l
T 2zl i
Va



“_r}:| + r::

b, .. 3 ]
= Izl +lal -7~ = laf |il.;':,:‘.,|2 -~ = —4r° = g
al”

(1=1)+1t
= gl +lalP-r=lal izl + 1 -47 lal = 2 divides the line segment joining z, and z, in ration
Given 2iz,)> =r +2 (1 —1):rinternallyas 0 <t < |
= g +1alP+2 -2z =lal Iz’ + 1 + (8 - 8 Iz)*) lal’ =  z,z,,and z, are collinear.
= 1-lzl=Tal -7z’ lal = arg(z-z)=arg(z,-2)
= TlalF=1 = e
- e A
= lcrlz-L -2 ‘EE—E
7 27 g |
o 2= Z2-3
Multiple Correct Answers Type = -
L4 L4
1. a.,b.,c.
We have, o P@)
i 7 3 M
lzl=lz)=1=2a"+b = +d =1 (1) A(z) B(z,)
and
Re(z, z,)=0=Re{(a+ib)(c-id)} =0 = ac+ bd =0 AP + PB = AB

Now from (1) and (2),

263 4.
F+b=1=a+ "d‘; =l =ad=d (3)
* e : 12
Also, C+d=1=c+ T =1 b =¢ (4)

|m,|= Jﬂl +'(.': = Jﬂ: +b1 = ] . [Frﬂm (I]and {4”
and lw)= Jb* +d* =\Ja’ +b* =1  [From(1)and (4)]

Further,
Re (w,w,) = Re{(a + ic) (b - id))
=ab + cd
- x==12" x=1/
=ab + [“%] [From (2)]
ab’ - ac’ Now, for z,, cos L L and for z,, cos L L]
e =l [From (4)] 6 2 6 2

Possible position of z, are A, A,, A, whereas of z, are B, B,.
B, (as shown in the figure)

= b (_E }= (@ +b)c _c_ + 120 So possible value of £z,0z, according to the given options is
b b b 2n or 5w
i lw,| =1, lw,l = | and Re(w,@,) =0 3 6
2. a.,d.
Letz,=a+ib,a>0andbe R;z,=c+id,d<0, ce R.Given, Liﬂkﬁd CﬁmprEhenSiﬁn Type
Iz,| = Iz, v

= a+b=c+d N

» P-P=d-F - N ‘
S

[5.[) _l'=1

' - X
_ [(@ =)+ (b’ -d"))+il(a—c)(b+d)—(a+c)(b-d)] 1 X
(a—c)’ +(b-d)* x+y=42

which is a purely imaginary number or zero in casc a+ c=b +d 1. b. A s the set of points on and above the line y = | in the Argand

=0. : :
plane. B is the set of points on the circle (x=2)" + (v -1 =9
3. a,c,d. and

Givenz=(1-1)z, + 1z, C=Re(l -i)z=Re((1 - i) (x+iv)) = V2

7




= x+y=\2
Hence, A N B n C has only one point D of intersection.

2. c. The points (-1, 1) and (5, 1) are the extremities of a diameter of
the given circle. Hence,

lz+1-iF+1z-5-i"=36

3.d. lizl = Iwll <1z = wl and 1z — wl is the distance between z and w.
Here, z is fixed. Hence, distance between z and w would be
maximum for diametrically opposite points. Therefore,

lz-wl<6
= —6<lzd-lwl<6b
= ~3<lzl-lwl+3<9

4.b. §,:lz1 <4,z lies inside the circle or radius 4

S,: 3x+ y>0, z lies above the line /3x + y=0
S;: Re(z) > 0, z lies to the right of imaginary axis.

Area of region §, N §, N §, = Shaded area

x4 &xr |, {1 1} 207
= + =4 M=+ —p=—
4 6 4 6

5.c. Distance of (1, - 3) from y + /3 x=0is !3—43 xl!= 3-43

2
= minll -3i-zl= 3_J§
zeS 2

Matching Column Type

l- (d} = (P}: {5}
z+2l-1z-21=23
Now we know that if | z -2, '-lz -z, =k where k<lz, -z,
the locus is a hyperbola.
Also eccentricity of hyperbola is more than |
(b) = (s), (1)
Letz=x+iy;x,ve R
= (x+1)-y=x+y+1
=  y* =x; which is a parabola.
Also eccentricity of parabola is |
Note: Solutions of the remaining parts are given in their
respective chapters.
2. (a)-(q),(r)

Z l‘
_--' e

|z}

z .
—t

2#0

—~_ is unimodular complex number

z]
L

and lies on perpendicular bisector of i and —i

I 4

= —=Fl=z=%11z]
| z|

=5 zis real number=Im(2)=0.

(b) - (p)
z+4l+1z-41=10

z lies on an ellipse whose foci are (4,0) and (—4,0) and length of
major axis is 10

= 2ae=8and2a=10=>¢=4/5
IRe(z)I < 5.

(c) = (p), (s), (t)
lwd=2=w=2(cos @+ isin )

- z= x+iy=2(cosf +isinf) - %(Eﬂﬁﬂ—- isin@)

2 2
— imsﬂﬂisinﬁ:& : — + Y =]
2 2 - (312 812
2 9/4 9 16
= e =l-—=]- = = g = —
25/4 25 25§ 5

(d) - (q), (r), (s), (1)
lwl=1=x+iv=cos @+isin @+ cos @-isin b
X+ iy=2cos 6
IRe(z)I < 1, Im(z) = 0.
3.(d)—-(t) Letu=

Given |z | =1

=3 |-1!=I
I

= Ju-1|=u]

Therefore, locus of « is perpendicular bisector of line segment
joining 0 and 1.

. T . i
=  maximum arg « approaches > but will not attain.

Note: Solutions of the remaining parts are given in their

respective chapters.
4. (a) - (s)
— 2i(x+ iy) 2i (x +1iv)

Cl=(x+iy)? 1=(xF -y + 2ixy)
Using | - X* =7
2ix — 2y l

0= — =
2y° =2y Yy
“1<yS ] = LI L)

y y
Note: Solutions of the remaining parts are given in their
respective chapters.

(p) z, is 10" root of unity
So, 7, willalso be 10" root of unity.

Take z, as z,.

(q) z;,#01take z = “k  we can always find z.

-
<]



r) 2%-1=(Gc-1)(@z-2)...(z2- %)

= (2-23)(@-3)......(2- %)
=1l+z4+7Z+...+2 Vze complex number
Puu z=1
= (1-z)(1-2)....(1-2) =10

11—z lll=2,l... 1= zgl _ |
10
) l+z,+z,+...+2,=0
=3 Re(l)+Re(z))+...+Re(z)=0
= Re(z;))+Re(z,)+... +Re(z)=- 1.
6. (c)-(p), (q), (s), (V)
Let a=3-3w+ 2
= aw=30-30+2x
= aw=30-3+20
Now given a*** (1 + @ ** + (&)"* ) =0
Thus, n should not be a multiple of 3.
Note: Solutions of the remaining parts are given in their
respective chapters.

Integer Answer Type

1.(1) w ="
:+1 @ w’
® .1:+l.'ir.7i2 1 [=0

>

w"* l I+ W

Applying (C, = C,+C, +C,)

J
(8]
&~
+
e
Fd

= =0
z =0 1is only solution.

2.5 1z-3-2i1152

= z lies on or inside the circle radius 2 and center (3, 2)

Y
— > X
(0,0) B(3.0)
¢ A(3,-5/2)
12z -6+ 51,
=2lz-3 + (5/2)i

= 2(minimum distance of any point on the circle to
the point (3, - 5/2)
=2(5/2)=5

3. The expression may not attain integral value for all a, b, c.
If we consider a = b = c, then

y=a(l +o+w)=a(l +i \E}

z=a(l+w+w=a(l+iJ3)

el + Iy + 1217 = 9lal® + 4lal® + 4 lal* = 17lal’
L xP +1yP+1zF 17
lal +1bF +1c? 3

Note: However if @ = ¢*®”, then the value of the expression = 3.

kr
km . . km T
4.(4) a,= cos— +1isin— =e
7 7
12
Z\Q-ﬁl‘%l
k=]
3
El@t-l'“ﬁt—z
k=]
12 (k+m. kx
2 i
ZE T —e
— =I
3| (4k-Dr.  (4k-2)x.
= i i1
ZE LU
=
12 kx. o
L ) —I e
e’ |le? -1
k=l
y | Gk-2x || m
Zf ! e’ =]

B2

3
Fill in the Blanks Type
1. Let

sin — + cos— +1 tan x
2 2

4
I

| + 2isin -
2

I X . oou X
(sm — + CO0S — +llﬂn.t'} [l — 21 sin —)
2 2 2

[1+ Zising)(]— 2 isin i;-)

. b § . X . L1 X . X X
smi+c053+251nitﬂnx +{| tan x—2sin H—Zsm;cns:

l+=1.5in1£
2

Now, Im(z) =0 (as z 1s real)

=3 t:m.r:-lt;in£ :~‘.in£+r;:1::15i =0
2 f. s

M0 2sin® (x/2) - 2sin(x/2)cos(x/2) =0
COS X

” s'n*t_(l-cﬂsx)—ﬁiﬂx=0
COS X



COs X

= sinx[ -1}—[1-::.:-“]:0

=, (1-cos I)|:smx —l]=0
COS X

= cosx=]l=x=2nrortanx=1=>x=nn+n/d,ne Z
2. laz, — bz, + bz, + az,l’
= a’lz,* + b’ Iz,I* - 2ab Re(z, Z,)
+ b1z P +a’ 1z, + 2ab x Re (2,Z,)
=(a* + b*) (Iz,* + 12,1%)
3. Asz,=a+1i,z,=1+biand z, =0 from an equilateral triangle,
therefore
Iz, -2l =lz; - Z,l = Iz, - 2,
= la+il=Ill+bil=l(a-1)+i(1->b)
= a+1l=1+b=@-1Y+(1-b)
= a'=b=z=a+b-2a-2b+1
=

a=b (“a,b>0;, a#-b) (1)
and b°-2a-2b+1=0 (2)
Solving @’ - 2a - 2a + 1 =0, we get

a-4a+1=0

= ﬂ:4i;ﬁ=2i\[§

ButO<a,b<]l.
a=2- \ﬁ and b=2 - \E

4 B

D(1 +1i) C(z)

Rotating DM about M by an angle 90°, we have

z-(2-i)  lz—(@2-) E:f”—_,—
1+D)-(2-i) A+dH-R2-Dl
., =@-n__ i
-1 % 28 2
= 2z=(-i-2)+@-20or(i+2)+(4-21)
= z=l--1iu:n'3—i

5. Let z,, z,, z, be the vertices A, B, and C, respectively, of equi-
lateral AABC, inscribed in a circle Izl = 2 with center (0, 0) and
radius =2. Givenz, = 1 + i3,

A(z))

Rotating OA about O by an angle 27/3, we have

r

2-0 __1z2-01 &3
1+iV3-0 11+iJ3-0]

= 7= {l+f~f§}[ms—2—;iisin %r]

=3 2= (l+:‘~f5][ —%ii?}

_+i3Y  (+i3)(-i3)
2 2

== =

= z=1-iV3 or-2
S=12-0)2-)+2B3-w)3 -+ ...+ (n—-1)n-w)n-w)
Here,
T,=(n-1)n-w)n-aw’)
=n -1
5= 3 (1)

2.(n -1)

{n(ﬂ I)T .
2 -

ﬂz(ﬂz +2n+1)—4n
4

%n(nl +2n° +n-4)

i n(n—1][n* +3n+4]

True/False Type

1. True Letz=x+iy. Then

1 nz=1<xand 0 <y (by definition)
§ = 1—(x +iy)
l+z  1+(x+iy)
_ (l—x}—-iyx(Hx}—i}'
(I+x)+ity (I+x)—1y

1

Cl=x -y iyl-x+1+X)
A+xP7+y2  (1+x)°+)°

B 1-x’ - y? ~ 2iy
A+xP+y (1+x)P+)
= _ 2_ 2 i .
N, =LAt Y _<0and 213’ <0
| (I+x)"+y (I+x)" +vy

= 1-xX-y<0and-2y<0

= xX+y=2landy=>0

which is true as x > 1 and y > 0. Therefore, the given statement
istrue, Vze C.

. True Aslz,|=Iz,l =1z, therefore, z,, z,, z, are equidistant from

origin.



Hence. O is circumcenter of
AABC. But according to the ques- A(zy)
tion, AABC 1is equilateral and
we know that in an equilateral
triangle circumcenter and cen-

troid coincide. Hence, centroid of 0
AABC 15 0. B(z7) C(z»)
Hence, 4+t %% _,

3

or 2, +54=0
Therefore, the statement is true.

3. False If z,, z,, z; are in A.P., then (z, + z,)/2 = 2,. So, z, is mid-
point of line joining z, and z,. Hence, z,, z,, 2, lie on a straight
line. Hence, given statement is false.

4. True Cube roots of unity are z, = 1, z, = -1+iV3 and

_-1-iV3 :

&
' 2
Iz, — 2l = 3_i‘/§‘=ﬁ
2|
I32—25|=.£@=J§
2
and |Iz,-z)= 3+;J§%=\/§

Thus, cube roots of unity are vertices of equilateral triangle.
Hence, the statement is true.

Subjective Type

1 1
1. =
| —cos@+2isin® 2sin’@/2+43isinB/2 cosB/2
. ¥ W sin@/2 —2icos6/2
25inB@/2| (sin@/2+ 2icosB/2)(sin 0/2-2icosB/2)

R 'sinwz—zfmse!z]
2sin@/2|sin"@/2+4cos*0/2

B 1 2sin@/2—-4icosf /2
2sin@/2| 1-cos@+4+4cos6

l [sinﬂﬂ— ZEcUSBHZ]

sinf /2 5+ 3cos@

=[ 1 ]+[-2cmer2}

5+ 3cos@ 5+ 3cosB

2. As f and y are the complex cube roots of unity, therefore let

f=wand y=w’sothat w + w’ + 1 =0 and @’ = 1. Then,
xyz=(a + b) (aw + bw?) (aw’ + bw) ]

= (a + b) (@°w’ + abw’ + abw’ + b*w’)
=(a + b) (@’ + abw + abe + b”) (Using w’ = 1)
=(a+b) (@ + ablw + &°) + b)
=(a+b) (@ -ab + b (Using @ + w™ =-1)
=a +b’

3. Given,
a+ib
c+ id

xX+iy=

+ a+ib

or (x+iy) = (1)
) c+id
2| |a+ib
or 1(1+:}*) ‘= :
c+id
ib I
4 a+i
or ‘.1' +:_1" = :
c+id
i aw BEHE
or Yy == -
¢ +d”

4. Given that n is an odd integer >3 and n is not a multiple of 3.
Let
px)=(x+1)y"—-x"-1
and gx)=x +x +x
=x(+x+1)
= x(x ~ 0)(x ~ ')
where @ and w? are cube roots of unity. Clearly, 0, @, @ are
zeros of the polynomial g(x). Now,
p(0)=1"-0-1=0
Hence, 0 is a zero of p(x).
p(m]:{ﬂ.l+ 1)'—w" -1
—_ {_ml)ﬂ ] mﬂ‘ i ]
== (0" +w"+1) [+ nis odd]
=) [ @"+ "+ 1=0if n # 3m]
Therefore, w is a zero of p(x). Also,
pl@)=(w’ + 1) = (") — |
=(-w) -w”" -1

o n_mln_]
=—(1 + " + o™
=0 : [for n # 3m]

Hence, @’ is a zero of p(x).

Since 0, w, @* are zeros of p(x), hence x, x — @, x — w* are
factors of p(x). Hence, x (x — @) (x — @) is a factor of p(x), i.e.,
x' +x* + x is a factor of p(x).

(1+0)x-2i (2-3)y+i

3+i 3-i

= (A+20x—6i-2+©O-T)y+3i-1=10i

=  (4x+9y-3)+Qx—-Ty-3)i=10i

= 4x+9y-3=0and2x-7y—-3=10
On solving, we get x =3, y=—1.
6. A(z)), B(z,), C(z,) are the vertices of an equilateral triangle.

Hence, o
L +5+5=35+54515y
+2;+2; + 22,2, + 5,2+ 2,2))

=3(5) +23, + ;)

=i

2 2
Now, (z;,+ 2z, + )" = g

We also have,

Vi L 4t +I,
3=
3

(as centroid will coincide with circumcenter)
= +u+2z =35

7. We know that if z,, z,, 2, form an equilateral tnangle, then
g +5+5 =3+ 0%+ 52
Putting z, = 0, we get
2 2

- T
- - -
= 5+ —3,=0



8. Let the vertices of the
triangle be A(z), B(iz),
C(z + iz). We know that
iz is obtained by rotat-
ing OA through an angle
90°. Also point z + iz can
be obtained by complet-
ing the parallelogram
two of whose adjacent

sides are OA and OB.
From Argand diagram, it
is clear that

Area of AABC = Area of AOAB

=%xm « OB

1
=l

b4 Ile

9. Applying rotation about point C, B(z-)
EI_:] =fi.l'fl (l)

< - 43

Applying rotation about point B,

— T

[ it is night angled at point O]

4 T2 - ix/4 2 1
——-—:3 . \Ee (2) )

P e

Applying rotation about point A,
<7 s JEE_”'HI d (3]
4 T &

Multiplying (2) and (3), we get

(g, _E;){EE ~%) =2

(-3, 0z,—3,)

(2= 22 = -2z - 25 - )
=2(z, — 23) (23— 2,)

10.

-
L]

10 + 6i

arp =L |_ &
I—% 4

A(zy)

Locus of z is the major arc whose center is at z,. Applying rota-

tion at z,, we have

zo — (10 + 6i) =|;{,-(10+6n|;§
2 —(4+6i) lzy—(4+6i)l

Z, —(10+61) iy

z, — (4 +6i)

or

12.

13.

14.

or Z,—-10-6i=iz,—-4i+6

or z,=7+9%

Thus. center is at 7 + 9i and z is any point on the arc.
Hence, Iz — (7 + 90)l = 110 + 6i — (7 + 9i)l = 34/2.
Dividing throughout by i, we get
Z-i+iz+1=0
2z-D+iz-D=0asl=-F
(z=-D(Z+0)=0
z=iorr=—i
lZl=lil=1orlZl=lzF ==l =]
Izl =]

Hence, in either case Izl = 1.

044410

Let z = Izle* and w = Iwle”. Now,
lz—wl =1z + Iwl —zw — 7w
= (Izl = Iwl)? + 2lzliwl = Izliwle™ 7 — Izliwle “* 7

= (121 = Iwl)* + Izllwl(2 — 2cos(a - f))

< (Izl = Iwl)* + 4sinz[a ; ﬁ]

(clzl<l, iwl<1)

2
< (Izl = Iwl)* + 4 (Tﬁ) [ sin @ < @ for 0 €(0, n/2)]

= (Izl - Iwl)* + 4(a — B’
= (Izl — Iwl)? + (arg z — arg w)’
l.et z=x+1iv. Then

s 0
- — -

= x-iy=i(xX -y + 2ixy)
= x—iy=i?-y)-2y
=  x(1+2y)=0 (1)
and X¥-yv+y=0 (2)

From(1),x=0o0ry=-1/2. From (2), whenx =0, y=0, | and
when y = -1/2, x= % (/3/2). For nonzero complex number z,

2 2 2 2
Given that z, is the reflection of z, through the line
bz +bz=c (1)
e 2
.r;f
- T‘:’ =
b7 + bz =c ) '“nﬂ
S,

<1

Therefore, for any arbitrary point z on the line, we must have
lz—2l=1z—2z,

or lz-zP=lz-2zf

or I+l -2~ 2z= P + Izl -2z, - 25,

or (T,-7)z+(2,-2z)z=Iz,f -1z,F (1)
Comparing (1) with (2), we have

2 - |2
F-lz,l

= :1*Z| 3ndf = IE:
= Zb+b=T(z,-2)+25E-7) =l -1z =c



15.

16.

17.

18.

Let z, and z, be roots of the equation * + pz + ¢ = 0. Then,
LFYLEPLLE B(z5)
Also, 2 =¢" orz,=ze”
=T
= A(zy)
=  (l+e)=p.ze"=¢ 6
p:
. —if
L —ye = - 0
— P: = ge i (l 4 {’llﬂ 4. zeﬂ))
=qgle" +e"+2)
=q(2 cos 0 + 2)
, 0
=4qg cos™ —
1 2
Given that z and w are two complex numbers. To prove
FPw-wlPrz=z-wez=worow = |
First let us consider
Pw—wlz=z-w (1)
= zZ(1 +Iwl) =w(l +12I)
z 1+1zF
=> = — = a real number
w l+lwl
Z Z Z 2
— —_— = — D == e
( w) W WooW
= Iw=Iw (2)

Again from Eq. (1),
IZTW—WWI=Z—W
z(zw=1)=-w(wz-1)=0
Azw =D =wlzw -1 =0

=p w-DEz-w)=0

= w=lorz=w

Conversely if z = w, then L.H.S. of (1) is Iwl* w — Iwl* w =0

and R.H.S. of (1) is w — w = 0. Therefore, Eq. (1) holds. Also,

if wz =1, then wz = 1. L.H.S. of (1) is Zzw — wwz = 22w — ww?
= R.H.S. Hence proved.

N--+1=0

= @-1DEF-1=0

= z=(1)"or ()" (1)

where p and ¢ are distinct prime numbers. Hence, both the

equations will have distinct roots and as z # 1, both will be
simultaneously zero for any value of z given by Eq. (1). Also,

[Using Eq. (2)]

|_]_ﬂrP
| - &

| +a+a +--+d

(a#1)

| - af
|- o
Because of (1), either " = | or @ = | but not both simultane-
ously as p and g are distinct primes.

2 q
or l+a+a +--+a'=

(a£1)

Given that Iz | < | <Iz,l. Now,

19.

or (I_EIE:)“_E:EI){(EI_z:)(fi_"-::)

or

P

or 1+lzPFlz,P<lzF+lzl
or (1 - Iz,llj (1 - |z:I:} <0
which is obviously true as

Iz, < 1 < lz,)
= IzF<l<lgl
= (1-IzH>0and (1 -1z,F) <0

ZH, 2" =1 (wherelal < 2)
r=|

= az+al+al++a, "=
= laz+a,’+a 7+ +a, =1 (1)
= l=laz+ar+az +--+a,Z7l
<lazl +la,Z’l + -+ + la, "
= la llzl +Ha,llZ*l + la JIiZ’l + - + la I
<2 (lzl+ 1z + 1z + - + 121"
(~+ la) <2,V rand 1l = l2I")

Nzi{1=12r)
R

1-1z]|
2’|:|-1:1""
a ! | -1zl

= 2za-1""1>1-1

2
=% ;Izlbl+lzl
2 2

(.0 1-ld>0asid < 1/3)

L |

| B e
— Izl>§+—l::l

fad

= 1zl > —1-
3

which is a contradiction. Hence, there exists no such complex
number.

-----

= lz-ad=klz-8
Let points A, B, and P represent complex numbers a, f, and ¢,
respectively. Then,
z—al=klz— A
Therefore, z is the complex number whose distance from A is k

umes its distance from B, 1.e.,
PA =k PB



Hence, P divides AB in the ratio k:1 intemnally or externally
(at P). Then

PE(kﬁ+a]mdFE[kﬂ—u}
k +1 k -1

Now through PP’ there can pass a number of circles, but with
given data we can find radius and center of that circle for which

PP’is diameter. Hence, the center is the midpoint of PP’ and is
given by

[kﬁ+a+kﬁ-a]

k+1 ki
2
_kB+ka—kB-a+k’B-ka+kp-a
- 2k - 1)
K B-«
T B
_ a-k'B
=

Radius = % \PP1

_ i|kﬁ+r:z_ kB- af

2| k+1  k-1|
V| B+rka-kB-a-k'B+ka—kB+a
2 k* -1
_kla-pI

11— k?|

21. The givencircleislz — 11 = V2, where Z, = | 1s the center and

V2 is radius of the circle. z, is one of the vertices of the square
inscribed in the given circle.

(2+iV3)
Z|

Clearly, z, can be obtained by rotating z, by an angle of 90° in
anticlockwise sense about center z,. Thus,

5~ 2=(2 %) €™
= z-1=Q2+i3-1)i
— z:=i—\@+l
= =(1-V3)+i
Now gz, is midpoint of z, and z, and z, and g,

2+ 2+EJ§+33
=ZO=;'- =1
2 2
=y z,=-i\f§
- Z;'FE (I—Ji)+i+z‘=}

4 _ s
5 %

= z=(W3+1)-i

2



