Indeterminate Forms

INTRODUCTION

Lt f(x)
We know that if JCI::cc f (), XI::cC ¢(x) both exist and xljc g(x) # 0, then xI::cC ?gf ((J;)) %g(x) The

xX—c

question arises, what happens if Lt g(x) = 0. It is easy to see that if Lt g(x) = 0, then the

xX—C

necessary condition for Lt i E )) to exist (finitely) is that Lt f(x) = 0.

x—c §X

In fact, if Lt flx) exists, say I, then

x—c § X)

Lt f() = Lt ?(fc)) g0 = Lt fgf((fc)) Lt () =1 0=0,

If Lt f(x) =0= Lt g(x), then S0 is said to assume indeterminate form % as x — c.
X—cC xX—C

g(x)

. . oo
We also have some other indeterminate forms such as —, e — oo, 0.0, 0°, «° and 1%
oo

etc.

7.1 INDETERMINATE FORM %
L’ Hopital’s rule
If f (x), g(x) are differentiable and g’(x) # Ofor all x in (c — 8, ¢ + &) except possibly at x = c,

(x) fx)_ fx)
L =0= L d L fx — Lt ——.
x—fcf(X) tg(x) a ! c g'(x) c glx) x—fc g'(x)

(We accept it without proof.)

Remark. L’ Hopital’s rule remains valid when Lt is replaced by one sided limits

X—C

Lt or Lt .

x—c~ x—ct

ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following limits :

4 _ -
0 1 S22 i) o (i) 11 X (1.S.C. 2009)
xX—> - n

xo- — =X x—
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x% - 256
x2 -16

3 _
4720 _ o2 =042 - 32,
x—4 2x -0 x—4

Solution. (i) Lt (9 form, use L’Hopital’s rule)
x—4 0

(11) Lt cos X 0 form, use L’'Hopital’s rule
p P
X—>—= E - X 0
= Lt Y- 1t sinx=sin £ =1.
fL T 2
xﬁz x%z
1- e el 1y
iif) Lt 1-tanx (9 form, use L’'Hopital’s rule)
T cos2x 0
N 0-sec?x _ sec? x
o F —sin2x.2  m 2sin2x
4 4
S O/ R
2sin T 2.1 2
Example 2. Evaluate the following limits :
sinx —x + ! x3
. - 6 .. X 1+
(i) 1t — 6" (1S.C. 2001) (i) p Xeolg@r
x—0 X x—0 X
sinx — x + 1 x3
Solution. (i) Lt 6 (9 form, use L’'Hopital’s rule)
x—0 x3 0
1o
cosx—-1+=x 0
= Lt — 2 (— form)
x—0 3x2 0
—sinx +x 0
= Lt ———~— (— form)
x—0 6x 0
—cosx+1 -—-1+1
= Lt = = 0.
x—0 6 6
. x_ + e
(1) Lt xer —log(1+x) (9 form, use L’'Hopital’s rule)
x—0 x2 0
x.e¥ +e*.1- 1
= Lt 1+x
x—0 2x
(x+1)ex - 0
= Lt Tm (6 form, use L’Hopital’s rule)
X—>
1 1
x+1).e¥+e*X. 1+ — -
L (x+1) EE :(0+1)'1+1+1:§
x—0 2 2 2°
Example 3. Evaluate the following limits :
. 1+logx —x .. e* +e ¥ +2c08x —4
(l) xlil 1- Zi +x2 (ll) xgtO x4 ’
. . + - P
Solution. (i) Lt 1tlogx—x 9 form, use L’'Hopital’s rule)
xo1 1-2x+x2 0
1
B O+ -1 1-x 11

=Lt —— = t
x>1 0—-2+2x x51 —2x(1-x) xr—1 —2x 2
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e* +e * +2cosx -4

(i) Lt ( 0 form, use L'Hopital’s rule)
x—0 x4 0
X _ =X _ :
= Lt w ( — form)
x—0 4x
x -X _
I eX +e 2cosx ( 0 form)
x50 12x2
X _ ,—X :
— Lt e e~ + 2sinx (_ form)
x—0 24 x
— Lt e +e* +2cosx _ 1+1+2 1
x50 24 24 6
Example 4. Evaluate the following limits :
. sin x . log (1 + x3 )
1 Lt 1) Lt —=——m
( ) xont Ax-—T ( ) x—0 sind x
. . i 0 .
Solution. (i) Lt —=& — form, use L'Hopital’s rule)
( ) xont VX — T 0 P
= Lt — Y - 1t 2Jx—n cosx = 0.

x—on* l(x—n',) -2 .1 x—on*

It may be noted that vx — = is not defined on the left of & so that the left limit does not
exist.

y log(1 + x3 log(1 + x3 8
(if) Lt Og§3x):Lt og(ax)('x)
x—0 sm- x x—0 X s x
Lt M 13 ( Lt 'x = 1)
x>0 x3 ’ x>0 sinx
log(1 + 3 e,
Le loglrx?) (9 form, use L’Hopital’s rule)
x—0 x3 0
1
- 3x2
= Lt L = Lt 1 = L = 1‘
x—0 3x2 x50 1+x3 140

Example 5. Evaluate the following limits :

— 41 B
(i) Lt w (L.S.C. 2011) (i) Lt 1+ sin x — cos x2+ log (1— x)
x>0 X-—-8nx x—0 X tan
x—tan~lx

Solution. (i) Lt

e (9 form, use L’Hopital’s rule)
x—0 Xx-—sinx 0

1

1o~
= Lt sz (9 form)
x—0 1—cosx 0
—_ (= + x2 72.
Lt 0—( 1)(1. x2)2.2x - Lt 2x .
x>0 sin x x—>0 1+ x2)2sinx

. 2 o x _
B xI;to (1+x2)2 (sinxj (1+0)2 =2

(i) Lt 1+sinx—cosx+log(1—x): Lt 1+sinx — Cosx+10g(1—x)_( x jz
x>0 x tan? x x>0 x3 tan x
1 + _ +1 1
_ L sin x cos3x og(1-x) 15 ( Lt % = 1)
x—0 X x—0 tanx
1+sinx — +log (1 -
_ L sin x — cos ;c og(1-x) (9 form)
x—0 x 0
cosx +sinx + ( 1) 0
_ L 2 (— form)
x—0 3x 0
—sinx + cosx —
— )2
R (1-x) (9 form)
x—0 6x 2 0

—COSX —sinxy — ——
-x)3 -1-0-2
= Lt (1-x)° _ 0

x—0 6 N 6

N | =
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Example 6. What is the fallacy in the following use of L’ Hopital’s rule ?
x3+3x -4 _ L 3x2+3: L 6x _ 3

vl 202 +x—3  x51 4dx+1  x51 4 2

2
Solution. The function 3x"+3

is not of the form g as x — 1, therefore, L’'Hopital’s rule

is not applicable to evaluate Lt 2 +3
x—>1 4x+1

In fact, we have

3x2+3 3'12+3-éandhence Lt x3+3x-4 6
x—1 4x +1 41+1 5 x>1 2x2 +x -3 5°

EXERCISE 7.1
Evaluate the following (1 to 13) limits :

y & » + x)" —
1 () e ¥ =8 i) e L0 -1
x—=3 x—3 x—0 x
. X _ p2
2. () Lt 222 () Lt =&,
x—0 sin bx x—2 x-—2
X X _
3. () Lt ¢ Gi)y e £=1.
x>0 1—e* x—0 tan2x
. X _(1+ . 2 _xlogx +logx —1
4. (i) Lt Lix) (i) Lt x* —xlogx + logx ‘
x—0 X x—1 x—1
— X _ X
5. () Lt <sx-l Gi) e =21,
x—0 cos2x —1 x—0 4x
. X —tan x » 2tan~lx — x
6. (i) 1t 1=fanx (i) Lt 2 xox
x—0 X —sinx x—0 2x —sin™ x
’ 1 2 Ny =
7. (i) Lt 0g sec 2x (i) Lt cosZ?czcosx‘
x—0 logsecx x—0 sin“ x
g — si . Y —e™* —2]og(1+
8. () 1t X=Sinx (i) e &= -2logdty)
x—0 X x—0 X S x
’ X e ¥ 4 = » 2+ —
9. (1) Lt e e 32cosx 4 (Zz) Lt x 2'Coasx 2
x—0 X x—0 xsin- x
: log(1 — o 1 x)2
10. (i) e 0800 (i) Le A"V
x—0 tanEx x—0 log (1 + x=)
2
X _p—Xx _ . X _ psinx
11 () e £ =2 (15.C.2013) (i) Lt &=
x—0 X —SInx x—0 X—SsInx
. log (1 - x2 . 2 i e o 70— 502
12. () og(1—x*) () SEE 3x X
x—0 logcosx x—0 x
y x _ox .. + x)" — nx —
13. (i) Lt 3 52 (1) Lt (1x)—2nxl, n>1.
x—0* Nx x—0 X

14. What is the fallacy in the following use of L'Hopital’s rule ?

¥ —x2-x-2 _ 3x2 —2x -1 _ 6x—2 _ 6
= = =Lt - =1
x52 x3 —3x2 +3x -2 52 3x2-6x+3 x526x-6 x526

7.2 INDETERMINATE FORM 2=
L’ Hopital’s rule
If f(x), g(x) are differentiable and g’(x) # 0 for all x in (c — 8, c + 8) except possibly at x = c,

PO orists (finitely or infinitely), then Lt TSI €

g'(X) X—C g(x) - X—C g'(x)'

Lt f(x) = oo, Lt g(x) = ccand Lt
X—C X—C

X—C

(We accept it without proof.)
Analogously, we have L'Hopital’s rule when x — —e.
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7.2.1 Indeterminate forms o« — o and 0. o

[}

These may be handled by first transforming to one of the forms g or 2. See examples 3 and
4 (below).

ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following limits :

. t .. X 4+ 3y3
(i) L Lo i) e L
x%% tan 3x x—e 4e* + 2x
. . t o ST T oy 17
Solution. (i) Lt anx (— form, use L'Hopital’s rule)
n tan 3x et
x—=
_ sec?2x cos2 3x _ Lt (4 cos® x — 3 cos x)2
n sec?2 3x.3 n 3cos? x T 3cos? x
x—= x—= x—=
2 2 2
2. _ a2 _3)2
_ opp (eos?x-8)2 L (40-32 9 4
T 3 n 3 3
x—= r—=Z
2 2
X 3
(ii) Lt ot #3x 2 form
x—eo 4e¥ + 2x2 °

- Lt e¥ +9x2
x—oe 4de* + 4x

(
(
- L eX +18x (
(

r—oe 4e¥ + 4
X+
— Lt e 18

X—>o0 4e*

e* 1
= Lt —.
x—oo 4e* 4

Example 2. Evaluate the following limits :
() L log (x —¢)

— ii) Lt log. , sSinx.
xoct log (e* —ec) (i) xgr | OBsin2x

log(x=0) (f form)

[}

Solution. (i) Lt
olution. (i) x—ct log(e* —e°)

1
X _ pC
Lt _x—c ooy el (2 form)
x—ct 1 . eX x—ct (X—C)Ex 0
e)( — eC
= Lt & - 1 -1 1
xoct eX 1+ (x—c)eX x5t 1+x—-c¢c 1
.. . log sin x )
i) Lt log. , sinx = Lt —2—— = form
(i) xogr OBsin2e x—0+ logsin 2x (°° )
- COS X .
— Lt sin x — cF)sx.Zsmxcosx
x—0* oS 2x -2 x—0* Sinx 2 cos 2x
sin 2x
2
T Y
x—0* cos2x 1
Example 3. Evaluate the following limits :
(1) Lt x 1 (1) Lt (cosecx—lj
x->1\x—1 logx x—0 X
t .
(iii) Lt 1 _cotx (iv) Lt |xtanx - Zsecx|. (1.S.C. 2010)
x—0 \ x2 X T 2

x—>—
2
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7. Evaluate the following limits :

f1%9 1

() Lt 2—x)"2 (ii) Lt x+1.
x—1 x—1

Hint. (ii) Let x =1 + t, so that whenx — 1, t = 0.

1 1
oLt x T =L 1+’
x—1 t—0
ANSWERS ]
EXERCISE 7.1
1. () 108 (i) n 2.() 1 (ii) e 3. () -1 (i) %
LG5 @2 5. () ¢ (i) ylog2. 6 ()-2 (i1
. .. 3 ~ 1 .. . 1
7. (1) 4 (i) - > 8. (1) ‘ (@) 1. 9. ()0 (i) o
10. (i) -% (i) 1. 11. (i) 2 (ii) 1. 12. ()2 (i) %
13. () 0 (i1) n(n2— 1). 14. ;’;C; :2;:; is not of the form 0 as x — 2.
EXERCISE 7.2
1. ()0 (i) — oo, 2. (i) 0 (ii) 0. 3.60)00 (i) 1
4 ()0 (i) 5. 5. ()0 (i) 2. 6. (i) —% (ii) 0.
~ 1 w1 ~ 1 N N 1 A T
7. (i) 5 (i1) 5 8. (i) 5 (i1) 5 9. (i) 5 (i1) 1
10. () 0 (ii) — % 11. () 0 (ii) 0. 12. )0 (i) o.
13. () 0 (ii) 0. 14. () 2 i) 2. 15. ()1 Gi) 2.
T T T
EXERCISE 7.3
L6011 (i)e 2. (i) 1 (i) 1. 3. () % (i) 1.
o )1 Gi) L 5. () 1 (ii) % 6. (i) e (i) &5,
EXERCISE 7.4
162 i)l 2. -2: 1. 3. az%,b:—%.
4 a-1,b=2c=1 5. (1) 0 (ii) a. 6. ()1 (ii) — %
7. () el/3 (i) el 8. ¢l
CHAPTER TEST
Lo - % 20-2 (-2 -1 -1
o (o (i) % 5. (i) —% (ii) - % 6. (i) % (ii) 0.

7. (i) e/ (i) e.
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