Chapter 8

138. Def. A circle iz the locus of a point which
moves so that its distance from a fixed point, called the

centre, is equal to a given distance. The given distance is
called the radius of the circle,

139. 7% find the equation to a cirele, the awes of coordi-
nates being two straight lines through ils centre at right
angles.

Let O be the centre of the circle and let @ be its radius.

Let OX and OVY be the axes of
coordinates,

Let P be any point on the circum-
ference of the circle, and let its coordi-
nates be « and .

Draw PM perpendicular to OX and
join OP,

Then (Eue. 1. 47)
OM? + MP* = a’,
i.e. x2 4 yi=a?l
This being the relation which holds between the coordi-

nates of any point on the circumference is, by Art. 42, the
required equation.

140. To find the equation to a circle referrved to any
rectangular axes,
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Let OX and O be the two rectangular axes,

Let €' be the centre of the
circle and @ its radius. Y|

Take any point /P on the
circumference and draw per-
pendiculars Cf and PN upon
0X ; let P be the point (x, y).

Draw C'L perpendicular to
NP,

Let the coordinates of €' be
f and k; these are supposed to be known,

Wehave CL=MN=0N-0OM=xz—1,
and LP=NP-_NL=NP—-MC=y—*k
Hence, since O+ LP'=0P,
we have (x=h)24 (y=Kk)2=a2...............(1).

This is the required equation.,

0

Ex. The equation to the eirele, whose centre is the point ( - 3, 4)
and whose radius iz 7, is

(2+8)%+ (y-4)2=T72,
i, €, 492+ 6r -8y =

141. Some particular cases of the preceding article may be
noticed :

(¢) Let the origin O be on the circle so thaf, in this ease,
On + M (2 =p? \
i.e. hi4-k2=q2,
The equation (1) then becomes
(@ — h)*+ (y — k)2 =D &2,
i.e. x4 y? - 2ha - 2hy =0,

(8) et the origin be not on the curve, but let the eentre lie on
the axis of #. In this case k=0, and the equation becomes

(z—BP4yP=a.
(v) TLet the origin be on the curve and let the axisof x bea
diameter. We now have k=0 and a=1, so that the equation becomes
22 442 - 2hx =0,

(8) By taking O at €, and thus making both % and k zero, we
have the case of Art, 139,
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(¢) 'The eirele will touch the axis of x if MC be equal to the
radius, i.e. if k=a.

The equation to a eircle touching the axis of & is therefore
22 4 3% — Qe — 2ky 4+ R2=0,

Similarly, one touching the axis of y is
224 y? - 2hx — 2y + k2=0.

142. To prove that the equation
a o+ Qg+ Yy +e=0.0iiiiiinnn. (1),

always represents a curele for all values of g, f, and ¢, and to

Sind its eentre and radius. [The axes are assumed to be
rectangular. |

This equation may be written
(2 + 292+ ¢*) + (1 + Ay + ) =" +/" —¢,

i.e. (@+gP+(y+S )=+ =}

Comparing this with the equation (1) of Art. 140, we
see that the equations are the same if

h=—g, k=—f and a=J@+/*—v.

Hence (1) represents a circle whose centre is the point
(—g, —f), and whose radius is ,/¢* + f* —e.

If g* + f*> ¢, the radius of this circle is real,

If ¢* + f*=c, the radius vanishes, ¢.¢. the circle becomes
a point coinciding with the point (—g, —f). Such a circle
is called a point-circle.

If ¢* + /% < ¢, the radius of the circle is imaginary. In
this case the equation does not represent any real geo-
metrical locus. It is better not to say that the circle does
not, exist, but to say that it is a circle with a real centre
and an imaginary radius,

Ex. 1. The equation &%+ y?+4x—6y=0 can be written in the

form
(2 +2)2+(y - 3)2=15=(/13)2,

and therefore represents a eirele whose ecentre is the point (-2, 3) and
whose radius is 4/13.
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Bx, 2. The equation 452* 4 45y® — 602 4 36y 4+ 19=0 18 equivalent
fo
$E+yg“ %$+%y— '}Lg':‘
i.e. (=3P + (y+ =5 +4% - 15=1Y
and therefore represents a circle whose centre is the point (3, — 2) and

41
whose radius is "i 7

143. Condition that the general equation of the second
degree may represent o circle,

The equation (1) of the preceding article, multiplied by
any arbitrary constant, is a particular case of the general
equation of the second degree (Art. 114) in which there is
no term containing axy and in which the coefficients of a*
and % are equal,

The general equation of the second degree in rectangular
coordinates therefore represents a circle if the coefficients
of x2 and y2 be the same and if the coefficient of xy
be zero.

144. The equation (1) of Art. 142 is called the
general equation of a circle, since it can, by a proper
choice of ¢, f; and ¢, be made to represent any circle,

The three constants g, f; and ¢ in the general equation
correspond to the geometrical fact that a circle can be found
to satisfy three independent geometrical conditions and no
more. Thus a circle is determined when three points on it
are given, or when it is required to touch three straight
lines,

145. Do find the equation to the cirele which is described on the
line joining the points (x,, y;) and (xq, y,) as diameter.

Let A be the point (x,, ¥,) and B be the point (x,, y.), and let the
coordinates of any point P on the circle be h and k.

The equation to AP is (Art. 62)

-

Y= ‘{1.* - 5) Eseiasisvaiesnay )
and the equation to BP is
B
Y = Ya= }'f:;yg: ) LR, (2).

But, since 4PB is a semicirele, the anple APB is a right angle,
and hence the straight lines (1) and (2) are at right angles.

197
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Henece, by Art, 69, we have
k—y; k-y,
h—x," h—2,
i.e. (o —=a)) (h— ag) + (k=) (k=) =0.

But this is the condition that the point (k, k) may lie on the curve
whose equation is

(&= @) (& — 2o} + (y - Y2 (¥ — Y2) =0
This therefore is the required equation.

146. Intercepts made on the azes by the eircle whose equation s
az®+ay*+2gr 4+ 2fy+e=0 ..o (1).

The abscizss of the points where the circle (1) meets the axis of x,
i.e. 4y =0, are given by the equation

ax®+2gz+e=0...........(2). ¥
The roots of this equation being x, and =z,
we have B,
2g
Ty &y = — at
B
S N

and Ty Ty=— . (Axt, 2.) (o) A A X

4'1]-?2'-2= .’»"2 --:I!l = J{xl'i" -'1:2:]3 == 411-'1.1-'2
= _-‘{.’FE_E-—E b 52___'16-
a@ a a
Again, the roots of the equation (2) are both imaginary if g%<ac.

In this case the cirele does not meet the axis of xin real points, i.e.
geometrically it does not meet the axis of 2 at all.

The eircle will touch the axis of x if the intercept 4,4, be just
zero, i. e. if g*=ae.

It will meet the axis of » in two points lying on opposite sides of

the origin O if the two roots of the equation (2) are of opposite signs,
i, e. if ¢ be negative.

147. Ex. 1. Find the equation to the eivele which passes through
the poinis (1, 0), (0, - 6), and (3, 4).

Let the equation to the circle be

22+ y® -+ Bga+ 2y +e=0 .iiviinrinvivineans (1

Since the three points, whose coordinates are given, satisfy this
equation, we have

LB o 8=0 ccsisnsoninssanisnansnianaivg (B
86 =124 e=0.0ururerreeercncirnrenennes (8),
and 25407 +8 +e=0.viviinnriiiiineeeinnnn. (4
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Subtraeting (2) from (3) and (3) from (4), we have
29+ 12 =38,
and by +20f=11.
Hence Jf=4% and g= - 71,
Equation (2) then gives e=5%,
Substituting these values in (1) the required equation is
4?4 4y% - 1422 + 472 + 138 =0.

Ex. 2. Find the equation to the circle which touches the axis of y

at a distance +4 from the origin and cuts off an intercept 6 from the
axris of =

Any circle is a4+ 42+ 2gx +2fy +c=0.
This meets the axis of ¥ in points given by
Y2+ 2fy +e=0.

The roots of this equation must be equal and each equal to 4, so
that it must be equivalent fo (y —4)*=0.

Hence 2f= -8, and ¢=16.
The equation to the circle is then
¥4+ y? 4+ 292 - By + 16=0.
This meets the axis of o in points given by
a?+ g4 16=1),
i.e, at points distant
—g+aJg?—16 and -g- . Jg?-16.
Hence 6=2,/47—16.
Therefore g= =+ 5, and the required equation is
o -yt L1102 - By +16=0,

There are therefore two circles satisfying the given conditions.
This is geometrieally obvious.

Find the equation to the circle

1, Whose radius is 3 and whose centre is (-1, 2).

2  Whose radius is 10 and whose centre is (=6, —0).

3. Whose radius is a+ b and whose centre is (@, — D).

4, Whose radius is o/’ - 1? and whose centre is (—a, —b).

Find the coordinates of the centres and the radii of the cireles
whose equations are

5. a?+4y?—da-8y=41. 6. 3a%43y%-br-By+4=0,
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7. @+yi=k(z+Fk). 8. 2+y=2gz —2fy.
9. W1+m?(a*+y%)—2ez - 2mey=0.

Draw the cireles whose equations are
10, z249%=2ay. 11. Ba*+ 3y =4z,

12. 5ax*+ 6y%=2x+ 3y.

13. Find the equation to the circle which passes through the

points (1, —2) and (4, — 3) and which has its centre on the straight
line Bz + 4y =T.

14. Find the equation to the circle passing through the points
(0, @) and (b, ), and having its eentre on the axis of x.

Find the equations to the circles which pass through the points
15. (0, 0), (=, 0), and (0, ).  16. (1, 2), (3, —4), and (5, —G).
17. (1, 1), (2, —1), and (3, 2). 18. (5, 7), (8, 1), and (1, 3).
19. (a, b), (8, =0}, and (a+b, a—D).

20, ABCD is a square whose side iz a; faking AB and 4D as
axes, prove that the equation to the circle cireumseribing the square is

."E:‘*"-{—yg:{l {:1‘:"-*3;'}

21, TFind the equation to the circle which passes through the
origin and cuts off intercepts equal to 3 and 4 from the axes.

99. TFind the equation to the eircle passing through the origin
and the points (a, b) and (b, a). Find the lengths of the chords that
it cuts off from the axes,

23. Find the equation to the cirele which goes through the origin
and cuts off intercepts equal to h and % from the positive parts of the
axies,

24. Find the equation to the cirele, of radins @, which passes
through the two points on the axis of # which are at a distance b from
the origin.

Find the equation to the circle which
05, touches each axis at a digtance 5 from the origin.
96. touches each axis and is of radius .
927. touches both axes and passes through the point ( - 2, - 8).

08, touches the axis of » and passes through the two points
(1, —2) and (3, —4).

29, touches the axis of y at the origin and passes through the
point (b, ¢).
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30, touches the axis of # at a distance 8 from the origin and
intercepts a distance 6 on the axis of y.

31. Points (1, 0) and (2, 0) are taken on the axis of &, the axes
being rectangular, On the line joining these points an equilateral
triangle is described, its vertex being in the positive quadrant. Find
the equations to the ecircles described on ifs sides as diameters.

32, If y=maz be the equation of a chord of a circle whose radius is
a, the origin of coordinates being one extremity of the chord and the
axis of x being a diameter of the cirele, prove that the equation of a
cirele of which this chord is the diameter is

(L4 m?) (22 +4?) - 2a (x+my)=0.

33. Find the equation to the eircle passing through the points
(12, 48), (18, 39), and (42, 3) and prove that it also passes through
the points ( — 54, — 69) and (- 81, — 38).

34, Find the equation to the circle cireumseribing the quadrilateral
formed by the straight lines
Qx43y=2, Bx-2y=4, x+2y=3, and 2x-y=3.

35. Prove that the equation to the ecircle of which the points
(2, ) and (2,, ;) are the ends of a ehord of a segment containing an

angle ¢ 18
(@ —iey) (== 20) + (o = ) (7 — ya)
£ 00t 0 [{2—ay) (g - pa) = (z ~2) (y — 1) ]=0.
86. Find the equations to the circles in which the line joining the

points (e, b) and (b, —a) is a chord subtending an angle of 45° at any
point on its circumference.

1. #2494+ 20 —-4y=4. 2. a4 y*+10x+12y=39.

3. af+4?— 2ax+2by =2ab, 4. a4y 4 2aw 4 2by + 252 =0,
ey k ]

5. @4iveL 6 (B1;3VE 7 (50) P

S ¢ me

B- 1:1" Ly ; fﬂ+ 5’. 9. (—':.:..';—", %); .

13. 15x%+ 15y* - 94+ 18y + 55 =0.

14, b (2*+y? - a?) =z (b2 h2— a?). 15, 22492 —ax -by=0.

16. a4y 22z -4y +25=0. 17. 2*+y*-5x-y+4=0.

18. 8224 3y*—20x - 19y +56=0.
19. B (22+9%) - (@®*+ ) o+ (a-D) (6*+0%) =0.
21, a?+y*-3a-4y=0.
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22.

23.
25.

27.
28.
30.
31.

33.
36.

2.€.
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232 a
mﬁ-l-yz_ﬂu-i: (@+y)=0; ﬂﬂif
a? 4y = ha - ky=0. 4. a:2+y‘3=1=2y,~/&_9——b3=b9.
a4 y? =102 — 10y + 25=0. 26. a?+y®-2ax—2ay+a®=0.
a2y +2 (5 /12) (w+y) + 8710 4/12=0.
a2 4y - b + 4y + 9=0. 20, bzt +y?)=u b+
a2yt 6 /2y — B2+ 9=0.
atyt-Br+2=0; a4 252 — B — /3y +3=0;
9% 4 92 — T — /317 + 6.=0.
(@ + 212+ (y + 18)2 =65 34, 8?48y 25x — By +18=0.

wl+yt=aP+ 0% a4 yP—-2(a+b)e+2(a-b)y+a+ KR =0.

SOLUTIONS/HINTS

1—4. Substitute in the equation of Art. 140.
5. The equation may be written

a?—dw + 4+ —8y+ 16 =4 + 16 +41,
(2 —2)*+(y—4)*=61.

6. The equation may be written

-2+ (§P+y -2y+1=1+(3)-%

(z—5)+(y-1)V=15

7. The equation may be written
2 2
a:"—k:z:+(’f) +ygzk“+&, or(w—,f)2+y"'=§l-c—a.

2
The equation may be written
@~ 20 g+ 4+ Yy + S = g
@—9P +(y+FP =g+~

9. The equation may be written

2¢ c? 2em Am?
— +yt - T s U8
N1 +m? 1 +m? Y i+m ? " Tvms

c? cAm?

“Tem  Tam
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13. Since the centre (%, £) is equally distant from the
two given points, .. (h— 12+ (k+2)*=(h - 4)’ + (Ic + 3)%
« 3h—k=10; also 34 +4k=7T; whence h=4%, k=—2,
Hence the equation is of the form (x— )” +(y+3)P=a
constant, or 152*+ 154° - 942+ 18y + ¢ = 0.
Put =1, y=—2; .. 15+60—-94-36+c=0,
whence ¢ = bb.
14. TIet its equation be 2 + ¥* + 29 + ¢ = 0.
Since it passes through (0, @) and (b, 4),
“a*+c=0, and B+ A+ 2bg + ¢=0.
_P—h
. the required equation is bz®+ by* + (a*— b*—A*) z — a’b=0.
15. Let 2+ %+ 2gx + 2fy + ¢ =0 be the equation of the
required circle. Since it is satisfied by (0, 0); (a, 0) (0, 0),

we have ¢=0, a®+2ag=0, and b+ 20f=0. .. 29=—a
and 2f=-b, and the equation becomes 2* + 3* — ax — by = 0.
16. Taking the same equation, we have
14+4+294+4f+c=0, 9+16+6g—-8f+¢c=0,
and 25+36+10g—l2f+c_
‘Whence, solving, 29 = — 22, 2f=—4, ¢= 25.
17. Taking the same equation, we have
24+294+2f+¢=0, 5+4y—2f+¢=0,
and 13+6g+4f +c¢=0.
Whence, solving, 29 =—5, 2f=-1, ¢=4.
18. Taking the same equation, we have
74 4+ 109+ 14f+¢=0, 65+ 16g + 2f+ ¢ =0,
and 10 + 2¢g + 6/ + c=0.
‘Whence, solving, 2¢ = - 22 2f'=— 212 c=37

" ¢c=—a’ and 29 =

203
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19. Since the circle passes through (a, b) and (a, — b),
its centre must lie on the axis of z. Let (& 0) be the
centre

S (h—a) + BP=(h—a—-0)*+(a-b);
; a*+ b*
S b (2h - 2a - b) = a*— 2ab, i.e. 2h= S e

Hence this equation is of the form
ba? + by — (@ +b*) x + C =0,
Put z=a, y=0b; .. C=(a—>b)(a®+ 5.
20. The circle passes through the points (0, 0); (a, 0);
(0, @). Rut b=« in No. 15. The circle clearly passes
through (a, ).

Aliter. The circle has its centre at the point (g 5 92')
and its radius equal to -g,J2.

a\* a\! (a A
Hence its equation is (a: - §) + (y - §) = (-2- ,,/2) , ete.
21l. Put a=3, b=4 in No. 15. '

22. Let 2 + o + 29z + 2fy = 0 be the equation.
Then @ + % + 2ag + 2fb =0, and b* + a* + 2bg + 2af'=0.

& a* + b* .
Whence 2g = 2f = oy and the equation becomes
2. pt
x’+y’—-‘;:b (z +y)=0.

To find the lengths of the chords cut off from the axes,
put =0 and y =0.

28. Put a=h,and b=k in Ex. 15.
24. Let (0, 2) be the centre. Then
BRib=at . h=+ @b,
and the equation is
B+(y—h)}i=a* or 2+ y*+2 NJa* =By = b
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25. The circle cuts the axis of « in points g1ven
by @+ 29 + ¢ = 0, which must be equivalent to (x—5)*=
. ..g- — 10, and ¢=25. Similarly 2f_- - 10.

. the required equation is 2* + y* — 10x — 10y + 25 = 0.

26. As in the last example, both 2?+ 2gx+¢ and
Y+ 2fy +¢ must be perfect squares.

e=f*=g% Alsoa®=f*+g*—c. (Art. 142,
. @ =fl=g'=0¢. .. f=g==%a
and the equation becomes 2* + y* + 2awx *= 2ay + a* = 0.
27. As in the last Ex., ¢=/*=¢? and the equation
becomes 2+t +2~/—(a:+y)+c_
Since it passes through (-2, — 3), . e =104z + 18=0.
" afe=5%= /12 . ¢=37x10,/12
28. Asin No. 26, g=A/ec.
Since it passes through (1, — 2) and (3, — 4), we have
5+2Wc—4f+c=0, and 25+ 6 o —8F+c=0.
. c=3ac-15=0, .. \/5=5or—3,whencef=100r2’
and the two circles are
B+ + 10z + 20y + 26 =0, and 2*+ y*— 6z + 4y + 9=0.

29. Since it touches the axis of y at the origin,
Sy + 2fy + ¢ =0 must be equivalent to »*=0. .. f 0
and ¢ =0. Also 2® +y*+ 2g« = 0 passes through (b, ¢) if
b+ ¢

"
*. the required equation is b (2® + *) — (0*+ ¢*) 2 = 0.

30. Asin No. 25,9g=-3 and ¢=9. Also the differ-
ence of the roots of the equation »*+ 2fy + 9=0 is 6.

Now 4, + ¥, =—2f; and y,%.= 9, so that

36.= (4 - )= 4/ -
S 2=18, de f=+3,/2, and the equation becomes
4yt —6z+6N2y+9=0.

Pt +2b=0; . 2g=—

205



206 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

31. Let (a, b) be the vertex of the triangle so that
b is positive.
Then (a- 1) +8*=(a—2)*+b*=1% whence a=$2, and

b=-29/—:§, and the three circles are (Art. 145)

(2—1)(z=2) +3*=0, (z-1) (m_g)+y(y_-§)=o,
and (x-2)(w—g)+y(y—3/2—3)=0.

32. The given circle has its centre at (a, 0) and is of
radius @ ; therefore its equation is z*+ ¥* = 2aw.
It cuts the line ¥ = m« again where

B 2a 2am
=T m® YT Tem

and the circle whose diameter is the line joining this
point to the origin is (Art. 145)

m( —ﬁ—)+e<v—»gq£)—0
T+m/ Y\ 1T om)™"

33. As in Art. 147, Ex. 1, the equations for g, /
and ¢ are

249 + 86f+c=~1993, ................. (i)
36g + T8 +c=— 1845, ................ (i1)
and 84g+ 6f4+0=—1TT78. .cvivivinrans (iii)

Subtracting gl) from (ii), we have 3g— 2f=37, and
subtracting (ii) from (iii), we have 29 —3f=3. Whence
=21, f=13.

.. the equation is of the form (x+ 21)* + (y + 13)2=+2,
Put =18, y=39.

=392 452"=13%{3% + 4*} = 13, b= 652
The other two points satisfy the equation.

34. The lines (i) and (ii) are at right angles and also
the lines (iii) and (iv).
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From a figure it is easily seen that the intersection
of (i) and (iv), and also that of (ii) and (iii), are at the
ends of a diameter,

Solving, these points are (1%, —1), and (I, £).

Hence the required equation is, (Art. 145),

(B8x—11) (4x—T) + (8y - 5) (4y + 1) =0,
6. 8a® + 8y* — 262 — 3y + 18 = 0.
35. Let (A, &) be any point on the circle.

If the chord joining (%, %) and (w,, 7,) make an angle a
(k—y)

h—w

Similarly, if the chord joining (A, %) and (=, #.) is

inclined at B, tan 8= N—=Ya :

with the axis of 2, then tana =

k—a:?‘
But, 0=a~p.
k‘?/l_"‘"’?/z
. +tan = k-;cx‘ h;% ;
Fype—th Sl

_ h—a " h—a,
which reduces to the required equation on substituting
« for & and y for k.

36. In the last example put wy=a, y,=0, x,=b,
Ys=—a, and 0 =45°, and we obtain
(z—a)(z—b)+(y—b)(y+a)={(z~a) (y+a)-(=-b)(y-b)},
or @+ y*— 2z (a+b) + 2y (a-b) + A + =0,
and 2+ y? = a® + b



208 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

TANGENT

148. Tangent. The tangent at any point of a circle, and proves that it is always
perpendicular to the radius drawn from the centre to the

point of contact.

From this property may be deduced the equation to the
tangent at any point (2, /) of the circle & + y* = a*

For let the point P (Fig. Art. 139) be the point
(s ¥)-

The equation to any straight line passing through P is,

by Art. 62,

Y=Y =M (@ —=2) rrererrinrinrnnns (1).
Also the equation to OF is
y zg, B rereiiere e, ().

The straight lines (1) and (2) are at right angles, ¢.¢. the
line (1) is a tangent, if

mxL=-1, (Art, 69)

1. e if it =——.
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Substituting this value of m in (1), the equation of the
tangent at (o, ¥) is

y—y:—g—f{m—mh

3.6 a0 + Yy =T Y e (3).

But, since (2, %) lies on the circle, we have o™ + y* = a’
and the required equation is then

XX’ 4 Yy =al

Tangent. Def. Let P and @ be any two points, near
to one another, on any curve.

Join P¢; then P is called a

secant.

The position of the line P when
the point € is taken indefinitely close
to, and ultimately coincident with, the
point P is called the tangent at P,

The student may better appreciate
this definition, if he conceive the curve
to be made up of a succession of very small points (much
smaller than could be made by the finest conceivable drawing
pen) packed close to one another along the curve. The
tangent at / is then the straight line joining P and the
next of these small points.

150. 7o find the equation of the tangent at the point
(o, ¥') of the circle a* + 3 =o',
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Let P be the given point and @ a point (x”, ¥”) lying on
the curve and close to P.

The equation to P¢) is then

L r
' B '
yuy:i”_:”:{{m—m} ............... (1).
Since both (2, &) and (2", ") lie on the circle, we have

x? +y® =da’,

and x?+yt=a’,
By subtraction, we have
ol —a® 4y — y* =0,
be @)@ )+ ) 0 ) =0,
i y”—yz_a:”+m’-
' - oy +y
Substituting this value in (1), the equation to P@ is

'+

af ,
y—y'=—~m(m—m} ............... (2).

Now let ) be taken very close to P, so that it ulti-
mately coincides with P, i.e. put 2" =2’ and y" =9/
Then (2) becomes
2

!
£ '
yoyim gy W %)
i.e. yy + oz’ =z + y" =d’.
The required equation is therefore

It will be noted that the equation to the tangent
found in this article coincides with the equation found
from Kuclid’s definition in Art. 148,

Our definition of a tangent and Euclid’s definition there-
fore give the same straight line in the case of a circle,

151. 7o obtain the equation of the tangent at any point
a', ") lying on the cirele
1 Y)Y

&+ y* + 2gx + 2fy + ¢ =0,
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Let P be the given point and € a point (z”, %) lying on
the eurve close to P.

The equation to P@ is therefore

" L3

' e '
y—-y:iu_i(m——m) ............... (1).
Since both (2, ¥') and (2", ") lie on the circle, we have
&2+ y* + 22 + 2y +¢=0.....c...00. (2),
and w4y + 292" + 2/ =0 .......... (3)

By subtraction, we have
w? = eyt -y 2 (2" — o) + 2 (Y~ ) =0,
de. (o =) @+ +29) + (" -y) (" + ¥+ 2) =0,
LY R iy
a'—a Yy + 2
Substituting this value in (1), the equation to P@ be-
comes

1. €.

o' + & + 2¢g
_'_-_-_1 :_l'rr llllllllllll 4:'
y}r+yi+2f{n T) ()

Now let @ be taken very close to P, so that it ultimately
coincides with P, 4.e. put &" =’ and " =7/

y—y =-

The equation (4) then becomes

# ﬂ.-'"']'g '
—y = (=),
Y=y == &=
i.e. y(f +)+e(@+g)=y (y +/)+a" (@' +g)
=a®+y* + gx’ + fif

=—g&' —fy —¢
by (2).
Thig may be written
xx'+yy' +8 (x+x)+f(y+y)+c=0
which is the required equation.
152. The equation to the tangent at («, ¢/') iz there-

fore obtained from that of the circle itself by substituting
ax' for «f, yy’ for o, @ + & for 2z, and y + ¥ for 2u.
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This is a particular case of a general rule which will be
found to enable us to write down at sight the equation to

the tangent at (2, %) to any of the curves with which we
shall deal in this book.

153. Pownts of infersection, in general, of the straight
line

with the cirele

The coordinates of the points in which the straight line
(1) meets (2) satisfy both equations (1) and (2).
If therefore we solve them as simultaneous equations

we shall obtain the coordinates of the common point or
points.

Substituting for y from (1) in (2), the abscisse of the
required points are given by the equation

o + (mx + e = a’,
1. x* (L +m®) + 2mew + ¢ —a’ =0 ......... (3).

The roots of this equation are, by Art. 1, real, coinci-
dent, or imaginary, according as

(2me)® — 4 (1 + m®) (¢ — a®) is positive, zero, or negative,
i.e, according as
o’ (1 + m®) — ¢* is positive, zero, or negative,
1.e. according as
¢ is <= or > &’ (1 + m?).

In the figure the lines marked I, II, and ITL are all
parallel, 4.e. their equations all have the same “m.”
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The straight line T corresponds to a value of ¢* which
is <a® (1 + m?) and it meets the circle in two real points.

The straight line ITI which corresponds to a value of ¢’
> a® (1 + m®), does not meet the circle at all, or rather, as in
Art, 108, this is better expressed by saying that it meets
the eircle in imaginary points.

The stra,ight line IT corresponds to a value of ¢% which
is equal to @ *(1 + m®), and meets the curve in two coincident
points, i.e. is a tangent.

154. We can now obtain the length of the chord inter-
cepted by the circle on the straight line (1). For, if ;, and
@, be the roots of the equation (3), we have

2me ¢t —ag?

why +ﬂ:3='—1 T me? and @, =

Hence

g — 00y = o (@ + )" — by 2, = 1 T — (=) (L +m)
2 2 2
=1+m“/a.2(1+m)—¢.

If y, and y, be the ordinates of ¢ and £ we have, since
these points are on (1),

= o= (s + &) — (may + 0) = (2 — )
Henee QR = \/ (2~ ﬂﬂji + (51_"* #p)° = of1 + m® (o2, — )

741 TN
_ '\/ a® (1 + m:]; ¢
1+ ,
In a similar manner we can consider the points of inter-
section of the straight line y = ma + & with the circle
o® + y* + 2gx + 2fy + ¢ =0,
155. The straight line

y:mm+a.f1 + m

18 always a tangent to the civele

ﬂ:s 5- y2 — ﬂ.g_
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As in Art. 153 the straight line
Y =mx+ ¢

meets the circle in two points which are coincident if
¢ =t ,J 1 + m?.

But if a straight line meets the circle in two points
which are indefinitely close to one another then, by Art.
149, it is a tangent to the circle.

The straight line y =mwx + ¢ is therefore a tangent to the
circle if
c=a ,J 1 + m?,
i.e. the equation to any tangent to the circle is
v=mx+anNi4t+m?.......... (1).

Since the radical on the right hand may have the + or —
sign prefixed we see that corresponding to any value of m
there are two tangents. They are marked II and IV in
the figure of Art. 153,

1566. The above rezult may also be deduced from the equation
(3) of Art. 150, which may be written
 af
_— s arEaasnmadEd baad BAEEBEEABAA R 11
y= —pt s (1)

Put '—5_':??1, go that ' = _.-nt_y', and thﬂ relﬂ.ﬁﬂn .",!."‘E-r—!'l"'gzﬂ_ﬂ gim

y"? (m*+ 1) =a?, i.e. yﬁfz N 14 m,
The equation (1) then becomes
Y =1 +a J 14+ m?
This ig therefore the tangent at the point whose coordinates are
— Tt a

— . and i
N"'1+1‘}L3 e Jl—f-mﬂ

157. If we assume that a tangent to a circle is always perpen-
dieular to the radius vector to the point of contact, the result of
Art. 155 may be obtained in another manner.

For a tangent is a line whose perpendicular distance from the
centre is equal to the radius.
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The straight line y=max + ¢ will therefore touch the cirele if the
perpendicular on it from the origin be equal to a, i.e. if

c
——=a
JizmEz
i, e, if e=a /1 +m2.

This method is not however applicable to any other curve besides the
cirele,

168. Ex. Find the cquations to the tangents to the eivele
a2+ y2 - b+ 4y=12
which are parallel to the straight line
dx+ 3y +565=0,
Any straight line parallel to the given one is
de 43y +C=0.0 i, (1).
The equation to the circle is
(o -3 +(y+2)2=5%

The straight line (1), if it be a tangent, must be therefore such
that its distance from the point (3, — 2) is equal to 5.

Henece i :M: L5, (Art. 75),
-\f!‘ig'i'aﬂ
go that 0= —-Hx25=19 or — 31,

The required tangents are therefore
4248y +19=0 and 4x+3y-31=0.

159. Normal. Def. The normal at any point 2 of
a curve is the straight line which passes through P and is
perpendicular to the tangent at P.

To find the equation to the normal at the poiwnt (o', y') of
(1) the circle

x* + Pt =a’,

and (2) the circle
&+ 1y + 2ge+ 2fy + ¢ =0,
(1) The tangent at (o, y') is

G (]

wx + gy = a
. a a®
%. €, e b —,

4 v %
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The equation to the straight line passing through (z, ')
perpendicular to this tangent is

y—y =m(x—2a),

where mxggoﬁ_h (Art. 69),
‘!:;ﬁ. m:i
HH

The required equation is therefore
.I?
y—f=§@~£h

i.e. w'y—ay' =0,
This straight line passes through the centre of the circle
which is the point (0, 0).

Tf we assume Euclid’s propositions the equation is at once
written down, since the normal is the straight line joining

(0, 0) to (=, ).
(2) The equation to the tangent at («, 3') to the circle
w4+ + 290 + 2y +¢=0
. a 4 agx’ + 1 +c
“" i T D
The equation to the straight line, passing through the
point (¢, ') and perpendicular to this tangent, is

y—y =m (z—a),

(Art. 151.)

where m % (—— E;-ig) =1, (Art. 69),
y +
i.e _?/: +J
z' + g

The equation to the normal is therefore

y +f ,
mr_*_y(m—m)s

2. y(@ +g)—x(y + )+ /2 — gy =0,

y—y =
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Write down the equation of the tangent to the circle

1. a+y®—3z+10y=15 at the point (4, —11).

2. da?+4y% 162+ 24y=117 at the point (-4, — 31,

Find the equations to the tangzents to the circle

3. #%+y*=4 which are parallel to the line z+ 2y 3=0.

4, 22+9*+ 29z +2fy + ¢ =0 which are parallel fo the line
o+2y—6=0.

5. Prove that the straight line y==z+4¢,/2 touches the circle
a?+y?=c? and find its point of contact.

6. Find the condition that the straight line cx — by 4 1*=0 may
touch the cirele #?+ y*=ax 4 by and find the point of contact.
7. Find whether the straight line 2+ y =2+ ,/2 touches the circle
2?42 -2z -2y +1=0.
8, Find the condition that the straight line S8z+4y=5k may
touch the circle z*4y*=10x.
g Find the value of p go that the gtraight line
w08 a+ysina—p=0
may touch the circle
22 +y? - 2ax cos o — 2Dy sin a — a® pin*a=0.
10. Find the condition that the straight line Az 4 By 4 =0 may
touch the circle
(#—a)®+ (y — b)f=c.
11, Find the equation to the tangent to the eircle 2?4 y*=qa*
which
(i) is parallel to the straight line y=mz +e¢,
(ii) is perpendicular to the straight line y=ma +e¢,
(iii) passes through the point (b, 0),
and (iv) makes with the axes a triangle whose area is a®.
12. Find the length of the chord joining the points in which the
straight line
& Y
L. |
@ + b
meets the circle a4 yt=rt
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13. TFind the equation to the circles which pass through the origin
and eut off equal chords a from the straight lines y == and y = —a.

14, TFind the equation to the straight lines joining the origin to
the points in whieh the straight line y =mx + ¢ cuts the circle

a® 4 yi=2ax+ 2by.
Hence find the condition that these points may subtend a right
angle at the origin.

Find also the condition that the straight line may touch the
eirele.
Find the equation to the circle which

15, has its centre at the point (3, 4) and touches the straight line
br+12y=1.
16. tounches the axes of coordinates and also the line
% o+ %: ]_’
the centre being in the positive quadrant,

17. has its centre at the point (1, —8) and touches the straight
line 2z -y —4=0.

18, Find the general equation of a circle referred to two perpen-
dicular tangents as axes.

19, Find the equation to a eircle of radiug » which touches the
axis of ¥ at a point distant & from the origin, the centre of the circle
being in the positive quadrant.

Prove also that the eguation to the other tangent which passes
through the origin is
(12— h2) w4+ 2rhy =0.

20, Find the equation to the cirele whose centre is at the point
(e, 8) and which passes through the origin, and prove that the
equation of the tangent at the origin is

ax+ By =0.

21. Two circles are drawn through the points (a, 5a) and (4a, a)
to touch the axis of y, Prove that they intersect at an angle tan—! 4.

99, A circle passes through the points ( -1, 1), (0, 6), and (5, 5}.
Find the points on this cirele the tangents at which are parallel to the
straight line joining the origin to its centre.

1. 5x-12y=152. 2. 24o+10y+151=0.
8. x+2%=x2,/5. 4, v+ +g+2f==b 2+ 2-c.
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5. (_% j—ﬂ) 6. c=aj (0, b). 7. Yes.
8, k=40 or -10, 9. acosfatbsinaL Jm‘3+ﬁﬂﬁiuﬁa.
10. da+Bb+C= ¢/ A2+ B4,
11, (1) y=maxaJl+m; (2) my+z=a /14+m?;

(8) ax=y JPE—at=ab; (4) x+y=a/2.

an2
12, 2, /- “?;Ea-y 13, a+yien/200=0; a®+y?%,/20y=0.
[

14, ¢=b-am; c=b-am= J(1+m?) (a®+1%).

15. «*+y%-6x-8By +351=0. o

16, «®+44®—2cx—2ey+c?=0, where 2e=a+b+ \fa?+ D%

17. B5a*+5y% — 102+ 30y +49=0. 18. a%-y?— 2ex - 2oy +62=0.
19, (z -1+ (y - h)2=rL 20, @*+y*— 2ax - 28y =0.

1 and 2. TUse the formula of Art. 151.

3. Put a=2and m=—1} in the formula of Art. 155.

4. Any line parallel to the given one is 2 + 2y + C'=0,
and the equation to the circle is

(@+gf + (Y +/ P =g +./*~c.
As in Art. 158, —¥ :/2‘{{+ C:_—t N+ —c;

-

W C=g+2f+./5. g+ —c.
5. Eliminating y, we have 2°+ (z + ¢,/2)*= ¢,
i.e. V22 +c)2=0,

which is a perfect square; therefore the given line is
a tangent.

e e
Also :1,_—7_2, whence 4 = 7

B. The equation of the lines joining the origin to

the common points of the circle and the given line are
(Art. 122)

6% (o + y*) + (ax + by) (e — by) =0,
or (8 + ac) 2* + (be — ab) ay =0,
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which must be a perfect square. .. bc—ab=0. .. c=a,
and the point of contact is where =0 cuts the circle,
viz. (0, b).

7. The circle may be written (x— 1)*+ (y—1)*=1%
1+1-2-,/2

" i
line is a tangent.
8. Asin No. 6, the equation & (z* +4*) = 10z (3x + 4y),
or 2* (k — 30) — 40xy + ky* = 0 must be a perfect square ;
S 400 = (k—30) &, .e. &*— 30k — 400 =0.
.. k=40 or —10.
9. The circle may be written
(x—acosa)+ (y—bsina)=a®+ b*sina.
As in Art. 158, we then have
acos’a + bsin®a —p =+ /a® + B%sin?q, etc.

§0, Awindseapn v I0EG

NA® + B
11. (1) See Art. 155.

(2) Change m into _7-}1, in (1).

As in Art. 158, since — 1, therefore the

(3) Any tangent is y=mx+an/1+m?; this
passes through the point (b, 0) if mb=+a /1 + m?;
mb=a’(l +m?); . om=+- ¢ . Hence etc.
b* —a®
(4) Any tangent is 2 cosa + ysina=a.
Tts intercepts on the axes are @ sec a, @ cosec a.
. 3a’seca.coseca=a’. .. sinZ2a=1; .. a=45",
and the equation becomes z + y = a,/2.

12. Puta=7, m:—g , ¢=>b in the formula of Art. 154.
13. One of the circles passes through the points
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Let its equation be 2? + 3* + 2gx + 2fy = 0.
# a"’+aJ2 (g+/)=0, and «®+ (a/2)(f—-g)=0.
.g=0 andf_—w S+~ 2ay =0
is one of the circles. Similarly for the three other circles.
14. The required equation is (Art. 122)
¢(@® + ) =2 (az + by) (y — ma).
These lines are at right angles if, (Art. 111),
2¢ + 2am—2b=0, e if ¢c=b—am.
The circle may be written (z— a)® + (y —b)*=a*+ b2
As in Art. 158, the line will touch the circle if
b—am—c
N1 +m?
16. As in Art. 158, the line Hx + 12y — 1 - 0 touches
the circle (z — 3)*+ (y — 4)* =" if

=+ AJa? + 0

= 15+48-1 w if'r’—6—2~9
r=+ J;“TI_"" = {g¢°

Hence substituting, ete.

16. Let its radius be ¢, and its equation
(—c)*+(y—=c)’=c. [Ex. XVII, 26.]

As in Art. 1586c+ac s =+¢;
N -
) ab __ab{a+b:~/a2+b?_}.
“CarbrJir o 2ab 2

" %=a+b+AJat+ b

17. As in Art. 158, the circles (z—1)*+ (y + 3)* ="
will touch the line 22—y —4=0 if 2%:/3=—é—+9' z.e if

Hence substituting, etc.

18. See Ex. XVII, 26.
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19. From a figure it is easily seen that the centre is
the point (7, ). .". the required equation is
(=P +(y—h)P=r
The line y + ma = 0 will be a tangent if, (Art. 158),
51"‘ Momtr o (hmrp= (1 m)
i —h?
2rh -

20. The required equation is (Art. 142)
@* + y* = 2az + 2By.
See Art. 152 and put &’ = 3’ = 0.

21. Let (h, k) be the coordinates of the centre of
either circle,

Then (%~ @) + (k — ba)*= (h— da)*+ (k—a)* =1
Solving, we have

5
h=%aorgo—5—c-baud k:3a0r:-g—a'.

whence m o=

18
1f ¢ be the distance between the centres, then
= (hy— o) + (ky — &,

 /205a 45a =+ 20a\* 1000002
‘( 18 ‘—18“) (—3‘)

R e
2 g
Also %, and A, are the radii, and cosa = {"L'" .]f?,.__cn
2, foy
% + (382)"~ 2900 .
= 9 x ‘% v 2%& =77’ o0 reduction.
2__02
Hence tan a:—-J419 2 = %9

22. Let the equation of the circle be
x’+y9+2gw+2f3/+c=0.
Then we have,
2-—2g+2f+c=0, 36 +12f/4¢=0,
and 50 +10g + 10f + ¢ -0, Whence g = — 2, f=-3, ¢=0.
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.'. the centre is the point (2, 3) and the radius = ,/13.

". the equation of the radius from the origin to the
centre is 3z=2y. If a be the angle which the diameter
perpendicular to this makes with the axis of @, then

2 3
-:/—1—3', COSG.:—'—/'jg,
Nr
and the required points are (Art. 86)
{2+ J/13cosa, 3+ ,/13sina}, or (—1, 5) and (5, 1).
- --.-.-... .

sin a =

160. To shew that jfrom any point there can be dravn
two tangents, real or imaginary, to o cirele.

Let the equation to the circle be 2 + *=«? and Iet the
given point be (=, ¥,). [Fig. Art. 161.]
The equation to any tangent is, by Art. 155,

Y = ML + J] + ?fp,'h

If this pass through the given point (2, ,) we have

This is the equation which gives the values of m corre-
sponding to the tangents which pass through (ay, ).

Now (1) gives
o, — M, = @ J 1 + m?,
i.e. o, — 2may, + mi® = a + a’m,
i.e. m? (2 — a*) — 2mayg, + P —a* =0 ... (2).
The equation (2) is a quadratic equation and gives
therefore two values of m (real, coincident, or imaginary)

corresponding to any given values of x, and y,. For each
of these values of m we have a corresponding tangent.
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The roots of (2) are, by Art. 1, real, coincident or
imaginary according as

(22y3)% — 4 (2 — @®) (y,* — &%) is positive, zero, or negative,
i.e. according as
a* (— @ + @ + ,°) is positive, zero, or negative,
t.¢. according as a2+ 90 %aﬂ.
If o+ y,? > ¢, the distance of the point (x, y,) from
the centre is greater than the radius and hence it lies outside
the circle.

If o+ 3= a? the point (2, %) lies on the circle and
the two coincident tangents become the tangent at (x,, ¥,).

If @® + g, < a’ the point (x,, y,) lies within the circle,
and no tangents can then be geometrically drawn to the
circle. It is however better to say that the tangents are

imaginary.

161. Chord of Contact. Def. If from any point
T without a circle two tangents 7' and 7'¢) be drawn to
the circle, the straight line P¢) joining the points of
contact is called the chord of contact of tangents from 7,

To find the equation of the chord of conlact of tangents
drawn fo the cirele o®+y*=0d® from the emiernal point
(1, %1)-

Let T be the point (x, %), and P and € the points
(«', ¥') and («", y/") respectively.

The tangent at P is -\Y
a gy =0 ... (1), Bty
and that at @ is Té‘;’;{jj
wad" + yy =a? .oinni (D) 5 \\\'\x
Since these tangents pass through

T, its coordinates (x,, %,) must satisfy

both (1) and (2).
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Hence Bl 4 Yy = G enirerirereraerene, (3),
and 2 Y =0 (4).

The equation to P¢) is then
XX +yyi=a% o (0)

For, since (3) is true, it follows that the point (2, »/'),
t.e. P, lies on ().

Also, since (4) is true, it follows that the point (2", ¥"),
i.e. Q, lies on (5).

Hence both P and ¢ lie on the straight line (5), w.e.
(B) is the equation to the required chord of contact.

If the point (x,, %,) lie within the circle the argument
of the preceding article will shew that the line joining the
(imaginary) points of contact of the two (imaginary)
tangents drawn from (z,, #,) is @x, + yy, =a®

‘We thus see, since thig line is always real, that we may
have a real straight line joining the imaginary points of
contact of two imaginary tangents.

162. Pole and Polar. Def. If through a point
P (within or without a circle) there be drawn any straight
line to meet the circle in ¢ and £, the locus of the point of
intersection of the tangents at ¢ and £ is called the polar
of P; also P is called the pole of the polar.

In the next article the locus will be proved to be a
straight line,

163. 7o find the equation o ihe polar of the point
(1, 7,) with respect to the circle o® + 3 =a’

225
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Let QF be any chord drawn through P and let the
tangents at ¢ and £ meet in the point 7" whose coordinates
are (h, k).

Hence Q£ is the chord of contact of tangents drawn
from the point (h, %) and therefore, by Art. 161, its
equation is xh + yk=da’

Since this line passes through the point (x,, y,) we
have

BhFypk=aoiiiiieins - (1).

Since the relation (1) is true it follows that the
variable point (%, k) always lies on the straight line whose
equation is

X5+ yy;=2a%........., A (2).

Hence (2) is the polar of the point (x;, ¥,).

In a similar manner it may be proved that the polar of
(@, 7,) with respect to the circle

o + o + 2gx + 2fy +¢=0
is aay + yyy +g @+ a)+f (y+ ) +e=0,

164. The equation (2) of the preceding article is the
same as equation (5) of Art. 161. If, therefore, the point
(@1, 71,) be without the circle, as in the right-hand figure,
the polar is the same as the chord of contact of the real
tangents drawn through (2, ).

If the point (x;, %,) be on the circle, the polar coincides
with the tangent at it. (Art. 150.)
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If the point (z, v,) be within the circle, then, as in
Art, 161, the equation (2) is the line joining the (imaginary)
points of contact of the two (imaginary) tangents that can
be drawn from (o, ;).

We see therefore that the polar might have been
defined as follows:

The polar of a given point is the straight line which
passes through the (real or imaginar y) pmnts of contact of
tangents drawn from the given point; also the pole of any
straight line is the point of intersection of tangents at the
pai_nts (real or imaginary) in which this straight Iine meets
the circle.

165. Geomelrical construction for the polar of a point.

The equation to OF, which is the line joining (0, 0) to
(wn 91): 18

Also the polar of P is

QAT s sosmesrnsimes (2).

By Art, 69, the lines (1) and (2) are perpendicular to
one another. Hence OF is perpendicular to the polar
of P.

Also the length 0P = .J o™ + %
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and the perpendicular, ON, from O upon (2)
{12

2+ Y
Hence the product ON ., OP =™

The polar of any point P is therefore constructed thus :
Join OF and on it (produced if necessary) take a point NV
such that the rectangle ON.OP is equal to the square of
the radius of the circle.

Through & draw the straight line ZZL’ perpendicular to
OP; this is the polar required.

[Tt will be noted that the middle point N of any chord LI/ lies on
the line joining the centre to the pole of the chord.]

166. 7o find the pole of a given line with respect to
any cirele.

Let the equation to the given line be
A+ By +C=0 oveereerereenn, (1).
(1) Let the equation to the circle be
at+ P = o,
and let the required pole be (&, ).

Then (1) must be the equation to the polar of (y, ),
2.¢. it is the same as the equation

oy +yy—at=0 ... I (2).
Comparing equations (1) and (2), we have
oy Yy o
i“3=0"
A B
so that j==0 e’ and y, =— . a’.

The required pole is therefore the point

( Arf Ba?)
=g =g?)

(2) Let the equation to the circle be
@ + ot + 29 + 2fy + ¢ =0,
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If (x;, v,) be the required pole, then (1) must be
equivalent to the equation

woey +yih + g (2 + @) +f(y +y)+e=0,  (Art. 163),
i.e. z (@ +9)+y (h+S) + go +fin +e=0......(3).
Comparing (1) with (3), we therefore have

Bty _thtS_gatSpte
4 B ¢ '
By solving these equations we have the values of
and .

EBx. Find the pole of the straight line

Oxrty—2B=0.......iconinisisiscinnaniill)
with respect to the circle

2224 22— B2+ By — T=0...coirirrirerereerone 2).

If (x,, 9,) be the required point the line (1) must coineide with the
polar of (#;, y,), whose equation is

2aemy + 2y1y — F @+ @) +§ y +91) - T=0,
i.e. x (4x, — B)+ y (dy, +5) - Bay + 5y, —14=0............(8).
Since (1) and (3) are the same, we have
4,-8 _ 4y 45 -3z +6y, - 14

9 g T
Hence. =9, +12,
and 3z, — 117y, =126,

Holving these equations we have x;=3 and i, = -1, so that the
required point is (3, — 1).

167. If the polar of a point P pass through a point T,
then the polar of 1" passes through P.

Let P and 7' be the points (z, 3;) and (v, ¥,) re-
spectively. (Fig. Art. 163.)

The polar of (x,, 3) with respect to the circle
a2 +yf=a® is
xe, + Yy, = @’

This straight line passes through the point 77 if
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_ Since the relation (1) is true it folluws that the point
(21, ), t.e. P, lies on the straight line xx, + yy, = @*, which
is the polar of (ay, ¥,), 2.e. 7, with respect to the circle.

Hence the proposition.
Cor. The intersection, 7, of the polars of two points,
P and ¢, is the pole of the line ().

168. To find the length of the tangent that can be

drawn from the point (w,, 1y,) to the circles
(1) 2*+y*=d
and (2) & +y®+ 29w + 2fy + e=0.

If 7' be an external point (Fig. Art. 163), 7¢) a tangent
and O the centre of the circle, then 7Q0 is a right angle
and hence

7= 017 - 06~

(1) If the equation to the circle be #® + y*=a? O is the
origin, 07" = a* + 4%, and 0¢* =a®

Hence TP =2+ 1y, — a’.

(2) Let the equation to the circle be

a® + 9yt + Qg + 2fy + ¢ =0,
u.e. (@+gf+(y+/y=9g"+S"—e
Tn this case O is the point (—g, —f) and
0 = (radius)® = g* + /% —e.

Hence O =[x,—(—g)]*+ [t — (=)} (Art. 20).

= (@ +g)* + (1 +S)

Therefore TQ*=(x +g)+ (0 +f)P— (*+/*—¢)

= + g + gz, + 2y, + o

In each case wo see that (the equation to the circle
being written so that the coefficients of «* and 3® are each
unity) the square of the length of the tangent drawn to the
circle from the point (w;, #,) is obtained by substituting a,

and #, for the current coordinates in the left-hand member
of the equation to the circle.

*#169. To jfind the equation to the pair of langents that
ean be drawn from the point (xy, 4,) to the cirele a* + y* = a’,
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Let (2, k) be any point on either of the tangents from
(9:1: 3"1)'

Since any straight line touches a circle if the perpen-
dicular on it from the centre is equal to the radius, the

perpendicular from the origin upon the line joining (2, v,)
to (A, £) must be equal to a.

The equation to the straight line joining these two
points is

Y—= fb—zi (2 —2,),
1.6, o (h—ay) — @ (k— ) + ko, — by, =0,
Hence ks, —hg,

N (=2, + (k=) @
so0 that (kaey — Ty, )* = a® [(h — 2y )? + (b — 1, )7
Therefore the point (4, &) always lies on the locus
(wy— ) =a*[(w—o) + (Y — )] ....ocen (1)
This therefore is the required equation.
The equation (1) may be written in the form
a® (3" — &°) + 3 (2 — @) — & (2 + 1)
= 2oy, — 2a”wan, — 2ayy,,
a6 (2 + 9% —a®) (22 + 1 — o) =22 + Py + &t + 2y,
— 2a’wa, — 20’y = (wwy + yy — 62 conenn. (2).
#170. In a later chapter we ghall obtain the equation to the pair

of tangents to any curve of the second degree in a form analogous
to that of equation (2) of the previous article.

Similarly the equation to the pair of tangents that can be
drawn from (x;, y;) to the circle

@-1P+y-gr=a?
s {(==/f)+ - 9)* - @} {( ~ 1)+ (y, - 9)° - 0¥}
=z =) (2 =S)+(y—9) (h—9) —a*}2......(1).
If the equation to the cirele be given in the form

@+ 32+ 292+ 2fy + ¢=0
the equation to the tangents is, similarly,

(2 + 9+ 29 + 2fy + ¢) (2, +4,>+ 29, + 2y + )
=[zx + Yo+ (2+2) +F (Y +y1) +ePo (2)
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Find the polar of the point
1. (1, 2) with respect to the circle 22 +y®=7.
2. (4, — 1) with respect to the circle 22° 4 2y*=11.
3. (-2, 3) with respect to the circle
2%+ y? —do — Gy +5=0.
4, (5, —3) with respect fo the circle
3%+ 3y% - Tz 48y - 9=0.
5. (a, —b) with respect to the circle
22+ y2 + Bax — 20y + a? - b2=0.
Find the pole of the straight line
6. - 2y=1 with respect to the circle 2*-+y*=5.
7. 2x—y=0 with respect to the circle 5x*+ 5y*=0.
8, 2zx+y+12=0 with respect to the circle
iyt — 4z 4+ 3y — 1=0.
0, 48z - 54y + 53=0 with respect to the circle
B2 + 3y + b — Ty +2=0.
10, ax+ by 4 3a®+ 812 =0 with respect to the circle
&+ y* -+ a4 20y =a® -+ B4
11. Tangentz are drawn to the circle 22+4%?=12 at the points

where it is met by the circle &%+ y* - Sz +3y - 2=0; find the point of
intersection of these tangents.

12, Tind the equation to that chord of the ecirele 2* +4?=81 which
is bisected at the point (- 2, 8), and its pole with respect to the circle.

13. Prove that the polars of the point (1, —2) with respect to the
circles whose equations ars

224 y? 6y +6=0 and 224 9y?+224-8y+5=0

coincide; prove also that there is another point the polars of which
with respect to these circles are the same and find its coordinates,

14, Find the condition that the chord of contact of tangents from

the point (z', y') to the circle #®+y*=qa? should subtend a right angle
at the centre.

15, Prove that the distances of two points, P and @, each from
the polar of the other with respect to a eirele, are to one another
inversely ag the distances of the points from thé centre of the cirele.

16. Prove that the polar of a given point with respect to any one
of the ecireles a%4-y?— 2kx+ ¢*=0, where k is variable, always passes
through a fixed point, whatever be the value of k.
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17. Tangents are drawn from the point (h, k) to the circle
a®+4y?=a®; prove that the area of the triangle formed by them
and the straight line joining their points of contact is

a(lP+i-a?)?
B
Find the lengths of the tangents drawn

18. to the circle 2224 2y*=3 from the point ( - 2, 3).

19, to the circle 82*+ 3y® — Ta: — 6y =12 from the point (6, - 7).

920. to the cirele 2* 4+ 4* 4 2bx — 30° =0 from the point

(a+b, a=D).
921. Given the three circles
2?4 y? - 162 4-60=0,
3234 3y*— 36z 4+ 81=0,
and 2?4 a? - 16— 12y B4 =0,
find (1) the point from which the tangents to them are equal in
length, and (2) this length.

99  The distances from the origin of the centres of three cireles
a®+y? - 2hw=c? (where ¢ iz a constant and A a variable) are in
geometrical progression ; prove that the lengths of the tangents drawn
to them from any point on the cirele z*+y*=c*are alzo in geometrical
progression.

23. Tind the equation to the pair of tangents drawn
(1) from the point (11, 3) to the cirele a®+y% =05,
(2) from the point (4, 5) to the circle
22%+2y?-Bx+ 12y +21=0.

1. «+4+2y=T. 2, 8Bz -—2y=11. 3. x==0.
4, 23z45y=57. 5, by—ax=d? 6. (5, 10).
7. (& —-%) 8. (1, —2) 9. & -3

10. (- 2a, - 20). 11, ~18),
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12. 8y-2w=13; (-4, %) 13, (2, -1). 14, o?4y?=20a"
18. 346, 19, 9.  20. J2E¥2ad+tL 2L, (%%, 2); 1
23, (1) 2842+ 83ay — 2847 — 7152 — 195y + 4225=0

(2) 12322 Bday + 3y — 664w + 226y + T63 =0,

SOLUTIONS/HINTS

1—5. TUse the equations of Art. 163.
6—10. See Ex. of Art. 166,
6. x4+ 2y=1 and a2, + yy, =5 are identical if

?:%: 5. .. &=b, y=10.
7. 2z-y=06 and daw, + Hyy, =9 are identical if
be, by, 9 _ 3 3
31§ " OF B To

8. 2x+y+12=0 and ax,+yy,—2(w+2,))+3(y+y,)—1=0

b 3,
i ot W Yook - Sl S
. ) b

2 . & Hi
are identical if —

g F 12
solving, #,=1, y,=- 2.
9. 48x—54y+53=0 and
6w, + 6yy, + 5 (v + ) - T(y +y)+4=0
o e Bon
G%Q—EZ = 9‘%51? = _x,_573‘7/i4 , whence,
solving, a,=14, y,=-}.

10. ax +by + 3a®+ 356°=0 and
e, +yy +a(@+2)+ b (y+ ) =a* + b

are identical if

; ; W +a Y +b ax + by, —at-b?
araidentieal #5212 B TI  THT MO T
a b 3 + 3b°

solving, z= - 2a, y=— 2b.

Whence,
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11. Subtracting the equations, we obtain bz—3y—10=0,
which must be the equation of the straight line through
the common points of the circles.

Now b5x—3y—10 and az, + yy,=12 are identical if

9
%=:y—§ iO’ whence z, =6, y,=—28.
o (B, 3-) is the pole of the common chord with respect

to the first circle.

12. We want the line through (=2, 3) perpendicular
to 2y+3x=0, viz. y—3=3%(x+2), t.e. 3y—22=13. If
(@, 1) be the pole of this line, the latter must be the same

” ;o % 8L
as xx, +yy, = 81. . - —5=3=13" .. ete.

13. The polars of (z, 3;,) with respect to the circles,

viz. @z, +y (4 + 3) + 3y, + 5 =0, and
o+ 1)+y(pn+4)+x+4y,+5=0,
are identical if
a+1 =yl+4=m,+4y1+5_ i 6 if k! B 1 _ &+,

& o h+3 3p,+86 ' $n+3 3y +5°
Whence, solving, 2,=2 or 1, and z,=—1 or —2.

‘. the other point is (2, —1).

14. The lines j Jommg the ongm to the common points
of #* + 3* = a* and ax’ + yy' = a® are, (Art. 122),

a* (@' +y°) = (22" + yy')".
These are at right angles if (Art. 111) o + 3/ = 24

15. Take a® + y*=a® as the equation of the circle and
(@15 %), (24, 7,) the coordinates of P and Q.
The perpendicular from 2P on polar of Q (zz,+ 3y, = a®)
The perpendicular from ¢ on polar of £ (wx, + yy, = a*)
&)y + Y1Ya— @&
o Ny + 3/ _ Nay’+y®  distance of 2 from the centre
2+ y,yg—a ,‘/»c 2.4.% ~ distance of @ from the centre '

'/xx +yx
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168. The equation to the polar of (s, #,) is
22, + yh—k(x+a,) + ¢*=0,
which always passes through the intersection of the fixed
lines 2z, + yy, —¢*=0 and =+ a, = 0.

17. The length of the chord intercepted by the circle
@'+ y*=a® on the line xk + yk = a® is (Art. 154)

a‘
2N/w—M+E’

and the length of the perpendicular from (A, k) upon its
A+ k* — a®

NiELE

. A—-l- k’+k’:ﬁ’ 9 //a’+k’—a§_ a (12 + k% — a?)t
e e N TR T RBiP °

18—20. Use Art. 168.
18. 2=(-2)*+3*-3 =ete.
19. #=6"+(-7)—Fx6—2x(-7)—4=ete
20. £2=(a+b)*+ (a—b)°+ 2b (a+b)— 3%°
= 2a® + 20 + 2ab + 2b* — 30 = 2a® + 2ab + b
21. 1f (, k) be the point, we have
PP+ 72— 16k + 60 =22+ 22— 12k + 27 =12+ 7*— 16 — 12k + 84.
0 12k=24 and 44=33. .. A=33, k=29
and the square of the length
=3—32+4—33 4+60=—l— ", the length=l
16 ' T 4’
22. Let (A,, 0), (A, 0), (A;, 0) be the centres, so that
Ay =A% Any point on @' +gy*=¢* is (ccos6, csiné).
The squares of the lengths of the three tangents are
2N e cos 0, 2M\,ccos6, 20,ccos . Hence ete.
23. (1) Substitute in equation (1) of Art. 169.
S (Bz—=11y)* =65 {(x— 11)* + (y — 3)%, ete.
(2) Substitute in equation (2) of Art. 170.
(*+ y*—4x + 6y + 21) (16 + 25 — 16 + 30 + Z1)=(22+8y + 27)%,
te. 131(22°+ 2y —8x+ 12y + 21) = (4 + 16y + 35)?, ete.
|

polar is
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171. 7o find the general equation of a civele referved
to polar coordinates.

Let O be the origin, or pole, OX the initial line, €' the
centre and « the radius of the
circle. Q

Let the polar coordinates of ¢ /
be R and «, s0 that OC =X and
£t XOC = a.

Let a radius vector through O
at an angle # with 'the initial line 2
cut the cirele in 2 and ¢. Let ~——

OF, or 0Q, be
Then (7'rg. Art. 164) we have

CP:=00%+0P?-20C. OP cos COP,
2.8, a*= R+ 7*— 2Ry cos (6 — a),

i.e. r*—2hrcos (0 —a)+ R*—a®=0............ (1)

This is the required polar equation.

B -

172. Particular cases of the general equation in polar coordinales.

(1) Let the initial line be taken to go through the centre ¢, Then
a=0, and the equation becomes

r? — 2Rr cos f + R* - a®=0.
(2) Let the pole O be taken on the circle, go that
E=0C=aqa.
The general equation then becomes
7% — 2ar cos (# —a) =0,
i.e. r=2acos (0 - a).

(3) TLet the pole be on the cirele and also let tho initial line pass
through the cenfre of the circle. In this case

a=0, and R=a. =

The general equation reduces then to the ;
gimple form r==2a cos 6. “ o
This is at once evident from the figure. 0 -

A
2
For, if O0CA be a diameter, we have “
OP =04 cos 8,

e, r=2gcosd.

237
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173. The equation (1) of Art. 171 is a quadratic
equation which, for any given value of 6, gives two
values of ». These two values in the figure are OF and

0Q.
If these two values be called #, and 7, we have, from
equation (1),
7y =product of the roots=1R*—a’
1.6, OF. 0Q=R*—da

The value of the rectangle OF. 0@ is therefore the
same for all values of 6. It follows that if we drew any

other line through O to cut the circle in P, and @, we
should have OP. 0Q = 0P, . 00,.

This is Eue, 1. 36, Cor.

174. Find the equation to the chord joining the points on the m'.r:'slﬂ
r=2a cos § whose vectorial angles are 8, and 8,, and deduce the equation
to the tangent at the point ;.

The equation to any straight line in polar coordinates is (Art. 88)

P=P00B (0 —8) ..coomninmmrnnraseieninais (1).

If this pass through the points (2a cos ;, 6,) and (2a cosd,, 6.), we
have

20 cos @, cos (#, —a)=p=2acos 8, co8 (M~ a) ......... (2).
Hence cos (26, — &) + cos a=cos (20, — o) -+ cos a,
e 20, ~a= —(260;—a),
sinee #, and @, are not, in general, equal.
Henece a=0;+0,,

and then, from (2), p=2a cos #, cos 0,.
On substitution in (1), the equation to the required chord 1s
reos(f—0,—0;)=2acos88,0080, .......e0neen. (B)-

The equation to the tangent at the point #, iz found, as in
Axt, 150, by putting #,=6, in equation (3).

We thus obtain as the equation to the tangent
rcos (0 — 26,) =2a cos? ;.
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As in the foregoing article it could be shewn that the equation to
the chord joining the points ¢; and f, on the circle r==2acos (6 — ) is

reos[f = 0, — 0y+v]=2a cos (6, — ) cos (fy,— )
and hence that the equation to the tangent at the point &, is
1 €08 (8 — 20, ++) =2a cos® (¢, — ).

1. Find the coordinates of the centre of the circle
r=24 cos 8-+ B gin 0.

9. Find the polar equation of a circle, the initial line being a
tangent. What does it become if the origin be on the circumference?

3. Draw the loci
(1) r=a; (2) r=asind; (3) r=acosf; (4) r=asec?;
(6) r=acos(f~a); (B6) r=asec(f~a).

4. Prove that the equations r=acos(f-a) and r="bsin (§-a)
represent two circles which eut at right angles,

5. Prove that the equation 2° cos - ar cos 20 - 2a2 cos =0
represents a straight line and a eircle.

6. Find the polar equation to the cirele described on the straight
line joining the points (@, a) and (b, §) as diameter.

7. Prove that the equation to the circle described on the straight
line joining the points (1, 60°) and (2, 30°) as diameter is

72— [cos (& — 60°) + 2 cos (# — 80°)]+./3=0.
8. Find the condition that the gtraight line
%:ﬂcua f+bsin ¢

may touch the eircle p=2¢c cos .

| 8 (;'3 J A4 B2, tan™? ﬁ) 3

0. - 2racoseta. cos (f—a)+alcot?a=0, r==2asiné.
6. 2—r[acos (8 —a)+beos (8- B)]+abeos (a—5)=0.
8, b¥+2ac=1,
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SOLUTIONS/HINTS

1. Put B/A =tan« and the equation becomes
r= A/ A%+ B® cos (0— a),
which is a circle whose centre is (} v/ A%+ 5% a). (Art. 172.)
2. (1) In the figure of Art. 171, if the circle touches
0X, R=acoseca. Substitute in equation (1).
(2) Put a=90".

3. (1) is a circle whose centre is the origin. For (2),
(3) and (5) see Art. 172. For (4) and (6) see Art. 88.

4. TFor the circles intersect at the pole, and the
vectorial angles of their centres are a and a + 90°.
5. Changing to Cartesian Coordinates, we have
x (2 + ) — a (* — y°) — 2a°¢ = 0,
or x(x—2a) (z+a)+yF (@ +a)=0,
ne. (z+a) (2 + y* — 2ax) = 0.
The equation therefore represents the line 7 cos 6 + =0,
and the circle » = 2a cos 6,
6. Let (@, a) and. (b, B) be the points @ and A, and
(r, 6) the point P, any point on the circle.
Since QPR = a right angle, PQ?+ PR = QR".
. @+ 71— 2arcos (0 — a) + 6% + 7 — 2br cos (0 - B)
= a® + b* — 2ab cos (a — B), (Art. 33),
ue. r—r{acos(0—a)+bcos(0-B)} + abcos(a—B)=0.
7. Substitute in the result of No. 6.
8. Eliminating #,
2¢cos 6 (acos @ + b sin ) = 1 =sin* @ + cos? 6,
or tan?@ — 2bc tan 0+ 1 — 2ac =0,
which has equal roots if °¢* + 2ac = 1.
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175. To find the general equation to a cirele referved to
oblique axes which meet at an angle o,

Let € be the centre and a the radius of the circle. Let
the coordinates of C be (4, &) so
that if (', drawn parallel to the
axis of y, meets OX in M, then

F
OM=»h and MC =Fk.
Let P be any point on the e
circle whose coordinates are x and
y. Draw PN, the ordinate of P,
and OL parallel to OX to meet M N X

PN in L,
Then CL=MN=0N—-0OM=z-h,
and LP=NP-NL=NP - MC=y-Fk
Also (CLP=:0NP=180"— s PNX =180" - .
Hence, since CL®*+ LP*—20L.LPcos CLP=d?
we have (x—h)24 (y —k)2+ 2 (x—h) (y —k) cosw =a?,
te. @+ + 2y cos w — 2x (b + kcosw) - 2y (k+ hcos o)
+ B2+ B2+ 20k cos v =a’,
The required equation is therefore found.

176. As in Art. 142 it may be shewn that the
equation
a? -+ 2y cos o + 47 + g + 2fy +¢ =0

represents a circle and its radius and centre found.

Bx. If the axes be inclined at 60°, prove that the equation

ey +yt—de -6y —2=0 ... (1)
vepresents a circle and find its centre and radius.

If w be equal to 60°, so that cos w=4, the equation of Art. 175
becomes

2t ay+y? - (2h+ k) -y (2 +R) + R2 P4 Rk =a®,
Thig equation agrees with (1) if

241
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T (2),

BE R s anssaansvens (3),

and MR Rk —a= = 2. riiiiiniriaisnnrinss (4).
Solving (2) and (3), we have k=1 and k=2. Equation (4) then

gives
=4+ hEk+2=9,
go that g=3.

The equation (1) therefore represents a circle whose centre is the
point (1, 2) and whose radius is 3, the axes being inclined at 60°,

Find the inclinations of the axes so that the following equations
may repregent circles, and in each case find the radius and centre ;

1. o?—axy+y?—2ga - 2fy=0.
2. a4+ 3oy+y-4w—-Oy+5=0.
3. The axes being inclined at an angle «, find the centre and
radius of the circle
2® - 2xy cos w+y* — 2ge — 2y =0.

4., The axes being inclined at 45°, find the equation to the cirele
whose centre is the point (2, 3) and whose radius is 4.

5. The axes being inclined at 60°, find the equation to the circle
whose centre is the point (-3, —5) and whose radius is 6,

. Prove that the equation to a ecircle whose radius is a and
which touches the axes of coordinates, which are inclined at an angle
w, 18

x*+ 2wy cos w4 y* — 2a (v 4y) cntg-}- a® cot® g: 0.

7. Prove that the straight line y=ma will touch the cirele
%+ 2zy cos w+ 4+ 292+ 2fy +e=0
if (g +fm)*=c (14 2mecos w+m?).

8. The axes being inclined at an angle w, find the equation to the
circle whose diameter is the straight line joining the points

(@', y') and (2", y").

2 2 T
1. 120°; (dﬂ;ﬁf, ﬁ;fjg); fx/f’#g*ﬂ-.fy-
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30°; (8-6./3, 12-4,/8); /47 -24,/3.
(:‘I.—f'ﬂﬂﬂw f—gmsw) \/f”+ﬂﬂ-2fgcuaw_

ginew ' @n? gin w
a4 af2ey +y% — 2 (4+3/2) - 2y (3+4/2)+3(2/2-1)=0.
a+ay +y*+ 1l 4 13y +13=0.
. (-2 (z-2") -y -y) (y-y") +eos o[z —2) (y - y")
+(w—a") (y - y')1=0.

SOLUTIONS/HINTS

1. Comparing with the equation of Art. 175,
2cosw=~-1, s0 that 0=120°, 2+ kcosw=g,

and k+hcosw=f
;" /a—lc-zg and k—ézj;
h_4g+2fa1d k_4f+‘)g

whence 3 Bos:

3
Also @ =12+ k + 2hk cos © = gh + fk =4 (¢* + /> + gf).

2. Comparing with the equation of Art. 175,

ok 0 N

2 cos w=,/3, so that =30, 2=A+ kcos = Bk = /3 %
and 3=Ic+iz,003m=ll+--“£?3
whence =8-6,/3 and k—l..-—4 /'3

Also @ = /? +Ic-+°7d»coa>w O=2h+3k—5=47-24 /3.
3. Here A+ kcoswo=g, and k+7zcoqm_j,
k:g——_f s ML, ) e Ll

sinw Si® w

4 42— 2fy cos
@ = B+ 2+ 2k cos o = gh + fe— 7 fsmf’ k.

4, 5. Substitute in the equation of Art. 175.

whence
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6. In the equation of Art. 175, when we put y =0,
the resulting equation must be a perfect square.

So 12+ B cos® o + 20k cos w = B + B + 20k cos w — a.
.. k= a cosec v, and similarly % = a cosec .

w
"+ h+kcosw=acosec o (1 +cos w)=acot ;.
=

Simila,rly k+ h cos o = acot (g :

—

o B B+ 20K cos o — o = o cot“%.
Hence, substituting, ete.

7. Putting y =me in the equation of the circle, the
common points are given by

a*(m? + 2mcos o + 1) + 2z (g +/m) + ¢ =0,
which is a perfect square if (g +/m)*=¢ (1 + 2m cos » + m?).
8. See Art. 145. The condition that the lines (1)
and (2) should be at right angles when the axes are oblique

is (Art. 93) k=4, kv, (k—‘%+k—y2

Tl A h_{;ﬂ)cosw+l=0.

Hence ete.
[
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Coordinates of a point on a circle expressed in
terms of one single variable.

177. If, in the figure of Art. 139, we put the angle
MOP equal to o, the coordinates of the point P are easily
seen to be a cos a and @ sin a.

These equations clearly satisfy equation (1) of that
article.

The position of the point P is therefore known when
the value of a is given, and it may be, for brevity, called
“the point a.”

With the ordinary Cartesian coordinates we have to
give the values of fwo separate quantities " and g’ (which
are however connected by the relation &' =,/a*—y*) to
express the position of a point P on the circle. The
above substitution therefore often simplifies solutions of
problems,

178. To find the equation to the straight line joining
two points, a and B, on the circle o + y* = a®.

Let the points be P and ¢, and let ON be the perpen-
dicular from the origin on the straight line P@ ; then ON
bisects the angle PO, and hence

t XON=3( . XOP +  XOQ)=3} (a + B).

Also  ON=O0Pcos NOP=acos = ; B
The equation to P() is therefore (Art. 53),

a+f3 . a+f a—f3
g TYsin—5 = =acos ——.

If we put B =a we have, as the equation to the tangent
at the point a,

& COSs

@ COS a + ¥ SN a = a.

This may also be deduced from the equation of Art. 150
by putting ' =a cos e and ' =a sin a,

179. If the equation to the circle be in the more
general form

(—h)® + (y — k)* = a® (Art. 140),

245
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we may express the coordinates of P in the form
(% + @ cos a, k + @ sin a).

For these values satisfy the above equation.
Here a is the angle LOP [Fig. Art. 140].

The equation to the straight line joining the points a and
B can be easily shewn to be

(x— k) GUSR—;.’G +(y — k) sin = ; ﬁ:mcos a-;-@,

and so the tangent at the point a is
(x—h)cosa + (y — k) sin e =a.

*¥180. Common tangents to two circles. If O,
and 0, be the centres of two circles whose radii are #, and
1y, and if one pair of common tangents meet 0,0, in 7}
and the other pair meet it in 77, then, by similar triangles,
Ofs 71 _OTy g points 7, and 7, therefore
,,2{}1—-;2—-0221;- ﬁpﬂin R a e
divide 0,0, in the ratio of the radii,

The coordinates of 7' having been found, the corre-
sponding tangents are straight lines passing through it,
such that the perpendiculars on them from O, are each
equal to ., So for the other pair which pass through 7.

we have

Ex. Find the four common tangents to the eireles
g +y?—22: 44y +100=0, and =z*+4 924222 -4y —100=0.
The equations may be written
(2 =112+ (y +2)2=5% and (z+11)%4 (y - 2)2=152,
The centre of the firat is the point (11, —2) and its radius is 5.
The centre of the second is the pﬁint (—11, 2) and its radius is 15,

Then T, is the point dividing internally the line joining the centres
in the ratio 5 : 15 and hence (Art, 22) its coordinates are

15x11+5x(-11) . 15%(-2)+5x2

1545 1545 ’
that is, 7' is the point (32, —1).
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Similarly 74 is the point dividing this line externally in the ratio
5 : 15, and henee its coordinates are

15%11—-6x(-11) 15%(-2)-56x%x2
155 and 15—5 ’

that is, 7', is the point (22, —4).
Let the equation to either of the fangents passing through T, be
y+l=m(@=3) i (l)s

Then the perpendicular from the point (11, —-2) on it is equal to
& 5, and hence

m(11-4)-(-241)_
N 1-+m?
On golving, we have m= — &% or 4,

The required tangents throngh T, are therefore
242 + Ty =125, and 4z - 3y =25.
Similarly the equations to the tangents through T’ are

yrd=mir—22) ...oooiiinninniinnnn(@)
where m{ll—ﬂﬂ};{—ﬂ.;._ﬂ= L5,
,\/1+mE
On golving, we have m=ygor —%.

On substitution in (2}, the required equations are therefore
Ta — 24y =250 and 3z +4y = 50.
The four common tangents are therefore found.

181. We shall conclude this chapter with some mis-
cellaneous examples on loei.

Bx. 1. Find the locus of a point P which moves so that its distance
from a given point O is aliways in a given ratio (n : 1) to its distance
from another given point A.

Take O as origin and the direction of 04 as the axis of x. Let
the distance OA be a, so that 4 is the point (a, 0).

If (z, y) be the coordinates of any position of P we have

OP*=n?, AP,
ive. w4yt =t [(o - @) +y7],
i.2. (z2+9%) (n*-1) - 2antz +n*a®=0....ccoenneenn. (1).

Hence, by Art. 143, the loeus of P is a cirele.

Let this circle meet the axiz of x in the points ¢ and D, Then OC
and OD are the roots of the eguation obtained by putting y equal fo
zero in (1).

TBet Tt

Hence O0=—— and OD=——,
n41 f—1
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We therefore have

€ a@
Gﬁ—m and Al}:ﬂ-_—-i-
0oc¢ oD
Hence m = .:E_-ﬂ'

The points € and D therefore divide the line 04 inthe given ratio,
and the required circle is on CD as diameter,

Ex. 2. From any point on one given eirele tangents are drawn to
another given circle; prove that the locus of the middle point of the
chord of contact iz o third cirele,

Take the centre of the first circle as origin and let the axis of
pass through the cenfre of the second circle. Their equations are
then

BB YRR v enenns (1),
and (=) + =0 e (2),

where @ and b are the radii, and ¢ the distance between the centres, of
the circles,

Any point on (1) is (a cos 8, asin 6) where @ is variable. Its chord
of eontact with respect to (2) is
(w—e)(neosf—c)+yasinf=b........ccoernnns (3).
The middle point of this chord of contact iz the point where if is
met by the perpendicular from the centre, viz. the point (¢, 0).
The equation to this perpendicular is (Art. 70)
—(z-c)asinf+(acosf—c)y=0 ............... (4).

Any equation deduced from (3) and (4) is satisfied by the coordi-
nates of the point under consideration. If we eliminate & from them,
we shall have an equation always satisfied by the coordinates of the
point, whatever be the value of /. The result will thus be the equation
to the required locus,

Solving (3) and (4), we have

. 2y
EEIHE-—W,
U*(z—c)
and accs&-czﬁm,
D fm
go that acosfd=c+ Ll

Hence

9 2 anel 2a9in? =2 2
a?=a?eos? 04 a’gin® f=c+2ch y9+{m_ﬂ}g+yg+{m_ﬂ}a‘

The reguired locus is therefore
(a® - ®) [y2 + (= — ¢)*] =2cb? (x — ) + D%
This i8 & eirele and its centre and radius are easily found,
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Ex. 3. Find the locus of a point P which is such that its polar with
respect to one cirele touches a second cirele.

Taking the notation of the last article, the eguations to the two
circles are

224y%=a? ..eiiiierriernsnnns (I
and (@ = PHYE=B? e (2),

Let (&, k) be the coordinates of any position of P. Iis polar with
respect fo (1) is

SRR YRELAY it earies (3).
Also any tangent to (2) has its equation of the form (Art. 179)
(z—e)eos@+ysin =D ...ccoovuiriniiiinns (4).

If then (3) be a tangent fo (2) it must be of the form (4).
cosd ginf ccosf4Db

kR~ kB~ a* 7
These equations give

Therefore

cos @ (a® — eh)=0bh, and sin @ (a® - ch)=Dbk.
Squaring and adding, we have
(2 —eRPF=02 (A - B0 voviiinnnmninnaesiinans (5).
The locus of the point (k, k) is therefore the curve
b (22 + y?) = (a® — cx )
’ .H{Lil:lt:er. The condition that (3) may touch (2) may be otherwise
ound.

For, as in Art. 153, the straight line (3) meets the cirele (2) in the
points whose abscigsme are given by the equation

k3 (z — e)* + (a® - he)P=b%k3,

i.e. 22 (B2 -+ k%) — 2z (ck® + a®h) + (R%® + at — U242) =0,

The line (3} will therefore touch (2) if

(ek?+a®h)?=(h®+ k?) (Ke?+a* - b%h2),

i.e, if B2 (h* 4 B2) = (eh — a®)*,
which is equation (5).

Bx. 4. 0Ois a fized point and P any point on @ given civele; OP
ig joined and on it a point () is taken so that OP.O0Q=a constant

quantity k®; prove that the locus of @ iz a circle which becomes a
straight line when O lies on the original cirele,
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Let O be taken as pole and the line through the centre ' as the
initial line. Let OC=d, and let the P
radius of the eircle be a.

The equation to the cirele is then

t
a?=72+d*—2rdcoaf, (Art. 171), O d C
where OP=r and £ POC=4,
Let OQ be p, so that, by the given

2

e : . k
condition, we have rp="%* and hence r=— .

P
Substituting this value in the equation to the circle, we have
Jid 2
a“zﬁ-i-dﬂ— Ek—fﬂuﬂ R e f

so that the equation to the locus of Q is
k*d kd
EE i i
P2 BT O0B0= — g (
But the equation to a cirele, whose radius is &' and whose centre is
on the initial line at & distance d’, is
r*-2rd'coBf=a®-d%.........c.evrunnnnnn (8).

Comparing (1) and (2), we see that the required locus is a circle,
such that

2).

I*d It
sy 2 2= )
d_d*ma* and a?-d Foa

| d? ka2
o N e ML RN S
Hence a _dﬂ—-a?[dﬁ—-a“ 1] @y
2
The required locus is therefore a circle, of radius %2 , whose
L

centre is on the same line as the original centre at a distance {Trf%*
from the fixed point.

When O lies on the original cirele the distance d is equal to a, and
the equation (1) becomes k*=2dr cos 8, i.e., in Cartesian coordinates,

3
&L= 'E—d: -

In this case the required locus is a straight line perpendicular

to OC,

When a seeond curve i obtained from a given eurve by the above
geometrical process, the second curve is said to be the inverse of the
first curve and the fixed point O is called the centre of inversion.

The inverse of a circle is therefore a circle or a straight line
according as the centre of inversion is not, or ig, on the circumference
of the original cirele.
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Bx. 5. PQisa straight line drawn through O, one of the common
points of two circles, and meets them againin P and Q; find the locus of
the point S which bisects the line PqQ).

Take O as the origin, let the radii of the two eircles be R and I/,
and let the lines joining their eentres to O make angles a and o’ with
the initial line.

The equations to the two circles are therefore, {Art, 172 (2)},
r=2R cos (0 —a), and r=2R'cos (# —a').
Henee, if S be the middle point of P, we have
208=0P+0Q=2Rcos (# - a)+ 2R cos (- o).
The locus of the point S 12 therefore
r=Rcos(f—a)+ R cos(f—a')
=(Rcosa+R cosa’)cosf + (R sina-+ R sina’) sin @

e IR ol 1) e ) G R G R R R R (1),
where 2R" cos o’ =R eos a+ R cosd,
and 2R"gina’=Rsma+ R gina’.
Hence R"=% o/ R*+ R"+2RF cos (a— '),
Rsina+ R'sina’
tana' = ——————— .
o “ “Reosa+ R cosa’

From (1) the locus of S is a circle, whose radius is R", which
paszes through the origin O and is such that the line joining O to its
centre ig inclined at an angle «" to the initial line,

1. A point moves so that the sum of the squares of its distances
from the four sides of a square is constant ; prove that it always lies
on g eircle,

9. A point moves so that the sum of the squares of the perpendi-
culars let fall from it on the sides of an equilateral triangle is constant;
prove that its locus is a circle.

8. A point moves so that the sum of the squares of its distances
from the angular points of a triangle is constant ; prove that its locus
is & circle.

4. Find the loeus of a point which moves so that the square of
the tangent drawn from it to the circle #®+y®*=a® is equal to ¢ times
its distance from the straight line le+my +n=0.

5. TFind the locus of a point whose distance from a fixed point is
in a constant ratio to the tangent drawn from it to a given eircle,



252 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

6. Find the locus of the vertex of a triangle, given (1) its base and
the snm of the sqnares of ifs sides, (ﬁ} its base and the sum of m times
the square of one zide and n times the square of the other,

7. A point moves so that the sum of the squares of its distances
from n fixed points iz given. Prove that its locus is a cirele.

8. Whatever be the value of o, prove that the locus of the inter-
section of the straight lines

geosatysina=a and xsina-ycosa=>0
is a circle.

9, From a point P on a circle perpendiculars PM and PN are
drawn to two radii of the circle which are not at right angles ; find
the locus of the middle point of MN,

10. Tangents are drawn to a ecirele from a point which always

lies on a given line ; prove that the locus of the middle point of the
chord of contact iz another circle,

11. Find the locus of the middle points of chords of the circle
@+ y*=a* which pass throngh the fixed point (&, k).

12. Find the locus of the middle points of chords of the circle
2%+ y?=a? which subtend a right angle at the point (¢, 0).

13. Ois a fixed point and P any point on a fixed cirele; on OF
is taken a point ¢ such that OQ is in a constant ratio to OPF ; prove
that the locus of ¢ is a circle.

14. O1is a fixed point and P any point on a given straight line;
OP is joined and on it is taken a point @ such that OP.0Q@=1k*;
prove that the locus of @, i.e. the inverse of the given straight line
with respeet to O, is a cirele which passes through O,

15, One vertex of a triangle of given epecies is fixed, and another
moves along the circumference of a fixed circle ; prove that the locus
of the remaining vertex is a circle and find its radius.

16, O is any point in the plane of a circle, and OP, P, any chord
of the eircle which passes through O and meets the circle in P; and
P,. On this chord is faken a point @ such that 0@ is equal to (1) the
arithmetie, (2) the geometrie, and (3) the harmonie mean between 0P,
and OP,; in each case find the equation to the locus of @.

17. Find the locus of the point of intersection of the tangent to
any circle and the perpendicular let fall on this tangent from a fixed
point on the circle.

18. A circle touches the axis of x and cuts off a constant length
21 from the axis of y ; prove that the equation of the locus of its cenfre
is 32 — x?=1% cosec® w, the axes being inclined af an angle w.
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19. A straight line moves so that the product of the perpendi-
culars on it from two fixed points is constant. Prove that the loous
of the feet of the perpendiculars from each of these points upon the
straight line is a circle, the same for each.

20. O is a fixed point and AP and BQ are two fixed parallel
straight lines; BOA is perpendicular to both and PO is a right
angle., Prove that the locus of the foot of the perpendicular drawn
from O upon P is the circle on A B as diameter.

21, Two rods, of lengths @ and b, slide along the axes, which are
rectangular, in such a8 manner that their ends are always concyelic;
prove that the locus of the centre of the circle passing through these
ends is the curve 4 (22— y%) =a?- b2

29. Shew that the locus of a point, which is such that the
tangents from it to two given concentrie eircles are inversely as the
radii, is a coneentrie cirele, the square of whose radius is equal to the
sum of the squares of the radii of the given eircles.

23. Shew that if the length of the tangent from a point P to the
circle z%+ y*=a* be four times the length of the tangent from it to the
circle (x — a)?+y*=a?, then P lies on the circle

15x% 41532 - 32ax 4-a*=0.

Prove also that these three eireles pass throngh two points and that
the distance between the eentres of the first and third cireles is

gixteen times the distance between the centres of the second and
third cireles.

924, Find the locus of the foot of the perpendicular let fall from
the origin upon any chord of the cirele a®*+ y*+ 2gx + 2fy + ¢ =0 which
subtends a right angle at the origin.

Find also the locus of the middle points of these chords.

25. Through a fized point O are drawn two straight lines OPQ
and ORS to meet the circle in P and @, and R and 8, respectively.
Prove that the locus of the point of intersection of PS and QR, as also
that of the point of intersection of PR and @S, is the polar of 0 with
respeect to the cirele.

26, 4, B, C,and D are four points in a straight line; prove that
the locus of a point P, such that the angles APB and CPD are equal,
is o circle.

97. The polar of P with respect to the circle z24 y?=a® touches
the circle (#~ a)?+ (y — B)*=0b?; prove that its locus is the eurve given
by the equation (az-+ By — a??=b (22 + y?).

28. A tangent is drawn to the cirecle (x —a)®+y?=0b?and a perpen-
dicular tangent to the circle (z+a)*+y*=¢?; find the locus of their
point of intersection, and prove that the bisector of the angle between
them always touches one or other of two fixed cireles.

253
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99, In any circle prove that the perpendicular from any point of
it on the line joining the points of contact of two tangents is a mean
proportional between the perpendiculars from the point upon the two
tangents.

30. From any point on the circle
%+ y?+ 2gz - 8fy +c=0
tangents are drawn to the cirele
w4 y% 4 292 4 2y + esin® a+ (g% + %) cosa=0;

prove that the angle between them is 2a.

81. The angular points of a friangle are the poinis

(@cosa, asina), (@cos B, asinB), and (acosy, asiny);
prove that the coordinates of the orthocentre of the triangle are
a(cos a+cos B4-cosy) and a(sina-+8in §+siny).

Henee prove that if 4, B, C, and D be four points on a ecirele the
orthocentres of the four triangles 4BC, BCD, CDA, and DAB lie on
a circle.

39. A variable circle passes through the point of intersection O
of any two straight lines and cuts off from them portions OF and 0@
guch that m.OP+n.0Q is equal to unity; prove that this circle
always passes through a fixed point.

83. Find the length of the common chord of the eircles, whose
equations are (x—a)®+y*=0a® and «®+ (y — b)*=1?, and prove that the
equation to the circle whose diameter is this common chord is

(a2+b?) (a2 +y?) =2ab (bz + ay).

34, Prove that the length of the common chord of the two circles
whose equations are

(z—aP+(y-0)2=c? and (z-D0)2+(y —a)=c
i JIE 3 @)
Henece find the condition that the two cireles may touch.
35. Find the length of the common chord of the circles
2?4+ y? — 2ax — day —4a*=0 and 2®+y*-Sax+4ay=0.

Find also the eguations of the common tangents and shew that
the length of each is 4a.

36, Find the equations to the common tangents of the circles
(1) a*+y*—22-6y+9=0 and 2%+y*+ 0o -2y +1=0,
(2) oP+y*=c? and (z-a)+y2=0%
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4. A circle. h, A cirele. 6. A eircle.
I E ¥ -
9, a*+y*-2uycod w= @F , the given radii being the axes,
11. A circle. 12, A circle.

16, (1) A civcle; (2) A circle; (3) The polar of 0 .

17. The eurve r=a+acos, the fixed point O being the origin and
the centre of the circle on the initial line.

94,  The same cirele in each case.

33. 2ab--.fai+D% 35. a:Jﬁ-; e=4a; 63x+ 16y + 100a=0.
36. (i} a=0, 5.1’:—}-4:3;:11:', y:-‘i* and Sy=4a.
(i) y=mz+ ¢ /IT+m?, where
:1:(1’;-}--*:] ; % (b-c)
e OF s
= (b+c)? Jat={b—¢)

SOLUTIONS/HINTS

1. Take parallels to the sides of the square through
its centre as axes, and let the side of the square = 2a,

Then (z-a)+(y—a)+ (z+a)*+ (y +a)*=c%
" 2% + 20° + 4a*= ¢ which is a circle.

2. Let 2=0,y=0,x+y=a be the equations of the
sides of the equilateral triangle.

m=

Then a® sin® 60° + 2sin? 60°+ ZF¥ =3 & agne  wone
(Art. 96).

2-2 COS 60°
"o 20+ 297 + 2wy — 2a (¢ + y) + a® = cons., which is a
circle by Art. 176,

3. Let (a, 0), (—a, 0), (%, k&) be the coordinates of the
angular points of the triangle,

Then (z—a)*+3° + (x+a)* +9* + (x—A)*+ (y—k)* = cons.
" 3a® + 3y® — 2hax — 2ky = cons., which is the equation of a
circle.
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{
4. 22+ P—a?=c. wﬁt_y”; n, which is the equation
of a circle, :

5. Take (0, 0) for fixed point, and the general equation
for the circle.

Then, by Art. 168, 2+ 7 + 29 + 2fy+c:)t(m2+y”);
giving a circle.

6. (1) Let (a, 0), (—aq, 0), (2, y) be the coordinates of
the angular points.
Then (x—a)’ + y* + (z + a)® + y* = cons.
" 2%+ 252 = cons. ; which is a circle.
(2) mi(x—a)+y'}+n {(x+a)® + 9} = cons.,
6. (m + n) («* +9*) — 2a2 (m — n) = cons.,
which is the equation to a circle.

7. Let (a5, b;), (aay By), <. (@4, b,) be the coordinates
of the fixed points,

Then 37 {(z—a,)*+(y —b,)% = cons.

r=1

" n(2*+y*) —23a,2 — 23b,y = cons., which is a circle,

8. Bquare and add the given equations ;
o x2'+y*=a*+b?; the equation to a circle.
9. Take the given radii for uxes, and (A, k) as the

coordinates of 7, a as the radius of the circle, and (z, ¥),
the coordinates of the middle point of M. Then, since

OM =h+kcosw and ON=Kk+/%cos o,
we have 2z =/ + kcosw and 2y =%+ A cos w; also
R* + k2 + 2hk; cos w = a®,
Eliminating (%, %), we have
'4(x—yoosw)’+4(y—x003w)”
+8 (z—y cos 0) (¥ — cos w) cos = a®sind
.6, 2 + y* — 2xy cos w = }a’sin® » ; which is a circle,
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10. TLet 2* + »*=a® be the equation to the cifcle, and
(%, k) the coordinates of the point which lies on the line
gx +fy=c. The required locus is the intersection of

ah+yk=a* with 7=, with the condition gh+/%=c.

Whence, eliminating (%, k), we have ¢ (2* + 3°) = a? (gz+1y);
the equation to a circle.

11. TLet (=, y) be the coordinates of the middle point of
the chord joining the points a and 8. (Art. 178.)

Then x=%a(cosa+cosﬂ)=aoosagﬂcosagﬂ, soof)
and y:i;a(sina+sinﬁ)=asin‘%ﬁcusagﬁ. ..... (i1)
Also hcos%,/’+ksin‘i;_‘¥=ac()s°‘—;§....(iii)

Multiply (iii) by acosa——2—ﬂ; then

a:h+yk=a’ooszl-l-—;—§=a:2+ °, from (i) and (ii).

12. Using the same equations, the condition gives

asina a 8in 3 =l
@cosa—c¢ acosfB—c
1.6, a*cos (a — ) —ac (cos a + cos B) + ¢* =0,
.. 2a* oosza—;@—a"—2ca:+c“=0,
Le. 2(e+9*) —a*— 2cx +c*=0;

which is the equation to a circle.
13. Change r into ur in the general polar equation to

a circle. (Art. 171.)

14. Change # into %2*/r in the general polar equation
to a straight line,
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15. Take A for origin and the line joining 4 to the
centre of the locus of B as initial line; and et the equation
of the locus of B be ¢* + 7* — 2¢r cos 6 = @

Let (p, ¢) be the coordinates of B, and (r, 8) those of C.
Then » = p/A, where A is a constant,

0=¢+4; also p*+c® - 2¢cp cos p=a’.
o A4 — 2eAr cos (0 — A)=d?,
or, in Cartesians, (Az—ccosd)+ (Ay —csin 4)?=q%
.'. the radius =a/A.

16. Iet #?— 2rpcos(0 - a) + p*— a* =0 be the equation
to the circle. :

(i) 2r=7n+r,=2pcos(0—a); which is a circle.

(i) 7*=r2r,=p’—a’; which is a circle.

2_1 1 2pcos(f-a).

L e 2 +—= hl - g L -
(iii) R TR o which is a straight

line.

17. Take the fixed point for origin, and » = 2« cos 6,
the equation to the circle. The required locus is the inter-
section of r cos (0 — 2a) = 2a cos® a (Art. 174) with

0=2a .. r=2aoosgg=a (1 + cos ).

18. Taking the general equation of Art. 175, since
the circle touches the axis of =,

So (B4 & cos w)? — (B2 + &2 + 20k cos o — @) = 0.
o ksinfo—at=0.
Also  (k+hcos ) — (I + &* + 2hk cos w — a®) = I,
@A —-Rsinfeo=L . BP-3=Pcosec®w. Hence ete.

19. Let the two fixed points be (@, 0) and (—a, 0), and

let the straight line be
ZCOBW+ YSINO=P: sasseveeesonass (1)

Since the product of the perpendiculars is constant

(: 02a say )
S (@cos o —p) (—acosw=p)=c?

1.6. =008 0T .. s ene e nssne s (2)
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The equation to the perpendicular from (@, 0) upon
(1) is, by Art. 70,
(® —a) sin @ — y cos w = 0,
i.e. TSN —YCOSW=ASIN W, ...........n... (3)

We have to eliminate p,  from (1), (2), (3). Squaring
and adding (1) and (3), we have

@+ y* = p’ + a’ sin® w = a® + &7, from (2).
Hence the locus is a circle, which remains unaltered
when @ is changed into — 2. Hence, ete.

20. Take O as origin, and let the equation to A7 be
x = a, ‘and that to BQ be x = — b,

Let  cos  + ysin o =p, be the equation to PQ, so that

p—acosw : :
P is the point ( e — ) and @ is the point

( b, p+bcosw)

sin @
Since 0P, 0Q are at right angles,
P-acosw p+bcosw__1. (Art. 69.)
@ sin @ —bsin o
Lpt—(b—a)pcosw—ab=0.

Now p, o are the polar coordinates of the foot of the
perpendicular from O on I’), so that the polar equation to
the locus required is 7°+ (b—a) cos J)oab 0, or, in
Cartesians, #* +y*+ (b—a) v — ab 0, which is a circle on
AB as diameter.

21. Let (&, k) be the coordinates of the centre of the

circle for any position of the rods.
Then the intercepts of the rods on the axis of x, will be
b

h—— h+5 ,a.ndontheaxisofytheyarelc—g,lc+

Henoe ( _‘-2”)(1”5‘25): (k—%)(lc +-2-).

Therefore the required locus is 4 (=* - 3*) = a* — %

259



260 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

22. Let a®*+y*=a® and 2 + 4*=b* be the equation to
the two given circles,

Then a* (2* + y*— a®) =0* (*+ * — U°), d.e. 2+ P = a® + D°.
23. We have @* + y*— a®>= 16 (z — a)* + 165°— 16a®,
t.6 152* + 15y° — 32ax + a*= (.

The coordinates of the centres are (0, 0); (a, 0);
16a

15’

24. (i) The lines joining the common points of the
circle and the chord zcosa+ ysina=p to the origin are
(Art. 122)

2 (@®+ %) + 2 (ge +fy) (¢ cos a +y sina) p
+c¢(xcosa+ ysina)=0
which are at right angles if (Art. 111)
2p*+2p (gcosa+fsina) +c=0.
Hence, for the required locus, we have
2 (@ + ) + 292 + 2fy + ¢ =0,

since p, a are the polar coordinates of the foot of the
perpendicular from (0, 0).

0) , which are all on the axis of a.

' (i) We have to eliminate =, ay, %, ¥; between
2 + 7+ 292+ 2y, + =0, 2+ 9.2 + 2920+ 2y, + ¢ =0,
2+ Y:=0, 2z=2 +2,, and 2y=y,+ ..
From the first three of these, we have
(@) +20)* + (Y1 + ¥2)* + 29 (2, + 2) + 21 (3, + ) + 22 = 0.
S 224 290 + 292 + 2fy +¢ = 0.
25. Take OPQ, ORS as the axes, and let
OP=az, OQ=w, OR=y and 0S8 = y..

Let the equation to the circle be

@+ 2ay cos o + 7 + 292 + 2fy +¢=0. ...... (1)
Then, as in Art. 146,
B tay=—2g9, Y+Ya=—2f ceer..... (2)

and BTS00, vecpennresemnrnsis (3)
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The equations to PR and QS are

St and S e ey,
W Xy Ya
On addltwn, their point of intersection lies on
@ +% Yt Y . .
@ + “2=2, %.e. by equations (2) and (3) on
S S y eq (2) and (3)

—x = —y—=2, t.e. on gx+fy+ec=0,

which, as in Art. 163, is the polar of (i) with respect to the
origin.

“The same would be true for any other pair of lines
drawn through O. Hence in all cases the corresponding
point of intersection lies on the polar of 0. Hence, etec.

The same proposition may similarly be shewn for the
intersection of PS and QR.

26. See Ex. x1. 18.

27. Let P be the pomt (a,, y'). 1ts polar with regard
to the first circle, viz. @@’ + yy' = a® will be identical with
(2— a)cos 6 + (y — ) sin § =b, (any tangent to the second
circle), if

cosf sinf b+acos¢9+Bsm6 b
« a’ e
Therefore, eliminating 6, the locus of P is given by
(e By— @ =B (2 + 97,
28. Any tangent to the first circle is
(z—a)cosa+ysina=0;
A perpendicular tangent to the second circle is

(% + a) cos (a + g>+ysin (a - ;) =¢, (Art. 179),

or ycosa—(z+a)sina=x*+c;
cos a B sina B 1
"Fey—b(w+a) —bytec(@—a) &—2—y
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Hence for the required locus, we have
fey +b(z+a)®+{byFe(z—a)f =fo*+ 3 — '}’
The equation to the bisectors is (Axrt. 84)
(¢ =a)cosa+ysina—b+ {ycosa—(z+a) sina'-Fc}uO,

or  xcos (a—g>+(y+a)sin(a—7—r) J7(b+c)
and 2cos (a +§)+(y—a) sin (a + Z)=:/§(bic)’

which are tangents to the circles whose equations are
@+ (y+a)=1(bFc), and 2+ (y—a)* =% (b+c)”. (Art.179.)

29. Let a B be the points of contact of the tangents
to the circle 2* + 3* =% and ¢ the point from which the
perpendiculars are drawn.

Then, if p,, p,, p are the perpendiculars,

py=the perpendicular from (a cos ¢, asin ¢) upon
@ cos a + ¥ sin a = a,
and .. =@ — @ cos (¢ — a) = 2a sin? i :—? 3

Pa= the perpendicular from' (@ cos ¢, @ sin ¢) upon

xcos B+ ysin B=a,

and .. =a—acos(p—B)= 9asm2qb : B;
and p =the perpendicular from (@ cos ¢, @ sin ¢) upon

a+f at+f_ =g
2 008 —5 +ys1n 3 acos — L 7
and .’ _a.cos———@-acos(qs a;ﬁ)_"t sm¢- sm¢;‘6.
PP =ph

30. The circles are concentric. If O be the centre
and 7P, 7¢ the tangents, then

0T =g+ fi—c and OP=Wg*+f*—c.sina,
% Of'P=a, and P%Q: 2a.
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31. Asin Ex. 2, Page 56, the equations to the per-
pendiculars from the first two angular points upon the
opposite sides are

(w—acosa)(cos B—cosy)+(y —asina) (sin B~siny) =0,
and

(x— @ cos B) (cos y —cos a) + (y —asin B) (siny —sina) =0,

These are clearly satisfied by
w=a(cosa+cosf+cosy), y-—=a(sina+sinB+siny),
5o that these coordinates give the orthocentre.

If 4, B, C, D be the points a, 3, y, 9, then, on writing
down the coordinates of the orthocentres of the four tri-
angles, we easily see that they lie on the circle

[#—a(cosa+cos B +cosy +cosd) [
+[y—a(sina+sin B+siny +sin 8) * = a.
32. Taking the two straight lines for axes, let
a® + y* + 2y cos w = 2ax + 2by
be the equation to the circle. Then ma +nb=}.
If (%, k) be the coordinates of the centre, then

m(h+kcosw)+n(k+hcosw)=3% (Art. 175),
so that the centre lies on the straight line
@ (m +n cos w) + y (n + m cos ) = }.
Hence, if O be drawn perpendicular to this line and

produced to O’ so that O’V = ON, the circle will pass
through the point 0.

33. The circles pass through the origin, and the other

common point is (—2 ab? 2a%b )
e a*+b* a*+86%)"
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274 2 9
.. (chord)?= : (t(zaf:b:‘;:b ) ; % chord = ﬁ%ﬂ,
The equation to the circle is (Art. 145)
x{(a®+ b*) & — 2ab? + y {(a® + b%) y — 2a%b} = 0,
v.e. (@ + ) (« +9°) = 2ab (baz + ay).
34. Let P be a common point, 4 and B the centres
and (' the middle point of 4B. Then since P4 = PB=c¢,

. common chord = 2P0 = /4 PA*— 44 C*= 4> = 2 (a —b)".
If the circles touch, PC=0; .. a—b=+4/2.c.

35. The equations may be written,

(z—a)*+(y - 2a)* = (3a)?, and (x - %>2+ (y + 2a)*= %)g.

Let 4 and B be the centres, C'a common point, ACB= a,
and d the length of common chord.

Then AB*=AC*+CB*—24C.CB.cosa.
% %§=9+%‘——15.cosa; J.cosa=—1 and sina =

Now d. AB=4AACB=24C.CBsin «
=2(3a) (%‘—‘) “Lf;—"t- = N22%a.
% d= 2 \/-2-6%"-. a= 8 N/%.é.a.
Let 2 cos a + ¥ sin a—p =0 be the equation to a common
tangent.

224
N

Then @cos a + 2@ sin a - p = + Ja,
y S5a
and Jacosa—2asina—p=+—-.

-l

Subtracting, the only equation giving real values of a is
~4cosa + 4sina=1.
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‘Whence, solving,

sin a =0, st
63
cosa=—1, or “®EF=1TH ,
q __100a
p=E =%

so that the equations of the common tangents are
x=4a, and 63z + 16y + 1002 =0. )
. (length)?= 4 B —{difference of radii}’ = 4Fa*— 7 = 16a*,
length =4a.

36. (1) The equations are

(—1)2+(y—3)*=1% and (x+3)°+(y—1)*=3%
If 2 cosa +  sin a. = p is a common tangent

then cosa+3sine—p=+1, and —3cosa+sina—p=+3.

Subtracting, 2cosa+sina=+1 or+2;

. 3cos’a+4cosasina=0, or Isin*a—4cosasina=0

Whence cosa=0, —% 1, or 2.

sina=1, 3, 0, org
p=4, 0,0, or3
Hence the four common tangents are
y=4, 4x—3y=0, 2=0, and 3z + 4y=10.
(2) The line y =ma + ¢ /1 + m? which is a tangent
to the first circle, will touch the second if
fom 1 + m?— a2 = (1 +m?) [@*—b* + ¢ (1 + m?)],
which becomes
mt {at + (¢* — 0°)* — 2a® (c* + b*)}
+2m* {(c* - 6°)* — a’(c"'+b"]+(c2—b2)'-‘:0
b+cp b—
whence in? = “(_ G+ oy or — £ =

Substituting for 2, we have the reguu‘ed eguations.

and



