6.1 Introduction

Definition of Matrix

A system of mn numbers arranged in the form ofa rectangular array having m rows and ncolumns is
called an matrix of order mx n.

fA= [a"] mx n D€ @ny matrix of order mx n then it is written in the form:

611 = 1 R B4n

A: [a.‘;]mxn= Baet cessesssssmesnsensearann

........................

i i olumns.
Horizontal lines are called rows and vertical lines are calledc

6.2 Special Types of Matrices

lumns)
The number of rows is equal to number of co
ix forwhichm=n(
1. SquareMatrix: AnmXn matratso called an n-rowed square matrix. i.e. The elememls. EaB ' :2G20N3:i
is called square matrix. ;;ENTS and the line along which they lie is called PRINCIP!
NALELE
called DIAGO

of matrix.




7.

Diagonal Matrix: A equare malrix in which all of non-diagonal elements are zero is called a diagong

matrix. The diagonal elements may or may not be zero.
300

Example:A=|0 5 0| Isa diagonal matrix
009

The above matrix can also bo written as A = diag [3. 5, 9]

Scalar Matrix: A ecalar matrix is a diagonal matrix with all diagonal elements being equal.

300
Example: A= |0 3 0| is ascalar matrix.
003
Unit Matrix or Identity Matrix: A square matrix each of whose diagonal elemepts is.1 and each of
whose non-diagonal elements are zero i called unit matrix or an identity matrix which is denoted
by I.
Trs;us a square matrix A =[a,]is a unit matrix if 8, = 1 when i = jand &, = 0 when i # J
100
Example: I; = [0 1 0] is unit matrix.
001
Null Matrix: The m x n matrix whose elements are all zero is called null matrix.
Null matrix is denoted by O.
000
Example: 0,=(0 0 O
000

Upper Triangular Matrix: A upper triangular matrix is a square matrix whose lower off diagonal
elements are zero, i.e. g, =0 wheneveri < j
It is denoted by U.
35 -
Example:U=|0 5 6
00 2
LowerTriangular Matrix: A lower triangular matrix is a square matrix whose triangular elements are
zero, ilel g, = 0 whenever i > j. It is denoted by L, :
100
Example:L=|-1 5 0
2 36

6.3 Algebra of Matrices
Equality of Two Matrices
Two matrices A= [a,j] andB = [b,}] are said to be equal f,

(@
(b)

They are of same size.

The elements in the corresponding places of tw i '
, 0 matrices are mei =p. ir of
subscripts i and /. FiGrsangslio o by lEACh S



-~ atrices _ .
gion ? Mand g be two matrices of the same type mx n. Then their sum is defined to be the matrix of the

A - - ;
:ﬁtobtained by adding corresponding elements of A and B. Thus if, A = [a,]nxnand B = (6] n then

Wy gy D

At 12 {4 6] {1 21 [4 6 5 8
. B= 3 A+B= =
ExamP‘B:A"{s 5] 78 3 5 * 7 8 [10 13]

scalar properties of Matrix Addition:
Matrix addition is commutative A + B=B + A,
(o) Matrix addition is associative (A+B) + C=A + (B + C)
() Existence of additive identity: If O be m x n matrix each of whose elements are zero. Then,
A +0=A=0+Aforevery mx nmatrix A.
(d) Existence of ad.ditive inverse: LetA=[a],,,-
Then the negative of matrix A is defined as matrix [-a,],,, , and is denoted by -A.
— Matrix -A is additive inverse of A. Because (-A) + A = O = A + (-A). Here O is null matrix of
order mxn.
() Cancellation laws holds good in case of addition of matrices.
A+X=B+ X=A=8B
X+A=X+B=A=8B

() TheequationA+X=0hasa unique solution in the set of all mx n matrices.

Substraction of Two Matrices

It A and B are two m x n matrices, then we define, A-B = A + (-B).
Thus the difference A - B is obtained by substracting from each element of A corresponding elements of B.

| NOTE: Subtraction of matrices is neither comm

it

e S i e SRR N Sk e e o e

Multiplication of a Matrix by a Scalar
Let A be any m x n matrix and k be any real number called scalar. The m x n matrix obtained by
multiplying every element of the matrix A by kis called scalar multiple of A by k and is denoted by kA
= If A=[g]py.,then Ak=KkA= (KAl o

5 2 1 15 6 3
fA=|6 -5 2|then,3A= |18 -15 6
1 3 6 3 9 18

Properties of Multiplication of a Matrix by a Scalar:

(@) Scalar multiplication of matrices distributes over the addition of matrices i.e., k(A + B) = kA + kB.
(b) If pand garetwo scalars and A is any mx nmatrix then, (p + q)A = pA + gA.

(c) !f pand garetwo matrices and A = [a,],., . then, p(gA) = (pg)A.

(d) A= [aﬂ] S matrix and k be any scalar then, (~k)A = —(kA) = K-, A),

Multiplication of Two Matrices

. - b "
Let A = [8)mxn B= [bﬂ«]n « p D€ tWo matrices such that the number of columns in A is equal to the
number of rows in B



n
Then the matrix C = [c,,] mxp SUCh that ¢, = Y., by is called the product of matrices A and B in that
=1

order and wa write C = AB.
Properties of Matrix Multiplication: on
() Multiplication of matrices is not commutative. In fact If the product of AB exists, then it is not

necessary that the product of BA will also exist.
(b) Matrix multiplication is associative if conformability is assured. i.e., A(BC) = (AB)C where A, B,C

are mx n, nx p, px g matrices respectively. » S
(¢) Multiplication of matrices Is distributive with respect to addition of matrices.i.e., A(B+C)=AB +AC,

(d) The equation AB = O does not necessarily imply that at least one of matrices A and B must be a

zero matrix. " _
() In the case of matrix multiplication If AB = O then it is not necessarily Imply that BA = O.

6.4 Properties of Matrices

Trace of a Matrix
Let A be a square matrix of order n. The sum of the elements lying along principal diagonal is called the
trace of A denoted by tr A,

n
Thus if A = (3], ., then, T(A) = 3.8y = 8y + 8+ 8ny
i=1

1 2 5
Let, A=]2 3 1
-1 6 5

Then, trace (A) =tr(A) =1+ (-3)+5=3
Properties: Let A and B be two square matrices of order n and A be a scalar. Then,
(8) tr(AM)=AtrA
(b) r(A+B)=trA+1trB
(c) tr(AB)=tr (BA)
Transpose of a Matrix

Let A = [a)), . Then the nx m matrix obtained from A by changing its rows into columns and its
columns into rows is called the transpose of A and is denoted by A or AT,

13
Let A=|2 4 then,AT=;!’\=[1 : 6]

6 5 345
Properties: If A" and B’ be transposes of A and B respectively then,
(@ (A)=A

(o) A+B)=A"+B
(c) (kAY = kA", k being any complex number
(d) (AB) =B'A’
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e of 2 MatriX
P e mabit ohtained from given matrix A on replacing its elements by th _
e ‘f,wmbersfs called the conjugate of A and is denoted by A. e corresponding conjugate

pample: A= [2:.3‘. 4;;“ Qii]; A = [2-3i 4+7i 8 ]

H 6 9-;

# & and B be the conjugates of A and B respectively, & 9-i

@ A=A

@ (A+B) = A+B

@ (A = KA kbeing any complex number

@ (®B) = AB, Aand B being conformable to multiplication.

Tapsposed Conjugate of Matrix

£ 5 % : .
TEe transpose of the conjugate of a matrix A is called transposed conjugate of A and is denoted by A®
o & or (A)'- ltis also called conjugate transpose of A.

. 9 ;] .
Some properties: If A” and B® be the transposed conjugates of A and B respectively then,

@ A&°=A () (A+B)®=A®4+RO
© &A)® =KA®, k— complex number (d) (AB)® =BPA®
Symmetric Matrix

A sguare matrix A= [a,.i] is said to be symmetric if its (i, )" elements is same as its (. D)™ element
'Le,aij=aﬁfcrailiarfdj. .
In 2 symmetric matrix, AT = A

ahg
Example:A=|h D f | is a symmetric matrix.
gfec :
Skew Symmetric Matrix

A square matrix A=[a]lis said to be skew s etric if (i, j) elements of A is the negative of the (j, i)*"
=[g; ymm
glements of A if aij=—aﬁVi.j.

)  AT=—A
etric matrix A’ =~ ,
In a skew symm ust have all O's in the diagonal.

A skew symmetric malrix ™
o h g] kew-symmetric matrix
f | is a skew-S .
Example: A= A1 B
P g - 0

Orthogonal MatriX i AisSd 4 be onhogor)al if:
Asgquare mi}\ T A=l Thus A will be an orthogonal matrix if



Hermitian Matrix
A square matrix A = [a,] Is said to bo Hermitian if tho (1, )" aloment of A la aqual to conjugate oompq,

of (j, )" element of A, i.e., if a;=a; Vi &/
a b+ic
Ex :A =
B [b-:‘c o] }

0
A necessary and sufficient condition for a malrix A to be Flormitlan la that A" = A,

Skew Hermition Matrix
A square matrix A = [a,] is said to be skew Hermitlan ¥ )" element of A la equal lo nogative of

conjugate complex of (j, i)™ element of Al.e.,
ifa;=a;,=-8; ViJ

Bk [ 0 —2+:‘J
ample:A= |, . .
i 247 0 logg
A necessary and sufficient condition for a matrix to be skew Hermitian If Al = -A,

Unitary Matrix
A square matrix A is said to be unitary if:

AP = A1 AAR = AATT = |
Thus A will be unitary matrix if
AA® = | =A°A

6.5 Determinants
a1 ap
dp1 4o

represents the number

Definition: Let a,, a,,, 8,4, &,, be any four number. The symbol D =

8,13, — 3,8, and is called determinants of order 2. The number a,,, a,,, a,,, a,, are called elements of the

determinant and the number a,,a,, - a,,a,, is called the value of determinant.

6.5.1 Minors and Cofactors

a1 &2 &3
Consider the determinant (& &, &3
41 Gp a3

Minor
Leaving the row and column passing through the elements ay, then the second order determinant thus

obtained is called the minor of element a, and we will be denoted by My

82 a3

Example: The Minor of element 8y = = M,,
43z dag3
. , a;1 a
Similarly Minor of element a,, = { L P iy
dp1 a3




| f"f'do?he minor M multiplied by (-1)'*/is called the gof

actor of elem
‘ ooty s bR enta,. We shalldenotethecofactorofan
m nt orora,= A - “I
e gxample: Cofactor of 8= A, = (-1)'+J i

Cofactor of element 8y = Ay = (-1 2+ M21 -

811 ayq
821 ay
Therefore, “in a determinant the sum of the
cofactors is equal to value of the determinant.

by cofactor of element a,, = Ay = -

g52 Determinant of Ordern

a11 a12 a‘ln
A= 321 ............. aZn
n . nn

Cofactor of A, of elements a, jinDisequalto(-

1) *+itimes the determinants of order (n-1) obtained from
D by leaving the row and column passing through ele

ment &,
Example- 6.1 Compute the determinant of each of the following matrices and determine
which is singular. i
3 5 4 2 -6 2
(@) A={3 2] ) B=|-2 18 () C=|2 -8 3
=95 1117 -3 1 1
Solution:

(a) The determinant is simply the product of the diagonal running left ro right minus the product of the

diagonal running from right to left. So, here is the determinant for this matrix. The only thing we
neegd to worry about is paying attention to minus signs. It is easy to make a mistake with minus
signs in these computations if you are not paying attention.

det(A) = (3) (5)-(2)(-9) = 33

3 5
18 |2 8 -2 -
2 -18-= K '~
(b) det(B) = 121 11 i el DR el R L PV R
2 -6
e B |2 3 |2 -8
(©) det(C) = _23 -18 1—2:-(1 1+6:~<_3 1+2:‘<\_a ‘:0

rly det(C)Is zero, only C s singular.
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dddddd factora C,y Cyyand Cy,.

For the following matrix computa the co-

4 0 10 4
12 4 9
A=lg 5 -1 6
a3 7 1 -2

Solution: Y
C, = (-1V""My each co-factor. Remernber

e -l

the 1% row and 27 column of A. Here ia that work.

4010 4 PR
123 91 _ m,=|5 -1 6|=160
5 5 -1 8 5§ o

3 7 1 -2

We have marked out the row and column that we eliminated. Now we can get the co-factor,
C,= (-1)1*2M,, = (-1 ¥ (160) =160

Let's now mave onto the second co-factor,

+ 8 B2 4 0 10
2391, My=|5 -5 -1|=508
5 -5 -1 6 >
57 12

The co-factor in this caseis, C,, = (<1)2**M,, = (~1)?(508) = 508
For the finzl co-factor,

4 0 10 4 1o
12 3 9 i
5.5 16| = Me=-13 9/=150
. 3 1 -2

3 7 1 -2

Cyp = (-1)2#2 M,, = (-1)5 (150) =-150

Properties of Determinants

1. Thevalue of a determinant does not change when rows and columns are interchanged. i.e. |AT| = [Al
2. Ifany row (or column) of a matrix A is completely zero, then| A| = 0,

Such a row (or column) is called a zero row (or column),

Algo if any two rows (or columns) of a matrix A are indential, then |A| = 0.
3. Ifanytwo rows or two columns of a determinant are interchanged the value of determinant is multiplied

by ~1.

4, Ifall elements of the one row (or one column) of a determinant are multiplied by same number kthe

value of determinant is k times the value of given determinant,

5. If A be n-rowed square matrix, and k be any scalar, then l kAl = k| A |



—

peT Ina geterminant the sum of the products of the ¢
~ . ! ' en
5. cofactors of corresponding elements of any row or c;mcnts of any row {or column) with the
: a \mn is ¥ % e ” cal
p) In de‘eﬂm.‘am the sumofihe ?roducts of the elements of an e o Reietamiant voks.
of some other Fow or column is zero. Y row (or column) with the cofactors
la b ¢
example:A=|&2 D G
s by o
Then, aA +bB+c,Ci=A
ah, +bB,+¢,Cy=0
31A3 + b183 + C1C3 =0
gA, + b,B, + c,C, = 0etc
where A,, B,, C, etc., be cofactors of the elements a,, b;, ¢, in D.
7. If to the elements of a row (or column) of a d b e
eterminant are added m times the corres i
pondin
ek-ar?ents of an9ther row (or column) the value of determinant thus obtained is equal to the val gf
original determinant. s vee
o |aBl=|Al*1B| and |a7| = (lAly
9. LetAbeasquaré matrix of order nthen,

@ |F- 1A
o |A°|=1A|

6.6 Inverse of Matrix

Adjoint of a Square Matrix
LetA= [at.i] be any nx n matrix.
cofactor of element &;;in the determinant |A

The transpose B of the matrix B = [4],x , Where A,; denotes the
| is called the adjoint of matrix A and is denoted by symbol Adj A.

Results:
1. If Abe any n-rowed square matrix, then (Adj A) A=A (Ad] A = |AlL,

2. Every invertible matrix possesses a unique inverse.
3. Thenecessary and sufficient condition for a square matrix A to possess the inverse isthat |A]=0.

Non-Singular Matrix
Asquare matrix i

ar or singular as |Al20o0r |Al=0.
" NOTE: H’Aiéna.‘B‘"gg-‘(;.}b-_ﬁirb@vé&ﬁéﬁ-sinédiafmétrilbés,‘rihé:ﬁ-:i’fs i aiso ron-singular then, (AB) = BIAT
O nmprdt IR takeninhe reverse order. -

5 said to be non-singul

ifAbeann xn non—s1ngu|ar matrix, then (A = ( A,
; ingular matrix then (A-1)9 =( Ay,
y

i e of matrix Ais A = ITlAd]A.



Rank of Matrix

Some Important Concepts:
1. Submatrix of a Matrix: Suppose A is any matrix of the type /m x 7. Then a matrix obtained by

leaving some rows and some columns from A is called sub-matrix of A.
2. Rank of a Matrix: A number ris said to be the ran

properties:

(a) There is at least one square sub-

(b) If the matrix A contains any squar
square sub-matrix of A of order (r + 1) should zero.

k of a matrix A if it possesses the fonowing

matrix of A of order rwhose determinant is not equal to zero,
e sub-matrix of order (r+ 1), then the determinant of every

Important Points:
(&) The rank of a matrixis <, if all (r+ 1) - rowe
(b) The rank of amatrix is > r, if there is at least one r-

to zero.

d minors of the matrix vanish.
rowed minor of the matrix which is not equal

 Nore: Thranofansposamaicssareas o o i Lo (A =1A)

Elementry Matrices
A matrix obtained from unit matrix by a single elementry transformation is called an elementry matrix.

Results:
1. Elementry transformations do not change the rank of a matrix.
2. The rank of a product of two matrices cannot exceed the rank of either matrix. i.e. r(AB) < r(A) and

r(AB)<r(B).
3. Rank of sum of two matrices cannot exceed the sum of their ranks r(A + B) < r(A) + r(B).

4. IfA, B are two n-rowed square matrices then Rank (AB) = (Rank A) + (Rank B) — .

6.7 System of Linear Equations

6.7.1 Homogenous Linear Equations
a|1x1+a1212+ ........... +anxn =0‘
Bp1%1 +8ppXp + it BppXpy =0

SUPPOSE, s > sl BT}

csscsssssmssesansintansIRen

X1 + @maXp e +8pn%, =0
is a system of m homogenous equations in n unknowns x,, x,, ... x,,

811 81 vevnns 3in xq 0
Let' A= 321 622 ''''''''' 32n X: x? O: 0

aﬂn amZ ---------- arnn mxn xn nx1 O 1

where A, X, O are mx n, nx 1, m x 1 matrices respectively. Then obviously we can write the system of
equations in the form of a single matrix equation AX =0 (6:2)

The matrix A is called coefficient matrix of the system of equation (1),

The §et S={x;=0,x,=0,..x,=0}ie, X =0is a solution of equation (1).

Again suppose X, and X, are two solutions of (2). Then their linear combination, R, X, + R,X, when Ay
and R, are any arbitrary numbers, is also solution of (2).



| mpoﬂﬂ"t Results:
f inearly Independent solutio
The number o nsofm hom
j where r1sTank of matrlx A. ogenous finoar aquations In nvariables, AX = O
n=t '

gome Important results regarding nature of syt o8 o
Suppose therg 2re|! m e[quations innunknowns. Thenth
fmatrix A. Obviously rcannot greater tha
(b8 raﬂkc‘:sﬂ: i 12 the equation AX =‘O ! havner:; Ihne[Zf_?:,eov;‘;s:;quﬁgher r=norr<n,
case-2:lfrenwe sh‘aH have n- rlinearly independent solutions X.n ||Bpendent solut.ion.
coluions will 1S bea S_C?lUtl.?lj\ Of AX = 0. Thus in this case the eqUatioln A)?(( _n eoa:,;l(l) r:blna’m:n'of el
T < AV TS AT & snglir i 7 e

s
fequation A X = 0;
@ coefficient matrix A will be of the type mxn, Let

Case-3: SUppOse M < n i.e., the number of equations is | e ——

ns is less than the number of unknow

i : ns. Since r<m

perefore ris Iess‘than n.Hence in this case .the given system of equation must possess a non zero solutiog
= Inthis case the number of solutions of the equation AX = O will be infinite '

672 System of Linear Non-Homogeneous Equations

B1131F 812Xy + v+ By = by
Sy1xy + EpoXo + it + 8%y = Q

.................................................. ..(6.3)

8yt EmaXa Heens +8mn% = by
be a system of m non-homogenous equations in nunknown, x,, x, ... x,
If we write

ETRR
Ao Boq  eeerereeees 85
\_am : P 3mn
o b
X= x? B= b'?
an nx1 bn mx1

trices respectively. The above equations can be written in
nx1,and mx 1ma
where A, X, B are mx n

. , t'lon AX = B-
the form of a single matrix eqiax . X, which simultaneously satisfy all these equation Is called a
o 1 2 T
*Any set of values

hen the system of equations has one or more solutions, the equation are said
system. Whe be inconsistent".

:olgt\ons ::::;it ztherwlse they aré said to

o be con

ayy 81208 by

871 8pp..82p b2
The matrix [A Bl=|...

am  8m2:-8mn bm

matrix of the given system of equations.

d
s called augmen®



Condition for Consistency
The system of equations AX = B Is conslstent i0., possess a solution ff the GoaHiCientTinAA mndia

augmented matrix [A B] are of the same rank. l.e. p (A) = p (A, B).
If p(a) = p(A, B) the system A x = B, has no solution. We say Lhat such a system Is Inconsistant,

Now, when p(A) = p(A|B) = r.

Wa say, that the rank of the system Is . Now two cases arlse.
Case-1: If p(A) = p(A|B) = r= n(whore nls the number of unknown varlables of the system), then the

system is not only consistent but also has a unique solution.
Case-2: If p(A) = p(AI B) = r< n, then the system Is conslstent, but has Infinite number of solutions,

In summary we can say the following:

1. I p(A) = p(A|B) = r= n (conslstent and unique solution)

2. I p(A) = p(A|B) = r < n(consistent and infinite solution)

3. If p(A) #p(A|B) (Inconsistent and hence, no solution)

Result:

If A be an n-rowed non-singular matrix, X be an n x 1 matrix, B be an n x 1 matrix, the system of

equations A X = B has a unique solution. i.e. if |[A] #0, then the system AX = B has a unigue solution.
The rank of a system of equations as well as its solution (If it exists) can be obtained by a procedure

called Gauss-Elimination method.

6.8 Solution of System of Linear Equation by LU Decomposition Method

(Factorisation or Triangularisation Method)

This method is based on the fact that a square matrix A can be factorised into the form LU where L is unit
lower triangular and U is a upper triangular, if all the principal minors of A are non singular i.e., it is a standard
result of linear algebra that such a factorisation, when it exists, is unique.

We consider, for definiteness, the linear system

8yX) + 81pXy + By3 X3 = by
8y Xy + 8ypXy + By3X3 = b,
8g1 %y + 8y Xy + Bga¥y = by

Which can be written in the form
AX =B .(6.1)
Let, A=LU ..(6.2)
100
where L=1k 10 ..(6.3)
by Iz 1
Ur Ugz U3
and U= (0 Uso Unj ..(64)
0 0 U3z
Equation (6.1) becomes, LUX =B ..(6.5)
If we set UXx=Y ...(6.6)
.(6.7)

then (6.5) way be written as LY = B



hichis equivalent to the system Yy=b,
¥ i + ¥, = b,

RN
D1V el by <
ved fory., v, v. b ;
4nd can be sol Y1 Yo Y3 by the forwg subsﬁlution.a enyi
Uy Xy + UppXp + Upax,y = Y e kﬂOWn, the system (6.6) become
Una¥a + Upyxy =
Ugax, = A

€ With a matriy of order 3, F?f;‘i:be a S‘Cheme for Computing the
10 0 [y upp uyg a1 ayy a, @ relation (2), we obtain

by 10110 Upp upg | < %1 apy 2y

By lp 1] [0 0 ugy

431 837 ag,
Multiplying the watrices on the left
Upy =840 Uiy = 8yp Upg = @,

1n =&, or -321 = &1
p Uy
321 Ujp + Uy, = a, = Uy, = 322—2211112
1tigt Uy = 3, Uy = 8y~ 1,
231 IJ11 = 331 = [31 = -a_‘Bl
ty
8yo 1.
bar Uy = Ly 0, = Gy = Ly = 251l
22
Lastly, £3 uz+ 2y, Upg + Uy = &,
= ‘ g = 3= Ly Uyy~ L, uy,
<. the variables are solved in the following
order uyy, Uy, Uyq
then £,,, Uy, Uy
lastly, £4,, £,,, Usq
Example-6.3 Solve the equations by the factorisation method,
2x+3y+2z=9
x+2y+3z=6
3x+y+2z=8
Solution:
[2 3 1]
A=1123
131 2]

10 0 J[ur the ts f 2 g
l,y1 0 ||0 Uz Uz =312
Iy lap 1J|0 O Va3 : )

= il 3= 1
Clearly, u;; = 2, Uyz 1

1
_ that £ = 3
Also, £,y Uyy = 1,50 A




Lt su,=2
1
b = —[_'_U =
y=2 2=
Ity s, =
=
from which we obtain Uy = %
3
[ﬂuﬂ‘!=qa!‘31__2_
ittt =1 4,=-7
L__th:*!@a.'zﬁ{-zaa=2=a%=18
1002 3 1
1 i 5
It follows thzt, A= 51 0 llo 55
3 D0 18
——7 1
|2 R
a‘dhameﬁ*egmsuﬁanofe@zﬁmscanbemﬂenas
10 0ffl23 1 2 9
Tiolo 25,15
2 2 2 8
3 0 0 18|l%
—7 1
2 i
- :
100
3 ] |[°®
a a3 E i0 Yz =18
3 Y3 8
—7 1
2 |

solving this system by forward substitution, we get
Y1 _ 3
- 9. — - 6 = P J—
¥ 5 + yzl =Y, 5

3
Y1124y = 8ory,=5

Hence the solution of the original system is given by

23 1 9
15 3
0 —_— — = -
2 2 2
0 o0 18|l4l |5
which when solved by back substitution process.
29 5
X = —; y 2 ——

TRk




69 pefntions: L&t A=(8,),,,,be any n-owed square matry

I of A where Iis the unit matr nd Ais a scalar, The mati

etic mairix rix of order p, calar, The matrix A - 1ris

y : Alsothe determinan Gk
- 312

= _|@ a
A=Al = | 21 B2y,

------
-------------------
o

8l e,

which is ordinary polynomial in A of degree n is called “Characteristic polynomial of A"
IA- |=0is called “characteristic equation of A" and the roots ” polynomial of A*, The equation
i of this e ion i . i
v quation is
0ots O characteristic aiues or latent roots or proper values” of the matrix A, Th calrefi characteristic
czled the rgpectrum of A”. % A. The set of eigenvalues of Ais
f1is  characteristic ot of the matrix A, then | A~ Az| = 0 and the matrix A- Aris singular. Theref
i ingular. Therefore

ihere exist @ non-zero vector X such that (A- ANX = 0 or AX = AX

Chmderistlc Vectors

lf‘l lt.’: a characte.nsuc root of an nx n matrix A, then a non-zero vector X such that AX = AX is called
characteristic vector or eigenvector of A corresponding to characteristic root A.
some Results:
1. \isacharacteristic root of a matrix A iff there exist a non-zero vector X such that AX = AX
0. If Xis a characteristic vector of matrix A corresponding to characteristic value A, then kXis also a
characteristic vector of A corresponding to the same characteristic value A where k is non-zefo

vector.
3, IfXisacharacteristic vector of amatrix A, then X cannot correspond to more than one characteristic
values of A.
The characteristic roots of a hermitian matrix are real,

The characteristic roots of a real symmetric matrix are all real.
Characteristic roots of a skew Hermitian matrix are either pure imaginary or zero.
The characteristic roots of areal skew symmetric matrix are either pure imaginary or zero, for every

such matrix is skew Hermitian.
The characteristic roots of a unitary

9. Theorem:The maxi
eigen-vectors of Ais
10. Thevalueofthe dot pro
of any symmetric positive

N ook

matrix are of unit modulus. i.e., Al =1.
T Ax where the maximum is taken over all x that are the unit

@

the maximum eigen value of A.
ductof the gigenvectors corresponding toany pair of different eigen values

definite matrix is 0.

i ectors of a Matrix
f Finding theEi and Eigenv , ) |
69.1 Processo matrix of order n first we should write the characteristic equation s

uare -
Let A = [3.;]n . be |a :q l =0. This equation will be of degree nin . So it will have n roots. These
matrix A. i.e., the equation !~ f the matrix A.
n roots will be the 7 gigenvad ef‘-": 8 corresponding eigenvectors of A will be given by the non-zero vectors
0

sfylrlrg the equations AX = A X or (A=A X)X =0.

If 1, is @n eigenva!
¥ n]’ gatl



Jues of A, 1
My G'gg:: ?h‘:z reciprocals of the eigenvalues of A,

nilly igenvalues of A :
- u theeigenvalu ‘1 __""_1_ are the eigen value of A1

141
: i'e_if11'12__,_lnargtwoeigenvalueofA.then A e Ay

are the eigen values of A,

kK k
I A,, A,,...A, are the eigen values of A, then Af,Az,..h,
1 gase

T
Eigen values of A = Eigen values of A,

i = size of A.
Number of eigen values = sizeé 0 ' .
Sum of eigen values = Trace of A = Sum of diagonal elemen

Product of eigen values = | Al.

1AL, s |
isti i ix A, the — is characteristic root of -
If ais a characteristic root of a non-singular matrix = ‘

f AdjA.

Example-6.4 Find all the eigenvalues the for the given matrices.

-4 2 7. 1
mA:[i Lﬂ (b) A=[3 —5J (c) A‘L 3J

Solution: | | |
(a) We will do this one with a little more detail than we will do the other two. First we will need the matrix

M-A
A 0] |6 16| |[A-6 -16
M-A= - =
[0 ] [—1 —4J [ 1 k+4]
Next we need the determinant of this matrix, which gives us the characteristic polynomial,
det(A/-A) = (A—6) (A + 4)—(-16) = A2- 21 -8
Now, set this equal to zero and solve for the eigenvalues.
A2-2L-8=(A-4)(A+2)=0 = Ay=-2,A,=4
So, we have to eigenvalues and since they occur only once in the listthey are both simple eigenvalues.
(b) Here is the matrix A/ - A and its characteristic polynomial,

A+d -2
-3 A+5
We will leave it to you to verify both of these. Now, set the characteristic polynomial equal to zero
and solve for the eigenvalues,
A2+ 0N+ 14 = A+7)A+2)=0 = A ==7, A, =-2
Again, we get two simple eigenvalues,
() Here is the matrix A7 — Aand its characteristic polynomial.

A=7 -1
u-A=[_4 x-a] det(A/~ A) = A2— 103 + 25

M-—A:[ ] det(M—A)=)_2+gx+14

Now, set the characteristic polynomial equal to Zero and solve for the eigenvalues
AZ-10M +25 = A-5R=0 = 3 =5

Inthis case we have an eigenval o

double eigenvalue. Notice as w

double eigenvalue,

etiﬁ ;:f multiplicity two. Sometimes we call this kind of eigenvalue a
atwe used the notatjon A1,z to denote the fact that this was a




—

Find all the clgenvalues fOrW matrices
-4 0 1 '

{1 -6 -2 6 3 -8
11 2 oo
s _
40 -1
- 1
GrARIS S @ A=|o3 o
10 2
solution: -

(a) As with the previous example we will do this one in a . L
First, we will need A, . one in a little more detail than the remaining two parts.

A 0 0] [4 0 17 [A-4
4 0 -1
M-A=10 & 0|-|-1 6 -2|=| 1 a+6 2

002 [5 00|65 0 &
Now, let's take the determinant of this matrix and get the characteristic polynomial for A.

A-4 0 -1r-4 O
det(\-A)=| 1 A+6 2| 1 Ar+6
5 0 A|-5 O
= MA-4) (A +6)-5(h+6)=2%+24%-20A~-30
Next, set this equal to zero.
A3+ 202-29A-30=0
Suppose we are trying to find the roots of an equation of the form,
A+ Coqy hpg Fort CA+Co = 0
where the ¢, are integer solutions to this (and there may NOT be) then we know that they may be
divisors of ¢,. This won't give us any integer solutions, but it will allow us to write down a list of
possible integer solution. The list will be all possible divisors of ¢,
In this case the list of possible integer solutions is all possible divisors of -30.
+1, £2, 3, x4, %5, +6, £10, £15, £30
Start with the smaller possible solutions and plug them in until you find one (i.e. until the polynomial
is zero for one of them) and then stop. In this case the smallest one in the list that works is—1. This

means that,

A— (—1) =A+1
must be a factor in the characteristic polynomial. In other words, we can write the characteristic

S
30 4 202~ 29h 30 = (A+1)aN)
yisaque : mial. We find g(A) by performing long division on the characteristic
e ; i
thr ?ﬂia! Doing this in this €ase IS5,
POl 5, oa2— 20430 = (h+ 1) (32 +1-30)
A do is find the solutions to the quadratic and nicely enough for us that

eed 0 :
tting all this together gives,

At this point allwen

i ig C se. Sol pu
factors In tmsﬂ (A +6) (A-5) = 0= h=-12=-"6MA=5
A hree simple elgenvalues.

So, this matrix has



(b)

Here AZ- A and the characteristic polynomial for this matrix.
r-6 -3 8
M-A=| 0 a+2 O det(A/ - A) = A3 -A2-16A-20
-1 0 A+3

Now, in this case the list of possible integer solutions to the characteristic polynomial are,

+1, 2, +4, +5, 10, 20
Again, if we start with the smallest integers in the listwe w
Therefore, A - (~2) = A + 2must be a factor of the characteristic pol
characteristic polynomial gives,

A3—22- 16X 20 = (A +2) (A2-31-10)
Finally, factoring the quadratic and setting equal to zero gives Us,
(A+22(A-5)=0 = Ap=-2, A=5

So, we have one double eigenvalue (A, , =—2) and one simple eigenvalue (A; = 5).

ill find that -2 is the first integer solution,
ynomial. Factoring this out of the

(c) Here is AI- Aand the characteristic polynomial for this matrix.

(d)

A -1 -1
A-A=|-1 A -1 det(\/— A) =A% -3A-2
-1 -1 &
We have a very small list of possible integer solutions for this characteristic polynomial.

+1, £2
The smallest integer that works in this case is—1and the complete factored form is characteristic

polynomial is, A3~ 34 -2 = (A + 1)2 (A~ 2)
and so we can see that we have got two eigenvalues A, , = -1 (a multiplicity 2 eigenvalue) and

A,=2(a simple eigenvalue)

Here is Al — A and the characteristic polynomial for this matrix,
A-4 0 1
M-A=| 0 A-3 O det(Af - A) = A3 =92 + 27A - 27
-1 0 Ar-2

In this case the list of possible integer solutions is, +1, +3, £9, +27
The smallest integer that will work in this case is 3. The factored form of the characteristic polynomial
is,
AP -OA2 + 27027 = (A-3)°
and so we can see that if we set this equal to zero and solve we will have on eigenvalue of
muliplicity 3 (sometimes called a triple eigenvalue),
Mi,2,3=3

For each of the following matrices determine the eigenvectors corresponding
to each eigenvalue and determine a basis of the eigenspace of the matrix corresponding to each

eigenvalue.

(a)

_[6 16 7 =
A_L -4J i A=[4 3]




> i
Sglulioﬂ: )
e determine_zd the eigenvalues k?r each of these in example above
Jetails i finding them. For each eigenvalue we will need to goly so refer to that example for the
(M-A)x =0 e the system,

Let's first find the eigenvector(s) and eigens
) pace for A, =-2. Referri
3 Y .  =—2. Referring to example 2
for L[ - Aand plugging A, =-2into this we can see that the systerng we needptc? sofl?lz:ri]se A

by MEH

We will leave it to you to verify that the solution to this system is
. x1. = -2t X, = t I

Therefore, the general eigenvector corresponding to A
1

[

The eigenspaces is all vectors of this form and so we can see that a basis for the eigenspace corresponding

ok = -2is,
(4

Now, let’s find the eigenvector(s) and eigenspace for A, = 4. Plugging A, = 4 into the formula for A7 — A from
previous example gives the following system we need to solve,

B MEH

The solution to this system is (you should verify this),
x, = -8t x,=t
and a basis for the eivenspace corresponding to A, = 4 is then,

[P el

i oovalues for each eigenvector the basis vector for each
i ed our hands on specific eigen ach e
Note that if we want K. So, if we do that we could use the following eigenvectors (and their corresponding

gigenspace would wor
-2 -8
= [ K = 4 Vp =
et M [1] sl [1]

'd like,
hese eigenvectors are linearly independent vectors.
e

att _ _
Note as well th mple we knoW that A, p=5152 double eigenvalue and so there will be a single
(p) From previous exa uF;e for this matrix. Using the formula for AT — A from example 2 and plugging A, 2 into
sigenspace lowing system that we will need to solve for the eigenvector and eigenspace.
e follow!
this gives the

2 -G

=-2is of the form,

The general eigenvector

eigenvalues) if we




Tha solution to this system is,
1

X = ;q-f. Xy = t

a
a basls for the eigenspaca corrasponding Ay o = 5 Ia then,
o

12 1l
- [”ﬂ”[”ﬂ T :[ ;

i elgonvalue/olgenvactor palr s,

The general eigenvector and

In this case we get only a single eigenvector and so a gooc

112
A-'Ie: 5 \’1 = 1

6.9.2 The Cayley-Hamilton Theorem
Every square matrix satisfies its characteristic equation i.e., If for a square matrix A of order .,

Important Result:

If A and B are two square matrices of the same order then AB and BA are wo square maltrices of the

same order then AB and BA have the same characteristic roots.

Any matrix polynomial in A of size nx ncan be expressed as a polynomial of degree n-1in A by using

Cayley-Hamilton theorem.
Example: Process to express a polynomial of a 2 x 2 Matrix as a linear polynomial in A:

3 1
Example-6.7 LetA= [ i 2] then we have to express the 2A5 - 3A* + A2~ 4Ias a linear

polynomial in A.

Solution:
Step 1: First of all write the characteristic equation of A.

. 3-2 1
In this case, A=-M| =
l l . -1 2=

=(3-A)(2-1) + 1
=A2-50+7
Thus the characteristic equation of A is lA - =0
i.e.,isA2-50L+7=0 (1)
Step 2: By Cayley Hamilton theorem, matrix A satisfies the equation (1).
Therefore, putting A = /in (1) we get

A2-5A+7=0
= A2 = SA-TI (2)
Step 3: Find the A5, A%, A% with the help of (2). In this case,
A =5A2_74
= At = 543 - 742
= At = 5A 748

2AS-3A% + A2 4] = 2(5A% - 743 - 3A% 4 A2 4F
=TA - 143 4 A2_ 41




= T[6A3-TA2) - 1443 A4
= 21 M- 4842 - 4]

= 21(5A% - 7A) - 48A2- 4

= 5TA2-147A- 4]

= 57[SA-T711-147A- 41

= 138A-403]
whichis@ linear polynomial in A.
summary e Asquare sub-matrix of a square matrix A is called a *principle sub-matrix” if ts -
u i

diagonal elements are also the diagonal elements of the matrix A.

Subtraction of matrices is neither commutative nor associative.

Properties of multiplication of a matrix by a scalar: :

(a) Scalar multiplication of matrices distributes over the addition of matrices i.e., .
KA + B) = kA + kB. : &

(b) If pand gare two scalars and Ais any mx n matrix then, (p+ q)A=pA+GA. |

(©) If pand gare two marices and A = [a,],,,, then, p(gA) = (PA)A

(d) If A= [a,,matrixand kbe any scalar then, (~K)A = — (kA) = k(-A). |

If Aand B be two n-rowed non-singular matrices, then AB is also non-singular then, .

(AB)! = B-'A™ i.e., the inverse of a product is product of the inverse taken in the -
reverse order. )

The rank of transpose of a ma_trix is 's'ame as rmh_a_\t of _‘?ﬁgif‘_a‘Wff‘,at,_fix-,i-k?_-__f(AT) = r(_f'.)f

i = CT LY Q.3 The number of linearly independent eigen
)  Students ‘ vector(s) of the above matrix is
| Assignment _ @ 1 (b) 2
. {c) 3 (d) None of these
Q.1 The number of linearly independent solutions of
the system of equations i 0
1 0 2|x Q.4 The nulity of thematrix (5 0 0 is
1 -1 0| x| =0isequaltc 7 3 4
-2 0=
& : 0) 2 (@ 1 (b) 2
@ 1 o © 9 (@ 4
il 8 1 Q.5 |fmatrix Ais of order 3 x 4 and matrix B is 4 x 5.
5 02 0} The number of multiplication operation and
a=|0 - i i :
. e matrix A= addition operations needed to calculate the matrix
Q.2 The eigen values of " 105 product AB,
(a) 240,60 (b) 60,45
are Wy =2, -4,-6
(@) 2,46 ﬁd)) 5 .4,6 (c) 60,60 (d) 240,32

© 107




(b) 120

(a) O
Qe p- [V3/2 V2 ,Az[‘ ‘] (0) 252 (d) 40
-1/2 J3/2 0 1
Q=PAP'andX=P'Q™5P thenXisequalto Q11 A= [g ;} find A-!
@) [1 2005]
0o 1 3/2 -2 [-3 4]
b) A=
@ A [5/2 6] " -5 -6
4420053 6015
& 2005  4-2005V3 € A =3 2 | (4) Aisnotinvertible
5/2 -3/2]
1f2+y3 1
@ - .
4 -1 2-8 5 -7 2 2
0O 3 0 -4
2005 = Compute |Al.
@ - 2_“/5] QIZA=l5 50 3 P
4[2+4/3 2005 0 5 0 -6
(a) 90 (b) 20
9.9 2 : (c) O (d) 4
Q.7 Therankofmatrix {9 3 & |is
37T 1 Q.13 Find the eigen values of the following matrix
(a 0 (b) 1 «0 0
(€ 2 (d) 3 A=|0 0 O
. 10 -3
Q.8 What could we say about the following system
of linear equations? (a) 4,0,-3 (b) 4,1
x,—4x, =8 (c) 1,-3 (d) 2,-15
2:‘1—3x2+21‘3=1
5x,—8x, + 7x, =1 o 1 23
. . " . > 5 _7
(a) the .system is consistent with a unique @4 Consider A which of the
solution 0 3 6 2
-2 -3 4 -2

(b) the system is consistent
(c) the system is inconsistent
(d) ncne of the above

2 3
Q.9 Find eigen values of A = [3 SJ

(a) 2and-6 (b) 3and2
(c) 4and -6 (d) 3and-7
23 45
0 6 89
.1 = =
QroA=| " ., [Al =2
000 3

following statements is not true?
(@) Aisinvertible (b) Ais non-invertible
(© |Al#0 (d) None of above

Q.15 Consider the following system of linear equations

21 4][x o
4 3 -12 y =15
12 8 ||z 7

Notice that the second and the third columns of
the coefficient matrix are linearly dependent. For
how many values of o, does this system of
equations have infinitely many solutions?



()

0

((3 " () Infinftely many
0 What 8 (he Index 1o prove matrix

| -3 -4

pz |- 3 4 | anlipotent matrlx?
4 -3 -4

(a) 2 (b) 1
) 3 (d) Noho of above

common Data Questions (17 and 18):
pégenvluesol 3x 3matrix Acro2, tand |A] =12,

0,47 Find the third eigen value of matrix A,
(@) 2 (b) 6
(0) 12 (d) None of these

.18 The product of eigen values of Adand A are
(a) 1728,248832
(b) 248832, 1728
(c) 243288, 1827
(d) Noneofthese

Q.19 Forasystem of mlinear equationsinn unknowns,
the cramer's rule is applicable when
(@ m=n
(b) m#n
(©) m=nand coefficient matrix is non singular
(d) m=nandthe coefficient matrix is singular

a & &
a2 1ilp B B|=0anda b, c# 0, then
c & ¢

@ c=(a+ b)2
(b) a:bora:corb=°
(C) C=(a—b),2
(d) a=2b=20

staternents:
Q.21 Choose e inoorte? of amatri equals the sum

1. The determinan
of its eigen values:

2o A sequarg 1
Seuare matriz satlsfios its cha
ol i charaolaristic
£h fhn Blim of prinalpal diaganal slsmants of a
4 Milrl acunls the sum of its olgen valuss,
v i row of a matrly s sams as one of its
solumne, Ite datarminant valua s 0,
(1) 1 and2 (b) 1and3
() 1and4 (d) 3and4
Q.22 Tho glven aquations are solved by using
LU-clacornposition methad,
X, B, = By, = 4
X, 4%, 4 8x; = =2
X,k 3x,+ 4y = 1

Find lower triangular matrix value,

13 8 10 0
(@) |14 3 0 110
184 10 12
1 3 8
© (01 -5 (d) None of above
00 1

Q.23 Find the U matrix from the previous question.

1 8 1 (1 3 -8
@ [0 1 11 () [0 1 11
0 0 -8 00 1
(1 3 -8 (1 00
© [0 11 1 @3 10
0 0 1 -8 11 1
Answer Key:
1.@ 2@ 3@ 4@ 5. (b)
6@ 7.0 8@ 9@ 10()
M@ 120 13 140 15@
16. (a) 17. (b) 18. (a) 19. (c) 20. (b)
2. () 22.(b) 23 (b



' Student's
@ . Assignments | Explanations

1. (a)
1 0 2 X9 O
1 -1 0f[x | = |O]:

2 -2 0f|x 0
»+2x, =0

X, =X, = 0

2r -2y, = 0

—x; =t
x1=x2=1‘andxa=—;—=*§‘

t

The solution is t for all values of t.
-t/2

=~ The number of linearly independent solution

is 1.
3. (c)
Characteristic equation is
5-4 O 1
0 2-» 0 =0
1 0 5-4

A=-246
[A-Al] X =0 is the eigen value problem

5-1 0 1 xq 0

0 —2-2 0 |[[xn|=]0 (i)
1 0 5-Ax 0
Putting A= -2ineqgn (i)
7 0 1][x 0
0 0 Of]|lx]| = |0
10 7f|x 0
7x, +x, = 0
x,+7x; =0
Solving which we getx, = 0,x, =0
Putting x, =t
0

We get one eigen vector as | t
0

putting, A= 41in aquation willl

10 1[x 0
0 -6 0 Xg | = 0
"f 0 1 -.\‘3 -U_

Solving which we gel x, = 0, x, = —x, putting
x, = f, we gelux, = -t

=t

~. Another elgen vectoris [ 0
t

Putting, A = 6 in equation (1),

-1 0 1 Xq 0
0 -8 0 Xo = |0
1 0 -1 X3 0

Solving we get x, = x,and x, = 0
Putting x, = t we get, x; =t

t

= Another eigen vector is | 0
t

All three are linearly independent
. No of linearly independent eigen vectors = 3

(a)
|Al =0. Sorank is not 3.

: 5 0
The minor [7 3]_15;&0

So, Rank = 2
Nullity = number of columns - rank
=23-=2=1
(b)

Let matrix A is of order mx n

Let matrix B is of order n x P

for matrix product AB,

The number of multipkication operations = mpn
The number of addition operations = mp (n-1)
Herem=3,n=4, P=5

No. of multiplication operations = 3 x 4 x 5 = 60
No. of addition operations = 3 x 5 (4 -1) = 45



FAPJ' ) that

(PAP = (PAP) (PAP-)
= PA(P-'P) AP-' = PAJAP-
= PA2 P
oy, (PP = PA? P! and so on
gimilarty: (PAP-)' = PATP
X= P (PAP-1yxs p
= P (PAXS p)p

= (P'P). A% (P-1p)  poocs

o
o s ]

o
—

"
o —
no

= 0

and soon
1 2005
2005 __
Aole T
1 2005
ol
7. (c)
00 -3
23 B|=p
31 1
rank = 3
3 5
=-2%0
o \1 1

Since 2 x 2 minor is not zero, rank = 2
8. (c)

Use gauss elimination on augmented matrix

0 1 —4lg 2 3 21
5 .a 71 B <8 |4

(2-1)(-61)~(3)(3)=0

determinant is eq ion of diagonal
elements = 2+g+7+3

. (c)
Suppose, A _ @ b]

Ais invertible if ad - be »

we get,

3 2|1
Ry - 512R, g 1 4|8 | _FatleR, |
1 3
%3 23]
[ 1
2 3 24
0 1 —4lg
00 ols
I B
rank (A) = 2
rank(A|B)=3

rank (A) # rank (A | B)
is system is therefore inconsistent and has no

solution,

- (d)

The characteristic equation of matrix is

lA-tr] =0

2 31 .M o
IA"T”:[S —e]_l[o 1]

[2-2 3
3 s-a

T+414+21 =0
(1—3)(1:+7)= 0

which has roots 3 ang =7, which are the eigen
values,

. (c)

¢ d

0
At o _ﬁ_‘l___- d -p
ad-pg ~C g
substltuting the valy
d=g

es.a=3,b=4.c=5and

A o [ﬁg 2
512 g2



12.

13.

14,

15.

16.

(b)

Taking advantage of Os in third column start
cofactor expansion down the third column to
obtain 3 x 3 matrix.

0 3
=(1)0+3*2+5 8 3
0 5 -6
again taking advantage of Os in the first column,
we expand using cofactors of column 1 elements.

3 —4 17.
=2%(-1)2+1*_5* =
) e g =20
(a)
Eigen values of triangular matrix are entries in the
diagonal: 4, 0 and -3. 18

(b)

The quick test for invertibility is the value of
determinant of the matrix. If the determinant of a
matrixis non-zero, then it is invertible. Since

|A| =-30=# 0. The matrix is invertible.
(a)

Gauss elimination on argumented matrix gives
rank (A) = rank (A | B) = 3 for all values of a.

. for all values of , we get unique solution.
i.e. there is no value of a, which gives infinite
solution for this system.

(a)

To prove a matrix A to be nilpotent, A should be
a square matrix, and A" = 0.

n — index (least positive integer that satisfies
AN=0

1 5 4
A=|-13 4
1 -8 -4
1 -3 41 -3 4
A=A A=A=|-1 3 4l-1 3 4
1 -8 -4fl1 3 4

20.

[ 1+3-4 -3-9+12 -4-12+16
=|-1-3+4 3+9-12 4+12-186
| 143-4 -3-9+12 -4-12+16

0
0
0

Therefore, index is 2.

(b)
Product of eigen values = | A
2x1x1t=12
T=6
Third eigen values = 6

(a)

Eigen values of A* = 13, 23, 6°
Eigen values of A* = 15, 25, 6°
Product of eigen values of
A= 1x2x6%=1728
Product of eigen values of
A= 1 x 25x 65 = 248832

(b)
a & &

Given b ¥ b= 0
c' &

a & & 1a & 1 a &

b b b|oabcfl b |sabcl0 b-a B-&
c 2 1 ¢ ¢ 0 c-a &-&

— abc[(b-a) (*- &) - (c-a) (- &)]

— abc{(b-a)(c-a)(c + a)-(c-a)(b-a)(b+ a)]
—abe{(b-a)(c-a)[(c+ a)-(b+ a)]}

— abc[(b-a) (c-a) (c-b)]

Since the determinant is zero
abc(b-a)(c-a)(c-b)=0

since a, b, ¢ # 0 (given)
b-a=0orc-a=0o0rc-b=0

= a=bora=corb=c¢
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See explanation of previous problem.
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