Chapter 2: Applications of Derivatives

EXERCISE 2.1 [PAGE 72

Exercise 2.1 | Q 1.1 | Page 72

Find the equations of tangents and normals to the following curves at the indicated
pointson them:y = x2+ 2eX 2 at (0, 4)

SOLUTION

y =x2+ 2e*2
% — %(m? +2¢" + 2)
=2x + 2xe* +0

= 2% + 2¢e"

. (ﬁ) =2(0) +2e0=2
dx at(0,4)

= slope othe tangent at (0, 4)
.. the equation of the tangent at (0, 4) is

y—4 = 2(x-0)
Ly—4 = 2%
L2x—y+4=0
The slope of the normal at (0, 4)
_ —1 - 1
() :
4z J at(0.4)

.. the equaion oof the normal at (0, 4) is



1
y-4=—5(x-0)
S22y —8=—-x
X+ 2y—8=00
Hence, the equations of tangent and normal are
2x—y + 4 =0and x + 2y — 8 = 0 respectively.

Exercise 2.1 | Q 1.2 | Page 72
Find the equations of tangents and normals to the following curves at the indicated

pointson them: x3 + y3—9xy =0 at (2, 4)
SOLUTION

x3+y3—9>:y=0

Differentiating both sides w.r.t. x, we get

dy dy d
322+ 3= —9jz—= +y. — =0
* y2d$ {I dz v dx ()
3m?+3y?@—gm@—gym1:0

dx dx

(33,|r2 — Q:.r:) % = 9y -3x2
T

dy 9y — 32

“dx 3y — 9z

| ( dy ) 9(4) —3(2)°
dr ) w04 3(4)° —9(2)

36 — 12

48 — 18

24

30

4

5
= slope of the tangent at (2, 4)




- the equation of the tangent at (2, 4) is
4
y—4=—(x-2)

s 5y—-20=4x-8
LAdx=-5y+12=20

The slope of normal at (2, 4)

- the equation of the normal at (2, 4) is
5
— 4 =——(x—2
y 71— 2)

LAy —-16=-5x+ 10
CSx +dy-26=10
Hence, the equation of tangent and normal are
4x — 5y + 12 = 0 and 5x + 4y — 26 = 0 respectively.
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Find the equations of tangents and normals to the following curves at the indicated
points on them :

z? — \/Emy + 2y2 = dat (\/E,. 2)

SOLUTION



22— V3zy+ 242 =5

Differentiating both sides w.r.t. x, we get

2$—\/§{ 4y + . —(:.!:)] —|—2><2yﬁzﬂ
dx dx

dy dy
c2z=vV3rZY — VByx1+4yL =0
dx dr

( \/_:r:) —\/_y—2m

L dy _ V3y—2e

- dz 4y — 3z
_ 2z — v/3z
v@:c—riy

(ﬁ) _ 2V3-V3(2)
Az ) a(v32) \/E(\/E) — 4(2)

= slope of the tangent at (\/5, 2)
.. the equation of the tangent at (\/E, 2) is
y—2 = D(:c — \/E)
wy—=2=0
ny =2
The slope of normal at (\/E, 2)

= 1 , Where ( dy

(%)at(wﬂ:ﬂ) i )at(ﬂ’ﬂ)

~. the slope of normal at (v’g? 2) does not exist.

=0



- equation of the normal is of the form x = k
Since, it pases through the point (\/5 2) k=13

- equation of the normal is x = V3.

Hence, the equations of tangent and normal are

y=2andx = V'3 respectively.

Exercise 2.1 | Q 1.4 | Page 72
Find the equations of tangents and normals to the following curves at the indicated

e
- o at,(1, —)
pointson them: 2xy + rsiny 2

SOLUTION

2xy + TLsiny = 21
Differentiating both sides w.r.t. x, we get
dy d

2 Ly ® (z)| + Y_o
E— . — CoslYy— =
dr y dx m yd:r:

dy dy
n2r— +2yx1+mcosy— =0
dr dr
dy —2y

dx 2r + mcosy

.(E) __ —2(3)
C\ dz at(r,z)  2(1) +mcos

x
2

—

" 2+ 7(0)
_ i
2
m
= slope of the tangent at (1, E)



1 ?-r "
.. the equation of the tangent at (1? E) is

m mw
= ——(z—1
y- 5 5 )
G 2x -2
— — = 2% -
A
2 2my — 7wl = Ax— 4

sodx - 2my + me-4=0
Hence, the equations of tangent and normal are

mx + 2y —2m = 0 and 4x — 2my + m° — 4 = 0 respectively.

Exercise 2.1 | Q 1.5 | Page 72

Find the equations of tangents and normals to the following curves at the indicated
maw
o (33)
points on them : x sin 2y =y cos 2x at

SOLUTION

X sin 2y =y cos 2X

Differentiating both sides w.r.t. x, we get

@ (sin2y) + sin2y. - (z) = y. 2 (cos 22) + cos 22. -2
$d$ sS111 y sl ‘y d;]_: I —y. dm COs 2. COs 200, d;[:

d _ _ d dy
= . cos 2y. E@y} +sin2y x 1 = y. (— sin 2x). . (2z) + cos 2. I

dy | . dy
Lxeos2y X 2— +sin2y = —ysin 2x X 2 + cos 2. s
x

d
- (2 cos 2y — cos 2$)d—y = —2ysin 2z — sin 2y
T

dy  —2ysin2z —sin2y

" dx 2x cos 2y — cos 2x



2(%) COS T — COS %

. (E) B —2(%)siﬂ%—sinﬂ-
at(§.%)

=2

: f the tanget t(ﬂ H)
= 510pe O e Tangetl d — 4
p g 3

.. the equation of the tangent at (% ; %) is

ay— = =2(:r:—£)

2 4

m 2 in
Ly—— =2z — —
75 2
L2x—y=0

iy mw
The slope of normal at (—, —)
P 4’9

. ?r ﬂ— -
.. the equation of te noral at (— , —) is
4

T l( ?1')
_F__1/ =
L 2 2



2 + =
A —T=—I+ —
y— 1

L8y —dr=—dx+ 7w
LAdx+ 8y-5m=0

Hence, the equation of the tangent and normal are

2 —vy =0and 4x + 8y - 51 = 0 respectively.

Exercise 2.1 | Q 1.6 | Page 72
Find the equations of tangents and normals to the following curves at the indicated

pointsonthem : x = sin @ andy = cos 20 at 6 = 11/6

When€=i,m=sin T and Yy = COS -
[§] 6 3
1
Lr=— and y =
2 Y

b | =

1
Hence, the point at which we want to find the equations of tangent and normal is (E, E)

Now, x = sin@, y = cos 20

Differentiating x and y w.r.t. 0, we get

dx .

— = —(sin6) = cos6

de de

and

d d d
Y —(cos 26) = — sin 26. — (26)
de de 18
=—sin20x2

= —2sin 20

dy
_ dx do

(%)




_ —2sin 26

cos B

_ (ﬁ) _ —2sin %
) d$ ﬂt'ﬁ‘=% cos %
(4)

(+)

=2

= slope of the tangent at 0 = %

1 1
.. the equation of the tangent at 8 = %i.e. at (—? E) is

1 1
—— =2l — —
7 ( 2)

1
e ——=—2I—|—1
Y 2

L2y—T=—4x+ 2
Ldx+ 2y-3=0

The slope of normal at © = r

1

- (®)
dx at ==

-1 1

T2 2

1 1
.. equation of the normal at 6 = %, i.eat (— —) is

1 1 1
Sl [P
Y 2 2 2



1

L2y—l=xz— —
Y 2

LAy -2 =2%x-1

L2x—4y+1=0

Hence, equations of the tangent and normal are
dx + 2y — 3 = 0 and 2x— 4y + 1 = 0 respectively.

Exercise 2.1 | Q 1.7 | Page 72
Find the equations of tangents and normals to the following curves at the indicated

1
:r=\/E,y=t — — at =4,
\/_

points on them : 3
1
Whent = 4, x = V4 and y=4—- —
V4
1 7
nr=2and y=4— — = —
2 2

7
Hence, the point at which we want to find the equations of tangent and normal is (21 E) :

1
Now,m=\/i,y=t——

Vit
Differentiating x and y w.r.t. t, we get

d d
d—fza( f)ﬂ%;

andﬁ:i t—i
e dt\ i




S 34y —-119=-8x+ 16

~L8x+ 34y -135=0

Hence, the equations of tangent and normal are
17x— 4y — 20 = 0 and 8x + 34y — 135 = 0 respectively.

Exercise 2.1 | Q 2 | Page 72

Find the point of the curve y = v — 3 where the tangent is perpendicular to the line éx + 3y -5 = 0.



Let the required point on the curve y = v — 3 be P(x4, y4).

Differentiating y = v — 3 w.rt. x, we get

dy d
prtd ACIaE)
= 2 d(;t:—3}
2z —3 dr
_ 1
2z 3% (1-0)
1
2vz -3

.. slope of the tangent at (x4, y)

()
dm -ﬂ.tl[l‘]_.ly]:]

1

2z -3

Since, this tangent is perndicularto 6x + 3y -5=10

whose slope is _Tﬁ = -2
—1 1

slope of the tangent = — =3

_ 1 1

2z -3 2

ry —3="1
X1—3 =1



X =4

Since, (x4, yq) liesony = v’m, y1=vx —3

Whenx; =4, y3vV4 — 3= + 1

Hence, the quire points are (4, 1) and (4, -1).

Exercise 2.1 | Q 3| Page 72

Find the points on the curve y = x3 — 2x2 — x where the tangents are parallel to 3x —y +
1=0.

SOLUTION

Let the required point on the curve
y = x> = 2x% — x be P(x1, y1).

Differentiating y = x° — 2x% —x w.r.t. x, we get

d d
—yz—( 3—2:1*:2—;1:)
dr dx

= 3x% - 2x 2x — 1

= 3x% —4x - 1

. slope of the tangent at (x4, y)

(&)
dz at(zq,11)

= 3x{% = 4xq = 1
Since this tangent is parallelto 3x -y + 1 =0

—3
where slope is = =3,

slope of the tangent = 3
3% —4dxy-1=3



2 3%% = 4x; -4 =0
3:-:12—6):1 +2%-4=0
33{1 {){1 -2) + 21:)(1 -2)=0
{}{1 - 2]{3}(1 + 2] =0

.'.K1—2 00[’33{14‘2:0
2
X1 =2 X = ——
1 1 3

Since, (x4, yq) liesony = x> — 2x2 - XY1 = }:13 - 2}:12 — X1

Whenxq =2,y =(2)3-2(2)2-2=8-8-2=-2

3 2
2 —2 —2 2
When x; = —— =|— ] -2 — —
N (3) (3) ME

—8 8+2
27 9 3
14

27

-2 —14
Hence the rquired points are (2, -2) nd (T’ ?)

Exercise 2.1 | Q 4 | Page 72

Find the equation of the tangentsto the curve x2 + y2— 2x — 4y + 1 =0 which a parallel
to the X-axis.

Let P(x1,y1)be the pointon the curve x2 + y2 — 2x — 4y + 1 = 0 where the tangent is
paralle to X-axis.

Differentiating x?+y? —2x — 4y + 1 = 0 w.r.t. X, we get



2x+2y@2x1—4ﬁ+0:0
dx dx
TR P
~2y—4) =2
d 2—2x 1—=x

de 2y—4 y—2

_ ( dy ) 1z
dz at(x1,31) h1— 2

= slope of the tangent at (x4, y4)

Since,the tangent is parallel to X-axis,

slope of the tangent 0.
) 1— £
oy —2
A —Xq = 0

=0

Xy =1

Since, (x4, yq) lies on x2+y?—2x—4dy +1=0,
}:12 + y12—2x1 —dy;+1=0

Whenxi=1, (1)2+y12—-2(1)-4y1+1=0

Wl4y12—-2 —4y1+1=0
W y12—4y1 =0

~yyr—4)=0
~yir=0o0ryi1=4

~ the coordinates of the pointare (1, 0) or (1, 4)

Since, the tangents aare parallel to X-axis theirequations are of the form y = k
If it passes through the point (1, 0), k = 0 and if it passes through the point(1,4), k=4

Hence, te equations of thetanganesarey =0 andy = 4.



Exercise 2.1 | Q5| Page 72

Find the equations of the normals to the curve 3x2 — y2 = 8, which are parallel to the line
X+ 3y =4.

SOLUTION

Let P(x1, y1) be the foot of the required normal to the curve 3x2—y? = 8.

Differentiating 3x2—y2 = 8 w.r.t. X, we get

3 % 2x — Zy@
dz
dy
—2yE = —bXx
dy 3z
dz — y
.(dy)
\dz at(z1,31)
3r
Cu

= slope of the tangent at (x4, y1)

.. slope of the normal at P(x;, y1)

:m].:

n

- 3$1

—1
The slope of the line x + 3y = 4ismg = =



Since, the normal at P(x4, y4) is parallel to the line

x+3y=4my=my

N S
3:1.‘1 3
“ Y1 =X

Since, (x4, yq) lies on the curve 3x2 —}rg = §,
3}:12—3«12 =8

3:{12 —::(12 =8 WY1 = %]

2:{12 =8

Xy =12

x12 =4

Whenxq =2,y =2

Whenx; =-2,yq =2

.. the coordinate of the point P a(2, 2) or(- 2, - 2)

1
and the slo of the normal is m; = m; = 3

- the equation of the normaal at (2, 2) is
1
—2=——(z—2
y 2 ( )

L3y—-b=-x+2
X+ 3y-86=0

and the equation of the normal at (- 2, - 2) is
1

L3y—-6b=-x+2
SX+3y+8=0



- the equation of the normaal at (2, 2) is

1
—2=——(z— 2
y ;=2
Ly—-6=-x+2
X+ 3y-86=0

and the equation of the normal at (- 2, - 2) is

1

L3y—-6b=-x+2

LX+3y+8=0
Hence, the equations of the normals are

x+3y-8=0andx+3y+8=0

Exercise 2.1 | Q 6 | Page 72
If the liney = 4x — 5 touches the curves y2 = ax3 + b at the point (2, 3), finda andb.

SOLUTION

ye=ax’ + b
Differentiating both sides w.r.t. x, we get

2yﬁ —ax 3z>+0
dz
dy 3az?
’ dr 2y
. ( dy )
\de at(2,3)
~ 3a(2)’
- 2(3)
= 2a

= slope of the tangent at (2, 3)
Since,the liney=4x — 5 touchesthe curve at the point (2, 3), slope of the tangentat (2,



3) is 4.
~2a=4
La=2

Since (2, 3) lies on the curve y2 = ax® + b,
(32 =a(2e®+b
~9=8a+bh

~9=8(2)+b [ a=2]
b=-=-7
Hence,a=2 andb=-7.

Exercise 2.1 | Q 7| Page 72

A particle moves along the curve 6y = x2 + 2. Find the points on the curve at which y-
coordinate is changing 8 times as fast as the x-coordinate.

SOLUTION

Let P(x1, y1) be the pointon the curve 6y = x3 + 2 whose y-coordinate is changing 8
times as fast as the coordinate.

Then (ﬁ) =8(E) (1)
dx at(zy,y1) dt at(z1,31)

Differentiating 6y = x> + 2 w.r.t. t, we get

dy d 4 5 dx
6 _ L (3 19) =328 1
% @& T =3

dy 5 dx
- 9%Y _ 20T

ot

dy o [ dx
(%)~ (%)
at(zy,y2) at(z1,)

n2x8 (@) = z3. (@) [By (1)]
At / stz 4) At / at(z, y,)

Now, (x4, y5) lies on the curve 6y = x> + 2.



L Byq = x>+ 2

When x¢ = 4, 6y, = (4)° + 2 = 66

Whenx; = 4,6y, = (-4 +2=-62
o3
Y 3

—31
Hence, the required points on the curve are (4, 11) and (—4, T)

Exercise 2.1 | Q 8| Page 72

A spherical soap bubble is expanding so that its radius is increasing atthe rate of 0.02
cm/sec. At whatrate is the surface area increasing, whenits radiusis 5 cm?

SOLUTION
Letr be theradius and S be the surface area of the soap bubble atany time t.

Then S = 41r?

Differentiating w.r.t. t, we get

dS A 9 dr
a T
ﬂ = B?TTE (1)
dt dt
dr 0.02em
Now, — = — andr=5cm
dt sec

o ds
= (1) gives, P 87(5)(0.02)

= 0.8m
0.87em?

Hence, the surface area of the soap bubble is increasing at the rate if
sec

Exercise 2.1 | Q 9| Page 72

The surface area of a spherical balloon isincreasing atthe rate of 2cm2/sec. At what
rate is the volume of the balloon isincreasing, when the radius of the balloon is 6 cm?



Let r be theradius, S be the surface area and V be the volume of the spherical balloon
at anytime t.

4
Then S = 4nré and V = E:rr:i“3

Differentiating w.r.t. t, we get

d8—4 9 dr_8 dr )
a7 %at T Tat
and E = Eﬂ' P STEE = 4wr2£
dt 3 dt dt
. (1) de 1 dS
R P :
dV
— = 4mr? x LE
dt ar dt
dv. r dS )
dt 2 dt
dS 2cm?
Now, = and r = bcm
dt sec
(2) gi dv 0 Xx2=6
ives, — = — =
IETIE T 2
, o , 6cm®
Hence, the volume of the spherical balloon is increasing at the rate of
sec

Exercise 2.1 | Q 10 | Page 72

If each side of an equilateral triangle increases at the rate of V2cm/sec, find the rate of
increase of its area when its side of length 3 cm.

SOLUTION

If x cm is the side of the equilateral triangle and A is its area, then



Azéxg
4

Differentiating w.r.t. t, we get

dA V3 dr V3 dz

— = X2z = T (1)
dt 4 dt 2 dt
d 2
Now, g V2em aand x = 3 cm
dt sec
dA V3
- (1) gives, — = — % 3 X \/E
(Mg m 5
B 3v6 cm?
- 2 sec

Hence, rate of increase of the area of equilateral triangle

~ 3\/6 cm?

2  sec

Exercise 2.1 | Q 11 | Page 72

The volume of a sphere increases at the rate of 20cm?/sec. Find the rate of change of
its surface area, when its radiusis 5 cm.

SOLUTION

Let r be theradius, S be the surface area and V be the volume of the sphere at any time
t.

4
Then S = 4nr? and V = E:Ir*rg

Differentiating w.r.t. t, we get

dS A 9 dr 3 dr
a6 0 T
dv "-.1:?T 9 dI‘ 9 d]'
— = — X 3r°— =4dar-—
and Tt 3 r T wr T (1)
dr 1 dV
From (1), =

dt d7r? dt



dt 47r? dt
ds 2 dV )
dt r dt
dV 20cm®
Now, = andr=5cm
dt sec
ds 2
2) gives, — = — =« 20 =8
aves g %
] , 8cm?
Hence, the surface area of the sphere is changing at the rate
sec

Exercise 2.1 | Q 12 | Page 72
The edge of a cube is decreasing at the rate of 0.6cm/sec. Findthe rate at which its

volume is decreasing, when the edge of the cube is 2 cm.

Let x be the edge of the cube and V be its volume at any time t.
ThenV = x3
Differentiating both sides w.r.t. t, we get

dV dx
Y g

dt dt
dx B 0.6cm

dt sec

andx =2 cm

Now,
dt

=72
7.2cm?

Hence, the volume of the cube is decreasing at the rate of
sec

Exercise 2.1 | Q 13| Page 72

A man of height2 metres walks at a uniform speed of 6km/hr away from a lamp post of
6 metres high. Find the rate at which the length of the shadow is increasing.



Let OA be the lamp post, MN the man, MB = x, his shadow and OM =y, the distance of
the man from lamp post at time t.

A

d 6km
Then y _

dz hr

is the rate at which the man is moving away from the lamp post.

T
— is the rate at which his shadow is increasing.
Y

From the figure,

T r+y

2 6
~bx = 2x + 2y
A= 2y

Hence, the length of shadow is increasing at the rate of

Exercise 2.1 | Q 14 | Page 72

A man of height 1.5 metres walks towards a lamp post of height4.5 metres, at the rate
{'3) metre

osz

sec.



Find the rate at which
() hisshadow is shortening
(ii) the tip of shadow is moving.

SOLUTION

Let OA be the lamp post, MN the man, MB = x his shadow and OM =y the distance of
the man from lamp post at time t.

d 3
Then d—y =7 is the rate at which the man is moving towards the lamp post.
T

d_j is the rate at which his shadow is shortening.

B is the tip of the shadow and it is at a distance of x + y from the post.

% (x+y) = i—f + % is the rate at which the tip of the shadow is moving.
From the figure,
x r+y
15 45
- 45x = 15x + 15y
- 30x = 15y
-1
L= Y

dx 1 dy 1
S dt 2 dt 2

) B (3) metre
- \8 sec

de dy 3 3 (Q)metres
s 2 (= _
8 4 sec




Exercise 2.1 | Q 15| Page 72

A ladder 10 metres longisleaning againsta vertical wall. If the bottom of the ladder is
pulled horizontally away from the wall at the rate of 1.2 metres per second, find how fast
the top of the ladder is sliding down the wall, when the bottom is 6 metres away from
the wall.

B

L& x A

Let AB be theladder, where AB = 10 meters. Let at time t seconds, the end A of the
ladder be x metres from the wall and the end B be y metres from the ground.

Since, OAB is a rightangled triangle, by Pythagoras theorem

i.e.y2=100-x?

Differentiating w.r.t. t, we get

2 . _ 0—2 dz
Yat =7 T
Ly oz odz
Cdt oy dt -1

dx 12metres d
Now, i — is the rate at wh the bottom of the ladder s pulled horizontally and d_y is the rate which the
Yy sec x

top of ladder B is sliding.

which the top of ladder B is sliding.
When x = 6,y% = 100 - 36 = 64
~y=8

dy 6
- (1) gives, — = —— (1.2
() gives, X = —2(1.2

6 12
J— X JR—
8 10

9
10

=-09

0.9metre
Hence, the top of the ladder is sliding down the wall, at the rate of ———.
sec



Exercise 2.1 | Q 16 | Page 72
If water is poured into an inverted hollow cone whose semi-vertical angle is 30°, so that

its depth (measured along the axis) increases at the rate of 1cm/sec. Find the rate at
which the volume of water increasing when the depth is 2 cm.

Let r be radius, h be the height, 8 be the semi-vertical angle and V be the volume of the
water atany time t.
dh lcm

Given : = .8 =30°
dt sec

Now, V = —7r2h
3

But, tan 30° = L
h

1
Vi h

h 2 T g
Nz —a|l— | h=—h
V3 9

Differentiating w.rt. t, we get,



V.7 gp2dh  7,,dh
dt 9 dt 3 dt
When h = 2cm, then

dV T 2 47
- _ = 2 1= —

dt 3 x (2)" x 3

o _ A7\ cm?
Hence, the volume of water is increasing at the rate of | — .
sec

EXERCISE 2.2 [PAGE 75

Exercise 2.2 | 1 1.1 | Page 75

Find the approximate values of : v/ 8.95

SOLUTION

Let f(x) = /.

Then f'(x) = - :
2,/ T

Take a = 9 and h = - 0.05.
Then f(a) = f(9) = v/9 = 3 and
1 1

fla) =f(9) = —— = —.

2v/9 6
The formula for approximation is
fla + h) = f(a) + h.f'(a)
- V/8.95 = f(9 - 0.05)

= (9) - (0.05)f(9)
1

=3 0.05 x —
6

= 3-0.0085 = 29917
-V 8.95 = 29917,



Exercise 2.2 | Q 1.2 | Page 75

Find the approximate values of : v'28
SOLUTION

Let f(x) = /z

Then f'(x) = % (;r:?) = —3

Takea=27and h = 1.

Then f(a) = f(27) = V27 = 3

and f'(a) = f'(27) = L = ! = 1 = 0.05704

The formula for approximation is
fla + h) =f(a) + h.f'(a)

. V28

= f(28) = f(27 + 1)

= f(27) - 1.F(27)

=3+ 1x0.03704

= 3.03704

- V28 = 3.03704.

Exercise 2.2 | Q 1.3 | Page 75

Find the approximate values of : v/31.98
et f(x) = /=
Then f'(x) = i (:r:%)

dx



hxrs

Takea =2 and h = -0.02.
Then f(a) = f(32) = ¥V/32 = 2

f(a) = f(32) =

5(32)%
1

D x 16
1

80
= 0.0125
The formula for approximation is
fla + h) = f(a) + h.f'(a)
- V/31.98
= f(31.98)
= (32 - 0.02)
= (32 - 0.02.f(32)
=2-002x 00125
= 2 -0.000250
= 1.99975

- v 31.98 = 1.99975.

Exercise 2.2 | Q 1.4 | Page 75

Find the approximate values of : (3.97)*



SOLUTION

Let f{x) = x?
d

Then f'(x) = e (fl] = 4x3
T

Takea =4 and h = - 0.03.
Then f(a) = f(4) = (4)* = 256 and
f'(a) = f'(4) = 4(4)° = 256

The formula for approximation is

fla + h) = f(a) + h.f'(a)

- (3.97)* = f(3.97) = f(4 - 00.03)
= f(4) - (0.03)f'(4)

=256 -0.03 x 256

= 256 - 7.68

= 248.32

- (3.97)% = 248.32.

Exercise 2.2 | Q 1.5 | Page 75

Find the approximate values of : (4.01)3

Let f(x) = x3.

Then, f'(x) = 3x?

Take a=4 andh =0.01. Then
f(a) =f(4) =43 =64 and

f'(@) =f'(4) = 3 x 42 = 48.

The formula for approximation is
f(a+ h) =f(a) + h.f'(a)

~ (4.01)° =f(4 + 0.01)

=f(4) + (0.01) f'(4)

=64 +0.01 x 48

=64 +0.48



= 64.48
~ (4.01)3 = 64.48.

Exercise 2.2 | Q 2.1 | Page 75

Find the approximate values of : sin 61° , given that 1° = 0.0174°, V3 = 1.732

SOLUTION

Let f(x) = sin x

Then f'(x) = —(sinz) = cosx
dr

Takea=60°= — and h — 1° = 0.0174°

3
Then f(a) = f(%)



The formula for approximation is
fla + h) = f(a) + h.f(a)

- sin61° = f(61°)

- f(g + 0.0174)

- f(g) +0.0174. ff(g)

= 0.866 + 0.0174x 0.5
= 0.866 + 0.00870

= 0.8747

~osin 617 = 0.8747.

Exercise 2.2 | Q 2.2 | Page 75
Find the approximate values of : sin (29° 30'), given that 1°= 0.0175°, V3 = 1.732

Let f'(x) = sin x
Then f'(x) = — (sinz) = cosx
dx

Take a = 30° = % and

h=-30°

— 1 =

- 2
1

= —(—) % 0.0175
2

= — 0.00875

Then f(a) = f(%)

. m
=sin —
6



_1.732

2
= 0.866

The formula for approximation is
fla + h) =f(a) + h.f'(a)

-~ sin (29° 30%)

= £(29°30°)

= f (g + 0.1]08?5)

#f(g) - (0.008?5}.3";(%)

= 0.5 - 0.00875 x 0.866
= 0.5-0.0075775

= 0.4924

1t sin (29°30°) = 0.4924.

Exercise 2.2 | Q 2.3 | Page 75
Find the approximate values of : cos(60° 30°), given that1° = 0.0175°, V3 = 1.732



Let f(x) = cos x

Then f'(x) = — (cosx) = —sinz
dr

Take a = 60° = g and

h = 30°

-(3)

“\2
1

= (— % 00175) :
2

— 0.00875°

Then f(a) = f(g)

=05
m
f'(a) = .*(—)
@ =513
= 0.5 + (0.00875) (- 0.8660)
= 0.5-0.0075775

= 0.4924225
m cos(60® 307) = 0.4924.

Exercise 2.2 | Q 2.4 | Page 75
Find the approximate values of : tan (45° 40°), given that 1° = 0.0175°.



Let f(x) = tan x
Then f'(x) = a(tan x) = sec’ &

Take a = 45°

mw

4
and
h = 40°

40 a
:(—x0.1]175)
60
- 0.01167°
™
Then f(a) = (—)
enfe) = £(5

m
= tan —

4

The formula for approximation is
fla + h) = f(a) + h.f'(a)

-~ tan(45° 407)

= f(45° 40°)



- f(% + 0.1]1167)

#f(%) + (0.01167).;&(%)

=1+001167x2

=1+ 0.02334

= 1.02334

. tan (45° 40°) = 1.02334.

Exercise 2.2 | Q 3.1 | Page 75
Find the approximate values of : tan—%(0.999)

Let f(x) = tan™ Tx

d B 1
Then f'(x) = e (tan ! m) = T 22

Takea =1 and h = - 0.001
Then f(a) = f(1) = tan—"1 = g

1 1
df(a) = f(1) = ==
et == 7

The formula for approximation is
fla + h) = f(a) + h.f'(a)

- tan” 1 (0.999)

= 1(0.999)

= f(1 - 0.001)

= f(1) - (0.001).f(1)

1
— 0.001 x —
2

— 0.0005

SNERIE



- tan~1 (0999) = g — 0.0005.

Remark: The answer can also be given as

3.1416
— 0.0005

tan~1 (0.999) =

= 0.7854 - 0.0005
= 0.7849.

Exercise 2.2 | Q 3.2 | Page 75

Find the approximate values of : cot™ (0.999)

SOLUTION

Let f(x) = cot 1 x

T e B
..f{x}—dx(mt :1:)—1+m2

Take a = and h = — 0.001

Then f(a) = f(1) = cot™11 = %

-1 -1
df(a) =f(1) = =
ana ta) =1 1+12 2

The formula for appromation is
fla + h) =f(a) + h.f'(a)

- cot™! (0.999)

= f(0.999)

= f(1 - 0.001)

= f(1) — (0.001).f(1)

_ (0001). (_71)

+ 0.005

RN



- cot™! (0.999) = E + 0.0005.

Remark: The answer can also be given as :

6
cot™1 (0.999) = + 0.0005

= 0.7854 + 0.0005
= 0.7859.

Exercise 2.2 | Q 3.3 | Page 75

Find the approximate values of : tan—1 (1.001)

SOLUTION

Let f(x) = tan™Tx

ey @ oy 1
"f{X}_da:(ta]l m)—1+$2

Take a = 1 and h = 0.001

Then f(a) = f(1) = tan~"1 = g

1 1
df(a) = f(1) = - =
nat@ == 7

The formula for approximation is

fla + h) =f(a) + h.f'(a)

-~ tan™"1 (1.001)

= f(1.001)

= (1 + 0.001)

= f(1) + (0.001).f'(1)

.

"1

-2 4 0.0005
T +o.

1
+(0.001) x —



- tan~! (1.001) = E 1 0.0005.
Remark: the answer can also be given as :
tan™! (1.001) = f(1) + (0.001).f(1)

an

= — +(0.001) x 1
4 ) 2

. 3.1416
4

= 0.7854 + 0.0005
= 0.7859.

+ 0.0005

Exercise 2.2 | Q 4.1 | Page 75

Find the approximate values of : €999, given thate = 2.7183.

SOLUTION
Let f(x) = ex.
d
Then f'(x) = T (e") ="

Take a = 1 and h = — 0.005.
Then f(a) = f(1) = e = 2.7183
and f'(a) = f(1) = e = 2.7183
The formula for approximation is
fla + h) = f(a) + h.f'(a)

- 999 = £(0.995)

= f(1 - 0.005)

= f(1) — (0.005).f(1)

= 2.7183 - 0.005x 2.7183

= 2.7183 - 0.01359

= 2.70471

- a0:995 = 2 70471.



Exercise 2.2 | Q 4.2 | Page 75
Find the approximate values of : e?1, given that e2 = 7.389

SOLUTION

Let f(x) = e*

d
Then f'(x) = T (eF) = e”
x

Takea=2and h = 0.1
Then f(a) = f(2) = e = 7.389
fla) = f(2) = e = 7.389

The formula for approximation is

fla + h) =f(a) + h.f'(a)

et =f2.1)

= f(2 + 0.1)

= f(2) + (0.1).f(2)

= 7.389 + 0.1 x 7.389
= 7.389 + 0.7389

= 8.1279

. el =81279.

Exercise 2.2 | Q 4.3 | Page 75
Find the approximate values of : 3201 given that log 3 = 1.0986

SOLUTION
Let f(x) = 3%
Then () = ——(37) — 3%.log 3
enf'(x) = — =3%.1o
dx 5

Takea =2 and h = 0.01
Thenfla) = f(2)=32=9



and f'(a) = f(2) = 3%log3
= 9 x 1.0986
= 9.8874

The formula for approximation is

fla + h) =f(a) + h.f'(a)

- 3201 = f2.01)

= f(2 + 0.01)

= f(2) + (0.01).f(2)
=9+ 0.01x9.8874
=9 + 0.098874

= 9.098874

-~ 3201 = g n9ga74.

Exercise 2.2 | Q5.1 | Page 75
Find the approximate values of : loge(101), given thatlogel0 = 2.3026.

Let f(x) - loggx.

Then f'(x) = i
T

Take a = 100 and h = 1. then
f(a) = f(100)

= log.100

= 2 log.10

= 2x2.3026

= 4.6052

f'(a) = £(100)
1

100
= 0.01



The formula for a approximation is
fla + h) =f(a) + h.f'(a)

.. log.101 = f(101)

= (100 + 1)

= f(100) + 1.f(100)

= 46052 + 1 x 0.01

= 4.6152

l0ga(101) = 4.6152,

Exercise 2.2 | Q 5.2 | Page 75
Find the approximate values of : loge(9.01), given thatlog 3 = 1.0986.

SOLUTION

Let f(x) - logex.

Then f'(x) = i
T

Take a = 100 and h = 1. then
f(a) = £(100)

= log.100

= 3 logg10

= 3 x 1.0986
= 3.2958

f'(a) = £(100)
1

~ 100
= 0.01

The formula for a approximation is
fla + h) = f(a) + h.f'(a)
- log, 9.01 = f(9.01)



= (900 + 1)

= f(100) + 1.F(100)
= 3.2958 + 1 x 0.01
= 2.1983

log.(901) = 2.1983.

Exercise 2.2 | Q 5.3 | Page 75
Find the approximate values of : l0og10(1016), given that logioe = 0.4343.

SOLUTION
log, x
Let f(x) = | = =
etix) = logsox log, 10
= (logqpe)(logx)
= (4343) log x
d
Then f'(x) =(0.4343). —(log z)
dx
. 0.4343
T

Take a = 1000 and h = 16. then
fa) = f(1000)
= |Ogﬁm1000

= logqp10°
=3

f'(a) = f'(1000)
~0.4343

1000
The formula for approximation is

fla + h) = f(a) + h.f'(a)
~ log;91016 = f(1016)




= (1000 + 16)
= f(1000) + 16.f(1000)
0.4343

1000
= 3 + 0.0069488

= 3.006949
.. log451016 = 3.006949.

=3+ 16

Exercise 2.2 | Q 6.1 | Page 75

Find the approximate values of : f(x) = x3—-3x +5 at x = 1.99.

SOLUTION
fo) =x>=3x+5

1 d 3
;Hﬂ:EE@ — 3z +5)

=3¢ -3x1+0

= 3x% -3
Takea=2 h=-0.01
Then f(a)

= f(2)

= (2°-3(2) +5
=8-6+5
=7

f(a) = £(2)

= 3(2)%-3
=12-3

=9



The formula for approximation is
fla + h) =f(a) + h.f(a)

- £(1.99) = f(2 - 0.01)

= (2) - (0.01).£(2)

=7-001x9

=7- 0.09

= 6.91

-~ £(1.99) = 6.91.

Exercise 2.2 | Q 6.2 | Page 75

Find the approximate values of : f(x) = x3+ 5x2 —7x + 10 at x =1.12.

SOLUTION
fx) = x> + 52 = 7x + 10

d
;f{ﬂ::}ﬁg($3+—5$2——7m-%10)

=3 +5x2%x—7x1+0
=32 + 10x -7
Takea=1,h=012
Then f(a) = (1)

= (1)° + 5(1)2=7(1) + 10

=1+5-7+10
=9

and

f'(a) = f'(1)

= 3(1)2 + 10(1) -7
=3+10-7

= 6

The formula for approximation is



fla + h) = f(a) + h.f'(a)
~f(1.12) = (1 + 0.12)
= (1) + (0.12).£(1)
=9+012x6

=9+ 0.72

=972

~ f(1.12) = 9.72.

EXERCISE 2.3 [PAGE 80

Exercise 2.3 | Q 1.1 | Page 80

Check the validity of the Rolle’s theorem for the following functions : f(x) = x2 — 4x + 3, x
€1, 3]

SOLUTION

The function f given as f(x) = x2 — 4x + 3 is polynomial function. Hence, it is continuous
om [1, 3] and differentiable on (1, 3).

Now,

f(1)
=12-4(1)+3
=1-4+3
=0

and

f(3)
=32-4(3)+3
=90-12+3
=0

= (1) =1(3)

Thus, the function f satisfies all the conditions of the Rolle’s theorem.

Exercise 2.3 | Q 1.2 | Page 80
Check the validity of the Rolle’s theorem for the following functions : f(x) =eX sin x, X €
[0, m].

The function e and sin x are continuous and differentiable on theirdomains.
~ f(X) = e™ sin x is continuous on [0, 1]



and differentiable on (0, ).

Now,
f(0)=e°sin0=1x0=0

and
f(m)=e™.sinT=e"™x0=0

=~ f(0) = f(m)
Thus, the function f satisfies all the conditions of the Rolle's theorem.

Exercise 2.3 | Q 1.3 | Page 80
Check the validity of the Rolle’s theorem for the following functions : f(x) = 2x2 — 5x + 3,
X € [1, 3].

The function f given as f(x) = 2x2 — 5x + 3 is a polynomial function. Hence, it is
continuous on [1, 3] and differentiable on (1, 3).

Now,

f(1)
=2(1)2-5(1) + 3
=2-5+3

=0

and

f(3)
=2(3)2-5@3)+3
=18-15+3

=6

~ f(1) #1(3)

Hence, the conditions of the Rolle's theorem are notsatisfied.

Exercise 2.3 | Q 1.4 | Page 80
Check the validity of the Rolle’s theorem for the following functions : f(x) = sin x — cos x
+ 3, x € [0, 2™].

The functions sin x, cos x and 3 are continuous and differentiable on theirdomains.
~ f(x) = sin x — cos x + 3 is continuous n [0, 21] and dfferentiable o (0, 2m).

Now,

f(0)

=sin0—-cos0+3

=0-1+3



=2

and

f(2m)

=sin 2m—cos 21T +3
=0-1+3

=2

=~ f(0) = f(2m)

Thus, the function f satisfies all the conditions of the Rolle's theorem.

Exercise 2.3 | Q 1.5 | Page 80

Check the validity of the Rolle’s theorem for the following functions : f(x = x2, if 0 < x < 2
=6-x,if2<x<6.

flx=x2,if0<sx<?2
—6-xif2<x<6

d
 fx) = E(:,c?) = 2%, if02x 52
d
= ——(6-2)=-1if2<x<6
L LFR)=2(2) =4
and Rf(2) = — 1

- LF'(2) # Rf'(2)
- fis not differentiable atx = 2 and 2 € (0, 6).
.. fis not differentiable at all the points on 0 6.

Hence, the conditions o Rolle's theorem are not satisfied.

Exercise 2.3 | Q 1.6 | Page 80

Check the validity of the Rolle’s theorem for the following functions : f(x) =

:r:%,:r: e [-1,1].



fx) = T3

3Yz
This does not exist atx = 0and 0 e (-1, 1)

. fis not differentiable on the interval (- 1, 1).

Hence, the conditions of Rolle’'s theorem are not satisfied.

Exercise 2.3 | Q 2| Page 80

Given an interval [a, b] that satisfies hypothesis of Rolle's theorem for the function f(x) =
x4+ x2—2. Itis known thata = — 1. Find the value of b.

SOLUTION
f(x) =x*+x?>-2

Since the hypothesis of Rolle's theorem are satisfied by f in the interval [a, b], we have
f@@) = f(b), wherea=-1

Now, f(a)

=f(-1)
=(-14+(+1)2-2
=1+1-2

=0

and f(b)

=b*+b%-2

-« f(a) = f(b) gives

0=b*+b2-2

i.e.b*+b%2-2=0,

Since, b = 1 satisfies this equation, b = 1 is one of the root of this equation.
Hence,b = 1.



Exercise 2.3 | Q 3.1 | Page 80
Verify Rolle’s theorem for the following functions : f(x) = sin x + cos x + 7, x € [0, 2]

SOLUTION

The functions sin x, cos x and 7 are continuous and differentiable on their domains.
~ f(x) = sin x + cos x + 7 is continuous on [0, 211] and differentiable on (0, 21)

Now, f(0)

=sin0+cos0+7
=0+1+7=8

and f(2m)
=sinTm+costm+7
=0+1+7=8

~ f(0) = f(2m)

Thus, the function f satisfies all the conditions of Rolle's theorem.
=~ there exists ce (0, 21) such that f'(c) = 0.

Now , f(x) =sinx+ cosx +7

o d
 dx

cosx—sinx+ 0

= (%) (sinz +cosz +T7)

COS X — Sin X
= f'(c) = cosc—ic
. f'(c) = 0 gives, cosc—sinc =0
L Cosc=sinc

T om 9
A

T DT

But 14 € (0,2m)
T DT

“C=— 0 —

4 4

Hence, the Rolle's theorem is verified.

Exercise 2.3 | Q 3.2 | Page 80



T
Siﬂ(—),I € [0, 27]
Verify Rolle’s theorem for the following functions :f(x) = 2

SOLUTION

The function f(x) = sin(g) is continuous on [0, 2m] and differetiable on (0, 2m).

Now, f(0) = sin0 =0

and f(2m) = sint=0

- f(0) = f(2m)

Thus, the functiontisfies all the conditions of Rolle's theorem.
. there exists ¢ € (0, 2m) such that f'(c) = 0.

Now, f(x) = sin(g)

s X)) = % [sin(g)}

cosc T 3 DT
=C0S — = C08 — = C0§ — =
2 2 2
ci 31 5
22727 2"

S C =T, 3T 5, .
But m € (0, 2m)



S C=ET

Hence, the Rolle’s theorem is verified.

Exercise 2.3 | Q 3.3 | Page 80

Verify Rolle’s theorem for the following functions : f(x) =x? —5x + 9, x € 1, 4].

The function f gives as f(x) = x2 — 5x + 9 s a polynomial function. Hence itis continuous
on [1, 4] and differentiable on (1, 4).

Now, f(1)

=12-5(1)+9

=1-5+9

=5

andf(4)

=42-5(4)+9

=16-20+9

=5

~ f(1) =1(4)

Thus, the function f satisfies all the conditions of the Rolle's theorem.
~ there exists ¢ € (1, 4) such thatf'(c) =0.

Now, f(x) = x2 —5x + 9

w0 = %(x? — 5z + 9)
=2x—-5x1+0

=2%x-5

~f{c)=2c-5

o f(c) =0qgives, 2¢-5=10

5
Lc=—€(1,4
c= = €(1,4)

Hence, the Rolle's theorem is verified.

Exercise 2.3 | Q 4| Page 80
If Rolle's theorem holds forthe function f(x) =x3+ px? + gx + 5, x € [1, 3] withc =

1
2+ —,
V3 find the values of p and q.



The Rol's theorem hold for the function f(x) = x3 + px2 + gx + 5, x € [1, 3]
~ (1) = f(3)

~13+p1)?+q1)+5=32+p3)?+q(3) +5
~1l+p+gq+5 =27+9p+3q+5

-~ 8p+2q=-26
~4p+qg=-13 (1)

Also, there exists at least one pointc € (1, 3) such that (c) = 0.
d
Now, f'(x) = T (:rg + pz? + gz + 5)
T

:_:.x2+px2x+qx1+0

:_:.:=<2+2px+q
1 2 1
s () =3c" + 2pc+ g wherec=2+ —
V3
2
1 1
.'.F'{c}:3(2+—) -|—2p(2—|——)-|—q
V3 3
4 1 2p
:3(4—|———|——)—|—4p—|———|—g
VERE V3
12 2p
=12+ — +1+4p+— +g
V3 V3
2p 12
=dp+ —+qg+ 13+ —
V3 V3
Butf'(c) =0

2 12
cdp+ L 4 g+13+ — =0

V3 V3



(4\,/5;%2)}14- V3q+ (13vﬁ+ 12) - 0
(4J§+ 2)p—|— V3g=—13v3 - 12 .<2)

Multiplying equation (1) by V3, we get
4V3p+ V3qg = —13V3

Subtracting this equation from (2), we get

2p=-12
. p=-6
s from (1), 4-6)+q=-13
g =11

Hence, p=—-6and q = 11.

Exercise 2.3 | Q 5| Page 80
If Rolle’s theorem holds for the function f(x) = (x —2) log x, X € [1, 2], show that the

equation xlog x =2 — x is satisfied by at least one value of x in (1, 2).

SOLUTION
The Rolle’s theorem holds for the function f(x) = (x — 2) log x, x € [1, 2].

~ there exists t least onee real numberc € (1, 2) such thatf'(c) O.

Now, f(x) = (x — 2) log x

N -
..f{x}—dm[(:c 2) log x|

= (z — 2). %(h}gx} + log z. %(T— - 2)
- (z—2) x —+ (logz)(1 - 0)

2
=1— — +logz
T

2
st =1= = 4-lege
c



2
o fc)=0gives1 — — +loge =0
c

nc—2+clogc=0
~clogc=2-cwherece(1,2)
-, ¢ satisfies the equation xlogx = 2-x c € (1, 2).

Hence, the equation log x = 2 — x is satisfied by at least one value of xi(1, 2).

Exercise 2.3 | Q 6 | Page 80

The function f(x) = - m(:r: A 3)8 satisfies all the conditions of Rolle'stheoremon [—
3, 0]. Findthe value of c such that f'(c) = 0.

The function f(x) satisfies all the conditions of Rolle's theorem on [- 3, 0] such thatf'(c) =
0.

(=]

S

(-]

Now, f(x) = z(x + 3)e”

= (2® +3z)e ®

P60 = o [(@ + 3z)e" ]

- (@ +32). 5 (e°F) +eF. = (a7 + 32)

= (2 + 32) e—%.d—i(—%) +e% x (243 x1)
= (2?2 + 3z).e77 x —%—E—E_“{2$+3)

et [(2243)— nggml

_4$+6—I2—3$]
2



|
1[5

= (ﬂ—l—:r—:cg)

m
b e

= o (23— z)(2+x)

|
(&5

m

5 (Ei—l—m—;t:g)

e
2

(115

(3—z)(2+x)

e

va|m

- o) = (3—¢)(2+¢)

£
2

e

- f'(c) = 0 gives (3—¢)(2+¢)=0

2

£
2

e

~B3-9(2+c=0 [ 5 £ U]
~(3-cg=00r(2+c)=0
Lnc=3o0rc=-2

But3 & (—3,0)

L CES3

Hence, c = = 2.

Exercise 2.3 | Q 7.1 | Page 80
Verify Lagrange’s mean value theorem for the following functions : f(x) = log x on [1, €].

SOLUTION

The function f given as f(x) = log x is a logarithmic function which is continuous for all
positive real numbers.

Hence, it is continuous on [1, e] and differentiable on (1, e).
Thus, the function f satisfies the conditions of Lagrange’s mean value theorem.

=~ there exists ¢ € (1, e) such that



(o)~ )

f! (1
= ———3 (1)
Now, f(x) = log x
~f(1)=log1=0
and
fle) =loge =1
d 1
Also, f'(x) = E{lng r) = =
- flc) = l
c
-~ from (1), l
c
1-0
Ce—1
~ 1
T e—1

~c=e—-1€(1,e)

Hence, Lagrange's mean value theorem is verified.
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Verify Lagrange’s mean value theorem for the following functions : f(x) = (x — 1)(x — 2)(x
—3)on |0, 4].

SOLUTION
The function fgiven asf(x) = (x — 1)(Xx = 2)(x — 3)

= (X — 1)(Xx? —=5x + 6)
=x3—-5x2+6Xx—X2+5x -6

= x3 - 6x?+ 11x — 6 is a polynomial function.
Hence, it is continuous on [0, 4] and differentiable on (0, 4).

Thus, the function f satisfies the conditions of Lagrange’s mean value theorem.
=~ there exists c € (0, 4) such that



_f(4) - £(0)
- 4-0
Now, f(x) = (x — N{x—2)(x - 3)
-~ f(0)

= (0-1)(0-2)0-3)

= =DE2AE3)

-6

and

f(4)

=4-1)4-2)4-3)

= (3)(2)(1)

= b

f'(c) (1)

d
Also, f'(x) = o (:1*:3 — 622 + 11z — ﬁ)
T

=32 -6x 2x+11x1-0
= 3x% - 12% + 11
~f(e) = 3¢ —12x + 11

6 — (—6)
4

- from (1), 3c¢2 = 12¢ + 11 =

~3c¢-12c+11=3
~3c?-12c+8=0.

12+ 4/144 — 4(3)(8)
) 2(3)

12+ /48

6

12443
6

S C

S C



2
nc=24+—— € (0,4)
V3

Hence, Lagrange's mean value theorem is verified.
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Verify Lagrange’s mean value theorem for the following functions :
9 —11 13
" —3r—l,zec |—,— |

TT
SOLUTION

The function f given as f(x) = x2 — 3x = 1 is a polynomial function. Hence, it is

—11 13
[T’ 7] and

continuous on

differentiable on _—H,E :
T T

Thus, the function f satisfies the conditions of LMVT.

- there exists ¢ € (_—11, E) such that
7 7
A - £

f'(c)

(1)

3 —
7 - (=)
Now, f(x) = x2 —3x = 1
2
- f 11 _ 11 _ 3 11 _q
7 7 7
_ 121 N 33
49 7



121 +231—49

49
_ 303
49
and
2

(7)-(7) (7))

7 7 7
169 39
-0 "7
_ 169 — 273 — 49
) 49
_ —153
49
Also,f'(x):i(:r:ﬂ—?.:r—l)

dx
=2%x-3x -0
=2%x-3
-~ f(c) = 2c-3
5
~from (1), 2c-3 = 41_3£4
7T
2f:—3:—ﬂ xi
49 24
—57



Hence, Lagrange’'s mean value theorem is verified.
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Verify Lagrange’s mean value theorem for the following functions : f(x) = 2x — x2, x € [0,
1].

The function f given as f(x) = 2x — x2 is a polynomial function. Hence, itis continuous on
[0, 1] and differentiable on (0, 1).

Thus, the function f satisfies the conditions of Lagrange’s mean value theorem.

~ there exists ¢ € (0, 1) such that

~ f(1) = £(0)
1—0

f'(c) (1)

Now, f(x) = 2x — x°
~f0)=0-0=0

and

f(1) = 2(1) - 1% = 1

Also, f'(x) = é (2:1.' — mﬂ)
=2x1-2x

=2 -2%



~fle)=2-2c¢
- from (1), 2 - 2¢

_1-0
1
=1
n2c=1
1
nc=—¢e (0,1
> €(0,1)

Hence, Lagrange’'s mean value theorem is verified.
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Verify Lagrange’s mean value theorem for the following functions : f(x) =

r—1
= on [4, 5].
r—3
SOLUTION

r—1

The function f given as f(x) = is a rational function which is continuous except at x = 3.

:I: —_—
But3 ¢ [4, 5]
Hence, it is continuous on [4, 5] and differentiable on (4, 5).
Thus, the function f satisfies the conditions of Lagrange’s mean value theorem.

. there exists ¢ € (4, 5) such that

o F(5) — f(4)
f'lc) = 54 (1)
z—1
Now, f(x) = p—
4—-1
flay="_—- _Z =3
) 4—3 1
and f(5) = 2 ZE) _
p—3 2




(2—3)x(1—0)—(z—1)x(1-0)
(z—3)°
r—3—r+1
(z — 3)°
—2
(z —3)°

sz ———

L (c-3)2=2
.'.c—3::|:\/§
.'.c:3:|:\/§

But (3— \/5) Z (4,5)
.'.:::#3—\/5
.'.ci'&'.—\/i
~c=3+V2e (4,5)

Hence, Lagrange’'s mean value theorem is verified.
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Test whether the following functions are increasing or decreasing : f(x) = x3 — 6x2 + 12x
- 16, x €R.



fx) = x> —6x% + 12x— 16

' d 3 2
S f(x) = E(:sc — 6x° + 12x — 16)

=326 x2x+12x1-0
= 3% —12x + 12
= 3(x% - 4x + 4)

=3(x-2)2>0forallxeR
S f(x)20forallxeR

. fisincreasing for all x € R.
Exercise 2.4 | Q 1.2 | Page 89

Test whetherthe following functions are increasing or decreasing : f(x) = 2 — 3x + 3x2 —
X3, X € R.

fx) =2-3x+ 3¢ —%°

.o _i o 2 3
..f{x}—d$(2 3z +3z° — z°)

—0-3x1+3x2x-3x°

= -3 + 6x - 3x°

= 3(x2-2x + 1)
=-3x-1)2%<0forallxeR

~f(x) «0forallxeR

.. fis decreasing for all x € R.

Exercise 2.4 | Q 1.3 | Page 89
Test whetherthe following functions are increasing or decreasing : f(x) = 1/x

1x, x e R, x#0.



1
— >0forallxeR,x#0
72

~f(x) > 0forallxe R wherex #0

- fis increasing for all x € R, where x # 0.
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Find the values of x for which the following functions are strictly increasing : f(x) = 2x2 —

3X2—-12x+ 6

SOLUTION
fx) = 2x°—3x2—12x + 6
d 3 2
) = —(22° — 327 — 122 1+ 6
(x) I ( T T T )

=2x3x%-3x2x-12x1+0
= 6x% — 6x — 12

= 6(x% —x—2)

tis strictly increasing if f'(x) > 0
e if 6x2—x—-2) >0

e ifx2—x-2>0

e ifxl—x>2



1 1
eifel—z+ - >2+ =

4 4
e if (m—l)ﬂ} E
2 4
i.e.ifm—lf:-E or m—l{—i
2 2 2 2

e ifx>2orx<-1
- fis strictly increasing if x < — 1 orx > 2.
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Find the values of x for which the following functions are strictly increasing : f(x) = 3 + 3x
-3x2+x3

fx) =3+ 3x—3x@ +%°
() = i(?. + 3z — 32° + 2°)
dx

=0+3x1-3x2x+ 3

= 3—6x + 3’

= 3(x2 - 2% + 1)

tis strictly increasing if f'(x) > 0

e if3¢—-2x +1)>0

e ifx?—2x+1>0

e if(x=1)2>0

This is possible if x e Rand x # 1
le.xeER-{1}

.. fis strictly increasing if xe R—{11}.
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Find the values of x for which the following functions are strictly increasing : f(x) = x3 —
6x%— 36X + 7

SOLUTION

fx)=x>—6x2—36x+7

| d
LX) = E( *— 62° — 36z +7)

=3¢ —6x2x-36x1+0

= 3x% - 12x - 36

= 3(x% - 4x - 12)

tis strictly increasing if f'(x) > 0
e if 3x2-4x-12) > 0

e ifx2—4x-12 > 0
ieifx2—4x > 12

e ifx2—4x+4>12+4

e if(x—2)2> 16

le.ifx—-2>4orx-2<-4
leifx>6borx<-2

o fis strictly increasing if x < =2 orx > 6.
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Find the values of x for which the following functions are strictly decreasing : f(x) = 2x3 —
3x2—-12x+ 6



) =2 -3x2 - 12x + 6
RANE i(2:1::"' — 32”7 — 12z + 6)
dx

= 2x3x°-3x2x-12x1+0
= 6x% — 6x — 12

= 6(x2 —x—2)

tis strictly decreasing if f'(x) < 0
e if 6x2-x-2) <0

e ifxd—x-2<0

e ifx2—x<?2

1 1
ieifel —2+ — <2+ —

4 4
|9|f(m—1)2{g
2 4
f 3{ 1-:13
Le. It —— T — — -
2 2 2
. 3 1 1 1 3 1
jeiff——+ - crp— 4+ - « — 4 =
2 2 2 2 2 2

le.if—-1<x<?2

- fis strictly decreasing if —1 < x < 2.

Exercise 2.4 | Q 3.2 | Page 89

Find the values of x for which the following functions are strictly decreasing: f(x) =
25

-r+ —
T



D

fx) =z + —
T

e (2
~ X)) = I (:I.‘-I— m)

=1+ 25 (- 1)x2

fis strictly decreasing if f'(x) < 0
R

e ifl—— <0
72

o 25
Le. if 1 < —
T

ie. if x* < 25

e if-5<x<5xz0

Le.ifxe (=525 -{0}

.. fis strictly decreasing if x e (- 5,5)-{0}.

Exercise 2.4 | Q 3.3 | Page 89

Find the values of x for which the following functions are strictly decreasing : f(x) = x3 —
OX2 + 24x + 12

e

fx) = & + —
£

e (2
~ X)) = Iz (;L'—I— m)

=1+25-1)x?



-1 - =
72

fis strictly decreasing if f'(x) < 0

o 25
|.e.|f1——2 <0
T

. 25
Le if 1 < —
T

e if x* < 25

e if-5<x<5xz0

ie.ifxe (=55 -{0}

- tis strictly decreasing ifx e (-5, 5)-{0}.

fx) = %3 — 92 + 24x + 12

. d 3 2
- f(x) = E(:t: —9z° + 24z + 12)

=32 -9x2x+24x1+0
= 3x% - 18x + 24

= 3(x* - 6x + 8)
fis strictly decreasing if f'(x) < 0

e if 3x2-—6x+8) <0
e ifx2—6x+8<0

e if x°—6x < -8

e ifx>—6x+9<-8+9

e if (x—3)% < 1
e if—-1<x—-3 <1
e if—-1T+3<x-3+3<1+3



e if2<x<4
Le,ifxe (2, 4)
.. fis strictly decreasing if x € (2, 4).

Exercise 2.4 | Q 4| Page 90

Find the values of x for which the function f(x) = x® — 12x2 — 144x + 13 (a) increasing (b)
decreasing

SOLUTION

) = %3 — 12x% — 144x + 13

d
2 F) = E(m?* — 122° — 144z + 13)

= 3% - 12x2x—144x 1+ 0
= 3x° - 24x - 144

= 3(x% — 8x — 48)

(a) if is increasing if f'(x) = 0
e if 3(x% - 8x—48) 2 0
ie.ifx2—8x—-48 >0

e if x2—8x > 48

e ifx2—8x + 16 > 48 + 16
e if (x—4)° > 64

e ifx—4>8o0rx-4<-8

e ifx>12o0rx <-4

- fisincreasing ifx € —4orx > 12,
l.e.x € (—oo, —4] U [12, 00).



(b) fis decreasing if f'(x) < 0
e if3(x—8x—48) <0

e ifx>—8x—48 <0

e, if x° — 8x < 48

e ifx2—8x + 16 < 48 + 16

i.e. if (x - 4)% < 64

e if-8sx-4< 8

le.if-4<x<12

o fisdecreasingif—-4 < x <12, ie. x €[-4, 12].
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Find the values of x for which f(x) = 2x3 — 15x2 — 144x — 7 is (a) strictly increasing (b)
strictly decreasing.

f(x) = 2x° — 15x% — 144x — 7

d
2 ) = E(2m3 — 152° — 144z — 7)

= 2x3x%-15x2x—144x1-0
= 6x% - 30x — 144

= 6(x? — 5% — 24)

(a) fis strictly increasing if f'(x) > 0
e, if 6(x2 — 5x — 24) > 0

e if x> —5x-24 >0

e if x*—5x > 24

25 25
e ifr? —br+ = =244 %
4 4



o 5\° 121
e if {2 — — o —
( 2) 4

o if 5}11 5{ 11
leifr——>—orer— — < ——
2 2 2 2

le.ifx>8orx<-3

o, fis strictly increasing, if x < -3 orx > 8.
(b) fis strictly decreasing if f'(x) < 0

Le. if 6(x* —5x—24) < 0

e if x> - 5x-24 < 0

e, if x* - 5x < 24
25 25
e ifz? —br+ — <244+ =
4 4
2
( 5) 121
e.if lz — — < —
2 4
e 5{11 5{ 11
.e. It — — — O I — — —_—
2 2 2 2

11 D D D 11

5
e if ——+ —<r— — 4+ — < — 4+ —
2 2

2 2 2 2

le.if-3<x<8

. fis strictly decreasing, if -3 < x < 8.

Exercise 2.4 | 6 | Page 90

Find the values of x for which f(x) = —
- +1

is (a) strictly increasing (b) decreasing.



SOLUTION

0 T
¥ =
2 +1

ad T
~ 709 = d;t:(azz—i—l)

[$2+1).d%(;1:} —md%(mz —l—l)

(22 + 1)
(22 +1)(1) — z(2z + 0)

i (22 + 1)°
_ 2 +1— 222
(224 1)
~ 1—z2
(224 1)
(a) fis strictly increasing if f'(x) > 0
eif =% g

(2 +1)
e if1-%x2>0 L (24 1)2 5 0]
e if 1> x2
ie. if x2 < 1

Le.if =1 <x <1

o, fis strictly increasing if — 1 < x < 1

(b) fis strictly increasing if f'(x) < 0
1— 22

Le. if — 3 <0
(z2+1)

e if1-x2 <0 02+ 12> 0]



e if1 <x?

e if x2 > 1

e if x> Torx<—1

= fis strictly increasing if x < =1 orx > 1
le.x € (—oo,—1) U (1, 00).

Exercise 2.4 | Q@ 7 | Page 90

show that f(x) = 3z + 1 is increasing in (1,1) and decreasing in (l, l)
3z 3 3
SOLUTION
t(x) = 3z + !
X) =3xr + —
3z
d 1 d
f(x) =3— —— (!
) dz (@) 3 dx [:r: )

Now, f is increasing if f'(x) > 0 and is decreasing if f'(x) < 0.

1
Lletx € (—,3).
3

1
Theng-:::r-:::l



1 1
3 —-3 <3 - — <3 — —
3x2 3

8
20 < fI(z) < —
3
1
~f(x) > 0forallxe (E? 1)

- o . 1
~. fis increasing in rhe interval (E’ 1)

1
2T < ———— < —3
3x2

1
3 —27T <3 — —— <3-—-3
3x2

=24 <f(x) <0

~f(x) < 0forallxe (l, l)
9 3

1 1
- tis decreasing in the interval (E’ E)

Exercise 2.4 | Q 8| Page 90
Show that f(x) = x — cos x is increasing for all x.



f(x) = x — cos x

d
S x) = E(m — cos )
=1—-(-sinx)
=1+ sinx

Now,—1 <sinx <1forallxeR
m=1+1<1+sinx<1forallxeRr
0= filx) < 1forallxeRr
~fx)=0forallxeR

. fis increasing for all x.

Exercise 2.4 | Q 9.1 | Page 90
Find the maximum and minimum of the following functions : y = 5x3 + 2x2 — 3x

SOLUTION

y = 5%3 + 2x% — 3x
dy

) __i 3 2
”ddm = I (5m + 2x 3:1:]

=5x3x2 +2x2x—-3x1
= 15x2 + 4x -3

and

e d
2 — T (152% + 4z — 3)
dr dz
=15x2x+4x1-0
=30x+ 4

d
Y 0gives 152 + 4x—3 =0
dx



= 15%x2x+4x1-0

- 30x + 4

d

Y 0 gives 152 + 4x -3 = 0
dx

©15%% + 9x—5x -3 =0
S3xGx+3)-15x+3)=0
L 5x+3)Ex-1)=0

3 1
SK=E—— Oor ¥ = —
0
d
~. the roots Df—y =0arexy = —— and 9 = —.
dx 5 3

Method 1 (second Derivative Test) :

d*y )
(aj ( dfﬂ at z=2

]

= 30(—3) +4
5

=-14 <0
3
. by the second derivative test, y is maximum at x = —— and maximum value of y at x = B
) 3\° 3\? 3
=5 5 + 2 = - 3 sy
1 n 18 9 36
25 25 5 25

dgy
b v
( )(dxg)atz=—l
1
—3{}(5) + 4



=14 >0

1
~. by the second derivative test, y is minimum at x = 3 and minimum value of y aty = 3

-2(5) +2(-3) ~(5)

5 N 2 ]
27 9
16
- 27
: . - 1
Hence, the function has maximum value — at x = —— and minimum value ——at r = —.
25 5 27 3

Method 2 (second Derivative Test) :
d

(@) 2 =15 + 4x - 3
dz

= (5x + 3)(3x 1)

Considerx = ——
5

Let h be a small positive number. Then

b))
= (—3—5h+3)(—%—3h—1)
- —sh(—5 —sn)

14

and



B A3

:(3+5h+3)(— +3h—1)

14
= 5h(3h— ?) < 0,

as h is small positive number.

o] @

, _— . . 3 .
~. by the first derivative test, y is maximum at x = — 5 and maxximum value of y at x = —

+(-3) 2(3) ()

27+18+9_3ﬁ
25 25 5 25

d
) ¥ = 1542 4 4x—3
dxr

= (5x + 3)(3x - 1)
1

Considerx = —
3

Let h be a small positive number. Then

(&) s
PG )b )

= (§—5h+3)(1—3h—1}



14
= 5.-‘1(3?1— ?) < 0,

as h is small positive number.

3
~. by the first derivative test, y is maximum at x = — 5 and maxximum value of y at x = —

IERORE

27 n 18 9 36
25 25

5 925

d
() =¥ = 1552 4 4x -3
dx

= (5% + 3)(3x - 1)
1

Consider x = —
3

Let h be a small positive number. Then

(8).rs
-BG ) +bG )

= (%—5h+3){1—3h—1]

= (1?4 == 5h) (—3h) < 0, as h is small positive number

and

(8)
B )b )



;
- (§+5h+3)(1+3h—1}

= (EE-+5h)(3h)::D
3
1

~. by the first derivative test, y is minimum at x = 3 and minimum value of y at x = 3

5(3) +2(3) ()

5 N 2
27 9
16
27
. , 36 3 o 1
Hence, the function has maximum value —at = — — and minimum value ——at z = —.
25 5 27 3
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Find the maximum and minimum of the following functions : f(x) = 2x3 — 21x2 + 36x — 20

SOLUTION

fx) = 2x3 = 212 + 36x—20
d
.:Fh}:—E—(Emg——21$24—36$——20)
o

—2x3x%-21x2x+36x1-0
= 6x% — 42x + 36

and

, d
fmj:-ag(ﬂmg——42m—k36)

=bx2x—42x1+0
=12x-42

f'(x) = 0 gives 6x2 —42x + 36 = 0
~¥x2—-Tx+6=0



“ (x=1)x-6)=0
.. the roots of f'(x) = O are x; = Tand x; = 6.

Method 1 (Second Derivative Test) :
(@) f(1) = 12(1) =42 = — 30 < 0
. by the second derivative test, f has maximum at x = 1 and maximum value of fat x = 1

= f(1)

=2(1)2 -21(1)%2 + 36(1) — 20

=2-21+36-20

=-3

(b) f'(6) =12(6) —42=30>0

~ by the second derivative test , f has minimumat x =6 and minimumvalue offatx = 6
= 1(6)

= 2(6)3 — 21(6)2 + 36(6) — 20
= 432 — 756 + 216 — 20

=— 128.
Hence, the function f has maximumvalue — 3 at x = 1 and minimumvalue — 128 at x =
6.

Method 2 (Second Derivative Test):
(@) f(x) =6(x — 1)(x — 6)
Considerx=1

Let h be a small positive number. Then
f'(1 - h)
=6(1l- h-1)(1- h- 6)

=6(— h)(- 5- h)
=6h(5+h)>0

and

f'(1 + h)
=6(1+h-1)(1+h- 6)
=6h(h—- 5) <0,

as h is small positive number.
~ by the first derivative test, f has maximum at x = 1 and maximum valueoffatx =1

= (1)



=2(1)° -21(1)%> + 36(1)— 20
=2-21+36-20

(b) f'(x) =6(x — 1)(x — 6)
Considerx =6
Let h be a small positive number. Then

f'(6 - h)

=6(6—- h—- 1)(6 - h- 6)
=6(5—- h)(= h)
=6h(5-h)<0,

as h is small positive number
and

f'(6 + h)

=6(6+h—- 1)6 +h—- 6)
=6(5+ h)(h)<0,

~ by the first derivative test, f has minimumat x = 6 and minimumvalue of fat x =6
= 1(6)
= 2(6)% — 21(6)? + 36(16) — 20

=432-756+216-20
=-128
Hence, the function f has maximumvalue — 3 at=1 and minimumvalue —128 at x = 6.

Note : Out of the two methods, given above, we will use the second derivative test for
the remaining problems.

Exercise 2.4 | Q 9.3 | Page 90

Find the maximum and minimum of the following functions : f(x) = x3 — 9x? + 24x
SOLUTION

fx) = x> — 9% + 24x

.0 _i 3 2
..f{x}—dx(;r: 9z° + 24x)

= 32— 9x2x + 24 x 1

= 3x%—18x + 24

and



o = % (3.2
00 = — (32 — 18z + 24)

=3x2x—-18x1+0

= 6x— 18

f'(x) = 0 gives 3x% — 18x + 24 = 0
x2-6x+8=0

f(x-2)(x-4) =0

.. the roots of f'(x) = 0 are x; = 2 and x; = 4.

(a) "(2)

=6(2) - 18

=— b <0

.. by the second derivaative test, f has maximum at x = 2 and maximum value ofat x = 2

=1(2)
= (2°-9(2)% + 24(2)

=8-36+48
=20

(b) f"(4)=6(4)-18=6>0
=~ by the second derivative test, f has maximumat x =4 and maximum value of at x = 4
= f(4)

= (4)° - 9(4) + 24(4)
= 64— 144 + 96

= 16.

Hence, the function f has maximumvalue 20 at x =2 and minimumvalue 16 at x = 4.

Exercise 2.4 | O 9.4 | Page 90

16
Find the maximum and minimum of the following functions : f(x) = 2+ —

72



16
fx) = 2° + —
11‘:
n ) = —(m )+16 ( %)

= 2x + 16(- 2)x3

) 32
= Qr - —
11?3
and
F(x) = —{zx}—gﬁi( -3)
dx
= 2x1-32(=3)x"
96
=2+ —
32
t'(x) =0gives 2z — — =0
$3
L 2x%-32=0
=16
L= 2

. therootsof f(x) =0 arexy =2andx; =-2
096

(@ f@)=2+—=8>0
(2)

. by the second derivative test, f has minimum at x = 2 and minimum value of fatx = 2
16



96
(—2)°

. by the second derivative test, f has minimum at x = — 2 and minimum value of fatx =-2

by f'=2)=2+ =8=>0

= f-2)
16
=(—2 2 -
(—2) 2)?
=4+4
=8

Hence, the function f has minimum value § atx = + 2.
Exercise 2.4 | Q 9.5 | Page 90
Find the maximum and minimum of the following functions : f(x) = x log x

SOLUTION

f(x) = x log x
d
A fx) = E(mlogm)

d d
= . a(lﬂg z) + log . E(m]

1
=z x — + (logz) x 1
T

=1+ logx

and

Now, f'(x) =0,if1 + logx=10

le.iflogx=—1=-loge



_ log(1)

e if log x = lﬂg(e_l)

1
Le ifx= —
e

Whenz = (1)e, f(z) =

'—I.

=e>0

(

-, by the second derivative test, f is minimum at x = —.
e

m |

1
Minimum value of fatx = —
[ =

= ——. [ I'Dg €= 1]

Exercise 2.4 | 9.6 | Page 90

log x
Find the maximum and minimum of the following functions : f(x) = g
T




!
) = ogx

z2(0 — =) — (1 —logz) x 2
4

—z — 2z 4+ 2zlogx

4

£
z(2logz — 3)

14

2logx — 3
L) =
T
1-1
Now, f(x) = 0 if ——— o~ = 0
T
e.if 1T-logx=0,ieiflogx=1=loge

Le.ifx=e

and



= — < 0 [~ loge=1]
e

- by the second derivative test, f(x) is maximum at x = e.

Maximum value of fatx = e

_loge

= —. [ loge =1]

Exercise 2.4 | Q 10 | Page 90
Divide the number 30 into two parts such that their product is maximum.

SOLUTION

Let the first part of 30 — x.
-, their product

= x(30 - x)
= 30x — x2
= f'(x) ..(Say)

d
£ = — (30 — 22)

The root of the equation f'(x) = 0

le.30-2x=0isx =15

and f"(15) =-2 <0

.. by the second derivative test, f is maximum at x = 15.

Hence, the required parts of 30 are 15 and 15.



Exercise 2.4 | Q 11 | Page 90
Divide the number 20 into two parts such that sum of their squares is minimum.

SOLUTION

Let the first part of 20 be x.
Then the second part is 20 - x.

- sum of their squares
= %2 + (20 — x}g
= f(x) ..(Say)

.o d 2 2
- F(x) a[m +(20—m)}
= 2x + 2(20 — z). %(20 —x)

= 2% + 2020 -x) x (0 - 1)

= 2x—40 + 2%

= 4x — 40

and
d

f'(x) = —(4;12 — 4{1}
T

=4x1-0

=4

The root of the equation f'(x) = 0,

lLe.dx—-40=0isx =10

and £(10) =4 > 0

.. by the second derivative test, f is minimum at x = 10.

Hence, the required parts of 20 are 10 and 10.

Exercise 2.4 | Q 12 | Page 90

A wire of length 36 metres is bentin the form of a rectangle. Find its dimensionsif the
area of the rectangle is maximum.



Let x metres and y metre be the length and breadth of the rectangle.
Then its perieter is 2(x +y) = 36

~X+y=18

~y=18-X

Area of the rectangle

= Xy

= X(18 — x)

Let f(x)

=x (18 = Xx)

= 18x — x?

ey @ e 2
fx) = x(]S:r: :t:]

= 18 - 2x

and

O P
f[x)—dm(ls 2x)

=0-2x1

=—2

Now,f(x) =0,if18-2x=10

e ifx=9

and f'(9) -2 <0

.. by the second derivative test f has maximum value at x = 9.
Whenx=9,y=18-9=9

S X =9cm, y = 9cm

.. the recangleis a square of side 9metres.

Exercise 2.4 | Q 13| Page 90
A ballis thrown in the air. Its heightatany time t is given by h = 3 + 14t — 5t . Find the
maximum heightitcan reach.



The height h at any tis given by h = 3 + 14t — 52

dh d 5
L ZE(EJF 14t — 5t°)
=0+ 14x1-5x2t
=14 - 10t
and
dﬂ—? = i[lcl—]{lt)
dt dt
=0-10x1
=-10

dh
The root of — =10,
dt

. . 14 7
e, 14-10t=0ist= — = —

10 5
and

d*h
— =10<0
dt att—=L

L]

= by the second derivative test, h is maximum at t = 3

- maximum height = (3 + 14t —5t2)

seu(l) o)

att——L

]

) 98 245
"' 5 25
54490 — 245
B 25
320

~ 25

= 12.8

Hence, the maximum height the ball can reach = 12.8units.

Exercise 2.4 | Q 14| Page 90



Find the largest size of a rectangle that can be inscribed in a semicircle of radius 1 unit,
so that two vertices lie on the diameter.

SOLUTION

A 0 B
Let ABCD be the rectangle inscribed in a semicircle of radius 1 unitsuch thatthe
vertices A and B lie on the diameter.

Let AB=DC =xandBC =AD=y.

Let O be the centre of the semicircle.

Join OC and OD. Then OC = OD = radius = 1.

Also, AD = BCand mzA = m«B = 90°.

-~ OA= OB
~OB=1AB- %
2 2

In right angled triangle OBC,
OB? + BC? = OC?

LAY S
- 4 =1
(3) +v
2
1
P=1-10— = (4-a?)
4
1
Ly=—vV4—x? W[y > 0]
2
Also of the triangle
= Xy
1

=x.—V4— 2
2



X.
2v4x?2 — dx

1
= X [4 x 2x — 4:1*:3)
4/ 4x? — x4
 4z(2 — z2)
dxy/4 — 2
2 — z2
4 — x2

) = d ( 2 — z2 )

dx A — 32

d _(4—.1:2)—2]
iz | Vi—o

2

(41‘:2 — ;134)



1 i(1f4_$2) _ zdi(ﬁl_mz]—%

dz T
1 d 1 3 d
_ | (4—3;?)—2(——)(4—32) S
24 — z2 dz 2 dx
1 1
= x (0 —2z) + ———— x (0— 2z)
2v4 — 42 (4 —22)2
T 2x

4—$2 (4_3:2)%

—m(-ﬂl — mz} — 2z
(4 — 22)?
4z + % — 2z
(4-2%)F
~ r* — 6z
(4 - a?)*
For maximum value of f(x),f'(x) = 0
2 — 2
. o O
4 — g2
2-x2=0
X2 =2
x=vV2  _[:x>0]
3
(v2) —6v2
Now, f'[ V2] = ,



_ —4V2
-~ 5

=—-2<0

.. by the second derivative test, f is maximum when x = V2

1
Whenz = v2,y = —1/4 — 22

1
:Ev4—2
:ixu@

2

Hence, the area of the rectangle is maximum (i.e. rectangle has the largest size) when

its length is V2 units and breadth is 1/42 unit.

Exercise 2.4 | Q 15| Page 90

An open cylindrical tank whose base is a circle is to be constructed of metal sheet so as
to contain a volume of a3 cu cm of water. Find the dimensions so that the quantity of
the metal sheet required is minimum.

Let x be the radius of the base, h be the height, V be the volume and S be the total
surface area of the cylindrical tank.

Then V = wa® ..[Given)

. wxh = 7a

~h=— (1)
Now, S = 27zh + w2

T

ﬂg 9
= 27z (—2) + 7z [By (1)]



Ara®
= 7 + 27
T
ds . —2ma®
Now, — = Ogives +2mx =0
dx x?

n—2mad + 2 = 0

= 21X = 2ma’
LK =a
and
d>S
( dﬂ?ﬂ )at r—a
dra®
= 2 + 27
=bm >0

.. by the second derivative test,

S is minimum when x = a



When x = a, from (1)

Hence, the quantity of metal sheetis n minimumwhen radius = height=a cm.

Exercise 2.4 | Q 16 | Page 90

The perimeter of a triangle is 10 cm. If one of the side is 4 cm. What are the other two
sides of the triangle for its maximum area?

SOLUTION

a=4cm C

=

Let ABC be the triangle such thatthe side BC =a = 4 cm. Also, the perimeter of the
triangle is cm.

i.e.a+b+c=10
~2s5s=10

nsS=5
Also,4+b+c =10
~b+c=6
~b=6-cC

Let A be the area of the trangle.
Then A = \/3(5 —a)(s—b)(s —c)
= /55— 4)(5 — 6+ ¢)(5 — )
= /5e —1)(5 - )




~ A =5(c-1)(5-0¢

=5(5c-c®-5+¢q)

~ A% =5(=c + 6c-5)

Differentiable both sidesww.r.t. ¢, we get

dA d
- — KR ____ [ _ — K
2A » =9 c( c2 + +6¢c — 5)

= 5(-2c+6x1-0)
- 5(2c+6)

~dA 5(—c+3)
"de A

and
dzA . d [ —c+ 3
de2 dc A

&%(—E—I—3}—(—c+3)%
A2
- A(-1+0)—(-c+3)42
. 3

% (—a ~(c+ 3)%)

= D.

—5 dA
B N B
&2[ + (e + ]dc]

, dA
For maximum A, — =0
dc

 5(—c+3)
: A =
.—c+3=0 WA # 0]

LC=3



Ifc =3,
A=4/5(3-1)(5-3)
- 2v/3

. (d?'_ﬁ)
) dc‘z at c=3

4;55 [2x/3 +(3+ 3)([1)}

.. by the second derivative test, A is maximum when c= 3.
Whenc=3, =6-c=6-3=3

Hence, the area of the triangle is maximum when the other two sides are 3cm and 3cm.

Exercise 2.4 | Q 17 | Page 90
A box with a square base is to have an open top. The surface area of the box is 192 sq
cm. What should be its dimensions in order that the volume is largest?

SOLUTION

Let x cm be the side of square base and h cm be its height.

Then x2 + 4xh = 192

o 192- z’ 0

th=—
192 — z?

LetV = 22k — 22 (—3’) By (1)]

4x
nV = l(1923:.- —z*%)
4
v _1d 192z — %)
dx 4 dr

_1 192 x 1 — 32
4



, dV
For maximumV, — =0

dr
(64 —z*) =0

3
4

=8 x> 0]

()
dmg atzr==8

=—— x 38
2

=-12<0

.. by the second derivative test, V is maximum at x = 8.
Ifx =8,

H = 192 — 64

4(8)
128
32

=4

Hence, the volume of the box is largest, when the side of square base is 8cm and its
heightis 4cm.



Exercise 2.4 | Q 18 | Page 90

The profit function P(x) of a firm, selling x items per day is given by P(x) = (150 — xX)x —
1625 . Find the number of items the firm should manufacture to get maximum profit.
Find the maximum profit.

Profit function P(x) is given by
P(x) = (150 — x)x — 1625

= 150x — x% — 1625

CP'x) = i(wnm —z° — 1625)
dr

= 150x1-2x-0

= 150 — 2x

and

P"{]—i 150 — 2
K_da:( x)

=0-2x1

=2

Now, P'(x) = 0 gives, 150 -2x =0

L% =175

and

P'(75)=-2<0

- by thecond derivative test, P(x) is maximum when x = 75

Maximum profit

= P(75)

= (150 — 75)75 - 1625

=75x 75-1625

= 4000

Hence, the profit will be maximum, if the manufacturer manufactures 75 items and
maximum profit is 4000.

Exercise 2.4 | Q 20 | Page 90
Show that among rectangles of given area, the square has least perimeter.



SOLUTION

Let x be the length and y be the breadth of the rectangle whose area is A sg units
(which is given as constant).

Then xy = A

A
Ly = — (1)
T
Let P be the perimeter of the retangle.

Then P = 2(x + v)

(=+3)
-2z + = [By(1)]
£

AP d (A
”d;-:_'dmm T

= 2[1 + A= 1)x79]

+(-2)

and

PP d( A
d:{:? N dx .'1:2

= 2[0 = A~ 1)x77]
_4A

133

d A
Now, L 0,gives2|{1— — | =0
dz x2

~x=VA x> 0]



)
dmz at z—dvA
4A

=—
(V)
~ P is minimum when x = V' A

A A
lfx=vA,theny= — = — =vVA
£ VA
LXZY
. rectangle is a square.

Hence, among rectangles of given area, the square has least perimeter,

Exercise 2.4 | Q 21 | Page 90

Show that the heightof a closed right circular cylinder of given volume and least surface
area is equal to its diameter.

Let x be the radius of base, h be the heightand S be the surface area of the closed right
circular cylinderwhose volume is V which is given to be constant.

Then 7r2h = V
Vv A
hz — = —, 1
e T2 ()
where A = — which is constant.
T

Now, S = 2mixh + 21
A 9

= 27 — + 27z [By (1)]
T

_ Z'J'TA 9

I

+ 27z




s d (zwﬁ z)

_ + 27wx
dx dx x

= 27A(—1)z ™ 4 27 x 2z

B —2wA

> + 4z

T
and

dzs d [ —27A 4
— T
da? dx T2 "

= 27A(-2)z 3 +4r x 1

AmA
= TT:] + 4?T
T
ds . —27@A
Now, — = 0 gives +dnz=0
dx z?

s =27+ Axz® = 0
- A7 %% = 27A
A

2

B

(ﬁ:f

)
dz? ] stz —(4)3

_ A7 A

(2)

=12 >0

[

+ A7




1
3

= by the second derivative test, S is minimum when x = (E)

AN
When x = (E) , from (1),
A

)

h =

(] X

(

=273,

-(3)

~h=2x
Hence, the surface area is least when height of the closed right circular cylinder is equal to its diameter.

v

| bo
v =

Exercise 2.4 | Q 22 | Page 90
Find the volume of the largest cylinderthat can be inscribed in a sphere of radius ‘r cm.

SOLUTION

TN

ta =

Let R be the radius and h be the heightof the cylinder which isinscribed in a sphere of
radiusr cm.

Then from the figure,



Let V be the volume of the cylinder.
Then V = iR°h

and
A2V d
—.aF re — Ehﬂ
dh? dh 4
= :rr('i] - i X 2h)
4
3
= ——mh
2
dV 3
Now, o Ggives:w(’r? — Ehﬂ) =0
3
2 2
— —h*=0
T



2 B =l
3
2r
~h=— v 0]
V3
and
( dﬂv)
dh? at h= %’E
3 2r
=——amx — <0
2 V3
, , 2r
o Vis maximum ath = —
V3
2r
If h = —, then from (1)
vE
2 2
R2_p2_ L1 4 2
4 3 3
. volumeof the largest cylinder
272 2r d7r®
=TT X X = cu cm.
3V3 3v3
: L : ) 47°
Hence, the volume of the largest cylinder inscribed in a sphere of radius r' cm = /3 cu cm.
3v3

Exercise 2.4 | Q 23 | Page 90

Show that y = log(1 + x)- ,& = —1is an increasing function on its domain.

24+ =x



SOLUTION

= log(1 + z)— —1
y = log(1 + x) 2—|—:r’$}
dy d 2x
W QU | 7 G _
dx da:[ﬂg( = 2—|—:1:]
I} d 1+ z) (2+2). +(22) — 2z. £ (2 + 2)
= L — z) —
1+ dz (2 + z)°
2 2—2x(0+1
b sy g @t SRl
1+z (2+=z)
L & A4+ 2z -2z
14z (2+ )
1 4

1+z  (2+2)

(2+z)’ —4(1+z)
(1+z)(2+z)?

A+ dr+ 22 —4— 4z
(1+z)(2+z)°

= i : > Qforall x > -1

(1+z)(2+2)

Hence, the given function is increasing function on its domain.

Exercise 2.4 | Q 24 | Page 90

4sin6 _ _ , o T
Prove thaty = ———— — 6 is an increasing function if 6 € [{], —]
2+ cosB 2



4sin8
¥o=r——————0

2+ cosb
dy d 48in 6 :
"de  de |2+ cose

o d 4 sin B ) d (6)
dé \ 2 + coséb de
(2 + cos8). %(451119) — 45in 8. %(2 + cos B)

- =
(2 + cosB)?

(2+ cosB)(4cos8) — (4sin6)(0 — sin @)
(2 + cosB)? -
8 cosH + 4 cos? 6 + 4sin’ 6
(2 + cos B)E -
_ 8cosb + 4(::052 8 + sin® El) 4
i (2 + cos )’ -
Bcosf+ 4

- = =1
(2 + cos6)

(8 cos® + 4) — (2 + cos8)’
(2 + cos6)?
8cosf+4—4— 4cosh — cos’H
(2 + cos )

4cos® — cos® @

(2 + cos El)g
cos 8(4 — cos8)

(2 + cos El)?




Since, 8 € [I], g} ,cos8 > 0 Also, cos 8 < 4

~d-cosB >0

cosB(4-cosB) =0

~ cosB(4 — cos6) -

2+ cos E2

d
2 S 0foralle ¢ [ﬂ,f]
do 2

Hence, y is an increasing function if 6 [U, %}

MISCELLANEOUS EXERCISE 2 [PAGE 92]

Miscellaneous Exercise 2 | Q 1| Page 92

Choose the correct option from the given alternatives :

1
If the function f(x) = ax® + bx® + 11x — 6 satisfies conditions of Rolle's theoreem in [1, 3] and f!(2 + —) =0,

V3
then values of a and b are respectively

1.-6
=21
-1,-6
-1,6

SOLUTION

1,-6
[Hint: f(x) = ax3+ bx2 + 11x — 6 satisfies the conditions of Rolle's theorem in [1, 3]

« f(1) = f(3)
~a(l)?+b(1)2 + 11(1) —6 = a3 + b(3)2 + 11(3) - 6

~a+b+11=27a+9 + 33
. 26a+8b=-22

~13a+4b=-11

Onlya =1, b =— 6 satisfy this equation].



Miscellaneous Exercise 2 | Q 2 | Page 92

Choose the correct option from the given alternatives :

2
- —1
If f(x) = , for every real x, then the minimum ue of fis
x? +1
0
-1
2
-1

Miscellaneous Exercise 2 | Q 3 | Page 92

Choosethe correct option from the given alternatives :

A ladder 5 m in length is resting againstvertical wall. The bottom of the ladder is pulled
along the ground away from the wall at the rate of 1.5m/sec. The length of the higher
pointof ladder when the foot of the ladder is 4.0 m away from the wall decreases at the
rate of

1
2

2.5
— 1

2

Miscellaneous Exercise 2 | Q 4 | Page 92

Choosethe correct option from the given alternatives :

Let f(x) and g(x) be differentiable for0 x < 1 such thatf(0) = 0, g(0), f(1) = 6. Letthere
exist a real numberc in (0, 1) such thatf'(c) = 2g'(c), then the value of g(1) must be

1
3
2.5
-1

3

Pwn P



Miscellaneous Exercise 2 | 0 5 | Page 92
Choose the correct option from the given alternatives :

Let f(x) = x° — 6x% + 9x + 18, then f(x) is strictly decreasing in
(—CD? 1}
3,00)
(—oo,] U[3,00)
(1, 3)
SOLUTION
1,3)
Miscellaneous Exercise 2 | 6 | Page 92

Choose the correct option from the given alternatives :

If x = -1 and x = 2 are the extreme points of y = cologx + ﬁm2 + z, then
1
oo=—6,8=—
b=

1
00— —6,8= =

1
oo=20=——
B )

1
oo =2,0=—
p 2
SOLUTION
1
w=2 b= ——
P 2
[Hint:y = cologz + Bz? + z
d
P A SO Y |
dzx T
00
=— +28zx+1
T

f(x) has extreme valuesatx=—-1andx =2



~f=1=0andf(2) =0

oo+ 28 =1
and
00
— +48=-1
5 B
By solving these two equations, we get
1
co=2,p=—=1]
p=—31

Miscellaneous Exercise 2 |Q 7 | Page 92
Choosethe correct option from the given alternatives :

The normal to the curve x2 + 2xy — 3y2 =0 at (1, 1)
1. meets the curve again in second quadrant
2. does not meet the curve again
3. meets the curve again in third quadrant
4. meets the curve again in fourth quadrant

SOLUTION
meets the curve again in fourth quadrant
[Hint:x? + 2xy - 3y2 = 0

T dy
.-.2m+2(—+y><1)—3><2y—:0
dx dr

~ 2z — Esy]ﬁ = —2x — 2y
dx

dy —(z+y)

dx T — 3y

: (E) _ —1a+y = 1

= slope of the tangent at (1, 1)

= slope of the normal at (1, 1) is — 1

= equation of the normal is

y—1



=—-1x-1)

=—-x+1

Xty =2

Ly =2-X

Substitutingy =2 — x in x2 + 2xy — 3y? =0, we get
X2+ 2X(2-%x)—-3(2-x)2=0
AX2+AX—2x2-3(4 -4x+x%) =0
WX2—4x+3=0

s (x=1)x-3)=0

~Xx=1,x=3

Whenx=1,y=2-1

Whenx=3,y=2-3= -1

~ thenormal at (1, 1) meets the curve at (3, 91) which isin the fourth quadrant].

Miscellaneous Exercise 2 | Q 8 | Page 92
Choose the correct option from the given alternatives :
The equation of the tangent to the curve y =1 — e? at the point of intersection with Y-axis is
x+2y=0
2x+y=0
X—y=2
X+y=2
SOLUTION

Xx+2y=0
[Hint: The pointof intersection of the curve with Y-axis is the origin (0 0)].

Miscellaneous Exercise 2 | Q 9 | Page 92

Choose the correct option from the given alternatives :

If the tangent at (1, 1) on }rz = x(2 — )% meets the curve again at P, then P is
(4. 4)
=12
(3. 6)

(%)

SOLUTION



(+%)

[Hint:y? = x(2 - %)% = x(4 — 4x + x%) = x> — 4x% — 4x

23,|'ﬁ — 322 — 8z +4
dx
dy 322 — 8z + 4
Cdr 2y
_(dy) 31’ -8(1)+4 1
\dz / (1,1) 2(1) 2

= slope of the tangent at (1, 1)

. equation of the tangent at (1, 1) is

1
1= —=(z—1
y 2( )
2y —2=—x+1
X+ 2y =3

9 3
Only the coordinates (E, g) satisfy both the

equations y2 = x(2 —x)2 and x + 2y = 3

()]

Miscellaneous Exercise 2 | Q 10 | Page 92
Choosethe correct option from the given alternatives :
The approximate value of tan (44° 30°), given that 1° = 0.0175, is
1. 0.8952
2. 0.9528
3. 0.9285
4. 0.9825

SOLUTION
0.9825



MISCELLANEOUS EXERCISE 2 [PAGES 93 - 94

Miscellaneous Exercise 2 |Q 1 | Page 93

Solve the following: If the curves ax? + by? = 1 and a'x? + b'y? = 1, intersect
1 1 1 1

SR ——

orthogonally, then prove that @ b a b
SOLUTION
Let P(xq, y1) be the point of intersection of the curves.

s axq” + by;2 = 1and axy® + b'y,2 = 1

- axq2 + by % = a'%;% + by,
~ (a—a)x % = (b'— b)y,2 (1)

Differentiating ax? + by? = 1 w.r.t. x, we get

d
ax2r+bx2y2 —0
dx

dy —azx

dx by
. slope of the tangent at (x4, yq) = m

~ (dy) _ —alr
dx at(z1,5) bfyl

Since. curves intersect each other orthogonally,

m1m2:—1

_ (—aml) (—a!ml) L
-\ by by, )




aalry 1

bbfy%

aal  —y;

bbr :L‘%
~aal fa—al By (1]
o \b— b Loy

a—al a—al

aal  bbr

1 1 1
KIS ——— ——

a a b b

1 1 1 1
L — === =1

a b a b
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Solve the following : Determine the area of the triangle formed by the tangentto the
graph of the functiony = 3 — x? drawn at the point (1, 2) and the coordinate axes.

SOLUTION

}r=3—x2
 dy d

L . Y
..dx_dx(g ) =0—2z = -2z

dy )
S =-—2(1) =2
( dz at(1,2)

= slope of the tangent at (1 2)

- equation of the tangent at (1, 2) is

y—2=2(x-1)

Ly —2= -2+ 2

L2x+y=4

Let this tangent cuts the coordinate axes at A (a, 0) and B (0, b).



n2a+0=4and2(0)+b=4
~a=2andb=4

area of required triangle
_ % « I(OA) % I(OB)

1

= —ab
2
1

= —(2)(4
5 (2)(4)
= 4 sq units.
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Solve the following : Find the equation of the tangentand normal drawn to the curve
y4 — 4x4 — 6xy = 0 at the point M (1, 2).

SOLUTION

y4—4x4—6xy ={)

Differentiating both sides w.r.t x, we get

447 2 3y — 4 x 4z° — 6 [ ji + y. —{:r)] =
dy dy
Sdyt =L 162 — 62— — 6y x1=0
yd;t: ¥ xd:c Y

s (4y* — ﬁm)% = 16x> + by

dy  16z® + 6y
‘dz 4y — 6z
8z3 + 3y
= m
(% _ 8(1)° +3(2)
| ( dx )at{l 2) B 2(2)* —3(1)




8+ 6
16 — 3
14
13
= slope of the tangent at (1, 2)

.. the equation of the tangent at M (1, 2) is
14

—2=""(r—1
y 13(I )

© 13y —26=14x— 14
S 1dx—13y + 12 =0

The slope of normal at (1, 2)

- 14y —28 = 13x— 13
L1ox + 1dy-41 =0
Hence, the equations of tangent and normal are

14x — 13y + 12 = 0 and 13x + 14y — 41 = 0 respecttively.
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Solve the following : A water tankin the farm of an inverted cone is being emptied at the

rate of 2 cubic feet per second. The heightofthe cone is 8 feet and the radius s 4 feet.
Find the rate of change of the water level when the depth is 6 feet.



&fi

Let r be theradius of base, h be the heightand V be the volume of the water level at
anytime t. Since, the heightofthe cone is 8 feet and the radius s 4 feet,
T 1

_ dV 2cufeet
Given : = )
dt sec

1
Now, V = —r2h
3

1 [ h\’
_ E“(E) R By ()

2V = =R
12
Differentiating w.r.t. t, we get

dV._ 7 ..dh

— = — X
dt 12 dt
_ wh* dh

4 " dt
dh 4 dv
Cdt gh? T dt
When h = 6, then
dh 4

= 2



~ 2 ft
~\9r ) sec
2
Hence, the rate of change of water level is (g—)
m

ft
sec
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Solve the following : Find all points on the ellipse 9x? + 16y? = 400, at which the y-
coordinate is decreasing and the coordinate is increasing atthe same rate.

L P(x1, y1) be the pointon the ellipse 9x2 + 16y2 = 400, at which the y-coordinate
decreasing and the x-coordinate is increasing atthe same rate..

Then —(@) = (E) (1)
dt at(xy.a1) dy at(zy,y)

Differentiating 9x2 + 16y2 = 400 w.rt. t, we get

0x2: % 16 %25 <0
dt dr
Qmﬁ + lﬁy@ =0
dt dt

d d
le(—m) + 163;1(—3’) -0
dt at(ri,y1) dt at(z1,y1)

- 9z, (E) — 16y, (@) -0 .[By(1)]
dt at(ry,y) dt at(zy,y4)

- 9x1 -116y1 = 0 (2)
Now, (x1, y1) lies on the ellipse 9x* + 16y = 400
~ 9%% + 16y4% = 400

16
From (2), &1 = J1

9
1ﬁy1

Substitute z; = in (3), we get



2
16
. 9( gyl) + 162 = 400

L 16y42 + 9y, = 225

. 25y4% = 225
y1°=9
yp=4%3
Wh ; 16(3) 16
en =3, = =
¥1 1 9 3
16(—3) 16
Wh =-3 1y =—""=—"—
en Yy £ 9 3

Hence, the required points on the ellipse are

16 16
(—,3) and (——, —3).
3 3
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Solve the following : Verify Rolle's theorem for the function f(x) —— on [- 1, 1].

et e =
SOLUTION

The function e*, e and 2 are continuous and differentiable on their respective domains.

2

=) = P is continuous on [- 1, 1] and differentiating on (-1, 1), because e* + e™ £ 0 x €[- 1, 1.

et + e *

2 2
Now f(— 1) = -
elte e+ el
and
2

f(1) =
o e+el

~fle ) =11
Thus, the function f satisfies all the conditions of the Rolle's theorem.

=~ there exist c € (-1, 1) such that f'(c) = 0



'+ - B
= 2E(e +e1)
= 2(—1) (e + e V). (e + &)
dx
2 [ te— (~1)]
= et +e F—(—
(e + e
—2(e* —e *)
(e + o)
—9e° — c
. (o) = (e Eg
(e+ e
_ —2(e® — e7%)
f'(c) = Ogives 5 = 0
(e+ €9
ef—e 0
L el=—C— i
E.C
neff=1=¢°
n2c=10
Le=0€g-1,1)

Hence, Rolle's theorem is verified.
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Solve the following : The position of a particle is given by the function s (t) = 2t? + 3t — 4.
Findthetime t = cin the interval 0 <t <4 when the instantaneous velocity of the particle

equal to its average velocity in this interval.



s(t)=2t2+ 3t—4
~s(0)=2(002 +3(0)-4=-4

and
S(4) = 2(4)2 +3(4)-4=32+12-4=40
_ locity = s(4) — s(0)
.. average velocity = g
_40-(-4)
) 4
=11
: , ds
Also , instantaneus velocity = %

d
= —(2t> + 3t — 4
7 )
=2x2t+3x1-0
=4t + 3

ds
- instantaneus velocity att = cis (E) =4c+3

t=c
When instantaneous velocity at t:c equal to its average velocity, we get
dx + 3 11
o dc=8
s~ c=2€[0, 4]

Hence, t = c = 2.
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Find the approximate value of the function f(x) = v/ 22 + 3z at x = 1.02.



fx) = vV x2 + 3z
- f(x) a4 («..f x2 + 3:;:)

- dx
S S R
2vVz? + 3z 4T

1
= X (22 +3 x 1)

2v 2 + 3z
2x + 3

2vx2 + 1

Takea=1and h = 0.02.

Then f(a) = (1) = \/12 +3(1) =2
and
f'(a) = (1)

2(1)+ 3

24/12 + 3(1)

The formula for approximation is
fla + h) = 1(a) + h.f'(a)

- 1(1.02) = f(1 + 0.02)

= f(1) + (0.02)f'(1)

D
=24+ 0.02 x —
4

. 8+0.1
| 4



81

4
= 2.025

- £1.02) = 2.025.
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Solve the following : Find the approximate value of cos(0.51), given T = 3.1416, 2/\/3
=1.1547.

Let f(x) = cos™ x.
Then f'(x) = i (cc:-s_l :1:) e —
dr 1!1 _ $2

Take a = 0.5 and h = 0.01
Then f(a) = f(0.5)

= cos~ ' (0.5)

e 3)
—cos [cos —
3

mw

3
nd
a

(a) = f(0.5)

da
_|:|

V3
= - 1.1547

The formula for approximation is



fla + h) =f(a) + h.f'(a)

- cos~ 1 (0.51) = f(0.51)

= f(0.5 + 0.01)

= f(0.5) + (0.01)f(0.5)

- g +0.01 x (—1.1547)

3.1416
= — 0.011547

= 1.0472 - 0.01157 = 1.035653
-~ cos 1 (0.51) = 1.035653.
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Solve the following : Find the intervals on which the functiony = x*, (x > 0) is increasing
and decreasing.

SOLUTION

X

y =X
~ logy =logx* = xlog x
Differentiating both sides w.r.t. x, we get

1 dy d(] )
—. — = —(zlogzx
y dxr dx 5

= . di;{lc:-g x) + (log x). d—ti[:r:)

1
=z x — +(logz) x 1
T

dy

i y(1 + log z)

=x*(1 + log x)

d
y is increasing if il >0
T



e if x*(1+logx) =0
e.if 1+ logx =0 x> 0]
e iflogx > -1

l.e.iflogx = —log e [ loge =1]
o 1
e iflogx = log —
e
1
e ifx> —
e
..y is increasing in | —, oo
e
d
y is decreasing if i <0
dx

e if x*(1+logx) <0
le.if 1 +logx<0 x> 0]
e iflogx < -1

le.iflogx < -loge L[ loge =1]

1
i.e.if log x £ log —
e

1
e ifx < —, wherex > 0
e
: . 1
..y is decreasing is ('I], —]
e

: L . 1
Hence, the given function is increasing [— : oo)
[
. 1
and decreasing in ( 0, — |.
e
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Solve the following : Find the intervals on which the function f(x) = x/logx is increasing
and decreasing.



i

f(x)

B log =

.-.f'{x}:i( z )
dz \ logzx

(logz). 2 (z) — z. = (log z)

(log z)”
(logz) x 1 —x x %
(log 2’
_logz —1

~ (logz)’
fisincreasing if f'(x) 2 0

logz — 1
eif 8%~ -

(log z)”
e.flogx—-1=0
i.e.if logx = 1
l.e.iflogx =z log e
e ifxze
- fis increasing n [e, o0]

fis decreasing if f'(x) < 0

le.flogx—-1<0
e iflogx <1
l.e.iflogx < loge

Le.ifx € e

[+ (logx)? > 0]

[ loge = 1]

[ (logx)® > 0]



Also, x > 0 and x # 1 beause (x) = is not defined at = 1.

ogx
. fis decreasing in (0, e) - {1}
Hence is increasing in [e, 0o) and

decreasing in (1, e].
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Solve the following : An open box with a square base is to be made outof given quantity

a?

6v3

of sheet of area a2. Show that the maximum volume of the box is

SOLUTION

Let x be the side of square base and h be the height of the box.

Then % + 4xh = a2

a — &
wh=—— (1
i (1)

Let V be the volume of the box.

Then V = x%h
9

3 (rs _$2
~V=x T ..[By (1)]

V= i(aﬂx —z°) -(2)
v 1

:i(agx 1—3m2]

- (a2

and
v 1 d(g_gmg)



3
= ——
2
dV | 9
Now, — = 0gives—(a”™ — 3x") =0
PO i )
aZ-3x2=0
3x% = a°
2
il
3
a
M= %50
3
and
2V
2> J st
V3
3 a
= —i )-(: LI
2 3
V3
=——a<20
2
Vi ' h ¢
- Vis maximum when x = ——
V3

1
From (2), maximum volume = [E (agm — ;133)]
atr=

("5 o)

1(2a3
4\ 3/3




a®

- s

Hence, the maximum volume of the box is

3
cu unit.

61/3
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Solve the following : Show that of all rectangles inscribed in a given circle, the square
has the maximum area.

D C
2.?’ j'
A X B

e

Let ABCD be a rectangle inscribed in a circle of radiusr. Let AB=x andBC =.
Then x2 + y? = 4r? .. (1

Area of rectangle = xy
= 2472 — 22 [By (1)]
Let f(x) = x%(4t° — x%)
= 4rex2 — x*
d

T Rl O P 0
R ENE o (4?':.!: ;E)

= Ar% x 2x — Ax°

= 8rox — 4x°

and

f'(x) = % (8?‘2.1: — 4:1:3)

=8rx1-4x3x°



= 8r° - 12x

For maximum area, f'(x) = 0

S8 -4 =0

- 43 = 8réx

nxt =218 L x 2 0]
SX = \/E_r L 0]
and

7(var) = sr-12(var)

=—16r° < 0

- f(x) is maximum when x = V2r

If x = V2r, then from (1),
2
(@) + y2 = 4r2
ny? =4t 2r% = 21
Ly =v2r Ly > 0]

LXE=Y
- rectangle is a square.

Hence, amongst all rectangles inscribed in a circle, the square has maximum area.
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Solve the following : Show thata closed rightcircular cylinder of given surface area has
maximum volume if its heightequals the diameter of its base.

SOLUTION

Let r be theradius of the base, h be the heightand V be the volume of the closed right
circular cylinder, whose surface area is a2 sqg units (which is given).

~ 2mrh + 2112 = a?

s 2mr(h +r)=a?



h=———r (1)

(5 1)
=qr°| — —7r ..[By (1)]

2mr

1
- —a’r — 1’
2

o dv. d (1, 9
d[_dm 2&?‘ wr

1
=Ea2><1—?r><3r2

dr? dr \ 2
=0-3mx2r
= — BTIr
, dV
For maximum volume, — =10
dr
2
a
— — 32 =0
2
2
a
3112 = —
2
2
6
a
L F = L > 0]



(%)
dr? ) . _a

i

- _fm( ﬁ) <0

- Vis maximum when r =

)

V6

Whenr = L, then from (1),

bma a

2T N

2wy 6m

Hence, the volume of the cylinderis maximum if its heightis equal to the diameter of the
base.
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Solve the following : A window isin the form of a rectangle surmounted by a semicircle.

If the perimeter be 30 m, find the dimensions so that the greatest possible amount of
lightmay be admitted.



D

___________________

Let x be the length, y be the breadth of the rectangle andr be the radius of the
semicircle. Then perimeter of the window

Then perimeter of the window = x + 2y + 1r, where x = 2r

This is given to be m
~2r+ 2y + 1r = 30
2y =30 — (T + 2)r

{?r + 2)?‘
S 1)

The greatest possible amount of light may be admitted if the area of the window is
maximum. Let A be the area of the window.

y =15 —

‘J’T'-'“2

Then A =xy + —
Y 2

‘.'n‘”l"-‘“2

= 2yr + — e x=2r
Y 2 [ ]

_ 2 {15 - +— _[By(1)]

Cen),

=30r — (m+2)r® + grﬂ

TY..2
:3Dr—(?r+2—§)’r




1
:3Dx1—(%)x2r

=30 — (10 + 4)r

and
d?A d
30 — 4
—— — —[30— (m+ 4)7]
, dV
For maximum volume, — =0
dr
2
&3m0
2
3l = a—ﬂ
2
2
22
6
- [ 1> 0]
r= r>
v 6T
and
(%)
d at r——2
ik

() <

, , a
= Vis maximum when r =

V67

Whenr = L, then from (1),
ity




30
Cn+ 4

Hence, the required dimensions of the window are as follows :

™+

60
Length of rectangle = ( 1 ) metres,

30

™+

breadth of rectangle = ( ) metres and

30
radius of the semicircle = ( ) metres.
T+ 4
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Solve the following : Show thatthe heightof a right circular cylinder of greatest volume
that can be inscribed in aright circular cone is one-third of that of the cone.

SOLUTION
A
B —
i
H
[ — e —

Given the right circular cone of fixed heighth and semi-vertical angle «.
Let R be the radius of the base and H be the heightof right circular cylinder that can be
inscribed in the right circular cone.

In the figure, zZGAO =, OG =r, OA=h,OE =R,CE =H.



T
We have E =tanzx

- r=htanx (1)
Since AAQOG anf ACEG are similar.

A0 CE CE
"0OG EG OG-OE
 h_ H
"r  r-R
h
~H=—(r— R
> (r— B
h
= —— (htanoo — R) .[By (1)]
h tan oo
W H= (htanoco — R)  ..(2)

tan oo

Let V be the volume of the cylinder

RE
ThenV = nR*H = — (htanoo — R)
tan oo
3
V=nRoh_ R
tan oo

E]
S av i(wﬂgh_ R )

ﬁ B dR tan oo
- 7R x 2R — x 3R?
tan oo
3rR2
- 9nRh — =
tan oo
and
2 2
dV: d (2nRh— 3ar )
dR? dR tan oo
3
R g LT .




dVv

For maximum volume, — =0
dR

3rR?
“orRh— 21t

tan oo

= 27 Rh

3rR2

tan oo

2h

and

()
dRE at B= % tan x

6 2h
= 2mwh — T P tan oo

tan oo 3
= 21th —4nth = = 2mh < 0

- Vis maximum when R = ?tanoo

2h
When R = ?tan oo, then from (2), we get

1 2h h
H = htanoo — —tannoo | = —
tan oo 3 3

Hence, the height of the right circular cylinder is one- third of that of the cone.
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Solve the following:
A wire of length | is cutinto two parts. One part is bentinto a circle and the other into a

square. Show thatthe sum of the areas of the circle and the square is the least, if the
radius of the circle is half of the side of the square.

SOLUTION



Let r be the radius of the circle and x be the length of the side of the square. Then
(circumference of the circle) + (perimeter of the square) = |

s 21T+ 4x = |
[ — 4z
ST = -
A = (area of the circle) + (area of the square)

= mr? + x2

. [l—4z 2+ )
m o £

1
=22+ —(I - 4z)°
m

= f(x) (>ay)
Then f'(x) = 2z + L x 2(l — 4z)(—4)
by
= 2x — E(E — 4zx)
m

and

P =2 — = (~4)
mw

8
:2—|——

m

2
Now, f'(x) = 0 when 2z — — (I — 4z) =0
m

l.e. when 2mx -2l + 8x =0
i.e when 2(mt + 4)x = 2|
[
T+ 4

i.e. when x =

and



(752) 23
f" =24+ —>0
T+ 4 T

.. by the second derivative test, f has a minimum,

When x = . For this value of x,

™+

i 1-4(=)

r= w+4d
27
wl + 41 — 41

2m(mw + 4)
[
2(m + 4)

2
Now, f'(x) = 0when 2z — — (I — 4x) = 0
mw

i.e.when 2mx— 2| + 8x =0
i.e when 2(mt + 4)x = 2|
[
T+ 4

L.e. when x =

and

(772) 23
f =24+ —=0
™+ 4 T

. by the second derivative test, f has a minimum,

When x = . For this value of x,

™+

_1-4(5m)

r= w4
2
ml + 41 — 41

2m(m + 4)
[
T 2(m+4)




=1/x

This shows that the sum of the areas of circle and squareis least, when radius of the
circle = (1/2) side of the square.
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Solve the following : A rectangular sheet of paper of fixed perimeter with the sides
havingtheirlengthsin theratio 8 : 15 converted into an open rectangular box by folding
after removing the squares of equal area from all corners. If the total area of the
removed squaresis 100, the resulting box has maximum volume. Find the lengths of
the rectangular sheet of paper.

SOLUTION
] m

15k —2x

. =y

K I
—fk—-Ix—

The sides of the rectangular sheet of paper are in the ratio 8 : 15. Let the sides of the
rectangular sheetof paper be 8k and 15k respectively.

Let x be the side of square which isremoved from the corners of the sheet of paper.
Then total area of removed squares is 4x2, which is given to be 100.

5 4x2 =100
L X2=25
“X=5 [ x>0]

Now, length, breadth and the heightof the rectangular box are 15k — 2x, 8k — 2x and x
respectively.

Let V be the volume of the box.

Then V = (15k — 2x)(8k — 2x).x

=V = (120k? — 16kx — 30kx + 4x?).x

~V =4x3 — 46kx2 + 120k2x



dv d
o —— = — (42® — 46kz” + 120k’ z)
dx dx
= 4 x3x% — 46k x x + 120k? x 1
= 12%2 — 92kx + 120k?

dv

Since, volume is maximum when the square of side x = 5 is removed from the corners, (d—) =0
T
at =5

= 12(5)2 = 92k(5) + 120k% = 0
. 60-92k + 24kZ = 0
~6kZ-23k+15=0

. 6k?-18k -5k + 15 =0
6k (k-3)-5(k-3)=0
. (k=3)(6k-5)=0

.
k= c::trﬁﬂzi
6
5
Ifk = E,thenSk—m{ 0
5
R i
5‘éﬁ
~ k=3

. 8k=8x3=24and 15k =15x3 =45

Hence, the lengths of the rectangular sheet are 24 and 45.
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Solve the following : Show thatthe altitude of the right circular cone of maximum volume
that can be inscribed in a sphere of radiusr is 4r/3.

SOLUTION

Let x be the radius of base and h be the height of the con which isinscribed in a sphere
of radiusr.

In the figure, AD =handCD =x=BD
Since, AABD and ABDE are similar,



AD BD

BD DE
- BD? = AD-DE = AD.(AE - AD)

= % = h(2r-h) (1)

Let V be the volume of the cone.
1
ThenV = —wrz2h
3
w
= Eh(?r — h)h - [By (1)]

m
V=g (2rh® — B*)

AV 7w d 2 13

T3 dh(Zrh h)
W

=§(2r><2h—3h2)

= < (4rh —317)

and

’v.
dh?
:g(4r><1—3><2h}

T d 5

- g(-ir — 6h)
av

For maximm volume, — =10

dh
« 5 (4rh —3h%) =0

- Arh — 3h2
_ 4y
3

= h [ h# 0]

and



( d2v )
dh® /g p-t

:1(4-1'—6)( £)
3 3

= g(fir — 8r)
d7r
= md
3

4
- Vis maximum when h = ?r

4r
Hence, the attitude (i.e. height) of the right circular cone of maximum volume = 5
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Solve the following : Show thatthe height of the cylinder of maximum volume that can

be inscribed in a sphere of radius R is 2RA3. Also, find the maximum volume.

SOLUTION

et

=

p

tal=

Let R be the radius and h be the heightof the cylinderwhich isinscribed in a sphere of
radiusr cm.

Then from the figure,



Let V be the volume of the cylinder.
Then V = iR%h

2
= n(rﬂ — h’z) h ..[By(1)]

dV 3
Now, e 0 gives, w(rg = Zhﬂ) =0

3
O — P
4

3
Ehi = r‘z



, h2 i
3
2r
V3
and
A2V
dh? at h=-22
3 2r
=——ax— <0
2" "3
-V is maximum at h = i
V3
Ifh = E then from (1)
NE
2 2
RR_p2_1 4 2
4 3 3

. volumeof the largest cylinder

272 2r A7
=T X X = cu cm.

3 V3 3v3

Hence, the volume of the largest cylinder inscribed in a sphere of radius 'r' cm =

AR?
3v3

Cu Cm.
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Solve the following : Find the maximum and minimum values of the function f(x) = cos2x
+ Sinx.

f(x) = cos®

X + s5in

Cery = %2 :
~fx) = I (::05 :r—l—slnm]

=2 L — -+
COST. — (cosz) + cosz



= 2 cosx (—sin x) + cos x

= —sin 2% + €05 X

and

f'x) = — (—sin 2z + cos x)
dx

- cos2r. - (22) — s

= —cos2z. ——(2z) —sinz

= —cos 2x % 2—sonz

= — 2 cos 2x—sonx

For extreme values of f(x), f'(x) = 0
So—sin2x+ cosx =0
L—2sinxcosx+cosx=0
LcosX(=2sinx+1)=0

ncosx=0or-2sinx+1=0

T . 1 . T
S COS X =C058 — Or sl = — = 851 —
2 2 6
vy m
L= — Oor &= —
6

. w ) T
|[|}f(5) = 2cos T — sin 3
=—2(-1)—-1=1=>0

T 7y
~. by the second derivative test, f is minimum at x = — and minimum value of fat x = 3

(W) 2T L sin T _04+1=1
= f[—) =cos® — +sin — = =
2 2 >

(i) f(%) — —2cos g _sin g



w w
.. by the second derivative test, f is maximum at x = — and maxmuum value of fatx —

m 2?]' m
= J— — __|_ —
f(ﬁ) €08 7§ TG

2
_(¥B) L1
2 2
5

Hence, the maximum and minimum values of the 5 function f(x) are 1 and 1 respectively.



