INEQUALITIES, MODULUS, LOGARITHM |[JEE ADVANCED PREVIOUS YEAR SOLVED PAPER] |

JEE ADVANCED

7. The set of all real numbers x for which x* — |[x + 2|

Single Correct Answer Type

+x>01s

1. The least value of the expression 2 log,, x — log (0. 01), a. (—oo, =2) b. (=0, —v2) U (+/2, o)
forx>1,1s
a. 10 b. 2 C. (—oo0, 1) U (1, o) d. (\5:‘”)
¢c. -0.01 d. 4 (ITT-JEE 1980) (IIT-JEE 2002)
2. The number of real solutions of the equation |x|* — 3|x| . Let (x,, y,) be the solution of the following equations:
+2=0i5 (zx)ln1=(3y 1113;
a. 4 b. | Jinx — 9lny
c. 3 d.2 (IT'TJEE 1982) Then Xa 1S
3. The largest interval for which x> —x* +x* - x + 1 >0 | . 1
is a. — i =
a.4<x<0 b.0<x<] e :
¢. -100<x<100 d. o <x<oo I
(IT-JEE 1982) C. - d. 6 (ITT-JEE 2011)

. If x satisfies [x — 1| + [x — 2| + [x — 3| 2 6, then

a.0<x<4 b.x£<-2o0rx24

Multiple Correct Answers Type

c.x<0orx24 d.N f th -
' e o (:IS; _JEE 1983) 1. If S is the set of all real x such that 2 r32x3 Izl IS
" : | X +3x +
5. If @ + b* + ¢* = 1, then ab + bc + ca lies in the interval positive, then 5 contains *
ﬂq 'E,‘ 2. . [_ M ] e ¥ 2 = 2 ¥ 4
i 1 1 I
l l s | =
o s 1} d. [—l, 5:| (IIT-JEE 1984) - ( 4’ ZJ d [2*3)
: .N
6. IfIn(a+ ), In (a—c), In(a— 2b + ¢) are in A.P,, then e. None of these (IIT-JEE 1986)

b. &, b%, ¢* are in A.P.
d. a, b, ¢ are in H.P.
(IIT-JEE 1994)

a.a, b, carein A.P.
c.a, b, carein G.P.

2. The equation x

i[lug: .w:)1 +log, s
o 4=/2 has

a. at least one real solution



b. exactly three solutions
c. exactly one irrational solution
d. complex roots

3. If3*=4" ' thenx= |
21{3332 b 2

(ITT-JEE 1989)

* 2logy2 -1 " 2-log,3
l 2log,3
c. d.
1 -log,3 2log,3 -1
(JEE Advanced 2013)
Matching Column Type
2
X“=6x+3
1. Letfix) =
A x*=5x+6

Match the expressions/statements in Column I with
expressions/statements in Column I1.

Column I Column 11

1 (a) |If-1 <x< 1, then fix) satisfies | (p) 0<Ax) <1
(b) |If 1 <x<2,then fix) satisfies | (q) fix)<O
(c) |If 3 <x<35, then fix) satisfies | (r) ix) >0

(d) | If x> 5, then fix) satisfies (s) Ax)< ]
(IIT-JEE 2007)

2. Match the statements/expressions in Column 1 with the
statements/expressions in Column II.

Column | Column 11

¥ +2x +4 (p) 0
x+2

(a) The minimum value of
1S

(b) Let A4 and B be 3 x 3 matrices of real (@1
numbers, where A is symmetric, B|
is skew symmetric, and (4 + B)
(A—=B)=(A—-B)(A+B).If (4B)' =
(-1)* AB, where (4B)' is the
transpose of the matrix 4B, then the
possible values of k are

(c) Let a=log, log, 2. An integer k ()2
satisfying 1 < 2-%5*3 ") <2 must
be less than

(d) If sin @ = cos ¢, tl{en the possible (s)3

T

values of l[& +¢- %) are

(IIT-JEE 2008)
3. Maich the statements/expressions given in Column I
with the values given in Column IL.

Column I Column 11

(a) The number of solutions of the (p) ]
equation xe*"* — cos x = 0 in the

interval ({}, g]

(b) Value(s) of k for which the planes (q) 2
x+4y+z=0,4x+ky+2:2=0
and 2x + 2y + z = 0 intersect in-a
straight line

(c) Value(s) of k for which x - 1/ = (r)3
k-2|+x+ 1|+ [x+ 2/ =4k has
integer solution(s) ‘

(d) Ify’=y+ 1 and »(0) = 1, then | (s) 4
value(s) of y (log, 2)

(1) S
(ITT-JEE 2009)

Integer Answer Type
1. The value of

l 1 i 1 :
6 + log, , (EJ4—EJ4-EJ —g_z-] 1S

(IIT-JEE 2012)

Fill in the Blanks
1. The solution of the equation log, log, (/x + 5 + Vx) =0
1S . (IIT-JEE 1986)

2. The sum of all real roots of the equation |x — 2|* + [x — 2|
-2=01s | (IIT-JEE 1997)

True/False Type

1. For 0 < a < x, the minimum value of the function
log, x + log, ais 2. (IIT-JEE 1984)

Subjective Type

1. Find all integers x for which (5x— 1) <(x+ 1)* < (7x - 3).
(II'T-JEE 1978)

i i

2. Solve forx: 4x—3 2-=3 2-72-!, (IIT-JEE 1978)

3. Solve the following equation for x:
2log, a+log,a+3log. a=0,a>0.(IIT-JEE 1978)
4. Show that for any triangle with sides a, b and ¢, 3(ab +
bc + ca) < (a + b + ¢)* <4 (bc + ca + ab). When are the
first two expressions equal? (ITT-JEE 1979)
5. For what values of m, does the system of equations
3x + my = m, 2x — 5y = 20 has solution satisfying the
conditions x > 0, y > 0. (IIT-JEE 1980)
6. Find the solution set of the system
x+2y+z=1;
2x -3y -w=2;

x20;y20,z20,w20. (IIT-JEE 1980)

7. Lety= \/ (I-: l)(.rz)- ) . Find all the real values of x for
x —_—

which y takes real values. (IIT-JEE 1980)



8. Show that the equation &*"* — ¢ ™" * — 4 = ( has no real

solution. (IIT-JEE 1982)
9. Find all real values of x which satisfy x* — 3x +2 >0 and

r-2x-4<0. (IIT-JEE 1983)
10. Find the set of all x for which 2X > : .
2 +5x+2) (x+1)

(IIT-JEE 1987)

11. Solve |x* +4x+3|+2x+5=0.

(ITT-JEE 1988)

12. Iflog, 2, log, (2°-35), and log, (2*‘ = %] are in arithmetic

progression, determine the value of x.

Answer Key

JEE Advanced
Single Correct Answer Type
1. d. 2« B 3. d. 4. c. 5. ¢
6. d. 7. b. 8. c
Multiple Correct Answers Type
1. a.,d. 2, a,b.,c. 3. a,b,c.
Matching Column Type

1. (a) = (p), (r), (s); (b) —(q), (s); (c) —(q), (s);
(d) == (p)i (r). (5)

2. (c)—(r), (s)

3. (¢)—=(q),(r), (s), (1)

Integer Ansv:2r Type
1. 4

Fill in the Blanks Type
1. 4 2. 4

True/False Type
1. False

Subjective Type
1 3
2. x=3/2

{:r >0, 21,

a-uz , a—+41’3

if a=1

X , ifa>0,#1

¢ a=bag
m e (—m, '715] w (30, =)

x=1,y=0,z2=0, =0
[-1,2) U [3, )

RSN n & W

—

. X2 3

(IIT-JEE 1990)

8. [-1, DuU(2,4]
(<2, <DU=2/3,=-112) ‘13 —4;=1—J3



Hints and Solutions

JEE Advanced
Single Correct Answer Type

1.d. 2log,x-log, 0.0

= Flogiax- log,,0.01
logy x
2
= 2log,gx +
log; o x

1
= 2| logpx+
[ Bio Ingmx]
[Here, x > 1 = log,, x > 0]

X _ , A
[,{lngmx—’ l ]+2
log,o x
>4

2.8, x*-3x|+2=0
or (xl-2)(xl-1)=0
= |k|l=lor2
=%. Xx=#l,%2

Therefore, there are 4 real solutions.

I
o

3.d. Given expressionx'? —x"+x* —x+ 1 = flx)
Forx<0Oputx=-y wherey>0
Then we get
fx)=y"*+y +y*+y+1>0fory>0
ForO<x<1,xX*<x'=-+x'>0
Alsol —x>0and x>0
= x*-2X+x*+1-x>0=3Ax)>0
Forx> 1, ix)=x(-DC*+1)+1>0
Sofix)>0for—-ec<x<oo
4.c. Let|x-1|+px-2|+|x-3|<6
S =1+ (x=-2) + (x-3))
<Sg-1|+x—-A+px-3 <6
or [3x-6/<6
or x—2|<2
or -—-2<x-2<2
or 0<x<4
Hence, forx - 1|+ [x - 2|+ |x-3|26,x<0orx=4
5.c.Giventhata’ + b’ +c* =1 (1)
we know (a+ b +¢)*20
= a+b+c+2ab+2bc+2a=20
— 2(ab + bc + ca) 2 - | [Using (1)]
= ab+bc+caz-1/2 (2)

Also we know that, [ (a ~ b)* + (b c)} +(c - )’ |20

= a+b+ct-ab-bc-ca20

= ab+bc+ca<l

Combining (2) and (3), we get
-l/2<ab+bc+ca<l

= ab+bc+cace [-1/2,1]

(3) [Using (1)]

6.d. In(a+c),In(a-c),In(a—2b+c)areinA.P.
= 2In(a-c¢)=In(a+c)+In(a-2b+c)
= (a—-cY=(a+c)(@a-2b+c)

=(a+c)y-2b(a+c)
or 2b(a+c)=(a+c)-(a-c)
=4ac

= b= 2ac

a+c
Hence, a, b, c are in H.P.
7.b. X —|x+2|+x>0
Case(i):x+2200rx2-2
& X==2%x50
or x-2>0
= X€ (—e0,—y2)U(V2,)
= XE€ [—2,—ﬁ)u(\5.m)
Case (li): x+2<0Qorx<-2
X+x+2+x>0
or x+2x+2>0,whichistrueVxe R
L, (2)
From (1) and (2), x € (~oo, —v2) U (+/2, =)

(cx2-2) (1)

Alternative solution:

We have X’ —lx + 2l + x>0

or X +x>lk+2l

Now draw the graphs of y=x* + xand y = Ix + 2!

Graph of y = X + x = x(x + 1) is upward parabola which
intersects x-axis at (0, 0) and (-1, 0).

The graphs of the curves are shown in the following figure.

As shown in figures graphs intersect at points A and B.

For point of intersection, we solve x> + x = x + 2

which gives x = +2

For x* + x> Ix + 2I, graph of y = x* + x must lie above the graph
of y =lx + 2.

From the figure, this occurs for x < abscissa of point A or
x > abscissa of point B.

Thus, x € (= e, —\[5 }u(ﬁ,ﬂﬂ}
8.c. ()"2=3y)"’ (1)
3inx = oy (11)
In Eq. (i1) taking log on both sides, we get
=  (logx)(log 3) = (log v) log 2



1. a,d.Wehave f(x)=

. a,b,0C x4

= log
log 2

In Eq. (1), taking log on both sides, we get
(log 2) {log 2 + log x} = log 3 {log 3 + log y}

(log 2)* + (log 2) (log x) = (log 3)* + (log 3)% (log x)
log2
[from (i11)]
2 2
or (log2)’—(log3) = (log3)” - (log 2) (log x)
log 2
or -—log2=logx
N D
2 2

Multiple Correct Answers Type

2x-1 2x-1
22 +3%+x  x(2x+1)x+1)

For critical points, x = 1/2, 0, -1/2, -1
On the number line by sign scheme method, we have

+ - - = +
< | l | | >

-1 -1/2 0 1/2
For filx) >0, whenx € (=0, - 1)U (-1/2, 0) U (1/2, o).

Clearly, S contains (-0, — 3/2) and (1/2, 3).
Therefore, (a) and (d) are the correct answers.

1(“’31-‘}:*'“2: I'% - J‘i‘

Taking log on both sides with base 2.

(lngzx)(%(lﬂgzx)l + log, x - %) = log, V2

or l(g!2+f—£]=-]—
4 4) 2

or 3F°+4r-5t-2=0

or (-D3BFf+Tt+2)=0

or (1—-D@Bt+1)(t+2)=0

or r=logx=1,-2,-1/3

= x=222213

. a,b,c.3=4"=log,3=(x-1)log,4=2(x-1)
or xlog,3=2x-2

2
or x=
Rearranging, we get
x= 2 2logy2
5_ | 2log;2 -1
log, 2

Rearranging again, we get
1

x=_logs4  log3 1
log;4 -1 I 1-logg3
log,3

y= (log x) (log3) (iii)

1.

Note:

Note:

Matching Column Type

(a) - (p), (r), (s)

Weliie fiig= 2 Rta _ 3351
x*=5x+6 (x=2)(x-3)

If— 1 <x<1then f(x)=""Y2CY) _ e - flx)>0
(—ve)—ve)

-x -] _ (x+1)
¥*=5x+6 (x=2)(x-3)

Also fix)- 1=

for-l1<x<l,fix)-1= Tutie =-ve
(—ve)(—ve)

=fix)-1<0=flx)<1
S 0<fix) <

(b) - (q), (5)
(-ve)(+ve)

ifl<x<2then fix)= EETE —ve
~ fix) <0 and so fix) < |
(E) - (‘l); (5)
If 3 <x<5then
(—ve)(+ve)
J= (+ve) (+ve) -
2. fix)<0andso fix) <]

(d) - (p), (r), (s)
Forx>35, fix)>0

Also f(x)-1=

—(x+1)
(x—=2)(x-5)
=2>fix)<] & 0<fix)<1]

<Oforx>5

. ©)- {r)i {5)

a = log, log, 2
= 3"=log,2
= 37=log,3
Now, 1 < 207K+37%) >
= 1< 27529 <2
= < 27k2led
= 1<32%<2
= 1{24{3

5 3
= 2{2"‘{3

2

= Iugz[%]ﬁk-clugzli

= k=lork<2andk<3
Solutions for the remaining parts are given in their respective
chapters.

. (€)=(q), (r), (s), (1)

Wehave filx) =lx = 1l + lx =21 + lx + 11 + e + 21 = 4k

Clearly, for any integral value of x, flx) takes even integral
value.

Also, least value of fix)is6for-1<x<1.

Thus, the possible values of k are 2, 3, 4 and 5.

Solutions for the remaining parts are given in their respective
chapters.



Integer Answer Type Taking first part, we have
(Sx=1)<(x+1)

or Sx-1<x+2x+1

1. (4) Lct\j _#J‘;-%\F-ﬁ... =y 6 =T3S0

or (x-Dx-2)>0

] = x<lorx>2 (1)
So, 4 - ;ﬁy=y: >0 Taking second part, we have

} (x+ 1 <(Tx-3)
or }.*:+—1-*y—4={] or x-5x+4<0

V2 or  (x-1)(x-4)<0

g or 1<x<4 (2)
or y= b From (1) and (2) taking common values of x, we get 2 <x <4.

. . Then integral value of x is 3 only.
So, the required value of expression | |

| 8 2. 4°-3 2=3 2-2%
= 6 * IGEJJI[ J_ X "_] Z
32 32 or 4 3 _» -5
4 V3 2
=6+ log;— =6-2=4
59

or %x4‘=3‘[ﬁ+:}§)
Fill in the Blanks Type g )
or — X4 =3 X—
1. log, logg(\/x+5+x) =0 2 V3
or  logs(Jx+5+x)=1 P -

—
e

12
or Jr+5+\/;=5 f V3

4:— 3_ 3 - 372
or x+5=25+x-10% o

x=3/2
or 2 = \/; o (i] 1
or x =4, which satisfies the given equation. 3
2. k-2 +]Kx-2/-2=0 .
= (k=-2/+2)k-2|-1)=0 or _1...5:0
= |x-2/-1=0 e

= x-2==]
= x=1,3
Therefore, the sum of theroots is3+ 1 =4

3. Given a > 0, so we have two cases:
a# 1 and a= 1. Also, it is clear that
x>0andx#l.ac# 1, a’x#1

Case I: Ifa > 0, # |, then given equation can be simplified as
True/False Type y g
=0
1. False lngu.r+1+lugax+2+lugd.r

GiventhatO<a<x
| Putting log, x = y, we get
2(1+y)2+ty)+yR+y)+3y(1+y)=0

Let fix) =log, x+log,a=log, x +

log,, X or 6y +1ly+4=0
Consider g(y) =y + l where log, x=y = y=-43and-1/2
y Now log x =-4/3 and log x =-1/2
2 = x=gandx=a'""?
y+ 1_ [\[_ = _I_J 3559 Case I1: If a = |, then equation becomes
y \F 2log, 1 +log 1 +3log. 1=51log, 1=0
But equality holds when y = 1. Thisistrue Vx>0, 1.
=»  x=a which is not possible . (x>0.#1 e
l Hence, solution is =
y+—>2 x=a"? a3, ifa>0,#1
y
i.e., g,., can not be 2. % e kn?w 'T)lz -
a —
Hence, f_,, can not be 2. = a+b22b (1)
Therefore, statement is false. Similarly, b* + ¢* 2 2bc (2)
And ¢ +a’22ca (3)

SUbJECtIVE TypE Adding the three inequations, we get
1. There are two parts: (Sx — 1) <(x+ 1) and (x + 1)* < (7x - 3) 2(a* + b* +c*) 22 (ab + bc + ca)



= a'+b +c 2ab+bc+ca
Adding 2(ab + bc + ca) to both sides, we get
(a+ b+ c) 23(ab + bc + ca)

Or 3(ab+bc+ca)<(a+b+c) (A)

Also, ¢ <a + b (tnangle inequality)

= c¢'<ac+ bc (4)

Similarly b* < ab + bc (5)
a’ <ab + ca (6)

Adding (4), (5) and (6), we get
@+ b+ <2 (ab+ be + ca)
Adding 2(ab + bc + ca) to both sides we get
= (a+b+c) <4 (ab+bc+ca) (B)
Combining (A) and (B), we get
3ab+ bc+ca)<(a+b+c) <4 (ab+ be + ca)
First two expressions which are 3(ab + bc + ca) and (a + b +
c¢)* will be equal ifa=b =c.
. The given equations are 3x + my —m =0 and

2x-5y-20=0
Solving these equations, we get
= 25m  _ 2m-60
dm+15"°  2m+15
For x> 0, o >0
2m+15
15
=5 m{-?nrmbﬂ (1)
2(m -30
For y > 0, A )::-0
2m + 15
15
— m-::--i-ﬂrm:r?nﬂ (2)

Combining (1) and (2), we get the common values of m.

15
e, mc< —? orm > 30

m e (—m. :512] U (30, )

. The given system is
x+2y+2= (1)
2x - 3y-w=2 (2)
where x, y, z, w20
Multiplying equation (1) by 2 and subtracting from (2), we get
Ty+2z+w=0
= w=-=(7Ty+22)
Now, if y, z < 0, w < 0 (not possible)
Ify=0,z=0thenx=1and w=0.
Thus, the only solution is
x=1y=0,z=0,w=0

7. y= J(-‘ XX =3) |, will take all real values if

(x=2)
(.t+l}(x—3):_’ﬂ
(x - 2)
e - - +
< ; : i >
-1 2 3

From the sign scheme of S, (i 3).
(x-2)

xe [-1,2) U [3, )

8.

ginr _ ominx _ 4 =)
Let ¢""* = y. Then equation becomes

1
y—-——=4=0

y
or y-4y-1=0

or y=2+.5,2-s

But y is real +ve number. Therefore,
v#2- 5

if y=2+.5

= ee™=2+./5

= sinx=log (2+./5)

But2 + .5 >e¢

= log, (2+.5)>log, e

or log, 2+.5)>1

sin x > 1, which is not possible
Therefore, given equation has no real solution.

9. ¥-3x+2>0,x"-3x-4<0

10.

= x-1D(x-2)>0and (x-4)(x+1)=<0
=  x€ (=00, 1)U (2,)and x € [-1, 4]

- —0 o -

- [ T I [ o

—oo -1 | 2 4 o=
> —&

Therefore, common solution is [-1, 1) W (2, 4].

We are given — =X > l
2x°+5x+2 x+l1
or ; = .- >0
2x+5x+2 x+1
2%+ 2x=2x* = 5x -2
or - >0
(2x +5x+2)(x+1)
=3x-2
or >0
(2x+ I x+1)(x+2)
or St <0
(x+Ix+2N2x+1)
+ = - - +
< I I I [ =
—oo -2 -1 -2/3 —112 co

From the sign scheme, solution is x € (=2, -1) U (=2/3, -1/2)
The given equation is o + 4x + 3|+ 2x+5=0

Casel: X’ +4x+320
or (x+1)(x+3)=0

=  x€ (—oo,— 3] U [-1, ) (1)
Then given equation becomes,
X*+6x+8=0

or (x+4)(x+2)=0

=3 x=-4 -2

But x = — 2 does not satisfy (1), hence rejected.
Therefore, x = —4 is the only solution.

CaseIl: X +4x+3<0

or x+1D(x+3)<0

= xe (-3,-1) (2)
Then given equation becomes — (x* +4x +3) + 2x +5=0



or —xX-2x+2=0 As shown in the figure. grapis mae—secr & Two points A and B.

or xX+2x-2=0 - For point A, wesolve r « 41« 3=3=-21r -5
2+ Ja+8 or xX+6x+8=0
o =R 5 or x=-2,-4
From the figure x = —4 only
= x=-1+\3,-1-3 For point B, we solve - —4x-3=y=-2:-%
Out of which x = — 1 — /3 satisfies (2). or X+2x-2=0
Therefore, x = — 1 — /3 is the only solution. or x=-1t3
Thus,x=-4,-1- 43 Frumthegrﬂph.r:—l—\g.
Alternative solution: 12. Given that log, 2, log, (2* - 35), log, (2 — 7/2) are m A_P.
We have ¥ + 4x + 31+ 2x+5=0 = 2log, (2~ 5) = log, (2"~ 7/2) + log, 2
or I+4dx+3=-2x-5 T
Now draw the graphs of y=lx* + 4x+ 3land y=-2x-5 or (2'-3) _2(2 _'2')
To solve the equation, we locate the point of intersection of .
above tWo clurves. or (2-10x2"+25-2x2"+7=0
The graphs of the curves are shown in the following figure. or (2)-12x2°+32=0
Let 2* = y. Then we get,
yV—-12y+32=0
3 or (v-4)(y-8)=0
yv=x +4x+3 = y=4or8

= = 2t or 2

= x=2o0r3

But for log,(2* — 5) and log,(2* — 7/2) to be defined,
2*-5>0and2*-7/2>0

= 2*>S5and2*>7/2

= 2*> 5

=  x # 2 and therefore x = 3.

=




