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4.2 Coordinate Geometry

ELLEPSE: DEFINITION 1

AV

P1F|+P|F2=P2F|+P2F2=P3F|+P3Fz
Fig. 4.1

An ellipse is the set of all points in a plane, the sum of whose
distances from two fixed points in the plane is a constant. The
two fixed points are called the foci (plural of ‘focus’) of the
ellipse. The constant which is the sum of the distances of a
point on the ellipse from the two fixed points is always greater
than the distance between the two fixed points. The midpoint
of the line segment joining the foci is called the centre of the
ellipse. The line segment through the foci of the ellipse is
called the major axis and the line segment through the centre
and perpendicular to the major axis is called the minor axis.
The end points of the major axis are called the vertices of the
ellipse.

Standard Equation of an Ellipse

Let the foci of an ellipse be (+ ¢, 0), then its centre is (0, 0).
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Fig. 4.2-
According to the definition of an ellipse,

PF T PF , = 2a (constant)

= Va-of+y Y+l +) =2a2a>2) (i)
Now[(x— )+ 1] - [(x+ ) + 7] = —dex (ii)
Dividing (ii) by (i), we get

R R CRSEIES (i)

cx
Vx-ef+y' =a-5

y2

2
a —cC

=

2
Simplifying, we get f? + 7 =1

Let

where

2 42 '
a-ct=b, then%+25=1 @iv)
a b
a>b
It is a 2nd degree equation with powers of x and y both
even and hence is symmetric about both the x-and y-axis. The
entire curve is confined within the rectangle bounded by the

linesx=xaandy==b.

Eccentricity

Degree of flatness of an ellipse is defined as
c_9F,
Eccentricity (¢) = 5 =
4 04

. Distance from centre to focus
Distance from centre to vertex
1 & _d-bv_, ¥

=5 1-2% <1
a a2 a2

Now if ¢ — 0 (i.e. the two foci come closer and coalesce
to form the centre), then,

e>0=>b->a :
Hence, the ellipse gets thicker and — circle.

Again if ¢ — a (i.e., the two foci tend to coincide with the
vertex of the ellipse),

wehavee > 1 =56 —>0.

Hence, the ellipse gets thinner and thinner and tends to a
line segment between the two foci.

Equation of an ellipse in terms of eccentricity becomes
2 2
X Y
_2 + . 5

:1’
& (-6

where b° = & (1 — &) or a’¢* = a* — b* (a > b).

No‘te:r ; L AR , : S
1. Two ellipses are said to be similar if they have the

same value of eccentricity.

2. Distance of every focus from the extremity of minor
N - 2 .

axis is equal to a, as b + a’¢® = a’.
Directrix

It is possible to define two lines x = £ % corresponding to each
focus, which satisfy the focal directrix property of the ellipse,
1.€., PF1 = ePMl and PF2 = ePMZ.

Hence, for any point P on the ellipse F]Tll_ = e (constant)
1

Focal-Distance

The sum of the focal radii of any point on the ellipse is equal
to the length of the major axis.
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‘We have

PF,

ePM1=e(%— ) a-ex, ®
G (ii)

PF , = ePM2 =e (
(i) + (ii) gives PF Lt PF,= 2a

+x1) =a+ex1

Equation of an Ellipse Whose Axes are Parallel
to Coordinate Axis and Centre is (h, k)

k
Equation of such an ellipse is (—‘-Z—) —(VT)— =1,(a>b)
Foci: (ht ae, k)
Directrix: x=h+%

Definition and Basic Terminology of Ellipse
2 2 ’

Consider ellipse %5 + ZE =1
a b
Double ordinate L, atus rectum
st N/
A
focal chord
X <« + 0 > X _2b
4@\ /AF/A,(a, 0)
\ 4
B,
%
—— 2a ———>
Fig. 4.4

¢ The line containing the two fixed points (called foci) is

called the focal axis (major axis) and points of intersection
of the curve with focal axis are called the vertices of the
ellipse, i.e., A (a, 0) and 4 5 (— a, 0). The distance between
Fland Fis called the focal length. The distance between
the two vertlces i.e., 2a is called the major axis.

The distance 25, i.e., B 1B2 is called the minor axes.

¢ Point of intersection of the major and minor axes is called
the centre of the ellipse. Any chord of the ellipse passing

Ellipse 4.3

through it gets bisected by it and is called the diameter.
Major and minor axes together are known as principal
axes of the ellipse.

¢ Any chord through focus is called a focal chord and any
chord perpendicular to the focal axis is called double
ordinate.

¢ A particular double ordinate through focus
perpendicular to focal axis is called its latus rectum.

and

Latus-fectum Length

The two foci are (£ ae, 0).
)

Putting x=ae in—z—2+;—2= 1, we get
2 2 2
S o
B
y=ta

-, Coordinate of the extremities of the latus rectum
2
= (i ae, £ b—)
a 2
Length of latus rectum = %—lz— =2a(1-¢&%)

4b2 (Minor axis)’
~2a_  Major axis

Also L L =2a(1-¢")=2e (&~ ae)

= e (distance between focus and corresponding foot of
the directrix).

Tracing Out Ellipse

Method 1
Fig. 4.5
We know that PF : + PF , = constant
Hence PF : + PF ) +F lF L= constant

Stick two drawing-pins into a board (though not pressed too
far in) and slip the loop of thread over them. Insert a pencil
point in the loop and position it so that the thread is tight.
Move the pencil round the pins, always keeping the thread
tight and thus trace out an ellipse.
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Method 2
M

Fig 4.6

Draw two perpendicular lines M, N on the paper; these will
be the major and minor axes of the ellipse. Mark three points
A, B, C on the ruler. With one hand, move the ruler onto the
paper, turning-and sliding it so as to keep point 4 always on
line AZ, and B on line N. With the other hand, keep the pencil’s
tip on the paper, following point C of the ruler. The tip will
trace out an ellipse.

Position of a Point (h, k) with Respect to an
Ellipse

Let an ellipse be x_z + y_z =1
a b
Let P=(hk)
}F P (outside)
B P(on)

® P (inside

> X

Y!
Fig. 4.7 , 2
Now Pwilllie outside, on or inside the ellipse x_z + %2 =1
a

2

accordmgtoash—+ Z-1>,=,<0
a

b

Comparison of Standard Equation of an Ellipse
whena>banda<b

2 2
Equation of ellipse: % + %2 =1

a>b
Y
A

0,5)B__ P(x,)

X' e |C X
-4, 0y~ - (a,0

(0,- b)B’

v
x=-—ale Y x=ale

(@

Xe 7
(~a,0
4’ (0,-b)
-y =—b/e
\4
Y/
(b)
Fig. 4.8
a>h a<bh
Centre _ 0,0 (0,-0)
Vertices © - [{xa; 0) 10, :bb)
Length of major |2a°° " = 71 [2h" -
Length-of minor |25 - S 2a
axis
Foci (tae,0) 0, % be).
Equation of x=tale y=+ble i
directrices o : : L
"|Relationina, b |¥’=d(1-¢) |d=(1-¢)
ande” S ’ L '
Length of the 20%a 2a°1b
latus rectum ‘
Ends of latus (+ ae, £ b%a) (xd*/b, + be)
rectum . .
Focal radii of any | PS=a -~ - ex; and PS b ey and
poth(x],y)on ‘PS’—a+ex |PS = b+ey
ellipse L
Sum of focal 2a-- - |2b
radii SP +:§'P ' ~

. A ladder 12 units long slides in a vertical

plane w1th 1ts ends in contact with a vertical wall and a
horizontal floor along x-axis. Find the locus of a point on
the ladder 4 units from its foot.

Sol.
Y

R¢ (0, D)

P(h b

A
]
v

0(a,0)
Fig. 4.9



Given A+ =122=144 )
PR_8_2

also POT471

— h=20andk=2

= andb 3k

From (i), we get Ll 9k2 =144

y_

== 16=1

g

which is an ellipse.

Two circles are given such that one is

completely lying inside other without touching. Prove that
the locus of the centre of variable circle which touches
smaller circle from outside and bigger circle from inside
is an ellipse.

Sol.

Fig. 4.10

In the figure, circles with hard line are given circles with
centres C| and C, and radius 7, and v, respectively. Let the
circle with dotted line is a variable circle which touches given
two circles as explained in the question which has centre C
and radius r.

Now CC2=r+r2andCC1=rl—r

Hence, CC T CC2 =r tr,= (constant)

Then locus of C is ellipse whose foci are vCl and C,.

i.EXa'H_l‘Plf?'4;3 " Coordinates of the vertices B and C of a
triangle ABC are (2, 0) and (8, 0), respectively. The vertex

A is moving in such a way that 4 tan 5 B tan g— 1. Then find
the locus of A.

B, C_
Sol.4tan2tan2—

(s — Ns-a) (s—afs—b) 1
\ 5G-b) sG-o 4

1

Ellipse 4.5

s—a_1

= 5 4
2s—a_5

= a =§

= _ b+c=%x6=10

(+ a=BC=6)

Thus, sum of distance of variable point 4 from two given
fixed points B and C is always 10, therefore equation of locus
of 4 is an ellipse. Also cenire is midpoint of BC, which is
(5, 0). ‘

2ae = BC = 6 and sum of focal distance for any point on
the ellipse is 10.

_6_3
Hence, e=90°%

Length of semi-major axis = 5.

Length of semi-minor axis = 4.

(-5’

Hence, equation of ellipse is —5z— 55 +2 6= =1.

Find the eccentricity of an ellipse

LY _

5+ 2o 1 whose latus rectum is half of its major axis.

: 2
Sol. Let a> b, then latus rectum of the ellipse is % and semi-
major axis is a.

25

Given T =a
= 2% = o
Also for the ellipse B'=d(1 - ¢
= 241 - =4
-1
= ¢= 77

Exﬁni_pl'et 45 Find the equation of the ellipse (referred to
its axes as the axes of x and y, respectively) whose foci are

(=2,0) and eccentricity —;—
2

Sol. Let the ellipse be %5 + Zz 1.
a*
Given e= %
Also foci of the ellipse are (+ ae, 0) = (£ 2, 0)
= ae=2=a=4
Now, b= d (1 -¢)
= b =12

2 2
Thus, the required ellipse is % + {—2 =1

[SNOSERE If P(x, ) be any point of the ellipse

16x* + 25y = 400 and F = (3, 0), F. =(-3, 0), then find the
value of PF + PF

Sol. We have 16x% +25)” = 400 = 5= y—6—1
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a=25and B’ =16

N SR . 16 _ 9
"Then, eccenfnmty is g1ve3n by e =l—?=l—g=3

=

=
So, the coordinates of the foci are (+ ae, 0) or (£ 3, 0).
Thus, F and F, , are the foci of the ellipse.

Since, the sum of the focal distances—of a point on an
ellipse is equal to its major axis, PF +PF, = 2a=10.

e=§

Example 4. 7 If the focal distance of an end of the minor

axis f an elllpse (referred to its axes as the axes of x and y,
respectively) is k£ and distance between its foci is 24, then

find its equation. ,

Y
bZ
It is given that distance between foci is 24
= 2ae =2h
= ae=h @)
Focal distance of one end of mmor axisisa=k
= V=a-d¢=K-n

2
So, the equation of the eliipse is xﬁ + ﬁ? =1.

Sol. Let the equation of the ellipse be %5 + =1
a

| REYL I RE If (5, 12) and (24, 7) are the foci of an ellipse
passing through the origin, then find the eccentricity of the
ellipse. , -

Sol. If two foci are S (5, 12) and §' (24, 7) and the ellipse
passes through origin O.

Then =25+ 144 =13;
S'0 =576 +49 =25 and SS' = V386
If the conic is an ellipse, then SO + §'O = 2a and
SS' = 2ae
SS' 386

€=T0+50 38

E\ample 4.9 § - Find the centre, foci, the length of the axes
and the eccentrlclty of the ellipse 2x* + 3y* — 4x — 12y + 13
=0.

Sol.The given equation can be rewritten as
20— 2x) + 302 —4p) + 13=0
= 26— 1 +3@p -2 =1
_ay2 A2
-1, 02 _

2 2 1
. (IA2)  (13) £2+L2 .
a v
= Centre X=0,Y=0,ie.(1,2)

Length of major axis = 2a =42,
‘ . a2
Length of minor axis = 2b NG

and

Then foci are ( 1+ 713—, 2).

10.

11.

2
. If P (e, B) is a point on the ellipse %

2
. P is a variable on the ellipse x_z + ’Lz =1 with A4’ as
the major axis. Find the maxirttium area of the triangle
APA'.

. Prove that the curve represented by x =3 (cos ¢ + sin £),
y =4 (cost—sinf) ¢ € R is an ellipse.

. An arc of a bridge is semi-elliptical with major axis

horizontal. If the length of the base is 9 m and the
highest part of the bridge is 3 m from the horizontal,
then prove that the best approximation of the height
of the arch 2 m from the centre of the base is zm

. An ellipse has OB as a semi-minor axis, F, F’ as its

foci and the angle ZFBF" is a right angle. Then, find
the eccentricity of the ellipse

. Find the equation of an ellipse whose axes are x- and
 y-axis and whose one focus is at (4, 0) and eccentricity

is g y2
+ 7o 1 with
foci S and S" and eccentricity e, then prove that area
be of ASPS' is be Vo — .

. An ellipse is drawn with major and minor axes of

lengths 10 and 8, respectively. Using one focus as
centre a circle is drawn that is tangent to the ellipse,
with no part of the circle being outside the elhpse
Then find the radius of the circle,

. Find the foci of the ellipse 25(x + 1)* + 9(y + 2)* =

225.

. Find the sum of the focal distances of any point on

the ellipse 9x* + 16)” = 144,
If C is the centre of the ellipse 9x* + 16y = 144 and
S is a focus. Then find the ratio of CS to semi-major

axis. yz

Let P be a point on the ellxpse = + Pl 1 of
a4

. eccentricity e. If 4, A’ are the vertices and S, §' are

12.

the foci of the ellipse, then find the ratio area APSS":
area AAPA'.

If the foci of an ellipse are (0, = 1) and minor axis is
of unit length. Then find the equation of the ellipse.
Axis of ellipse are coordinate axes.




ELLI PSE: DEFINITION 2

From the discussions in the previous sections we can also
define an ellipse with respect to one fixed point and fixed line.
An ellipse is the locus of a point which moves in a plane such
that the ratio of its distances from a fixed point (i.e., focus)
and the fixed line (i.e., directrix) is constant and less than 1.
This ratio is called eccentricity and is denoted by e. For an
ellipse e< 1.

X ! tX
Fig. 4.11
From the dlagram for any point P on the curve, we have
by definition,
F.P
P M =e or F.P= ePM (focal length or focal radius of
point P)

Also 4 and 4' divide F,Z in the ratio e: 1 mternally and
externally, respectively.

If the focus F, has coordinates (@, §) and equation of
directrix ZM is Ix + my + n = 0, then equation of the ellipse is
|Ix + my + n|
e 2 !

\J(x—a)+(y~,3)2= W

which is of the form ax? + by* + 2hxy + 2gx + 2y + ¢ = 0,

ah8

where A=|h b f|#0and h* < ab.
gfec

From the diagram, length of latus rectum.

= PIQI

=2FF

=2(eP'M)

= 2(eF Z)

= 2(e)(distance of focus from corresponding directrix)

Example4 10 - Find the equation of the ellipse whose focus

is S(-1, 1), the correspondmg directrix isx—y +3 =0 and
the eccentricity is 5. Also find its centre, the second focus,
the equation of the second directrix and the length of latus
rectum.

Ellipse 4.7

Sol.

N
7<°‘
R

D

N

v

Y
ol
«

Fig. 4.12

Let P(x, y) be any point on the ellipse and PM be
perpendicular to the directrix, then PS = ePM gives

@+ 1Y+ - 1P = 5 [—y + NP
TP+ Ty +2xp + 10x— 10y - 7=0 6)

The major axis passes through S(—1, 1) and is perpendicular
to the directrix.

=

So the equation of the major axisisx +y =0

(it)
Axis meets the directrix at Z, then Z is (- %, %)

A and A’ divide ZS in the ratio 1: ¢, i.e., 1: %

or in 2: 1 internally and externally, respectively.
Therefore, we have

(.11 (11
A=(-FF)mda=(-7)
L n | 55
Thus, the centre C (midpoint of 44") = (— 56
Let other focus S’ be (4, k).
1 5
Then 5(h—\1)=—g
S0 =-_2
e[ 22 .
..SIS( 3,3) (lV)

If major axis meets the other directrix at Z'(e, ) then
since C is the midpoint of ZZ', we have

(iii)

1 =2
andi(k+ )=

J@a-P=-356+D=5 =29

The second directrix is the line perpendicular to the axis
passing through Z'(— %, %)

...(v)

Also length of latus rectum = 2(e)(distance of (-1, 1)
from the linex—y + 3 =10)

=2 x

Equation of other directrix is x —y + % =0

1i-1-1+31 _ L
2 2 V2
Example4 (4l If the equation (5x — 1) + 5y — 2)* =
(kz -2+ 1) (3x + 4y — 1) represents an ellipse, then find
values of A.



4.8 Coordinate Geometry

Sol.Given equation of an ellipse is

(-3 )+l -3 -a-r

3x+4y—1}2

Of\/(x—%)2+(yf%)2=|1_1|'?”“5+2_“+y7‘2”

‘For ellipse SP = ePM, where 0 <e< 1
= 0<A-1]<1
= A e(0,2)- {1}

Equation of an Ellipse Referred to Two
Perpendicular Lines
2 2
Consider the ellipse x_z + %2‘ =1 as shown in the figure.
a
Let P (x, y) be any point on the ellipse. Then, PM =y and
PN=x.

It follows from this, that if perpendicular distances p ,and
P, of a moving point P(x, y) from two mutually perpendicular
coplanar straight line L=axtby+t ¢,=0,L = blx —ay+

c,= 0, respectively, satisfy the equation

pLp
a2 bz >
a1x+b1y+c1 2 blx—aly-i-c2 2
\a + b? B+ a?
a v’

then locus of the point P is an ellipse in the plane of the

given lines such that

i. The centre of the ellipse is the point of intersection of the
lines L =0 andZ =0

L=bx—ay+c¢,=0
P(x, y)

Li=ax+by+c,=0

Fig.4.14
ii. The major axis lies along L, = 0 and the minor axis lies
alongL1 =0,ifa>b
§0CL IRV Find the equation of the ellipse whose

axes are of lengths 6 and 26 and their equations are

x—-3y+3=0and3x+y-1=0, respectivély.
x-3y+3\ (3x+y—1}\
+

V149 VO +1
V6 3

Sel. Equation of the ellipse is (

_+2 +_2
-3y+37 Gxiy-f

= 60 - 90
= 3(x—3y+3Y+2Cx+y—1)> =180

= 2IxX*—6xy+29y* +6x— 58y —151=0

Concept App}ic‘atign Exe_rcisg 4.2

1. Find the eccentricity, one of the foci, directrix and
length of the latus rectum for the conic (3x — 12)* +

3x —4y + 5)

Gy + 152=EZ D * ) 5% y
2. Find the length of major axis, minor axis, eccentricity

3x—4y+2)Y  (dx+3y-5)
oftheellipse(x lg )+(x 9y )=1.

AUXILIARY CIRCLE AND ECCENTRIC ANGLE

Definition

A circle described on the major axis as diameter is called the
2 2
auxiliary circle. For ellipse x_z + % =1 (a > b) it has equation
a

Ay = Q)



’

\ 4
Y
Fig. 4.15

P={(acosf, bsinb)

0= (acosb,asing) 0<6<2m.
Here 0 is called eccentric angle of point P. P and Q are
corresponding points and 6 is called the eccentric angle of the
point P. : _ '
bsinf b
asin@—bsinf a-b

PN _
PQ

= constant

Hence, if from each point on a circle, perpendiculars are
drawn on a fixed diameter then the locus of a point P dividing
these perpendiculars in a constant ratio is an ellipse whose
auxiliary circle is the original circle.

‘We have

Find the equation of the curve whose

parametric equations are x =1 +4 cos 6,y = 2 + 3 sin 0,
6 € R.

Sol. We have x =1 +4 cos 6, y=2+3 sin 8
x-1\? (y_z)z_
(g ) -

x-1)° Lo- 2)°
16 9
which is an ellipse.

=1

Prove that any point on the ellipse
whose focn are (-1, 0) and (7, 0) and eccentricity 1/2 is (3
+8 cos 0, 4V3 sin 0),0 € R.

Sol. Foci are (-1, 0) and (7, 0).
Distance between foci is 2 ae = 8.

= ae=4andsincee=%,a=8.
Now, Pr=d*(1 e’ = b =48
= b =43.

The centre of the ellipse is the midpoint of the line joining
two foci, therefore the coordinates of the centre are (3, 0).

Ellipse 4.9

-3y Lo-0F 0)° .
— =1
e T@aBy? @
Thus, the parametric coordinates of a point on (1) are (3 +
8 cos 0, 433 sin 6).

Hence its equation is

| Find the eccentric angle of a point on the

ellipse % + % = 1 whose distance from the centre of the

elfipse is 5.
Sol. Any point on the ellipse is P (V6 cos 0, V2 sin 6)

Now CP =6 cos® 8 + 2 sin® § = V5 where C is a centre
= 6(1—sin’@)+2sin’0=5

= 4sin’@=1
= sig9=i%

_xn 5z Tz 1lzx
= =666 6

Find the area of the greatést rectangle

2

that can be inscribed in the elllpse 3 + gb% =1.
a .

Sol. Let PORS be a rectangle, where P is (a cos 6, b sin 0)

Y
A
0 P(a cos 0, b sin 8)
XI < ) » X
R S
v
Y
Fig. 4.16
Area of the rectangle = 4(a cos 8)(b sin 0)

- =2ab sin 26
This is max. when sin 26 =1
Hence, max. area = 2ab(1) =2ab

If the line Ix + my + n = 0 cuts the ellipse

x }’_
a b2

then find the value of

n
= 1 at points whose eccentric angles differ by 7

212 b2 2

Sol. Let the points of intersection of the line and the ellipse be
/4 4

(acos 6, bsin§) and (a cos ( 5t 0), b sin (f + 9)) Since they

lie on the given line Ix + my +n=0

lacos@+mbsinf+n=0

= lacos@+mbsin@ =-n
and —lasin@+mbcos@+n=0
= lasin® —-mbcosO =n



4.10 Coordinate Geometry

S quaring and adding, we get
&P+ b'm? = 2n?
272 22
— al +2b m_
n
Exarmiple 4. 18 . Find the area of the greatest isosceles

Y
b

P anon st

triangle that can be inscribed m the elllpse x_z +

having its vertex coincident with one extremlty of major axis.

Sol. Let APQ be the isosceles A inscribed in the ellipse

x2 + ZZ = 1 with one vertex A at the extremity (a, 0) of the
major axis. If coordinates of P are (a cos 6, b sin 6), then those

of O will be (a cos 6, — b sin 6).
So area of A APQ is given by

er
B P(acos 6, bsinB)
. \A @0
(0] D
A
v Q(a cos 8, -b sin 0)
Fig. 4.17
1
=5 PQ.AD
=PD.AD
=PD (04 - 0OD)
=bsinf (a—-acosb)
~3 ab (2 sin 0 - sin 26),
0<O<m
% =ab (cos 8 — cos 26),
and dz—% =ab (- sin 0 + 2 sin 26)
dao
. dA _
For max. or min. of 4, B - 0
= cos 6 —cos 20 =0
= 2cos’0—cos@—1=0
=(2cosB+1)(cos6-1)=0
= cos @ =— %,
("cosB=1asf=0)
= 6 =2n/3,
when 0 =2n/3,
&A

. —-1 3V ab, (- ve)

A has max. when 8 = 27/3

.. Max. area,

A =1 ab [2 sin 2/3) -
sin (47/3)]
-1V ab

1. Find the eccentric angles of the extremities of the
2

2
latus recta of the ellipse % + %2 =1.

2. If @ and B are the eccentric angles of the extremities

of a focal chord of an ellipse, then prove that the

eccentricity of the ellipse is % _

3. If the chord _]ommg points P (&) and Q (8) on the

= 1 subtends a right angle at the vertex

ellipse %
e ¥
&

A(a, 0), then prove that tan (a/2) tan (8/2) = —

Some Important Properties of Ellipse

2
1. Area of elhpse = + ;;— =1 ismab

Proof :

A

N

B

B(0, b)

A(a, 0)

A 4

Fig. 4.18

Area —4IaVa —x* dx
0

b
a

4.T\Ja2 —x* dx
0 .

QIB*

[area of circle having radius ]

— 2
=g na

=nab

2. Ratio of area of any triangle POR inscribed in ellipse
2 2

xT'_ %2 = 1 and that of triangle formed by corresponding
a . :

points on the auxiliary circle is b/a.



Proof:
L et the three point on the ellipse be P (a cos a, b sin a),
Q (acos B, bsinf) and R (a cosy, b siny).

Then corresponding points on the ‘auxiliary circle are
A (acosa,asina), B(acosf, asinf)and C (acosy,

a(l +ecos6)
Now r -7r,=——>5

Ellipse 4.11

sin’ 6

fav)

3

a.

@!

@
1

|

2 2 2
_ \la (e + cos 0) +b

4

a siny).

acosa
acosf
acosy

1

2

Area of APQOR

bsina 1
bsinf 1
bsiny 1

Now Area of AABC . |acosa
acosf

acosy

1

2

cos &
cos 8
cos y

ab

asina 1
asinf 1
asiny 1

sina 1
sinf 1
siny 1

cosa
cos
cos ¥

a

sing i
sinf |
siny 1

b

a
3. Semi latus rectum is harmonic mean of segments of focal

chord or o5+ i 24 (a> b) (where PQ s focal chord

through focus §)

4. Circle described on focal length as diameter always
touches auxiliary circle.

2

y
b2

Proof : Consider ellipse %; 2 =1

A

v

Fig. 4.19

Let P be (a cos 8, b sin §)
SP = ePM=e(%—acos 0)
=a(l-ecosb)
Auxiliary circle is x* + y* = o® having centre C o, 0) and
7'1 =a.
Circle having SP as a diameter has centre
ae+acosf bsinf

G ( 2 2

_ SP _a(l —ecos6)
T2 T 2

) and radius

2\[«2 +2e cos 0 + cos” 9+b sin? 0
a

=%\Fe2+2ecosf9+c0529+(l—ez)sin29

=%\/e2c0520+2e0050+1

=-°21(ecos0+1)

Hence, circle on SP as a diameter touches the auxiliary
circle internally.

- If PSQ is a focal chord of the ellipse

16x2 + 25y 400 such that SP = 8, then find length of SQ.
2 2
+ 2=
Sol. Given ellipse is 5z 2 ST =1

12
We know that 55 SP S0~ b‘;

1 _2(5) _5

then8+SQ 16 —:SQ=2

. - The ratio of area of triangle inscribed
in ellipse =5 x2 % =1 to that of triangle formed by the
a

corresponding points on the auxiliary circle is 0.5, then
find the eccentricity of ellipse.

Sol. The given ratio is % = %
b2 1.3 _V3

Nowel=1-

2=l-g=4=e=7

Lxample 4. If S and S’ are two foci of the ellipse
16x* + 25y = 400 and PSQ is a focal chord such that
SP =16, then find S'Q.

1 _2a

Seol. We know that w5 SP 50" R

OO|U]

9
16

1 5 1
Then for given ellipse 7¢ S 0 =2x7g= =350

Now SO+ S0'=2a=10 = SQ'
_ 16_74
=104 =

IDSLULERIR AOB is the positive quadrant of the

2

ellipse ’;—j + % = 1 in which O4 = a, OB = b. Then find the

area between the arc 4B and the chord 4B of the ellipse.
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Sol.

Fig. 4.20
Area of ellipse is mab. Then area of ellipse in first

quadrant is zll—ztab 8q. units.

Now area of triangle O4B = % ab sq. units

Hence, the required area is 2 Jl’ab 3 ab = 4 (.7'[ 2) sq.
unlts

Y5 Prove that area bounded by the circle
X

X+ y2 = 4% and ellipse =5 + % =1 is equal to the area of
a

another ellipse having semi-axis a — b and b (a > b).
Sol. Area bounded by the given circle and ellipse

= area of circle — area of ellipse

=na’ — wab

=na(a— b)

= area of ellipse having semi-axis a — b and b

INTERSECTION OF A LINE AND AN ELLIPSE

PTangent
y=mx+c
B
X' K : - X
v A
Y’ Secant
Fig. 4.21
Line y=mx+tc )]
3 2
: . y ..
Eilipse: 4= ii
p 2 B (i)

Solving Egs. (i) and (ii), we get
b+ & (mx + ¢ = b
ie., (@m* + b)) x> +2a° emx +d (c
!

2 b2)= 0

D=0
D>0 Tangent . D<o
Secant G =t b Line does not

meet ellipse

Fig, 4.22

Hence, y = mx + Va’m* + b* is a tangent to the ellipse for

allm e R.
Note there are two parallel tangents for a given m.

If it passes through (A, k), then k = mh + Na’'m® + b*

or (k—mhy* = d*m* + b*
= (W — P )m* = 2khm + P — b =0 (iii)
P(h k)
Fig. 4.23

Hence, passing through a given point there can be a
maximum of two tangents,
Equation (iii) can be used to determine the locus of the

point of intersection of two tangents enclosing an angle 5.

If _ B =90° thenm m =—1
= P-b=a-K
= Py =at+ b

which is known as director circle of the ellipse.

Hence, director circle of an ellipse is a circle whose centre
is the centre of the ellipse and whose radius is the length of the
line joining the ends of the major and minor axes.




Equation of Tangent to the Ellipse at Point (x , y.)

P(x, )

Fig. 4.25

2 2
Differentiating 25 + )b% =1 w.r.t. x, we have
a

2, dy_
a " B dx 0
dy bx
— & __bx
, b*x
= (%)(x W2
g bx
Hence, equation of the tangentis y -y, =— 2—1 (x-— xl)
a yl

2 2
xx X y
1 N 1 1

or St =t

i B d B
x? pl
But (x,, ,) lies on the ellipse = a—lz + b_lz =1
Hence, equation of the tangent is
xx,. )
FAN ®
xx1 »y,
or 7 "2)7 1=00r7=0
here - =020
where =—t— -
& v

Equation of Tangent at Point (a cos 6, b sin 0)

Putting x, = a cos @ and y = b sin 0 in (1), we get

%cos@+%sin9=l (i)
Point of Contact where Line y = mx + ¢ Touches
the Ellipse

2 2
Line y = mx + ¢ touches the ellipse 4+ % =1, whenc==
a

NP
Comparing lines y = mx + Va*m* + b* with (i), we get
X
& _ b 1
m

T Na'm® + b*

Ellipse 4.13-

b2
( \/72 2+b2 \/a2m2+b2)
2 2
or (:i: aT, F %), where ¢ = Na*m® + b’

E\ample P¥PR rind the equations of the tangents drawn
from the pomt (2, 3) to the ellipse 9x* + 16" = 144,

Sol. Let the equation of the tangent is y = mx + 16m* + 9

It passes through the ;;oint 2,3)

= 3=2m+16m>+9

= (3 —2m)’ =16m*+9
= 12m*+ 12m =0
= m=0,-1

=> Tangents are y=3o0ory=—x+5

Draw the diagram and verify that both tangents have
+ ve y-intercept.
2

Ty

Example 4 B

=1, then find its eccentric angle 6 of point of contact.

5 B ¥~ \2 touches the ellipse xj
a

Sol. Let 6 be the eccentric angle of the point of contact, then
xcos @ i sin 0

tangent at this point is —g— b =1
Also _\/: + ET =1 is the tangent
cos 0 + sinf 1
1 1
22 .
= cos@=ﬁ;s1n0=7~2—
= 0 =45°

Example 4 26 & Find the locus of the mxddle point of the

portion of a tangent to the elllpse =+ %— =1 included
between the axes.

Sol.

h
1 B(0, b cosec ¢)

/ )

Ky A(a Se'c ¢, 0)
A 4

Fig. 4.26
The equation of the tangent at any point ¢ of the ellipse

1sacos¢+ sing = 1.
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It meets the axes at the point A(a sec ¢, 0) and

B(0, b cosec ) 7
Let P(h, k) be the midpoint of 4B,

then - p=4 5620¢, k= bcozec ¢

cos¢=%andsin¢= %

&
pre 4k2 l(ehnbl;natmg ?)

2
Thus, the locus of (4, k) is a_2_ + }7 =

—

4

Example 4 "‘ If the line 3x + 4y = \'7 "touches the ellipse
xz + 4yt = 1 then find the point of contact.

Sol. Let the given line touches the ellipse at point P(6).
The equation of the tangent at P is
V3xcosf+2ysinf=1 @)
Comparing (i) with the given equation of the line 3x+ 4y

=7, we get cosf sinf

32 T 1 1
The point of the contact (a cos 6, b sin 6) is ( T W)

- . 2
IR I EPAE  Find the points on the ellipse _x_j + %
s : 4

=1 such that the tangent at each point makes equal angles
with the axes.

Sol. Let P be (a cos 6, b sin ), then the equation of tangent
at P is

acos(9+ sinf =1
Y
(acos 8, b sin 0)

< \i/ »X

Fig. 4.27

Slope of tangent = sin 90 % =+tan45°=+1
= cotf == %

= cos @ =+ —%— and

&
=
)
Il
H
<
) )
o~
~

.. Coordinates of the required points are
2 2
* g i 2b ]
Vot + 87 NP+ b

Example 4 29

(4,—1)and touches the line x + 4y — 10 = 0. Find its equation
if its axes coincide with coordinate axes.

An ellipse passes through the point

2

2
Sol. Let the equation of the ellipse be % + % =1 )
. a
It passes through (4, —1) so a* + 165* = a*b? (ii)
Also x +4y — 10 = 0 touches the ellipse
= y=(1/4)x + (52)
25 _ a2
= 4~16"0
= © dP+ 1667 =100 (iii)
From (ii) and (iii), we get '
a*b* =100 or ab =10
Solving (ii) and (iii), we have (iv)

(@=4~5,b="5/2)or (a=2+5, b=+5)

Hence, there are two ellipses satisfying the given conditions,

ie., p
4’
80 + ‘5_ =1 and 2_0‘

=,

Y__
5 =1

[RSLUICERIE Anellipseslidesbetween two perpendicular
straight lines. Then identify the locus of its centre.

Sol. Clearly, P is the point of intersection of perpendicular
tangents. 2 5
So,.P lies on the director circle of the given elllpse 2 + %5
=1 (say).
This means that the centre of the ellipse will always
remain at a constant distance Va* + 5> from P.

Hence, the locus of C is a circle.

E\ample431 Find the locus of the foot of the

perpendlcular drawn from the centre upon any tangent to
»

. X
the ellipse 25 + 2 = 1.
eellipse 5+

Sol. Let the foot of perpendicular is P(h, k)

Then the slope of OP 1 18 5 (0 is centre)
=> Slope of the tangent is —kﬁ
=> Equation of the tangent is y — k= — % (x—h)
_ h_ K+ E
or y==5x + %
2 2 2

This touches the ellipse, then (h hs kz) = 2(ﬁ) + b?

k k
- a2x2 + b2y2 — (x2 +y2)2



Equation of Pair of Tangents from Point (h, k)

0
P(h, k) —
Fig. 4.28
Combined equation pair of tangents PQ and PR is given by
=SS
: whlere T= L ky 1,S=-)-C-2,;+y—2—1
NS a b
N %
and S L ? + ? -1

Exa mple 4.32 | - Find the angle between the pair of tangents
from the pomt (1 2) to the ellipse 3x* + 2y” =5,

Sol. The combined equation of the pair of tangents drawn
from (1, 2) to the ellipse 3x* + 2y* =5 is

(3" +2* = 5)(3+8~5)=(3x+4y - 5)

=0’ —24xy — 4+ ...=0 [Using 8§’ = T%]
If the angle between these lines is 6, then
W2
tan0=—h+-5—b- wherea=9,h=-12,b=—4
_12
= | tan \/§ \
= 6 =tan” (@)

IMPORTANT PROPERTIES RELATED TO TANGENT

1. Locus of feet of perpendiculars from foci upon any tangent
is an auxiliary circle.
2 2

Proof: For ellipse x_2 + % = 1 the equation of tangent at any
a

point 8, i.e., at (a cos 8, b sin 0) is

%cos‘0+-lv;sin0=1 6)

Equation of perpendiculars from foci (+ae, 0) to tangent
() is xsin@ ycos@ ae sin 0
b a b

(in)

A S'ae, 0)

Ellipse 4.15

Locus of the feet of perpendicular, i.e;, of points of
intersetion of (i) and (ii) is obtained by eliminating 6.

Squaring (i) and (ii) and adding, we get

sin?@ cos’ @
b * a
a’e*sin’ 0
B
, [B?+ P sin® @ — b sin” 0
a’h?
b* cos’ 0+ a* sin® O
a’b?
[ de=d’ -]
iy cos’@ sin’ 6

2
2lcos’@  sin” 0 2
2 + 2 +
a b

Hence, cancelling [cos® 8/a” + sin” /5],
the locus is x* + y* = a°, which is an auxiliary circle.

2. Product of perpendlculars from foci upon any tangent of
the ellipse % 7 + % =1is b’

Proof: Equat1on of tangent having slope m is

mx—y +Na*m* + b* =0
mae + Na*m? + b* — mea + Na*m® + b
V1 +m? V1 + m?
(a2m2+bz—m2azez
1+ m?
2m2+b2—m2(a2—b2)
1+m?

B (l+m)|
1+ m?

p1p2=

2

3. Tangents at the extremities of latus rectum pass through
the corresponding foot of directrix on major axis.

4. Length of tangent between the point of contact and the
point where it meets the directrix subtends right angle at
the corresponding focus.

Example 4.33 - If F, and F, are the feet of the

perpendlculars from the foci S and S of the ellipse

2
x ﬁ =1 on the tangent at any point P on the ellipse,

then prove that S F +S8 F 28
Sol. We known that the product of perpendiculars from two

foci of an ellipse upon any tangent is equal to the square of the
semi-minor axis.

Then (S,F)(SF)=16
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Now AM. >GM. ay
S F +SF, Slope of normal at point (xl,yl) is bz—xl i)
= T > 1 )
ay
SF SSF : Hence, equation of normal is (y - y,) = bz—xl (x—x)
2. p? !
= SF +SF 28 or c;c_lx_zzzaz_bz (i)
Concept Application Exercise 4.4 . )
— : Normal at Point (a cos 6, b sin )
1. If the line x cos @ + y sin ¢ = p is a tangent to
2y Putting x, = 6 and y, = b sin 6 in (iii t
the ellipse % + % = 1, then prove that &* cos® a HHng X, — g cos T an byl sin 6 in (i), we ge
. a ax Y _ 2 52 .
+ b sin* a = p’. = 5§ 5me ¢ P ()
2. Find the slope of a common tangent to the ellipse Note:
2 2 , .
X, y_7 ~ 1 and a concentric circle of radius r. 1. Normal other than major axis never passes through
I , , the focus. =
. 3. If any tangent to the ellipse x_2 + y_2 = 1 intercepts . 2. Normal atp oint P btsects the angle SPS"
a b " SP=a-ex, ’
equal lengths / on the axes, then find /. . : .
. P=g+
4. If the tangent to the ellipse x* + 2y* = 1 at point SI: aren
P (%, %) meets the auxiliary circle at point R and Q. : Normal NPi is a;x ' ?y_;v =q - ‘1,2' :
Then find point of intersection of tangents to circle : -

at Q and R.
2
5. A tangent having slope of — % to the ellipse —i% +

2
‘P(xl:yl)

intersects the major and minor axes in points 4 and

B, respectively. If C is the centre of the ellipse, then . >y
find the area of the triangle 4ABC.
6. Find the two perpendlcular tangents drawn to the
elhpse y = | intersect on the curve.
: 25 Te - 2 v
7. 1f the tangent at any point of the ellipse x_ + y_2 =1 > oA
a b . an 431
makes an angle a with the major axis and an angle " F (N, o
1 0 t
f with the focal radius of the point of contact, then orpom »PH ngy we ge
show that the eccentricity of the ellipse is given by — L x=x (a - bz),= % ( 1— b )
' 3 2
_ cos . i\, 1 a
€=cosa- .
=x e
1
= SN =ae - x &
EQUATION OF NORMAL 1
=e(a—ex)=eSP
Equation of Normal to the Ellipse at Point (x , y.) " and _ S'N = ae + xé
"e(a+ex)—eS’P
SP _ SN
(x5 ) = SP~ SN
= . PN bisect the ZSPS'

Thus, incident ray from focus S after reflection by
ellipse at point P passes through other focus S'.

Fig. 4.30



Co-rmormal Points

Fromx any point in the plane maximum four normals can be
drawm to ellipse.

Four feet of normals on the ellipse are called
co-normal points. The condition for their eccentric angles is
a+f +y+0=Q2n+m,nel

Proof:
Normal at P (a cos 6, b sin 8) is

ax bk _ 2 2
cosf sinf ¢ =b

If it passes through point (4, k), then

ah _ bk — 2 _ b2
C0sg “sing ¢
ah(l + tan’ g) bk(l + tan? g)
e 9 _ : — a2 _ b2
1—tan®— 2tan—
2 .2

A+PHah (1+Dbk _ , . .6
(1—t2) - T, =a -b wheret—tan2

2w+ ah—(1-1 bk=2t(1-A) (@ - b)

=

=
—-bk=0

B

This equation has four roots, i.e., tan %, tan 5 tan %,
tan %, where a, B, v, O are eccentric angles of feet of normals

on the ellipse.

- a
Now s = 2 tan 5

N
sz—Ztan 2tan2 0

ey @ BV
s3~2tan 2tan 2tan2

Y. o

o B Y6
,s4—tan2tan2tan2tan2 -1

a B,y 6_); 517 %
NOWtan(z*z*z*z REE

But l—sz+s4=0

B,y o 7
= (%+§+§+§ =@n+1)5neZ

= a+,3+j/+6=(2n+1)n,neZ
2

LRIl Find the points on the ellipse ,_\:4_ + 'l;— , on

which the normals are parallel to the line 2x —y =1

3y
sinf

Sol. Normal at P(2 cos 6, 3 sin 6) is garg -

bk +[2ah — 2 (@ — O] £ + [2ah - 2 (&* — D)t

Ellipse 4.17

. 2
o . cos 9
Now this normal is parallel to 2x —y = 1, then 3= 2
N tan 6 =3 sin g
i . 3
=4 =4 —=—
= cos 0 NIt and sin 0 NiT)

. 2 9
t: +— |
Hence, one of the points is ( 710’ = V10 )

If the normal at any point P on the

ellipse ﬁz + %2 = 1 meets the axes in G and g, respectively,
a

then find the ratio PG:Pg. )
2

. . - x .Y
Soll. Let P(a cos 6, b sin 0) be a point on the ellipse z + 7
Then the equation of the normal at P is ax sec 0

— by cosec 0 =a* — b~
bz

2
It meets the axes at G (_a —— cos 0, O) and

glo,- = Ging)
& — b

2
" PG,2=(a0050— a 2cosG) +b* sin” 6
=b—2(b2 cos’ 6 + a’ sin” 6)
a

and

2
Pg* = % (8% cos? 6 + o sin® )

PG:Pg = b*d*

s the point on the ellipse €9 and
Q is the corresponding point on the auxiliary circle of the
ellipse. If the line joining centre C to ¢ meets the normal
at P with respect to the given ellipse at K, then find the
value of CK.

Sol.

i K »)

9
il
J

<&
<

L

Fig. 4.32
Equation of normal at P is cé‘—s"e - si3rf) e
It passes through X
= 4CK-3CK =17
= CK=1
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Then QR is called chord of contact of the ellipse
2

X

Y
Xy a * P =1
axis of ellipse TR i 1 at 0 and S and ' are foci of given
ellipse, then find the ratio SQ:5'Q. Let_Q (x rY 1) and Rex,y 2)
.. Equations of tangent PQ and PR are
. 2 2 .
Sol. Equation of the ellipse ic_G + % =1 K; ¥ % =1 )
a ,
9=16(1-¢%
: xx, W, o
_ ezg and ?+7=1 (ii)
Hence, foci are S (N7, 0) and 8’ (- V7, 0)
Since (i) and (ii) pass through P(#, k) then
Fig. 4.33 : B LR B
2 b2 - (lll)
Normal at P is a bisector of angle between S'P and SP a
hx, ky
SO _sp_8-+7 and —2+t=1 (iv)
Hence, SO SP 8+v7 & b

Hence, it is clear that O(x 1; yl) and Rx,, ¥,) lie on

a
2
1. The line Ix + my + n =0 is a normal to the ellipse %5 .oor T = Owhichischord of contact QR.
2 2 2 2 g2\2 a
y a b _(@-b) _hx by
+?=1,thenprovethatl—2+?=T- where T—a2 +b2—1

2 .
2. Find the equation of the normal to the ellipse x_2 + Jb% DS IR XY If from a point P tangents PQ and PR are
- a R N M P o7 e Z S OR

= 1 at the positive end of the latus rectum. drawn to the ellipse 5~ + * = 1 so that equation of QR is
3. If the normal at one end of the latus rectum of the x + 3y =1, then find the coordinates of P.

2 2 . . .
ellipse x_2 + %2 = 1 passes through the one end of the Sol. Let coordinates of P be (%, k), then equation of OR is
a

hx .
. hx g -
mirror axis, then prove that eccentricity is constant. 2 =1 @
4. If the normals at P(x , y)), O(x,, ,) and R (x,, y,) to butis givenas x+3y=1 (1)
the ellipse are concurrent, then prove that .. (1) and (ii) are identical
5, ‘ : h_k_ - -
%) x )= 0. o 7=3=1=h=2andk=3
P4 3 *3Ys

.. Coordinates of P are (2, 3).

: xaﬁiplé‘4; Tangents are drawn from the points on
CHORD OF CONTACT the line x —y — 5 = 0 to x* + 4y” = 4. Then all the chords of
contact pass through a fixed point, find its coordinates.

. 2 2
Let PQ and PR be tangents to the ellipse x_z + % =1drawn Sol. Any point on the line x — y — 5 = 0 will be of the form
from any external point P(h, k). 4 (t,t—5)where t € R.



Chord of contact of this point with respect to curve
P4yt =4is
tx+4(t—5)y—4=0
or (-20y —4)+¢(x+4y) = 0 which is a family of straight
lines, each member of this family passes through the point
of intersection of straight lines — 20y -4 =0and x +4y =0
which is (4/5,—1/5).

Fmd the locus of the point which is such
that the chord of contact of tangents drawn from it to the

elhpse s+ ‘;L 1 forms a triangle of constant area with

the coordlnate axes.
Y 1

xx
Sol. The chord of contact of tangents from (x,, y ) is — 2

=1. 5
It meets the axes at the points (x_ 0) and (O b—)
1

Area of the triangle = %— b7 = k (constant)
1
2,2
= xy = aTb_ = ¢* (c is constant)
= xy = ¢?, which is a hyperbola
Eumple 4 41 j‘ Prove that the chord of contact of the

. 2
elllpse ':22 + 5 =1 with respect to any point on the directrix

is a focal chord.

Sol. Let any point on the directrix is (a/e, k). (ale)x  ky
Chord of contact with respect to this point is + Ix)
=1
Chearly focus S(ae, 0) satisfies the above line.
Hence, proved.

EQUATION OF CHORD JOINING POINTS P(ct)
AND Q(g)

Equation of chord passing through the points P(a cos «,
b sin ) and Q(a cos B, b sin f)

X y 1
acoso. bsina. 1|=0
acosp bsinf 1
= bx(sina—sinf)—ay (cosa —cosfB) +absin (f—a)=0

2] (2 ()

= % cos (—2—

Example 4.42 B Find the equation of a chord of the

2
5
y =1 joining two points P( ) and Q ( n)

Then its equation is

ellipse ;;

Sol. Equation of chord is

Ellipse 4.19

U

POINT OF INTERSECTION OF TANGENTS AT
POINTS P(a) AND Q(8)

Point of intersection of the tangents at points ¢ and 3 is

cos & ; B a -5 B
a , b = can be deduced by comparing
cos a_—zﬁ cos a-p

chord joining O(e) and R(B) with chord of contact of the pair

of tangents from (xl, y 1) on the ellipse.

Proof:
Px, »)
Oa)
RB)
Fig. 4.35
Equatlon of chord of contact QR with respect to point P is
o~ ) :
EANE. ®
Also equation of chord PQ is
%Cos#*-z i a;’g=cosa%ﬂ (ii)
Comparing Eqgs. (1) and (ii),
N xl Y 1 b
a cos a_ﬁ sin 6%‘&
_ 1
cos a_z—ﬁ
cos g_;ﬁ
X =a ;
: cos a_-z-ﬁ
sin —2ﬁ
and v = b———
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E 1 ¥ Find the locus of the point of intersection
of ta gents to the ellipse if the difference of the eccentric

1
angle of the points is 3

2
Sol. |- |= 3
Y
Ixan
P(a).
BN
2
YI
Fig. 4.36
atf
h=a 2 =2a cos a+h
cos a—gé 2
and k=2bsin ; B
Yo, P
£o=1
= 4 4p
2 2
X 4 Y =4
= a b

EQUATION OF THE CHORD OF THE ELLIPSE
WHOSE MIDPOINT IS (x_, y.)

Q02 1)

R(xy, )

Fig. 4.37

Let the slope of the chord be tan 8, then any point on the chord
at distance r from the point (x, ) is (x, +r cos 6, y, +rsinb)

If this point lies on the ellipse, then

(x, + rcos 6)* (v, +rsin %

7 3
a b

@

_ Since line cuts the ellipse in two point Q and R, this is
quadratic in 7, whose roots are v = PQ and r, =~ QR

Hence, sum of roots rotr,=0 (as PO =0R)

Then from (i), coefﬁc1ent of r=

2x cos@ 2y sind

+ =0
a b 5
b X,
= tan @ =———
1
‘ ble- :
Hence, equation of chord is y — y = 2z (x - xl)
ay
xx, yy ¥
1 1 1
or =t 5 =1= —+———1
a2 b2 a2 b2
2 2
’ —q . o0
or T=S,where S = a2 P 1

PPR. Tangents are drawn from the point (3, 2)

to the eHipse xzv +4)y* =9, Find the equation to their chord
of contact and the middle point of this chord of contact.

Sol. x> +4)°=9

Fig. 4.38
Equation of the chord of contact of the pair of tangents
from (3, 2)
Bx+8y=9 (i)
This must be the same as chord whose middle point is
(h, k). '

T=5,
hx b _r ¢
9t92~9" 94
= hx + 4ky = I* + 4k (if)

Equations (i) and (ii) represent same straight lines.
Comparing coefficient of (i) and (ii), we get

h_dk_KH+4K
378 9
= 2h =3k and 3h=H +4i’
2
= 3h=i+4x 4
' 25K _
= 9 =3h
=27, i, 18
= h—25andk—25

S Find the locus of the midpoints of a focal

2

2
chord of the ellipse x_2 + ';% =1.
a



Sol. I_et the midpoint of the focal chord of the given ellipse
be (1. k).
¢ (k. 1 e b B R

T hen its equation is 2 + FEinbe) + W [Using T=S ]
Since this passes though (ae, 0)
hae _ I n 4
- 7 - aZ b2
he _KW . K
g a = 'a—z + b—2
2 yz
.~. Locus of (4, k) is ‘Z—x=x—+b—
a

Find the length of the chord of the

r——
ellipse % + {—6 = 1 whose middle point is (1/2, 2/5).

Sol. Equation of the chord having (1/2, 2/5) as midpoint is

4 aps , (U/2x @Sy
25t 796 1725 T 16 !
[T=5]
= 4x+ 5y =4 _
— S5y =4(1—x) ()

Solving with ellipse, we get
16x* + 16(1 — x)* = 400

= ¥-x—12=0
= x=4,-3
—g y=_12
forx=4,y= 5
16

For.x=—3,); =7z
2
Therefore, length of the chord=\{{72 + (25—8) } =17 %

Concept Application Exercise 4.6

1. If the chords of contact of tangents from two points
2

2
(x], ») and (xz, yz) to the ellipse % + %5 =1 are at

XX
right angles, then find the value of yI—yZ
2

2. From the point A(4, 3), tangents are drawn to the
2 2

inse X 42 =
ellipse TR

Subjective Type FENEENS
o

1. A circle which is concentric with the ellipse %5 + % =
a
1 and passes through the foci F| and F, of the ellipse.

1 to touch the ellipse at B and C. EF

e S Sol,uﬁqhspﬁi page434

EXERCISES

Ellipse 4.21

is a tangent to the ellipse parallel to the line BC and
towards the point 4. Then find the distance of 4 from

EF.
3. Find the locus of the middle points of all chords of
2 2
54— + % =1, which are at a distance of 2 units from

the vertex of parabola y* = — 8 ax.
4, Tangents PQ and PR are drawn at the extremities
2 2
of the chord of the ellipse J¢ + % = 1 , which get

bisected at point P(1, 1), then find the point of
intersection of tangents.
2

5. Chords of the ellipse x_z + Z—Z =1 are drawn through
a

the positive end of the minor axis. Then prove that
their midpoint lies on the eilipse.

CONCYCLIC POINTS ON ELLIPSE

Let the circle x> + y* + 2gx + 2 fy + ¢ = 0 cuts the ellipse
2 2

% + Jb% =1 in four points P, O, R, S.

Solving circle and ellipse (x = a cos 6, y = b sin 6), we

have
a*cos’ 0+ b*sin 6 +2 agcos O+ 2 bfsin@+c=0

=@ (135 ) v (Pl - (155)

2t _ . 9_
+2bf(1+-t2)+-c 0, where 1 =tan >
= A1 - +4b P +2ag (1 -A) (1 + &) +4bfi (1 + D)
+e(1+7Y=0

= (@ —2ag +¢c) £ +4bf £ + (- 2d* + 4" + 2¢) £
+4bft+ (a*+2ag+c)=0
Roots of the equation are tan %, tan §= tan% tan %, where

a, B, v, 8 are eccentric angles of P, O, R, S, respectively.

Also 5 =5,
a By 6)_ 5175
= tan(7+7+7+— - 1—32+s4_0
a+fB+y+0
= . —ﬂTy—:nn,neZ
= atpt+ty+d=2nm,neZ

The two curves intersect at four points. Let P be any point
of intersection. If the major axis of the ellipse is 15 and
area of the triangle PF, F, is 26, then find the value of
4a’—4b" .
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10.

11.

12.

. Find the range of eccentricity of the elhpse = + e

. Find the values of « for which three distinct chords drawn

from (a, 0) to the ellipse x* + 2y* = 1 are bisected by the
parabola y* = 4x.

. Prove that if any tangent to the ellipse is cut by the

tangents at the ends points of the major axis in 7 and T,
then the circle whose diameter is 77" will pass through
thee foci of the ellipse.

. Let P be a point on an ellipse with eccentricity %, such
- that ZPS'S, =a, ZPS,S =P and Z8 PS,=ywhere S and

S, are foci of the ellipse. Then prove that cot %, cot %

and cot 7 are inA.P. )

A

(a > b) such that the line segment joining the f001 does not
subtend a right angle at any point on the ellipse.

. From any point on the line y = x + 4, tangent are drawn

to the auxiliary circle of the ellipse x> + 4y* =4. If P, O
are the points of contact and 4, B are the corresponding
points of P and Q on the ellipse respectively, then ﬁnd the
locus of the midpoint of 4B.

. If a triangle is inscribed is an ellipse and two of its sides

are parallel to the given straight lines, then prove that
third side touches the fixed ellipse.

. The tangent at a point P (a cos ¢, b sin ¢) of the ellipse

2 R I meets its auxiliary circle in two points, the

chord joining which subtends a right angle at the centre.
Find the eccentricity of the ellipse.

. Tangents are drawn to the ellipse from the point

2
(__a Na*+ b ).
2 2

a-b
Prove that the tangents intercept on the ordinate through
the nearer focus a distance equal to the major axis.
Yo
: B
(a > b) a pair of tangents is drawn to the auxiliary
circle. Show that chord of contact will pass through the

corresponding focus of the ellipse.
2

Atangent isdrawn to the elhpse =+ % =1tocuttheellipse
2
= +?— 1 atthepoints Pand Q. If tangentsat P and Qtothe
c
2 2
ellipse x_2 + % = 1 intersect at right angle, then prove that
c

2
. . . . X
From any point on any directrix of the ellipse =5 +

PRI

R
Origin O is the centre of two concentric circles whose
radii are a and b, respectively, a < b. A line OPQ is drawn
to cut the inner circle at P and the outer circle at 0. PR is
drawn parallel to the y-axis and QR is drawn parallel to
the x-axis. Prove that the locus of R is an ellipse touching

=1.

3. If the eccentricity of the ellipse

the two circles. If the foci of this ellipse lie on the inner
circle, find the ratio of inner: outer radii and also find the
eccentricity of the ellipse.

13. The tangent at a point P on an ellipse intersects the major

axis in T and N is the foot of the perpendicular from P
to the same axis. Show that the circle drawn on NT as
diameter intersects the auxiliary circle orthogonally.

14. Find the locus of pomt P such that tangents drawn from it

to the given elhpse A meet the coordinate axes

72
in concyclic points. b

15. Find the point (@, 8) on the ellipse 4x> + 3y* = 12, in the first

quadrant, so that the area enclosed by the lines y=x, y =3,
x = ¢ and the x-axis is maximum.

Objective Type

Each question has four choices a, b, ¢, d, out of which only
one answer is correct. Find the correct answer.

2

1. P and Q are the foci of the elhpse = + Z 1 and B is an'

end of the minor axis. If PBQ is an equilateral triangle,
then eccentricity of the ellipse is
1 1 1 V3

a.ﬁ b. § c.z d. 3

2. An ellipse having foci at (3, 3) and (- 4, 4) and passing

through the origin has eccentricity equal to

3 5 3
8.7 b. 7 0.7 , d.52
Yy .
4+ = =
i1t Ay 1S

—\[1———, then latus rectum of ellipse icsz

6
S 10 8
a. N73 b. N7 c. N d.

none of these

4. If PQR is an equllateral tr1ang1e inscribed in the auxiliary

circle of the ellipse % ? + b_ =1 (a > b) and P'Q'R’ is

corresponding triangle inscribed within the ellipse then
centroid of the triangle P'Q'R’ lies at

a. centre of ellipse

b. focus of ellipse

c¢. between focus and centre on major axis

d. none of these

5. §,, S, are foci of an ellipse of major axis of length 10 units

and P is any point on the ellipse such that perimeter of
triangle PS§ S, 1s 15. Then eccentricity of the ellipse is

a. 0.5 b. 025 ¢. 028 d. 0.75

2 2
6. If the ellipse Z- + y* =1 meets the ellipse x>+ Lo 1 in
] p 2

four distinct points anda=b>—5b+ 7, then b dcﬁes not lie A
in
a. [4,5]
¢. (-, 0)

b. ("OO’ 2) v (3’ OO)
d. [2,3]



10.

11.

12.

13.

14.

1S.

. "With a given point and line as focus and directrix, a series

of ellipses are described, the locus of the extremities of

their minor axis is _
a. ellipse b. parabola

¢. hyperbola d. none of these

. A line of fixed length a + b moves so that its ends are

always on two fixed perpendicular straight lines, then the
locus of a point, which divides this line into portions of

lengths a and b is a/an
a. ellipse b. parabola

c. straight line d. none of these

. The length of the major axis of the ellipse (5x — 10)> + (5y

3x—dy+7
15)———(x4y i

20 20 -
a. 10 N R

Angle subtended by common tangents of two ellipses -
A(x — 4) + 25> = 100 and 4(x + 1)* + y* = 4 at origin is
i b T T T
a. 3 b. Z C. g )

A circle has the same centre as an ellipse and passes
through the focii F and F, of the ellipse, such that the
two curves 1ntersect in4 pomts Let ‘P’ be any one of their
point of intersection. If the major axis of the ellipse is 17
and the area of the triangle PF, F, is 30, then the distance
between the focii is

a. 13 b. 10 ¢ 11 d. None of these

The line x = 7 meets the ellipse x* + ’% =1 in the real and
distinct points if and only if
a <2 b. |f<1
c |[4>1 d. None of these
2 2
The eccentric angle of a point on the ellipse % + % =1

at a distance of % units from the focus on the positive
x-axis, is

a. cos” (%)

¢. m+cos’ (%)

b. 7 —cos™ (%)

d. None of these

2

2 2
If Sand S’ are the foci of the ellipse ;—5 6= =1,and Pis

any point on it then range of values of SP-S'P is
a. 9<f6)<16 b. 9<f(8) <25
c. 16<A6)<25 d. 1<fiB)<1e6.

Let a’1 and d, be the lengths of the perpendiculars drawn
52

from foci S and S’ of the ellipse 5 + =3 =1 to the tangent
a

bz
at any point P on the ellipse. Then, SP.S'P = »

. ) 2. 7
a. d:d, b. dd ¢ d’:d d \/d—l/\/dj

16.

17.

18.

19.

20.

21.

22.

Ellipse 4.23

The auxiliary circle of a family of ellipse passes through
origin and makes intercept of 8 and 6 units on the x-axis
and the y-axis, respectively. If eccentricity of all such

family of ellipse is %, then locus of the focus will be

2 2

a Tot%=25 b 4@ +47-320-24y+75=0
2 yé

€. %+§=25 d. none of these

A man running round a race course notes that the sum of
the distances of two flagposts from him is always 10 m
and the distance between the flag posts is 8 m. Then the
area of the path he encloses in square metres is

a. l5x b. 20 ¢ 27x d. 30z
2 2
There are exactly two points on the ellipse x_z + )b}_z =1

whose distance from its centre is the same and is equal

Va? + 2b°

to 5 Then the eccentricity of the ellipse is
1 1.1 1
a. 5 b. NGl ¢ 3 d. NG
The eccentricity of locus of point (3% + 2, k) where (4, k)
lies on the circle x* +y* = 1 is
1 N2 2¥2 L
a. 3 b. 3 c. 3 d. NG
2 2

i =1.1Ifa
circle described on S8’ as diameter intersects the ellipse
in real and distinct points, then the eccentricity e of the
ellipse satisfies

a, e=1v2
c. ee (0, 1/\/7)

Let § and S be two foci of the elhpse = +
a

b. ee (1N2,1) |

d. none of these

2
If the curves 4 +3* =1and x_2 +3* =1 for suitable
a

value of a cut on four concyclic points, the equation of
the circle passing through these four points is

b. x*+y* =1
d. none of these

a. X+ y2 =2
e XX+ y2 =4
From any point P lying in first quadrant on the ellipse

2
7

%16 "

and produced at Q so that NQ equals to PS, where S is a
focus. Then the locus of Q is

a, S5y—3x-25=0
b. 3x+5y+25=0
c. 3x—-5y-25=0
d. none of these

=], PN is drawn perpendicular to the major axis
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23.

24,

25.

26.

27.

28.

29.

L ocus of the point which divides double ordinates of the
2 2

ellipse % + %2 =1 in the ratio 1.2 internally is

2 gy 2 0y2
x 2y _1
a. s bz—l b. a2+b2 9
9y*
C. 9i + lz =1 d. none of these
a b
The slopes of the common tangents of the ellipse
2 2
% +%— =1 and the circle x* + y* = 3 are
a. =l b. £v2
c. V3 d. none of these

2 2
Tangents are drawn to the ellipse %5 5 +
a

B
and the circle x* + y* = &” at the points where a common
ordinate cuts them (on the same side of the x-axis). Then
the greatest acute angle between these tangents is given

by
af{a=b 1 a+b)
a. tan (2%) b. tan (2\/%

=1 (a> b)

-1 {_2ab ) ' _1.( 2ab )
c. tan ( a3 d. tan —m

The point of intersection of the tangents at the point P on
2

2
the ellipse %5 + 2 = 1 and its corresponding point Q on
p 2 B

the auxiliary circle meet on the line
a. x=ale b. x=0
c. y=0 d. none of these
: 2
[Ea
and 8 with the major axis such that tan @ + tan 8 = A, then
the locus of their point of intersection is
2 b, X2+ = p?
¢. ¥-d=2xy d. A (X —a®)=2xy
If @ — B = constant, then the locus of the point of

intersection of tangents at P (a cos @, b sin ) and
2

2
Q(a cos B, b sin f§) to the ellipse % + ;7%

If the tangents to the elhpse = + = 1 make angles a
a

a. x2+y2=a

=1is
a. acircle b. a straight line
c. an ellipse d. a parabola

The locus of the point of intersection of tangents to an
ellipse at two points, sum of whose eccentric angles is
constant, is a/an

b. circle
d. straight line

a. parabola
¢c. ellipse

30,

31.

32.

33.

34.

3s.

36.

37.

The sum of the squares of 2‘che perpendiculars on any
2

tangents to the ellipse % + %2 = | from two points on the

minor axis each at a distance ae from the centre is
a. 2a2 b. 25 c. a2 +5 d. o - b
2

257" 16
the line x = 0 at a point Q. Let R be the image of Q in the
line y = x, then the circle whose extremities of a diameter
are () and R passes through a fixed point. The fixed point
is

a. (3,0)

A tangent to the e111pse =1 at any point P meets

b. (5,0)
2 2
For the ellipse % + % =1 with vertices 4 and 4’, tangent

c. (0,0) d. (4,0)

drawn at the point P in the first quadrant meets the y-axis
at Q and the chord A'P meets the y-axis at M. If O is the
origin, then 0Q* — MOQ” equals to
a.' 9 b. 13 c. 4
2

d. 5 ,
2

A tangent having slope of — % to the ellipse f—g t35=

1 intersects the major and minor axes at points 4 and B

respectively. If Cis the centre of the ellipses, then the area

of the triangle ABC is

a. 12 sq. units b. 24 sq. units

¢. 36 sq. units d. 48 sq. units

Let P be any point on a directrix of an ellipse of
eccentricity e. S be the corresponding focus and C the
centre of the ellipse. The line PC meets the ellipse at 4.
The angle between PS and tangent at 4 is «, then ¢ is
equal to

4 4
a. tan e b. 5
c. tan™ (1 - &) d. none of these

2

b2
to the circle x* + y* + 4x + 1 = 0, then the maximum value
of ab is

If a tangent of slope 2 of the e111pse = + =1 is normal
a

a. 4 b. 2
e 1 d. none of these
2 2
If (V3) bx + ay = 2ab touches the ellipse %5 + %2 =1,
then the eccentric angle of the point of contact is
T T T T
a. = b. i ¢ 3 d. 3
2 y2
If the ellipse az%. +13 5, = | isinscribed in a square
of side length V2q, then « is equal to
a &
* 5

b. (-0, —7) U (7, 13/5)
e (-0, —\T7) U (13/5,V7)

d. no such a exists



38.

39.

40.

41.

42,

43.

44.

circle x* + y* = 25 to the ellipse 4—F X

Locus of the point of intersection of the tangent at the
2 2
end points of the focal chord of the ellipse x_z + y_z
. a b
(b <a)is alan

=1,

a. circle b. ellipse

c. hyperbola d. pair of straight lines

The r;ormai at a variable point P on the ellipse

2 ,
X+ y_2 = 1 of eccentricity ¢ meets the axes of the ellipse

a
at Q and R, then the locus of the midpoint of OR is a conic
writh an eccentricity e’ such that

‘a. ¢ is independent of e

b. €=1
c. ¢€=e¢
d. ¢=1/e 5

Any ordinate MP of the ellipse 25 + % = 1 meets the
auxiliary circle at O, then locus of the point of intersection
of normals at P and O to the respective curves is

a. X’ +y =8 b. x*+y' =34
=64 d. 2*+y*=15

Number of distinct normal lines that can be drawn to the
2

ellipse 575 i 69 25

a. one b. two ¢: three d. four

An ellipse has the points (1, —1) and (2, —1) as its foci and
x +y—5=0 as one of its tangents. Then the point where
this line touches the ellipse from origin is

3 (59

34 11
¢ ( 9°9 )
If tangents PQ and PR are drawn from a point on the
=1, <4),s0

that the fourth vertex S of parallelogram PQOSR lies on
the circumecircle of triangle POR, then eccentricity of the
ellipse is

c. 1 -l~y2

=1 from the point P (0, 6) is

d. none of these

g Wi

N5
a. 4

N7
¢ 4 d.
2

2
If the ellipse _x_2 + z—z =1 is inscribed in a rectangle whose
P

length to breadth ratio is 2:1 then the area of the rectangle
is

2+b2 a2+b2
a. 49422 b. 4422
. 7 ' 3
. 1202+b2 a2+b2

3 d. 8%

45.

46.

47.

48.

49.

50.

51.

Ellipse 4.25

If the normals at P (6) and Q (/2 + 6) to the ellipse
2 2
=+ ZE = 1 meet the major axis at G and g, respectively,
a*
then PG* + Qg* ="
a. BP(1-)(2-¢&)
b. &’ ('€ +2)
. d(1+eH2+ D)
d Fa+&HQ2+é)

. (= b)m_ . o
The line y = mx — ~—=——==—1s normal to the ellipse
, y 4 a2 + b2m2 p
2
e % = 1 for all values of m belongs to
a
a. (0,1 b. (0, )
¢. R d. none of these
The length of the sides of square which can be made by

. 2 92
four perpendicular tangents to the ellipse £7~ + % =1is

a. 10units b. 8Sunits ¢. 6units d. 5 units

From pomt P (8 27), tangent PQ and PR are drawn to the

elhpse Z % = 1. Then the angle subtended by OR at

origin is
1 Y6 1 46
a. tan 5 b. tan 65
-1 8\2 -1 48V6
c. tan 65 d. tan 455

Let P be any point on any directrix of an ellipse. Then
chords of contact of point P with respect to the ellipse and
its auxiliary circle intersect at

a. some point on the major axis depending upon the
position of point P

b. midpoint of the line segment joining the centre to the
corresponding focus

¢. corresponding focus
d. none of these

The equation of the line passing through the centre

and bisecting the chord 7x + y — 1 = 0 of the ellipse

2 2
XT+7=1iS
a. x=y b. 2x=y ¢. x=2y d. x+y=0

Equation of the chord of contact of pair of tangents drawn
to the ellipse 4x” + 9y” = 36 from the point (m, n) where
m.n =m + n, m, n being non-zero positive integers is

a. 2x+9y=18 b. 2x+2y=1

c. 4x+9y=18 d. none of these
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52.

53.

54,

55.

56.

57.

58.

59.

The locus of the point which is such that the chord
of contact of tangents drawn from it to the ellipse

x + 2% =1 forms a triangle of constant area with the
a’ v
coordinate axes is

Aa. astraight line b. a hyperbola -

c. anellipse d. a circle

Amnellipse is sliding along the co-ordinate axes. If the foci
of'the ellipse are (1, 1) and (3, 3), then area of the director
circle of the ellipse (in sq. units) is

b. 4n d. 8=«

The equation of the ellipse whose axes are coincident
with the co-ordinates axes and which touches the straight

a. 2x ¢c. 6

lines3x -2y —-20=0and x + 6y — 20 =0 is
2 2 2 2
x Y _ x YV _
a 207701 b. s+ =1
2 2 2 2
x Y _ x Y _
c ot d20+30~1

An ellipse with major and minor axes length as 2a and 25
touches coordinate axes in first quadrant and having foci
(x5 yl) and (x2, yz) then the value of XX, and Yy, is

a. & b. 7 c. a'b* d. &+
Let P and P! be the feet of the perpendiculars drawn
from foci S, S ona tangent T to an ellipse whose length

of semi-major axis is 20, ifz (SP) (S'P!) = 2560, then

el di=1
the value of eccentricity is '

1 2 3 4
a. 3 b. 3 c. g d. 3
Number of points on the ellipse 2 ot 20 =1 from which
pair of perpendicular tangents are drawn to the ellipse
s 2
x4 Y
6+ 1is
a. 0 b. 2 e 1 d 4

A parabola is drawn with focus is at one of the foci of the
2

elllpse + ZL =1 (where a > b) and directrix passing

through the other focus and perpendicular to the major
axes of the ellipse. If latus rectum of the ellipse and the
parabola are same, then the eccentricity of the ellipse is

1 _
-5 b.2v2 -2

c. V2-1 d. None of these

If maximum distance of any point on the ellipse
x* +2y” + 2xy = 1 from its centre be r, then  is equal to

a. 3+3- b.2+\2

V2 4.2 3
3G

a. 1

60. The set of values of m for which it is possible

to draw the chord y = vm x + 1 to the curve
x>+ 2xy+ (2 + sin’ @)y’ = 1, which subtends a right angle
at the origin for some value of ¢ is

a. [2,3] b. [0,1] ¢ [1,3] d. none of these

Multiple Correct |

Answers Type

Each question has four choices a, b, ¢, and d, out of which
one or more answers are correct.

1.

2
. The distance of a point on the ellipse %

2

2 .
7 —xr y: + . —)6} s 1 will represents the ellipse, if »

lies in the interval
a. (—©,-2) b. (3,0 ¢ (5 )

d. (1,)

. On the x-y plane, the eccentricity of an ellipse is fixed (in

size and position) by

.a. both foci

b. both directrices

¢. one focus and corresponding directrix

d. length of major axis 5

+ % =1 from the
centre is 2. Then the eccentric angle of the point is

3 B4

4 d. 7/6

T E
a. 7 b.

. If the equation of the ellipse is 3x* + 2)* + 6x - 8y +5

= 0, then which of the following is/are true?

a. e= F
b. centreis (-1, 2)

c. fociare (-1, 1) and (-1, 3)
d. directrices are y=2 + V3

. If the tangent at the point P() to the ellipse 16x* + 1132

=256 is also a tangent to the circle x* + y* — 2x = 15, then

g =
a. 3 .

il >
3 ¢ 3

S dz
3

- The co-ordinates (2, 3) and (1, 5) are the foci of an ellipse

which passes through the origin, then the equation of
a. tangent at the origin is (3v2 - S)x + (1 -2 V2)y=0
b. tangent at the origin is (3v2 + 5)x + (1 + 2v2y) =0
¢. normal at the origin is (3v2 + 5)x — (2V2Z + 1)y =0
d. normal at the origin is x(3v2 = 5) =y (1-2V2 ) =0

. If the chord through the points whose eccentric angles are
2

2
6 and ¢ on the ellipse 2z + L 1 passes through a focus,
25797 P

then the value of tan (9/2) tan (¢/2) is

a & b. L4 9

) -9 ¢ -3



8. The equation 3x* + 4y*— 18x + 16y +43 =k
a. represents émpty set, if k<0
b. represents an ellipse, if £ >0
c. apoint, ifk=0
d. cannot represent a real pair of straight lines for any
value of &

9. If a pair of variable straight lines x>+ 4y* + axy = 0 (where -

¢ is a real parameter) cut the ellipse x* + 4y” = 4 at two
‘points 4 and B, then the locus of the point of intersection
of tangents at 4 and B is

a. x-2y=0 b.2x-y=0
c. x+2y=0 d.2x+y=0
10. Which of the following is/are true?

a. There are infinite positive integral values of a for

Sx+12y — 1)
which (13x — 1)*+ (13y — 2)* = (—x—j—)

represents an ellipse

b. The minimum distance of a point (1, 2) from the
ellipse 4x* + 9y* + 8x — 36y +4=01is 1

c. If from a point P(0, @) two normals other than axes
are drawn to the ellipse %;— + {_; =1, then |a| < %

d. If the length of latus rectum of an ellipse is one-third

3

11. Which of the following is/are true about the ellipse
X+ 47— 2x— 16y +13=0?
a. The latus rectum of the ellipse is 1
b. Distance between foci of the ellipse is 4V3

¢. Sum of the focal distances of a point P(x, y) on the
ellipse is 4

d. y = 3 meets the tangents drawn at the vertices of the
ellipse at points P and Q then PQ subtends a right
angle at any of its foci

of its major axis, then its eccentricity is equal to %

12. A point on the ellipse x* + 3y* = 37 where the normal is
parallel to the line 6x — Sy =2 s

a. (5,72) b. (5,2) e (-5,2) d. (-5,-2)

13. The locus of the image of the focus of the ellipse
—2% + }—;— =1 (a > b) with respect to any of the tangents to
the ellipse is

a. (x+4)°+3*=100b. (x +2)*+y* =50
c. (x—4P2+y*=100d. (x—2)*+*=50

2 2
14. Let £, and E, be two ellipses % +y’=1landx* + % =1
(where a is a parameter). Then the locus of the points
of intersection of the ellipses £, and E, is a set of curves
comprising
a. two straight lines b. one straight line
¢. one circle d. one parabola

Ellipse 4.27

2

x 4 Y
AR +2k+5) fk+11)

is a positive decreasing function, then

15. Consider the ellipse =1 and f{x)

a. the set of values of &, for which the major axis is
x-axis is (—3, 2)

b. the set of values of &, for which the major axis is
y-axis is (— w0, 2)

c. the set of values of £, for which the major ax1s is
y-axis is (—o0, —3) U (2, o)

d. the set of values of &, for which the major axis is
y-axis is (—3, )

16. If two concentric ellipses are such that the foci of one are
on the other and their major axes are equal. Let e and ¢’
be their eccentricities, then

a. the quadrilateral formed by joining the foci of the
two ellipses is a parallelogram

b. the angle 6 between their axes is given by

-1 1 1
JESRVIN S
2 2;2 626,2

6 =cos

c. if &*+¢? = 1, then the angle between the axes of the
two ellipses is 90°

d. none of these

17. If the tangent drawn at point (7, 21) on the parabola
y* = 4x is same as the normal drawn at point
(V3cos 6, 2 sin 6) on the ellipse 4x* + 5)* = 20. Then

et L S i
a. 6=cos ( \E)b. 0 =cos (\/5)
(_l. t=—

1
L= NG
¢ 5 Vs
Reasoning Type o Solutions on page 4.52
Each question has four choices a, b, ¢ and d, out of which
only one is correct. Each question contains Statement 1
and Statement 2.

a. Both the statements are True and Statement 2 is the
correct explanation of Statement 1.

b. Both the statements are True but Statement 2 is NOT
the correct explanation of Statement 1.

¢. Statement 1 is True and Statement 2 is False.

d. Statement 1 is False and Statement 2 is True.

1. Statement 1: The locus of a moving point (x, y) satisfying

V(x =27 + 37 +(x— 2)* + y* = 4 is ellipse.

Statement 2: Distance between (-2, 0) and (2, 0) is 4.

2. Statement 1: In a triangle 4BC, if base BC is fixed and
perimeter of the triangle is constant, then vertex 4 moves
on an ellipse.

Statement 2: If the sum of distances of a point P from
two fixed points is constant, then locus of P is a real
ellipse.
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10.

11.

. Statement 1: In an ellipse the sum of the distances

between foci is always less than the sum of focal
distances of any point on it.

Statement 2: The eccentricity of any ellipse is less than 1.

. Statement 1: The equation of the tangents drawn at the

ends of the major axis of the ellipse 9x* + 5,7 — 30y=0is
y=0,y=6.

Statement 2: The equation of the tangent drawn at the
2

2
ends of major axis of the ellipse x_z + % =1 1is always
a

parallel to y-axis.

. Statement 1: There can be maximum two points on the

line px + gy + » = 0, from which perpendicular tangents
2
Y

2
can be drawn to the ellipse % + 2 1.
a

Statement 2: Circle x” +)” = a? + b” and the given line
can intersect in maximum two distinct points.

. Statement 1: Circle x> + * =9, and the circle (x — V5)

(V2x-3)+y (V2y —2) = 0 touches each other internally.

Statement 2: Circle described on the focal distance as
diameter of the ellipse 4x” + 9)” = 36 touches the auxiliary
circle x* + y*=9 internally.

. Statement 1: Locus of the centre of a variable

circle touching two circles (x — 1)* + (» —2)* =25 and
(x =2+ (y - 1)* =16 is an ellipse.

Statement 2: If a circle S, = 0 lies completely inside the
circle SI =0, then locus of the centre of a variable circle S

= 0 that touches both the circles is an ellipse.
2

2
. Statement 1: For the ellipse % + A 1 the product of the
pses 3 p

perpendiculars drawn from foci on any tangent is 3. -
2 2 ’
Statement 2: For ellipse % + % = 1, the foot of the per-

pendiculars drawn from foci on any tangent lies on the circle
x* + y* = 5 which is an auxiliary circle of the ellipse.

. Statement 1: If there is exactly one point on the line

3x + 4y + 55 = 0, from which perpendicular tangents
2

can be drawn to the ellipse % +3y* =1 (a> 1), then the
a

eccentricity of the ellipse is %

Statement 2: For the condition given in statement 1,
given line must touch the circle x* +3° = a* + 1.
Statement 1: Any chord of the conic x* + Y +xy=1
through (0, 0) is bisected at (0, 0).

Statement 2: The centre of a conic is a point through
which every chord is bisected.

Statement 1: The area of the ellipse 2x* + 3)* = 6 is more

than the area of the circle x* +)* - 2x + 4y + 4 = (.
Statement 2: the length of semi-major axes of an ellipse
is more than the radius of the circle.

12. Statement 1: If line x + y = 3 is a tangent to an ellipse
with foci (4, 3) and (6, y) at the point (1, 2), then y = 17.
Statement 2: Tangent and normal to the ellipse at any

point bisects the angle subtended by foci at that point.
Statement 1: Diagonals of any parallelogram inscribed
in an ellipse always intersect at the centre of the ellipse

Statement 2: Centre of the ellipse is the point at which
chord passing through the centre of the ellipse gets
bisected at the centre.

13.

14. Statement 1: A triangle 4BC right angled at 4 mOves 50
2

that its perpendicular sides touch the curve x_2+2’_2 =1all
a

the time. Then loci of the points 4, B and C are circle.

Statement 2: Locus of point of intersection of two
perpendicular tangents to the curve is a director circle.

2 2

x Y

15. Statement 1: Tangents are drawn to the ellipse it7

= L at the points, where it is intersected by the line 2x + 3y
= 1. Point of intersection of these tangents is (8, 6).

Statement 2: Equation of the chord of contact to the
2 2

ellipse x_z +
a

=1 from an external point is given by

b2
WaWeCd 1=0
a b '
16. Statement 1: If tangent at point P (in first quadrant) to the

2 2
ellipse %5+ 2 1, (@> b), meets corresponding directrix
p 2 B

x = a/e at point Q, then circle with minimum radius having
PQ as chord passes through the corresponding focus.

Statement 2: PQ subtends right angle at corresponding
focus.

Statement 1: If a, b are real numbers and ¢ > 0,
then the locus represented by the equation [ay — bx|

=c\(x—a)’ +(y-b) isan ellipse.

Statement 2: An ellipse is the locus of a point which
moves in a plane such that ratio of its distances from a
fixed point (i.e., focus) to the fixed line (i.e., directrix) is
constarnt and less than 1.

17.

Linked Comprehension ,f

Type - Sohions on page 453

Based upon each paragraph, three multiple choice
questions have to be answered. Each question has 4 choices
a, b, ¢ and d, out of which only one is correct.

For Problems 1-3

2

2
An ellipse (E) x_z +2 = 1, centred at point O have 4B and CD
a

b2
as its major and minor axes, respectively, let the S | be one of



the foci of the ellipse, radius of incircle of triangle OCS be 1
unit and OS, = 6 units. Then

1. perimeter of AOCS, is
a. 20 units b,
2. Equation of director the director circle of ellipse (E) is

10 units . 15 units ‘d. 25 units

a. x2+y2= (48.5) b. x*+y* =97
c. xX*+)yP=97 d.

X+ y2 =485
3. Area of ellipse (E) is '
65m 64n
a7 5

For Problems 4-6

Consider the ellipse whose major and minor axes are x-axis
and y-axis, respectively. If ¢ is the angle between the CP and
the normal at point P on the ellipse, and the greatest value tan

b. ¢ 64r  d. 657

¢ is 3 (where C is the centre of the ellipse). Also semi-major
axis 1s 10 units.

4. The eccentricity of the-ellipse is

1 1
a. 5 b. 3
c. g d. none of these

5. A rectangle is inscribed in the ellipse whose sides are
parallel to the co-ordinates axes, then maximum area of
rectangle is

b. 100 units

d. none of these

a. 50 units
¢. 25 units

6. Locus of the point of intersection of perpendicular tan-
gents to the ellipse is .

a. x’+)* =125
c. x*+3*=200

b. x*+3* =150
d. none of these

For Problems 7-9

A curve is represented by C = 21x% — 6xy + 29y° + 6x — 58y
—151=0.

7. Eccentricity of curve is

a. 1/3 b. 13 ¢ 273 d. 2V5
8. The lengths of axes

a. 6,276 b. 5,2V5

c. 4,4V5 d. none of these
9, The centre of the conic C is

a. (1,0) b. (0,0)

c. (0,1) d. none of these

For Problems 10-12

For all real p, the line 2px + y\1 —p*=1touches a fixed ellipse
whose axes are coordinate axes.

Ellipse 4.29

10. The eccentricity of the ellipse is

2 3 1
a.3 b. 3 c.\B-

B —

11. The foci of ellipse are

a. (0,£3) b. (0,%2/3)

c. (£+3/2,0) d. none of these

12. The locus of point of intersection of perpendicular tan-

gents is
a. x2+y2=% b. x2+y2=%
c. X*+y°=2 d. none of these
For Problems 13-15 )

2
Let S, S be the foci of the ellipse % + % = | whose eccentricity

is e. P isavariable point on the ellipse. Consider the locus of
the incentre of the APSS'.
13. The locus of incentre is
a. ellipse b. hyperbola
¢. parabola d. circle

14. The eccentricity of locus of P is

2e e
a \T_¢ b. T+e
c 1 d. none of these

15. Maximum area of rectangle inscribed in the locus is

2abé’ b 2abe
1+e *l-e )
1a_liee d. none of these

For Problems 1618
2 2
C x*+y* =r* and C;: f—6 + % = 1 intersect at four distinct

points 4, B, C and D. Their common tangents form a

parallelogram A'B'C'D".
16. If ABCD is a square then r is equal to
12 12
a. % V2 b. 3
c. 12 d. none of these
55 _
17.If 4’, B', C', D' is a square then r is equal to
a. 20 b. V12
c. V15 d. none of these

18. If A’B'C'D' is a square, then the ratio of area of the circle
C to the area of the circumcircle of AA'B'C" is
9 3

a.ﬁ b'Z

c. % d. none of these
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For Pxoblems 19-21

A coplanar beam of light emerging from a point source has
the equationAx —y +2(1 + 1) =0; A € R, the rays of the beam
strike an elliptical surface and get reflected. The reflected
rays form another convergent beam having equation ux — y
+2(1 —u)=0,u € R. Further it is found that the foot of the
perpendicular from the pomt (2 2) upon any tangent to the
ellipse lies on the circle x* + 1> — 4y — 5 =0.

19. The eccentricity of the ellipse is equal to

1 ) L 2 1
a. 3 b. NS ¢ 3 d. 3
20. The area of the largest triangle that an incident ray and the
corresponding reflected ray can enclose with axis of the

ellipse is equal to
a. 45§
c. V5

21. Total distance travelled by an incident ray and the corre-
sponding reflected ray is the least 1f the point of incidence
coincides with

b. 25

d. none of these

a. an end of the minor with
b. an end of the major axis
c. an end of this latus rectum
’ d. none of these
For Problems 22-24
The tangent at any point P of the circle x> + y'2 = 16 meets the

tangent at a fixed point 4 at 7, and 7 is joined to B, the other
end of the diameter through 4.

22. The locus of the intersection of 4P and BT is conic whose

eccentricity is

1 1 1 1

d.

a. 5 -b. W c. § NG}
23. Sum of focal distances of any point on the curve is
a. 12 b. 16 c. 20 d. 8

24. Which of the following does not change by changing the
radius of the circle?

a. coordinates of focii
b. length of major axis
c. eccentricity

d. length of minor axis

For Problems 25-27

2

5 2

The ellipse % + % = 1 is such that it has the least area but
a

contains the circle (x — 1)* + y? = 1.

25, The eccentricity of the ellipse is

2 L
a.\g b'\/§

d. none of these

26. Equation of auxiliary circle of ellipse is
a. x’+)y'=65 b.x*+y*=35
c. X¥*+y*=45 d. none of these

27. Length of latus-rectum of the ellipse is
a. 2 units b.

Matrix-Match
Type

Each question contains statements given in two columns
which have to be matched.

d. 2.5 unit

1unit c¢. 3 unit

Statements (a, b, ¢, d) in column I have to be matched with
statements (p, q, r, s) in column II. If the correct matches
are a-p, a-s, , b-q, b-r, ¢-p, ¢-q and d-s, then the correctly
bubbled 4 x 4 matrix should be as follows:

P aq r s
JCIOIGIO
2 OIO0ICION
OO
1MOOOG

Fig. 4.35

Column I Column 11

a. Distance between the points on the
curve 4x* + 9y* =1, where tangent is
parallel to the line 8x = 9y, is less than

p1

b. Sum of distance between the foci of the | ¢. 4
curve 25(x + 1)+ 9(y + 2) =225 from

(-1, 0) is more than

¢. Sum of distances from the )g—axis of the

, 2
points on the ellipse o+ X—, where the
normal is parallel to the line 2x +y =1,
is less than

d. Tangents are drawn from points on the
line x ~y + 2 = 0 to the ellipse x* + 2
= 2, then all the chords of contact pass
through the point whose distance from

(2, 1/2) is more than

2. The tangents drawn from a point P to the ellipse

2 2
% = 1 make angle  and 8 with the major axis.



Ellipse 4.31

d. Tangehts aré drawn to the ellipse % +
=1atend pomts of the latus rectum. The

area of equadnlateral SO formed is

2. The value of a for the elhpse — er—2
a’

: Column I Column IT 5.
L “Column T Column II
A, Ifa+,3——(ceN) . p.-circle ha : .
. a. An ellipse passing through the ongm has p 8
b. If tanra tan 8 = ¢ {wherec € R} then | g. €llipse its foci (3, 4) and (6 8), then length of its
tecus of P can be. _ minor axis is
c. If tan o +tan 8 = ¢ {where ¢ € R}, | r.hyperbola . o o xi' ¥ : :
then locus of P can be. | b If Ple fgcal chord of elhpse Stie=1 e 10\/2 .
d If cot a + cot B =c {where c € R},| s. pairof straight which passes through S = (3, 0) and PS =
_then locus of P can be -_ lines 2, then length of chord PQ is o
3. ¢. If the line y=x + K touches the ellipse 9x r. 10 -
Column I Column 11 +fl]gy2 = 144, then.the difference of values
: of K is
a, If the tangent to the ellipse P+42={p0 S Pye f : he elli 12
16 at the point P(¢) is a normal to the d. ‘im 9’ istances of a pont on the ellipse | 5. 1=
circle x* +y° — 8x — 4y =0, then 5 may xg 2= =1 from the foci
‘be . o
b. The eccentric angle(s) of a point on the p cos”! (_ 2 ) 6.
ellipse x* + 3y” = 6 at a distance 2 units | 3 Column I Column IT
- from t’he;centr,e. of the ellipse is/are a. If vertices of a rectangle of maximum | 2
¢. The eccentric arigle of intersection-of | % area inscribed in the ellipse £, Y _ 5
. the ellipse x* +4y* 4and the parabola | 4 P8 2T
X +1=yis I are extremities of latus rectum. Then
o ot the P " . eccentricity of ellipse is _
d', If the norma:v at the point F() to the S 7 b. If extremities of diameter of the circle | = 1
© ellipse %5 1ats= ‘1 intersects it again at | x* +3° = 16 are foci of a ellipse, then | q V2
the point O(26), then 8 is eccentricity of the ellipse, if its size is
1 ' just sufficient to contain the circle, is
. c. If normal at point (6, 2) to the ellipse | 1
Column I Column II passes through its nearest focus (5, 2), | 3
having centre at (4, 2) then its eccen-
a. A stick of length 10 m slides on co- p. 6 tricity is
ordmatg axes, then locus of apoint - d. If extremities of latus rectum of the 1
" “dividing this stick from x-axis in the ratio parabolay — 24x are foci of ellipse and L)
fh 4318 a curv;: twhose eccentrictly is e, | if éllipse' passes through the vertex of
en Ses equal to - the parabola, then its eccentricity is
b. AA’ is a major axis of an ellipse 3x% + 2y _
- . . Y g 27 e
+ 6x — 4y — 1 =0 and P is a variable point Integer type Solutions on page 4:60
on it, then greatest area of triangle APA’ S S
is H 2
- — 1.If x, y € R, satisfying the equation (x=9) +y—=1,
_c.Distance between foci of the curve| 128 4 9
represented by the equationx=1+4cos 6, 3 then the difference between the largest and smallest value
=2+3sin0is ‘ 22
Y of the expression 7T +—1is
2 ? 5. Vs X y

1 (a> b), if the

extremities of the latus rectum of the ellipse having posi-
tive ordinate lies on the parabola x* = — 2 (y - 2), is
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4.

. If the variable line y = kx + 24 is tangent to an ellipse

24+ 3y* = 6, then locus of P(h, k) 1s a conic C whose ec-
centricity is e then the value of 3¢ is

Tangents drawn from the point P(2, 3) to the circle x* +
y2 — 8x + 6y + 1 = 0 touch the circle at the points 4 and
B. The circumcircle of the APAB cuts the director circle

(x+5) (y— )
9

of ellipse = 1 orthogonally. Then the

value of b%6 is

. If from a point P(0, &) two normals other than axes are

2 2
drawn to ellipse % + f_6 =1, such that |¢f < k, then the

value of 4k is

. An ellipse passing through the origin has its foci (3, 4)

and (6, 8) and length of its semi-minor axis is b, then the
value of bA/2 is
2 2

. If the mid point of a chord of the ellipse T—6 + % =1is

(0, 3), and length of the chord is 4?]( , then & is

. Let the distance between a focus and corresponding di-

rectrix of an ellipse be 8 and the eccentricity be % . If the
length of the minor axis is &, then \/5 ki2is

2 y2

. Consider an ellipse (F) x_2 + b_2 =1, centered at point
a

‘0’ and having 4B and CD as its major and minor axes
respectively if S| be one of the foci of the ellipse, radius
of incircle of triangle OCS be 1 unit and OS| = 6 units,

_ then the value of (a - b)/2 is

10.

11.

12.

Archives o

y*

If a tangent of slope 2 of the elhpse - + b_2 =1 1s por-
a

mal to the circle x* +)* + 4x + 1 =0, then the maximum
value of ab is

Suppose x and y are real numbers and that x* + 9y*— 4x +
6y + 4 =0, then the maximum value of (4x — 9y)/2 is

Rectangle ABCD has area 200. An ellipse with area 2007

passes through 4 and C and has foci at B and D. If the

perimeter of the rectangle is P, then the value of P/20 is

. Sobitions on page 4.62.

Subjective Type

1. Let ‘d’ be the perpendicular distance from the centre

of the ellipse to any tangent to ellipse. If F’ , and F are

. Let P be a point on the elhpse = +
a4

the two foci of the ellipse, then show that (PF, ~ PF)’
2 : .
= 4g ( 1= %) (IIT-JEE, 1995)

. A tangent to the ellipse x* + 4y* = 4 meets the ellipse

x*+2y* =6 at P and Q. Prove that the tangents at P and 0
of the ellipse x* + 2)* = 6 are at right angles.
(IIT-JEE, 1997)

. Consider the family of circle x* + Y=/, 2 <r <5, If

in the first quadrant, the common tangent to a circle of
this family and the ellipse 4x* + 25)° = 100 meets the
co-ordiante axes at 4 and B, then find the equation of the
locus of the midpoint of AB. (IIT-JEE, 1999)

. Find the co-ordinates of all the points P on the ellipse

2
=+ ;—2 = 1, for which the area of the triangle PON is
a .
maximum, where O denotes the origin and N be the foot
of the perpendicular from O to the tangent at P.

(IIT-JEE, 1999)

. Let ABC be an equilateral triangle inscribed in the circle

x* + y* = a’. Suppose perpendxcular from 4, B, C to the
major axis of the elhpse =+ Z— =1, (a > b) meets the

ellipse, respectively, at P, Q, R so that P, O, R lie on the
same side of the major axis as 4, B, C, respectively. Prove
that the normals to the ellipse drawn at the points P, Q

and R are concurrent. (IIT-JEE, 2000)
E !

b2
Let the line parallel to y-axis passing through P meet the
circle x* + y* = &% at the point Q such that P and Q are on
the same side of x-axis. For two positive real numbers »
and s, find the locus of the point R on PQ such that PR:
RQ =r:s as P varies over the ellipse.  (II'T-JEE, 2001)

=1,0<b<a.

. Prove that, in an ellipse, the perpendicular from a focus

upon any tangent and the line joining the centre of the
ellipse to the point of contact meet on the corresponding
directrix. (IIT-JEE, 2002)

. From a point, common tangents are drawn to the curve
2

¥ +y'=16 and 3¢ 53 J:l = 1. Find the slope of common
tangent in 1% quadrant and also find the length of intercept
between coordinate axes. (IIT-JEE, 2005)
Objective Type
Fill in the blanks

1. Anellipse has OB as a semi-minor axis, F, F” as its foci and

the angle ZFBF’ is a right angle. Then, the eccentricity of
the ellipse is.



Mulziple choice questions with one correct answer

1. The radius ofzthe circle passing through the foci of the

2
ellipse 1£6' +5 and having its centre (0, 3) is

a. 4 b.3 V2 d 7
: (IIT-JEE, 1995)
2. The number of values of ¢ such that the straight line
y = 4x + ¢ touches the curve ZZ +y—2 =1is
a. 0 b. 1 c. 2 d. infinite

(IIT-JEE, 1998)

3. IfP=(x,y), F,=(3,0), F,= (3, 0) and 16x* + 25)° =
400, then PF| + PF, equals

a. 8 b. 6 c. 10 d. 12

-(IIT-JEE, 1998)

4. The area of the quadrilateral formed by the tangents at the

2

end point of latus rectum to the ellipse %2 + 25— =11is

a. 27/4sq.units  b. 9 sq. units
c. 27/2 sq. units d. 27 sq. units

(IIT-JEE, 2003)

5. If tangents are drawn to the ellipse x> + 2)% = 2, then

the locus of the midpoint of the intercept made by the

tangents between the coordinate axes is

1 1 1 1
+—=5=1 b. —S+-—==1
26 4y P 2y’
2 2 2 42
x Y _ xt Y
¢ 5 + i 1 d. D) 1
(IIT-JEE, 2004)
6. The mininzlum area of a triangle formed by the tangent to
e
the %5 7+ 277 =1 and coordinate axes is
a
. 2, 12
a. ab sq. units b. iz—b $q. units
(a+ by a+ab+ b

$q. units
(IIT-JEE, 2004)

7. The line passing through the extremity 4 of the major axis
and extremity B of the minor axis of the ellipse X+ 9=
9 meets its auxiliary circle at the point M. Then the area of
the triangle with vertices at A, M and the origin O is

5 8q. units d.

31 29 21 27
a. 15 b. 10 ¢ 10 d. 10
(IIT-JEE, 2009)

8. The normal at a point P on the ellipse x* + 4y” = 16 meets
the x-axis at Q. If M is the midpoint of the line segment
PQ, then the locus of M intersects the latus rectums of the
given ellipse at the points

Ellipse 4.33

b. (£ (3V5)/2, £ V19/7)

d. (£ 2V3, £ 4\3/7)
(IIT-JEE, 2009)

a. (£ (3V5)/2,+2/7)
¢ E2V3,x£1/7)

2 2
9. Let E be the cllipse % + 2 = 1 and C be the circle

=9, Let-P and Q be the points (1, 2) and (2, 1)
respectively. Then _

a. Q lies inside C but outside E

b. Q lies outside both C and £

c. Pliesinside both Cand E

d. P lies inside C but outside £

x2+y2

(IIT-JEE, 1994)
Multiple choice questions with one or more than one correct
answer

1. On the ellipse 4x* + 9y* = 1, the points at which the
tangents are parallel to the line 8x = 9y are

(I'T-JEE, 1999)
» (£3) b (-%3)

(3l a3y ‘
2. Let P (xl, yl) and Q(xz, yz), y, < 0, y, < 0, be the end
points of the latus rectum of the ellipse x*+ 4" = 4. The
equations of parabolas with latus rectum PQ are
a. x> +2\3y=3+13
b. x*—2V3y=3+3
c. X’ +2V3y=3-3
d. x**-2\3y=3-43
3. In a triangle ABC with fixed base BC, the vertex 4 moves

such that cos B + cos C = 4 sin’ If a, b and c denote the

lengths of the sides of the triangle opposite to the angles
A4, B and C, respectively, then (IIT-JEE, 2009)

a. b+c=4a
b. b+c=2a
c
d

(IIT-JEE, 2008)

. locus of point 4 is an ellipse
. locus of point 4 is a pair of straight line

Comprehension type

Tangents are drawn from the point P(3,4) to the ellipse
2 2

z 4 yT =1 touching the ellipse at points 4 and B.

9
1. The coordinate of 4 and B are

a. (3,0) and (0,2)
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b- [
8 24161

c‘[s’ 15

8 24161

57 15

9

}md(__

8

5

>

5

J and (0,2)

d. (3,0) and (—%, g) (IIT-JEE, 2010)
2. The orthocenter of the triangle P4B is
a. (5, §) b z, 2
7 58

=ANSWERSANDS

P
Fl 2, 3
Fig. 4.39
PF +PF =15
PFl X PF2 =52
(F F,)*=(PF, +PF ) - 2PF x PF,
=225-104=121
= F F=11
= 2ae=11
= ae=1
2
Also P=d(1-¢
= V=d-d¢
= a’ — b’ =(ae)’
2 g2 A 11V _
- aa -y =44 - 121
2. Let the middle point of chord be (7, 21)
4,

Midpoint of chord must lie inside the ellipse
f+8-1<0

£ e(0,—4+17)
Also equation of the chord is T=§ :
Px+ay=1+8F
Let this passes throﬁgh (2, 0)

=

(1)

=

=

us
5’5

8 Z)
25’5

(IIT-JEE, 2010)

()

. The equation of the locus of the point whose distances

from the point P and the line AB are equal, is
8.9+ —6xy— Sdx— 62y +241=0
b.x*+9y* + 6xy — 54x + 62y - 241 =0

c. 9x* + 9y% — 6xy — 54x — 62y — 241 =0
d.x*+y* —2xy+27x+31y—-120=0

(IIT-JEE, 2010)
OLUTIONS
= at =1 +8¢
= f+@8-a)=0
= £=0orf=a-38
= a=r+38
= ae(8,4+17)
. Let the ellipse be x_z + ;)é =1
Any tangent to thea ellipse be
%cos9+%sin0=1 @)

Tangents at the vertices are x = g and x = —a.

Solving with (i), we get the points 7 and T as
b(l—cos@)] 7 b(1 + cos 6)

T\a sin 6 sin 6
ie., T[a, btang], T’[—a, b COtg—]

—-a,

5

|

circle on 77" as diameter is
(- a)x+a)+ (- btan Dy —beot =0

= xz—a2+y2+b2—b[tan%+cotg}y=0

It will pass through the foci (= ae, 0)
If de—a+b'=0

= b* =a*(1 — &%), which is true.




‘We know that ! 1
tan Qtané='ﬁ=———2* =1
2 2 Ite 1+ 1
In triangle ABC, we know that 2
A, B C C

tanitan7+tan—fténg+tan—2—tan%=1
::cot%Jrcot%+cot%=cot%cot§cot%
= cot%+cot‘[2i+cot%=3 cot%
= ' 2cot%=cot%+cotéi

= cot %, cot%, cotg mA.P.

4

4
P(a cos 0, b sin 6)
Y

4 .

A

Fig. 4.41

Let any point P on the ellipse be P (a cos 0, b sin ).
i .

If £S PS, = 7 then P lies on the circle having S S, as its

diameter.
= Equation of the circle drawn on S 1S2 as diameter is
Pty =dd=d -
Since the point P should not lie on the ellipse.
=> There should not be any point on intersection of
+y'=d - b andlc;+y—z= 1
2 32 g2 a b
a—-b"<b
20>

bZ

\

u 4 Ul
| .
X, QN
\%
B DI NI[—

U
ml\)
A

v
n

1
(0-35)
. Let M(h, k) be the midpoint of AB.
Let R(t, t +4), t € R be the point on the line y =x +4 and
points be P(x,, y ), O(x,, »,).
ACx, v, B, )

Now, x1,=x1’ and x2=x2'

_a . a
and VTV, =p e

Ellipse 4.35

A/Y
P
R(t, t+4) 3
g
Mk, 4

7 s C X
v
Fig. 4.42
x +tx oty
1 KT
Also h= 5 andk————2

Let N be the midpoint of PQ. So coordinates correspond-
ing to N are S
x1+x2=h Wty =2(Y| )
2 > 2 2
=2k (since a/b=2)
So equation of PQ with N(#, 2k) as midpoint is
xh+ 2pk= W+ Ak 1)

Also PQ is chord of contact with respect to R; So equa-
tion of PQ is
xt+y(t+4)=4 (ii)

Comparing the coefficients of (i) and (ii), we get

h_ 2k _KH+4ak

rt+4 4
4h
= t=h2+4k2and

8k = (I + 4K2)(t + 4)
Eliminating ¢, we have

8k = (1 + 4) (ﬁ +,4)

= 8k=4h+ 4k’ + 16K*,
=  AP+K+h-2k=0
Hence, locus is

4y*+ x> +x—2y=0.

. Let the eccentric angles of the vertices P, Q, R of A POR

be 91, 02, 493.
Then the equations of PQ and PR are
0+ 02 y 01+ 7] 01— 0

X cos — + % sin 2= ¢os
a 2 b> 2 . 2

0+6 0+6 60
and % cos 22 3+% sin 22 2= cos 22 %, respectively

If PQ and PR are parallel to given straight lines, then we
have
0 T 62 = constant = 2« (say)

and 6, + 6, =constant =23
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Hence, 92 - 03 =2(a—p) (1)
N ow, the equation of QR is
6+6 0+86 6-6
%cos 22 3+3sin 22 2 = cos 22 2 (ii)
6,+6 6+6;

(iii)
which shows that the line (ii), for different values of
o 5 + 03, is tangent to the ellipse

or Zcos 5 +-b-sin 22 2=cos (@ —p)

9 2
| %+%2=cos2 @a—-p)
8. Equation of the auxiliary circle is

Pyt =d 6)]

A

A ]

Fig. 4.43
Therefore, equation of tangent at a point p(a cos ¢, b sin ¢)

is
(%) cos ¢ + (%) sing=1 (it)
which meets the auxiliary circle at points 4 and B.

Therefore, equation of the pair of lines O4 and OB is ob-
tained by making Eq. (i) homogeneous with the help of

Eq. (ii).
= xz+yz=az(%cosqﬁ+%sin¢)2
But LAOB = 90°

Coefficient of x* + coefficient of y* = 0

' 2
—1-—cos’¢+1 —%sinzq) =0
2

= sin2¢(1—%)+1=0
(a* - b)) sin® ¢ = b

desinfg=d (1- &%)

(1+sin*¢) e’ =1

b ¢ U

1

\/1 +sin’ 0

9. Equation of pair of tangents from point P is SS, = T

A P(g, [az_i_bz )

AN > X
v
YI
Fig. 4.44
2 2 2, 32
x Y 1 +b
= (27—'1)(?*";,2 -1)

Solving this with x = ae, we get

(ez+}’_2 1)(L+a_2)_y2(a2+b2)

[ AV ) B T

¥V R\ B+l -pt\ Y@ +D)
=\ 2N e )T Bp
2
(using & =1— %)

(azyz—b“)( o ):y2<a2+b2)

= 20 \p e b
= a2(a2y2 _ b4) — y2(a4 _ b4)
[using (a%€* = &* - 2)
= a2b4 — y2b4
N yz = &
= y= +a
= AB = 2a

10.

AN T
N

Fig. 4.45

Let the point on directrix be (%, k).
Then equation of 4B will be,
x(%) +yk=d".
Now it will clearly pass through focus of the ellipse as
(@eX) +k0=d’,

so AB is a focal chord.



11. Equation of any tangent PQ to the ellipse

2 2
x Y

3 b2=1be

~

%cos9+%sin9=1

2 2

®

T his tangent cuts the ellipsei2 + i}? = g at the points P
c

which is the locus of the point R(%, k).

and Q.
Let tangents at P and Q intersect the point R(%, k).
Then PQ becomes chord 02f contact with respect to the
2
point R for the ellpse % + {? =1, i.e., equation of PQ
c
he by ..
=t5=1
PRI (1)
Equations (i) and (ii) represent same straight lines.
cosf sinf
a __a. _
= Tk 1
¢ &
h . bk
- 9 — an 9 =2
cos 2 sin 7
Squaring and adding, we get
2R, B
& d
22 B yz
— ax” +22 .
o 7 (iii)

If R(, k) is the point of intersection of two perpendicular

tangents, then locus of R should be the director circle of

2 2

. Y
the ellipse 5 + =5 = 1,
eellipse” 57+

i.e,. L+yi=+ds
2

ie _L_,_L._:I

e F+d P+

Equations (iii) and (iv) represent the same locus

- A
e o
b _ 1
and d c+d
2 2
a_ b
= —S+5=1
R

(iv)

12.

13.

Ellipse 4.37

Let line OPQ makes an angle 8 with x-axis so
P=(acos0,asinb),
Q (bcos 6, bsin0)
AQ and let R (x, y)

So ~x=acosf,y=>bsinf

2 y2 .
Eliminating 6, we get x_2 + 7o 1, locus of R is an
ellipse. a :

Also a < b so vertices are (0, b) and (0, —b) and extremities
of minor axis are (+ a, 0).

Y
A
RAXP
B
C > X
o
Fig. 4.46

So the ellipse touches both inner circle and outer circle

if foci are (0, = a)

= a=be, i.e.,e=%
Also e=V1-¢
= f=1-¢&
R L
V2

and ratio of radii is % =e= %

'

A

X'+ > X
Y!
Fig. 4.47
2 2

Let the equation of the ellipse be % + %5 =1.

Let (a cos 6, b sin ) be a point on the ellipse.

. . sif
The equation of the tangent at P is xc_c;ls_O + 72 6 =1.
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ts t jor axi ) , _
It meets the major axis at T (a sec 6, 0) _ %(\/? c0s 6+ (3 cos 6~ 2 sin )2 sin
"The coordinates of N are (a cos 6, 0).
The equation of the circle with NT as its diameter is = % (23 cos 6 sin 6 - 2 sin® 0)

- 0) (x - 0)+y* =0
(x—asech) (x—acosh)+y =%(\/§sin20+c0529—1)‘

1

= X +y'—ax(secO+cos0) +a* =0
_ T
= cos(26-5)-3

= It cuts the auxiliary circle X’ +y*— g’ =0 orthogonally
as 2g-0+ 2£0 = ¢* — o> = 0, which is true.

which is maximum when cos (0 - %[) is maximum
14. Let P = (h, k). The combined equation of tangents from

(B, k) is or 20—§—0
2 2 2 2 or ==
XL B E ) (s 2k P : 3 6
a v a b @ B Hence, point P is (5, 1).
Any curve that can be drawn through thé points of L
intersection of these tangents with coordinate axes is 1 Objective Type LR
2 52 2 2 ’
y [ - h Yk
(f*ﬁ 1)(a +?—1) (Z‘*p ) +hy=0 1. ¢. We have PQ = BP
2 = 2ae =N+ b =V =q
or xz(i—i)+y2( h__ 1) (,{ 2hk)+M+
Ny av B ] a = e= 1
2vk B 2
JZ_ - h_2 -5=0 : 2. c. Ellipse passing through O(0, 0) and having foci P(3, 3)
b a b and O(- 4, 4),
It should represent a circle th PO
en e=FA51 AR
— a=2bk K1 _ w1 OP + 00
e al Pl N
N R
= A=20k 2 g g 32 +4v2
a’b _3
Hence, locus of P is 5 5 7
SRR 3.b.Herea" +2>4"+1
oy mano = 1= +2)(1-&)
. 2 2 - 5
15. Equation of the ellipse is )g— + % =1. = a+1=(+ 2) 3
2, ¢ 2
Let point P be (V3 cos 6, 2 sin 6), 0 < (0, 2) = 6a"+6=54"+10
= a@=10-6=4
= a=+2
L2+ o 5 10
0 P Latus rectum —
0 “P N2 f6 e
R 2
4. a. Let P(6), O (0 + T”) R (6 + T”)
then P'=(acos 6, bsin0),
) psinfo+ %))
) ! = + - + —_—
Fig. 4.48 Q (" cos (‘9 3 ) bsin{0+ |
Clearly line PQ is y = 2 sin 8, line PR is x = V3 cos @ and - 4 _ 4
OQisy=xand Qis (2 sin 6, 2 sin 6). R'= (a cos (9 + T)’ b sin (9 + j‘))
Z = area of the region PQORP (trapezium) Let centroid of AP’Q'R' = (x', )

- L (or+Po)PR



Ellipse 4.39

2n 4 If AB makes an angle 6 with x-axis and coordinates of P
cos @ +cos|O+ =] +cos{O+ =
X' =a 3 3 are (x, ),
3 then in AAPL, x=acosf
-4 Tl
—3[c050+2cos(0+n)cos3]_ 0 in APBO, y=bsiné
2 4r
r_al . 2my . 4
y =3 s1n0+s1n(0+ 3)+sln(0+ 3)] A
_ g[ . . Lo a
=3 sin 6+ 2 sin (6 + ) sin 3 =0
L P(x, y)
=0
5. a. 2a(1 +e)=15 , ' b
_3 0
l+e= 5 0 'z
e=0.5 Fig. 4.50
6. d. For the two ellipses to intersect at four distinct points, - Locus of P(x, y) is
a>1 ' .
= B -5p+7>1 LY
)
= b -5b+6>0 a4
= b e (-, 2) U (3, 0) which is an ellipse
2 2
= b does not lie in [2, 3] 9.b. (5x— 10"+ (5y +15) ,
. ) Bx—4y+7)
7. b. Let S be the given focus and ZM be the given line. _ ‘ =

M ' 13x—4y-T7\
IR S s e
i -0+ 3= s

/L‘/j—\;
3x—4y—7]
Je- 27+ pr3p=1 | . .
g 4 l S C 7 = V-2t F3) =3 z is an ellipse,
% whose focus is (2, — 3), directrix 3x — 4y +7 =10 and

Bl

eccentricity is %

Fig. 4.49 Length of L from focus to directrix is
Then SZ=2_ae ' 13x2-4(3)+7|
T e 5 =5
=5(1-¢) = 2_ge=5
2 a_
=Lz =k(say) = 2a=3=3
10
as b2:a2(1__ez) = a:_3_
Now take SC as x-axis and LSL' as y-axis. Let (x, y) be the So length of major axis is %
coordinates of B with respect to these axes, then x = SC
- R 10. d.
=ge,y=CB=0b
2 2 2 2 2
Hence, yT = 211)? = SZ, which is constant. & ;54) + % =land(x—1)°+ % =1
y* = kx is the required locus which is a parabola.
Clearly m_m_=—1
8. a. Let AB be the line oFoe

Let AP=a,PB=b, = OP and OQ are perpendicular to each other.

so that AB=a+b
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Fig. 4.51
2 2
11. a. Let ellipse %5 +'% =1 and circle ¥ + y* = g%¢*
a

Radius of circle = ge

Point of intersection of circle and

(V221,42 (1-) |. ’

ellipse is

Now area of APFIF2
. 4re-1 (161 .
1 =28 (1% =
5| e, % % 2]e_(l ¢’) (2ae)| =30
= & (1 - =130 (given)
22_ 2 _(17Y? _ 169
= ae =a —30—(2)—30 4
= 2ae=13
12. b. Solving the given line and the ellipse, we get
2
2, Y
r+ 9 1
= V' =91-7),

which gives real and distinct values of y, if 1 — # > 0
= te(-1,1).
13. a. Any point on the ellipse is (2 cos 6, V3 sin 6).
The focus on the positive x-axis is (1, 0).
Given that
2 .2, 25
(2cos@—-1) +3sin Q—R

= cos 0=

N[N}

14. ¢. Let P(5 cos 0, 4 sin §) be any point on the ellipse
Then SP=5+5¢ecos0

S'P=5—-5ecosf
SP-S'P=25-25cos’ @

=25sin’0+ 16 cos’ 6 -

=16 + 9 sin” § = f10) (say)
= 16 < A1) < 25.

15. a. Tangent at P(a cos «, b sin &) is
%cosa+%sina=l 1
Distance of focus S(ae, 0) from this tangent is

d = lecosa —1|
cos’a | sin*a

:

_ _l-ecosa

’cos2 a ., sin’a
a b

Distance of focus S'(— ae, 0) from this line

l+ecosa

d2: 2 2
cos"a  sin”a
a2 b2
d]_l—ecosa

= p72_1+ecosa

Now SP=a—ae cosa and S’P = g + ge cos-a

SP_l-ecosa

= SP  T+ecosa

d

SP_%

= SP™d

16. b.
Y
A
. » X
0] (8,0
y .
Fig. 4.52

Centre of family of ellipse is (4, 3) and distance of focus

[

from centre = ge =

Hence, locus (x -~ 4)* + (y — 3)* = 275
17. a. Let P(x, y) be the position of the man at any time,

Let S'(4, 0) and ' (- 4, 0) be the fixed flag, post, with C
as the origin.

Since SP + S'P =10 mi.e., a constant, the locus of P is an
ellipse with S and S’ as foci

= ae=4, and 2a=10
: _4

= 3—5

Now P=d*(1-é)



18.

19.

20.

2 2
Hence, a=" a +22b
2

2 16, _
= : -b—25(1—25)—9
= b=3
Hence, the area of the ellipse =wab=m x5 X3 =157

b. Sin%e there are exactly two points on the ellipse

2

Y . .
X+ o 1, whose distance from centre is same, the
a

points would be either end points of the major axis or of
the minor axis.

2 p
+ . . .
But \——a 22b > b, so the points are the vertices of major
axis.

= a =2
VI
= e=\1 2
c.Letp=3h+2andg=k
-2
= h=‘p3 and k=gq
Since (h, k) lieson x* +3* =1
= P+ie=1
_2\2
= (E52) +a=1
. x—2YV_ 2_
Locus 1s ( 3 )+y—1
which has eccentricity e = 1—%=%§~
b.

Fig. 4.53
Radius of the circle having SS' as diameter is » = ae

If it cuts an ellipse, then r>b

= ae>b
2
= e2>b—2
a

= 2>1-¢é
b1
>__
= € 3
- e>-L
V2

v

o

m
—
o

_
-

Ellipse 4.41

21. b. Equation of conic through point of intersection of

given two ellipse is

2 2
2 X —
ey )aGeraa)-o

22.b.

= xz(%+ﬂ'—2)+y2(l+7»)=l+7»
a
N 2 a + 44 +y2=1
4a*(1+1))
This equation is a circle if L7
' 40 (1+24)
= Circleisx* +y* =1
AY
X' <« Q SRR — X
R 2 (N3
y Q(h, k)
Fig. 4.54
4 =25
and =16
= e= 1—%
=3
5

Let point Q be (h, k), where k<0

Given that k =SP=a + ex, where P(xl, yl) lies on the
ellipse

= |kl=a+eh(asx1=h)
= —-y=atex
= 3x+5y+25=0

23. a.

P(acosf, bsin®)

o™
N

Q (acos 0, -b sin 8)

Fig. 4.55
Let P (a cos 8, b sin 8), Q(a cos 8, — b sin 0)
PR .RQO=1:2
Therefore,

h=acos b
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= cos 0 =g | 0] when Va tan & = Vb cota
. b . ,
and k=%sin6 afa-=b
| ron” (552
3k = maximum an zm
= sinf=="% (iiy 26-¢
. b A
Onm squaring and adding Eqs. (i) and (ii), we get
2 2 B
L+ 912 =1 P
a b x
24, b. Let m be the slope of the.common tangent, then : 0 ~
+V3V1 + m? =+ Vam? + 1
= 3+3mP=4m*+ 1
Fig. 4.57 ,
= mt=2 Tangent to the ellipse at point P(a cos 8, b sin ) is
= m=%2 %cos9+%sin0=l ' )
25. a. Tangent to the circle at point. O(a cos 8, a sin 8) is
A{ xcos@+ysinf=a (ii)
Equation (i) and (ii) intersect at (%,9, 0) which lies on y
2 =0
X'« » X 27. d. Tangent to the ellipse having slope m is

- ~
y=mx+m

i v If it passes through the point P(4, k), then
Yl
k=mh+\Na’ m* + b*

Fig. 4.56 ot (& —K)m’ + 2hkm+b* — k> =0

Tangent to the ellipse at P(a cos @, b sin @) is
Now given tan ¢ + tan =24

%cosa+%sina=1 1)
: = m tm =i
Tangent to the circle at O(a cos @, a sin @) is _ohk s
- =
cosax +sinay=a (ii) a —

Now angle between tangents is 6, = locus is Mx" — a’) = 2xy

28. c. Tangent to the ellipse at P and Q are

b
| —gecota—(-cota)
then tan 0 = 5 2 cosa+ L sina=1 (1)
1+(—acota)(—cota) b _
and Zcosf+ % sinf=1 (i)
b
- cota(1-g) Solving Egs. (i) and (ii), we get
1+ % cot? & X S A 1
aeb sina i |eos a || [cosa sin
- atana+bcota‘ b a a b
sin § | |eos B | |eos B sinf
_ a=b b a a b
(Natana — Vb cot a)* + 2Vab a(sine — sin B)
= X=—F—Ta
sin(f-a)

Now the greatest value of the above expression is

2vab

a~b~



29.

30.

~b(cosa—cos B)

YT snB-a)
sin (f —«a
= ug—)=sina—sin,8,
sin(f—a
#=—(cosa —cos )
Squaring and adding, we get
2 2 '
.2 x Y
-5 +5]=2
| sin” (8 a)(a2 b2)
2 2
x Y 2
= 4=
& b sin’c

(where § — @ = ¢ (constant) given)
which is an ellipse.

d. As in above question point of intersection is
a+p bsin| 77 B
2 2

n k)= ;
( ) COS[a_ﬁj COS(Z-_—ﬁj
2 2

1t is given that & + 8 = ¢ = constant.

acos

4
a L
cos )

(")
cos|—
h_a (¢
= ¢=pot(3)
= k= g tan (%) h
=> (h, k) lies on the straight line

5 2

a. Any tangent to the ellipse x_; + }b% = 1 having slope m
. a

is
y=mx+Nd’m’ +

Points on the minor axis are (0, ae), (0, — ae).

€
bsm2

(%7

= and k=

.. Sum of the squares of the perpendicular on the tangent

31.

from (0, ae) and (0, — ae)

2
Na? m? + b? — ae
mE+ 1

2
Na*m® + b* + ae
mr+ 1

+

2 (a*m* + b* + d’eP)
m+ 1

2" m*+a* - ae +a'ed)
B m*+ 1

24° (m* + 1)
Tl

24°

¢. Equation of the tangent to the ellipse at P (5 cos 6,
4 sin 0) is

32,

Ellipse 4.43

xcos@ ysinf
A S
It meets the line x = 0 at O (0, 4 cosec )

Image of O in the line y =x is R (4 cosec 6, 0)
Equation of the circle is
x (x—4 cosec ) +y (y — cosec 0) =0
ie., X +y* —4(x+y)cosecH=0
Each member of the family passes through the inter-
section of x> +3y* =0 and x + y = 0, i.e., the point (0, 0).

C.

v

Fig. 4.58
Let point P be (a cos 6, b sin ).

Equation of the tangent at point P is
%cos@+%sin9= 1.

Then point Q is (b cosec 8, 0)

Equation of chord 4P is
bsinf

acosg+a(X+a)

y—0=
bsinf

Putting x = 0, we havey=m
Then
bsin @ )2
2 2_ 2 2
00" — MQ = b"cosec” 6 — (bcosec@—cos(9+1
2 b*sin’ @
cos@+1 " (cos 6+ 1)

P 2cosf+2—sin’ 6
Tcosf+1 {cos O+ 1)

oy 2cos @+ 1+cos’ 0
Tcosf+1 (cos+1)

=b*=4



4.44 Coordinate Geometry

33. b. One of the tangents of slope m to the given ellipse is

y=mx+V18m* + 32

For m=—%,
we have y=—%x+ 8.

Then points on the axis where tangents meet are
A (6, 0) and B(0, 8).

Then area of triangle 4BC is % (6) (8) = 24 units.
34.b.

Y
4
P
A
X'« —» X

'.
Yl

Fig. 4.59
2 2
. y

Let the ellipse be = + 2= |

et the ellip e;a2 B

and let A=(acos6, bsinh)
Equation of AC will be y = aﬁ tan 6 x

Solving with x = gz we get
P= (%, g tan 0)

Slope of tangent at 4 is — ﬁe
Slope of PS b
etanf  ptan@ a
=£ - o= Ztan@
e ae a(l —€ )
_z
So a=3 22

35. a. A tangent of slope 2 to the ellipse L; + % =1lis
a

y=2x+ V4o’ + b? )

This is normal to the circle x* +3* + 4x + 1 =0

= Eq. (1), passes through (-2, 0)

= O=—4N4 2+ 1°

= 40 + b* =16

Using A M. > G.M., we get
2, 72
LD \a B

= ab<4
36. a. Equation of tangent % g + % %= 1 €)]

and equation of tangent at the point (a cos ¢, b sin ¢) is
Goosp+3sing=1 .. (i)

Comparing (i) and (ii), we have cos ¢ = \/—% and sin ¢

N|—

Hence,
37. d.

Fig. 4.60
Since sides of the square are tangent and perpendicular to
each other, so the vertices lie on director circle

= x2+y2=(a2-7)+(13—5a) _
= d’ (V2 a is side of the square)
= (@ -7+ (13-5a)=d’

)
= 0—5

But for an ellipse to exista® — 7> 0 and 13 — 5> 0

= ae (o, —\7)
Hence, a# g

Hence, no such « exists.
38. d. Since locus of the point of intersection of the tangent at
the end points of a focal chord is directrix
. Required locus is x ==+ % , which is pair of straight lines.
39. ¢. Normal at point P (a cos 6, b sin 0) is
. ax by 2

— 2 ;
cosg sing - ¢ b @

(a* - b*) cos 6
It meets axes at O \———5——, 0

(a® - b%) sin 0)

and R (O, - 5



[.et T (h, k) is a midpoint of OR.

(a* ~b*) cos @
=

T hen 2h
(@ =b)sind
and . 2k= ———2 2 5 .
. 4h 4k°b” -
= cos* 0 +sin” § = @ _22)2 + @ ) =1
X y2
== Locus is @B + @~ B =1 (i1)
44> 4p*
which is an ellipse, having eccentricity €', given by
22 g C 1 b _ >
PRI AT AR [ (R
4d° a €
(al _ b?_)Z
4p?
= e=e
Note: -

| L@ _(@=P)
In -Eq. (ii), Y < e

. Hence, x-axis is minor
axis. '

40. c. Equation of normal to the ellipse at P is
5x sec 8 — 3y cosec =16 @)
Equatjon of normal to the circle X+ yzv =25 at point 0

1S
% (5 cos 8, 5 sin )
ﬂ

Fig. 4.61 \

(5cos6,3sinb)

y=xtan@ - (ii)
Eliminating 6 from (i) and (ii), we get x* + y* = 64.

5

41 i+:‘i—1
- ¢ 769 T25°

Equation of normal at the point (13 cos 6, 5 sin 6) is

13; S5y .
cosYG ~ S g~ 144, it passes through (0, 6)
= (15+72sin8)=0
o p—_ D
= sin 8= 2
! (S
= 0 =2m —sin (24),

42.

43.

Ellipse 4.45

1 5

and T +sin” >4

Also y-axis is one of the normals.

c. Equation has three roots, hence three normal can be
drawn. :

Fig. 4.62
Let image of $" be with respecttox+y - 5=0

h=-2 _k+1_—2(4)

= ] I 2
= S§"=(6, 3)
Let P be the point of contact.

Because the line L = 0 is tangent to the ellipse, there exists
a point P uniquely on the line such that PS + PS' = 2a.

Since PS' = PS".

There exists one and only one point P on L = 0 such that
PS+PS"=2a.

Hence, P should be the collinear with $5".
Hence, P is a point of intersection of SS” (4x — 5y = 9),

andx+y—5=0,i.e.P=(%,—19—l).
¢. A cyclic parallelogram will be a rectangle or square

So, ZOPR=90° )
2 y

=> P lies on director circle of the ellipse f—6 + ;—f 1

2

2
= x*+y* =25 is director circle of1x—6+z—2=1
= 16+ b°=25
= p*=9
= a(1-e)=9

_2=9

= 1—e =16

2 T

= e =1g
=
. d.

Fig. 4.63



4.46 Coordinate Geometry

45.

46.

Since mutually perpendicular tangents can be drawn

from vertices of rectangle. So all the vertices of rectangle
should lie on director circle x* + y* = 4* + 7.

I_et breadth = 2/ and length = 4/, then
12 + (21)2=a2 + b2

2 2
' 2_a tb
= / —'*5
a+b
= Area.=4l><21=8——5
b. Normal at P() is —2* _ b - p? )
: : cos@ sing ¢

7 . by
brier St bt o e Cov)

b
ax Y 2 g2 .
“sinf cosf ¢ —b (i)

2_ ;2
—b 0
Equations (i) and (ii) meet major axis at (a d )cos , 0)

2 g2
(a ba) sin 0’ O)

or

and g (—
Now PG> + g’

2_b2 9 2
=((a¢—ac<>se + (0~ b sin 6)°

2

2 212\ o:
(@=Bsing o 0 beassy

_ (a2 _ bz)z

2
a

2 72232 5
=a%§L7£l+é7+J
a a

+ b+ &

212 2
=a2((1 —b—z) +b_2+ 1)
a a

=l +2-&)
c. The equation of the normal to the given ellipse at
the point P(a cos 6, b sin 6) is ax sec § — by cosec
=da b P

_({a (a - b )

= y = ( p tan 49) X=""%

Let % tan 6 = m, so that

sinf (i)

sin 8 = bm
Vo + b

Hence, the equation of the normal Eq. (i) becomes

m eR, asm=%tan9 €R

47. d.

A
B D
C
Fig. 4.64

Clearly, vertices of the square lie on the director circle of
he elli 2 + Z—yZ =1
the ellipse = + 7=
which is x2+y2=7+%0rx2+y2=22—5
Clearly, AC= 2\/—22‘?

. Now AB=BC=CD=4D
and in AACD, AC* = CD* + AD?

2
= 24D = (2\/223)

= AD?=25
= AD =5 units

48. d. Equation of QR is T= 0 (chord of contact)

8x 27y
4179 "

= 2x+3y=1 1)

1

Now, equation of the pair of lines passing through origin
and points Q, R is given by

y .2
(Z_,_ %) = (2x + 3y)* (Making equation of ellipse homo-
geneous using Eq. (i)

= 9 +4y” =36 (4x” + 122y + 97)
=135x" + 432xp + 3201°= 0

1 2V216% — 135 x 320

455

-1 8v2916 — 2700
455

-1 8v216
455

_ o) 4876
an 455
2

.. Required angle is tan™

=tan

= tan

2
49, c. Let the ellipse be = + 2 = 1. Any point on the directrix
p 2 B p

is P (4, k).



50.

51.

52.

53.

Chord of contact of P with respect to the ellipse is

x
=t

olR
Q

=1 @

S

Chord of contact of P with respect to the auxiliary circle

is
(i1)

ext+hy=d

Equation (i) and (ii) intersect at (ae, 0)

a. Let (h, k) be the midpoint of the chord 7x +y—1=0
o o_r. K .

= TrTTTYT @

and Tx+y=1 (ii)

represents same straight line

h_k _ . _
7 =h=k

= Equation of the line joining (0, 0) and (%, k) isy —x=0.

=

c. Given m(n — 1) =n.
n is divisible by v — 1
= n=2=m=2

Hence, chord of contact of tangents drawn from (2, 2) to

= 4x+9y=18

b. The chord of contact of ‘tangents from (h, k) is
xh +y_12c= 1. '

a b

<

2 2
Tt meets the axes at points (%, ) and (O, %)

= ¢ (constant)

wl%

- _l,a,
Area of the triangle = Xy

2 b2
(c is constant)

= hk=

xy = ¢’ is the required locus.

d. Since x-axis and y-axis are perpendicular tangents to
the ellipse. (0, 0) lies on the director circle and midpoint
of foci (2, 2) is centre of the circle.

Hence, radius = 2v2

—> the area is 87 units.
Y

A

(3.3)

(L1

0,0)
Fig. 4.65

54.

55.

56.

Ellipse 4.47

a. Let the equation of the ellipse be
2 2
x Y
S+a=1
a b

We know that the general equation of the tangent to the
ellipse is
y=mx+ Na'm’ + b’ ()

since 3x —2y—20=0ory= % x — 10 is tangent to the
ellipse.
Comparing with Eq. (i), m = and a*m” + 5 = 100

9

= a2><—+b2=100

= 94 + 4b* = 400 (ii)
1,10

Similarly, since x + 6y —20=0,1.e,y=— 65t 3

is tangent to the ellipse, therefore comparing with Eq.

®, o

=ganda2m2+b2=%
a ;2100
= 36+b KB
= a* + 36b* =400 (iii)

Solving Egs. (ii) and (iii), we get a* =40 and H* =10
Therefore, the required equation of the ellipse is
2 y2
+ 1—0 =1
b. We know that product of length of perpendlculars from

foci upon any tangents to ellipse is v

Hence, from the diagram, x| and x, are length of perpen-
diculars from foci upon tangent y-axis of the given el-
lipse, hence x x, = b”.

Similarly y y, = *

Fig. 4.66

. ﬁ(spi) (SP')=2560

106* = 2560
b* =256
b=16
256 =400 (1 — &%)

Ui



4.48 Coor’dinate Geometry

57.

58.

59.

16
g . 1—6 25
g e—i
5

2

d. For the ellipse 3~ 6" y = 1, equation of director circle

is x*+3?=25. The dlrector circle will cut the ellipse
JERNY
5() 20

Hence, number of points = 4.

=1 at 4 points

2

2
c. Equation of the ellipse is %5 5+ %2 1
a

Equation of the parabola with focus S (ae, 0) and directrix
x +ae=0is )’ = 4aex

Now length of latus rectum of the ellipse is < 2
of the parabola is 4ae.

F
4
X<; 7, = >
(e, ON_S"(ae/0)
v
YI
Fig. 4.67
For the two latus recta to be equal, we get
2b~ =4age
20%(1 - &)
= —a =
= 1-e*=2¢
= e +2e~1=0
Therefore, e=_2 i2\/§ =—1++2
Hence, e=v2 -1
c. Here centre of the ellipse is (0, 0)

Let P(z cos 8, r sin 9) be any point on the glven ellipse
then »* cos” 6 + 2% sin® 6 + 27 sin 6 cos O =

= 7= 1
cos® O + 2 sin® @ + sin 20

_ 1
sin @+ 1+ sin 26

_ 2
" 1-cos260+2+25sin20

_ 2
" 3—cos 26+ 2 sin 20

= roo=

60. a. Combined equation of pair of lines through the

origin joining the points of intersection of line
y = ~mx + 1 with the given curve is x* + 2xy
+ (2 +sin” )y’ — (y -~ VA’ =0

for the chord to subtend a right angle at the origin
(1- m) + (2 +sin’ @ —1)=0 (as sum of the coefficients
of x* + % = 10)

= sinfa=m—2
= 0<m—-2<1
= 2<m<3

b Multiple Correct |
and that URITIETT !

lLa,c.”—-1r~6>0and #—6r+5>0

=>@F=-3)F+2)>0and(r-1)(r—-5)>0
:>(r<—20rr>3)and(r<1orr_>5)
=r<—2orr>5

Also P=r—6#r—6r+5
= r;tﬂ
.a,C

If both foci are fixed, then the ellipse is fixed, that is,
both the directrices can be decided (eccentricity is given).
Similar is the case for option (c). Thus (a) and (c) are the
correct choices. In the remaining cases, size of the ellipse
is fixed, but its position is not fixed.

. a, b. Any point on this ellipse is (V6 cos ¢, V2 sin ¢>)

Here centre is (0, 0), 50 6 cos®¢ + 2 sin’ p=4

= 2cos*p=1
1y 4
= _ cos’ ¢ = (7—2—) = posz z
= ¢ = % or 3731
ca,by e 37+ 27 +6x =8y +5=0
G -2
5 + = 3 =1
Therefore, centre is (=1, 2) and ellipse is vertical
(v b>a)
a=2,b"=3
Now 2=3(1 — &)
= e=—L
V3



Fociare (—1,2+ be)and (—1,2+ 1)=(-1,3) and (-1, 1)
anddirectrixarey=2ig:>y=5 andy=-1

. ¢, d. Ellipse is 16x* + 11y* =256

Equation of tangent at (4 cos 6, sin 9) is 16x

’_‘P—d
=l

(4 cos 6) + 11y (%sin 9) - 256

It touches (x — 1)* + y* = 4

4cosf-16

if 3 — =
\/16cos 0+ 11sin" 8

= (cos 8 —4)’ =16 cos* @ + 11 sin’ 6
=4 cos"O+8cosH—5=0

' -1
= | 0059—2

b A 4
=33
. a, ¢. Tangent and normal are bisectors of ZSPS’
Now equation of SP is y = 3x/2 and that of S'P is y = 5x

-2 5
Then their equations are \/_y + f/_y
3x-2y=x 3x—
or x— 2y \/5

= lines are (332 — S)x + (1 - 2V2)y =0 and (3V2 + 5)x
V2 H1)y=0
Now (2, 3) and (1, 5) lie on the same side of (32 — 5)x +

(1 —2+2)y =0, which is equation of tangent.

523 / N ¢)

Fig. 4.68

Pointé (2, 3) and (1, 5) lie on the different sides of (3V2 +
5)x — (2v2 + 1)y = 0, which is equation of normal.

. ¢, d. The equation of the line joining 6 and ¢ is

oo (52 ) S (752 o7

If it passes through the point (4, 0), then

Feos (158 ees (57

Ellipse 4.49

4_ 2
= 5 (9+¢)
cos|{ ——
0 - 0—¢
445 08|\ 3 +cos| ——
= 4-5" (0—¢) (9+¢)
cos| ——]-cos| —
6 ¢
_2coszcosf
7]
2sin%sin-2~
6. ¢ 1
= tanjtan 7——9

If it passes through the point (=5, 0),
then tan % tan g =9
8.a,b,c,d
(VBx-3V3)P+ 2y +47 =k
so no locus for k<0
ellipse for k> 0 and point for k=0
9. a,c.

Let the point of equation of intersection of tangents
A and B be P (h, k), then equation of AB is

k .
T 0
A
/) A4
&
A

y

P(h, k)

<&
<

v

Fig. 4.69
Homogenizing the equation of ellipse using Eq. (i), we
get :

2. (xh Yk\?
7T —4+T)
2
:xz(hlg4)+y2(k2—1)+—2£kay= (ii)

Given equation of O4 and OB is
C+attaxy=0 (i1i)
. Equation (i1} and (iii) represent same line;

Hence, X =4_K-1_hk
ence, e 4 " 2a

= W —4=4(-1)



4,50 Coordinate Geometry

10.

C.

11.

= W -4 =0

=> Locus (x —2y) (x +2y) =0
a.b,c

. L 112 2 12
a. The given equation is (x - ﬁ) + ( y— E)

2

1 (5x+12y—
=S|

p 13

It represents ellipse if %< 1=d>1=a>1
a
b. 4% +8x+ 9" ~36y=—4
= 4P+ 2+ 1) + 907 — 4y +4) =36
Y

Fig. 4.70

G+1? (y-2)
9 tT 4 =

Hence, (- 1, 2) is focus and (1, 2) lies on the major axis.

1

Then required minimum distance is 1.
Equation of normal at P(6) is 5 sec 8 x — 4 cosec 8
y =25 — 16, and it passes through P(0, )

A= cosec O

= a=—T9sin0
= lal<3

2
LU sy=g

= Frombp’ =d’ (1-¢%),1=3 (1~ &) = e=273
a, c,d. :

X4 —2x— 16y +13=0

S -2+ 1)+4( -4y +4)=4

17 o2
C 1 0-2
."..Length of latus rectum=2;1=1
Also e=1-1-8

3,0) P

o 2\
o

X'« > X
(_la 0) (05 0) - (35 O)
v
YI
Fig. 4.71
= 2ae=2><2><g:2\/§

Sum of the focal distance = 2a = 4

Tangents at the verticesarex — 1=+ 2

or x=3,-1

Therefore, the line y =3 intersect these at points P(3, 3) and
0(-1,3). ’

Coordinate of focus are S (V3 + 1, 2)

. 1 . 1
Slope of PS is RNy slope of OS is DNy

= product of slopes PN X — CENCY 1

. b, d.
Differentiating the equation of ellipse x* + 3)” = 37 w.r.t. x,
d_ x
dx 3y

Slope of the given line is g, which is normal to the
ellipse.

3
Hence, ?y = g or 2x = 5y.

Points in the option (b) and (d) are satisfying the above
relation.

13. a,c.

Fig. 4.72
Let S'(h, k) be the image.

SS' cuts a tangent at a point which lies on the auxiliary
circle of the ellipse



14.

(ﬁii)erﬁ:zs

frmned 5 4
= locus is (x = 4)* + y* = 100
a,c.
Let P(h, k) be the point of intersection of £ and E,
h2
= T +i=1
= W =d(1-1) )
2
and ELE
a
= F=a"(1-1) - (i)

. Eliminating a from Eqgs. (i) and (ii), we get

15.

16.

»o_ K
1-F 1-#

-PY=KF 1=K
=h-kbHh+bHFE+KE-1)=0

Hence, the locus is a set of curves consisting of the
straight lines

= e

y=x,y=—xandcircle x* + y* = 1.
a, C.
Ax) is a decreasing function and for major axis to be x-
axis
AR+ 2k +5)> Rk + 11)
B+2k+5<k+11
ke(=3,2)

Then for the remaining values of £, i.e., k € (—
(2, ), major axis is y-axis.

=
E=
00,—3) U

a, b,c.
Clearly O is the midpoint of S’ and HH'

=

H

Fig. 4.73
= Diagonals of quadrilateral HSH'S' bisect each other, so
it is a parallelogram.
Let HOH=2r = OH=r = ae’
2 2
H lies on x_2 + % =1 (suppose)
a

r200520+rzsin20=

a »?

17.

Ellipse 4,51

-2 .
0
e? cos? 6+ ¢ sm2 I s1n2 =1 [ B=a(1- ed)]
—e
2
e cos" 0 &2
= 0- =1-
e cos & -
1,1 1
= COS2 6= ? ? 626'2
1 1 1
= O=cos” \\5+-5—
cos 2 e
2 + el2 1
F 6=90°,¢ =
or 27 e
= E+e?=1
a, d. The equation of the tangent at (7, 2¢) to the parabola
y* =4x is
2y=2x+ 1)
= ty=x+ r
= x—ty+7=0 6)

The equation of the normal at point (V5 cos 6, 2 sin 0) on
the ellipse 5x* + 5y° =20 is

= (V5 sec O)x — (2 cosec )y =5 —4

= (V5 sec @)x — (2 cosec O)y = 1 (ii)
Given that Egs. (1) and (ii) represent the same line.
VSsec§ —2cosesf 1
= = =i =
= 1=Lcot0andt=—lsin0
\5 2
= %cot9=—%sin9
= 4 cos §=—5sin’ 0
= 4 cos 0=—5(1 —cos’ 0)
=5 cos’@—-4cosO—V5=0 ‘
= (cos@—5) (V5 cosO+1)=0
: __1 .. _
= cos = i [ cos B =—5]
1
= 0=cos”! [ g]
Puttingcos0=—%int=—%sin6,weget
=_1 1__1
A e R
S N N O ___1
Hence, 6=cos ( \/§) and ¢ N



4,52 Coordinate Geometry

Reasoning Type J e

1. d. Statement 1 is false as locus of (x, ») is a line segment
joining points (2, 0) and (-2, 0).
2. c. Statement 2 is false (locus of P may be a line segment
also). statement 1 is true.
3.-a. It is fundamental property of an ellipse.
2 -3y
X -
4. C. ? + 9 =1
Ends of the major axis are (0, 6) and (0, 0).
Equation of tangent at (0, 6) and (0, 0) is y=6andy=0.
Hence, statement 1 is true.

But statement 2 is false, as tangents at the ends of major-

axis may be lines parallel to y-axis when a < b.
5. a. Locus of point of intersection of perpendicular tangents
is director circle, which is x* + ) = ¢* + p%,
Now line px + gy + » = 0 may intersect this circle maxi-
mum at two points.
Thus there can be maximum two points on the line from
which perpendicular tangents can be drawn to the ellipse.
6. a. Statement 2 is true as it is one of the properties of ellipse.
2 2
. x0T Y -
Ellipse is gtz =1

Focus = (5, 0), e=\/T§

- lipse =23 2
One of the points on the ellipse = ( N \/7)

Equation of the circle as the diameter joining the points

(3/N2, 2/ N2) and focus (5, 0) is

(x — %) (\/7x—3)+y(\/7y—2)=0

Hence, statement 1 is true and statement 2 is correct

explanation of statement 1. T
7.d. Let C » C_ the centres and ro b, be the radii of the

two circles. Let S, =0 lies completely inside the circle.

S, = 0. Let C and r be centre and radius of the variable

circle, respectively.

Fig. 4.74
then cC, = r,~rand C]C=rI +r
=CC+ CZC =r, +r, (constant)
= Locus of C is an ellipse

= §, is true
Statement 1 is false (two circles are intersecting).
8. b. By formulap p, = 4° = 3.
Also foot of perpendicular lies on auxiliary circle of the
ellipse. _

Thus both the statements are true. But statement 2 is not‘
correct explanation of statement 1.

9. d. Locus of point of intersection of perpendicular tangents
is director circle. _
If there exists exactly one such point on the line

3x +4y + 5v5 = 0, then it must touch the director circle
X+ V=d+1

= 5=d*+1

= a=4

= a=2
1_+3

Hence, eccentricity = 41 — 1=

10. a. Let ¥y = mx be any chord through (0, 0). This will
meet conic at points whose x-coordinates are given by
X+ mi + mat=1

= (l+m+m)x’—1=0

= x1+x2=0-
X +tx
1 T
= 2
Also Y =mx,y, =mx,
= y1,+y2=m(xl+x2)=0
y ty
N 12 20

= Midpoint of chord is (0, 0) Vm.
Hence, statement 1 is true as (0, 0) is also centre of the
ellipse.
Statement 2 is fundamental property of the ellipse, hence
staternent 2 is correct explanation of statement 1.
2 2

11. b. Given ellipse is % + % =1, whose area is = 7V3V2 =
6.
Circle isx2+y2—2x+4y+4=00r(x— 1)2+(y—2)2= 1.
Its area is 7. Hence, statement 1 is true.
Also statement 2 is true but it is not the correct
explanation of statement 1.

2 2
Consider the ellipse ;—5 + yT = 1, whose area is 57 and

circle x* + 3 = 16 whose area is 167.

Also here semi-major axis of ellipse (= 5) is more than
the radius of the circle (= 4).

12. d. Statement 2 is true, see theory.

0,7)
1,2)
4(6,y) @,3)
Fig. 4.75



13.

14.

15.

16.

17.

Image of (4,3) in thelinex+y -3 =01s

x-4_y=3_ (4+3-3)_

i =~ 2 —4
— x=0andy=7
INow points (0, 7), (1, 2) and (6, y) are collinear.
7-2_Y=2
= 0-1 6-1
= y=27

a. Statement 2 is correct as ellipse is a central conic and it
also explains statement 1. ‘

d. Statement 1: Locus of point of intersection of only
perpendicular lines is a circle, and other vertices B and C
do not form a circle

Statement 2 is obvious (standard definition).
2

2 .2
a. Chord of contact of the ellipse xz + % = 1 with respect
to point (8, 6) is

8x  6x_
21t =1
or 2x+3y=1.

Hence, statement 1 is correct, also statement 2 is correct
and explains the statement 1.
a. Statement 2 is true as it is one of the properties of the

ellipse.
Y x =a/e

4

9

Fig. 4.76

Circle with minimum radius having PQ as chord when
PQ is diameter of the circle, hence as shown in the figure
it passes through the focus.

d.|ay—bx|=c\(x—a) + (y— by

|ay—bxf= c
Va? + b* \/a2+b2

Vo -a) + (- by

=

Mpecocacccaacep

Fig. 4.77

Ellipse 4.53

or PM = kP4, where m is the length of perpendicular from
P on the line gy — bx = 0 and PA4 is the length of line
segment joining P to the point 4 (a, b) and 4 lies on the
line, so the locus of P is a straight line through 4 inclined
at an angle sin™’ & to the given line (provided

2 )
c<\Nd* + b?). a+b

Linked Comprehension

Type

For Problems 1-3
1.¢,2.a,3.b.

1.
Sol.

Fig. 4.78
a, OS1=ae=6, oc=5H
Also CS1 =q ‘
= Area of AOCS, =7 (0S.) < (OC) = 3b

= Semi-perimeter of AOCS, = 5(0S, + 0C + Cs))

—L6+a+b) )
= Inradius of AOCSl =1
= T 3b =1
5(6 +a+b)
= S5b=6+a (i1)
also b =a* - a’e

=a —36 (iii)
= From (i1}, we get
25(a* - 36)=36+a’+ 12a

= 2 —a-78=0
13

= a—z,—6
_13

= a=
_5 .

and b—2
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f' linse = _65m ) which has maximum value. 2ab. Given that a = 10, then
Area of ellipse = 7ab = =7 sq. unit b= 5 = maximum area is 100.

: 13 .

Perimeter of AOCS =6+a+b=6+75+ %= 15 units Locus of intersection point of perpendicular tangents is

E quation director circle is x* +y* = a + b K +y* =107+ 5% or x* + " = 125 (director circle).

or Pty = %7_ =P For Problems 7-9

7.b,8.a,9. ¢

For Problems 4-6 215 — 6xy +29)* + 6x — 58y — 151 =0
4. c., s. b., 6. a. » . 3(x — 3y + 3)2 + 2(3x +y _1)2 =180

Sol P3P (Grty 1)

Y (x—3y )+(x y_)=1

A ' =760 90
o). - (ﬂi)z ; (26+_y—_1)2 1
, / 2N\ oy Vi+32v6) \N1+3%3

X a4 "
C G
k‘/ ‘ Thus C is an ellipse whose lengths of axes are 6, 26.
A

The minor and the major axes are x — 3y +3 = 0 and .
Y 3x +y— 1 =0, respectively.
Fig. 4.79 ) Their point of intersection gives the centre of the conic.

.. Centre = (0, 1)
For Problems 10-12

b - 10.b., 11.d., 12. a. )
The normal to the ellipse at P is %Sx—g - —sﬁ =a* — b* Let the ellipse be ﬁi_ " % =1
&

Any point P on the ellipse at (a cos 6, b sin 0)
.". Equation of CPisy = (% tan B)x

: _ 1’ 2.2 2 :
Slope of the lines CP and the normal GP. are % tan 6 and The line y = mx & Na'm" + b" touches the ellipse for all m.

a N
3 tan 6, respectively Hence, it is identical with 5
a b DX 1
2tan 0~ tan 6 y=- + -
tan g =—L— , 1-p* \1-p°
1 +gtan9étan0
b a 2p
_ Hence,: m=— >
2_F tnf 1-p
- 2
ab  sec’ 0 and P+ b= 1 .
2 42 2 42 w4
=4 a_bb sin 6 cos 6 = 02;;7 sin 20 . 4p? !
= a2 - + b2 = 3
a-b a-b 1-p 1-p
Therefore, the greatest value of tan ¢ = =57~ x 1= , , ,
. PR 3 a = p4d’-b)+b' —1=0
Given that 2ab 2 Let p! _This equation is true for all real p if p*=1and 4d* = b’
= f—%=% = b2=1anda2=%
= 27 -3t-2=0 Therefore, the equation of the ellipse is
2
= 20 —4t+1+-2=0 XYy
' 174 " 1
= (2u+DH(-2)= %= 2 If e is its eccentricity, then
= €2=1—}1 %=1—ez—_—>e2=:>e=~\/2z
V3
= €= be = g, hence foci are (O, + %)

5

Rectangle inscribed .in the ellipse whose one vertex is . . . .
£ P Equation of director circle is Py = 7

(a cos 6, b sin 6) is (2a cos 6 )(2b sin §) = 2a b sin (26)



For Problems 13-15
13.a., 14. b,, 15, a,
Sol.

A

4
/EP\@ cos 0, b sin 0)
<+ ,(_ae’ (W >

v

Fig. 4.80

Let the coordinates of P be (a cos 8, b sin 6).
Here SP = focal distance of the point P = a4 — ae cos 0
SP=a+aecost

SS'=2ae
If (h, k) be the coordinates of the incentre of APSS’, then

_2ae(acosf)+a(l —ecosb) (—ae) +a(l te cos Oae

2ae +a(l — e cos B) + a(l + e cos )

= h=aecos® G

and

_ 2ae(bsin B)+a(1-ecos 0) X0+ a(l + e cos <0
N 2ae+ a(l —ecos B) +a(l +ecos )

_ebsin6
= k—m (ii)

Eliminating € from (i) and (ii), we get

2 2

which clearly represents an ellipse. Let e be its
eccentricity. Then

(efb_ieli)z=azez(l —e)
= ‘ e=1 _;zz;bj-—l)z
3 R
= ' e?:e%-el = =\jz
Maximum area of rectangle is 2(ae) (e[ie i ) = ZeaTbelz

Elli_pse 4.55

For Problems 1618

16.a.,17.d.,18. ¢c.
Y
A
4 B
-— 5 5'ad
D / c
v
Y
(@)
4
~ 4
< I
v
(b)
Fig. 4.81
16. a. Solving the curves given (eliminating x?), we have
2 _yz yz
16 "o
- . o144 — 9y
Y 7
Solving the curves given (eliminating %), we have
2
—i‘—6 s ;xz =1
‘ 2_16r"— 144
= e
If ABCD is a square, then
= yz
144 -9/ _ 16r° 144
or 5 =
or 25/% =288
or - r= 1—52—\/7

17. d. Tangent of slope m to circle and ellipse is
y=mx* NPm® +
and y=mx £ V16m* + 9, respectively.

For common tangent

P’ + P =16m" +9
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Alsoif4', B', C', D' is a square, then ~ Equation of BT is
_ 1—-cosg o
nz +1 Y= 55mb (x+4) . (iii)
= P+ =25 o of intersecti nes (i
Let (A, k) be the point of intersection of the lines (ii) and
= r=5n2 (iii). Then we have
18. c. If A'B'C'D’ is a square, then tangents : P=c %(hz - 16)
=+x+5 2
. . d > = %6 +ﬁ 1
for which diagonal length 4'C’ = 10.
Then area of AA'B'C" is 250 : Therefore, locus of (%, k) is
. » . 2om . .1 A - x_2 + y2 =1
Alsoarea of circle Cl 1s 2 .Hence, the required ratio is 7 168

_ R . . _1
For Problems 19-21 which is an ellipse w1th eccentrically e = L

19. c., 20.b., 21. d.
19. c. Ax -y +2(1 +1) =0

Sum of focal distances of any point =2g=8§.
Considering circle x* +3” = &°, we find that the eccentricity

— Mx+2)~(y—2)=0 of the ellipse is \/—lj which is constant and does not change

This line passes through (-2, 2). by changing the radius of the circle.
Ux—y+2(1—u)=0 For Problems 25-27

= u(x-2)-(y—-2)=0 ' 25. a, 26.¢.,27. b

This line passes through (2, 2).
Clearly these represent the foci of the ellipse. So 2ae =4,

il
The circle x* + y* — 4y-5=0=x"+(-2°=9 repre- \\ 1,0

sents auxiliary circle. Thus @’ =9 = e = % and b* = 5.

20. c. Required area = % (2ae)(b) = 3% V5=2v5 Fig. 4.83

For Problems 22-24 Solving both equations, we have

22. b.,23.d.,24.c. 2 I—(x—1)
) r Lol o
by a* b*
= b + a1 —x— 1) =d*p?
= F-d)+2dx-dP =0 )
for least area circle miust touch the ellipse
(n.5) -4 (4,0) . .
e = Discriminant of (1) is zero
0 .
B0 x = da" +4d B (B~ ) = 0
= a+ b -a?) =0
= a3+b2(—azez)=0
Fig. 4.82 = =P =0=b=1
Tangents at P (4 cos 0, 4 sin 6) to x* +y'=16is Also &= b _ 1
xcos@+ysinf=4 (1) 1-¢ &(1-¢6)
Equation of 4P is = a= 1
sin g . eVl - ¢
y= m(x -4) (i1) Let S be the area of the ellipse.
. . . . = S n-ab — L
From (i), coordinates of the point T are given by EN

(4, 4(1-0059)) =N

sin 0



A-rea is minimum if /' (e) = e — €’ is maximum

when fe)= 465 — 6&° = 0

or e= \/% (which is point of
maxima for f(e))

= S is least when e = \/%

= Ellipse is 2%+ 62 =9

Equation of auxiliary circle of ellipsé isx*+y’ =45

9
2 21_

L.ength of latus rectum of ellipse is‘% =75 1
2

Matrix-Match e
Type o

l.a. > p,q,5,83b—p,qrns;c—q,r,s;d—p.

a. Equation of tangent at (C%@_ , smTG) is

2xcosO+3ysinf=1

which is parallel to the given line 8x =9y

‘. COSs 0=ﬂ:%, sin 6 =$%

Hence, points are (%, —% ) and (— %, % )

Distance between the points is
JI6, 4 _2
2525 45
which is less than 1.
b. The given equation is

G+’ (+2)
9 T 25 =

Hence, the fociare S, §'=(-1,-2+4)=5(-1, 2) and
S (-1,-6)
The required sum of distances =2 + 6 = 8.

¢. Equation of normal at (3 cos 0, 2 sin 0) is
3xsec@—2ycosecO=>5

which s parallel to the given line 2x+ y = 1. Therefore,
cos9=$%, sin()zi%
Hence, points are (_5—9, % ) and (2 - %)

5 E]
The required sum of distances = _1.5§

Ellipse 4.57

d. Consider any point (2, f + 2), ¢ € R, on the line x — y
+2=0. :

The chord of contact of ellipse w.r.t. this point is
xt+2(t+2)=2
= (4y-2) + t(x +29) =0

This line passes through point of intersection of
lines

4y-2=0andx+2y=0
x=-1
Hence, the point is (-1, 1/2), whose distance from
(2,1/2)is 3. ’
2.a—>ns;bop,q,ns;e—rs;d—Ls.
Equation of any tangent to

x* y2
EAE ®
is given by
y=mx+Na'm’ + b

P(h, k)

pa :
NEAN

Fig. 4.84
Since it passes through P (b, k)
k=mh+Na’m* + b*
= m¥(h* — a®) — 2kmh + (K — b*) =0 (ii)
As (ii) is quadratic in m, having two roots m and m, (say),
Therefore,

2hk -

mnm_=— B
20 TS w4

+ =
TR

. tan (a +ﬁ): ';ana + tan @

—tan ¢ tan

(iii)

+m
m, ;

1l—-mm
lml2

2hk

2 2
__kh-a

a. a+,3 =c§
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=

=

When ¢ is even,

m +m =0
% =0=2kh=0
= xy =0, which is the equation of a pair of straight
lines.
When c is odd,
1- mm, =0
Kb
= R
Therefore, the locus of (h k) is
- =x1-g
which is a hyperbola.
mm, =c
K~b
= Pog ¢

When ¢ = 0, k = +b, the locus is pair of straight

lines.
Whenc=1,1 -k =4"— B, the locus is hyperbola.

Whenc=~1, P+ =4+ B, the locus is circle.

When ¢ = =2, 2/ + I = 24% + B2 the locus is
ellipse.

tang +tanf=¢

= m1+m2=c
” 2kh
= Pod ¢

When ¢ = 0, kh = 0, the locus is pair of straight
lines. .
When ¢ =0
c(H*—a>) ~2kh=0
Locus of (4, k) is
cx2—2xy—ca2=0
A=—ca’* =0
Also,
W —ab=1>0
Therefore, the locus is a hyperbola for ¢ # 0.
cota+cotf=c
1 1

_+—:C
iz
m, ’
mI +m7
==cC
m m,
2kh
-y ¢

c(ld = b*) ~ 2kh =0

When ¢ = 0, locus is a pair of straight lines.

When ¢ = 0, locus is a hyperbola (as in previous case ).

3.a.—>p,r;b—>r,s;c—)p;d—>q.

Tangent io ellipse at P (¢) is % cos ¢ + % sing =1.

It must pass through the centre of the circle. Hence,

%cos¢+%sin¢=l

= cosgp+sing=1
= I +sin2¢=1
or - sin2¢ =0
= 20=0o0rm
= %= 0 or %
b Cons1der any point P (V6 cos 6, V2 sin 6) on ellipse
))
5 5 2 -1
Given that OP=2
=  6cos’@+2sin’6=4
= 4cos’ §=2
1
O=+—+—
= cos ¢ )
: T Sn
= 6= 20T
c. Solving the equation of elhpse and parabola
(ehmmatmg x%), we have
-1+4°=4
= 4y2 +y-5=0
N @ +5)p-1D=0
= y=1,x=0
The curves touchat (0, 1). So, the angle of intersection
is 0.
d. The normal at P(a cos 9, b sin ) is
ax b _ bZ
COS O~ sinb =a
where @’ = 14, *=5.
It meets the curve again at O (20), i.e. (a cos 26,
b sin 26). Hence,
ﬁ acos 26 — ﬁ(b sin 20) = o* — b?
= Goep 008 20~ (sin 20) = 14— 5
= 28cos’@— 1410 cos’ 0 =9 cos @
= 18cos’0—-9cosf—14=0
= (6cos0—7)(3cos@—2)=0
-_2
= cosf=- 3



4.2 —s;b—-opjc—qd—or
a. The locusis

2 2
x Y _
= 167361 .
_ 16 _ 20 _~5
= e=y1-36 =\36 =3
= 3e=+5

b. 3P +2x+ 1) +207 -2+ 1)=3+2+1
3(x+1)2+(v—1)2 _

2 3 1
= e-=\1—;='L
3 43
a=v3,b=2

Area=%><2\/~>< V2 =6

c. Eliminating @ fromx=1+4cosf,y=2+3sin6, we
have

-1 -2°
6 9

Hence,a=4and e =g

1

= ae=7
= Distance between the foci = 27

e= \/1 _L=3
16 4
One end of latus rectum is
2
(ae, %) = (3, %)
Therefore, equation of tangent is
Y

A

or E+

It meets x-axis at (?6, 0) and y-axis at (0, 4).

Hence, the area of quadrilateral = 2 x 13—6 x 4 = %8

5.a—>q;b—>r;c—>r;d—+p.
a. Points are O(0, 0), P(3, 4) and Q(6, 8)

2a=0P+0Q
~5+10=15
=15

= a=-

Ellipse 4.59

Also distance between foci,

2ae= \](?—3)2 +(8—4p=5

= e=3
2_225 |
= =22 (1-%)=50
= b=5V2
= 2b=10V2
1 1 2a
b. Weknowthat§5+§Q—=b—2
1,1 _10
= 27507 16
= SO=38
= PO=10
¢. If the line y = x + k touches the ellipse 9x% + 16)° =
144, then
F=16(1)*+9
= - k=%5

d. Sum of the distances of a point on the ellipse from the
foci=2a=8.
6.a—>qboqc—s;d—op.
Y

A

P (acos 8, b sin 6) = (ae, b’/a)

. ’

Fig. 4.86

a. Let one of the vertices of the rectangle be
P(acos @, bsin6).
Then its area 4 = (2a cos 0)(2b sin 6) = 2ab sin 26.

A o 2ab

Now area of rectangle formed by extremities of
LR = (2ae)(2b*/a) = 4eb’.

Hence,

Given that 2%
2ab=4deb’= G e =1
2
= %ez—l
a
= 4(1 -t =1
=  4'—4l+1=0
= (2 -1Y'=0
1
= e \/7
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b. ' d.

Y
to.9)
40% a0
( )k 4.0 .

< » X
(0,0)
v
Flg 4.87
For elllpse distance ¢ between the foci, 2ae = 8 and (6, -12)
length of semi-minor axis, is b = 4. Y
Now,
V=d-ac Fig. 4.89
= 16=4a’—16 , Extremities of LR of parabola y* = 24x are (6, £ 12).
= a@=32 For ellipse, 2be = 24 and extremity of minor axis is
(0, 0). Hence, a = 6.
= e= 1—;—26—=—\/% Now, a*= b — b
= b’ =36+ 144 =180
c. Normal at point P (6, 2) to the ellipse passes through ) 36 T 2
its focus Q (5, 2). Then P must be extlemlty of the = €= \H 180 ~ 1- 5775
major axis. Now ae = QR = | (where R is centre) and
a—ae=1, Integer type B
% 1. (8)
AP v
(4,2) (5,2)\ (6, 2) / Y:'\
+ + f—t—t x
\/ (M“’ ’
« — X 2.0)
0
v "~ Fig.4.90
x=4 Let x—4=2cos® = x=2cos0+4
dy=3sin 6
Fig. 4.88 amey SIZI R
a=2 Now E= 2+
4 9
b =d-de=4-1=3 2
_ (2cos0+4) + sin?0
3_1 4
= e=yl-7=5 _ 4cos” 0 +16 +16cos 6 + 4sin® §

4



_ 20 +16cos6
4
=5+4cos @

HenceEmax—E . ={(9-1)=8

min

b’ iy ,
.(2) [iae, —J are extremities of the latus-rectum having
a

positive ordinates.

2
::>azez=—2[b——2] (1)

a
But 5’ = a1 - &) ‘ )
.>. From (1) and (2), we get a’¢® — 2ae* + 2a—-4=0
= ae’(a-2)+2a-2)=0
oo {ae +2)(a-2)=0
Hence a = 2.

. (7) By using condition of tangency, we get an* =3k +2
.. Locus of P(h, k) is 4x* — 3y* = 2 (which is hyperbola)

Hence e’ =1+ 4 = e= \/z
3 3

. (9) Center of the given circle is O(4, — 3).

Fig. 4.91

The circumcircle of APAB will circumscribe the quadri-
lateral PBOA also, hence one of the diameters must be
OP. ‘

.. Equation of circumcircle of APAB will be: -
G-)x-H+r-3+3)=0
=x+y —6x-1=0 (1)
Director circle of given ellipse will be
(x+57+ (=3P =9+
Sy )+ 10x—6y+25-bH=0 (2)
. From (1) and (2), by applying condition of orthogonal-
ity, we get
2[-3(5)+0(-3)]=-1+25-b" = -—30=24-5
Hence b* = 54

. (9) Equation of normal at P(6) is 5 sec 6x — 4 cosec 6y =
25— 16 and it passes through P(0, )
- . -9 . 9
g= ——— je.o= —sinf=|a|<=
4 cosecd 4 4

Ellipse 4.61

6. (5) Points are 4(3, 4), B(6, 8) and O(0, 0).
OA + OB = 2a (where a is semi-major axis.)

2a=5+10=15 -
-

2
Now 2ae= \(6—-3) +@—4) =5

a

e=

2
b= %(1—3 =50

7. (8) Equation of the chord whose mid point is (0, 3) is

W 122 e y=3
25 25
: 2 2

intersects the ellipse Tl
16 25

x? 9 16 16
at —=l-—"=— = x=t—
16 25 25 5

W | ==

... length of the chord = %

thus i/f'=2.-.k=8
5 5

1
8.8 % ae=8 = 2a-9-3 iea=2
e 2 - 3

P=d(1-é)= @(1—1):9‘1

9 4 3
. length of minor axis =2b = 16
J3
Sk=8
9. (d) " 0S, =ae=6,0C=b (let)
also CSl =a

"+ Area of AOCS = %(OSI) x(0C) =3b
"' semi-perimeter ofAOC'S1 =% (OS] +O0C+ CSI)

=%(6+a+b)
-+ Inradius ofAOCS] =}
- IL =1=35h=6+aq
2-(6+a+b)

also b” = a’— o’e* = o’ 36

= from (2)

250 =36+ 12a+d"

- 25(a"-36)=36+d* + 12a
20— a-"78=0

M

(2)

3)



4,62 Coordinate Geometry

10. (&) Equation of tangent is y = 2x £ \/4a2 +b? : 2a

11.

12.

Also from the definition of ellipse sum of focal lengths is

= this is normal to the circle x* + y* +4x+ 1 =0

== this tangent passes through (-2, 0) Then 4B +AD=p+q=2a. )

' utting value of (p + ¢) in equation (3 from 4
—0=-4+ '4a2.b2 = 4a2+b2=16 Y g (p q) q () ()

: have (2a)* — 2pq = 4a” — 4b” (using equatlon (1))
Using A M. >2GM t we
= Using > We B¢ = 4a® 2 X 200 = 4(d* — 1)

2+ 2
i"z—bz 4> +b° = ab<4 = a* - 100 = g% - p?
SB)X¥+9—4x+6y+4=0 - =b6=10
= X —4x+ 97 +6y+4=0 ' from equation (2), ab =200 = a = 20

2 2_
= =2y +@y+1) =1 since p + g = 2a (from equation (4))

: o
(y + lj therefore perimeter = 2(p + g) = 4a=4 x20 =80
3 1
1

which is an equation of ellipse having centre at (2,—5)

= (x-2y+

, active T
General point on ellipse is. Subjective Type
P(x,y)=(2+acos 6,-1/3 + b sin 0) 1. Equation to the tangent at the point P (a cos 6, b sin )
— : x>
=(2+cos6,-1/3+1/3 sm.O) on——+—b—2—lls
x=2+cosfandy=-1/3+1/3sin 0 a
X . .
% cos0+2sinf =1
o dx—9y=4(2 +cos 6)— 9 (—l+1sme) acosf+ypsin @
33 Perpendicular distance of (i) from the centre (0, 0) of the
= f0)=8+4cos 0+3-3sin 0 ellipse is given by
=11+4cos0—-3sin O d= 1
~AO) =11 +5=16 \/Lz 00529+%00529
(4) Let sides of rectangle be p and ¢ a b
Area of rectangle = pg = 200 4] = ab
Vb2 cos® @ + &* sin® 0
b |
44> (1— —)
4 & y b cos’ 0+’ sin’ 0
=4a {1 - 3
a
= 4(a2 - bz) cos’ 6
C =44" &* cos’ § (11)
Fig. 4.92 The coordinates of foci F' | and F. , are F = (ae, 0) and
Area of ellipse = mab = 2007 F, = (ae, 0).
~oab=200 ) PF =e(1 ~ e cos )
we have to find the perimeter of rectangle = 2(p + q) and PF, =a(l + e cos 9)
From triangle 48D - (PF, = PF)' = 4a%¢" cos 0 (iii)

Distance BD = +/p~ + ¢~ = distance between foci Hence, from (ii) and (iii), we have

2 2_ 2 2
orp g =4ae (PF]—PF2)2=4a2(l—%)
or (p+q)° —~2pg = 4a’ - b) 3)
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Fig. 4.93
The given ellipses are
2 2
Tl 0
2 2
and X+i-1 (i)

Then the equation of tangent to (i) at any point 7'(2 cos 8,
sin 6) is given by

xczos(9+y 511n6:1 (iif)

Let this tangent meet the ellipse (ii) at P and Q. Let the
tangents drawn to ellipse (ii) at P and Q meet each other
at R (h, k).
Then PQ is chord of contact of ellipse (ii) with respect to
the point R (4, k) and is given by
h . Yk :

Tty =1 (iv)
Clearly, equations (iii) and (iv) represent the same line
and hence should be identical.

Therefore, comparing the ratio of coefficients, we get

cosf/2 _sinf _ 1

2!

SN

= _ h=3cos0,k=3sinb
= WP+iE=9
Therefore, the locus of (%, k) is
X +y°=9
2 y2
which is the director circle of the ellipse % t3=1 and

we know that the director circle is the locus of point of
intersection of the tangents which are at right angle.

- Thus tangents at P and Q are perpendicular.

Ellipse 4.63

3. Let the midpoint of 4B is (A, k), then coordinates of
A and B are (24, 0) and (0, 2k).

+2k

R

Then equation of line 4B is Z_xh‘ + —2%; =lory=-

2
+4

N—

2 2
It touches the ellipse ;—5 + % =1,if4k* =25 (—%

or 2—5+%=4

7
Therefore, locus of (A, k) is 2—3 + iz =4,
. X y

(For the given tangent to the ellipse, radius of the circle is
automatically fixed.)

4.
A
N
P
< ) »
L
A 4
Fig. 4.94
The ellipse is
2 2
x Y
S+ =1
& v

Since this ellipse is symmetrical in all four quadrants,
either there exists no such point P or there are four points,
one in each quadrant. Without loss of generality, we can
assume that @ > b and P lies in the first quadrant.

Let P be (a cos 0; b sin 8). Then equation of tangent is

%cosGJr%sinG:l
ab

ON=
\,/b2 cos® 0+ a* sin® 6

Equation of ON is

%sinG—%cosG=0

Equation of normal at P is
ax sec 6 — by cosec 8 = a* — b*
_ a — b
\/a2 sec’ @ + b* cosec’ O

OL

B (a? - b*) sin O cos O

\/a2 sin® @ + b cos’ 6




4.64 Coordinate Geometry

Now, NP=0L

B (a*—b?) sin @ cos 6

- \/a2 sin? @ + % cos? §
A = Area of triangle OPN

=2 X ON X NP

NP

sin @ cos 6
a’ sin® 6 + b cos? 6

I

%ab (- %)

1 2 32 1 .
= Sab(@-p) 5—t

290 )aztan0+b“cot9
_ 1 22 : 1
=ab(@-b) (a\ltan'g — b \cot g ) + 2ab

Now maximum A occurs when

atang — b \[cot g =Oortan9=g
2 2
. b
Therefore, P has coordinates ( a , )
."a2+b2 1aZ_l_bZ ]

By symmetry, we have four such points, i.e.

a2 bZ )
4 o+ .
( N+ NP+

5.Let 4, B, Cbe the points on circle whose coordinates are

A (acos B, asin )
2
B(a cos (6+2?n),asin (0+ —375))
4 4
C (a cos (0+ —3]5), a sin (6 + Tn))

Further, P (a cos 6, b sin 0) (given)
Hence,

Q (a cos (9+ ZTJI), b sin (0 + 2—;[—))

4 4
R (a cos (9_+ Tn), b sin (9 + Tn))

It is given that P, O, R are on the same side of x-axis as A4,

B, C

So required normals to the ellipse are
ax sec 6 — by cosec 6 = a* — b*

2 2
axsec(GﬂLTﬂ)fbycosec(GJrTﬂ)=az—b2

4 4 ,
axsec(t9+7ﬂ)-bycosec(0+7ﬂ)=a2—b‘

Y4

A (a cos 8,asing)
P(acos 8, bsin6)

Fig. 4.95

Now, above three normals are concurrent. Hence, A = 0.

sect cosec 0 1

2 2
= A= sec(@ + ?ﬂ) cosec (0 + Tn) 1

sec(@ + 4%) cosec(@ + 4?7[) 1

Multiplying and dividing the different rows by sin 6 cos 6,

we get
2 2 4 4
sin(0+ Tﬂ )cos(0+ Tn )andsin(9+ Tn )cos(9+ Tn )
sin 6 cos 6 sin 20

lsin 7] +2—n 005(0 +2—ﬂ) sin(29+4—nJ =0
k 3 3 3

sin (6 - 2—7[) cos(@ - 2—ﬂ) sin (275 — 4—7[)
3 3 3

where £ = sin 6 cos 6 sin (6 + E—) cos (0 + 271)

3 3
sin (19 +43_n) cos (0 + 4%)

[Operating R, — R, + R, and simplifying R, we get
R = Rl.] Hence, A= 0.

6. Let the coordinates of P be (a cos @, b sin 0). Then

coordinates of Q are (a cos 0, a sin 6).
Let R (k, k) divides PQ in the ratio r:s. Then

_s{acos )+ r(acosb)
- (r+s)

=acos @

h




Q (acos 0, a sin )
R(h, k)

P (acosB,bsinb)

(—_as 0)

=

= 5t

(0, 0/ (a,0)

|
Fig. 4.96
cos 0= ﬁ
_s (b sinB) + r (a sin 6)
(r+s)
_sin6 (bs + ar)
(r+s)
k(r +s)

Sin 0= as+ar)
We know that cos® 0 + sin* 8 = 1. Therefore,
- ¥ (I’+S)

a (bs+ ar)

Hence, locus of R is
2 Y ots)’
&  (bs+ary

which is an ellipse.

7.

Let the ellipse be

=ale
Y
A
\ ‘
P
I

0 S X

A

M
Fig. 4.97

lekm

+ N
=
i

Ellipse 4.65

and O be the centre.
Tangent at P (xl, yl) is

Focus of the ellipse is S (ae , 0).

Equation of the line through S (ae, 0) perpendicular to
tangent at P is

azyl
y= bz_xl (x — ae) (@)
Equation of OP is
s .
y=%x | (i)
Solving (1) and (i), we get
y, @y o)
= —x=—(x—
% ble ae
= x(a* - b= ae
= xdet=de
= x=ale

This is the corresponding directrix.

. Any tangent on ellipse is

y=mx+\25m® + 4
If this is also the tangent on the circle, then

}O*lﬂ x 0£V25m° +4

=4
V1 +m®
2
= =+
SRE
Since common tangent is in first quadrant so
—_2
)
Hence, the common tangent in first quadrant is given by
V3y+2x=4V7 (i)
The points of intersection of this tangent with x-axis and
47
27, 0) and ( )
y-axis are ( ) an N}

Therefore, the length of intercept

a0+ (o-43]

ol



4.66 Coordinate Geometry

Obje ctive Type
Fill irz the blanks
1.
Y
4
B(0,5)
! g~ ﬁ %X
X (—ae, 0) Flae, O
FI
v
Y'
Fig. 4.98
My = -1
b-0  b-0 _
i O—ae O+ae 1
b _
= P
2
= el = b—2 =1-¢
a
21
= € = p)
= e=-L
V2

Multiple choice questions with one correct answer
- 2

. . x0T Y
1. a. The given ellipse is 169~ 1

Here a=16and *=9
P=d(1-eH)=9=16(1-¢)
V7
= e 4

Hence, the foci are (+ V7, 0).
Radius of the circle = distance between (+ V7, 0) and
(0,3)=V7+9=4

2. c. For given slope there exists two parallel tangents to
ellipse. Hence, there are two values of c.

3. c. The ellipse can be written as

2 2
X Yy
ARt
Here a=250"=16
Now, P=d"(1-¢)
1_6:1_ 2
= 25
2 16 9

m|w

= e=
Foci of the ellipse are (tae, 0) = (+3, 0), i.e. F andF are
foci of the elhpse

Therefore, we have PF + PF =2a=10 for every point
P on the ellipse. '

4. d. The given ellipse is

2
X,V _
g t3=1
Then Cd*=9, b=
i 5.2
= e= 1—9—3

Hence, end point of latus rectum in first quadrant is L
(2, 5/3).
Equation of tangent at L is

2x Y
5H3-1 :
The tangent meets x-axis at 4 (9/2, 0) and y-axis at

B (0, 3). 19 27
Therefore, area of AOAB = 5 x5 X 3= v

%@3)
v

Fig. 4.99
By symmetry, area of quadrilateral
=4 x (Area of AOAB)

B A

=4 x % =27 sq. units

5. a. Any tangent to ellipse
2

2
Y
2 7=l
0
is given by x(ijoz_s +ysinf =1
AY
o
(h, k)
e A > X
Fig. 4.100



Using midpoint formula, we have

A (N2 sec 6, 0) and B (0, cosec 6).

Flence, 2k =2 sec 0 and 2k = cosec 6
= () 2!
= ZLhZ + ﬁ =1
= 2)16 +j2— =1

P 2
6. a. Any tangent to the ellipse % + %2 =1 at P (acos 6,

b sin ) is given by
xcos@+ysin9_

N

v -

Y!

Fig. 4.101

It meets coordinate axes at A4 («a sec 8, 0) and B(0, b cosec )

Area of AOAB =% x g sec 6 x b cosec 6

_ _ab
= A_sin29

For area to be minimum sin 26 should be maximum and
we know maximum value of sin 20 =1.

Amax =ab
7. d.
YI
A
M
B (0,1)
A (3,0)
X« » '
(0]
Y

Fig. 4.102

Ellipse 4.67

Equation of line AM is
x+3y-3=0
Perpendicular distance of line from the origin = %
o2 9y 9
Length of AM=2 9—10—2><m
: -1 9 .3
= Area—2x2xm><m

%(7) => g.units

8. ¢. Normal is given by 4x sec ¢ — 2y cosec ¢ = 12

Y
4 P (4 cos 6,2 sin ¢)

k 0 G oosh, O
4
Fig. 4.103
O=3cosgp,0)
M= (a,p)
- o= 3 cos $+4 cos ¢ 7cos¢
2 2
= cos P = % a
B=sing
Using cos” ¢ + sin2 ¢ =1, we have
200 -1
= g-xz +y2=1 @)
Now latus rectum,
x=%2V3 (i)
o N 48 5
Solving (i) and (i), we have 20ty = 1
= y= + %
Points of intersection are (+2 V3, £1/7).
9.d.Since 1’+2*=5<9and2*+1°=5 <9bothPandQ

ic insi 2,221 1_25
heln51deC.Also9+4 9+1>1and9+4 36 <

1. Hence, P lies outside E and Q lies inside E. Thus P lies
inside C but outside E.

Multiple choice questions with one or more than one correct
answer

1. b, d. Let (x ) be the point at which tangents to ellipse
4x* +9)° = 1 are parallel to 8x = 9y.



4.68 Coordinate Geometry

T hen slope of the tangent = g
dy) _8
= (% w9

Drifferentiating equation of ellipse w.r.t. x, we get

dax _
8x + lSydx—O
-8 —dx
- (@), 2B
dx =.5) 18y1 . 9y1

Substituting in equation (i), we get

Also (xl, yl) is the point of contact which must be on

curve. Hence,
4 +9y =1
4x x 4x, + 9y = 1 [using (2)]

I=

H N

LR Ui~

Y

LR

X

ks

Thus the required points are (_5—2, %) and( %

Alternative Method:
Lety= §x+cbethetangentto 17aT19= 1

where c =+ Va?m? + B2 = = —Xﬁ+% :I:%

—d’'m b2) _

So, points of contact are ( o

or (33)
2. b, e

Fig. 4.104
The given ellipse is
2
Y

Z'i' =1

1
P=d (-6
V3

= e=7

@

(ii)

Hence, the end points P and Q of the ‘latus rectum are
glven by

- 1
P=(5,-3)
and QE(— \/?,—%) (giveny,y, <0)
Coordinates- of midpoint of PQ are
= 1
R=(0,- 2)_

Length of latus rectum, PQ = 2v3
Hence, two parabolas are possible whose vertices are

-5 Snifo 1)

The equations of the parabolas are

X =2V3y=3++3
and X +2V3y=3-3

cos B+ cos C=4 sin® ’3‘

2 2
= cos (T)=2 sin (%)
cos ( £5€)
= =2
sin 4
2
- sinB+sinC_,
sin A
= b + ¢ =2a (constant)

Hence, locus of vertex 4 is ellipse with B and C as foci.

Comprehension type

1. d. Equation of tangent having slope m is

y=mx+ \9m* +4

Tangent passes through the point (3, 4) then

4-3m= \9m* +4

Squaring, we have
12 1

16+ 9m® —24m=9m’> + 4= m=—=—
24 2

.. Equation of tangent is y — 4 = %(x —3)orx-2p+5=0



L_et point of contact on the curve is B(¢, )

::'>§E+!£_1=0:>0‘/9—ﬁ/4__1

1 2 5

9 8
=o=-=,f=-=
5 P 5

Another slope of tangent is co, then equation of tangent is
x = 3 and corresponding point of contact is A(3, 0)

Ellipse 4.69

2. ¢. Since slope of PA is oo,

Slope of altitude through B must be 0, for which orthocen-

. [11 8]
teris | —,—
5’5

. a. Locus is parabola

. . 3x 4 '
Equation of 4B is EE+—y=1:>£+y=1:>x+3y—3
=0 9 4 3
. Equation of locus is

—3)?
(-3 + (-4 - EERED

or 9x% + y? —6xy —54x — 62y +241=0






