
CHAPTER XV.

Multinomial Theorem.

194. We have already seen in Art. 175, how we may
apply the Binomial Theorem to obtain the expansion of a multi-

nomial expression. In the present chapter our object is not

so much to obtain the complete expansion of a multinomial as

to find the coefficient of any assigned term.

Example. Find the coefficient of a4b"c3d5 in the expansion of

(a + b + c + d)u .

The expansion is the product of 14 factors each equal to a+b + c + d, and
every term in the expansion is of 14 dimensions, being a product formed by

taking one letter out of each of these factors. Thus to form the term a4b2c*d5,

we take a out of any four of the fourteen factors, b out of any hco of the re-

maining ten, c out of any three of the remaining eight. But the number of

ways in which this can be done is clearly equal to the number of ways of ar-

ranging 14 letters when four of them must be a, two 6, three c, and five d ;

that is, equal to
114

A TTralg . [Art. 151.]
412 3 5

L J

This is therefore the number of times in which the term a4b2c*d5 appears

in the final product, and consequently the coefficient required is 2522520.

195. To find the coefficient of any assigned term in the ex-

pansion of (a + b + c + cl + . ..)
p

, where p is a positive integer.

The expansion is the product of p factors each equal to

a + ft + c + cZ + ..., and every term in the expansion is formed by

taking one letter out of each of these p factors ; and therefore

the number of ways in which any term aab^cyd8 ... will appear

in the final product is equal to the number of ways of arranging

p letters when a of them must be a, (3 must be b, y must be c;

and so on. That is,

\p
the coefficient of aabPcyds ... is =

—

~f~^—

,

o p \y 6 ...

where a + j3 + y + S + ... =p.
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Cok. Jn the expansion of

(a + bx + cx~ + da? + ... )'',

the term involving a"b&cyd6
... is

^L-.a-^^v^).

or i—T5-Ht^t- aWcyd5
... xfi+2y+M + ..

where a + /3 + y + $ + ... = p.

This may be eallecl tlte general term of the expansion.

Example. Find the coefficient of «* in the expansion of (a + i.c + ex2
)-'.

The general term of the expansion is

-ii-«a^V +2
? (i),

where a + p + y = \).

We have to obtain by trial all the positive integral values of /3 and 7
which satisfy the equation fi + 2y = 5; the values of a can then be found from
the equation a + /3 + 7 = 9.

Putting 7= 2, we have /3 = 1, and a= G;

putting 7= 1, we have /3 = 3, and a = 5;

putting 7 = 0, we have /3 = 5, and a = 4.

The required coefficient will be the sum of the corresponding values of the

expression (1).

Therefore the coefficient required

|9 19 19

= 252a66c2 + 5Q4a*&c + 12Ga4b\

19G. To find the general term in the expansion of

(a + bx + ex2 + clx
3 + . . .)

n
,

vjhere n is any rational quantity.

By the Binomial Theorem, the general term is

n(n-l)(n-2)...(n-p + l)
(

,,_ v + rf +^ +

where jp is a positive integer
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And, by Art. 195, the general term of the expansion of

(6a; + ex' + dx3 + ...)''

\P

\pjy_\o_—

where
ft, y, 8 . . . are positive integers whose sum is p.

Hence the general term in the expansion of the given ex-
pression is

where /? + y + S + ... = /?.

197. Since (a + bx + ex
2 + dx3 + ..)" may be written in the

form

„A 6 c 2
a* 3 yail +-x + -x+-ar+ ... ,

\ a a a J

it will be sufficient to consider the case in which the hrst term
of the multinomial is unity.

Thus the general term of

(1 + bx + ex
2 + dx3 + . . .)"

n
is - (n-l)(n-2). (n-p + l)

bpcyd8 ^+9f+u+
\p \v

\

8

where
fi + y + &-\-...=p.

Example. Find the coefficient of x3 in the expansion of

(l-3z-2.r2 + 6x'3)3.

The general term is

S(S-0(t-»)...(|-*+oV
,., ,, iO-sA-^e)8/-^^

(i).

We have to obtain by trial all the positive integral values of /3, 7, 5 which
satisfy the equation j3 + Zy + 35= 3 ; and then p is found from the equation

2>=/3 + 7 + 5. The required coefficient will be the sum of the corresponding
values of the expression (1).
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In finding /3, 7, 5, ... it will be best to commence by giving to 5 successive
integral values beginning with the greatest admissible. In the present case
the values are found to be

8=1, 7 = 0, 18= 0, p=l;

5 = 0, 7 =1, 0=1, p=2;

5= 0, 7 = 0, 0=3, p = 3.

Substituting these values in (1) the required coefficient

^)<^)(->)<- 3"- 2>+^#^ (-3) s

4_4_4
3 3~3

198. Sometimes it is more expeditious to use the Binomial
Theorem.

Example. Find the coefficient of x4 in the expansion of (1 - 2x + 3.r
2
)

-3
.

The required coefficient is found by picking out the coefficient of xx from

the first few terms of the expansion of (1 - 2x - Sx2
)

-
* by the Binomial

Theorem ; that is, from

1 + 3 {2x - Sx2
) + 6 (2.r - 3x2

)

2 + 10 {2x - 3.r-) :J + 15 (2.r - 3.r
2
)

4
;

we stop at this term for all the other terms involve powers of x higher
than x*.

The required coefficient= 6 . 9 + 10 . 3 (2)
2

( - 3) + 15 (2)
4

= -66.

EXAMPLES. XV.

Find the coefficient of

1. a 2Pc4d in the expansion of (a-b— c+d)w.

2. a2b ryd in the expansion of (a + b — c — d)s
.

3. a?bsc in the expansion of (2a + 6-f 3c)r
.

4. x~yhA in the expansion of {cub - by + cz)9.

5. x3 in the expansion of (l+3# — 2a2)
3

.

6. xA in the expansion of (l + 2.r+ 3.r2
)
10

.

7. .'•" in tlie expansion of (1 + 2.v - x2)'\

8. A"
8 in the expansion (if (1 - 2.r+ 3#2 - 4.r'

!

)
4

.
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Find the coefficient of

9. .r
23 in the expansion of (1 - 2x+ 3x2 - x4 - .i/')

5
.

i

10. x5 in the expansion of (1 -2x+ 3x2
)

2
.

i

11. x3 in the expansion of (1 - 2x+ 3x2 - 4a3
)
2

.

( X2 X*\
~ 2

12. x8 in the expansion of ( 1 - — + '-»

)
.

13. x* in the expansion of (2 - 4x+ 3x2
)

~ 2
.

3

14. Xs in the expansion of ( 1 + Ax2+ 1Ox4+ 20^G)
" *

.

15. x12 in the expansion of (3 - 15x*+ 18^')
- l

.

i

16. Expand (1 - 2x - 2x2)* as far as x2
.

2

17. Expand (1 + 3x2 - 6x*) 3 as far as x5.

4

18. Expand (8 - 9^ + 1 8a4
)
3" as far as x8

.

19. If (l+x+ x2+ +xP)n= a + a
l
x+ a.^v2 + a

llf>
xnr>,

prove that

(1) a +a1
+aa+ +a^=(p+l)n.

(2) a1+2a2+3a8+ +«p.a«p=5»i>(p+l)*.

20. If a , a15 a2 >
ft3 ••• are the coefficients in order of the expansion

of (1 +x+x2
)
n

,
prove that

a 2 -a 2 + a 2 -a 2+ + (-l)n- 1aU 1
=^an {l-(-l)^an}.

21. If the expansion of (1 +x+ x2
)
n

be a + a
l
x+a2x

2+ ... +araf
r + ... +a2nx

2n
,

shew that

«o+ a
3+ a

6 + ... =a
l+ a4+ a-+ ... =«2+ a6

+a
8+ ... = 3n_1.


