CHAPTER PR

Arches

4.1 Introduction

Arches can be used to reduce the bending morments in long span struclures. Essenlially, an arch acls
‘@s an inverted cable, so it receives ils [oad mainly in compression although because of its rigidily, it also resist
same bending and shear depending upan how it is loaded and shaped. When an arch is subjected 10 uniformly
distributed vertical load then only compression forces will be resisted by the arch. Under these condilions the
arch shape is calied a funicutar arch because no bending or shear lorces occurs within Lhe arch,
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Fig. 4.1
4.2 Comparison between Cable and Arch
CABLE ARCH
1. Cablels o tension momber, 1. Gunerally archis acomp;esslon member.,

2. A cable is flexible momber and it | 2. A archis a rigid structure and it does not
changes ils shapo with differenl changes ils shape with different type and
lypo and position of loads. posilion ofloads.

3. It cannat rosist any bending | 3. Basically, it is a compression momber hutit
momont henco bending moment is oitan subjecled Io bonding moment ang
is 2000 gvery where, shear force of smalimagnitudo.

[ . — -

Types of Arches: There is three lype of Arches : : Hingo

1. Three hinge arch: A Ihree hinge arch is slatically ¢
determinale structure, There are four unknown reactions ang
- Ihree squations of equilibrium and one exira condition ol A 8
equilibrium (4, = 0) atinternal hinge. o 0 Toeehingedsch
{Detenaninare}

2. ' Two hinge arch: The wo-hinge arch is statically
indeterminale stuciure of first degres. There are four unknewn
reaction and only lhree equations of equilibrium are available,

i} TwokingeArch
findeterminatelo IstDegroe}

3. Fixed arch (Hingelass arch): The fixed arch is statically
indeterminale struclure lo hird degree. There ase six unknown (i} Fixed Arch
reaclions and only thige equations of equilibrium are {indetesminateto 3rdDegree)
available. Flg. 4.2

43 Comparison between the Behaviour of Arch and Beam
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) M,{beam) = Ay ) M arch) = Ry Hy
P P
hdt = E.!'=¢‘|4(Sﬂw ﬂi!x = E‘X-H}‘
- M o= M-Hy

From the above analysis il is clear thal the bending moment al any section in arch is smaller than thatof
beara by an amount of Hy.

437  Advantages of Arch over Beam
1. Forsame loading and same span, the bending moment in arch sectian is smaller than bending
moment in heam seclioh at same location.

2. For long span. arch seclion are cheaper due to flunner cross-section needed for less bending
moment. However lor small span beam may be advantageous.



432 Disadvantages of Arch over Bea\h
1. Arches ara very difficull 1o construct because ol curvad shape.

2. Inmulti-siorey buildings archas provide constraint to heighl. So aesthelically arches fess prelerred,

4.4  Analysis of Three-Hinged Arches
44.1 ThreeHinge Parabolic Arch SubJected to UDL over Entire Span

XF, = 0; H, = H, = H{say} !
IF,=0; R+ Ry=w i)
Also, EMA =0
= Ry X = wix é— =0 ) !
wt

. Hy = 3

. " wi - .
From i}, =5 HysH

Since lhereis ahinge at €, hence M, =0
‘ M, = O{From lefl) )

= fi, x-;—~Hxh wx—éx—:—- 0 ’ B Flg, 4.4 Fa
w2
x—-Hxh——- =0

= 2 8

: w2

o " 8h

Equatlon of Parabolic Arch
h
¥= ":'{X(I‘X)

Bending Moment at any sectlon .
M, = Beam moment - 'H Moment

2
= M= RA.x-w.r.%—HAy

2 ¢4
- lz-l"g—x%’xx ;— 2=
= M =0

Hence 3-hinge parabolic arch subjacied to UDL_on entire spanis Iree from bending moment,

Radlat Shear and Normal Thrust
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H, - H =0
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”x="";.=E,T,' . {i)

LF, =0
R,—wx =V
. V‘ = HA—WT
wf -
= — -t «o (i)
v, P X

Radial shear alx -x, 5 =V cos®-H sin 0 ... (i)
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" Wa know, y= ~—r(,' x)
ooul
dy  Ah en
tane:-———_ = —‘—U ?I)
: wi wit a
From i), 5 = (?-wx coso—é—};sm flg. 45
wi wi?
— — ity ———tand
S = coso{ 2 ey B ]
wi? _ah
¢ —Wx-——xX—{l-21
S = cose[-2~ Wx- oo r { )]
wi [
—_— —-+ WX
5 = cose[ ) x ]
§5=0

: i i s diny
Hence 3-hinge parabolic arch subjected lo UDL on entire span is {res Irom radial shear and bending

moment.

al thrust al x -z, iy
Norm N, =V, sin0+ H cos 0 (i)

4.4.2 Three Hinge Semicircular Arch Subjected to UDL over Entire Span

LF, = b‘ H, = Hy= Hsay) o
ZF,_:O. . HA+RD=W>42_R
Also, Iy =0
A, >x2R-wx2AxAR=0 e sl s .
o RA = W . ¥ _\\‘
and Ay = wA ' R \
Sinca there is a hinge al C, hence Mg =0, i

M. = O(Fromlelt)
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Bendmj moragnl at any seclion .y -», -
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4.4.3
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=5 M o=
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[sin?o - sino}
2
v
M= - ‘"; (sine - sirfe) <0
For maximum bending moment,
am

g -9

[since sin 8 > sin? o]

-ng:(cosmzsineooso) =0

cose{1~2sin0) =0
licosf = 0 (ang = 90°
at & = 80° minima oceurs at Cle. M= 0
it (1-2sin®) = Olheno = 30°
A, occurs at 6 =36

P
Mﬁxt'= - “2

d
(sin30° - i 30) = -ﬂ:_

Three Hinge Semicircular Arch Subfected to Concentrated Load at Crown

W
Ry = R = >
= 1= A1 - cosny
Algo, YA = O{Fromlel) ¥= A sing
A xR-HsxR=0
W
H=fi= 3 y .
Bencling moment al any section x - «, AT ROTTTTTTTRTT A
M=Hf, . r- F.y
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For bending moment Lo be maximurm.
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O=4AF I
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wep L1 Fig. 49
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Radial shear and normal thrust:

IF, =0
H-H =0
w
= H=z — (
H=H= 7 ()
IF,=0
fy-V,=0
w
o V=R= z ()
-~ Radialshear, S, =Vsing-Hcost
' 5= %sino—%{cose
S = -‘g(sxno-cosuy
l
. W, . _w
Al0 =0, S, = —z-(sme—cosm =-3
Wl . w )y W
Y w ®_ A .
Ao = S = z(smz cosz) 2
For 8, 10 be zero.
' /
H—{sinO—coso} =0
2 0= a5 Fig. 4.1}



, A thres-hinged clrcular arch w
ACB s formsd by two quadranis of clrcles AC and £C ol
radli 28 and R respactivaly wilh C as crown as shown in
figure. Consider the lollowing in respect of the harizontal
reactions developed al supporis A and B dus to
concentrated load at crown is -

<

w LW
(@) 3 ®© Wy
ww o Ageemmeemmesemesesesaaes

© 57 (@) w.w
Ans. (g

ZFy= 0
= Ry+ Rg=W ()]

X, =0 : .
= Hy= HA= say H :

EMB=O ’
= R,x3R-HxA-WxA=0.
= 3A,-H-W=0
= BA = HEW . L)
= .7 EM_ = O{Fromieft) :
= R x2A-H,x2R=0 Hy A
= Ra=H,=H ..y~ % B
From (ity and {iii), we get 19, :

' H=H+ W ’
w

o H= -é-
Hence option(c)is correct.

A parabolic arch, symmetrical with hinges al centers and ends, carries a
point ioad P st dislance x from lefl support. The arch has a span of 20 m ard rise of 5 m. Whal is the
value of x if the Iaft hinga reaction Incline with a slope of twe vertical on one horizontal?

{a}8m (by 5m .
{c)4m {d) 25m ‘
Ans. {c} P

EMg = O
= R, x20-A20-x = O
g, - f(2;)°—.r) Sm

H mimecaiecnseocd Q= H,

and M, = 0 (romiely fom
> -Hx5+Bx10-Px(10- =0 7 fa s,

P(20- )% 10

= -5 N -x) =
4+ 35 P(10-1)

¢
o

= —5HA+P—(292-21-P(10~.\-; -0

_2Px P
A7 20 10
given that left hand reaction is inclined with a slope of lwo vertical on one horizantal

Ba_ 2
Hy 1
= R, =2H,
o _PM = 2,\:&
20 10

- A20-x) = 4 Fx
. : : x = 4 mlrom left suppon

Harizantal thrust for 3-hinged
parabolic arch subjected (o UYL as shown In Fligure Is

wit ) wi?
@ 5 ®} Ten
wi?
(c) Zah (d) zero
Ans. {b)

of
8

By the principle of superpasilion,

i
ah

Ha H=

Hence opticn (L) is carroet,




A uniformly dislributed loag of 5 kN/m covers left half of the span of lhree- |

hinged parabolic arch, span 30 m and rise 8 m. The normal thrust and radial shear at 5 m (rom (he lelt

support are
(a) 46.10 kN, 5.25 kKN (b) 5kN, 40 kN
(c) 45 kN, 10 kN ) {d) 46.75kN, 5. 10N
Ans. (d) 5 KNim
Hy=Hg=H &
wit _5x30°
“16h  16x8
EM,=0; Ryx 30-5% 15%225=0
R, =5625
and Ay = 18.75kN
IFf =0 . L Y
. H, = 35.15kN S o
XF =0
= 56.25-5%x5-V, =0
: V.= 31.25kN
dy 4h
L L an0= — (-2
dx 4 7 ( i
= ilgx(so—zxs) Hym 35 (540
30°
R 0 =1an' (0.791)=35.41°
A, 55 254N
Normalthrust, N =V sinb+ H, cos B
= 31,25 % §in 35.41 + 35,15 » c05 35.41°
= 46.75kN
Radial shear, 8§, =V, cos8-H cos0

31.25 co5 365.41 - 35.15 sin 35.41
= 5.10kN

Hence oplion (d)is correcl.

PV SITERE  The equation of tha three
hinged symmatrical arch lor the given coordinale Is, when
tha arch perfarm as parfectly comprassion mamber.

hx? x o hx? X7
{a) J':Fr['f"z] (b} ¥ '2_,3'[3‘7” b

,_'“’[3 "'] f-.’l'_‘i 15,‘_\.i
ey y-= 2T (dy ) ER T

|

4.4.4

Ans. (a}

. 1 wi
Reaclions, Ry= Ay = -a—wxl= rl
IM_ = O(Framlelt)
= RAxI—H,,xh—lxwx{xlx! ~ 0
2 3
wi wi®
= —x{=-Hh-— =
: Z X~ = 0
wiz wi? w?
= Hyxhs——-— = —
A 26 3
wi?
Fa=H = 3
For perfecily compression member, arch should be free lroni bending moment.
M =0

};1, (x from g},

Apll=x)- Hx(h=y)= x4 -xf 2= = 0

= Y=

wie| 6 6 2
| 3 E’ﬁ:_}ﬁ
= Y= Wil 2 et

y - 5el-1)

Three Hinged Parabolic Arch with Abutments at Different Heights Subjected to UDL over
Entire 5pan

_aziwu-x)z :uf_]

Hence option (a) is carrect.
) 3

If =0
H,=Hg=say H 8
IF, =0
Ay + Ay=wl LA !
EMB -0 W URit por un
Ay xi+ Hxlh,-b) - % =0 )

Hye B

M, = O(Fromleft)
wit ’
Ryl - Hxh - = <0 ) fa
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= . = constant —IL = .
W NN
= l_i - JE: o "_1_‘_1 = _\f_g“ ’_1
LR I s
o Lt - \P(“?«+ wr_: - b= }\f“‘Tz
L Jig 1 h+ Jh
Similarty. i = iy
. . \("Tz*\/ﬁ;
w2

From {iiyand {iv).wegel H=z ——————

2dpi )

A parabollc arch. hinged at springings and crown of spaniand caniral rise
¥ catries 2 uniformly distribuled load of w per unit length over ths left half of ihe span. Calculale the
position and magnilude of meximum posltive bending moment.

[IES - 2003)
Solution:
Support reaclions:

wl - it longht
).'{},a 43 R+ Rg= > 0] wper unit knght
vl 3 Ey‘
=0; Al e :
o =0 AT ¢ ; }B
Homtefd aseancemincacass Jrmveeenammasnanan -y

3w
Ry= () L , A
From eq. (). we get Ra Ry
wi '
RL: = -2—- -RA

i Jwk wl

ALY & ,
oz 5375 =g

IM,= 0  {Fromrighl)

= nyb.—Rux% =0
wi b
= Hrres 5%376
W
H 16y

Maximum positive BM: Maximum
posilive BM will occur in portion AC.
HBending moment al a seclion x-x al a
distance x Irom he end A.

0 ? = —
M = R.x— ———-“; ~Hy e 15y,

x

-t

[}
|
—
~
|
2
S—

 Hete, y

3wix Wit wi' wat

=8 473 2

whe wy'
» = ——81———4— (Parabalic)
For A, 1o be maximum,
dh,
dr
wil 2wy o
8 4
!
=g (From A)

- Hence maximum positive bending mamentis,

. o W (LY

Ve = g l4) ald

ot W
¥ 64 = [ (sagging}
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A symmatrical three hinged circular arch has a span ot 16 m and a rise 1o
the central hinge of 4 m. It carries a vertical load of 16 kN at 4 m from the left end. Find

{a) lhe vertical reaction at the supports

{b) lhe magniludae of 1hs hiorizonta! (hrust at the springing

{c) banding moment at 6m from the left hand hinge

{d) the maximum positive and negalive bending moment.

Sofution:
(a) The vertical reactions at the supports: N
X!) =0 A4 I?_,:— 16 =0
: R.+ A =10 . i)




IMy=0:
Ry%16-16x12=0
16A, = 16 12
- YG:;IZ‘ 12 KN
HyaH « He=H

Fromeq. (i}, we gel * .;f),.
Ry=16-AR, 1 ©m ?
= 16-12=4kN A* ) Ry

{b) Harizontal thrusl a1 the springing:
M. =0 (Fromleft)
-HxA4+ R x8-16%x4=0
Hx4=HR, %xB8-16x4
H=BkM
Thus, H, = 8kN{-}
Hg = 8KN (&)

{c) BM ai a seclion 6m from lall;

BN

R,= 12KN

Here, y can be obtain by the property of circle.

%
! /,f g
( //‘ r
(2R - 4)
| i g 2

4x(2A-4) = BxB
{2A-4)=2x8
2R=20
R=10m
The equation of circle wilh respecl (o original O
Ry =R=1 i)
The equation of circle with respect io origin al D,
Shifled coordinate arg, x= X, y= Y+ 6
: X+ (Y+6)2 = 102
Here,x=2m, )
: ' 224 (y + 6)2 = 107
y=3.8m
Bi at a section 6 m from lefi,
M=Rx6-H,xy-16x2
=12x6-Bx3B-16x2=96kim

l

{d) Maximum positive and negallve BM
{i) - MaxImum posllive BM: Maximum positive 8M will cccur in portion AC under the point load
16 kN

[ O SUR——

R.= i2kN Ry=4WN
yat4m from lef{ =Ji07 - 4% —6=3.165m
Max. posilive BM, My= R, x4-Hx 3165

= 12x6-6x3.165=22.68 kN-m

(i} Maximum nagative 8M: Maximum negative BM will occur in portion CB, consider a section x-x
at a distance x from D.

16 kN

PUR

H=8kN

[ )
LR i 1



= 1P -2 - 107 -8 = f100-2 -8
BM at section r-x, M=R{B+x)-Hry-168x{4+x)

i

12(8+x)-8x[ V100 = - 5] 16x(4+ 1)

H

12x 8+ 12v - 8Y 100~ ¥° +8x6-16x4-16x

= 80-4x-8100- & (i)
For maximum negalive BM,
M, o
de ~
1 1
= 0-4x1=-Bx—x x-2x =0
2 Jioo-¥
= 4+ B =0
100 - x7
-.}‘éx
= T
2
= s (J:ooa,é)
x=447m

Substiting value of xin (i), we get

Madimum negative BM = 80 - 4x 4.47 - 84100 - 20
= -8.434 kNm

4.4.5 Temperature Effect on Three Hingéd Arches

Three hinged arch is a determinale struciure. If arch is initially
unloaded (neglecting seil weight) thea due to sisc of temperature there
will be no horizontal or veniical reaclionincluded.

The rise of femperalure increases the length of the arch. Since
the ends A and B do not move hence the crown hinge will rise 1o £ from
C. CD= §is the increase in tise of he arch and is given by

X} F ?
she [uh_]r

4n

IHiemperature change is applied on loaded arch then harizontal
thrust will changed. The change in horizantal thrust due to change in the rise of arch 1s given by

bt dh

Flg. 4.13

Thus (here is decrease in horizontal thrust due o fise in temperature.

8 .. -
+ decrease in horizontal thrust = e H ' dh=§|

4.5 Two Hinges Arches

Two hinge arch is anindeterminata skructure Lo firsl degree. Hence (o analyses 1t one additional compatibility
condition s required, A, and A, can be determined by taking moment about either end. The hcrizpmat thrust‘al
pach support may be delermingd from the condition that the horizontal displacement of the either end wilth
tespect to other is zero.

au lw
i 0 i) ‘\_.‘
Wheré‘ /= the tatal sirain energy slored due to bending -
_ jids
T 2Er
M = RA x-FHy

Nate thal R, , xis beam moment due to varlical forces -

Fig. 4.14
- Rx=M (say)
= M = M- Hy
(M - Hy)ds
Hence, U= ,[ ‘—2’@%""
o M-Hnds_
= aH ! 2E1
My (Hyds
(&t Ef
IM@
}zds
Et
v , {Myds
il Efis constanl then H= jyzds

45.1 Two Hinged Semicircular Arch Subjected to Concentrated Load at Crown

F-F.).=0: H,,+RU—W=0
= A+ Ay=W )
. = 0; FI'AXZH—-W:-:RsCl
3%
= ey .
W

From (i), A, = s



jMyd
I y*ds

Where, M= beam momenl

v=R{} ~cos )
y=Rsink

M=RB.x= —vzz.x

2];'&%8(1—':05 )R 5iNG.Ad0

2 A sinf 0.Aod &) 7,

f1g.4.15
WR3 I:?(1— cos0)sin0dd ¢

2 H’j"'?s,in2 0do

sineg
—-j (s no -——]do oW

n
ZRB

lo]

Speclal Case

: Il concenirated load W acls at any polnt which
makes an angle a fram horizontal on semiclrcular 2-hinge
arch.

. H et 2m e e -—
The horizontal thrust His given by R
H= K:~;in2 a RA? . Rn!
X Fig. 4.76
4.5.2 TwoHinged Semlidrcular Arch Subjected to UDL over Entire Span
M = RAJ—EJ—;—
) 2
= wARA(1-cos8) - w ik%‘”-
- o] - cosny- (=520
= \-/RQ[U cos B)U+ COSB)]
. W S-(1-cos’s) - M Gie
mem .
H = El . R,=wR = wiR
b 5 Flg. 4.17

ffv#smzaﬂsmeﬁ’oh i"g}:"’n-cosze)sinede
= H = =
Io A2 sirfo.Adk _[:’zsinzede
Lel, cosB=1{
| -sin db = gt
o [P-coPoysinece = - (-
N g
‘ - . [4:2]2
] )

From (i), we get

453 Two Hinge Parabollc Arch Subjected to

UDL over Entire Span

The momem of inertia of parabolic arch varies
asf =l sec 0, where /; is moment of insrtia about NA at
crowm and 018 angle of 1angent with the horizontal i.e.

wim

-

&, N
dx } .
f wl
y %.&‘(.’—.\'} Ra=3"
i=f;seco Fig. 4.1
dy
EE =s5mQ
ax
and s =C0s8
ds = dv secd
W W
Beam moment, M= Rpxem— = =y = —
Temen AT =TS
we know that,
. p \
i L L ﬂ?x{! - x}dxseco
f Myds f” 2 _2_ g
A Elgsectd
jyzm [4?1) 11’2\'2(!—'\') drseco
2 " Elgsect
ah iz, a
- ,—.’ [ra-sfe

' : = Bn
; (i:é)) fn ""?(""I)?d\

i
--------- B HooH
AN
]
2!
Ry= %
ds
i
T
Fig. 4,19



Remember: The radial shear and bending moment at any section in a 2-hinge parabolic arch subjected (o
UDL over entire span aro always 2ero.

454 Two Hinged Parabolic Arch Subjected to Concentrated Load at Crown
The moment of inertia of parabolic arch varies as / = /; sec 0. where /y is moment of inenlia about NA al

crovm,
w

y= -‘:Th.tu - x}

f=iysech '
w in
Beammoment, M= fAix= 3.: : . .
H gl eancnnannanan — =
We know that, °
i T
] ot %
“El Flg. 4.20
W 4n
I il
. _.® Elysech
K = 5 :
L {r-x) drsece
2"""? A
o Eilysech
42
wi jo <t~ ndy .
- I P E—— i
H=gn [t e
On solving {1). we gel
12w
T 128 K

455 Temperature Effect onTwo Hinged Arches

Two hinged arch is an indelerminate structure, 1f two hinged arch is unloaded then there will be no
horizontal thrusl. Bul on heating. horizental thrust will
produced.

Let pefore heating arch is unfoaded and there is
no horizontal thrust and vertical reaction On heating arch
Iy 1o expand lizely in 1he direclion of AB. if the lree
expansion is parmitied then Ju Twill be the free expansian
but bath ends are hinged hence free expansion is not
permitted. Therefore horizental thrust wiltintrecduce. A

Net expansion in the dvection of ABis zero, }_ [ 5|

P
. teT -—— = :
K af - g Fig.4.21

ol

ETvi fal
TR
Where, U= Jg-—g%d—s
W 12(*'5')‘}/0’5
aH ~ 2E1

au Vods
-

From (i) and (i),

vids
H}’*E.T = fal
He faT
yids
£t

Special Case-1:
For a two hinged semicircular arch

AEtaT
H= 5
nR
Special Case-2:
For atwo hinged parabolic arch
_ 1§ EIQU.T
=F R

4.5.6 Reaction Locus fora Two Hinged Arch

The reaclion locus for a two hinged archis the locus of
the point of intersection of the two resullani reaclions at the
SUPOOIts as a paint load moves on the span of the arch.

1. Feortwo hinged Semlcircular Arch: The reaction

locus is a slraight lire parallg( to the ling joining

abutments and al a height of ? above the

base. )
2 For two hinged Parabolic Arch: The
reaction focus for a parabolic archis a curve
* whose equalion is

1.6h¢

¢ = PL= 7
¥ Pt le—xt

al v=0,FE=186N
9 l 2
T 5'):= PE.— 1.28h

r=hy=PE=16h

[oM= 0~ Hyl

(i}

~ Roacton Locus

P

.

N p—

Zn

=
&

Roaction Locus

Fig. 4.2



4.6 The Linear Arch or Theoretical Arch

Linear arch is animaginary slruclure which is obtained by a funicular polygun (or given arch which has al|
joint like a fruss and loaded at joints only. All he member of theoretical arch subjecled 10 axial compressiva
lorces only and there is no shear force and bending momenl in any member of theoretical arch.

Imagine a structure ACDEB consisling of member AC, C0, O and 8, vihich are pin jointed like 2 lruss,
having shape ol funicular polygon and loaded wilh W, W, and W, at joinls, such a structure is called theorelical
arch.

r B
é /,Thcornbcal arch

Fig. 4:24  Theoreticolor fineorarch Fig. 425 [Eddytheorem

EddyThearem: Il a finear arch is supefimposed on a given arch then bending momen! al any section on
given archis praportional lo the ordinale of iversect betwaen given arch and theorelical arch.

Mep
vehere p = intersect between given arch and {heoretical arch,

4.7 Influence Line Diagrams for Three Hinged Arches
4.7.1 . ILD for Horizontal Thrust (H)

1 kN
Consider a section x- x ata dislance 'a' fromiell support o]
at point D, the rise ol point Dis v, {
Case-1: : Yo
Wher unit load 1s in portion AC 24 l ey e
M, =0 \ ' x
£y RyxL-1{lL-x)=0 t"’ﬂ"_"’:
Ry ! 1Ry

(L-a)

. A, = Y Fig. 4.26
~Also. IM, =0

g ~ApxLl+1xc=0

Ry
= REV = E
Takirg), M. = O(Fromright) R

)
i

A ,\:é FHxh =
C2

Q

= Hxh= =x

~=
N~

x
i H= T’..E {linear)
when =0 H=0

L, L
when = E' H= h

Casia-2:
When unit load is in portion €8,
Teking W IM; = O(Iromlef)
L
Rix=-Hxh =
. (e 0
~x) L
= Hxh= (LL‘)XE
et I ‘ g
= H= oh {linear)
L .
i L L T
when IZE'H: ah . ' \\s
when x=[ H=0 ILD far Term H,
47.2 WD forBending Momentat D (M) Flg.4.27

Bending momen! al any section = beam moment - Hy
Hence ILDcan be drawn by super imposing beam LD and (Hy) ILD.

a{l -a} L.

aft-a Wi

P =

A 5 8 A :

Flg. 4.28{lllf ILDfor M, fforgivenarch)

4.73 LD forRadial ShearatD(S,)
Radial shear at any section is given by
) S, =V cos0-Hsing
S, = (Beam shear) cos 0 - Hsin @
LD ol S, = (Beam IO or shear) x {H= LD} x sin



- “"{'g)m #sms
10050} -
; o + -
A VB A ]
PR H c
E-wso ‘‘‘‘‘‘‘‘ : 1 cos®
{ ILD for {Beam shear) * costt () 1LD for H % sinG (i) 4D for S,
!

£13. 429

474 LD for Normal Thrust at D {N,))
The normal thrust at any section is given by.
N, =V sin0+ Hcos 8
N, = (Beam shcar) sin 8 - Hcos 0

iLDol Ny, = (LD Tor bzam shear at D) x sin g (ILDfor Hy) x cos@
. - o)sinf) (L= sIn0
ﬂnﬂ; + -

H o {1 A c g

~ )

Lo I S ising N
‘ﬁ-l cosd

{) Beam shoar x sied {H} ILD for Hyy w cos0 (4 LD tor ply,

Flg. 4.30

4.8 Influence for Two Hinged Arches

4.8.1 LD for Horizontal Thrust (4]
The hotizantal thrust due 1o a concentrated load Wat a distance
xfrom end Ais given by,

H= g%.qa-.qfﬁ +xb-a?)
If = PN
Then H= E}?Eg.tﬁ T
5 1 2?4 oo
= H=gp*| -+ F | t4euve) ZL
A B
482 ILDforBending MomentatD (M,) Flg. 4.32

Bending moment ai any section is given by
M, = beam morment - Hy

LY

»(L-a) e
[ L
: 2Ly, A _\
O] —_ + 1 = inn's N
A A )] A 0 A gy
(YD for Beoen iomari e O (LD o [QEN L4
) Flg, 4,33
4.8.3 ILDfor Radial ShearatD Sy
‘Radiat shear at any seclion is given by
: S, =V cos0-Hsing
§, = (Beam shear) » cas 0~ H x cos ¢
- “%’mso - (T)cos(i 250 .o
K e . « o
cosD - cosb | o
H + 251, = ‘ : =
4 o B o \ 8 N t X g
A== : A v ;
Peosl e, i0s0 Boosd e ieosn

{1} (LD for KX sm0
flg. 4.34

(i} ILD for (Boam Shoar) X cos0

4.8.4 (LD forNormal ThrustatD Ny
Mormal thrust al any section s given by
N = Vsing+ Hcost
N = (Beam shear) x sin 0 + H xcosd

)

Sindr e

ey )
soe n sind

Fig. 4.35 LD for Normal theust N

Summary ¢ Athree hinge arch is statically determinale structure. For a lhree hinge arch hending
. momenl, radial shear and normal thrust can be compuled by lollowing tormulae
@ : ' ’ : M= Ry Hy
S, = R,co50- Hsing

N = A sinBa Hcos@

where, M, = Bending moment, S, = Radial shear, N = Normal thrust
H = Horizontal thrust al ends. A, = Vertical reaction at end A
« Anparatolic arch, either two hinge or three hinge carrying a UDL over enlire span is Iree
Irarn bending moment and radial shear,

+  The horizontal reaction lor 2-hinge semicircular arch subjected lo concenlraled load al

crown is
W

T

H =



Q1

Q.2

Q.3

Q.4

Qs

Inatvwohinged arch anincrease in lemperaturé
induces

(a) no bending momentin Ihe arch rib

{B) unitorm bending moment in the arch r|b

(c) maximum bending al the crown

(d) minimum bending moment at the crown

A symmetrical parabolic arch of span 20 melers
and rise 5m is hinged al Ihe springings. It
supports a uniformly distributed load of 2 jonnes
per meter run of 1he span. The horizonta! thrusl
intonnes at each of the springing is

(a) 81 (D) 16¢

(c) 20¢ d) zero

A symmelrical (hree-hinged parabolic arch of
span L and rise h is hinged at springing and
crowi. lLis subjecled to a UDL of w throughout
lhe span. What is the banding moment al a
section £/4 fram Ihe laft support

g2 2

@ = o 4
et

fc) B {d) zero

Verlical reaction at supporl Bol the siruciure is
Hingo

fo— L

=

(). P ®) py2
e .

© ) Fiz

A parabolic arch, symmelrical with hinges at
centre-and. ends, carries a point load # ar

Q&

Q.7

Q.8

distancex from left support. The arch has a span
ol 20 m and rise of 5 m. What is the value of x i
we left hinge reaclion inclined with a slope of
three vertical 1o lwo horizoniai?

(@ 4m {b} 5m

{c) 6m {d} 8m

Alhree hinged arch shown in the figure is quariar
ol a circle. Il the verlical and harizontal
compaonents of reaction al A are equal, the value
ofdis

Fiahi i

e R

(a) 6@ by 45
) T {d) none

Alhree hinged parabolic arch ABC has a span
of 20 m and a central rise of 4 . The arch has
hinges at the ends and at the centre. A train ol
two point loads of 20 kN and 10 kN 5 m apart
crosses the arch fram left 10 right with 20 kN
load Jeading. The maximum thrust induced al
the supportis
(a) 25.00kN

(€} 31.25kN

(b} 28.13KkN
(d) 3281 kN

A unifarmly distributed load of 2 kNfm covers
teft hall of the span of a \hree-hinged parabolic
arch, span<0m and central rise 10 m. Which ol
the foliowing statements relating 1o dilferent
function atthe loaded quarler point are corfect?

1
1. The slopeis tan™ —].
e slope is (2‘

2. The normal thrust is GySKN .

3. The shear force is not zero.
4. The bending moment is zero.
Select ihe correct answiers using the codes given

8
tefow :

{a) 1.2and4 (b) 2and3

{c) Tand3 {d) 3and 4

(@ ,x s

Q.11 Athree hinged arch is subjected to pointload at
crown. The magnitude of herizontal reaclion at
Als

0.8 Forthethree hinged parabwolic arch shoxvn oelow,
which one among the Iollowing represents the
bending moment diagram?

Pl / Hingo

{a) N\ .““"‘.\ g")s:""';;
| //-\[/ o ;P_
/\ @ ('j'gjj () 2—'}-2‘
’ N ‘
) /\

Q.10 For the tvio hinged parabolic arch as shown in
figure above, which one of the following diagrams
fepresents the shape of the bending variation?

Q.12 A wo hinged semicircular arch of radius
20 meters carries aload system shown in ligure.
Tha horizontal thrust et each support is{Assume
uniform flexural rigidity}

100 kN

<

() n/\a @ 1Ly i iy
H1 N n
(] 2-2-”-m {d) Noneolthose



Q.13 Acircular arch rib of constant flexural dgidity is
fixed al Aas shawn in figure. The end '8 istied
horizontally with a lorce Hsuch that it ean only
move vertically when a load 'w ishung at 8. The
ralio of HAvis

| e &
{a) 1.0 {b) 055
fc} 065 () 25
Answers i
1. (c) 2.¢) 3.{d) 4 (a) 5.(b)
6. {d) 7.{c) 8. (c) 9 {c) 10.(D)
11. (&) 12. (b) 13. (2)

Hints and Explanations:

1. {c}
Increase in lemparature in a two hingad arch
{degree of indeterminacy one) will cause horizonial
thrust only.
Moment due io horizontal thrust is ~-Hy
So, maximum bending moment will be at crown
as crown has highest value of y.

3. (d)
The thrust of support,

wit
H=
an
. bending moment at any section.
M=R, x—Hy

wh, o owit

2 8

4h
xl—?,\{}'-,t) =0

Thus al every seclion bending moment is zero if
three hinged parabolic archis subjecied o UDL
ol infensity w ibrough out the span.

5.

(b}
Vertical reaclion at A,

P20 - z)

By = 20

Horizontal thrust,

Ay x10

H= 22— =2R,
2

] 2xPxx Px

Hf 20 10
given that the left ninge reaction is inclingd witha
slop of two verlical o one horizontal

2R, = 3H
PRO-x) _ ,Px
=% "%
{(20-x) = 3x
x=5m
{d}
Hy A
R‘I p R{1-5in0)
g o - Rand
g;:‘.\‘g:'..‘..“.“....... Q_L
}—— Raws0 —|
Rel
Given, Hy= A,
Now, EM, = G{lromtop)

R.BcosO+H A1-5in0)=0
H,Rcos0+H, A1 <sin0)=0
cosﬂ+;1—sin0=0
sin0-cos0=1

{sin8~cos0) = |

SN0 +¢os”0-2sin0cos0 =1

1-sin20=1
sin20=0
20 = Qor 180
0= 00cr20°

7.

(c)

In case of a three hinged paratolic arch, 1he
influence line diagram for horizontal thrust is linear.
Maximum thrusl wili be induced at the supports
when 20 kN load is at the crown.

Ordinate of the /L at a distance of 5m from A

5 L 1 20
M = X e
10 ah 2 \4x4
=0625
L2
Al == .
sa. 4h T 4x4 125

Thus, the horizantal thrust,
H: 10=x0625+20x% 1.25
=31.25kN

(c)

“16h

H = 20 kN

3
R,.‘z E\t"L =30 kN
the eguation of parabalic archis

4h
y= :—2\'“. - .l’)

f 4h
&M oy =1an0
dr L
t 2h
ar= = ==
atx 3 tan g ;

for givenarch, 6= tan“'(%}

So statement (i) is correcl,

For BMO,
in0=—L: cosa= =
SN —\/-S!. cosy = \[5
M= l‘éi(r. —2x) (lorloaded hall)
alee b Sl Lowtf
T g T B84°2 64
M:SOkN~m

'So bending momenl is not negative hence

stalement {4) is wrong.
Normal thrust, N=HR,sin@+ /Hcos 0

= 14J5KN
5=R_cos0-Hsin8
= BJSkN

Radial shear,

(c}
A paint ¢ moment wil' be zerg,
3
HA= gWL
vl
BT g
4 wt?
T16h

and

y= -1—:—, L - x)

wper unit-length

Portion AC:Af, {x from A) (or AC

wa L
=FAyx- 2‘ -H, [\‘S-—}

3 we’
= EHL\ B ol :{.l(L -x)



11.

12.

Q1

s wel wla et
B 2 4 1

Penlion BC:

M, (x from 8)= %E.x —-‘-E’E(L -x)

= _1_*;_:_({__2'\_) <0

So bending moment is positive lor AC and
nagalive for CBand their shapes ere parabolic.

(a)

Verlical reaclion al both support = P2
{by symmelry)

Now, 1aking moment about hinge al crown from
LHS =0

P R R
MR PN - DA
» 2% [ )0

P
= H= :
2(V2-1)
{b)
H= lz—osin’ a0n+ 190, -a—o-sin2 60~
I LI
= 2
n

13, (c)

)

Consider an element dS, the angular dislance of
ils radius vector being at 0 lrom A

M= H[—?R - Hsins}— w[—;R+ Rcos &]

M N
35 = R[——z——smﬂ] and dS=FRd
Fromeq. (i)

J‘:"!“'[HH(“JZE ~ sine}- \'IH[% +€08 Gﬂ
R(—?-Slnﬂ)-qdﬂ =0

23] \E .
jﬂ (5 + cose)[—é- —amn]de

Z
J:m(—?— -sinOJ ae

B
w

1.2
= ——=0.65
1.9 -O

~iao

Conventional Practice Questidns

A symmelrical three hinged parabolic arch of
span 24 m and central rise 5 m carries a single
point load al 101, Locate Ihe posilion of load
on the arch in arder Ihat the bending marment
inthe archis zero al a section 8 m irom the left
hinge. For this posilion of (e load, calculate
the bending moment under the foad.

Ans.x = 1.2BE5m, M= -14.54

Q.2 A symmetrical lvo-hinged parabolic arch is of
span 40 m and of central rise & m. Il carries a
single paint load of 16 L al a horizonlal distance
ol 15 m from the feft hinge. If the moment of
inertia ol the cross-seclion of the arch varies as
the secanl of lhe slope of the arch ais, calculate
from lirst principle, the horizontal thrust in the
arch,

Ans. H=19.2871

Q3 Determine the horizontal thrust at aach support Q4  Acircular segmental threa hinged arch hinged
atlhe ends and al the crown has aspanol 18m
andarise of .50 m. The arch carries the loads
as shown in figure. Find 1the reactions at the
supports and the bending moment at the Ioaded
points,

for ihe three-hinged arch shown in figure,

Ans. V, = 43.163 kN, V= 28.422kN



