Chapter 13

Limits and Derivatives

Exercise 13.1

Question 1: Evaluate the Given lirré x+3
X—>

Answer 1:
limx+3=3+3=6

x—3

: : . 22
Question 2:Evaluate the Given lim (x — 7)
X—TT

Answer 2:

tim (x =) = (v = %)

Question 3: Evaluate the Given lin} r?
Y

Answer 3:

limar?=n(1)?’=n
r-1

4x+3

Question 4: Evaluate the Given lim
x—4 X—2

Answer 4:

. 4x+3  4(4)+3 16+3 19
lim = = = —

X4 X—2 4-2 2 2

10 5
. . . X +x+1
Question 5: Evaluate the Given lim ————
x—>—1 x—1

Answer 5:

xP04x5+41  (-1)04(-1)°+1  1-1+41 -1




: : o 1)°-1
Question 6:Evaluate the Given limit: lln(l) %
X—

Answer 6:

5_
lim (x+1)°-1

x—0 X
Putx+1=ysothaty —» 1 as x — 0.

5_ 5_
Accordingly, lir%M = lim 2%
X —

- : .. 4. 3x%-x-10
Question 7: Evaluate the Given limit: hrgxxz—x4
x— -

Answer 7:

: : : 0
At x =2, the value of the given rational function takes the form 5

3x%-x—10 _ .. (x—2)(3x+5)
x2—4 N x—2 (x—=2)(x+2)
- 3x+5
= lim
x-2 X+ 2
3(2)+5
242
11

4




4
: : o x*-s1
Question 8: Evaluate the Given limit: lim ———
x—32x“—-5x-3

Answer 8:
: : . 0
At x = 2, the value of the given rational function takes the form 5

: x*-81 . (x=3)(x+3)(x?+9)
lim —— =
x—3 2x%—-5x—3 x—=3 (x-3)2x+1)

. (e+3)(x%+9
_ i &3 +9)
x—3 2x+1

_ @ +3)(x%2+9)
2(3)+1
_ 6x18

108

ax+b

Question 9: Evaluate the Given limit: lim
x—0 cx+1

Answer 9:

. ax+b a(0)+b
lim = =
x—0 cx+1 c(0)+1

1
. . YT 3-1
Question 10: Evaluate the Given limit: llrri Zl
z—lz6-1

Answer 10:

: : 0
At z= 1, the value of the given function takes the form 5

Putsothat z —1 asx — 1

1
. . z3-1 N |
Accordingly, lim —+—— = lim
z-1,5_q x—-1 x—1




ax?+bx+c

Question 11: Evaluate the Given limit: 11 m———,a+b+c#0
—1cx“+bx+a

Answer 11:

lmax2+bx+c__a(1)2+b91)+c
x—1 cx?+bx+a c(1)2+b(1)+a

__a+b+c
a+b+c

=1[a+b+c#0]
1,1

+
Question 12: Evaluate the Given limit: llmZ;‘—é
X——

Answer 12:
1,1
lim *-2
x—>—-2Xx+2
: : 0
At x =-2, the value of the given function takes the form 5

x—>—-2 X+2

1 1
Now, lim *2 = lim
X42

X—>—=2

Question 13: Evaluate the Given limit: llIT(l) lbzax
X—

Answer 13:




: : 0
At x =0, the value of the given function takes the form 5

; sinax ] sinax ax
Now, lim = lim —
x—0 bx x—0 bx bx

= lim (*2%) x ;)

sinax

)[x—>0=>ax—>0]

ax

sin
m 22 = 1]
y—>0 Y

stnax

Question 14: Evaluate the Given limit: lim — o a b+0

x—0Sibbx

Answer 14:

sinax

lim ,a,b #0

x—0 Sinbx

At x =0, the value of the given function takes the form %

. Sinax
Now, lim —
x—0 Sinbx

[x > 0= ax - 0]

[and x - 0 = bx — 0]

. Siny
lim = 1]
y—0 Y




Question 15: Evaluate the Given limit: lim SIn(z=x)
x—-m T(T—X)

Answer 16:

lim sin(m—x)

x->m T(mT—x)

Itisseenthat x > 1= (m—x) — 0

x-m T(T—Xx) T (m—x)>0 T—X

sin (T—x)

x 1 lim 3 = 1]
y—0 Y

Question 16: Evaluate the given limit: lin(l) :Tosi
X— -

Answer 16:

CoSsx cos0 1

T—0 T

cos2x—1

Question 17: Evaluate the Given limit: lim
x—0 cosx—1

Answer 17:

. cos2x—1
lim

x—0 cosx—1

: : 0
At x =0, the value of the given function takes the form 5

Now,

. cos2x—-1 . 1-2sirtx—1 . o X
= lim = lim ——5%— [cosx =1—2si1t —]
x—0 cosx—1 x—0 1—2511125—1 2
(sinzx) 2
—xr XX

—— = hm—x
x—0 i 2
<51n22>x£

G




ax+xcosx

Question 18: Evaluate the Given limit: lim ,
x—0 bsinx

Answer 18:

ax+xcosx

bsinx

: : 0
At x =0, the value of the given function takes the form 5

Now,

. ax+xcosx 1.. x(at+cosx)
=lim———— — - lim———=
x—0 bsinx b x-0 sinx

= lim (LX) x lim(a + cosx)

b x—0 \sin x—0

1 .
= X ——= X lim(a + cosx)
(lim m) x—0
x—>0 X

1 . Sinx
==X (a + cosx) lim = 1]
b x—0 X

Question 19: Evaluate the Given limit: lirr(l) xsecx
X—




Answer 19:

. ) x 0 0
lim x secx = lim = =-=0
x—0 x—0 COSX cos0 1

sinax+bx

Question 20: Evaluate the Given limit: lim———a,b,a + b # 0
x—0 ax+sinbx

Answer 20:

: : 0
At x =0, the value of the given function takes the form 5

Now,

. Sinax+bx
lim

x—0 ax+sinbx

_ i (Siax ax+bx
a xl—r>r(1) ax+bx(5ib7;bx)

( lim & xlim (ax)+1lim bx
— Max—Q ax X—0 .yfnzo
lim ax+1im bx(limSl x)
x—0 x—0 x—0 bx

[As x - 0 = ax — 0 and bx — 0]

— x-0

lim ax+1lim bx x—=0 X
x—0 x—0

lim (ax)+)lci_r)r(1) bx li sinx 1]

lim (ax+bx)
x>0 0000°

 lim (ax+bx)
x—0

= lim (1)

x—0
=1

Question 21: Evaluate the Given limit: lim (cosecx — cotx)

x—0
Answer 21:
At x = 0, the value of the given function takes the form oo — oo

Now,




lim (cosecx — cotx)
x—0

—lim ( 1 cosx)

x—=0 \sinx sinx

= lim (Hﬂ)

x—0 sinx

s (1—COSX)
— N ES
liml—COSX
—_ x>0 X

limSi—nx

x-0 X

lim—— = 0and lim

1—cosx sinx 1]
x—0 X x->0 X

tan2x

Question 22: lim . Answer 22:
2

: : 0

At, x = gthe value of the given function takes the form 5
s A

Now,putx—; =ysothatx—>;,y—> 0

tanix _ llm tan2(y+g)

T
2x2 y—0 y

tan(x+2y
m ( )
y

tan2y [tan (x + 2y) = tan 2y]

(st any)
YyCcosx




cosZy)

. iy ; 2
zyI—I}o 2y ) X ;;I_I}(l) (cosZy) [y 0= 2y—>0]

[lim sinx _ 1]

x—->0 X

Question 23: Find lin(l) f(x) and lin% f (x), where f (x) =
X— X—

{2x+3, x<0
3(x+1), x>0

Answer 23:

2x+3, x<0
3(x+1), x>0

lim f(x) = lim[2+ 3] =2(0)+3=3
x—0 x—0

The given function is f(x) = f(x) = {

=lim f(x) = lim 3(x + 1HN=30+1)=3
=lim f(x) = lim f(x) = lim f (x) = 3
=lim f(x) = lim 3(x + N=31+1)=6
=chi£n1f(x)=}ci£r113(x+ N=3(1+1)=6
= lim f(x) = lim f(x) = lim f(x) = 6

x?—1, x<1

tion 24: Find I , wh ={
Question in xl_rgf(x) wheref (x) —x?>—-1, x>1

Answer 24:




x2—-1, x<1
—x2 -1, x>1

lim f(x) =lim[x*?-1]=1?-1=1-1=0

x—-1" x—-1

= lim_f(x) = lim[-x?—-1]=-1*-1=-1—-1=-2

x—-1t x—1

It is observed that lim f(x) # lim f(x)
x—-1 x—1

The given function is f (x) = {

Hence, lim f(x) does not exist.
x—1

| x|

Question 25: Evaluate lir% f(x), where f(x) = {7’ x#0
x= 0, x =

Answer 25:

x|
The given function is f (x) = {x , x +0

0, x=0
- — i [H
lim f(x) = lim x]

x—-0" x—-0"

= lim (1) [when x is negative, [x| = - X]
x>0\ X

= lim(—1)

x—0

=-1

= lim, () = lim, |]

x—0 x—-0t

= lirr(l) [ﬂ [when x is positive, [x| = x]
X—

= lim (1)

x—0
=1

It is observed that lim f(x) # lim, f(x)
x—0 x—-0%




Hence, lir% f(x) does not exist.
xX—

X

—, x#*0
Question 26: Find lin(l) f(x), where f(x) = {le x
X—

0, x =

Answer 26:

X
—, x#0
The given function is f (x) = {le

0, x =

: T k2
Jim 70 = i[5

= lim | = [when x < 0, [x| = —x]
x>0 L—X

~ lim(—1)

x—0

=-1

= lim, f(x) = lim i]

x-0t x—0% L|x|

= lim [z] [when x > 0, |x| = x]

x—-0

=1lim (1)

x—0
=1
It is observed that lim f(x) # lim, f(x)
x—0 x—0

Hence, lin(l) f(x) does not exist.
X—

Question 27: Find lin% f(x), where f(x) =[x| -5
xX—
Answer 27:
The given function is f'(x) = x| - 5
lim f(x) = lim [|x| — 5]
x—5

X—57




=lim(x —5) [whenx > 0,|x| = x]

xX—5
=5-5
=0

lim, f(x) = lim, (Jx] - 5)

lirré(x —5) [when x > 0, |x]| = x]
X—

= lim f(x) = lim f(x) =0
Hence, lim f(x) =0
xX—-5

a+bx, i fx<1
Question 28: Suppose f(x) =1 4, i fx=0
b—ax,ifx>1

and lim1 f(x)=f(1) what are possible values of a and b?
X—

Answer 28:

a+bx,ifx<1
The given function is f(x) = {4, i fx=0
b—ax,ifx>1

lim f(x) =lim(a+bx)=a+b
x—-1" x—1
=xll_)r111+f(x) = }Cl_I)I}(b —ax)=b—a
fx)=4
It is given that lirr% f(x)=f(1)
X—

= lim f(0) = lim f(x) = lim f(x) = f(1)




=a+b=4andb-a=4
On solving these two equations, we obtain a= (0 and b =4
Thus, the respective possible values of a and b are 0 and 4.

Question 29: Let aj, ay, . . ., an be fixed real numbers and define a
function f (x) = (x —aj1) (x —a2) ... (X —an)

What is lim f(x)? For some a # ai, a... a,, compute lim f(x).
xX—a xX—a

Answer 29:
Question 30:

The given function is f (x) = (x —aj) (x —a2) ... (X — an)
lim f(x) = hm [((x —a)(x—ay)..(x—a,)]

xX—a,

= lhm (x — al)] l lim (x — az)] o lxllrgln(x - an)]

x-aq xX—-a,

=(a; —ay)la; —ay)...(ay —a,) =0

= lim f(x) =0

x—>a1

Now, chi_l}}lf(x) = chi_I)I(ll[(x —a)(x—ay)..(x—a,)]

= [}lci_l)l(ll(x — al)] [}ci—I}(lz(x — az)] [)lci_r)lgl(x — an)]

= (Cl — al)(a — CLZ) (Cl — an)
=lim f(x) = (a - a))(a—az) .. (a — ay)
x| +1,x <0

Question 30: If f(x) =1 0, x=0
x| —1,x >0

For what value(s) of a does lim f(x)exists?
xX—a




Answer 30:

x|+ 1,x <0
The given function is f(x) = {0, x=0
x| —1,x >0

When a=0
lim f(x) = lim (|x| + 1)
x—0" x—-0"

=lim(—x+ 1) [ifx <0, |x]| = —x]

x—0

=-0+1

= lim f(x) = xlg(r)l+(lxl - 1)

=lim(x — 1) [ifx > 0,[x] = x]

=0-1

Here, is observed the lim f(x) # lim, f(x)
x-0 x—-0

lin& f(x) does not exist.
X—

When a <0,

lim f(x) = lim (|x]| + 1)

xX—a xX—a

=lim(—x+1) [x <a<0=]|x] =—x]
xX—a

=-at1

=lim_f(x) = xl_i)lgl1+(|x| +1)

xX—a

=lim(—x+1) [a<x<0=|x|] =—x]

xX—a




=-a+1
= lim f(x) = lim f(x) = —a+1
xX—a x—a
Thus, limit of f (x) exist at x = a, where a <0
When a >0
lim f(x) = lim (|x| — 1)
xX—a xX—=a

=lim(x — 1) [0< x < a=|x| =x]

xX—a

=a—1

= lim_f(x) = lim (|x| —1)
X—a X—a

=lim(x — 1) [0< a<x=|x| =x]

x->a
=a—1

= lim £ = Jim, f() = a -1

Thus, limit of f(x)exists at x = a, where a > 0.

Thus, lim f(x) exists forall a # 0
xX—a

fx)-2

x2-1

Question 31: If the function f (x) satisfies, lin% = mevaluate
xX—

lim £ (%)

x—1

Answer 31:
lim f(f)_z =1
x—>1 x“-—1

_ lim (£ G0 -2) _

“imez-ny ¢
x—1

=lim(f(x) - 2) = wlim(x* — 1)




=chi_r)ri(f(x) —-2)=n(1%2-1)
=chi_r)ri(f(x) —-2)=0

=lim f(x) —lim2 =0

x—-1 x-1

=limf(x)—2=0

x—-1

=lim f(x) =2

x—-1

mx?+n x<0
Question 32: If f(x) = {nx+m, 0<x <1
n3+m, x>1
integers m and n does )lci_r)rcl) fx) = )lg_rg f(x) exist?

Answer 32:

mx®+n x<0
The given functionis f(x) ={nx+m, 0<x <1
nx3+m, x>1

lim f(x) = lim(mx? + n)
x—0" x-0

=m (0)°+n
=n

= le%1+ f(x) = chl_r}r(l)(nx +m)

=n(0) + m
=m
Thus, liIT(l) f(x)exists if m=n..
X—
= lim f(x) = lim(nx + m)
x-1" x—1

=n(l)+m




=m-+n

R P — 1 3
Jim, /) = limra® +

=n(1)3+m
=m+n

= lim f(x) = lim f(x) = lim f(x)

x—-1"

Thus lin} f (x) exist for any integral value of m and n.
X—




Exercise 13.2

Question 1: Find the derivative of x> — 2 at x = 10.
Answer 1:

Let f(x) = x> — 2. Accordingly,
f(10+h)—£(10)
h

f'(10) = ’111_r>r(1)

2_-]_ 2_
~ 1lim [(10+h)%-2]-(10%-2)
h-0 h

. 10"+2.10.h+R—2-10"+2
= lim
h—-0 h

20h+h?
h

=Il1irr(1)(20 + h) = (20+0) = 20

Thus, the derivative of x2 —2 at x = 10 is 20.
Question 2: Find the derivative of 99x at x = 100.
Answer 2:

Let f(x) = 99x. Accordingly,
£(100+h)~£(100)

f'(100) = }11_1}3

99(100+h)—99(100)

99X100+99h —99X100

= }ll_r)rg)(99) = 99

Thus, the derivative of 99x at x =100 1s 99.




Question 3: Find the derivative of x at x =1.

Answer 3:

Let f(x) = x. Accordingly,

’ o fA+h)-f(1)
fr)= }lli% h

(1+h)-1
h

h-0h

- im®

=1
Thus, the derivative of x atx =1 1s 1.

Question 4: Find the derivative of the following functions from first
principle.

M) x3 - 27 (i) (x— 1) (x = 2)

vl 1 . x+1
(111)x—2 (IV)E

Answer 4:
(I) Let f(x) = x3 — 27. Accordingly, from the first principle,

' . fx+h)—f(x)
=1
f'(x) lim -

~ lim [(x+h)3_2,7l]_(x3_27)

x3+h3 +3x2h+3xh%-x3
h-0 h

. h3 +3x2h+3xh?
= lim
h-0 h




= I[Lirr(l)(hz + 3x% + 3xh)

=0+ 3x%+0 = 3x2

(i1) Let f(x) = (x — 1) (x — 2). Accordingly, from the first principle,

' . fx+h)—f(x)
=]
f'(x) lim -

— lim (x+h-1)(x+h-2)—(x-1)(x-2)
h—-0 h

im (x2 +hx—2x+hx+hx?-2h—x—h+ 2)—(x2 —-2x—x+2)
h
. (hx+hx+h?>-2h—h)
= lim
h—0 h

. 2hx+h%-3hn
=lim ———
h-0

=lim(2x + h — 3)

=(2x+0-3)
=2x—3
(iif) Let f(x) = —

X
Accordingly, from the first principle,
fx+h)—f(x)
h

1=

o1
= lim —

lim + [xz—(x+h)2]

x2(x+h)?2

. 1 [x%2-x%-h%-2hx
= lim — > >
h-oh x4 (x+h)




—h2—2hx]

. 1
=lim > [xz (x+h)?

h—-0 h
. —h-2hx
= lim [ ]
h—0 Lx?(x+h)?
__0-2x -2
x2(x+0)2  x3
. 1
(iv) Let f(x) = 2=

x—1

Accordingly, from the first principle,

’ . fx+h)—f (%)
=1
o0 ==,

x+h+1_ﬂ1}
x+h—-1 x-1

h
1[(x—1)(x+h+1)—(x+1)(x+h—-1)
(x—1)(x+h-1)

1 [(x?+hx+x-x—h—1)—(x?+hx—x+x+h-1)
h-0hl (x-1)(x+h+1)

. 1 —-2h
= lim — ]
h-0hLl(x—1)(x+h-1)

-y [

h-0 L(x—-1)(x+h—-1)

_ -2 -2
(x-D(x-1)  (x—1)2

xlOO

Question 5: For the function f(x) = oo

99
+i-+
99

Prove that f'(1) = 100f'(0)
Answer 35:

The given function is

x9 2

9 x
+ot T px+1
9 2

100
X

_I_
100 9

flo) =




100 99

2
X X
S AC R iR S A

=_f<>-—<”°>+d<x”>+ D)t

100/ ' dx
On using theorem — (xn) = nx™"1, we obtain

99 98
=L ) = e+ 140

=xP? +xB ++x+1
=f'(x) =xP+ x4+ +x+1
Atx =0

— £ (0)=1

Atx =1

- f'(1) = 19 +1% 4+...414+1= (I+14-+14 Digoterns =
1 x100=100

Thus, f'(1) = 100 x £1(0)

Question 6: Find the derivative of x™ + ax™ ! + a?x™ 2 + -+ +

a™ 1x + a"for some fixed real number a.

Answer 6:
Let

) d _ _ _
f (x)=a(x"+ax" Lya™x™ 2+ a™ x4+ a")

d d
=——(x“)4—a——(x”‘l)+—azfi(x”‘2)+~~-+a”‘1f5(x)4—a”f5(1)
dx dx dx dx dx

n-—1

. d :
On using — x™ =nx""", we obtain

=f'x)=nx"T+aln—1Dx" %+ a’(n—2)x" 3+ +a"1 +
a™(0)




=nx"1+an-Dx" 2 +a?(n—2)x"3 4+ -+ a™?
Question 7: For some constants an a and b, find the derivative of
(i) (x —a) (x — b) (ii) (ax? + b (iii) =

Answer 7:

(i) Let f (x) = (x — ) (x — b)

f(x)=x%*—(a+ b)x +ab

f'G) == (x? = (a+Db) + ab)

== (x?) = (a+b) == (x) + - (ab)

On using theorem % (x™) = nx*~1 | we obtain
f'(x)=2x—(a+b)+0=2x—a—>b

(ii) Let f(x) = (ax® + b)?
f(x) = a’x*+ 2abx?? + b®

f'(x) = a4 (a’x*+ 2abx? + b?) = azl (x*) + Zabi(xz) +
dx dx dx

i(bZ)

dx

n=1 we obtain

On using theorem %x” =nx
f'(x) = a*(4x3) + 2ab(2x) + b*(0)
=4a’x3 + 4abx
=4ax(ax? + b)

cee X—a
(iii) f (x) = E

d




By quotient rule,

1) = (x=b)g=(x—a) ~(x—a) Z-(x-D)
(x=b)?
_ G- W-G-) (@)
(x=b)?
_X—b-xta
(x=b)2

a—b

 (x-b)?
n_n
Question 8: Find the derivative of =~ for some constant a.

Answer 8:
Let, f(x) == :Z

X

Fe = (0

d x—a

By quotient rule,

f'(x) _ (x—a)%(x”—a")—(xn—an)%(x—a)
(x—a)?

_ (x-a)(nx™"1-0)-(x"-a™)

(x—a)?

n-—1

_ nx"—anx —xM+a"

(x—a)?

Question 9: Find the derivative of
: 3

(1) 2x — Z

(1) (5x3 +3x-1)(x - 1)

(1ii1) x-3 (5 + 3x)

(iv) x> (3 — 6x-9)




(v) x4 (3 — 4x-5)

x2

. 2
M) 5~

Answer 9:
(i) Let, f(x) = 2x —

- = (2 -3

=25,0-20)

(i) Let £ (x) = (5x% + 3x = 1) (x = 1)

By Leibnitz product rule,

f1G) = (533 +3x = D= (= D + (x = D= (523 + 3x — 1)
=(Gx3+3x— 1))+ (x—1)(5.3x*+ 3 —0)
=(Gx3+3x—1) + (x —1)(15x% + 3)
=5x3+3x—1+15x3+ 3x — 15x% — 3
=20x315x? + 6x — 4

(111) Let f (x) =x— 3 (5 + 3x)

By Leibnitz product rule,

f1G) =273 (5430) + (5 + 30 = (x7%)
=x72(0+3) + (54 3x)(—3x7371)
=x3(3)+ (5+3x)(—3x7%)

=3x"3—15x"*%*—9x73




=—6x"3—15x"*%

(iv) Let £ (x) =x> (3 — 6x9)

By Leibnitz product rule,

f1G) =252 (3 - 6x7) + (3 - 6x7°) = (x°)
=x°{0—6(—Dx 71} + (3 —6x7)(5x*)
=x>(54x719) + 15x* — 30x >

=54x7°> + 15x* — 30x7°

=24x7° + 15x*

= 15x% + 22

(v) Let f(x) =x—4 (3 —4x-5)

By Leibnitz product rule,

Fl) =2 (- ax5) + B - 4x5) L (x79)

=x7H0 —4(=5)x "+ B — 4x75)(—4)x 4!
=x"*(20x7%) + (3 — 4x>)(—4x7>)
=20x710 = 12x7° + 16x~1°

=36x" 10— 12x7°

12 36
x5 x10

2 x2

(vi) Let f(x) =— —

x+1 3x—1

Fre =5 () - i 6)




By quotient rule,

By quotient rule,

() = (e +1) o (2) -2 (o + 1) ~ (Bx—1)2-(x?)-2? - (3x-1)
frlx) = (x+1)2 (3x—1)2

_ ((x+1)(0)—2(1)) _ ((3x—1)(2x)—(x2)(3))
(x+1)? (3x+1)?

_ 2 _[6x2—2x—3x2]
(x+1)2 (3x—-1)2
_ 2 _[3x2—2x2]
(x+1)2 (3x—1)2

_ -2 _x(3x—2)
(x+1)2  (3x—-1)2

Question 10: Find the derivative of cos x from first principle.
Answer 10:

Let f(x) = cos x. Accordingly, from the first principle,
fx+h)—f (%)
h

)=l

cos(x+h)—cosx

= lim
h-0 h

= lim
h-olL h

[cosxcosh—sinxsif— cosx]

= lim

[—cosx(1—cosh)—sinxsi ﬂa]
h-ol h

= lim —
h-ol h h

; 1—cosh . . sinh
=-cosx | lim — si nxlim | —
h-0 h h-0 h

[—cosx(1—cosh)  sinxsi ﬂu]

=- cosx(0) — si nx(1) lim 222" — 0and lim

h—-0 h h—-0 h

sinh_

= 1]




=-sinx

=f"(x) =-sinx

Question 11: Find the derivative of the following functions:
(1) sin X cos x

(1) sec x

(111) 5 sec x + 4 cos X

(iv) cosec X

Answer 11:

(1) Let f (x) = sin x cos x.

Accordingly, from the first principle,

. fx+h)-f(x)
! |
F10 Jim ==,

sin(x+h)cos(x+h) —2si nxcosx
h

1 i[ZSi nx + h)cos(x + h) — si 12x]

i[si R(x + h) — si 2x]
02h

. 1 2x+2h+2x . 2x+2h—-2x
= lim —|2cos .SIL 1T
h—0 2h 2

. 1 4x+2h , 2h
= lim —|cos Si n—
h->0h 2 2

= lim = [cos(2x + h)si 1h]
h—-0h

=lim cos(2x + h).lim st
h-0 h—-0 h

=cos(2x +0).1

=c0oS2 x




(11) Let f (x) = sec x.
Accordingly, from the first principle,

" . f(x'l'h)_f(x)
=]
f'(x) = lim -

sec(x+h)—sec x
h

. 1 1 1
= lim — —
h—0 h Lcos(x+h) CoSXx

cosx—cos(x+h)

L1
= lim —
h-0h

cosxcos(x+h)
1

_ - '_ZSin(x+;c+h)Sin(x—;c—h)]

1
cosx h>0 h cos(x+h)

'—zsws;%sw(b]

cos(x+h)

cos(x+h)

ofl) | s

2) "h>0 cos(x+h)

cosx ~ cosx

=sec x tan x
(i11) Let f (x) =5 sec x + 4 cos X.

Accordingly, from the first principle,

, . FOcHR)—F(x)
=]
f'(x) lim .

5sec(x+h)+4cos(x+h)—[5secx+4cosx]

= lim
h—-0 h




[sec(x+h)—secx] [cos(x+h)—cosx]

=5 1lim + 4 lim
h-0 h h-0

=5 lim [ ! ] 4 hm 1 [cos(x + h) — cosx]

h-0h cos(x+h) coSX

.1 . .
+ 4 lim — [cosxcosh — si nxsi h — cosx]
cosxcos(x+h) h-0h

=5 lim—
h-0h

5 1 |-2si r(x+x+h)si n(x_;‘_h)] + 4limt

[cosx—cos(x+h)

= lim — [—cosx(1 — cosh) —
h-0h

coSsx h—»0h cos(x+h)

si nxsi h)

5 1 —2517( +h) in(_ﬁ)] +4 [ cosx lim (1—cosh) _

h—0

= Cim —
cosXx h-0h cos(x+h)

Si nxllm —_—
h—-0

[si n(2x2+h).i;fiﬁ—|
=0 limI ) |+ 4[(=cosx).(0) — (si nxn.1]
COSX h—0 cos(x+h)

2

COoSXx

= > .[lim@ i Si7(2)]—4sinx

dim —
h—0 cos(x+h) h-o0 2

5 sinx .
= ) .1 —4sinx
COSX COSX

=5sec x tanx — 4si nx
(iv) Let f (x) = cosec x.

Accordingly, from the first principle,

. fOe+R)—f(x)
! — l
f'(x) lim -

= lim = [cosec(x + h) — cosecx]
h-0h

—im [ 1 1 J
h—>o h sm(x+h) sin




1 [si nx—sin(x+h)

| sin (x+h) si nx

[2cos (x+:+h).si 7(x_§_ h)

sin(x+h)sinx

_2 cos (2x2+h)si r(—g)

sin(x+h) si nx

os(2Xth sir('f)
( 2 )—(’_1)_

2
h-0 sin(x+h)sinx

— i _C052x2+h li si n(g)

m - - . )
h—0 \ sin(x+h)sinx }—l—>0 (5)

2
( —cosx) 1
sinxsin

=-cosec x cotx




Miscellaneous Exercise

Question 1: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): (x +a)

Answer 1:
Let f(x) =x + a. Accordingly, f(x+h) =x+h+a

By first principle,
fx+h)—f (%)
h

[l =

x+h+a—x—a

Question 2: Find the derivative of the following functions (it is to be
understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

m and n are integers): (px + q) (= +5)
Answer 2:

Let, f(0) = (px+ @) (S + 5)
F=Gx+q)(C+s)+(E+s)px+q
=(px+@lx™" +5) + (i + S) (p)

=(px + q)(-rx72) + (2 + s) p




Grr ) (2)+ (o)

Question 3: Find the derivative of the following functions (it is to be
understood that a, b, c, d, p, q, r and s are fixed non-zero constants and
m and n are integers)

Answer 3:
Let, f(x) = (ax+ b)(cx + d)?
By product rule,

f'(x) = (ax + b) C;—d(cx +d)? + (cx + d)*(ax + b)

=(ax + b) %(czx2 + 2cdx + d?) + (cx + d?) i(ax + b)

_ a - 2 2 a a o 2(d 4
=(ax + b) [dx(c X )+dx(2cdx) +dxd ]+(cx+d) [dxaxdxb]

=(ax + b)(2x%x + 2cd) + (cx + d)?a
=2c(ax+ b)(cx + d) + a(cx + d)?

Question 4: Find the derivative of the following functions (it is to be

understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

+b

. ax
m and n are integers): ——
cx+d

Answer 4:
Let f(x) =

ax+b
cx+d

(cx+d)%(ax+b)—(ax+b)%(cx+d)
(cx+d)?

f'(x) =




_ (ex+d)(a)—(ax+b)(c)
(cx+d)?

__acx+ad—acx—bc
B (cx+d)?
__ad-bc
__(cx+d)2

Question 5: Find the derivative of the following functions (it is to be

understood that a, b, c, d, p, q, r and s are fixed non-zero constants and
1

m and n are integers): —%

X

Answer 5:

1
+- x+1
I = =x1,wherex¢0

Let, f(x) = -

By quotient rule,

(x—1)%(x+1)—(x+1)%(x—1)
(x—1)2

f'(x) =
_ (x-1)(1)-(x+1)(1)
(x—1)2

_ x—1-x-1
(x-1)% "’

%+ 0,1

x %+ 0,1
x + 0,1

= (x—1)2’x # 0,1

Question 6: Find the derivative of the following functions (it is to be

understood that a, b, c, d, p, q, r and s are fixed non-zero constants and
1

m and n are integers): ————
ax“+bx+c

Answer 6:
Let f(x) =

1

ax2+bx+c

By quotient rule,




2 Ao (1)L (42
(ax +bx+c)dx(1) (1)dx(ax +bx+c)

f'(x) =

_ (ax?+bx+c)(0)-(1) (2ax+b)
(ax?+bx+c)?

(ax?2+bx+c)?

_ —(2ax+b)
(ax?+bx+c)?

Question 7: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

. ax+b
m and n are integers): ————
px“+qx+r

Answer 7:

ax+b

Let, f(x) =

pxZ+qx+r
By quotient rule,

2 d dc .2
(px +qx+r)a(ax+ b) —(ax+b)a(px +qx+7)

f'ix) =

(px%+qx+71)?

_ (pxz +qx+r)(a)—(ax+b) (2px+q)
(px2+qx+1)?

_ap x2 +aqx+ar— Zapx2 —aqgx—2bpx —bq
(px2+qx+1)?

_ —apx*-2bpx+ar—-bq
(px2+qx+1)?

Question 8: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
pxZ+qx+r

m and n are integers):
ax+b

Answer §:

pxX2+qx+r
ax+b

Let, f(x) =

By quotient rule,




(ax +b)%(px2 +qx +r) —(px2 +qx +r)%(ax +b)
(ax+b)?2

f'(x) =

_ (ax+b)(-px+q) —(px?+qx+7)(a)
(ax+b)?

__ 2ap x? +aqx+2bpx+bq—ap x? —aqx—ar
(ax+b)2

_ap x? +2bpx+bqg—ar
(ax+b)?2

Question 9:Find the derivative of the following functions (it is to be
understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

. a b
m and n are integers): Py + cos x

Answer 9:

b
Let, f(x) = ;14 — 3+ cosx

= () - (2) & eos0

_ A4y 4 2y, @
—adx(x ) bdx(x )+dx(cosx)

=a(—=4x7>) = b(=2x73) + (—si ¥

d .
l— (x™) = nx™ anda(cosx) = —si nq

—4a
=—5+——Slnx
x

Question 10: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers): 4/x — 2
Answer 10:

Let, f(x) = 4/x — 2




1) == (4vx = 2) = = (4vx) - = (2)
SHERMIES

1
1 2
= (2x2) = Nz
Question 11: Find the derivative of the following functions (it is to be

understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

a+bsinx

m and n are integers):
c+dcosx

Answer 11:

a+bsi nx

Let, f(x) =

c+dcosx

By quotient rule,

(c +dcosx)%(a+bsi nx) —(a+bsi nx)%(c+dcosx)

f'(x) =

__ (c+dcosx)(bcosx) —(a+bsinx) (—dsi nx
(c+dcosx)?

(c+dcosx)?

__Cbcosx+bd cos?x+adsi nx—bdsi 1 x
(c+dcosx)?

_ bccosx+adsi nx+bd(cos®x+si 1 x)
(c+dcosx)?

__bc cosx+ad sinx+bd
(c+d cosx)?

Question 12: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): x4 (5 sin x — 3 cos X)

Answer 12:
Let f(x) = x4 (5 sin x — 3 cos X)
By product rule,




f'(x) = x“%(Ssi nx— 3cosx) + (5si nx— 3cosx)% (x*)

=x* [5i (siny —3 i(cosx)] + [5si nx— 3cosx] a4 (x%)
dx dx dx

=x*[5cosx — 3(—si n¥] + (5si nx— 3cosx)(4x3)
= x3[5xcosx + 3xsi nx+ 20si nx— 12cosx]

Question 13: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): (x2 + 1) cos x

Answer 13:

Let f(x) = (x2 + 1) cos x

By product rule,

fllx) = (x* + 1)%(cosx)cosx%(x2 +1)
= (x? +1)(—si n® + cosx(2x)

= —x?%si nx— si nx+ 2xcosx

Question 14: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): (ax2 + sin x) (p + q cos x)

Answer 14:

Let f(x) = (ax2 + sin x) (p + q cos x)

By product rule,

f'(x) = (ax? + si nx)% (p + qcosx) + (p + qcosx) % (ax? + si n®
= (ax? + si ny(—qsi nx) + (p + qcosx)(2ax + cosx)

= —gsi ndax? + si n®Y + (p + qcosx) (2ax + cosx)




Question 15: Find the derivative of the following functions (it is to be

understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

4x+5sinx

m and n are integers):
3x+7cosx

Answer 15:
Let f(x) =

4x+5sinx

3x+7cosx

By quotient rule,

(3x+7cosx) (4x+ 5si nx)—(4x+5si nx)—(3x+7cosx)

f'x) =

(3x+7cosx)?

d d ., . , d d
_ (3x+7cosx) [4a(x)+ 55(51 nx)] —(4x+5sinx [3 ax+7ﬁcosx]

(3x+7cosx)?

_ (3x+7cosx)(4+5cosx)—(4x+5si nx) (3—7si nx
(3x+7cosx)?

. 12x+15xc0sx+28c0sx+35c0s%x—12x+28xsi nx—15si nx+35si 12 x
(3x+7 cos x)?

15xc0sx +28cosx+28xsi nx—15si nx+35(cos? x+si n° x)
(3x+7cosx)?

35+15xcosx+28cosx+28xsi nx—15si nx
(3x+7cosx)?

Question 16: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
x2 COS(E)

m and n are integers): —
sSinx

Answer 16:

Let £(x) = 2eoa)

sinx

By quotient rule,




. dy o\ 2d,.
, . ™ si nxa(x )—x E(Sl nx
f (x)_COS4'[ six

2

T [si nx2x—x

oS cosx]
4" SiTex

xcos%[Zsi nx—xcosx]
sitx
Question 17: Find the derivative of the following functions (it is to be
understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

m and n are integers):
1+tanx

Answer 17:

Let f(x) = —

1+tanx

d d
(1+ tanx)a(x) —xa(1+tanx)

f'x) =

(1+tanx)?

d
(1+tanx) —x.a(l +tanx)

f'x) = (1)

Let, g (x) = 1 + tan x, accordingly, g (x + 7)=1+tan (x + A)

(1+tanx)?

By first principle,

, . (x+h)—g(x)
— 1im £
g’ ()= lim -

[1+tan(x+h) —1—tanx]
h

1 [sin(x+h) si nx]

Lcos(x+h) cosx

1 [sin(x+h)cosx—si nccos(x+h)]
cos(x+h)cosx

1[ sin(x+h—x)

| cos(x+h)cosx




SR -

h—>0 h Lcos(x+h) cosx

. sinh ; 1
=1lim .11lim
h-0 h h—0 cos(x+h) cosx

1
=1x —— = sec*x
CosS~ X

=;—x(1 + tanx) = sec?x ... (2)
From (1) and (i1), we obtain

=f'(x) =

1+tanx —xsec?x
(1+tanx)?

Question 18: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers): a
gers): sitx

Answer 18:
Let f(x) =

sintx

By quotient rule,

Ser‘x P snﬁx

si nan

f'x) =

. d . e
It can be easily shown that _— si 1f'x = nsi 1 lxcosx

Therefore,

si rf‘x—x X Sl tx

f’(x) a si 112"x

_ sitt.1—x(nsint* " 1xcosx)
si?¥x

_si T~ 1x(si nxe—=nxcosx)
simeNx




. Si nX—Nxcosx
sintttlyx




