“Imaginary numbers are a fine and wonderful refuge of the divine spirit
almost an amphibian between being and non-being. ”
- Gottfried Leibniz

Many mathematicians contributed to the full development of complex
numbers. The rules for addition, subtraction, multiplication, and division of
complex numbers were developed by the Italian mathematician Rafael Bombelli.
Rafael Bombelli . He is generally regarded as the first person to develop an algebra of complex

(1526-1572) numbers. In honour of his accomplishments, a moon crater was named Bombelli.

Real Life Context

Complex numbers are useful in representing a phenomenon that has two parts varying at the
same time, for instance an alternating current. Engineers, doctors, scientists, vehicle designers and
others who use electromagnetic signals need to use complex numbers for strong signal to reach its
destination. Complex numbers have essential concrete applications in signal processing, control
theory, electromagnetism, fluid dynamics, quantum mechanics, cartography, and vibration analysis.

@ Learning Objectives

Upon completion of this chapter, students will be able to:
e perform algebraic operations on complex numbers
e plot the complex numbers in Argand plane
e find the conjugate and modulus of a complex number

e find the polar form and Euler form of a complex number

e apply de Moivre theorem to find the N roots of complex numbers.

2.1 Introduction to Complex Numbers

Before introducing complex numbers, let us try to answer the question “Whether there exists
a real number whose square is negative?” Let’s look at simple examples to get the answer for it.
Consider the equations 1 and 2.

Equation 1 Equation 2
X*=1=0 X2 +1=0
x =41 x =+
x =4l X =+?
52
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X =5 1\o P X —2| -1] o 1 |2
' y
f()¥):X2—1 f(X)=X2 +1
Fig. 2.1 Fig. 2.2
Equation 1 has two real solutions, By the same logic, equation 2 has no real
x=-1 and x=1. We know that solving an solutions since the graph of f(x)=x"+1 does
equation in X is equivalent to finding the |NOt CrOSS the x -axis; we can see this by looking
. at the graph of f(x)=x"+1.
x-intercepts of a graph of f(x)=x"-1 graph of f ()
crosses the x-axis at (-1,0) and (1,0).

This is because, when we square a real number it is impossible to get a negative real number.
If equation 2 has solutions, then we must create an imaginary number as a square root of —1. This

imaginary unit~/—1 is denoted by i .The imaginary number i tells us that i> = —1. We can use this fact

to find other powers of i.

2.1.1 Powers of imaginary unit i

We note that, for any integer n, i" has only four possible values: they correspond to values of
n when divided by 4 leave the remainders 0, 1, 2, and 3.That is when the integern<—4 or n>4,

using division algorithm, n can be written as n=4g+k, 0<k <4, k and gare integers and we

write
(i) =@ =@ (@) =(0") () =()" () =)
Example 2.1
Simplify the following
(i) i’ (ii) i'7% (i) i+ 28 (jv) lzm:i” (V) iiZit-i®
Solution

(ii)i1729 :i1728i1 =i

) (i) =) =(i)" =-;
(iii) (i)71924 +(i)2018 _ (i)71924+0 +(i)2016+2 =(i)0 +(i)2 =1-1=0
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(iv) lZm:i"=(i1+i2+i3+i4)+(z‘5-|rz‘6+i7+i8)+~-~+(i97+i +i° +1100)+1101+i102
(l +i? ) (it +i7 +7° ) o (i P )
= {i+( =)+ 1+ {i (D) + () + L+ (i (D) () + L+ i+ (D)
=0+0+---0+i-1
= —1+1 (What is this number?)
() Fi2 05 iz 75 oy, o

Result: Sum of four consecutive powers of i is zero. Thatisi"+i"™ + ™2+ |"™ =0 VYneZ

Note
(i) ~Jab =~Ja/b valid only if at least one of a, b is non-negative.

For example, 6 =+/36 =/(—4)(-9) = \/(-4)\[(-9) = (2i)(3i) = 6i* =6, a contradiction.
Since we have taken /(—4)(—9) = /(—4)+/(-9) , we arrived at a contradiction.
Therefore ~/ab =~/a/b valid only if at least one of a, b is non-negative.

Complex Numbers
A ™

—

(ii) ForyeRr, y*>0 A
Imaginary
Numbers Real Numbers
Therefore, /(=)(y*) =(y*)(=1) - —
Numbers Numbers
5i P 0.25
JEDYYH) =YD L N\eE |
iv3 V17
® iy =yi. i . ®
Natural
EXERCISE 2.1 e
Simplify the following:
12
1. | 1947 + | 1950 2 | 1948 _i —1869 3 l-n
4 59 1 5 2:3 2000 6 S n+50
i+ 0027 _ Z
n=1

2.2 Complex Numbers
We have seen that the equation x* +1=0 does not have a solution in real number system.

In general there are polynomial equations with real coefficient which have no real solution.
We enlarge the real number system so as to accommaodate solutions of such polynomial equations.
This has triggered the mathematicians to define complex number system.
In this section, we define
(i) Complex numbers in rectangular form
(it) Argand plane
(iii) Algebraic operations on complex numbers
The complex number system is an extension of real number system with imaginary unit i.

The imaginary unit i with the propertyi® = —1, is combined with two real numbers x and y

by the process of addition and multiplication, we obtain a complex number x +iy. The symbol '+'
is treated as vector addition. It was introduced by Carl Friedrich Gauss (1777-1855).
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2.2.1 Rectangular form

Definition 2.1 (Rectangular form of a complex number)

A complex number is of the form x + iy (or x + yi), where Xand Y are real numbers.
X is called the real part and Y is called the imaginary part of the complex number.

If x=0, the complex number is said to be purely imaginary. If y =0, the complex number is
said to be real. Zero is the only number which is at once real and purely imaginary. It is customary to
denote the standard rectangular form of a complex number x+iy as z and we write x =Re(z) and
y=Im(z) . For instance, Re(5-i7) =5 and Im(5-i7)=-7.

The numbers of the form a +ifB, B # 0 are called imaginary (non real complex) numbers.

The equality of complex numbers is defined as follows.

Definition 2.2

Two complex numbers z, = x, +iy, and z, = x, + iy, are said to be equal if and only if

Re(z,) = Re(z,) and Im(z,)=Im(z,). Thatis x, =x, and y, =y,. |

For instance, if o +i =-7+3i,then ¢« =-7 and 8 =3.

2.2.2 Argand plane

A complex number z = x+iy is uniquely determined by an ordered pair of real numbers(x,y).
The numbers 3-8i, 6 and —4i are equivalent to (3,-8), (6,0), and (0,—4) respectively. In this
way we are able to associate a complex number z = x+iy with a point (x,y) in a coordinate plane.
If we consider x axis as real axis and y axis as imaginary axis to represent a complex number, then
the xy-plane is called complex plane or Argand plane. It is named after the Swiss mathematician Jean
Argand (1768 — 1822).

A complex number is represented not only by a point, but also by a position vector pointing from
the origin to the point. The number, the point, and the vector will all be denoted by the same letter z .
As usual we identify all vectors which can be obtained from each other by parallel displacements. In this
chapter, C denotes the set of all complex numbers. Geometrically, a complex number can be viewed as
either a point in R2or a vector in the Argand plane.

Im Im Im
P 0 a+ip a+ip
0] o Re 9 Re 0 Re
Complex number Complex number by a position vector Complex number
as a point pointing from the origin to the point as a vector
Fig. 2.3 Fig. 2.4 Fig. 2.5

Ilustration 2.1
Here are some complex numbers: 2 +i, —1+2i, 3-2i, 0-2i,3+~-2,-2-3i, cosg+ i smg ,

and 3+0i. Some of them are plotted in Argand plane.
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Im Im
4 4
3 3
-1+2i -1+2i
2
2+ \2 2+i
]
4 -3 2 .10 1 2 3 aRe 432 70/~31 2 3 4Re
-2 2
- 3-2i
3 3-2i 3
231 4 23,
Complex numbers as points Complex numbers as vectors
Fig. 2.6 Fig. 2.7

2.2.3 Algebraic operations on complex numbers
In this section, we study the algebraic and geometric structure of the complex number system.
We assume various corresponding properties of real numbers to be known.

(i) Scalar multiplication of complex numbers:
If z=x+iyandk e R, then we define
kz= (kx)+(ky)i .
In particular 0z=0,1z=1z and (-1)z=-z.

The diagram below shows k z for k = 2, % -1

Im, 27 Im Im,
z z
z
1

. 2" .

O Re 0] Re Re
_1 O] .
k=2 k=15 s k=-1

Fig. 2.8 Fig. 2.9 Fig. 2.10

(ii) Addition of complex numbers:

If z, =x, +iy, and z, =x, +iy,, wherex,, x,, y,,and y, € R, then we define

2, +2, = (x+iy ) +(x, +iv,) Z,+1,
= (q+x,)+i(y+,) I or
1T X 1T W mi (x1+xz,y1+y2)

2,42, = (x,+x)+i(y+»,). !

We have already seen that vectors are characterized by length
and direction, and that a given vector remains unchanged under
translation. Whenz, =x, +iy, and z,=x,+iy, then by the
parallelogram law of addition, thesum z, + z, = (x, +x, ) +i(y, + »,)

corresponds to the point(x, +x,, », +,). Italso corresponds to a

Fig. 2.11

vector with those coordinates as its components. Hence the points
Z,,2,,and z,+z, incomplex plane may be obtained vectorially as shown in the adjacent Fig. 2.11.
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(iii) Subtraction of complex numbers
Similarly the difference z, —z, can also be drawn as a position vector whose initial point is

the origin and terminal point is (x, —x,, y, —»,) . We define
2,-2,=2+(-1,)

= (x1 +iyl)—|-(—x2 —iyz)

= (xl —x2)+i(y1 _yz)-

Z2,-1, = (xl—x2)+i(yl—y2). 2 Fig. 2.12

It is important to note here that the vector representing the difference of the vector z, —z, may

also be drawn joining the end point of z, to the tip of z, instead of the origin. This kind of representation

does not alter the meaning or interpretation of the difference operator. The difference vector joining
the tips of z, and z, is shown in (green) dotted line.

(iv) Multiplication of complex numbers
The multiplication of complex numbers z, and z, is defined as

2,2, = (x, +iy,)(x, +1iy,)
= (XX, = y»,) +Hi(xy, +X5,)
2z, = (%, =y ¥,) Hi(xy, +x,0,) .

Although the product of two complex numbers z, and z, is itself a complex number represented

® by a vector, that vector lies in the same plane as the vectors z, and z, . Evidently, then, this product is ®
neither the scalar product nor the vector product used in vector algebra. Im A .2
iz
Remark .
Multiplication of complex number z by i 2,
Ifz = x+iy, then ) T?e
iz = i(x+iy) _
2 i’z
: iz
= —y+ix.
The complex number iz is a rotation of z by 90° or gradians in the Fig. 2.13

counter clockwise direction about the origin. In general, multiplication of a complex number z

by i successively gives a 90° counter clockwise rotation successively about the origin.

Ilustration 2.2
Let z, =6+7iand z,=3-5i.Then z,+2, and z,—Z, are
(i) B-=-5)+(6+7i) = B+6)+(-5+7)i=9+2i
(6+7i)—(3-5i) = (6-3)+(7—(-5))i=3+12i.

Let z, =2+3i and z, =4+7i.Then z;z, is
(ii) (2+3i)(4+7i) = (2x4-3x7)+i(2x7+3x4)
= (8-21)+(14+12)i=-13+26i.
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Example 2.2

Find the value of the real numbers x and y, if the complex number (2+i)x+(1—-i)y+2i—3

and x+(—1+2i)y+1+iare equal

Solution
Let Z,

zZ, x+(—1+2i)y+1+i=(x—y

Given that z,

Z,.

Therefore (2x+y—3)+i(x—y+2):(x—y+

(2+i)x+(1—i)y+2i—3=(2x+y—3)+i(x—y+2)and

+1)+i(2y+1).

)+i(2y+1).

Equating real and imaginary parts separately, gives

2x+y-3 =x—y+l

x—y+2 =2y+l

Solving the above equations, gives

x=2 and y=1,

= x+2y=4.

= x-3y=-1.

EXERCISE 2.2

1. Evaluate the following if z=5-2i and w=—-1+3i

(i) z+w (i) z—iw

(iv) zw (V) 2% +2zw+w?

(iii) 2z+3w
(Vi) (z+w)".

2. Given the complex number z =2 +3i, represent the complex numbers in Argand diagram.

(i) z,iz,and z+iz

(if) z,—iz,and z—iz.

3. Find the values of the real numbers x and vy, if the complex numbers
(B-i)x—(2-i)y+2i+5and 2x+(—1+2i)y+3+2iare equal.

2.3 Basic Algebraic Properties of Complex Numbers

The properties of addition and multiplication of complex numbers are the same as for real
numbers. We list here the basic algebraic properties and verify some of them.

2.3.1 Properties of complex numbers

The complex numbers satisfy the following
properties under addition.

The complex numbers satisfy the following
properties under multiplication.

(i) Closure property
For any two complex numbers
z, and z,,the sum z, + 2,

is also a complex number.

(i) Closure property
For any two complex numbers
z, and z,, the product z, z,

is also a complex number.
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(i) The commutative property (i) The commutative property
For any two complex numbers For any two complex numbers
z, and z, z, and z,
z,tz,=z,+tz. 2,2, = Z,Z,.
(iii) The associative property (ili) The associative property
For any three complex numbers For any three complex numbers
z,,z,,and z, z,z,,and z,
(z,+2,)+z,=2,+(z, t2,). (212,)2, =2,(2,2,).
(iv) The additive identity (iv) The multiplicative identity
There exists a complex number There exists a complex number
0=0+0i such that, for every 1=1+0i such that, for every complex
complex number z , number z ,
z+0=0+z=z2 21=17=z2
(v) The additive inverse (v) The multiplicative inverse
_ For any nonzero complex numberz,
For every complex number Z there exists there exists a complex number wsuch
a complex number —z such that, that,
Z+(-2)=(-2)+2=0. zw=wz=1.
® _zis called the additive inverse of 7 . WL.Q, called the multlﬁ)llcatlve inverse of z . ®
w is denoted by z7.
(vi) Distributive property (multiplication distributes over addition)
For any three complex numbers z, z,, and z,
2(z,+2)=22,+22, and (z,+2,)z,=22,+1,Z,.

Let us now prove some of the properties.
Property
The commutative property under addition

For any two complex numbers z, and Z,, we have z,+z,=2,+2,.
Proof

Let z, =x, +iy,, z, =x, +iy,, and x,x,,y,,and y, eR,
Z,+12, = (x1+iy1)+(x2+iy2)
=(x1+x2)+i(yl+y2)
= (x,+x)+i(y,+n) (sincex,,x,,y,,and y, e R)
)

(x2 +1iy, ) + (x1 +1iy,
Z,+1,.
Property |

Inverse Property under multiplication

Prove that the multiplicative inverse of a nonzero complex number z = x +iy IS

X .=y
2 2 +1 2 2
x4y Xty
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Proof
The multiplicative inverse is less obvious than the additive one.
Let z* =u +iv be the inverse of z=x+iy

We have zz*' =1
That is (x+iy)(u+iv) =1
(xu—yv)+i(xv+uy) =1+i0

Equating real and imaginary parts we get
xu—yv =landxv+uy=0.

Solving the above system of simultaneous equations in u and v

weget u=—"—and v=———. (- zis non-zero= x’+y> >0)
X +y X" +y
j -1 d Y I B
If z=x+iy,then z7 =— +i > . (~ z7is not defined when z =0). m

x*+y x4y
Note that the above example shows the existence of z™ of the complex number z . To compute
1
z

the inverse of a given complex number, we conveniently usez™" == . If z, and z, are two complex

1 . z .
numbers where z, =0, then the product of z;, and - is denoted by Z—l Other properties can be
2 2

verified in a similar manner. In the next section, we define the conjugate of a complex number. It
would help us to find the inverse of a complex number easily.

Complex numbers obey the laws of indices

(i) z"z" =z"" (i) Z

=" 220 (i} (z") =z (V) (z2,)"=2"2"

EXERCISE 2.3
1.1f z,=1-3i, z,=—4i,and z, =5, show that
() (z,+2,)+2,=2,+(2,+1,) (i) (z,2,)z,=12,(2,2,).
2.1f z, =3, z, =-7i,and z, =5+4i, show that
(1) z,(z,+2,)=12,2, + 7,2, (i) (z,+2,)2, =22, + 7,2,.

3.If z;=2+5i, z,=-3-4i,and z,=1+i, find the additive and multiplicative inverse of

z, z,,and z,.

2.4 Conjugate of a Complex Number
In this section, we study about conjugate of a complex number, its geometric representation, and
properties with suitable examples.

| Definition 2.3

The conjugate of the complex number x + iy is defined as the complex number x — iy.
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The complex conjugate of z is denoted by Z. To get the conjugate of the complex numberz ,
simply changei by —iin z. For instance 2—5i is the conjugate of 2+ 5i.The product of a complex
number with its conjugate is a real number.

. . . . 2 . )2 2 2
For instance, (i) (x+iy)(x—iy)=x"—(iy) =x"+y

(i) (1+3i)(1-3i)=(1)" =(3i)" =1+9=10.
Geometrically, the conjugate of z is obtained by reflecting z on the real axis.

2.4.1 Geometrical representation of conjugate of a complex number

Im Im
“243j 4
2+3i - 4 Xty
\ s
N\ 2 2 4
AN / :
1 1 :
43 -2-101 2 3 2R oo 1o 2 3 ane
/ - :
/ -2 L :
/ 2N
, -3 Xy
281 4 4
conjugate of a complex number conjugate of a complex number
Fig. 2.14 Fig. 2.15
Note
® Two complex numbers x+iy and x—iy are conjugates to each other. The conjugate is useful ®

in division of complex numbers. The complex number can be replaced with a real number in the
denominator by multiplying the numerator and denominator by the conjugate of the denominator.
This process is similar to rationalising the denominator to remove surds.

2.4.2 Properties of Complex Conjugates

(1) z,+2,=2,+1, (6) Im(z)==_"
1
2 z,-2,=2,—-1, 7) (z_) = (Z)n , Where nis an integer
() z,2,=21, (8) zisreal ifand only if z=7
4) (ﬁJ = ? z,#0 (9) z ispurely imaginary ifand only if z=-7
Z2 Z2
() Re@ == (10) T=1
Let us verify some of the properties.
Property L
For any two complex numbers z, and z,, we have z,+z,=2+2,.
Proof

Let z, =x, +iy,, z, =x, +iy,, and x,,x,,y,,and y, eR

Z,+2, = (x1+iyl)+(x2+iy2)

61 Complex Numbers
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(xl+x2)+i(yl+y2):(xl+x2)—i(yl+y2)
= (x1_iy1)+(x2 _iyz)

=27+z,.

It can be generalized by means of mathematical induction to sums involving any finite number of

terms: z,+z,+z,+ 2, =2, +2,+2,++2,. -
Property
7,7, =17,7, Where x,,x,,y,,and y, € R
Proof
Let z, = x, +iy, and z, =x, +iy,.

Then, 7,7, (x1 +iJ’1)(xz +i)"2)= (xlxz _y1Y2)+i(x1Y2 +x2y1) '

Therefore, 2,2, = (x1x2 _J’1y2)+i(x1J’2 +2,01) = (02, =y, ) =i (X, +x0,0,),
(%

and 7,7, = _iyl)(xz _iyz) = (xlx2 _y1y2)_i(x1y2 +x2y1)'
Therefore, 2,2, = 7,Z,. n
Property
A complex number z is purely imaginary ifand only if Z=-Z
Proof
Let z = x+iy. Then by definition z = x—iy
Therefore, z = -7
= x+iy = —(x—1iy)
= 2x = 0 & x=0

< zis purely imaginary.

Similarly, we can verify the other properties of conjugate of complex numbers. u
Example 2.3
L 3+4i . . . o
Write - in the x+iy form, hence find its real and imaginary parts.

5-12i

Solution

4i . .
hi 2| , first it should be expressed in the rectangular form
1

To find the real and imaginary parts of 53
x +iy .To simplify the quotient of two complex numbers, multiply the numerator and denominator by

the conjugate of the denominator to eliminate i in the denominator.
3+4i (3+4i)(5+12i)
5-12i - (5-12i)(5+12i)

(15—48)+(20+36)i

52 +12?
_ 33456 33 i 56
169 169 169
XII - Mathematics 62
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Therefore, 3+4|_ = - 33 +1 56 . Thisis in the x+iy form.
5-12i 169 169

Hence real part is _33 and imaginary part is 6
169 169

Example 2.4
-\3
Simplify (HI) —G;Ij . Into rectangular form
1—i +i
Solution
i I+i)(1+1) 1+2i—-1 2i
We consider 1+! (1+i)( ) i ——=|,
—i (1=D(1+i) 1+l 2
1-i (1+i)" 1
and —:(—j :j:—i.
1+1 1-i i
-\3 -\3
Therefore, (li'j —(lij = i (i) =i—i=—2i.
1—1i 1-1
Example 2.5
z+3 1+4i .
If 5 , find the complex number z in the rectangular form
zZ—Jl
Solution
® z+3  1+4i
Wehave ——(— =——
z—5i 2
= 2(z+3) = (1+4i)(z-5i)
= 2246 = (1+4i)z+20-5i
= (2-1-4i)z =20-5i-6
_14-5i (14-5i)(1+4i) 34451
1-4i  (1-4i)(1+4i) 17
Example 2.6

If z, =3-2i and z, =6+4i, find 2 inthe rectangular form
22

Solution

Using the given value for z and z,the value of L. 3_2! = 3_2'_ x 6_4!
z, 6+4 6+41 6-4i

=2+3i.

(18-8)+i(-12-12) _10-24i _10 24i

6> +4°
5 6.

26 13
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Example 2.7
Findz™', if z=(2+3i)(1-i).

Solution
We have z = (2+3i)(1-i)=(2+3)+(3-2)i =5+i
= 271 — l:L .
z S5+i
Multiplying the numerator and denominator by the conjugate of the denominator, we get
;= (S_i) _ S5-I :i__L
(5+i)(5-i) 5°+1° 26 26
oL
26 26 [ |
Example 2.8
-\15 - \15
Show that (i) (2+i\6)lo +(2—i\/§)mis real and (ii) (19+9_|j —( 8+|_j is purely imaginary.
5-3i 1+21
Solution
10 10
(1) Let z:(2+i\/§) +(2—|\/§) . Then, we get
10 10
Z = (2+13) +(2-iV3)
:(2+|\/§)10+(2—|\/§)m (7,+2,=2,+17,)
10 10 —n
:(2+i\/§) +(2—i\/§) ((z):(z))
:(Z—i\/g)lo+(2+i\/§)m:z
Z =z=zisreal
-\15 - \15
(i) et 22(19+9-|j _(Sﬂ-j |
5-3I 1+2I
Here, 19791 _ (19+9_|)(5+3_|)
5-3i (5-3i)(5+30)
_(95-27)+i(45+57)  68+102i
- 52432 34
=243i, 1)
and 8+i _ (8+1i)(1-2i)
1+2i (1+2i)(1-2i)
_(8+2)+i(1-16) 1015
- 12422 I
=2-3i. (2)
XII - Mathematics 64
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Now Z

19+9i)° (8+i)°
5-3i 1+2i

= z=(2+3i)" —(2-3i)". (by (1) and (2))

Then by definition, Z

«2+3U”—(2—ﬁfj

15 15
= (2 + 3i) — (2 - 3i) (using properties of conjugates)

:(2—30”—(2+ﬁy5=_«2+30w_(2_ﬁyw

= 7=-1.
19+9i)° (8+i ). o
Therefore, z = — | - - | is purely imaginary.
5-3I 1+21 [
EXERCISE 2.4
1. Write the following in the rectangular form:
® ’ ’ 10-5i = 1 ®
i) (5+91)+(2—4i i) ——— i) 3i+——
(i) 5+90) +(2-40) (i) ~— (if) 3i-+5—
2. If z=x+1iy, find the following in rectangular form.
U)Rﬂ[l] (i) Re(iZ) (iii) Im(3z +4Z —4i)
z
3. If zy=2-iandz, =—4+3i, find the inverse of z,z,and 4
ZZ
1 1 1
4. The complex numbers «,v, and w are related by —==+—.
u vV w
If v=3—4i and w=4+23i, find u in rectangular form.
5. Prove the following properties:
N . . R Z+7 z-z
(i) zisreal ifandonly if z=7 (i) Re(z):T and Im(z) = —
1
6. Find the least value of the positive integern for which (\/§+i)n
(i) real (i) purely imaginary.
10 10
7. Show that (i) (2+i\/§) —(2—i\@) IS purely imaginary
_(19-7i" (20-5i)7"
(i) | ——| +|=—| isreal
9+1 7-6l
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2.5 Modulus of a Complex Number Im4 P(xy)
Just as the absolute value of a real number measures the distance v :

of that number from origin along the real number line, the modulus o O ,

of a complex number measures the distance of that number from the N Ly

origin in the complex plane. Observe that the length of the line from
the origin along the radial line to z = x+iyis simply the hypotenuse .
of a right triangle, with one side of length x and the other side of 0 X M >
length vy.

Fig. 2.16

Definition 2.4
If z=x+ip,then the modulus of z, denoted by |z

,is defined by |z] = /x> +y*

For instance (i) |i|:\/027=1
(il) |~ 12i] =\J0* + (-12)} =12
(i) [12-5i =122 +(=5) =169 =13
Note

If z=x+iy, then sz—iy, then zgz(x+iy)(x—iy) =(x)2 —(iy)2 = x* +y2=|2|2.

1z[=127.

2.5.1 Properties of Modulus of a complex number

(D) |7=[| (5) |- =m, 2, #0
22 | 2
(2) |z, +2,| <|z,|+|z,| (Triangle inequality) (6) |2"|=|2[", where n is an integer
) |z,2,|=|z||z,] (7) Re(z)<|7]
@) |z, ~2,|2 |z |-z (8) Im(z)<|z|

Let us prove some of the properties.

Property Triangle inequality
For any two complex numbers z, and z,, we have |z, +z,| <|z,|+|z,|.

Proof
Using |z, +2[ = (z+2,)(z +2,) (-|zl=127)
= (,+2,)(7,+7,) (-2 ¥2,=Z7,+7,)
= 2,7, +(2,Z, + 7,2,) + 1,Z,
- 7,7, +(2172 +ﬁ)+ 2,7, (v7=2)
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= |z,[" +2Re(z,Z,)+| z, (-~ 2Re(2)=2+7)
< [2f 2l 2] +[zf (: Re(@) <]z
=z +2)z|[z,|+|of (-12,2,1=2,||z,| and | 2|5 Z )

= |zl+22|2 < (|Zl|+|22|)2
=lz,+2,| <|z|+|z,].

Geometrical interpretation

Now consider the triangle shown in figure with vertices O, z, |y & Zl o L+l
or Z,,and z, +z, .We know from geometry that the length of the side ) :

of the triangle corresponding to the vector z,+z, cannot be greater

than the sum of the lengths of the remaining two sides. This is the
reason for calling the property as "Triangle Inequality”.

It can be generalized by means of mathematical induction to finite
number of terms:

|2, + 2, + 2, +o o+ 2, | <7, +| 2| + |z |+ ]z, for n=2,3,--. Fig. 2.17

Property The distance between the two points z, and z, in complex plane is |z, -z, |
If z, =x +iy,and z, = x, +iy,, then

@ |Zl_zz| = ‘(x,—x2)+(y1—y2)i‘ @
= \/(xl—x2)2+(yl—y2)2.

Remark
The distance between the two points z, and z, in complex plane is |z1 —zz| :

If we consider origin, z, and z, as vertices of a triangle, by the similar argument we have
- Im
|Zl —22|_|Z,|+|22|

||zl|—|z2||§|zl+zz|§|zl|+|zz| and

||z,|—|22||s|zl—22|§|zl|+|zz| .

Fig. 2.18 [ |

Property Modulus of the product is equal to product of the moduli.
For any two complex numbers z, and z,, we have |2,z,|=|z,||z,].
Proof
We have |2,2,|" = (2,2,)(z,2,) (-|zl=127)

- (ZJ(ZJ(ZT)(Z) ( Z, 2, :Z_IZ_Z)
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= (zlz_l)(zzz_z):|zl|2|zz|2 (by commutativity z,z, = 7,z,)

Therefore, |2,2,| =|z,||z,].
Note
It can be generalized by means of mathematical induction to any finite number of terms:
=|z||z,|z]
That is the modulus value of a product of complex numbers is equal to the product of the moduli
of complex numbers.
Similarly we can prove the other properties of modulus of a complex number.

z

n

|lezz3 "z,

Example 2.9

If 2z, =3+4i, z,=5-12i, and z, =6+8i, find|z, ,and |z, +2,].

Z,

Zy

Z,+1Z,

z,-1,

2 9 b 2

Solution
Using the given values for z, z, and z, we get |z,| = [3+4i|=+3"+4" =5

I2,] = [5-12i| = /5 + (-12)* =13

2,] = |6+8i[= 6> +8> =10
|2, +2,] = |(3+4i)+(5-12i)| =[8 - 8i| =128 =82
|2, - 2, = |(5-12i)~(6+8i)| =|-1-20i| = V401
|2, +12,| = |(3+4i)+(6+8i)|=[0+12i| =225 =15

Note that the triangle inequality is satisfied in all the cases.
|z, + 2,| =|z,| +|z,| = 15 (why?)

Example 2.10 _ _ _ "
Find the following (i)‘ 2+|_‘ (ii) ‘OTi)(2+3i)(4i—3)‘ (iii) ‘m
—1+2i (1+1)
Solution
0 ‘2+i | 2+i] V224 1 B i:m 2 0
—12i]  -1+2i] 1y 422 I W P P
(i) [a+DE+30@i-3)| = |a+D|[2+3il [4i-3] (+ [22.2]=[z1z]2,])
= [1+i] |2+ 3i] |-3+ 4i (~12l=[2))
_ (Jf e )(Jz2 13 )(\/(—3)2 Ve )
- () 3)(S) =55
i i2+i) =|i|‘(2+i)3‘=1|2+i|3=(«/4+1)3 ( a|_lal ¢oj
(1+i)? ‘(1+i)2‘ |1+i|2 (\/5)2 AERA
=(\/§)3=ﬁ m
2 2
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Example 2.11
Which one of the points i,—2+1i, and 3 is farthest from the origin?
Solution
The distance between originto z=i,-2+i, and 3 are |[n
|z = |i]=1 _
-2+ .
12| = [=2+i=+J(=2) +1> =5 - i
| Z | = | 3 |: 3 T T f -

2 -1 0 1 2 3 Re

Since 1<+/5 <3, the farthest point from the origin is 3.

Example 2.12
If z,, z,,and z, are complex numbers such that |z,|=|z,| =|z,|=|z, + 2, + ,| =1,
find the value of l+i+i .
Zl Z2 Z3
Solution
Since, |z,| = |z,|=|z|=1,
2 = 1= 277 =1|z,P=1=2Z =1,and |z, P=1= 2,7, =1
Therefore, 7, = 1,72 _1 ,and Z, _1 and hence
Zl 22 23
Ll Dz
Zl ZZ Z3 1 2 3
=|z,+2,+z|=|z,+2,+z|=1. -
Example 2.13
If |z| =2 show that 3<|z+3+4i|<7
Im 0
Solution -
3 Re
|z+3+4i|<|z|+[3+4i|=2+5=7 /
|z+3+4i|<7 (1) ?
|z +3+4i| | |2] |3+ 4] |=|2-5| =3
|z+3+4i[>3 )
From (1) and (2), we get 3<|z+3+4i|<7. Fig. 2.20 -
Note
To find the lower bound and upper bound use |z|-|z,||<|z, +2,| <|z]+|z,]-
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Example 2.14
Show that the points 1, %1+i£, and _—l—ig are the vertices of an equilateral triangle.
Solution
It is enough to prove that the sides of the triangle are equal.
Let z, =1, z2=;+i§,andz3:%1—i§. Im
- - -1 \/§ A
The length of the sides of the triangles are ?“7 \
2,-2,| = |1- SOPRER| I NN I CIE R J3 \
2 2 2 2 44 5 >
1 Re
-1 \/§ -1 . \/g 2 -1 \/§ /
2,-2| = | —+l— || ——1— || = 3) =43 ——i—
| 2 3| 2 + 2 (2 2 j (\/7) \/7 2 ! 2
Fig. 2.21
-1 .\ /
2,-7| = | —+i— |-1|=|——— =3
72| 2 2
Since the sides are equal, the given points form an equilateral triangle. [ |
Example 2.15

Let 7,,2,, and Z; be complex numbers such that |z,| =|z,| =|z,|=r>0andz, +z,+z, #0.

ZZ, +Z,Z,+ 2,2
Provethat| 172 7273 T3

_,
z,+2z,+z, ‘
Solution
. — — — 2
Given that |21| = |Zz| :|Z3| =Vr= 27 =2,2, =22, =T
2 2 2
r r r
=4 ==, =/, Z;=—
Z Z, Z3
ot
Therefore z,+z,+2, = —+—+—
Z1 Zy  Zy
, (2223 +Z,Z,+Z7,
=r
212523
zz.+¥zz.+zz2 -
Z,+2,+12,| = ||| (- Z1+22=2,+12,)
212524
2 |2223 +2,z4 +lez| . -
Colzl=|Z]and |z,z,2,[ =]z, ||z, || Z])
|Zl||Zz||Z3|
5 |2223 +2z,z,+ zlzz| |zzz3 +2,2, +zlzz|
Z,+2,+12 = - =
r r
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2,2, + 2,2, + 2,2,

=r. (giventhat z,+z,+2z,#0)
|z, +2,+1,
Thus 2,7, + 7,7, +zlzz| .
Z,+2,+1, ‘ [ |
Example 2.16
Show that the equation z* =Z has four solutions.
Solution
We have, 72 =17,
= |2 =|z|
= 1zl(|z]-1) = 0.
= |z|=0,0r|z|=1.
. . _ _ 1
|z|]=0 = z=0isasolution, |z| =1=2Z=1=7=—.
z
H 2 = 2 1 3
Given 2° =7 = 2 =- = 70 =1
z
It has 3 non-zero solutions. Hence including zero solution, there are four solutions. L

2.5.2 Square roots of a complex number
Let the square root ofa+ib be x+iy

That is Va+ib

a+ib = (x+iy)2 =x*—y* +i2xy

x+iy where x,yeR

Equating real and imaginary parts, we get

x*—y* = aand2xy=»b

(x2 +)/2)2 = (x2 —)/2)2 +4x*y' =a’ +b°
x> +y® =a®+b* ,since x* + ° is positive
Solving x*-3* = a and x* +y* =~Ja*+b° , we get

« =+ Na'+b* +a . Na’ +b* —a
_’{—2 ;Y _’/—2 .

Since 2xy =b it is clear that both x and y will have the same sign when b is positive, and x

and y have different signs when b is negative.

Therefore Va+ib = +[ M%Hﬁ |Z|2_aJ , Where b=0. ( RG(Z)§|Z|)

Formula for finding square root of a complex number

Na+ib =+ mﬂ'ﬁ |Z|—_a ,Where z=a+iband b=0.
V2 V2 i
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Note
If b is negative, B:—1, x and y have different signs.

bl

If b is positive, B:1, x and y have same sign.

bl
Example 2.17
Find the square root of 6—38i .

Solution
2

We compute [6—38i| = /6’ +(—8)" =10

and applying the formula for square root, we get

6—8i = i(\/10+6—i\/10_6j (-bis negative,B:—l)

2 2 o]
= +(\8-iV2)
= +(242-1V2). m
EXERCISE 2.5
1. Find the modulus of the following complex numbers
® 2 L 2—i 1-2i o o . ®
(i) — (i) —+—— (i) (A-1) (iv) 2i(3—4i)(4-3i).
3+41 I+1 1-1
2. Forany two complex numbers z, and Z,,suchthat |z,|=|z,|=1and z,z, = -1, then show that
%% s areal number.
1+2,z,

3. Which one of the points10-8i, 11+6i is closest tol+i .
4. 1f |z]=3, show that 7 <|z+ 6 —8i| <13.

5. If |z]=1, show that 2 <|z* -3|<4.
6. If|z| =2,show that 8<|z+6+8i| <12.

7.1f z,, 2, ,and z, are three complex numbers such that |z,| =1,

22‘:2,

z,|=3 and
|z,+2,+12,|=1, show that |9z,z, + 42,2, + 2,2,|=6.

8. If the area of the triangle formed by the verticesz, iz, and z+iz is 50 square units, find the
value of |z|.

9. Show that the equation z°> +2Z =0 has five solutions.

10. Find the square roots of (i) 4 +3i (ii) —6+8i (iii) -5-12i.
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2.6 Geometry and Locus of Complex Numbers
In this section let us study the geometrical interpretation of complex number z in complex plane
and the locus of z in Cartesian form.
Example 2.18
Given the complex number z =3+2i, represent the complex numbers z, iz, and z+iz in

one Argand plane. Show that these complex numbers form the vertices of an isosceles right
triangle.

Solution Im
Given that z=3+2i.

4
Therefore, iz =i(3+2i)=-2+3i C<

z+iz=(3420)+i(3+2i)=1+5i i 2|/

Let 4,B, and C be z, z+iz, and iz respectively.
-4 -3 -2 -10| 1 2 3 4

AB? =|(z+iz) | =|-2+3i =13 —

BC? =|iz—(z+iz)[ =]-3-2i =13 _2
CA* =|z—iz =[5-i] =26 Fig. 2.22
® Since AB®+ BC? =CA” and AB = BC, A4BC s an isosceles right triangle. L ®

Definition 2.5 (circle)

A circle is defined as the locus of a point which moves in a plane such that its distance from a
fixed point in that plane is always a constant. The fixed point is the centre and the constant distant
is the radius of the circle.

Equation of Complex Form of a Circle |
. . . m |
The locus of z that satisfies the equation |z —zy|=r where z is ‘ z

a fixed complex number and r is a fixed positive real number consists
of all points z whose distance from z; is r.
Therefore |z—zy|=r is the complex form of the equation of a

circle. (see Fig. 2.23)
(i) |z—z,| < r represents the points interior of the circle. o) >

(ii) |z—z,| > r represents the points exterior of the circle. Fig. 2.23

Illustration 2.3
|z|:r = XX+ =r
= x* +y> =77, represents a circle centre at the origin with radius r units.
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Example 2.19

Show that |3z -5+ i| =4 represents a circle, and, find its centre and radius.
Solution Im

The given equation [3z—5+i| = 4 can be written as

H6Y)
=4 3 3

It is of the form |z — z,| = and so it represents a circle,

4

3

5—i
z——
3

3

whose centre and radius are G —%j and % respectively.

Fig. 2.24 m
Example 2.20
Show that|z + 2—i| < 2 represents interior points of a circle. Find its centre and radius.
Solution
Im
Consider the equation |z+2—i| =2. o
This can be written as |z — (=2 +i)| =2. g
ZO:—2+i
The above equation represents the circle with centre z, =-2+i and
radius r =2. Therefore |z+2—i|< 2 represents all points inside the © Re
® circle with centre at —2+iand radius 2 as shown in figure. Fig. 2.25 [ | ®
Example 2.21
Obtain the Cartesian form of the locus of z in each of the following cases.
(i) |z|=|z—i| (ii) [2z-3-i|=3
Solution
(i) we have |z] = |z—i|
= |x+iy| = |x+iy—i|
= \/x2+y2 = \/x2+(y—1)2
= xX+)y = x+y -2y+1
= 2y-1=0.
(ii) we have [2z-3-i] = 3
‘2(x+iy)—3—i‘ = 3.
Squaring on both sides, we get
(2x-3)+(2y-1)i =9
= (2x-3)+(2y-1)" =9
= 4x*+4y" -12x—4y+1 = 0, the locus of z in Cartesian form. u
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EXERCISE 2.6

z—4i

z+4i

1. If z=x+1iy is a complex number such that =1

show that the locus of z is real axis.
2z+1

2. If z=x+iy is acomplex number such thatlm( j =0, show that the locus of z is

iz+1
2x° +2y" +x-2y=0.

3. Obtain the Cartesian form of the locus of z = x+iy in each of the following cases:
(i) [Re(iz)]z =3 (i) Im[(1-i)z+1]=0  (iii) |z +i =]z -1 (iv) z=z1.

4. Show that the following equations represent a circle, and, find its centre and radius.
(i) |z-2-i|=3 (ii) [2z+2-4i|=2 (iii) 3z —6+12i| =8.

5. Obtain the Cartesian equation for the locus of z = x+iy in each of the following cases:

(i) |z-4/=16 (i) |z—4 —|z-1]" =16.

2.7 Polar and Euler form of a Complex Number

When performing addition and subtraction of complex numbers, we use rectangular form. This is
because we just add real parts and add imaginary parts; or subtract real parts, and subtract imaginary
parts. When performing multiplication or finding powers or roots of complex numbers, use an alternate
form namely, polar form, because it is easier to compute in polar form than in rectangular form.

2.7.1 Polar form of a complex number

Polar coordinates form another set of parameters that characterize the vector from the origin to
the point z = x + iy, with magnitude and direction. The polar coordinate system consists of a fixed point
O called the pole and the horizontal half line emerging from the pole called the initial line (polar axis). If
r is the distance from the pole to a point P and @ is an angle of inclination measured from the initial line
in the counter clockwise direction to the line OP, then r and § of the ordered pair (r,60) are called the
polar coordinates of P. Superimposing this polar coordinate system on the rectangular coordinate
system, as shown in diagram, leads to

X P(xy) P(r: 0) . P(Y)
s
9 ( 1
P ) <7 y=rsin6
0 o ;
0 x| o O x=rcos6 M

Superimpose polar coordinates

Polar coordinates on rectangular coordinates

Rectangular coordinates

Fig. 2.26 Fig. 2.27 Fig. 2.28
X = rcos6 ..(1)
y = rsin6. ..(2)

Any non-zero complex number z = x +iy can be expressed asz = rcos0 +i rsin0.
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Definition 2.6

Let r and @ be polar coordinates of the point P(x,y)that corresponds to a non-zero
complex number z = x +iy . The polar form or trigonometric form of a complex number P is

z=r(cosf +isinf).

For convenience, we can write polar form as
z=x+iy=r(cos€+isin0)=rcis9.
The value r represents the absolute value or modulus of the complex numberz . The angleis
called the argument or amplitude of the complex number z denoted by 0 = arg(z).

(i) If z=0, the argument 6 is undefined; and so it is understood that z = 0whenever polar
coordinates are used.

(ii) If the complex number z = x+iyhas polar coordinates(r,0), its conjugate z = x—iy has
polar coordinates (r,—9).

Squaring and adding (1) and (2), and taking square root, the value of r is given by r =|z| = \Jx* + »°.

rsin0 =Y = tan0 :Z.
rcos x X

Case (i) Therealnumber @ representsthe angle, measured in radians, thatz makes with the positive real
axis when z is interpreted as a radius vector. The angle @ has an infinitely
many possible values, including negative ones that differ by integral 1m

Dividing (2) by (1),

z=r(cosB +isinB)

multiples of 2, . Those values can be determined from the equation r
® tan © = 2 where the quadrant containing the point corresponding to z \ @
must be )gpeciﬁed. Ea_ch Val}le of 0 is galled aq argument of z, and_th_e Qe/ Re
set of all such values is obtained by adding multiple of 27to ¢, and it is
denoted by arg z. Fig. 2.29

Case (ii) There is a unique value of # which satisfies the condition —7 <0 < .
This value is called a principal value of 8 or principal argument of z
and is denoted by Arg z.

Note that, T <Arg(z)<m or —-m<0<rm mqﬁ"ﬁ
Principal Argument of a complex number [l
I-Quadrant I1-Quadrant [11-Quadrant IV-Quadrant
N e YWo-r-a NWo-ox L —
7 z
(04 - (04 A’\9 _ 0 - -
0 X 0o X a /9 X O . X
z z
0=« O=r-a O=a-r =-a
Fig. 2.30 Fig. 2.31 Fig. 2.32 Fig. 2.33
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The capital A is important here to distinguish the principal value from the general value.

b
x

Evidently, in practice to find the principal angle 6, we usually compute « = tan™' |=| and adjust

for the quadrant problem by adding or subtracting o with 7 appropriately.

argz = Arg z + 2nm, neZ.

Some of the properties of arguments are

(1) arg(z, z,)=argz, + argz,

2 arg[%j =argz, —argz,

2
3) arg(z”)= narg z

(4) The alternate forms of cosd+isin6 are cos(2km +0)+isinkn+0), k € Z.
For instance the principal argument and argument of 1,i,—1, and —i are shown below:-

ImA .
z 1 i -1 - /'\
T T
Arg(z) 0 2 7T ) —1&/1 Re
arg z nr onm+ - oNmw+ 1 onm— = '!
2 2 Fig. 2.34
g
® ®
Ilustration
Plot the following complex numbers in complex plane Im
2w |
@M 5 cos X +isin T /b‘c}/\%/ S s
4 4 / - 4
v s \\\ A \\
/ VAR \
(i) 4 cosz—ﬂ+isin2—ﬂ N Vol
| / [ / \ \ | ol
3 3 Lo \ 12374 57
R
(iii) 3 cos%ﬂsin%) \\\3\"'3?5&\//// y //
N — 1 /
AN ~ // //
“ -
~ //
\Y cos——Isin— |. -1
(iv) 2 761 - 7;) -
Fig. 2.35

2.7.2 Euler’s Form of the complex number

The following identity is known as Euler’s formula
e’ =cosf +isinf
Euler formula gives the polar form z = re”
Note

When performing multiplication or finding powers or roots of complex numbers, Euler form
can also be used.
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Example 2.22
Find the modulus and principal argument of the following complex numbers.
(i) 3+i (i) —V/3+i (iii) —/3—i (iv)+/3—i
Solution
() ~3+i my
Modulus = \/x* +* = ,/(\@) +1P=/3+1=2 o B
\ gt
a=0:1
-1 a1 o 0
a =tan'|=|=tan' —— == 1 i Re
X 3 6 : 4
Since the complex number J3+i lies in the first quadrant, 17
- Fig. 2.36
has the principal value
0=a="
6 m
Therefore, the modulus and principal argument of/3+i are 2and r respectively.
(i) —V3+i
Modulus= 2 and R
Ao |,
a =tan"' |2 =ta1n‘li=Z Pa \9470;
X Y36 0 ! Re
Since the complex number —J3+i lies in the second quadrant .|
has the principal value Fig. 2.37
O=n-a=n-2 =5—ﬂ.
6 6 5
Therefore the modulus and principal argument of —J3+iare 2 and %respectively.
Im
(iii) _\/§_i e,

r=2 and azz.
6

" Re
Since the complex number —J3-i liesin the third quadrant,
has the principal value,
0=a-n=2-n :_5_71.
6 6 5
Therefore, the modulus and principal argument of —J3-i are 2 and —?respectively.
|
(iv) V3-i s
r=2and a="2. !
6 : : ‘:
Since the complex number lies in the fourth quadrant, © b=-ai Re
has the principal value, c :/§_|
9 = -0 = —E ...............
6
Fig. 2.39
XII - Mathematics 78



Therefore, the modulus and principal argument of

J3-i are 2and—%.

In all the four cases, modulus are
which the complex number lies.

|
Example 2.23
Represent the complex number (i)—1—1 (ii) 1+iv/3 in polar form.
Solution
Q) Let —1—i = r(cos@ +isin0)
We have r = x> +1> =P +1* =/1+1=42
a = tan”' b =tan_1l=£.
X 4
Since the complex number —1—i lies in the third quadrant, it has the principal value,
Vs 3r
0 =a-nm=——71="—
4 4
Therefore, —-1-i = ﬁ(cos(—%ﬂjﬂsin(——n
@ =\/§£cos3—n—isin3—nj.
4 4
. 3n .. [3m
~1-i = /2] cos T+2k7r —isin T+2kn v ke?Z-
Note
Depending upon the various values of k , we get various alternative polar forms.
(ii) 1+i3 _
r=lz|= 12+(\/§) =2
1 T
0 =tan'| —=|==
S
Hence arg(z) = %
Therefore, the polar form of 1+i+/3 can be written as
1+i3 = 2(cos£+isin£j
3 3
= 2(c05(%+2knj+isin(§+2k7rD, keZ.
|
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Example 2.24

Find the principal argument Arg z , when z =

Solution

argz = arg

-2

1+i\/§

z
arg(-2)—arg(1+iv3) - arg[z—lj =argz, — argz,)
2

-2

1+z\/§'

(0 (B -2 -1 0| 1 2Re
=|m—tan | —||—tan | —
2 1
Fig. 2.40
_ oz = ’
3
This implies that one of the values of arg z is ?ﬂ :
. 21 . . .27
Since — lies between —z and =, the principal argument Arg z is 3 -
Properties of polar form
Property 1 If z=r(cos6+isin6),then z™ Il(COSQ—iSiHQ).
r
z
Proof Im ®
4 1 1 <
7t =—= _
z  r(cos@+isin@) 5
_ (cos®—isin@) O[™:0 RVe
- . . e ; -1
r(cosf +isinf)(cos@ —isin0) . z
_ _(cos6—isin0) Fig. 2.41
r(0052 0 +sin’ 9)
77"t = l(cos@—isin@).
r |
Property 2
Ifz, =1 (cosf, +isin6,)and z, =r, (cos6, +isinb,),
then z,z, =rr (cos(@ +0,)+isin(6, +6 )) "
172 172 1 2 1 2 ' 7 ° Z1
2 rl
15 W B
Proof RS SN
N .. %N’ /I \\82 \\
z, = r,(cos6, +isin6, ) and ; o) _
. R
z, =1, (cos, +isin®, ) lez.‘r/r‘/o ¢
172

= 2,2, = r,(cos b, +isin6,)r, (cos6, +isin0,)

X1l - Mathematics
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= nr, ((cos 6, cos, -sin 6, sin 6, )+i(sin 6, cos 0, +sin b, cos b, ))

2,2, = K, (cos(6, +6,)+isin(6,+6,)).

|
Note
arg(z,z,) = 6,+0, =arg(z,)+arg(z,).
Property 3
Ifz, =1 (cos6, +isin6,)and z, = r, (cos6, +isin6, ), then ﬁ:i[cos(él —0,)+isin(6,-6,)].
Z, h
Proof: Using the polar form of z and z,, we have
z, _ 1(cos6, +isin6,) Im §
z, 1,(cosh, +isin6,) S
'\/\/,é\'\ %$
_ 1;(cos, +isin,)(cos O, —isin6,) A & \
~ 1,(cos®, +isin@, )(cos, —isin6,) « o ?
1 \f\
7, (cos 6, cos B, +sin, sin6, )+i(sind, cosd, —sin b, cos6,) A4,
A cos’ 0 +sin’ 6 0 Re
z 7 . .
—L = L(cos (6, —6,)+isin(6,-6,)). Fig. 2.43
22 }"2
Note
arg[ij =6,-0, =arg(z,)—arg(z,).
Z2
Example 2.25
. 3 T .. T Sm .. 5m) .
Find the product =| cos—+1isin— |-6| cos— +1isin— | in rectangular from.
2 3 3 6 6
Solution:
The Productg cos = +isinZ |-6 cos5—7r+isin5—7r
2 3 3 6 6
(3 (6)| cos £+5_7r +isin £+5—7r
2 3 6 3 6
(771) - (771)
= 9| cos| — |+Isin| —
6 6
T .. T
= 9| cos| m+— |[+Isin| w+—
(e rsn(=+)
81 Complex Numbers
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B 93 9

=9| ———— |=—————, Which is in rectangular form.
2 2 2 2

Example 2.26
( Or . . 971)
2 cosT+|s1n—

(—371) . (—37rj
4| cos| — |[+Isin| ——
( 2 2
Solution

( o . . 971)
2| cos— +1sin—
4 4
—371) . (—3ﬂj
4| cos| — |[+Isin| ——
2 2

Find the quotient in rectangular form.

N | —
N

o))

REEL)
o) oo ol
ool

2(cos%+isin9nj

4 4 -1 -1 ! :Q—iQ.Whichisinrectangularform.
( (—MJ ..(—37:}} 22 22 4 4

4| cos 5 +1sin T

N | —

N | =

N | —

|
Example 2.27
If z=x+iy and arg(ijzz, show that x* +y° =1.
z+1) 2
Solution
Now z-1  x+iy-1 (x-D+iy [(x—l)+iy:| [(x+1)—iy]
"7+l x+iy+1  (x+1D)+iy [(x+1)+iy] [(x+1)—iy]
N z-1 (x> +y" =D +i(2y)
z+1 (x+1)*+y*
. z—-1 m - 2y s
Since, arg| — | = = = tan'| ————— | = =
g(z+lj 2 (szryz—lj 2
2y m 2, 2
= = = tan— = ¥’+1°-1=0
x*+y* -1 2 vy
= x*+)° = 1.
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EXERCISE 2.7

1. Write in polar form of the following complex numbers

() 2+i23  (i)3-iv3 (i) —2-i2 iv) ——1
cos — +isin—
2. Find the rectangular form of the complex numbers 3 3

T .. T

. T ... T .. T o cosomismes

(1) cosg+lsmg cosEJrlsmE (i) .
2(cos§+isin§j

3. 1F (x, +iy, ) (x, +iv, ) (x; +ivy )-++(x, +iv,) =a+ib, show that

0)(%2+}f)ﬂﬁz+yf)(&2+yf)~(xf +yf):a2+b2

(i) Z‘,tan_1 [%j =tan' (Sj +2k7, k7 -
r=1

r

4. If 1-'_—Z:c0529+isin29, show that z=itan@ .
-z

5. If cosa +cos B +cosy =sina +sin  +siny =0, show that
(i) cos3a +cos3ﬂ+cos3y=3cos(a+[)’+y)and

(i) sin3a +sin3p +sin3y =3sin(a+p+7).

6. If z=x+iyand arg[z_lj=z, show that x* +y* +3x-3y+2=0.
z+2 4

2.8 de Moivre’s Theorem and its Applications
' Abraham de Moivre (1667-1754) was one of the mathematicians to use
complex numbers in trigonometry.

The formula (cosf +isin@)" =(cosnf +isinnf) known by his name, was

instrumental in bringing trigonometry out of the realm of geometry and into that of
analysis.

de Moivre
1667-1754

2.8.1 de Moivre's Theorem

de Moivre’s Theorem
Given any complex number cos@ +isin® and any integer n,

(cosO +isinB)" = cos n +isin no

Corollary
(1) (cos@—isin0)" =cosnb —isin nd (2) (cosO+isin@)™" = cosnO —isinnd
(3) (cosO—isin@)™" =cosnb +isin nb (4) sinO+icosf =i (cos@ —i sin9) :

Now let us apply de Moivre’s theorem to simplify complex numbers and to find solution of
equations.

83 Complex Numbers
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Example 2.28

If z=(cosO+isin@), show that z" +Ln:2cosn9 and z” —%:2isinn9.
z z

Solution

Let z=(cosO+isin@).
By de Moivre’s theorem ,

z" = (cos@+isin®)" =cosnd +isinnb
1 ~ )
— = z " =cosnf —isinnd
z
Therefore, z” +in = (cosn@+isinn9)+(cosn9—isinn9)
z
z”+in = 2cosnf.
z
Similarly,
z”—in = (cosnf +isinnf)—(cos nf —isinnd )
z
z”—in = 2isinnf .
z
Example 2.29

18
Simplify| sin=+icos—= | .
pfy[ " 6)

Solution T T T T
We have, sin—+icos— = i| cos——isin— |.
6 6 6 6

Raising to the power 18 on both sides gives,

. a\® I8 T ..\
sin—+icos— | = (i) |cos=—isin—
6 6 6 6
( 187 . . 187:)
(-1)| cos——isin—
6 6

= —(cos3m —isin37)=1+0i.

18
Therefore, (sin%ﬂcoszJ =1.

6
Example 2.30
- . 30
Simplify 1+c0520+!s¥n29 .
14+ cos260 —isin 20
Solution
Let z = cos20+isin26.
As|z|= |z['=12Z =1, we get E=l=00329—isin29.
z
X1l - Mathematics 84
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i si 1+2)z
Therefore, 1+c0s26 +isin20 _ l+Z=( ) _,

1+cos260 —isin20 1_'_1 z+1

Z
= z° =(00529+isin29 )30

PR 30
Therefore, (1 +¢0s260 +isin 20)

14+ cos20 —isin 20

= ¢0s 600 +isin 600 . -
Example 2.31
Simplify (i) (1+0)" (i) (/3 +3i)"".
Solution
(i) A1+D)"

Let 1+i = r(cosO+isin@). Then, we get

=Vl +1* =42 ; a:tan’l(%j=£,

4

T

0=0o= (.- 1+1 lies in the first Quadrant)

Therefore 1+i = ﬁ(cos%ﬂsm %j

Raising to power 18 on both sides,

18

18
1+1)* = | V2| cosZ+isinZ || =2 | cosZ+isinZ | .
4 4 4 4
By de Moivre’s theorem,

1+ =2° cosﬁﬂs'nlg—ﬂ
4 4

= 2°| cos 47T+£ +isin 47r+£ =2’ cos£+isinE
2 2 2 2

(1+1)'® = 2°(i) = 512i .
(i) (=3 +3i)"
Let —\/3+3i=r(cosO+isin0). Then, we get
r= ( f) +32 =12 =243,

o = tan™'

=tan" —,
3

A

0 = n—a:ﬂ—g:?ﬂ & —3+3i liesin I Quadrant)

Therefore, —\/§+3i = Zﬁ(cos%ﬂsin%j.
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Raising power 31 on both sides,

(—/3+3i)" =

2 . . 2& j“
Cc0S — +1sin —
3 3

! cos (2071 + 2?”} +i sin(207r + %D

(245)
(245)

- (245)(cos 2 isin 2
(245)

[eoln=3)rion(=5)
cos| m—— |+Isin| 7 ——
3 3

31 T .. T sl ] \/3
=(2\/§) —cos§+|sm§]=(2\/§) (_EH_J'

2 [ |
2.8.2 Finding n™" roots of a complex number
de Moivre’s formula can be used to obtain roots of complex numbers. Suppose n is a positive
integer and a complex number w is n ™ root of z denoted by z"”, then we have
0" =1z. (1)
Let ® = p(cos¢d+ising) and
z = r(cos@+ising)=r(cos(6 +2kx ) +isin (0 +2kr)), keZ

Since wis the n™ root of z , then

n

0w =1
r(cos (6 +2kr)+isin (0 +2kn)), keZ

= p"(cos¢+ising)’
By de Moivre’s theorem,
p" (cosng+isinng) = r(cos(60+2kx)+isin(0 +2kn)), keZ
Comparing the moduli and arguments, we get

p" =r and np =0 +2kn, keZ

p =r"" and ¢:9+2kﬂ,keZ.
Therefore, the values of o are " (cos(e +2kﬂj+isin(9 + 27 j] kel.
n n

Although there are infinitely many values of k, the distinct values of o are obtained when
k=0,1,2,3,...,n—1.When k =n,n+1,n+2,...we get the same roots at regular intervals (cyclically).
Therefore the n™ roots of complex number z =r(cos6 +isind) are

Un Un 9+2k7f .. 9+2k7[
z""=r cos +1SIn , k=0,1,2,3,...,n—1-

n n
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‘ ‘ 12th_Maths_EM_Voll_CH 2_Complex Numbers.indd 86 @ 07-12-2021 11:51:46‘ ‘



___IEEEN ®

‘ ‘ 12th_Maths_EM_Voll_CH 2_Complex Numbers.indd 87 @

i(0+2kn) Im
If we setw =4re * ,the formula for the n™ roots of a P R
a)m/’ \s
complex number has a nice geometric interpretation, as shown in f “p
’ I ( X
Figure. Note that because |a)|=<ﬂ the n roots all have the same ! "o
) ] ) ) — Re
modulus &/r they all lie on a circle of radius ¥/» with centre at the S
.\\l' ~
origin. Furthermore, the n roots are equally spaced along the S
: : I
. - - ///(\ "*o-_.__—""
circle, because successive n roots have arguments that differ by ©
) n® root of a complex number
T
n Fig. 2.44
Remark

(1) General form of de Moivre's Theorem
If xis rational, then cosx6 +isinx6 is one of the values of (cos@ +isinf)".

(2) Polar form of unit circle

Let z = ¢° =cosO +isin@ . Then, we get

|z|2 = |(:059+isin9|2
= |x+z‘y|2 = cos’ O +sin’ 0 =1

1.

= x’+)°
Therefore, |z|=1 represents a unit circle (radius one) centre at the origin.
2.8.3 The n™" roots of unity

The solutions of the equationz” =1, for positive values of integer n, are the n roots of the unity.
In polar form the equation z" =1 can be written as

z" =cos(0+2km)+isin(0+2km) =€, k=0,1,2,....

Using deMoivre’s theorem, we find the n™ roots of unity from the equation given below:

i2km
zz(cos(zk—n)ﬂ'sin(@)):e " ,k=0,1,2,3,...,n-1. .. (1)
n n

Given a positive integer n, a complex number z is called an n root of unity if and only if z” =1.

If we denote the complex number by @, then

2mi

== 2ri . 2mi
w=e" =cOS——+isSiIn—
n n
E n
= o' =|e" | = =1.
87 Complex Numbers
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Therefore wis an n™ root of unity. From equation (1), the

complex numbers 1,0,0°,---,0" " are n® roots of unity. The
complex numbers 1w, >, -, ®
plane and are the vertices of a regular polygon of n sides inscribed
in a unit circle as shown in Fig 2.45. Note that because the n®
roots all have the same modulus 1, they will lie on a circle of
radius 1 with centre at the origin. Furthermore, the nroots are
equally spaced along the circle, because successive n' roots have

n-1

arguments that differ by ZTW .

The n™ roots of unity 1,0,0°, -,

progression with common ratio o .

1_
Therefore 1+w+ @’ ++" "' =

n

l-o

n—

are the points in the complex

1

n® roots of unity

are in geometric

@ _0 since ©"=1and w=1.

The sum of all the n' roots of unity is

l+o+o’+ -+ 0" =0.

The product of n, n*roots of unit is

low® o™

(0]

(o

O0+14+243+-+(n=1) __

(n-1)
n 2

(n=I)n

The product of all the n'" roots of unity is
low” 0" = (=1)"".

Fig. 2.45

_ ( o )’H — (=)™

Since |w|=1, we have w@ =|w[’=1; hence d=0"'= (@) =0, 0<k<n-1

Note

Therefore, |

(1) All the n roots of n™ roots unity are in Geometrical Progression

(2) Sum of the n roots of n™ roots unity is always equal to zero.

(3) Product of the n roots of n™ roots unity is equal to (=1)"".

(4) All the n roots of n™ roots unity lie on the circumference of a circle whose centre is at the
origin and radius equal to 1 and these roots divide the circle into n equal parts and form a
polygon of n sides.

X1l - Mathematics
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Example 2.32
Find the cube roots of unity.

Solution

We have to find 1°. Let z=1° then 2’ =1 .
In polar form, the equation z* =1 can be written as

2> = cos(0+ 2k7) +isin(0+ 2km) = €2, k=0, 1,2,

Therefore, z = cos(?) + isin(?)

Taking k =0,1,2, we get,

2km

—e?,k=0,1,2.

k=0, z =cosO+isin0=1.
270 . . 27 ( Wj .. ( Wj
k=1 7 = COS—+Isin— =cos| m—— |+Ismn| m——
' 3 3 3 3
T .. T 1 \/5
= —CcOsS—+isin—=——+i—.
3 2
A7 . . 4w Ty .. T
k=2, Z =cos—+isin—=cos| 7+— |+isin| 7+—
3 3 3 3
= —cosz—isinz——l—iﬁ
® 3 2

Therefore, the cube roots of unity are

| 1+iv3 —1-i3
o2 72

2
Lw,and w?, where @=e 3 =

Example 2.33
Find the fourth roots of unity.

Solution

We have to find 1*. Let z=1¢. Then z* =1.
In polar form, the equation z* =1can be written as

z* = cos(0+2kn)+isin(0+2kn) =€,k =0,1,2,....

2kr .. (2km
Therefore, z = €08 e +isin e

Taking k =0,1,2,3, we get

2kn
i

=e ' k=0,1,2,3.

z = cosO+isin0=1.

) .. (7w .
Z = cos| = |+isin| = |=i.
(2) (2j

89
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Cube roots of unity

Fig. 2.46

—1+i\/§

2

Re

Fourth roots of unity

Fig. 2.47
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k=2, Z=cosmw+isint =-1.
3z . . 3@ T .. T .
k=3, Z=CcoS—+Ism—=—-cos——Ism—=-1,
2 2 2
2=
Fourth roots of unity are 1, i, -1, -i = 1, o, ®°, and ®’, where o =e * =i. |

Note

(i) In this chapter the letter w is used for n' roots of unity. Therefore the value of w is depending
on nas shown in following table.

value of n 2 3 4 5 K
value of @ 2z 2 ;2 27 2r
e ? e’ e e’ ek

(i) The complex numberze” is a rotation of z by 0 radians in the counter clockwise direction
about the origin.

Example 2.34
Solve the equationz® +8i =0, wherez e C.

Solution

Let z* +8i=0. Then, we get

= 8(—i) = 8[005(—%+2kﬂj+isin(—%+2kﬂD,k el.

Therefore, z = %(COS[%)+I’SH{#J), k=0,1,2.

Taking k =0,1,2, we get,

k=0, z =2(cos(—%)+isin[—%jj=2[?4%}:\54

k=1, z =2 cos(§j+isin(%jj:2:2(0+i)=0+2i=2i.

The values of z are /3 —i, 2i, and —/3 i .
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Example 2.35
Find all cube roots of /3 +1i .

Solution ,
We have to find (\/§+i)%. Let z= (\/§+i)3. Then, z° = \/§+i=r(cos9+isin9).

Then, r =+3+1=2, and o =6 :% (-+ 3+i lies in the first quadrant)

Therefore, z° = /3 +i :2(cos%+isin%j

- =3 (cos(%)ﬂsin(%j}k=0,1,2-

Taking k =0,1,2, we get

1

k=0, 7z =23 cosl—kisini :

18 18
k=1, 7z =23 cosB—W—HsinB—ﬂ :

18 18

1

k=2, z =23 (:0525—7r+isin25—7T =23 [—cos7—7r—isin7—7r :

18 18 18 18 u

Example 2.36
Suppose z,, z,, and z, are the vertices of an equilateral triangle inscribed in the circle

|z|=2. If z =1+i\/3, then findz, and z,.

Solution
|z| =2 represents the circle with centre (0,0) and radius 2.

Let A, B, and C be the vertices of the given triangle. Since the verticesz,, z,, and z,form an

equilateral triangle inscribed in the circle|z|:2, the sides of this triangle AB, BC, and CA

subtend 2?” radians (120 degree) at the origin (circumcenter of the triangle).
(The complex number ze” is a rotation of z by 6 radians in the counter clockwise direction

about the origin.) 5 A
Therefore, we can obtain z, and z, by the rotation of z, by ?ﬁ and ?W respectively.

Given that 04 = z =1+l\/§; Azl=1+i\/§

OB zlei%ﬂ =(1+i\/§)ei23n

. 2r . . 2rm 2| Re

= (1+iv/3)| cos == +isin ==
(1+i45) cos B isin

2,=1-i\3

C
= (1+i\@) —l+i£ =-2; .
2 2 Fig. 2.48
91 Complex Numbers
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groopm e
OC =ze? =z,e? =-2e?

( 27 . . 27l'j
= -2| cos—+Isin—
3 3

1 .3 .
= —2(—5+|7]:1—|\/§_

Therefore, z, = -2, and z, =1-i3. |
EXERCISE 2.8
2 2
1. If @ #1is a cube root of unity, show that atbotco + a+bw+cw2 =-1.

b+cw+aw® c+aw+bw
N\ NS
2. Show that £+l + ﬁ—l :—\@.
2 2 2 2

10
LT . T
1+sin—+1cos—

3. Find the value of 10 10
. T . T
I+sin——lIcos—
10 10
4. 1f 2(:osoz—x+l and 2cos,B—y+l show that
@ ' x y’ @
Xy .. 1 ..
(i) =+==2cos(a—-p) (ii) xy——=2isin(a + f)
y X Xy
xm yn o ) . 1
(iii) ——=—=2isin(ma —np) (iv) x"y" +——=2cos(ma +np).
y Xy

5. Solve the equation z* +27=0.
6. If @ =1 is a cube root of unity, show that the roots of the equation (z —1)3 +8=0are
-1, 1-20,1-20".
8
7. Find the value OfZ(coszk—ﬂHsinzk—ﬂ}
P 9 9
8. If @ =1 is a cube root of unity, show that
(i) l—o+0>)’ +(1+0-0w’)° =128.
(i) (1+0)(1+0’)(1+0*)(1+0")-(1+0™ ) =1.

9. If z=2-2i, find the rotation of z by 6 radians in the counter clockwise direction about the

origin when
(i) 6== (i) 0 =2Z (ii) 0 =X
3 3 2
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@ EXERCISE 2.9 |

Choose the correct or the most suitable answer from the given four alternatives :

Loi"+i"™ +i" +i" s

1o 21 @) -1 (4) i
2. The value ofi(in +i") is

(1) 1+i ) ) i 3) 1 (4) 0

3. The area of the triangle formed by the complex numbers z,iz, and z+iz in the
Argand’s diagram is

1 2 2 3 2 2
@ Slzl () |z] @) Szl (4) 2|z

. .1 :
4. The conjugate of a complex number is Y Then, the complex number is
I —

1 -1 -1 1
Wiz @i i Wi
(\/§+z‘)3 (3i+4)
51If z= — ,then | z| is equal to
(8+60)
(10 (2)1 (3) 2 (4)3

6. If z is a non zero complex number, such that 2iz> =z then | z| is

1
1) 5 21 3) 2 (4) 3
7.1f|z—=2+1i|<2, then the greatest value of | z| is
1) 3-2 2) 3+2 (3)5-2 (4) \/5+2
8. If z—g =2, then the least value of | z| is
z
M1 (2) 2 @3)3 (4) 5

9.1f | z|=1, then the value of 1+—E is

1+7 1
1) z )z @) 7 (4) 1
10. The solution of the equation |z |-z =1+2i is
3 .. 3. 3. 3.
1) —-2i 2) ——+2i 3) 2—=i 4) 2+—1
3 @ -3 (®)2-3 () 2+3

11.1f |z, |=1, |z,|=2, |z,| =3 and |92,z, + 47,2, + 2,2, |=12, then the value of | 2, + Z, + Z, | is
M1 (2) 2 (3) 3 (4) 4
12.1f z is a complex number such that ze C\R and z+%eR, then | z]| is

Mo ()1 @) 2 (4) 3
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13. z,,z,, and z, are complex numbers such that z,+z,+2z,=0 and |z |=|z,|=|z,|=1 then

2 2 2
22+, +2, is

13 ) 2 )1 (4)0
14.If z-1 is purely imaginary, then | z| is
z+1
® 5 @1 @) 2 @3
15.1f z=x+iy isacomplex number such that [z+2|=|z-2|, then the locus of z is
(1) real axis (2) imaginary axis  (3) ellipse (4) circle
16. The principal argument of W is
=57 27 =37 -7
1) e ) =5 ®3) e (4) -

17. The principal argument of (sin 40°+icos40°)’ is
(1) -110° (2) =70° (3) 70° (4) 110°

18.1F (1+4) (14 2i) (14 3i) (1 + ni) = x +iy , then 2-5-10---(1+n?) is

@1 2)i (3) x*+)° (4) 1+n°
® 19. If @ #1 is a cubic root of unity and (1+ )’ = A+ Bw , then (4, B) equals ®
(1) (1,0) (2) (-LD (3) (0,1) 4) (LD
2
(1+ I\/§)
20. The principal argument of the complex number —— = is
4i(1-iV3)
= @ Opd @z
3 6 6 2
21.1f o and B are the roots of x> +x+1=0, then a** + B is
(1) -2 (2) -1 )1 (4) 2

3
22. The product of all four values of (cos%+ I sin %)4 IS

(1) -2 (2) -1 1 (4) 2
1 1 1
23.If w #1 is a cubic root of unity and |1 -’ -1 ®°|=3k, then k is equal to
1 o o
(1)1 (2) -1 (3) V3 (4) —3i
\10
24. The value of 1+\/§! IS
1-3i
@ cisz?7T 2 cisé%7T 3) —cisz?7T 4) —cis4?7r
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z+1 0] 0}
25. If a):cisz?ﬂ,then the number of distinct rootsof | @ z+®? 1 (=0
o’ 1 Z+w
11 (2) 2 () 3 (4) 4
SUMMARY

In this chapter we studied
Rectangular form of a complex number is x+iy(or x+ yi), where x and y are real
numbers.

Two complex numbers z, = x, +iy, and z, = x, +iy, are said to be equal if and only if
Re(z,) =Re(z,) and Im(z,)=Im(z,). Thatis x, =x, and y, =y,.

The conjugate of the complex number x + iy is defined as the complex number x —iy.

Properties of complex conjugates

() z+5,=7+7 (6) Im(z) ="

2 z,-2,=12,—-1, 7) m = (2) , where nis an integer

@A) 2,2, =7,1, (8) zisrealifandonly if z=7

(4) [ij = E 2, #0 (9) z is purely imaginary if and only if z=-7
22 22

(5) Re(2) = % (10) 7=2

If z=x+iy,then yx*+ »* is called modulus of 7. It is denoted by |Z|

Properties of Modulus of a complex number

- z
@) [7=[ G) & =||—1|, z, %0
2 2
) |z, +2,|<|z,|+|z,| (Triangle inequality) (6) |z"|=|2[", where n is an integer
) [z2,|=[z]|z,] (7) Re(z)<l]
@) |z, -2, 2|z]-|z]| (8) Im(z)<|]
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Formula for finding square root of a complex number

*/a+ib—+[ M%H% MT_GJ , Where z=a+iband b=0.

Let r and & be polar coordinates of the point P(x,y)that corresponds to a non-zero
complex number z = x +iy . The polar form or trigonometric form of a complex number P is

z=r(cosf +isinf).
Properties of polar form

Property 1:  Ifz=r(cosf +isinf),then z™ Il(COSQ—iSiHQ).
r

Property 2:  Ifz =7 (cos, +isin6,)and z, =r, (cosb, +isin6,),
then z,z, = 1, (cos(6, +6,) +isin(6, +6,)).
Property3: If z, =7 (cos6, +isin6,)and z, =r, (cos, +isinb,),

then 2L =i[cos(9l —0,)+isin(6,-6,)].
h

Z,

de Moivre’s Theorem
@ (a) Given any complex number cos0 +isinf and any integer n, @

(cosO +isinB)" = cos nO + isin no
(b) If xis rational, then cosx8+isinx® in one of the values of (cos 0+ isin 6)"

The n" roots of complex number z =r(cos@ +isinf) are

ZVm =l (cos(0+2knj+isin(0+2kﬂn, k=0,1,2,3,...,n—1.

n n

D
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