CHAPTER

Calculus

7.1 Limit

Definition: A number A is said to be limit of fat x = a iff for any arbitrarily choosen positive integer €,
however small but not zero there exist a corresponding number d greater than zero such that: | f(x)-A|< e for

all values of x for which 0 < |x—a| <@ where |x—al means the absolute value of (x—a) without any regard to
sign.

Right and Left Hand Limits
If x approaches a from the right, that is, from larger value of x than a, the limit of fas defined before is

Lt f(x)orf(a+0)

called the right hand limit of f(x) and is written as:
x=a+

Working rule for finding right hand limit is, put a + hfor x in f(x) and make h approach zero.
In short, we have, f(a + 0) = Limit f(a + h)
h—0

Similarly if x approaches a from left, that is from smaller values of x than a, the limit of fis called the left

hand limitand is writtenas: Lt f(x)or f(a—0)
x—a-0

In this case, we have fla—0) = Limit f(a- h)
h-0

If both right hand and left hand limit of £, as x — a exist and are equal in value, their common value,
evidently, will be the limit of fas x — a. If however, either or both of these limits do not exist, the limit of fasx—a
does not exist. Even if both these limits exist but are not equal in value then also the limit of fas x — a does not

exist,

Indetermlnate Form
A fraction whose numerator and denominator both tend to zero as x — ais called indeterminate form 0/0.

It has not definite values. Other indeterminate forms are: ecfes, co — o0, 0 x e, 1, 09, 0o?,



' HOSP“‘I e
L (i d ¢(x) be two functions of x which can be eXpanded by T;
y Taylor's theorem in

th
_gand it fla) = d(a) = 0 then . l:E o5 _(L)) T o @ neighbourhood of
i X) x-a ¢( ) \ded, the latter limit oxists, finite or infinite.

Working Rule

it
the limitof == asx - atake :
If o) s the form 0/0, differentiate the numerator and denominat
minator separately

. ect tox and obtain a new functi )
yith resP netion ) Nowasx afitaga i
o'(x) gain takes the form 0/0, differentiate the

or and denominator again wi
qumerat gain with respectto x and repeat the above process, till indeterminate form persists

Caution
Before applying Hospital's rule at any stage b
es i
senifhe form is N0t 0 0. g ure that the form is 0/0. Do not go on applying this rule

various Formulae

nn-1 2 nn-"Nn-2
TR L2y

A-xl=1+x+2+2+..

(1+x)"=1-nx+

2 3
g = 1+xloga +%(xloga)2 +%(:cloga)3 i,

2 3
e’_1+x+x +f—+ .....
21 3!
sinx x—£3—+f-5——
= T T
coS x = TR
S 2

4
_ﬁ+ﬁ-i+.....|x|<|
log(1+x)=*""2 3

A
x2 xS +—-—+ ..... x|<|
log (1- Ly)y=—xt3TE 4

P 3x+

sintx = x+'-6—.+ 40

tan'x=*"3 5



3 5

sin h PPE. .
X= 3] 5! .....
2 .4
X X
hAx=1+—+—+.....
R W= g

" REMEMBER: log 1=0; log e= 1;log e =} log 0.= = _

Some useful results:

i Lt
sinx ii cosx =1
(i) xlllaoT =1 (#) 0 1
(i) Hort =1 (W) <So(l+)* =€
g 5 Y 1
0 olt+nx)x =€ () I_)_,[H;J‘ -°

(vii) ,E‘,,{HET = e
X
Form-Ii

wfe: If f(x) and é(x) be two functions such that, Limit f(x) = == and I;igni; d(x) = =0, then

x=—a

Limit ). _ Limit %) rovided the timit exists.

x—>a §(x) x—a ¢'(x)

Form-llI
0 x =e: This form can be easily reduced to the form 0/0 or to the form eofeo.
Let Limit f(x) = 0and Limit ¢(x) = e.
x—a x—a
Then we can write
- .. f(x) . 6(x)
Limit f(x) - &(x) = Limit form 0/0] or Limit form cofeo
x—a &) - 4(x) x—a 1/¢(x) [ ] x—a 1/f(x) [ ]
Thus Limit f(x) - ¢(x) is reduced to the form 0/0 or =/~ which can now be evaluated by L’ Hospital rule or
x—4a
otherwise.
Form-IV

09, 1=, «0: Suppose Limit [f(x)]%*) takes any one of these three forms.
x—a

Then let y = Limit [f(x)]¢®)
x—a

Taking log on both sides, we get
log y = Limit ¢(x) - log f(x).
x—=a

; Now in any of these above cases log ytakes the form 0 x = which is.changed to the form 0/0 or eo/ee then
It can be evaluated by previous methods.



m value of ‘a'?
i Ly S22 a8

n=0 x3 = finite.
Solution:
Lim sin2x+asinx 0
x—=0 x3 - a (Indeterminate form)
Apply L-Hospital's rule
= i =8 2x+aCosx _ 2+a
x—0 st = 0 = finite (giVen)

2+a=0 = g=-2

M Consider the following function given below:

Sl for [x] # 0

f(x)=4 [x]
0 for[0]=0
The reason for f(x) be discontinuous at x = Ois
(a) f(0)is not defined.
(b) f(0) is defined but Lim f(x) does not exist.

(c) I;l_r)% f(x) exists, f(0) Is defined but L.I_l;% f(0) # (0)

(d) f(x) is continuous atx =0

Solution:
sin (= 1)
__ f "'1 < T
= =) or x<0[x]=1
0 f0f051<1[x]=0
f0) =0 -

Left limit is sin1. Right limit i 0.

Limit does not exists.
ollowing function:

T
coS| =X
2}

p) Lim
() x—0 1_.\/;

. 1-co0s 3x
(a) Lim :
x—=0 X sinx
Solution: .
Lim [14953’1 _9  (ndeterminate form)
(a) =0 xsinx :
weusel Hospital's rule.

ome the indeterminate form

o overc \ 0 ;
. ”/39@-&"] = (This stillin indeterminate form)
EET




Apply L Hospital's rule again
: 9 cosadx 9(1) = 9
x=0 4

m =
200s2x +2c0s2x—4xsin2x | ~ 20+ 21)-4(0)
cos—z- 0 (Indeterminate form)
b Li == ndeterminate
(0) xm 1-—\/; [0]
T . mx W _. T
—-=sin— —sin—-
Slm-2_2-2 2.4
x—=1 _1 ' X
2

7.2 Continuity
Definition: A function f(x) is defined for x = ais said to be continuous at x = aif:
() f(a)i.e., the value of f(x) at x = ais a definite number
(ii) the limit of the function f(x) as x — a exists and is equal to the value of f(x) atx = a

Otherwise the function is discontinuous atx = a.
A function is said to be continuousin an interval (a, b) if it is continuous at every point of interval (a, b).

Arithmetical Definition of Continuity: A function f(x) is said to be continuous at x = a, if for any arbitrarily
choosen positive number e, however small (but not zero) 3 a corresponding number & such that, | f(x) - fla)l <e
for all values of x for which |x - al < 8.

" "NOTE:On companng the definitions of hmlt and contmuuty we flhd thata functlon f(x) is cont:nuous atx a 1
if Limit f(x) fa) e : ]

Lo e e S S e e e SR RS T P el SR I R e

Thus f(x) is continuous at x = aif we have f(a + 0) = f(a— 0) = f(a), otherwise it is discontinuous at x = a.
Continuity from Left and Continuity from Right
Let fbe a function defined on an open interval I and let a be any point in I. We say that fis continuous

from the left at a if I;ILHE f(x) exists and is equal to f(a). Similarly fis said to be continuous from the right at a if
Limit i
S f(x) exists and is equal to f(a).

Continuity in an Open Interval
A function fis said to be continuous in open interval [a, b] if it is continuous at each point of interval.

Continuity in a Closed Interval

Lgt fbe a function deﬁnetd onthe closed interval [a, b]. We say that fis continuous at a if it is continuous
from the right a and also that fis continuous at bif it is continuous from the left at b, Further fis said to be

c,j?nﬁnuc.aus onthe closed interval [a, b] if (i) itis continuous from the right and (ii) continuous from the lift at band
(iii) continuous on the open interval [a, b].



Diﬁerentiablhty
pervative &t @ point: Let-T denote the apen terval [g, p)
:a SHerentieble atx,, iif: |

=

iNnRang letx, e I. Thena function f: 1= Ris
3 H

or Limit () - fxp)

Lﬂﬁ h ey % S .\‘,:} EXISl (ﬁ

=0 nitely) and is dengteq by f{x,).

gressive and Regressive Derivatives

"7 he progressive derivative of fat ¢
o T + H) - flxg)

e h

= Xy IS given by

+h>0andis denoted by Rr

(xg) or by Plxy +0)
The regressive derivative of fat ¢

. flzg =) = (xy)
P

=X, is given by

+h>0and is denoted by LF(xg) or by £(x, - 0)
Dﬁferenﬁability in[a, b]

Afunction i: [a, b] - Ris said to be differentiable at a iff
fis s2id 1o bs differentiable at every point [, b].

Rf'(a) exists, differentiable at biff LF(b) exists,
Result:

Continuity is a necessary but not a sufficient condition for the existence of a finite derivative,
Le. differentiability = continuity

But continuity s _differentiability

What can be said about the continuity and differentiability of f(x), where
f)=—: at x=09
B 1+]| x|’

Solution:

1 for x=0

S 1T 4 . o
f(O) = 1; ]eﬂ limit = —1——+—6 continuous
similarly right limit =

-1 .3
=) oy sh
Lefthand derivative = LI, | === 1= o e =1




1

-h
N 1+h_
Right hand derivative le H r[f]—;o A+ "

Left hand derivative = Right hand derivative
It is continuous but not differentiable at x = 0

Let f(x) = x| x| where xe R, then f(x) atx=01is

(a) continuous and differentiable (b) continuous but not diﬂerentiat?le
(c) differentiable but not continuous (d) neither differentiable not continuous
Solution:
X for x>0
fx) = {=x* for x<0
0 for x=0

f(0) = 0, Left limit = 0, Right limit =

LH.D. = Lim [’( h) ]:O
h=0 -h

2
Lim [(“”)—‘O] — Lim h=0
h—=0 h h—=0

Itis both continuous and differentiable.

R.H.D.

7.4 Mean Value Theorems

Rolle’s Theorem
If a function f(x) is such that:
(i) f(x)is continuous in the closed interval a<x < b.

(if) f'(x)exists for every point in the open interval a < x < b.
(i) f(a) = f(b), then there exists at least one value of x, say cwhere a < ¢ < bsuch that f’(¢) = 0

NOTE Role’s thearem will not hold good.

If f(x) is discontinuous at some point in the interval a < x < b

I f(x) does not exist at some point in the interval a < x < b or
lf f(a) # f(b)

The Mean value C for the below function:

f(x) = & [sin x - cos x] in [Z 54“] is_____.
Solution:

f(x) = e*[sin x - cos x] + e*[cos x + sin x] = 2€*sinx




- = q_r
1's theorem there exist Ce (_-‘5 ,“_..]
= 4 4

polies
suchmatf(c)=o' 2¢CsinC=0 = sinC=0
& C=0,+mw, 42x,...
C= ne E'g"‘_
4 4
g /s Mean value Theorem of First Mean Value Theorem g
if a function fx)is

4 continuous in closed interval 2<x< band
(if differentiable inopeninterval (g, b)i.e., a< .
pen eV o @< x < bsuch that, x< b, then there exist at least one valug cofxlyinginthe
f(b)-1(a)
b-a

some jmportant deductions from mean value theorem:
j Ifafunction f(x) be such that f(x) iszero throughout the interval, then f(x) mustbe constert troughot

the interval.
If f(x) and d(x) be two functions such that £(x) = f(x) throughout the interval (2,

differ only by @ constant.
oL f(x) is:

(a) continuous in closed interval [2, b]

(b) differentiable in open interval (2, b)
(c) flx)is—Ve ina<x< b, then f(x) is monoto

= f(c)

(i) b), then f(z) and 6(x)

nically decreasing function inthe closedinterval [2. b]

Vel_'ify Lagrange’s mean mean value theorem for the following functions in

the given interval and find ‘c’ of this theorem.
(a) ) =2 + 2+ 3in [4, €] () fa)=p2+ax+ PO et
Solution:
a) GiVenf(x)=x2+2x+3 . | -
( () fex)being? polynomi on is continuous in [4,6]. T
(i) fx) peing @ PO ia] function is derivablein (4, 6)-
11’;1us poth the conditio grange's mean valué theoremare satisfied, therefore, there exists
teast one real nu
: f(6)-f(4)

BT _x,We get

D'nfferennatmg () Wt Py =2+ 0= Flc)=2C* 2
= 51-27

f@..f-(ﬂ 20+2=""5 =2c+2=12

f(c)= " 6-4

23:1096:5
(6) -
oh that £(5) = 'L%)Ziﬂ

eorem IS verifiedand c=5.




(b) Qivenf(x)=px? + gx 41, pr0 '
(h fboing a polynomial function is continuous in [4, ]

in (a, b).
1) Iboing a polynomial function is derivable o )
Eﬂ?ue;. bolhglhorz:oﬁdiﬂona of Lagrange’s mean value theorem are satisfied, therefore, there

- [O)=1(@)
oxlols atleast one real number ¢ In (a, b) such that f(x) = a
f(b) = pb? + gb + 1, f(a) = pa® + qa+

Diffeentiating (1) w.r.t. x, we gel
Px) = 2px+ q=F(c)=2pc+ g

. [(b)-1(a)

f(c) = =

b2 +gb+r)-(pa® +qa+r)
= 2pc+q= (p e

2, 2 ki
= 2pc+qg= pb +ab);q(b a) = 2pc=p(a+ b)

a+b a+b

= c=-—2—and 2 € (a, b)

f(b)-1f(a
Thus, there exist ¢ = 3;—b in (a, b) such that f(c) = fb)-fla) ;_a( )

, . - a+b
Hence Lagrange's mean value theorem is verified and ¢ = 5

Find a point on the graph of y = x® where the tangent is parallel to the chord
Joining (1, 1) and (3, 27).
Solution:
f(x) = Binthe interval [1, 3]
(@) f(x) being a polynomial is continuous in [1,3].
(b) f(x) being a polynomial is derivable in (1,3).

Thus, both the conditions of Lagrange's mean value theorem are satisfied by the function f(x)in [1, 3],
therefore, there exists atleast one real number ¢in (1, 3) such that

_ f3)-1()
flo) = 3-1
f8) =3 =27and f(1)= 13 =1

Differentiating (1) w.rt. x, we get
f'(x) = 3x% = f(c) = 3¢2

f(3)-f(1 -
Now f’(C): (;-1()=’302=27_11=>302_13
= 2. 13_39 J3



But, ce(1.3)=c= _@
3
nen, NEE
| x= T.fmm(“y _J_;Elg
Hence, there exists a point [r,lslj:_ onth
9 N the giv
given curve y = 13 where the tangent is parallel to

the chord joining the points (1, 1) and (3, 27)

75 Theorems of Integral Calcylys

1. Theintegral of the productofa
con: -
tgral of function, stant and a function is equal to be product of the constant and the

Thus if A is constant, then I AM(x)dx =2, .[ fx)dx.

The integral of 2 sum of or diff m or difference 0
erence o num
i e f a finite number of functions is equal to sum or differ f

I [f1(X) + Z(X) + fa(x) +..% fn(x)]dx = If‘(x)dxi jfz(x)dx + J'fa(x)dxi et J'fn(x)dr

fundamental Formulae

1}14—1 ’
) [dr= "0 () [—dr=logx
(i) [sinxdx=cosx () [cosxdx=sinx
Iseczx dx=1anx (i) _[coseczx dx=-cotx

iii) | 1 r=sin'x

(vii) Icosec x cotx = —Cosecx wﬁj -

1 4 () J . dx=sec'x
@) [—Fd==tnF 2y —1
1+
. (xii) Jsin hx dx = cos hx

(X{) IGOS hx = sin hx

(xiv) J'sec hx tan hx dx = -sec hx

e ration ; o
26 M ethods of |I'I|:th gds Sfintegration b which we can reduce the given integral to one of fundamental
. . ethoC= "~

m of integration.
ThereareV oat:: four princiP methods o1IMed
e



7.6.1 Integration by Substitution

A change in the variable of integration often reduces an integral to one of fundamental integrals.

dl
Letr= I f(x)dx, then by differentiation w.r.to x we have g f(x). Now put,

x = (D), sothat = "@(P)

dr _dI dx . ; :
s o = £1o(8) - ¢'()} forx = ¢(t)
This ghfes I= J‘ﬂ¢(t)¢,“)} dt
Rule to Remember

Toevaluate J' flox) - ¢'(x)} dx

Put ¢(x) = tand ¢'(x)dx = dt
where ¢'(x) is the differential coefficient of ¢(x) with respect to x.

Three forms of Integrals
i | ff'((;)) dx = log f(x)
Put f{x) = t differentiating we get f(x) - dx = dt
= J’ ;'((3 ﬂ = log t = log f(x)

Thus the integral of a fraction whose numerator is the exact derivative of its denominator is equal to the
logarithmic of its denominator.

453
7 dx=log(1 +x*) sl 1)

Example: J' s

Because, ifwe put (1 +x%) =t
= 4x3 dx = dt

Equation (7.1) reduces to = | % = log t=> log(1 + x%).

Some important formulae based on the above form

n Jtanxdx=J smx J(—smx)
cos x CcOoS x
= -log cos x = log(cos x)-!

= log sec x

(if) Jcot xdx = log sin x

(iif) [ cosec xdr = log tan %



[
(n+1

(f(x)" (x)dx = when n#1: If

.[ @ Integrand cong ists of the product of a constant

Jfalt nction f(x) and the derivative f'(x) of (x), to obtain ho i stant power
givide BY increased index. This is known as power formula, egral we increase the index by unity and then

formulae:

() [flax+bidx= / (ax; b)

(i) I_J;dx— sin h"( ) = |Og[x+ [2 +az]
(i) JJ’%? = sin™! [%}

d
W [

=|°Q[x+ xz
"'a = 1
¥ —a cos fr

N

)

V) jmdx=-— x2 & +§smh‘(§] or— +—Iog{x+m
(vi)j'\[a_zé:?dx- J—x_+§;sm ()

762 Integral of the Product of Two Functions
Integration by parts: Letu and v be two functions of x. Then we have from differential calculus.

d av du _
-—-(uv) =ux + VX 72

Integrating both sides of (7 2) with respect to x, we have

uv = JU g—-dx+JV i-d::

du -
dv =
= f”?i; dx = UV= jv dx 0% «(7.3)

Iudv- uv-— J'V du

= vdx]d.
This can also bé written as j uvdx = u_[ vdx J'[duj ]dx

i.e.

thod
Formulae based Upo™ Above Me
' (a sin bx - b cos bx)

jeﬁ’sinb’d‘ "IBE

ax
s bx + bsi
dx = (a cos bx + bsin bx)

Ieﬂxcosbx & + b



763 Integration by Partial Fractions
1

e [z > 8]
P

1. /= |

1 1 _J_(_l__ 1 J
o (r-ax+s) Pa\x-A 14

1 J
J‘__),z-&z-dz: ?Bl‘[ ~Z "Iy,;.g]r

1 = 1 I!" ¥
55109~ 8)~logle + &)} = 52 log =72

n

e Iz

2a +4
1
2 fﬁjdz ’zdx(xéa’)
1 1 a+x
Inrhiscaﬂejaz_izdx- Zatoga— 3 X4

7.7 Definite Integrals

If J:f(x)dx = [F(x)]% = F(b) - F(a) is called the definite integral of f(x) between the limit of a and b, b—
upper limit; a — lower limit.
Fundamental Properties of Definite Integrals
b b
1. Wehave fa f(x)dx = fa f(fdti.e., the value of a definite integral does not change with the change of

variable of integration provided the limits of integration remain the same.
Let, [10)dx = F(x)and [f(tdt=F(y

Now, [P19as = (Rt = Fiby- Fa)

[P10at = (RO = Ab)- Fa)

b b . - .
2, J'H fx)dt= -Ia f(x)dt. Interchanging the limits of a definite integral does not change in the absolute

value but change the sign of integrals.

3. Wehave [, f)ds = [ fix)ai + [ Moy

NOTE' 1 Thfs property also holds true even'if the point ¢ls exterior to the intervéi (a, b). 2. In place of one
addltlonal point ¢, we can take several points. Thus several naints. : |



b e
Thus, JB fx)dx = I:‘ fx)adx + J:f(x)dx + L"f(x)dx ¥t J’: f(x)dx
4, We have f: f(x)dx = f: f(a - x)dx

a
Proof: Let/ = [ 'f(x)dx
Putx=a-t= dx = -dtwhere x = Q, t=aandwhenx=a,t=0

= 1= [ a- (- = [1(a- )t = [ fta-x)ox

+a a
5. _[_a fix)dx=0or 2 _[0 f(x)dx according as f(x) is an odd or even function of x.

0dd and Even function:
(i) Anodd function of x if f(-x) = —f(x)
(i5) An even function of x if f(-x) = f(x)

2
6. [ f)dx =2 [ x)dx, if (2a-x) = f(x) and I;af(x) dx = 0 if f(2a—x) = ~ (x)

Corollary: [ *f(x)dix = [2f(x)clx + [22a-x)ax

Evaluate the following definite integrals:

5 4
(a) “x+2|dx (b) J(Ix|+]x—3l)dx
5 1
Solution:
(a) Sincefor-5<x<-2,x+2<0
= |+ 2] = ~(x+2)
andfor-2<x<5,x+220
= [x+2|=x+2,
5 =5 5
[Ix+2|dx = [[x+2]dx+ [|x+2]dx (Property 3)
-5 -5 -2

-2 5 X2 ]:2 [12 [
~(x+2)dx x+2)dx=|-—-2x| +|=—+2x
e S

-5

(-2+4)—(-§25-+10)+[525-+10J-(2-4)=29

(b) Sincefor1<x<3,x20,x-3s0=>|x|=x[x-3|=-(x-3)
Alsofor3sx<4,x<0,x-320=|x|=x|r -3|=x-3

}(]x[ + Ix - 3”dx = ?(|x|+|x-—3|)dx + zﬂxl +|x-3|)dx (Property 3)

1 1




=

A 3 4
(x = (x~8))dx -!-J'(x tx~3)dx = Jﬂdx -|-I(2x ~3)dx
1 3

—_——

S[x[' [? H—Sx]

w33~ 1) 4 (16-12)~ (9 -0) = 16 4 4 =0 = 10

Evaluate the following doflnito Intograle:

1
2x+1, xs1 x|
x (b) :[1 . dx

x-5 x>1

2
(8) [f(x)dx where f(.t)-—'{
=1

(© [[3x]ax
0

Solution:
(a) First note that the given function is discontinuous atx=1.

1

2
[fx)dx = [ fx)dx+ jf (x)clx
2y -1
2 -2
- :f1(2x+1 dx+_[ (x-5)dx = [x2+x]1_1+|:%--5x]1
9 8
=(uwy4v4y4z;my{§-5)=2-o-a+§=-§

(b) First note that ’i] is discontinuous atx = 0.
X

|
2
|

= _[' 'dx+j| |dx—_[ dx+_[ —dx
| o il

(% —1Sx50=»|x[-—xand05xs1=:>|x]=x)
0

_[ 1dx+_[1dx —Jc]_1 []0

-1
L 0N (1-0) =1 4120

(c) First note that [3x] is discontinuous at x =% and x= %,

n

13 2/3
j[sx] dx+ [ [3x]dx+ j [3x]dx
13 2/3
1/3 2/3 1
[odx+ [1dx+ [2dx= o+[x]fj§ [x]}y3
0 1/3 2/3

1
I[Sx] dx
0

|
—_——
[STH\S)
1
w| —
——
N
Vot
T
wird
]
W] —
+
wlno
I
-t



i

‘E ‘“’Eva!uate the following definite integrals:
z/Z2

sinx
| ..L A
5 Sinx+cosx
solution:
=2 4
sinx P
I= —;——-—-dx (l}
Let é SiNx+COSx
Then, by using property 4b, we
=2 Sin(——-x} =2
Sx "
2 COD dx i (u’j

I= j = dz:I =
g Sin[g-—x]x.cos[_é_x) o cosx+8iNx

On adding (i) and (i), we get

=2 =2
sinx+Cosx 2 T 7 .4
————dx= | 1d. = —'-0 =— I=—
g sinx+cosx = ‘[ #= [;;];I 2 g 4
Evaluate the following definite integrals:
1 4 z/2
(2) J'log(——‘i]dx (b) j sin2x log(tanx)dx
2 \F 0
Solution:
1 1 1 1-x
(a) Let I= Ilog[—-1)dx=Jlog[—]dx ..{i)
0. \* 0 *

Then, by using property 4b, ve get

I= EIOQ(LS.;_IZJO’: = ]’log[f;)dx
= ilog(1;x) K dx= j—1 log(J—)d = —Ilog[FTx}dz =-I

= 2I=0
= I=0
=2
(b) Let I= | sin2xlog(tanx)dx ()
0

Then, by using property 4b, we get

Let, I= ufsin[z(g-—x]}og[tan[g—xndx

n/2 n/2

S ——

= [ sin(r-2x)log(cotx)dx = J' sin2x log( tanx)"‘)dx
0



n/2 n/2 '
= J sin 2x(~1)log(tanx)dx = _[ sin2x log(tanx)dx
0 0

1 [using (1)]
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LA  Evaluate the following definite integrals:

J'Iog (14 cos x) dx
0

Solution:

I= Tlog (1+cosx)dx (i)
0

Then, by using property 4b, we get
T T .
I'= [log (1+cos(n~x))dx = [log(1-cosx)dx ..(ii)
0 0
On adding (i) and (ii), we get

ks T 2
2= _[(Iog(1+c05x)+log(1—-c05x))dx =fiog(1—cos x)dx
0 0

1 b/
= [log(sin? x)dx = 2log sinx dx
0 0

n
= I= _[Iog sinx dx
0
Let f(x) = log sin x = f(n —x) = log (sin (n —x)) = log sin x = f(x), therefore, by using property 6, we get

n/2
I=2 J' log sinx dx = 2.(—glog2] =-nlog 2.
0

7.8 Partial Derivatives

Definition of Partial Derivative

If a derivative of a function of several independent variables be found with respect to any one of them,
keeping the others as constants, it is said to be a partial derivative. The operation of finding the partial derivative
of a function of more than one independent variables is called Partial Differentiation.

The symbols d/0x, 9/dy etc., are used to denote such differentiations and the expressions du/ax, du/dy
etc., are respectively called partial differential coefficients of uwith respect to x and .

If u=f(x, y, Z) the partial differential coefficient of uwith respect toxi.e., du/dx is obtained by differentiating
u with respect to x keeping y and z as constants.



ond Order Partial Differential Coefficients
C
* If u=1lx, y) then ou/dx or f. ang oufdy or

f,are themgel .
v ves fUNChon (

Paf“a"y' Olxand yecan be again dlﬁerentlated

WCalla(a] a[a]a(a 303
e P—
ax\9x J' y|ay | ox dy | ay(ax] as second ordey Partial derivativeg of P
32 u 2 5 5
respectively denoted by £ ¢ a 3 Ry

2 ay2 ' Bxay' oydx

(@) 0 (b) In2
1
(c) 1 L
(d) In2
Solution: (c)
f=yx
Treating x as constant, we get
ﬁ id x~1
ay ¥

Now we treat y as a constant and get,

f _ay .
3xdy = Bx(yx 1x) =yl xyr-tpy
whose value at x = 2 andy=1is = 1@=1

Wlf Z = xy In(xy), then

1+2.In1) =1

d 0z

@) x5 “’W‘O ®) yo=x3
0z 0z 9z _
(C)x -y__ (d) y—ax+x—ay 0

Solutlon: (c)

9z xy
= = yin(xy)+ xyxy

g—i = y[in(zy)+1] ()




07z : 1y,
(LAY V.. 49
=¥ n(xy)+ Xy/x

Y o slinGey)+1) 1)
dx

{_..}.}-_z_u;v_u_;.g...
X = y_-'_ -

Horo,

B e S S el T BT B R et b A Tl el T ST i Bt

Homogenous Functions

An exprassion in which overy term s of the same degree is called homogenous function. T'nus,
" 4 A"y 4 ax"22 4., 4 a,_,xy"=1 + a,y" I a homogenous function of x and y of degree . This can
nleo be writlen ag,

v {ﬂo ) m[},ﬁ]+ az[i‘f - i an_,({.]"d + an[-ff}

or x”!(z). whero (ZJ is some functlon of ¥,
X X x

NOTE  m Totost whether a given function f(x, y) is homogenous or not we put tx forxand ty for
: Cyinit :
; If we get f(tx, ty) = 1" f(x, y) the function f(x, y) is homogenous of degree n otherwise
f(x, y) Is not a homogenous function. :

- w lfulsa homogenous function of x and y of degree n then du/dx and du/fdy are also
homogenoue func_ticn of_;c and yeach being of ‘_d_egree (.7_ ﬁ1 )

Euler's Theorem on Homogenous Functions
If uis a homogenous function of x and y of degree n, then.

xa_u + ya—u =nu
ox y
Euler's theorem can be extended to a homogenous function of any number of variables. Thus if [ W )
be a homoganous function of x,, x,, ... x, of degree n then, x, L8 + xzi t ot X Bl nf
X1 axz h ax,,

7.9 Total Derivatives
If U= 1(x, y), where x = ¢,(t) and y = by(1),
then, du _du dx odu dy

— i e—— o e—afy — 2

dt " dt Ty

au
Here T Is called the total differential coefficlent of u with respect to t while ? and %lj are partial
x }4

darlvatives of u,




————

In the same way if u = f(x, y, z) where * Y. Zare all funclions of some

variable ¢, when
du 3 k
_z_ligj+_3£c_1}i+_a£g£
dx dt TRy w g
This result can be extended to any number of variables,

Corollary-1: If u be a function of x ang ¥, where yis a function of x, then

di

U _du du gy

dx  ox ay dx
Corollary-2: If u=f(x, y) and x = fi(t, t)and y = f, (. t,), then
W x Ay

o & o "oy 3

and Eg—:-a—u--—a.x_+8u ay
b & A Py,

Corollary-3: If x and y are connecteq by an equation of the form

fix, ¥) =0, then
ay = of [ ox
dx of [ 3y

7.10 Maxima and Minima (of function of a single independent variable)

Definitions: A function f(x) is said to be “‘maximum” atx = a, ifthere exist a
fla+ h) < f(a) for all values of h other than zero, in the interval (-, 3).

A function f(x) is said to be minimum atx = g, if there exists a Positive number § such that fla+ h) > f(a)
for all values of h, other than zero, in the interval (-3, o).

Maximum and Minimum values of a function are

also called extreme values or turning values and the
points at which they are attained are called points of maxima and minima.

The points at which a function has extreme values are called Turning Points.

positive number § such that

7.10.1 Properties of Maxima and Minima

. Atleastone maximum or one minimum must lie b

etween two equal values of a function.
Maximum and minimum values must occur alter

natively.

There may be several maximum or minimum values of same function.
Afunction y = f(x) is maximum at x = a, if dy/dx changes sign from +ve to —ve asx passes througha.
Afunction y = f(x) is minimum at x = a, if dy/dx changes sign from

-ve and +ve as x passes through a.
If the sign of dy/dx does not change while x passes through a, then y is neither maximum nor
minimum at x = a,

o U AW

Conditions for Maximum or Minimum Values

The necessary condition that f(x) should have a maximum or a minimum atx = a s that f(a) =0.

Definition of Stationary Values

A function f(x) is said to be stationary at x = aif f(a) = 0. . ‘
Thus for a function f(x) to be a maximum or minimum at x = a it must stationary at x = a.
Sufficient Conditions of Maximum or Minimum Values

There is a maximum of f(x) atx = aif f(a) = 0 and f"(a) is negative.. _
Similarly there is a minimum of f(x) at x = a if /(&) = 0 and £(a) positive.



. NOTE: It #(a) s aiso equal o 2676, theri Wa Sa Show thatfor & FBXITIUR 61 & MIRITUM Of Fs) ' = &, we
must have (a) = 0. Again, if fiY(a) is negative, there will be a maximum atx = aand if f’(a) is positive thera
. Will be minimum atx = a.

In general if, f(a) = f"(a) = (&) = ... f"~1(a) = 0 and f"(a) = 0 then n must an even integer for maximum
or minimum. Also for a maximum (&) must be negative and for a minimum f"(a) must be positive.

7.10.2 Working rule for Maxima and Minima of f(x)
1. Find f(x) and equate to zero.

2. Solve the resulting equation for x. Let its roots be By By vii Then f(x) is stationary at x = a,, a,,
veervemnen. THUS X = B Bl s svusin are the only points at which f(x) can be maximum cr a minimum,
Find (x) and substitute in it by terms x = - T M
It f(a,) = 0, find (x) put x = a, init. If f"(a,) # 0, there is neither a maximum nor a minimum at
x=a,lf f"(a,) =0, find f¥x) and put x = a, init. If fi*(a,) is -ve, we have maximum at x = a,, ifit
is positive there is a minimum at x = a,. If fi{a,) is zero, we must find f(x), and so on. Repeat the
above process for each root of the equation f'(x)=0.

Prove that the function f(x) = ax + b is strictly increasing iff a > 0. —1

Solution:

Given: f(x) = ax + b, D,=R

Note that fis continuous and differentiable for all x € R.
Differentiating the given function w.rt. x, we get f'(x) = a.

Now the given function is strictly increasing iff f(x) > 0 i.e. iff a> 0.
Hence, the given function is strictly increasing for all x e R iff a > 0.

m Prove that the function e~ is strictly increasing on R.

Solution:
Let, flx) = &, D,= R.
Differentiating w.r.t. x, we get

f(x) = e 2>0forallxe R.
= f(x) is strictly increasing on R.

Prove that (2/x) + 5 is a strictly decreasing function.

Solution:

Let, ffx) = %+5, D,= R-[0].

Differentiate it w.r.t. x, we get f/(x) = 2(-1.x?) +0=- %
X

Since, x®>0forallxe R, x#0, therefore,
f(x) <Oforallxe R, x#0,ie., forallxe D,
=> the given function is strictly decreasing.



glr fetly

QBT Vot o Knton 1) = 6+ 6 1 sty crasaing o 7, |

Solution:
Given, f(6) = 5% ~ B 4 1655 ~ 18, D= A .
Differentiale it vrt, x we gel, () = 8x” = 6.2x 4 16,1 = 8(x” ~ Ax 4 5)

= B(x~ 204 1)28 (; (x-220forallze A)

= flx) > Oforallxe A
= f(x) i strictly increasing funclion for all x ¢ A, ‘

Find the Intarvala In which the fdi!owing functions are strictly increazing or

decreasing

(a) f(x) = 10 — Bx — 2+ (b) f(x) = 52~ 1252 4 36x + 17
(c) f(x)::-?xa "'9.!""121’4‘ 1

solution:

(a) Given, x) =10-8x~2?% D,= R

Differentiating it w.r.t, x, we get

f(x) =0~6,1~-2, 2x=-8-4x=—4(x+-§)

2
Putting, f(x) =0,
20+ /400~ 156
we get, 5 =0
3 3
—- =0 = ——
= X+ > =X >

So there Is only one critical point which Is x = -%
Plotting this critical point on the number line we get the following picture

>

3
2

So the critical point divides the real number line into two regions which are x e (—oo,—gJ and

3 -
Now we find (0) = -6 which Is negative and so the regionx e (-E.MJ (which contains x = 0) is

the region where the function Is strictly decreasing.

Therefore in the other region l.e. x & —oo'—-g is the reglon in which the function Is strictly

increasing. This Is shown In the following dlagram with the sign of f’(x) In each region of the

number line.
" "

v

1
Nlu b



(b)

(c)

Given, fx) = 3 - 122 + 36x + 17, 0= R
Differentiating w.r.t. x, we get
f(x) = 3x2 - 24x + 36
= 3(2-8x+12) =3(x~-2) (x-6)
Putting, f(x) = 0i.e. 3(x-2) (x-6)=0

= (x-2)(x-6)=0 ‘ .
o= ¥ = 2 or x = 6 are the two critical points
Plotting these critical points on the number line we get the following picture

2 6
So the critical point divides the real number line into three regions which are x € (-, 2) angd
xe (2 6)andxe (6, =).
Now we find £(0) = 3(0- 2) (0—6) = +36 which is positive and so in the regionx € (—es, 2) (which
contains x = 0), the function is strictly increasing.
Therefore in the next region i.e. x € (2, 6), the function is strictly decreasing and in the next region
x € (6, =), the function is again strictly increasing. This is shown in the following diagram with the

sign of £(x) in each region of the number line.
+ - +

A 4

&
L

2 6

So the final region in which the function strictly increasing is x € (—ee, 2) U (6, =) and the region in
which the function is strictly decreasing is x € (2, 6).
Given, fx) =-23-%2-12x+1,0,=R

Differentiating w.r.t. x, we get
f(x) = -6x2-18x - 12

=6(2+3x+2) = ar; _ - —
=-6(x+2)(x+1) )

Putting, fx)=0ie.-B6(x+2)(x+1)=0

= x+2)(x+1)=0

= x = -2 and x = -1 are the critical points

Plotting these critical points on the number line we get the following picture

& & »
¢ ~ B

-2 -1

So the critical point divides the real number line into three regions which are x e (~, -2) and
xe (-2,-1)andx € (-1, =), ‘

Nov'v we find 'f’(O) ==-6(0+2) (0 + 1) =-12 which is negative and so in the region x € (-1, =).
(which contains x = 0), the function is strictly decreasing.

Therfafore inthe ne.:xt adjacerjt regionon the lefti,e. x & (-2, —1 ), the function is strictly increasing
-?hnd A ”Le next adjacent region on the Ieftx € (-2, -2), the function is again strictly decreasing.
Is Is shown in the following diagram with the sign of £(x) in each region of the number line.
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-2 <
5o the final region in which the function strictly increasing is x & (-2, ~1) and the region in which
the function is strictly decreasing is x & (oo, =2) U (-1 o) .

The distance between the origin and the point nearest to it on the surface

xyis

e (b) ﬁ
(a) 1 2
© 8. (d) 2
Solution: (a)

Let the point be (x, y, 2) on surface 22 = 1 + xy

Distance from origin=1/ = \/(x— +(y-00? +(z-0)? \/x +yP+22

I= Jx2+y2+1+xy [since 22 = 1 + xy is given]

This distance is shortest when /is minimum we need to find minima of x> + y2 + 1 + xy

Let, u=x2+y?+1+xy
%:2::+y
%=2y+z
%=0 nd ?_O
= 2x+y=0 and 2y+x=0

Solving simultaneously, we get
x=0 and y=0
is the only solution and so (0, 0) is the only stationary point.
2
Now, p=2Y o
axZ
oxay

Since, rt=2x2=4>g=1

We have case 1, i.e. either a maximum or minimum exists at (0, 0)

Now, since r=2>0,soitis aminima at (0, 0).

Now at x=0, y=0, z=.flrzy =40 =1
So, the point nearest to the origin on surface z2 =1 + xyis (0,0, 1)

The distance, 1= 02 +0%+1? =1

So, Correct answer is choice (a).




7.103 Maxima and Minima (of function of a two independent variable)
Definfions: Let f{x. ) be any function of two independent variables x and y supposed to be continuous

for 2 values of these variables in the neighbourhood of their values a and brespectively.
The Az b)is said to be maximum and a minimum value of f(x, y) according as fla + h, b + k) is less or

greater than f{z, &) for all sufficiently small independent values of hand k. Positive negative, provided both of
Han ars mot equa! to zero.

Necessary Conditions
The necessary conditions that f{x, y) should have a maximum or minimum atx = a, y = bis that

Suffident condition for Maxima or Minima

¥k a%F a%f : f
2. =|— :S=]— R & [icap—
r a2 Jr=a oxdy |r=a ay?

=a
y=b y=b y=b

Case-1: f{x, y} will have 2 maximum or a minimum atx = a, y = b, if rt > §2. Further, f(x, ) is maximum
or mndmum according &s rin nsgative or positive.

Case-2: fx, ) will have neither maximum or minimumatx = a, y=bifrt< s%. i.e.x=a, y= bisasaddle
poEi
Case 3: i rt = s? this case is doubtiul case and further investigation is needed to determine whetherr
iz, y} Is 2 magmum or minimum gt x = 2, y = b or not.

Given a function f(x, y) = 4x® + 6y° - 8x— 4y + 8.

The optimal value of f{x, y)
(2) is 2 minimum equal to 10/3 (b) is a maximum equal to 10/3
(c) is 2 minimum equal to 8/3 (d) s a maximum equal to 8/3
Solution: (a)
fix,y) = 42+ 6y°-8x-4y+8
of
Fol 8x-8
of
— =12y-4
3y 2y — 4y
. of of
Pumn s — —
g > Oand 3y 0
8xr-8=0and 12y-4y=0
Given, x=1landy= ?}

3

(1. 1} is the only stationary point.



Eii
r=|— =8
a.xz {‘1
) “3]
Kii
S=|— =0
L&rﬂ}/ 5l
3)
[ 52f
b= = 12
82§, 1
3
: rt=8x12=96
$£=0
m‘ ﬁf>5‘2

we have either a maxima or minima at [1 ;)

2z
zlso since, 7= [a ; =8 > 0, the point (‘l%) is a point of minima.
3
The minimum value is
10
f11 =4x12+ 6x———8x1 4x—+8——
3 3 3 3
So the optimal value of f(x, y) is a minimum equal {o %Q s
Summary e [ii{x)and f(x) be two functions ofx'which can be expanded by Taylor's theorem inthe
; naghbourhood oix=aandiff(a) = (a) =0then Lt ﬂx) f(x) provided,
: x—a Q)(x) x—>a (x)
the latter limit exists, finite or infinite.

.-» letfbeafunction defined on an openinterval I and let a be any point in I. We say that

fis continuous from the left at a if Limit f{(x) exists and is equal to {a). Similarly fis
xr—da

said io be continuous from the rightat aif Limit ’ f(x) exists and is equal to f{a).
r—=a+

-+ Continuity is a necessary but not a sufficient condition for the existence of a finite
derivative. i.e. differentiability = continuity. But continuity >x_differentiability
* Role’s theorem will not hold good:
(i) I f(x) is discontinuous at some point in the interval a<x < b
(i) If f(x) does not exist at some point in the interval a<x< bor
(i) If f(a) = A(b)
' * Ifafunction #(x) is (i) continuous in closed interval a < x < b and (ii) differentiable in _
~ Oopeninterval (g, b)i.e., a <x < b, then there exist at least one value ¢ of x lying in the

open interval a < x < b such that, % = f(c)



G

Q.1

Q.2

Q.3

Q.4

e —

1 u=f(x, y) and its partial derivatives are continuous, the order of differentiation s

axdy  dyax

To test whether a given function f(x, y) is homogenous or not we put tx for x and tyfor

immaterial i.e.,

~yinit. If we get f(tx, ty) = t" f(x, ) the function f(x, y) is homogenous of degree n

otherwise f(x, y) is not a homogenous function.

It uis a homogenous function of x and y of degree n then du/ax and du/dy are also
homogenous function of x and y each being of degree (n-1).

If f”(a) is also equal to zero, then we can show that for a maximum or a minimum of
f(x) at x = a, we must have £”(a) = 0. Again, if f(a) Is negative, there will be a
maximum at x = a and if f(a) is positive there will be minimum atx = a,

(b) 1

8 a) 0
. Students @
» | Assignment © 1 @ 2
Vi+x? i
tan™a
Evaluate lim [2-2| % Q5 [logx dx =
xa X (@) (xlogx-1) (b) logx-x
(@) e* (b) 2/e* (c) x(logx-1) (d) None of these
) &% L Q.85 1F e then
Check whether the following integrals and its J== log (1+ x)
values are true or false? (a) < <1
Vit+x sin™'x
T nc2n+1 -
1. focos xdx=0 . m>|og(1+x) »
2, J’; cos? xdx = zjglzcosz" xdx Vi+x sin™ x
Vi-x _ log(1+x)
T . op n/2 . 5 C
3. J'Dsm xdx = _[0 sin®" xdx (©) el S <1
For all values of n —
(@ 1and3aretrue  (b) 1and2aretrue (d) J:—x < log.(1;+x) >
+x Sin™'x

(c) 3onlytrue

2
117,= [ sinx dxand 7, + n(n-1)
I,_,=n(n/2)"-"then find I

(@ 2-=n
(c) mf2

Differentiate sin~

-1 1—12
oo {11-;.2]

(d) 2and 3aretrue

Q.7 Ifu=f(y/x)then
@ I ”Wd” -0
@ ooy 0 22 L g
1[%) with respect to (© %’xﬁ + deu =2u
(a) % + y—dyqq =1



Q8

Q9

The function

(v, ) = xy(a=x-y), a>0allains

aa
_ s valuo is
axtreme values at ( 3'3 ) and lts val

4

“

a
e —
(@) minimum valu 3

3
a
(b) minimum value, 5

3

a
(c) maximum value, 3

3
. a
(d) maximum value, o7

Match List-1 (Sequence) with List-Il (Generating
function) and select the correct answer using the
codes given below the lists:

s e b e,

Q.12 The function f(x) = |x| - |x + 1]
(@) ie less than 1, for all x
(b) equal f(-x)
(c) equals 1 - f(1/x)
(d) none of the above

Q.13 /(x) and g(x) are two functions differentiable in
[0, 1] such that £(0) = 2; g(0) = 0; /(1) = 6: and
g(1) = 2. Then there must exist a constant Cin
(a) (0, 1), such that "(c) = 2g’(c)
(b) [0, 1], such that f{c) = g’(c)
(c) (0, 1), such that 2f(c) = g’(c)
(d) [0, 1], such that 2f(c) = g(c)

List-l List-II
A 1 1. x(1+x)(1-x)°
1
B. (-1 2. 1-x
C. 3. x(1-x)2
D. n 4, L
1+ x
Codes:
A B C D
@1 2 4 3
b2 1 3 4
©4 3 2 1
d2 4 1 3
Q.10 The Domain of the function is
x|-x
@ (—=,0) (b) (0, =)
(© (0,x) (d) (0,1)

Q.11 The function is continuous in [0, 1], such that
f0) =1, /(1/2) = 1 and f(1) = -1.

Answer Key:
1. (a) 2 (b) 3. (b) 4. (b) 5. ()
6. (a) 7. (b) 8. (d) 9, (d) 10. (a)
11. (a) 12 (d) 13. (@)
D | Students
| Assignments | Explanations
1. (a)
ta E]
Lim [2-§J =
Xx—a X
a o
Let, fix) = 2- = and g(x) = tanE
Since  Limf(x) =1
x—a
and  Limg(x) = tanZ =
x—a 2
x Lim g(x f(x)—1}
le[f(x)]g() = gxa X
x—a

lim tani‘i[1 - 3]
= e_l'-')& 25 x

We can conclude that

(@) fattains the value zero at least twice In [0, 1]
(b) fattains the value zero exactly oncein [0, 1]
(©) fis non-zero in [0, 1]

(d) fattains the value zero exactly twice in [0, 1]

x—a X

; a : p
Now, Lim tan;—a[1——) = Lim—>

a
1-=

%) Fgot—

2x



Where,

y- 2

= Lim X
L n_na
[2 2x]

1-8

= Lim X

2.
= —Lim -
n‘.\'—)atanEI: __]
2 x
= Zpm L
n x—atant

~
]

=2 4
T

Now the required limit is

U tan—"‘a1-3
ex—r:; 2x IJ = eth

2. (b)

T 2n+1
1: jocos x

dx=0

X

5(1—2) asx—a =20

_2
n

f(x) = cos®*1x

Since, fln-x) = cos?*! (n-x)
= (-cos x)"* ' = - f(x)
j;coszn+1xdx =0
1is true.
2. [ycos xdx = 2-[:"20052” xdx

f(x) = cos? (x)
fln-x) = cos?" (n-x)
= (—cos x)*"

= Cos?x = f(x)

. J‘ECOSZ" xdx = 2}:/20032” x dx

0
2istrue.

(;‘/2Sin2n xdx

f(x) = sin®(x)
fir-x) = (sin (m—x))*"
= (sinx)>" = f(x)

T . 2n =
3. josm xdx

T 2n _ 1'[,2 ..2n d
= Josin xdx—2jo sin®" x dx

- 3is false.

. (b)

1
n
I+ n(n=1I,_,= n(zr

Put, n=2

2P
L+2@2-1)1,= 2(5)

. (b)

L=mn-2]
I = jnlzi sinxdx
- J 2 ginxdx
= [—cos::](’)”'2
==0+1=
L=n-2(1)=n-2
Let, U= sin”?! 2x2
1+ x
2
and v=cos™ 1;{—-
14 x2
putting x=tan@
. 1 2tane . g
u=sin"'|———— | =sin™'(sin 26) = 20
[1+tan2 9] (sin 26}
1+tar? e

I

cos™ (cos 26) = 26
au _du/de 2

et St i B it s B DA (2 0 D



0. (0)

oo Intogration by parts.

()

tlons
coneldor the func
f(x) = log (14 x) and glx) = sin”! x
poth of theso aro conlinuous and dilferentiable
for0sxs 1. |
. Thoso eatlsfy the conditions of the Cauchy's
;vlmnn valuo theorem In interval [0, x] when x < 1

f(x)-1(0) _ )
g9(x)-9(0)  g(C)

log(1+ x)=log1 ) 1~f_

gin'x-sin"'lo  1+C

log(1+x)  J1-C
sin~1x J1+C
Since 0 < C <x < 1we have

0 <1and Ll > 1-x
J1+C V+C ~ flex
Hence ¥ M=C .
0tk s J_1+

- log(1+
Ji-x  log(1+x)

1
Vi+x sin~"x <
(b)
=fl¥
X
u _ .y =y
ox _f(x) 2
W _ oy
oy f’[x] x
Now,
ou

. (d)

flx, ) = xy(a-x-y)

of
ol (1) +(a-x-y)y
= gy- 2xy_y2

Similarly, % = dx - 2xy - x?

Pumng g_i' = 0' we get

ay-ny—y"’:O
ﬂy=00r2x+y=a

and putting g—; =0, we get

axr-2xy-x=0
=>x=00r2y+x=2a
Solving 2x+y=a
and 2y+x=a
we getx =

_a
V=3

c..olm

- The function attains extreme values at (; = )

9%f
r= — = —2
ox? 4

= rvalue at ga _—_25
3'3)" 3

o%f
a_a'}—, a-2x-2y

= svalue at 2 8]t
3'8)"

3
2
Pt _dp
dy?
tvalueat (2,8 - 228
= tvalue a o ke
rxt= 3 X 5 ™y
Sz=£

9



10.

11.

= rt> s2

. a
This means that at [3 g—) this function reaches

a maximum or minimum.

: -2a s
However, since r= P <0, it is maximum

(a)

fis defined if |x| -x>0ie., |x| >x

lfx20, |x| =x 80, x > x, which has no feasible
solution

Ifx<0, |x| = —=x, s0 =x > x, which has solution
x<0.

. Domain = (—=, 0)

(a)

Whenever f(a) and f(b) are of different signs, f
has an odd number of roots (at least one root)
between aand b.

- There exists at least one root between 0 and

1
% and at least 1 more root between > and 1

i.e. f(x) has at least 2 zeroes between 0 and 1.

12, (d)
fix) = |xl-]x+ 1
f2) = |-2l--2 4 1= 1
» () Is false,
(2) = |2]-]2 4 1]= -1
f2) # 1(-2),
So (b) Is false,
1
1(5) 1
1 = =(~1)=
14(5) - 1= (A2
f2) = -1
1
So, f(2 -f|=
0 (2) # 1 f(2)
(c) is false,
So “none of the above" Is the answer,
13. (a)
Consider the function ¢(x) = f(x) ~ 2g(x)

%0) = (1) =2,
So, f(x) satisfies the conditions of Roll's theorem
in [0, 1] so,

¥(x) = f'(x) - 2g'(x)
has atleast one 0 at (in (0, 1)

ie., #0) =0
= f(C)-2g'(C) = 0
= f(C) = 29'(C)

3 £ &3



