
ge vius thou esa vDlj jkstkuk ds dFkuksa ;k nkoksa dks ,sls gh eku ysus ds ctk;
rdksZa ls rkSyus dh dksf'k'k djrs gSaA tSls& vkius foKkiuksa esa ns[kk] lquk gksxk fd& ßvki bl
isafly ls fy[ksaxs rks rst fy[k ik,¡xssAÞ ;k ßvki vius cPps dks ;g VkWfud fiyk,¡xs rks og
rst nkSM+sxkAÞ ;kuh vxj vkidks rst fy[kuk gS rks mlh isafly ls fy[ksa vkSj VkWfud ihus ls
rst nkSM+saxs ugha rks ihNs jg tk,¡xsA vc ckr vkrh gS fd bu nkoksa vkSj dFkuksa dks tks ge lqurs
jgrs gSa mUgsa dSls tk¡pk tk,\ ;k mudh lR;rk dSls irk dh tk,\

,d rjhdk rks gS fd ckj&ckj voyksdu (Empirical Observation) djds irk djsa fd
VkWfud ihus ls fdrus cPps nkSM+ esa vOoy vk, ;k fdrus cPpksa dk dn c<+k vFkok mlh isafly
ls fy[kus okys fdrus cPpksa dh fy[kus dh xfr rst gks xbZ A fQj bu voyksduksa ds vk/kkj
ij vkxs lkspk tk ldrk gSA ij D;k ;g rjhdk gj fLFkfr esa dkjxj gksxk\ D;k ;g xf.krh;
dFkuksa ij Hkh ykxw gks ldrk gS\

tSls bu dFkuksa dks if<+, &

1- fdlh la[;k dk xq.kt ml la[;k ds lHkh xq.ku[k.Mksa dk Hkh xq.kt gksrk gSA

2- tks la[;k 8 ls foHkkftr gksxh og 4 ls Hkh foHkkftr gksxhA

3- la[;k 0-000001] la[;k 10&20 ls cM+h gSA

4- nks fo"ke la[;kvksa dk tksM+ ges'kk le la[;k gksrh gSA

5- nks la[;kvksa dk xq.kuQy mu nksuksa la[;kvksa ls cM+k gksrk gSA

,sls dFkuksa dks tk¡pus ds fy, D;k igys okyk rjhdk mi;ksx dj ldrs gSa\ ;kuh D;k
ge dFku ¼1½ dks tk¡pus ds fy, gj la[;k ds lHkh xq.kt vkSj xq.ku[k.M fudkysaxs\ ;k fQj
dFku ¼2½ eas 8 ls foHkkftr gksus okyh vuar la[;kvksa dks 4 ls foHkkftr djds ns[ksaxs\

;g Li"V gS fd bl izdkj ds dFkuksa dks tk¡pus ds fy, ;g rjhdk laHko ugha gSA dqN
O;kid rjhds ;k vk/kkj t:jh gSa ftlls ;g irk yxk;k tk lds fd 0-000001] 10&20 ls cM+k
gS ;k NksVkA blh rjg dksbZ ,slk fu;e pkfg, ftuds vk/kkj ij fo"ke la[;kvksa dk tksM+ le
la[;k fn[kk;k tk lds ;k fQj la[;kvksa ds xq.kuQy dk ijh{k.k gks ldsA

ifjp; (Introduction)

14

xf.krh; dFkuksa dh tk¡p
[PROOF OF MATHEMATICAL STATEMENTS]
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vkb, xf.krh; dFkuksa dks tk¡pus dk rjhdk irk djrs gSaA

blds fy, ge dqN dFkuksa dk mnkgj.k ys dj ns[krs gSaA

 ,d fo"ke vkSj ,d le la[;k dk tksM+ ges'kk fo"ke la[;k gksrh gSA

 fdlh Hkh le iw.kkZad b dks ge b = 2k fy[k ldrs gSa] tgka k dksbZ iw.kkZad gSA

¼le iw.kkZad dh ifjHkk"kk ls] pwafd b] 2 ls foHkkftr gS½ -------------- ¼1½

fdlh Hkh fo"ke iw.kkZad a dks ge  a = 2k
1
 + 1 fy[k ldrs gSa ]tgk¡ k

1
 Hkh iw.kkZad gSA

¼fdlh Hkh le la[;k esa 1 tksM+us ij fo"ke la[;k izkIr gksrh gS½ ------- ¼2½

vc (1) o (2) dks tksM+us ij

a + b = 2k
1
 + 1 + 2k = 2 (k + k

1
) + 1

= 2m + 1 tgk¡ m = k + k
1
 gS vkSj m ,d iw.kkZaad gSA ¼D;ksa\½

pw¡fd 2m ,d le la[;k gSA

vr% 2m + 1 ,d fo"ke la[;k gSA

;kuh ,d fo"ke vkSj ,d le la[;k dk tksM+ ges'kk fo"ke la[;k gh gksxhA

vkius ns[kk fd ;gk¡ geus le vkSj fo"ke iw.kkZad dh ifjHkk"kk ds vk/kkj ij bl dFku
dks fl) fd;k gS A

 vkius d{kk 9 esa T;kfefr ds dFkuksa dks fl) djuk lh[kk gS A tSls & ßprqHkqZt ds vkarfjd
dks.kksa dk ;ksx 0360  gksrk gSAÞ ;k ß;fn ,d fr;Zd js[kk nks lekUrj js[kkvksa dks izfrPNsn djs
rks ,dkUrj var% dks.kksa dk izR;sd ;qXe cjkcj gksrk gSAÞ

;gk¡ ge nwljs dFku dh miifÙk djsaxs vkSj mlds eq[; igyqvksa dks <w¡<sa+xsA

 ;fn ,d fr;Zd js[kk nks lekarj js[kkvksa dks izfrPNsn djs rks ,dkarj var%dks.kksa
dk izR;sd ;qXe cjkcj gksrk gSA

 ekuk AB vkSj CD lekarj js[kkvksa dks PQ

fr;Zd js[kk izfrPNsn djrh gS A

;gk¡ MND o AMN ,dkarj vUr%dks.kksa dk
,d ;qXe gS A

rFkk MNC o BMN ,dkarj vUr%dks.kksa dk nwljk
;qXe gS A

gesa ;g ns[kuk gS fd D;k MND = AMN o

MNC = BMN

P

N

M B

D

A

C

Q
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pw¡fdPMB o MND laxr dks.k gSa

PMB = MND ¼laxr dks.k vfHkx̀ghr ls½ ----------------------¼1½

rFkk PMB = AMN ¼'kh"kkZfHkeq[k dks.k izes; ls½ ----------------------¼2½

¼1½ vkSj ¼2½ ls]

MND = AMN ----------------------¼3½
blh izdkj

MNC = BMN ----------------------¼4½

vr% ;gk¡ ,dkarj var%dks.kksa ds nksuksa ;qXe cjkcj gSA

Åij dh nksuksa miifÙk;ksa dks /;kuiwoZd if<+, vkSj crkb, fd bu dFkuksa dks fl)
djus esa dkSu&dkSu ls eq[; igyqvkas dk mi;ksx gqvk gS \

ek/koh dgrh gS fd miifÙk ds rhu eq[; igyw fn[ks&

1- nksuksa dFkuksa dks fl) djus ds fy, igys ls fl) izes;] ifjHkk"kk ;k vfHkxg̀hrksa dk
mi;ksx fd;k x;k gSA

2- miifÙk dk izR;sd dFku] Bhd igys okys dFku ls rkfdZd :i ls tqM+k gSA

3- dFkuksa dks fy[krs le; fo'ks"k izdkj ds izrhdksa o fpàksa dk mi;ksx fd;k gS vkSj
cM+s okD;ksa dks budk mi;ksx djds laf{kIr esa fy[kk gSA

D;k vki ek/koh dh ckr ls lger gSa\

  djds ns[ksa

1- ÞprqHkZqt ds vkarfjd dks.kksa dk ;ksx 0360  gksrk gSAÞ

bl dFku dks fl) djsa vkSj mleass miifÙk ds rhuksa eq[; igyw <w¡<+saA

   lkspsa ,oa ppkZ djsa

ftu nks dFkuksa dks Åij geus fl) fd;k gS mudh miifÙk i<+sa vkSj fuEufyf[kr
iz'uksa ij d{kk esa ppkZ djsaA

1- dkSu&dkSulh ifjHkk"kk] izes;ksa ;k vfHkx`ghrksa dk mi;ksx fd;k x;k gS\

2- mu fpàksa] izrhdksa dh lwph cukb, tks bu miifÙk;ksa esa bLrseky fd, x, gSaA

vkb, ns[krs gSa fd Åij fy[ks rhuksa igyw fdl izdkj miifÙk i<+us] le>us vkSj
fy[kus esa enn djrs gSaA

1- ßifjHkk"kkvksa] iwoZ Kkr izes;] Lo;a fl) dk iz;ksx

;fn vkidks ,d dFku fl) djus ds fy, fn;k tk, rks vki dSls 'kq: djsaxs\
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t+kfgj gS blds fy, vkidks mu lHkh Kkr tkudkfj;ksa dh vko';drk gksxh ftuds
vk/kkj ij dFku dks fl) fd;k tk ldsA ;s tkudkfj;k¡ vfHkx`ghr] ifjHkk"kk] iwoZ fl) dFku
gks ldrh gaSA blfy, fdlh dFku dks fl) djus ds fy, lcls igys ;g lksp ysa fd
D;k&D;k irk gS\ rkfd bu tkudkfj;ksa dk bLrseky lgh txg ij gks ldsA

geus le:irk ds v/;k; esa nks f=Hkqtksa esa SAS vkSj SSS le:irk izes;ksa dks fl)

djus ds fy, AA le:irk dlkSVh dk mi;ksx fd;k gSA blh rjg d{kk 9 esa 2  dks

vifjes; la[;k fl) djus gsrq ifjes; la[;k dh ifjHkk"kk dk mi;ksx fd;k x;k o fdlh
lekarj prqHkqZt dh lEeq[k Hkqtkvksa dks cjkcj fl) djus ds fy, ß,dkarj dks.kksa dk ;qXeÞ izes;
dk mi;ksx fd;k x;kA

 djds ns[ksa

vc rd dh miifÙk;ksa esa mi;ksx dh xbZ ifjHkk"kk,¡ Nk¡fV,A

 (Deductive Reasoning)

fdlh miifÙk esa ,d dFku ds ckn vxyk dFku fdl vk/kkj ij fy[ksa ;g lkspuk
egRoiw.kZ gSA blds fy, igys ls Kkr ifjHkk"kk] vfHkx`ghr o iwoZ fl) izes; dh
tkudkjh gksuk vko';d gS

1- fuEufyf[kr dFku dk fu"d"kZ dFku fyf[k, A

ßl vkSj m lekarj js[kk,¡ gSaAÞ

lekarj js[kk dh ifjHkk"kk ls gesa irk gS fd lekarj js[kkvksa esa mHk;fu"B fcanq ugha gksrk
gSA ¼rdZ½

blfy, ge dg ldrs gSa ;fn Þl vkSj m dksbZ nks lekarj js[kk,¡ gSa rks muesa dksbZ
mHk;fu"B fcanq ugha gksxkAÞ¼fu"d"kZ dFku½

,d vU; mnkgj.k ns[krs gSa&

2- ;fn a + 5 = b vkSj c = b gS rks

a + 5 = c gksxkA ;kus a = c – 5

3- Åij fy[ks nksuksa mnkgj.kksa esa ifjHkk"kk vkSj vfHkxg̀hr  ds vk/kkj ij ,d dFku ls
vxyk dFku fy[kk x;k gSA blh rjg iwoZ fl) dFku
;k izes;ksa ds vk/kkj ij Hkh fu"d"kZ fudkys tk ldrs gSaA
vkb, ,d mnkgj.k ns[krs gSa&

AOB vkSj POQ esa AOB = POQ,

OA = OP vkSj OB = OQ gSA

SAS lokZaxlerk izes; ds vk/kkj ij ge dg ldrs gaS fdAOB  POQ

4- fuxefud rdZ gesa ,d O;kid lR; dFku ls fof'k"V lR; dFku rd igq¡pus esa Hkh
enn djrk gSA mnkgj.k ds fy, ;fn ,d ckj ;g fl) dj nsa fd fdUgha nks fo"ke

A

B

P

Q

O
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la[;kvksa dk xq.kuQy ,d fo"ke la[;k gksrh gS rks fcuk xq.kk fd, gh ge fo"ke
la[;kvkaas dks igpku dj xq.kuQy ds fo"ke gksus dks tku ldrs gSaA

×

djds ns[ksa

1- fl) djsa fd & fdUgha Hkh nks Øekxr fo"ke la[;kvksa dk ;ksx] 4 dk xq.kt
gksrk gSA

2- fn, x, dFkuksa ds vk/kkj ij fu"d"kZ dFku fyf[k,A

(i) dFku a & oxZ ,d vk;r gSA

dFku b & vk;r ,d lekarj prqHkZqt gSA

(ii) dFku a & thok AB oÙ̀k dh ifjfèk ij

APB  cukrh gSA

dFku b & thok AB ,d O;kl gSA

3- ;fn ABCD vkSj PQRS nks vk;r gSa rks buds dks.kksa] Hkqtkvksa o fod.kksZa ds ckjs
esa ge D;k&D;k fu"d"kZ fudky ldrs gSa\ D;k ge dg ldrs gSa fd ;s
lokZaxle vFkok le:i gSa\

xf.kr lh[krs le; ge dbZ ckj eki dj ;k fo'ks"k mnkgj.k ns[kdj O;kid Lrj ij
dqN ckrsa eku ysrs gSaA f=Hkqt ds var% dks.kksa dk ;ksx 180° gS] bls Hkh fn[kkrs le; ge eki
dj vFkok dksuksa dks dkV] mUgsa ,d lkFk j[kdj ;g dgrs gSa fd var%dks.kksa dk ;ksx 180° gSA
fdUrq ;g bl dFku dh miifŸk ugha gSA bl rjg n'kkZus ls ;g gj f=Hkqt ds fy, ekU; gS
,slk ge ugha dg ldrsA

ge tkurs gSa fd fdlh Hkh f=Hkqt ds rhuksa var%dks.kksa dk ;ksx 180° gksrk gS] ,d izes;
gS tks fd lHkh f=Hkqtksa ij ykxw ,d O;kid dFku gSA eku ysa fd vkius fdlh ,d f=Hkqt ds
dks.kksa dks ekik ;fn mudk ;ksx 180° gks rks fdlh nwljs f=Hkqt ds fy, Hkh ,slk gksxk ge ;gh
ckr ugha dg ldrsA bl izdkj lHkh laHko f=Hkqt ds dks.kksa dks ekiuk laHko ugha gSA blds
vykok ;fn ;ksx 180° ls de ;k T;knk gks rks ge ;gh
ekusaxs fd eki Bhd ls ugha gqvkA ,slk blfy, gS D;ksafd ge
tkurs gSa fd lery ij cus f=Hkqt ds rhuksa dks.kksa dk ;ksx
180° gksxk gh vkSj ge bls O;kid :i esa fl) dj ldrs
gSa] ftlls ;g gj f=Hkqt ds fy, lgh gksxk ghA

P

Q R

1

2 3
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P

B
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xf.kr esa dFku dks fl) djus ds fy, fuxefud rdZ.k (Deductive Reasoning) dk
mi;ksx djrs gSa ftlls O;kid :i ls fdlh Hkh dFku dh lR;rk tk¡ph o LFkkfir dh tk
ldrh gSA O;kidrk ds fy, ge ;gk¡ ,d f=Hkqt dh dYiuk djsaxs] ftlds vkdkj] dks.kksa dh
eki vkfn ds ckjs esa ge dqN ugha tkurs vFkkZr~ os dqN Hkh gks ldrs gSaA blls gekjk fu"d"kZ
gj f=Hkqt ij ykxw gksxkA

 fdlh f=Hkqt ds var% dks.kksa dk ;ksx 180° gksrk gSA

 ,d f=Hkqt PQR fn;k gS ftlds dks.k
1, 2 vkSj 3 gaSA

 1 + 2 + 3 = 180°

 QR ds lekarj fcanq P ls gksrh gqbZ ,d
js[kk XPY cuk,¡a] rkfd lekarj js[kkvksa dk xq.kksa dk
mi;ksx dj ldsaA

vkdf̀r esa]

4 + 1 + 5 = 180° ¼XPY ,d js[kk gS½ --------------------------¼1½

4 = 2 vkSj 5 = 3 ¼,dkarj dks.kksa dk ;qXe½ --------------------------¼2½

¼1½ esa 4 vkSj 5 dk eku j[kus ij

2 + 1 + 3 = 180° --------------------------¼3½

;kuh 1 + 2 + 3 = 180°

blesa 1, 2 dk vyx&vyx eku o PQ, QR vkfn dh yEckbZ dqN Hkh gks ldrh
gSA 'krZ ;g gS fd f=Hkqt cu ik,A --------------------------¼4½

T;kfefr esa dFkuksa dks fl) djrs le; ge vDlj jpuk djrs gSaA  bl miifÙk esa
geus ,d lekarj js[kk XPY [khaph ftlls ge ,dkarj dks.k izes; dk mi;ksx dj ik,A

djds ns[ksa

fl) djsa fd &

1- fdlh f=Hkqt dk cfg"dks.k nwjLFk vUr%dks.kksa ds ;ksxQy ds cjkcj gksrk gSA

2- fdlh f=Hkqt ds nks dks.k cjkcj gkas rks mudh lEeq[k Hkqtk,¡ Hkh cjkcj gksrh gaSA

3- fdlh lekarj prqHkqZt dk ,d fod.kZ mls nks lokZaxle f=Hkqtksa esa foHkkftr djrk gSA

4- nks ledks.k f=Hkqtksa esa ,d f=Hkqt dk d.kZ o ,d Hkqtk nwljs f=Hkqt ds d.kZ o
laxr Hkqtk ds cjkcj gks rks os f=Hkqt lokZaxle gksrs gSaA

PX Y

Q R

1

2 3

4 5
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3- xf.krh; Hkk"kk dk mi;ksx djds lVhd] laf{kIr ,oa Li"V Hkk"kk esa fy[kuk

izkÑr la[;k ds bl xq.k/keZ dks i<+sa

n
1 
+ n

2
 = n

2
 + n

1
 n

1
, n

2
  N (1)

D;k vki crk ldrs gSa fd ;g izkd`r la[;k dk dkSu lk xq.k/keZ gS\

;g dFku izkÑr la[;kvksas esa tksM+ ds Øe fofues; (Commutative Property) ds
xq.kèkeZ dks crkrk gSA ;kuh 'kkfCnd rkSj ij dgsa rks fdUgha Hkh nks izkÑr la[;kvksa dk tksM+]
muds Øe cny dj tksM+us ij leku jgrk gSA dFku esa blh ckr dks dqN v{kj] izrhd ;k
fpàksa dh enn ls laf{kIr esa fy[kk x;k gSA tSls nks izkÑr la[;kvksa dks n

1
 vkSj n

2
 ls n'kkZ;k

x;k gSA lkFk gh nks u, ladsr  vkSj  Hkh gaSA

;g NksVk lk xf.krh; dFku ;g crkrk gS fd fdUgha Hkh nks izkÑr la[;kvksa dk
;ksxQy bl ckr ij fuHkZj ugha djrk gS fd fdlesa fdldk ;ksx dj jgs gSaA bldk vFkZ ;g
gS fd ge n

1
 vkSj n

2
 dks eku cny dj dksbZ Hkh izkd`r la[;k j[k ldrs gSa vkSj gj eku ds

n
1 
+ n

2
 = n

2
 + n

1
izkIr gksrk gS A

blh rjg ls ge xq.kk ds fy, Øe fofues; ds fu;e dks Hkh fy[k ldrs gSaA

vc ifjes; la[;k dh fuEufyf[kr ifjHkk"kk dks i<+sa ftls v{kj&izrhdksa dh enn ls
fy[kk x;k gSA

 Q = 
p

q tgk¡  p, q  I & q  0

**fdlh ifjes; la[;k Q dks 
p

q  ds #i esa fy[krs gSa tgk¡ p, q dksbZ nks iw.kZakd gSa vkSj

q dk eku 0 ugha gks ldrkA**

djds ns[ksa

fuEufyf[kr xf.krh; dFkuksa dks 'kCnksa esa fyf[k, A

(i) m n m+na ×a =a  a,m,n N

(ii) p(x + y) = px + py    p,x,y R 

(ii) izkdf̀rd la[;kvksa ds lHkh xq.kèkeksZa dks izrhd Hkk"kk esa fy[ksaA
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xf.kr esa ifjHkk"kk,¡] xq.k] fu;e bl rjhds ls laf{kIr esa fy[ks tkrs gSaA ,slk u gks rks dFkuksa
o miifÙk;ksa dks fy[kus esa tkus fdruk fy[kuk iM+sA xf.krh; Hkk"kk lgh fpàksa ds mi;ksx ls
fdlh ckr dks lVhdrk ls dgus esa enn djrh gSA blfy, bldk mi;ksx izes; fl) djrs
gq, djuk t:jh Hkh gS vkSj Qk;nsean HkhA

oSls rks xf.kr esa vusd fpà mi;ksx fd, tkrs gSa ij ;gk¡ ij dqN fpàksa vkSj muds
vFkZ fn, gSaA vkxs ge budk mi;ksx le>saxs vkSj dqN u, dFku Hkh fy[ksaxsA

Ø- fpà          vFkZ

1- = cjkcj gS (is equal to)

2-      < ls NksVk gS (Less than)

3-      > ls cM+k gS (Greater than)

4-  blfy, (Therefore)

5-  pwafd (Since)

6-  cjkcj ugha gS (is not equal to)

7-  lHkh ds fy,@izR;sd ds fy, (For all)

8-  dk vo;o gS (Belongs to)

9-  dk vo;o ugha gS (does not belong to)

10- ~ le:i gS (is similar to)

11-  lokZaxle gS (is congruent to)

12-  varHkkZo@bafxr djrk gS (implies to )

13-  lekarj gS (is parallel to )

mnkgj.k%&1- fuEu 'kkfCnd dFkuksa dks xf.krh; dFkuksa esa fy[ksa&

¼v½ iw.kkZad la[;kvksa esa O;odyu djrs le; Øe fofues; fu;e ykxw ugha gksrk gSA

¼c½ fdlh Hkh izkÑr la[;k dk oxZ] ml la[;k ls cM+k ;k mlds cjkcj gksrk gSA

gy%& ¼v½ a – b  b – a  a, b   I

xf.krh; dFku fy[kus ds fy, geus nks pjksa a vkSj b dk mi;ksx fd;k gS vkSj fpàksa
, ,  dk mi;ksx fd;k gSA

¼c½ 2x x        x N 

;gk¡sa x fdlh izkÑr la[;k dks fu:fir djrk gSA
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djds ns[ksa

bu lHkh ds fy, xf.krh; dFku fy[ksa----

(i) fdlh iw.kkZad la[;k dks 1 ls xq.kk djus ij ogh iw.kkZad la[;k izkIr gksrh gSA

(ii) fdlh Hkh f=Hkqt dh nks Hkqtkvksa dk ;ksxQy rhljh Hkqtk ls vf/kd gksrk gSA

(iii) nks fHkUukRed la[;kvksa dk ;ksx ,d fHkUukRed la[;k gh gksrh gSA

iz’ukoyh 1

1- crkb, fd fuEufyf[kr xf.krh; dFku lgh gaS ;k xyr\ mÙkj dk dkj.k Hkh fyf[k,A

(i) prqHkqZt ds var% dks.kksa dk ;ksx 350° gksrk gSA

(ii) fdlh okLrfod la[;k x ds fy, x2  0

(iii) nks le la[;kvksa dk tksM+ le la[;k gksrk gS A

(iv) lHkh vHkkT; la[;k,¡ fo"ke gksrh gSA

 (v) 3n + 1 > 4, tgk¡ n izkÑr la[;k gSA

(vi) x2 > 0, tgk¡ x okLrfod la[;k gSA

(vii) (a + b) + c = a + (b + c) a, b, c  N

(viii) (p – q) + r = p – (q + r) p, q, r  Q

(ix) (x + y) – z = x + (y – z) x, y, z  R

2- uhps dh lwph esa dqN vfHkxg̀hr] izes; ,oa ifjHkk"kk,¡ nh xbZ gSaA bUgsa /;ku ls i<+saA

dFku 1- iw.kZ] fgLls ls cM+k gksrk gSA ¼vfHkx`ghr½

dFku 2- ;fn fdlh f=Hkqt dh rhuksa Hkqtkvksa dh eki vyx&vyx gks rks og
f=Hkqt fo"keckgq f=Hkqt gksrk gSA ¼ifjHkk"kk ½

dFku 3- ;fn n fo"ke iw.kkZad gS rks n = 2k + 1 fy[kk tk ldrk gS] tgka k

dksbZ iw.kkZad gSA ¼ifjHkk"kk ½

dFku 4- nks f=Hkqtksa esa ;fn ,d f=Hkqt dh  Hkqtk,¡] nwljs  f=Hkqt dh laxr
Hkqtkvksa ds cjkcj gksa] rks nksuksa f=Hkqt lokZaxle gksrs gSaA ¼izes;½

dFku 5- ;fn dksbZ nks oLrq,¡ Øe'k% rhljh oLrq ds cjkcj gSa] rks igyh nksuksa
oLrq,¡ ,d&nwljs ds cjkcj gksrh gSaA ¼vfHkx`ghr½

Åij fn, dFkuksa ds vk/kkj ij uhps nh xbZ tkudkfj;ksa ds fy, laHko fu"d"kZ
dFku fy[ksaaA

(i) f=Hkqt RST vkSj f=Hkqt XYZ esa RS = XY, ST = YZ vkSj TR = ZX gSA
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¼tSls ;gk¡ dFku&4 ds vk/kkj ij ge ;g fu"d"kZ fudky ldrs gSa fd RST XYZ   ½

(ii)
AB

2
 = AC

(iii) l = 
k+5

2
 vkSj 2m = k + 5 gSA tgk¡ k, l vkSj m  R

(iv) DEF esa DE  EF  FD gSA

(v) 141 ,d fo"ke iw.kkZad gSA

3- ;fn n
1
 vkSj n

2
 nks le iw.kkZad gaS rFkk k

1
 vkSj k

2
 dksbZ nks iw.kkZad gaS rc]

(i) le iw.kkZad dh ifjHkk"kk dk mi;ksx djds n
1
 vkSj n

2
 dks Øe'k% k

1
 vkSj k

2

ds :i esa fyf[k, A

(ii) xq.kk n
1 
n

2
 dks k

1
 vkSj k

2
 ds :i esa fyf[k, A

(iii) vc n
1 
+ n

2
 dks k

1
 vkSj k

2
 ds :i esa fyf[k, A

(iv) n
1 
× n

2
 le la[;k gS ;k fo"ke\ D;ksa\

(v) n
1 
+ n

2
 le la[;k gS ;k fo"ke\ D;ksa\

4- ;fn ax2 + bx + c = 0 ,d f}?kkrh lehdj.k gS tgk¡ a, b, c  R vkSj a  0 rks buesa
ls dkSu&dkSu ls lehdj.k f}?kkrh lehdj.k gks ldrs gSa vkSj dkj.k fyf[k,A

(i) ax2 - bx + c = 0 (ii) bx + c = 0 (iii) ax2 + c = 0

(iv) ax2 = 0 (v) bx = 0

5- uhps ifjes; la[;k (Q) dh ifjHkk"kk gS&

Q = 
p

q  tgk¡ p, q  I vkSj q  0

(i) ifjes; la[;k dh ifjHkk"kk 'kCnksa esa fyf[k,A

(ii) D;k 
6

0
 ifjes; la[;k gS\

(iii) D;k 
81

1
 ifjes; la[;k gS\ ifjHkk"kk ds vk/kkj ij dkj.k crkb,A

(iv) ;fn 
9

– 5

b

a


 ,d ifjes; O;atd gS] tgk¡ a, b  N ¼izkÑr la[;k½ gS] rks a dk

dkSu lk eku ;gk¡ ekU; ugha gS\ vkSj D;ksa\

(v) ;fn 
2

2

7

25

p

q


  ifjes; O;atd gSA ;gk¡ q dk eku 5 vkSj &5 D;ksa ugha gks

ldrk\ ¼ifjHkk"kk dk mi;ksx djsaA½
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vHkh rd geus xf.krh; dFkuksa dks lkekU;r% lh/ks&lh/ks fuxeu rdZ ls fl)
fd;k gSA blds dqN vkSj mnkgj.k ns[krs gSa &

^^;fn ABC  ,d leckgq f=Hkqt gS rks og lef}ckgq f=Hkqt Hkh gSA**

;fn dksbZ f=Hkqt leckgq gS rks mldh rhuksa Hkqtk,¡ cjkcj gSaA ;kuh mldh lHkh
Hkqtk,¡ cjkcj gSa rks mldh dksbZ Hkh nks Hkqtk,¡ cjkcj gksaxh ghA vr% og lef}ckgq Hkh gksxkA

vkb, vc bUgha rF;ksa dks ge izrhdksa dh lgk;rk ls fy[kdj iznf'kZr djuk lh[krs gSaA

       :A ABC  leckgq f=Hkqt gSA

       :B ABC  lef}ckgq f=Hkqt gSA

vc ;fn dFku A lgh gS rks dFku B Hkh lgh gSA vr% bls fuEufyf[kr rjhds ls n'kkZ,¡xsA

A B  ge bls ,sls i<+rs gSa Þ;fn A   rks  BÞ ;k  *A varHkkZo B *

;gk¡ varHkkZo ¼bafxr djrk gS½ dk fpà gSA

djds ns[ksa

1- bl izdkj ds dqN vkSj dFku lkspdj fy[ksa ftUgs lh/ks&lh/ks fuxeu rdZ ij
fl) fd;k tk ldrk gSA

2- D;k A B  ;g fn[kkrk gS fd B A  \ dkj.k crk,¡A

varHkkZo dk mi;ksx

vkb, dqN mnkgj.k ns[krs gSa

dFku 1 %& ;fn 2 4x  gS rks 2, 2x    gksxkA

2: 4A x 

      : 2B x  

gesa irk gS fd ;fn 2 4x   gks rks x  dk eku 2 vkSj &2 gksxkA vr% A B gSA

dFku 2 %& ;fn m ] 9 dk xq.kt gS rks m ] 3 dk Hkh xq.kt gSA

       : ,9A m  dk xq.kt gSA

       : ,3B m  dk xq.kt gSA

ge tkurs gSa fd ;fn dksbZ la[;k 9 dk xq.kt gks rks og 3 dh Hkh xq.kt gksxhA vr% A B

djds ns[kas

        bu dFkuksa esa lgh rkfdZd laca/k irk djsa vkSj fpà ¼ ½ dk mi;ksx djds n'kkZ,¡A

         1-   P: prqHkqZt ABCD ,d vk;r gSA

            Q: prqHkqZt ABCD ,d oxZ gS A

         2- A: fcanq P1 js[kk l  vkSj m ij fLFkr gSA

            B: js[kk l  vkSj mvlekarj js[kk,¡ gaSA
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dqN vkSj dFkuksa dks fl) djuk

vc ge dqN ,sls dFkuksa dks ij[ksaxs vFkok miifÙk djsaxs ftuesa lh/ks fuxeu }kjk ge
dFku dh miifŸk rd ugha igqap ldrsA

dFku 3 %& fo"ke la[;k dk oxZ fo"ke la[;k gksrh gSA

miifÙk %& ekuk n ,d fo"ke la[;k gS rc

n = 2k + 1 

 nksuksa i{kksa dk oxZ djus ij

 n2 = (2k + 1)2

 (2k + 1)2 = 4k2 + 4k + 1

    =2(2k2+2k)+1 ¼ pw¡fd 2k2 + 2k Hkh iw.kkZad gS] blfy, bls dksbZ iw.kkZad

          =2b + 1        b ds cjkcj eku ldrs gSa ;kuh b = 2k2 + 2k ½

   ;kuh n2 =  2b + 1

pwafd 2b ,d le la[;k gS vr% 2b + 1 ,d fo"ke la[;k gS A

Li"Vr% fo"ke la[;k dk oxZ ,d fo"ke la[;k gksrh gSA

dFku 4 %& fl) dhft, fd 2  ,d vifjes; la[;k gSA

bl dFku dks fl) djus ds fy, lcls igys ge ;g ekusaxs fd 2  ,d vifjes;

la[;k ugha gS ;kfu 2  ,d ifjes; la[;k gSA vc ;fn 2  ifjes; la[;k ugha gS rks ifjes;

la[;k ds xq.k/kekasZ dk mi;ksx djrs gq, ge ,sls fu"d"kZ rd igq¡psaxs tks 2 ds ifjes; la[;k

gksus ds foijhr gksA bl rjg 2  ,d vifjes; la[;k fl) gks tk,xhA

         vkb, bl dFku dh miifÙk ns[krs gSa&

miifÙk %& fn, x, dFku ds foijhr dks lR; ekurs gSa fd 2  ,d ifjes; la[;k gSA rc

ifjes; la[;k dh ifjHkk"kk l]s

     2 ¾
a

b
  tgk¡ ,a b I ] 0b   ------------¼1½

lkFk gh a  vkSj b  lgvHkkT; gSA
¼1½ ds nksuksa i{kksa dk oxZ djus ij

 
2

2

2
a

b

    

2 22b a       ----------¼2½

22m a   tgk¡ 2m b ] m I

 2
2 2m n  tgk¡ 2 ,a n n I  ¼;fn a 2 ,d le la[;k gS rks a Hkh tks fd iw.kkZad gS]

,d le la[;k gksxh½
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vc lehdj.k ¼2½ esa a  dk eku j[kus ij

2 2 2 22 (2 ) 2b n b n   ¼;fn ekusa fd 2n p  dksbZ iw.kkZad gS½

2 2b p   tgk¡ p I

¼vr% 2b  ,d le la[;k gS vkSj blfy, b tks fd iw.kkZad gS] Hkh ,d le la[;k gksxhA½

2b q   tgk¡ q I

;kuh vc a  vkSj b dk mHk;fu"B xq.ku[k.M 2 gS vFkkZr a  vkSj b  lgvHkkT; ugha
gSA ;g ekus x, dFku ls foifjr gS] ftlesa a ] b  lgvHkkT; FksA vr% bldks xyr

fl) djrk gS fd 2  ,d ifjes; la[;k gSA

vr% ge bl fu"d"kZ ij igq¡ps fd 2  ,d vifjes; la[;k gSA

bl izdkj lR;kiu ds rjhds dks fojks/kksfDr }kjk miifÙk (proof by contradiction)

dgrs gSaA tSlk fd geus Åij fd;kA bl rjhds esa ge ;g eku ysrs gSa fd fn;k x;k dFku
lR; ugha gS vkSj ml dFku dk mYVk ¼fu"ks/ku½ lgh gSA fQj rkfdZd <ax ls vkxs c<+dj ekus
x, dFku dks xyr lkfcr djrs gSaA ifj.kke Lo:i okLrfod dFku lR; fl) gks tkrk gSA
bl izdkj dbZ ckj dFkuksa dks fl) djus ds fy, bl fof/k dk mi;ksx djrs gSaA tSlk fd
vkius ns[kk blesa lcls igys dFku dk fu"ks/ku dks lgh ekurs gSaA
fdlh dFku dks udkjuk ml dFku dk fu"ks/ku dgykrk gSA blds fy, ge fo'ks"k fpà dk
bLrseky djrs gSaA dFku P dk fu"ks/k dFku ~P ;kus fVYM P  fy[kk tkrk gSA

vkb, dqN mnkgj.k ns[krs gSa&

1- P : x iw.kkZad gSA

~P : x iw.kkZad ugha gSA

2- :B  js[kk[k.M AB ] js[kk[k.M PT  ij yac gSA

~B: js[kk[k.M AB ] js[kk[k.M PT  ij yac ugha gSA

djds ns[kas

fuEu dFkuksa dk fu"ks/ku dFku fyf[k,&

1- C : Li'kZ js[kk oÙ̀k dks flQZ ,d fcanq ij Li'kZ djrh gSA

2- D : lekUrj ek/; xq.kksÙkj ek/; ls cM+k gksrk gSA

3- R : 2 2b a  ,d _.kkRed la[;k gSA

dFkuksa dh tk¡p % dbZ ckj dFkuksa dh tk¡ap djus esa lh/ks&lh/ks rdZ <w¡<+uk vklku ugha
gksrkA mUgsa fl) djuk vklku ugha gksrk vkSj dbZ ckj rks og lgh Hkh ugha gksrs vkSj mUgsa
xyr fl) djuk gksrk gSA xf.krh; dFku dks xyr fl) djus ds fy, dSls c<+sa\

dFku 5 %& lHkh vHkkT; la[;k,¡ fo"ke gksrh gSA
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      ge ikrs gSa fd bl dFku esa rkfdZd laca/k <¡w<uk dfBu gS] D;ksafd vHkkT; la[;k,¡ irk
djus dk dksbZ fuf'pr iSVuZ ugha gS ;g Li"V gS fd vuar vHkkT; la[;kvksa ds fo"ke gksus dh
tk¡p djuk laHko ugha gSA fdUrq ;fn ge ,d Hkh ,slh vHkkT; la[;k <w¡< ysa tks fo"ke ugha
gS] rks ;g dFku vlR; fl) gks tk,xkA ,slk ,d izR;qnkgj.k gSA *2* ;g ,d ,slh vHkkT;
la[;k gS tks fo"ke ugha gSA vr% fn;k x;k dFku vlR; gS A

vc bl dFku ds fy, izR;qnkgj.k <w¡<+saA

dFku 6 %& x R   ;fn 2x  ifjes; la[;k gS rks x  Hkh ifjes; la[;k gSA

bl dFku esa Hkh vxj 2 2x   gS] tks ,d ifjes; la[;k gS rks 2x   feysxk tks

ifjes; la[;k ugha gSA vr% bl ,d mnkgj.k ls fn, x, dFku dks vlR; fl) dj
fn;kA blds fy, vkSj Hkh dbZ mnkgj.k fey ldrs gSA

     ;g /;ku jgs fd flQZ ,d izR;qnkgj.k ls dksbZ O;kid dFku vlR; fl) gks tkrk gS
D;ksafd xf.kr esa fdlh dFku ds O;kid :i ls lR; gksus ds fy, mldk gj fLFkfr esa oS/k gksuk
t#jh gSA blfy, ;fn dFku ,d Hkh fLFkfr esa xyr lkfcr gks tkrk gS rks og vlR; gSA
bls izR;qnkgj.k }kjk (Disproof by counter example) dFku dks vlR; fl) djuk dgrs gSaA

djds ns[ksa

bu dFkuksa dk ,d izR;qnkgj.k <wa<+sa vkSj vlR; fl) djsaA

a. lHkh /kukRed ifjes; la[;kvksa dk xq.kk nksuksa ifjes; la[;kvksa ls cM+k gksrk gSA

b. lHkh le:i vkd`fr;k¡] lokZaxle Hkh gksrh gSaA”

mnkgj.k%&2- fl) dhft, fd 2k + 7 ,d fo"ke iw.kkZad gS tgk¡ k ,d iw.kkZad gSA

 gy%&  ;fn  n fo"ke iw.kkZad gS] rks n = 2k + 1 fy[k ldrs gSa tgk¡ k dksbZ iw.kkZad gSA

gesa fl) djuk gS fd n = 2k + 7 fo"ke iw.kkZad gS  k  I

n = 2k + 7

 = 2k + 6 + 1

= 2(k + 3) + 1 ----------(1)

ekuk k + 3 = m  m  I ----------(2)

 ¼1½ o ¼2½ ls   n = 2m + 1

n =2m + 1 ,d fo"ke iw.kkZad gSa  m  I ¼fo"ke la[;k dh ifjHkk"kk ds vuqlkj½

Li"Vr% 2k + 7 ,d fo"ke iw.kkZad gSA



xf.krh; dFkuks a dh tk¡p 343

iz’ukoyh 2

1- bu dFkuksa dks xf.krh; :i esa fyf[k, A
(i) iw.kkZad] xq.ku lafØ;k ds lkis{k lao`r gSA
(ii) ifjes; la[;kvksa esa ?kVkus esa Øe fofues; ykxw ugha gksrk gSA

2- fuEu xf.krh; dFkuksa dks i<+dj muij vk/kkfjr mRrj nsaA
v- dFku % n3  n  n  Q

(i) bl dFku dks 'kCnksa esa fy[ksaA
(ii) D;k ;g dFku lgh gS\
(iii) ;g dFku fdu la[;kvksa ds fy, lgh gS\

(iv) D;k bl dFku esa 
2

7
n   j[kk tk ldrk gS\

(v) D;k dFku  3p p  p I   lgh gS\ dkj.k crk,¡A

c- x2 = 1   x = 1

(i) bl dFku dks ^;fn&rks* ds :i esa fy[ksaA
(ii) D;k ;g dFku lgh gS\
(iii) ;fn x  N D;k ;g dFku lgh gS\

3- crkb, fd fuEu dFku lR; gS ;k vlR;A mÙkj dk dkj.k fy[ksaA
(i) lHkh cgqHkqt iapHkqt gksrs gSaA
(ii) lHkh "kV~Hkqt cgqHkqt gksrs gSaA
(iii) lHkh le la[;k,¡ 2 ls HkkT; ugha gksrh gSaA
(iv) dqN okLrfod la[;k,¡ vifjes; gksrh gaSA
(v) lHkh okLrfod la[;k,¡ ifjes; gksrh gaSA

4- fn;k gqvk gS fd ABCD lekarj prqHkqZt gS vkSj B = 80° rc lekarj prqHkqZt ds
vU; dks.kksa ds ckjs esa vki D;k fu"d"kZ fudky ldrs gSa\

5- fl) djsa fd 4m+9 ,d fo"ke iw.kkZad gS tgk¡ m ,d iw.kkZad gSA
6- mi;qDr fpà dk mi;ksx djrs gq, fuEu dFkuksa dk fu"ksèku dFku fyf[k,&

(i) M: 7  vifjes; la[;k gSA

(ii) A
(iii) DdqN ifjes; la[;k,¡ iw.kkZad gksrh gaSA
(iv) Pf=Hkqt PQR leckgq gSA

7- fuEu dFkuksa esa rkfdZd lacaèk irk djsa vkSj varHkkZo ¼½ fpà dk mi;ksx djds n'kkZ,¡&
(i) A :  ABC ds lHkh var%dks.k cjkcj gSaA

B :    ABC ,d leckgq f=Hkqt gSA
(ii) T : P(a) = 0

S : (x-a) cgqin P (x) dk ,d xq.ku[kaM gSA
(iii) P : x vkSj y nks fo"ke la[;k,¡ gSaA

Q : x + y  ,d le la[;k gSA
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izfr/kukRed (Contrapositive)

dqN dFkuksa dks fn, x, :i esa fl) djuk eqf'dy gksrk gS] tSls ;g dFku ns[ksa %&

A
1
 %  ;fn nks f=Hkqt le:i ugha gS rks os f=Hkqt lokZaxle Hkh ugha gSA

bl dFku dks ,sls Hkh fy[kk tk ldrk gS %&

A
2
 % ;fn nks f=Hkqt le:i gSa rks os lokZaxle Hkh gSaA

A
3
 % ;fn nks f=Hkqt lokZaxle ugha gSa rks os le:i Hkh ugha gSaA

A
4
 % ;fn nks f=Hkqt lokZaxle gSa rks os f=Hkqt le:i Hkh gSaA

vc crk,¡ fd Åij fy[ks pkjksa dFkuksa esa ls dkSu&ls dFku rqY; gS\ tkfgj gS dFku
A

1
 vkSj A

4 
 rqY; dFku gS] D;ksafd ;g nksuksa rkfdZd :i ls ,d gh ckr dgrs gSa vkSj ogh

mldk izfrèkukRed :i gSA

gkykfd dFku A
1
 vkSj A

4 
 rkfdZd :i ls ,d gh ckr dks dgrs gSa ij dFku A

1
 dh

vis{kk A
4 
 esa rdZ <¡w<uk vkSj mls mi;ksx djuk T;knk vklku gSA dFku A

4
 dFku A

1
 dk

izfrèkukRed :i gSA blfy, dqN dFkuksa dks fl) djus ds fy, mUgsa izfr/kukRed :i esa
fy[kdj fl) djrs gSaA

mnkgj.k%&3- fuEu dFku dk izfr/kukRed :i esa fy[kas &

;fn ,d la[;k 25 ls HkkT; gS rks og 5 ls Hkh HkkT; gksxhA

gy%& ;fn ,d la[;k 5 ls HkkT; ugha gS rks og 25 ls Hkh HkkT; ugha gSA

mnkgj.k%&4- ;fn x2 – 6x + 5 le gS] rks x fo"ke gSA tgk¡ x  I

gy%& bl dFku dks izfr/kukRed :i esa fy[kdj ns[krs gSaA

;fn x fo"ke ugha gS] rks x2 – 6x + 5 le ugha gSA x  I

vc x fo"ke ugha gS x le gS

x = 2k, k  I ¼le iw.kkZad dh ifjHkk"kk ls½

x2 – 6x + 5 (2k)2  – 6(2k) + 5

4k2 – 12k + 4 + 1 2 (2k2 – 6k + 2) + 1

2b + 1 tgk¡ b = 2k2 – 6k + 2 vkSj b ,d iw.kkZad gS (b  I)

fo"ke iw.kkZad dh ifjHkk"kk ls ge ;g tkurs gSa fd 2b + 1 ,d fo"ke iw.kkZad
gSA

vFkkZr~ ;fn x fo"ke ugha gS] rks x2 – 6x + 5 le ugha gSA
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iz’ukoyh 3

fl) djsa fdfl) djsa fd n cgqHkqt tgk¡ 3n  ] vkSj ftldh lHkh Hkqtk,¡ cjkcj gSa] ds

var% dks.kksa dk ;ksx n
360

180
n


   

 gksrk gSA

2- fdlh lekarj Js.kh dk n oka in 6n+1 gSA fl) djsa fd ml Js.kh ds p inksa dk ;ksx
3p2 + 4p gSA

3- fl) djsa fd fdUgha Hkh rhu Øekxr le la[;kvksa dk ;ksx ges'kk 6 dk xq.kt gksrk
gSA

4- fl) djsa fd (2n + 3)2 – (2n – 3)2 dk ,d xq.ku[k.M 8 gS ;gk¡ n ,d izkd`r la[;k
gSA

5- fl) djsa fd nks Øekxr iw.kkZad la[;kvksa ds oxkZsa ds ;ksx dks 4 ls foHkkftr djus ij
'ks"kQy lnSo 1 izkIr gksrk gS A

geus lh[kk

1- dFkuksa dks fl) djus ds fy, &
(i) igys ls fl) izes;] ifjHkk"kk ;k vfHkx`ghr dk mi;ksx fd;k tkrk gSA
(ii) miifÙk dk izR;sd dFku] Bhd igys okys dFku ls rkfdZd :i ls tqM+k gksrk

gSA
(iii) dFkuksa dks fy[krs le; fo'ks"k izdkj ds izrhdksa fpàksa dk iz;ksx fd;k tkrk

gS rkfd cM+s okD;ksa dks laf{kIr esa fy[kk tk ldsA
2- xf.krh; Hkk"kk dk iz;ksx djds dFkuksa dks lVhd] la{ksi o Li"V Hkk"kk esa fy[kk tk

ldrk gSA
tSls& , ,    vkfnA

3- xf.krh; dFkuksa dks fl) djus ds <ax
(i) fuxeu rdZ
(ii) izR;qnkgj.k }kjk

mÙkjekyk&1

1- (i)  xyr (ii)  lgh (iii)  lgh (iv)  xyr (v)  xyr
(vi)  xyr (vii)  lgh (viii)  xyr (ix)  lgh

2- (i)   RST XYZ    ¼dFku&4 ls½

(ii)   AB AC ¼dFku&1 ls½
(iii)  l m ¼dFku&5 ls½
(iv)  DEF   fo"keckgq f=Hkqt gSSA¼dFku&2 ls½
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(v)   141 2 70 1    ¼dFku&3 ls½

3- (i)    1 1 2 2n 2k , n 2k 

(ii)   1 2 1 2n n 4 k k  

(iii)   1 2 1 2n n 2 k k  

(iv)   1 2 1 2n n 2 k k 2k,    le la[;k dh ifjHkk"kk lsA

(v)  le la[;kA

4- (i), (iii), (iv) lHkh esa 0a   gSA

5- (ii)  ugha (iii)  gk¡ (iv)  5a    ekU; ugha gSA

mÙkjekyk&2

1- (i)   a.b c a,b,c I   (ii)   p q q p p,q Q    

2- v- (i)  fdlh ifjes; la[;k dk ?ku ml la[;k ls cM+k gksrk gSA

   (ii) ugha (iii)  n N  ds fy, lgh gSA (iv)  ugha

   (v) ugha] _.kkRed la[;k dk ?ku ml la[;k ls NksVk gksrk gSA

c- (i) ;fn fdlh la[;k dk oxZ 1 gS rks ml la[;k dk eku 1 gksxkA

   (ii) gk¡ (iii) ugha

3- (i)  vlR; (ii)  lR; (iii)  vlR; (iv)  lR; (v)  vlR;

4- A 100 , C 100 , D 80        

6- (i)  M : 7  vifjes; la[;k ugha gSA

(ii)  A : 6 3 9 

(iii) D : dqN ifjes; la[;k,¡ iw.kkZad ugha gksrh gSaA

(iv)  P : f=Hkqt PQR leckgq ugha gSA

7- (i)   A B, B A  (ii)  S T,T S  (iii)  P Q
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