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POLYNOMIALS
Introduction

Algebra 1s that branch of mathematics which treats the relation of numbers.

Constants And Variables

In algebra, two types of symbols are used : constants and variables (literals).

@ Constant :
It is a symbol whose value always remains the same, whatever the situation be.

3 7
For example : 5, -9, e T, 5 etc.

@ Variable :
It 1s a symbol whose value changes according to the situation.
For example : X, v, 2, ax, a + x, 5y, — 7x, etc.

Algebraic expression

(a) An algebraic expression 1s a collection of terms separated by plus (+) or minus (-) sign. For example : 3x
+ 5y, Ty — 2x, 2x — ay + az, etc.
(b) The various parts of an algebraic expression that are separated by “+° or '~ sign are called terms.
For example :
Algebraic No. of  Terms

expression terms
M -32x I =32 x
() 2x + 3y 2 2x and 3y
() ax — S5y + ¢z 3 ax, -5y and cz
s & ¥ 3 XY
(1) B sl w

and 9 and so on.

Types of Algebraic Expressions :

(i) Monomial : An algebraic expression having only one term is called a monomual. For ex. 8y, =7xy, 4x2,
abx, etc. ‘mono’ means ‘one’.

(ii) Binomial : An algebraic expression having two terms 1s called a binomial. For ex. 8x + 3y, 8x + 3,
8 + 3y, a + bz, 9 — 4y, 2x2 — 4z, 6y? - Sy, etc. ‘bi’ means ‘two’

(iii) Trinomial : An algebraic expression having three terms 1s called a trinomial. For ex.
ax — Sy + 8z, 3x2 +4x + 7, 9y? — 3y + 2x, etc. ‘tri means ‘three’.

(iv) Multimonial : An algebraic expression having two or more terms 15 called a multimomal.
Factors and Coefficients

@ Factor :
Each combination of the constants and variables, which form a term, 1s called a factor.

For examples :
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(1) 7,x and 7x are factors of 7x, in which 7 1s constant (numerical) factor and x 1s vanable (literal) factor.
(i) In - 5x2y, the numerical factor is —5 and literal factors are : x, y, xy, xZ and x2y.

@® (Coefficient :

Any factor of a term 1s called the coefficient of the remaining term.

For example :
(1) Im 7x ;7 is coefficient of x
(i) In—5x2y; 5 is coefficient of —x2y; -5 is coefficient of x2y,
Ex. 1 Write the coefficient of :
(i) xXin3x?-5x2+7
(1) xyin 8xyz
(iii) =y in 2y? = 6y + 2
(iv)xYin 3x + 7
Sol. (i) -5 (ii) 8z (iii)6
(iv) Since xY = 1, Therefore
3Ix + 7 =3x + 7x0
= coefficient of x%is 7.

A polynomial is an algebraic expression in which each variable involved has power (exponent)
a whole number.
For example :
In 3x% - },5 + 8z, the power of varnable x in the term 3x2 is 2, the power of vanable in the term -
y? is 5 and the power of variable z in the term 8z is 1 (z = z!). Therefore, the algebraic expression
3x2 -y + 8z is a polynomial.
© Polynomial in one variable :
The algebraic expression hike 8x, Tx + 3, 4y =3, 8x2 + 5, 6- zz, x2 - 5x + f, 3y2 + 8y + 9, etc. each
of which involves only one variable (literal) are called polynomuals in one vanable.
© Polynomials in two or more variables :
An algebraic expression, whose term or involves/involve two or more vanables (literals) such that the
exponent of each vaniable 1s a whole number, 1s called a polynomial in two or more vanables.
For examples :
(a) 3x2 - 6xy + 8y? is a polynomial in two variables x and vy.
(b) x + xy3 - Exz};?_ - 15 15 a polynomual in three variables x, y and z.

Degree of a Polynomial

The greatest power (exponent) of the terms of a polynomial is called degree of the polynomial.
For example :

(a) In polynomial 5x2 - 8x7 + 3x :

(i) The power of term 5x2 = 2

(ii) The power of term -8x7 = 7

(1) The power of 3x = 1

Since, the greatest power 15 7, therefore degree of the polynomial Sx2—8x"+3xis 7
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(b) The degree of polynomuial :
() 4y’ -3y +8is3(ii)Tp+2is l(p=phH)
(iii) 2m — 7m® + m!3 is 13 and so on.
© EXAMPLES &
Ex.2 Find which of the following algebraic expression is a polynomial.
(i) 3x2 - 5x (i) x + %
(iii) 4y - 8 (iv)z3 - ¥z +8
Sol. (i) 3x2 - 5x = 3x2 - 5x!
It is a polynomial.
(n) x + l—=x] + x|
It 1s not a polynomial.
(iii) Jy -8 =yl2_§
Since, the power of the first term {.h_r ) is%, which 1s not a whole number.
vz’ - 3z +8=2—213+8§

Since, the exponent of the second term 15
1/3, which 1n not a whole number. Therefore, the given expression 1s not a polynomual.

Ex.3 Find the degree of the polynomual :
(i) 5x — 6x3 + 8x7 + 6x2
(i) 2y'2 + 3y10 —y15 +y + 3
(iit) x
(iv) 8
Sol. (i) Since the term with highest exponent (power) is 8x7 and its power is 7.

". The degree of given polynomial is 7.

(1) The highest power of the vanable 1s 15
—> degree = 15.

(iii) x = x! = degree is 1.
(iv)8 = 8x" =  degree =0
Types of Polynomials

(i) Constant Polynomial :
It 15 a polynomial with degree 0 (zero).
Ex. 20,-8,-1, 1, 5, 7, =, etc.

(ii) Linear Polynomial :



Page 4

It 1s a polynomial with degree | (one).
5
Ex. -8x, 3x, x,x+ |37, \Exi}l,ﬁyu % :;‘2"' 1 ete.
(iii) Quadratic Polynomial :

It 15 a polynomial with degree 2 (two)

2

72, X2 = 3Ix. x2

L | b

Ex. Gx2. y2,

5x2 4+ 3x + 2. 7=2z+ zz, etc.

(iv) Cubic Polynomial :
It is a polynomial with degree 3 (three).
Ex. 15y3, x3, 82°, x? = 5x2, 3y? + 2,

2+ 3z =222 + 623, Ty = 2 = 123, etc.

Identity

(a+b)2=a?+2ab +b?

(a - b)2 = a2 - 2ab + b?
(a—b)(a+b)=al-b?
(a+b+c)P=ar+b2+c¢+2ab+ 2bec + 2ca
(a+b-c)P=al+b?+c?+2ab-2bc-2ca
[auh+c}2=az+h2+c2ulah~2hc+2ca
(<a+b+cP=a’+b?+ ¢ - 2ab+ 2bc - 2ca
(a-b-c)2=a’+b2+c?-2ab+ 2bc - 2ca
(a+bP=a+b*+3aba+h
(a-bP=a’-b>-3ab(a-b)
a+bi=(a+b) -3aba+b)

a’ —b3=(a—-b)+ 3ab(a-b)

as + b + ¢ = 3abe

=(fa+b+c)@a+br+c?

— ab = bc - ca)

% EXAMPLES ¢
Ex.4 Expand each of the following :
(i) (3x = 4y)? (ii) (%JF%T
Sol. (1) We have,
(3x — 4y)? = (3x)? - 2 = 3x x 4y + (4y)?

= 9x2 — 24xy + 16y?
(1) We have,

3y-,
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Ex.5 Find the products :
M) (2x + 3y) (2x - 3y)

@ (23]
Sol.{i) We have,
(2x + 3y) (2x - 3y)
=(2xF - (3y)? [Using : (a +b)la—b) = a> - b?]
= (2x)2 - (3y)? = dx2 = 92
(1) We have,

Ex.6 Evaluate each of the following by using identities :
(i) 103 x 97 (ii) 103 = 103 (iii) (97)°
(iv) 185 x 185 — 115 x 115
Sol. (1) We have,
103 = 97 = (100 + 3) (100 = 3)
= (10092 = (3)2 = 10000 — 9 = 999]
(n) We have,
103 = 103 = (103)?
= (100 + 3)2 = (100)2 + 2 x 100 = 3 + (3)?
= 10000 + 600 + 9 = 10609

(1) We have,
(97)2 = (100 - 3)2
= (10012 = 2 = 100 = 3 + (3)?
= 10000 — 600 + 9 = 9409
(1v) We have,

185 % 185 = 115 % 115
= (185)2 — (115)2 = (185 + 115) (185 - 115)
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=300 = 70 = 21000
1
Ex.7 ]f1+%=ﬁ,ﬁnd:x4+—4
x
Sol. We have,

2
1
2+ — =34 [xz+xi1J = (34)2

X

g 1
=5 {x2]2+{—3] +2xxXx —5 = 1156

X X
4.1 4,1
== i ¢ +F+2=I]56 = x"+—=1156-12
X
1
=> x*+ 7 =1154
X

|

Ex8  Ifx2+ — =27, find the value of the x — —
X

Sol. We have,

=h {x——] =52 > x—-— =415
Ex.9 If x + y= 12 and xy = 32, find the value of x* + y2.
Sol. We have,

x+y?=x2+y+2xy
= 144=x2+y2+2x32
[Putting x + y = 12 and xy = 32]
= 144 =x2+y2+64
= 144 - 64 = x2 + y2
= x2+y2=80
Ex. 10 Prove that :
2a2 + 2b2 + 2¢2 — 2ab — 2bc — 2ca
=[(a=b)2 + (b=c)+(c-a)
Sol. We have,
LHS. = 2a2 + 2b2 + 2¢2 - 2ab — 2bc - 2ca
= (a% — 2ab + b%) + (b? = 2be + ¢B)

+ (¢ - 2ca + a?) [Re-arranging the terms)]
=(a-bP+mb-el+(c-al=RHS.
Hence, 2aZ + 2b2 + 2¢2 — 2ab — 2be - 2ca

=f@=b+(b=c?+(c-2a)’]
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Exi1 If a2 + b + ¢ - ab - be - ca = 0
a=b=c.
Sol. We have,
Ifal+b2+c2—ab-bc-ca=0
— 2a%+2b> +2¢? - 2ab-2bc - 2ca=2 x 0
[Multiplying both sides by 2]
= (a2 - 2ab + b?) + (b2 = 2bc + ¢2)
+(2=-2ac+a?)=0
:}{a—-h}2+{huc)2+[cua}2=ﬂ
= a-b=0b=c=0,c-a=>0

prove that

b

[ . Sum of positive quantities is zero if
and only if each quantity is zero]
= a=bb=candc=a

—a=b=c
% EXAMPLES %

Ex.12 Write the following in expanded form :
() (9x + 2y +z)? (i) (3x + 2y — z)?
(iii) (x — 2y = 32)2(iv) (—x + 2y + z)?
Sol. Using the identity
a+b+cP=a2+b2+c2+2ab+ 2bc+2ca

(1) We have,
(9x + 2y + z)?
=(9x2+ (2y2 + 22 +2 x 9x x 2y
+2x2yxz+2 xOxX xzZ
= 81x2 + 4y + 22 + 36xy + dyz + 18xz

(n) We have,
(3x + 2y — z)?
= [3x + 2y + (-2))?
=(3x) +(2y)2 + (2 +2 x 3x x 2y
+2x2y x(=2)+2 x3x % (-2)
=9x2 + 4y? + 22 + 12xy - dyz - 6xz
(1) We have,
(x — 2y — 3z)?
=[x + (<2y) + (32))°
=x2 4+ (<2yP2 + (-32)2 + 2 x x x (<=2y)
+2 % (=2y) x (=32) + 2 x (=3z) x x
=x?+ 4}.'2 + 927 — 4xy + 12yz — 62x
(iv) We have,
(=x + 2y + z)2
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Ex.13

Sol.

Ex.14

Sol.

Ex.15

Sol.

Ex.16

Sol.(1) Replacing a by 2x and b by 3y in the 1dentity

=[(-x) + 2y + 2]

= (%)} + 2y)* + 22 + 2 x (-x) x (2y)
+2x2yxz+2x(X)x2z

=x2 + 4y? + 22 — dAxy + 4yz - 22x
If a2 + b2 + ¢ =
ab + bc + ca

We have,

(a+b+cP=al+b?+c?+2ab+ 2be + 2ca

20

and

= (a+b+cl=al+b?+c2+2ab+be+ca)

= 0% =120+ 2 (ab + be + ca)
= =20 = 2(ab + bc + ca)

0 {2[&b+bﬂffﬂ}

:}~T= 2
— ab+bc+ca=-10
If a + b + c = 9

a2+ bx+ 2
We know that

and

{a+h+c]2=az+b1+c2+2(ah+hc+ca}

= 92=a2+b2+c2+2x40
= 81 =a+b*+c?+ 80
= al+bl+cl=1
If a2 + b2 + ¢ =
at+tb+tec

We know that

250

(a+b+cP=a+b>+c+ 2ab +be + ca)

= (a+b+cP=250+2x3
= (a+b+c) =256
= (a+b+c¢)P=(x 162

[ Taking square root of both sides]

= a+bt+c==16

% EXAMPLES ¢

Write each of the following in expanded form:

(i) (2x + 3y)* (i) 3x - 2y)’

(a+b)? =a’+b*+ 3ab(a + b), we have
@x+3yP = (2x) + By +3 x 2x x 3y x (2x +3y)
= 8x? + 273 + 18xy x 2x + 18xy x 3y

= 8x + 27y° + 36x%y + 54xy?

ab

and

be

ca

40

Ll

3

find

find

find
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(11)

Ex.17

Sol.

Ex.18

Sol.

Ex.19
Sol.

Ex.20
Sol.

Replacing a by 3x and b by 2y
(a — b)® = a’ — b3 — 3ab(a — b), we have
(3x - 2y)*= (3x)® - (2y)® - 3 x 3x x 2y x (3x — 2y)
=27x - 8y3 — 18xy x (3x - 2y)
=27x3 — 8y® — 54x%y + 36xy°
It x + y = 12 and xy = 27, find
x3 +y3.
We know that
x+yP=x+y +3xy(x +y)
Putting x + vy = 12 and xy = 27 in the above 1dentity, we get
122=x*+y  +3x27 x 12
= 1728=x3+y* + 972
= x+y3=1728 -972
= x3+y} =756
If x - vy = 4 and xy = 2], find
x3 - y3.
We know that
(x-y =x'-y 3xy(x - y)

Putting x = y=4 and xy = 21, we get
P=xI-y-3x21x4

= 64=x-y'-252 = 64+252=x3-y3
= x3 -y} =316

= 1
If x + — =7, find the value of x> + —.
X

We have,
1Y 4, 1 1 1
=] =X+ F +tAE L - T
. X X X b
(1)
== | x+=

1 1
x3 4 — 3[:-r.+—]
X x X

Putting x + — = 7, we get

?3=x3+%+3x?
X

= 33 =x}+ < +2I
X

1 1
= x4+ 5 =343-21= x}+ 5 =322
X X

If a+b =10 and a> + b? = 58, find the value of a° + b>.
We know that

(a+bP=a’+b>+2ab

Putting a + b = 10 and a2 + b2 = 58, we get

102 = 58 + 2 ab = 100 = 58 + 2ab

n

the

the

the

identity
value of
value of
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Ex.21
Sol.

Ex.22
Sol.

= 100 — 58 = 2ab — 42 = 2ab
— ab = 21 Thus, we have
a+b=10and ab = 21 Now,
(a+b)P=a’+b’+ 3ab(a+b)
= 100 =a+b3+3x21 x10
[Putting a + b = 10 and ab = 21]
= 1000 = a’ + b + 630
= 1000 — 630 = a’ + b’
= a’ + b? =370

1 a 1
If x2+ — =7, find the value of x> + — .
X

X
We have,

() =G ]
t=| =x- ey + 2 x X x —
X X

1y 2 1
= | xt—| =x"4+ —F L
X : O

5
17 ; 2= 1
= £x+;J =7+ 2 |:Puttlngx +-;i—=?:|

]_ =9 = [x*ri]_ =32
X

= 3 [Taking square root of both sides]

| =

= {x+
1
R —
X
1 3
= (H;] =33 [Cubing both sides]
1 1
= X7+ = +3{K+—] =07
% X
I N\
= (13+FJ +3x3=27

1 1
=S x4+ —5=27-9 = x}+ 5 =18
X X

L 1
If x* + — = 47. Find the value of x> + —_
X X

We know that

8 :|
o

[Taking square root of both sides]

E
[
+
"\.__.L./
[
]
ey
]
+
-2
' pir ey |
=
=
E.
=
s
E
o}
i
=
=]
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Ex.23

Sol.

Ex.24

Sol.

Ex.25

Sol.

— [x+]_] =7+ 2 [using:x2+%=]’}
X x

132
:}[H-J N S,
X X

3
1
zis [”_J =33 [Cubing both sides]
X

1 1
=igd 4+ — +3[x+—} =27
X

X

. 1
= 33 - -—3 =+ 3 * 3 — 2? |:Pllttl'l'lg K+:=3]
X ]

1

=X+ 5 =27-9" >3+ =18

X X
If a + b = 10 and ab = 21, find
ad + bl

We know that

3 3= 2 2
a”+b {(a+b)(a-—ab+b)
= (a + b) (a2 + 2ab + b2 - 2ab - ab)

[Adding and subtracting 2ab in the second bracket|
=(a+b) [(a + b)? - 3ab]
10 = (10 = 3 x 21)

10 = (100 — 63) = 10 = 37 = 370.

Il

If a - b = 4 and ab = 45
ad - b
We have, a’ — b3 = (a - b) (a® + ab + b?)
= (a - b) (a? - 2ab + b% + 2ab + ab)
=(a-b) {(a-b)> + 3ab}
=4 x (41+3 x 45) = 4 x (16 + 135)
=4 = 151 = 604.

find

?

% EXAMPLES 4

Ifa+b+c=0,then prove that
a® + b + ¢ = 3abe
We know that
a’+ b3+ ¢d -3 abe
={a+b+c]{az+I:-3+-::2—-ah-bc~ca)
puttinga+b +¢=0o0on RHS,, we get
ad+ b +c¢d-3abe =0
= a’ + b* + ¢} = 3abc

the

the

value

value

of

of
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Ex.26

Sol.

Ex.27
Sol.

Ex.28

Sol.

Find the following product :
(x + y+ 2z) (x2 + y2 + 422 — xy - 2yz - 2zx)
We have,
(x +y+ 2z) (x? + y2 + 427 — xy — 2yz — 22x)
=(x+y+220)(x2+y2+ 2z -xxy
—yx2z-12z x X)
=(a+b+c¢)(al+b2+c2-ab-be - ca),
wherea=x, b=y, ¢c=2z
=a’ +b* + ¢? = 3abe
=x3+y + (22 -3 xxxyx 22
=x3 +y3 + 823 — 6xyz
Ifa+b+c¢=6andab+ bc+ca= 11, find the value of a® + b + ¢ - 3abe.
We know that
a’ + b’ + ¢ = 3abe
=(a+b+c)(al+b2+c2-ab-be-ca)
= a’+b*+ ¢ - 3abe =
(a+b+c) {(a®+b>+¢c2)— (ab+ be +ca). (i)
Clearly, we require the values ofa+b + ¢, a2 + b2 + ¢? and ab + be + ca to obtain the value

of a® + b? + ¢ — 3abc. We are given the values of a + b + ¢ and ab + bc + ca. So, let us first
obtain the value of a® + b2 + ¢2.

We know that
(a+b+c)P=a2+b?+ec?+ 2ab+ 2be + 2ca
= (a+b+cy=(al+b2+e2)+2ab+be+ca)
S P=a+ b2+ +2ail
[Putting the values of a + b + ¢ and ab + be + ca]
= 36=at+br+c?+22
= al+b2+c2=36-22
= al+bl+cl=14
Now, putting a + b+ ¢ =6, ab+ be + ca= 1 and a2 + b? + ¢2 = 14 in (i), we get
ad+ b+ ¢~ 3abe =6 x (14 - 11)
=6x3=18
If = + yHl 48y = 1, xy '+ yz + zx = -1 and
xyz = —1, find the value of x* + y* + z3.

We know that :
x>+ vy} + 20 - 3xyz
=(x+y+n(C+y+ 2 —xy-yz-2x)
= x3+y3+23 - 3xyz
=(x+y+z2) (x2+y> + 22+ 2xy + 2yz

+ 2zx = 3xy = 3yz — 3zx)

[Adding and subtracting 2xy + 2yz + 2zx|
= x3+y3+23 - 3xyz
=(x+y+2) {(x +y+2)* - 3(xy + yz + zx))
S EP R -3 e =1x 1P -=%x-1}
[Putting the valuesof x +y+ z xy +yz +
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zx and xyz]
> xd+yi+23+3=4
> xd+yP+23=4-3
= x3+yi+=1

Types of Factorization

@® Type 1 : Factorization by taking out the common factors.

Ex.29 Factorize the following expression :
2x2 y+ ﬁx}rz + 1{]12};2
Sol. 2x2 y+ 6:{3*2 + IlZl:s;E},rz = 2xy(x + 3y + 5xy)

@® Type 11 : Factorization by grouping the terms.

Ex.30 Factorize the following expression :
a-b+ab-a

Sol. al-b+ab-a
=al+ab-b-a=(al+ab)-(b+a)
=a(at+tb)-(a+tb)y=(a+b)(a-1)

@ Type 111 : Factorization by making a perfect square.

Ex.31 Factorize of the following expression :
9x2 + 12xy + 4y?

Sol. 9x2 + 12xy + 4y?
= (3x)2 + 2 x (3x) x (2y) + (2y)?
=(3x + 2yP

Ex.32 Factorize of the following expression :

2 ¥

X v
3 +2+F,x=&{},yiﬂ

¥

=

X
Sol. R e o

bt

X
Yy x

- 2 B -

Ex.33 Factonze of the following expression

kJ

fﬁx—l} +4 (51—5 +4,x20

L% X

i I
Sol. = [Sx—ij + 4 [51——) + 4

X X

'\I
= [Sx—iJ + 2 x [Sx——] x 72 + 32
X

2

1 2

= [5::——-}3]
X

@ Type IV : Factorizing by difference of two squares.

Ex.34 Factonze
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Sol.

Ex.35
Sol.

Ex.36

Sol.

Ex.37

Sol.

(11)

Ex.38

Sol.

(a) 2x2y + 6 xy? + 10 x2y?2
(b) 2x* + 2x%y + 3xy? + 3y°
(a) 2x2y + 6 xy? + 10 x3y?
= (2xy) (x + 3y + 5xy)
(b) 2x* + 2x3y + 3xy2 + 3y3
= (2x* + 2x%y) + 3xy? + 3y)
= (@23 +3y) (x +y)
Factorize 4x> + 12 xy + 9 y2
Note that 4x2 = (2x)2 = al say, and
?yz = {3};]2 = b? say, where a = 2x and

b = 3y. This suggests the use of identity (1) may be used and the given expression 1s equal to
(a + b)2. Hence

4x2+12xy+9y?

(2x)* +2 (x) By) + (3y)*

(2x + 3y)?

= (2x + 3y) (2x + 3y)

If the expression A can be reduced to an expression, three of whose terms are the squares of some
expression, then the identity (vii) may be useful.

]

Factorize each of the following expressions :
(i) 9x2 — 4y2 (i) x° = x
(i) 9% — 4y% = (3x)* — (2y)°
(3x +2y) (3x-2y)
x (x2-1)
x(x—1) (x+1)

(i) x3 - x

Factorize each of the following expressions :
(i) 36x2 — 12x+1 — 25¢y2

(ii) a2 - ail a=0

@ 36x2-12x + 1 - 25y2

=(6x)% — 2 x 6x x 1 + 1%= (5y)

= (6x-1)% - (5y)?

= {(6x — 1)~ Sy} {(6x— 1) + 5y}

=(6x — 1 = 5y) (6x - 1 + 5y)

=(6x -5y —-1)(6x + S5y - 1)

al— %. Frld [a)E _ [,3.]2

a -

Gl
= |a——||at+—
da a
Factonize the following algebraic expression :
x? - 81yt
xt = 81y* = [()*]F - (9y?)?
= (x2-9y%) (x2 + 9y?)
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= {(x2 - 3y} (x2 + 9?)
= (x=3y) (x + 3y) (* + 9y%)
Ex.39 Factorize the following expression:
X(x+2) -y (y+2)
Sol. X(x+2)-y(y+z) = (x2 - },2] + (x2-yz)
= (x=y) (x+y) + 2 (x-y)
= (x-y) {(xty) + 2
= (x-y) (x+y +2)
Ex.40 Factonize the following expression :
Xt x4
Sol. P2+l o= (xt+2x2 40 - &2
= {xE +1 }2 —x2
=(x2+1-x)(x%+ 1+x)
=(x2x+ D I+x+ 1

@ Type V : Factorizing the sum and difference of cubes of two quantities.

(i) (@ +b%) =(a+b)(al-ab+bd)
(i) (a° = b¥) = (a - b) (al + ab + b%)

Ex.41 Factonize the following expression :

ad +27
Sol. al +27 =a +33=(a+3)(a-3a+9)
Ex.42 Simplify : (x+y)? = (x —y)® — 6y(x* - ¥7)
Sol. letx+y=aandx-y=b.
Then, ab - (x+y) (x=v) 3

a-b = (x+y) - (x-y) =2y

(x+y)? = (x-y)* - 6y (x*-y?)
=ai-b3-3ab(a-b)= (a-b)

= {(xty) - (x-y)}13=  (2y)P =8y

Factorization of the Quadratic polynomial by splitting the middle team

@ Type I : Factorization of Quadratic polynomials of the form x? + bx + c.

and

(i) In order to factorize x2+ bx+c we have to find numbers p and q such that p+ q = b and pq = c.

(1) After finding p and g, we split the middle term in the quadratic as px + gx and get desired factors

by grouping the terms.
% EXAMPLES @

Ex.43 Factorize each of the following expressions :
(i) x2+ 6x + 8 (ii) x2 + 4x 21

Sol. (i) In order to factorize x2 + 6x + 8, we find two numbers p and q such that p + q = 6 and

pq = 8.
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(1)

Ex.44

Sol.

Ex.45
Sol.

Clearly, 2 + 4 = 6 and 2x4 = 8.

We know splhit the middle term 6x in the given quadratic as 2x + 4x, so that
X2+ex+8=x2+2x+4x +8

=(x2+2x) + (4x + 8)

x(x+2)+4 (x+2)

(x+2)(x +4)

]

In order to factorize x2+ 4x — 21, we have to find two numbers p and q such that
p+q =4and pq=-21
Clearly, 7+ (-=3)=4and 7 x -3 == 121
We now split the middle term 4x of
x2 +4x — 21 as 7x — 3x, so that
x2+4x =21 =x2+7x-3x-2I
=(x2+7x) - (3x + 21)
=xx+7N-3xx+DN=x+7Nx-3)
Factorize each of the following quadratic polynomuals:
x2—21x + 108
In order to factorize x2 — 21x + 108, we have to find two numbers such that their sum is
-~ 21 and the product 108.
Clearly, — 21 = - 12- 9 and — 12 x - 9 = 108
sox2-21x+108 =x2 — 12 x-9x + 108
=(x2 - 12 x) - (9x— 108)
X(x = 12) -9 (x = 12)
(x-12) (x - 9)

Factorize the following by splitting the middle term : x2+3./3x+6

Il

In order to factorize x> + 3J3x + 6, we have to find two numbers p and q such that
p+q=343 and pqg=6
Clearly, 243+43 =343 and 23x3=6
So, we wrile the middle term 33x as
2.5x + J3x. so that
12+3£x+6
=x2+2fix+ fLx+6
=x2+2/3x)+ (Sx+6)
(2 +248x) + (Bx +243x43)
X (x+23)+ 45 (x+243)
(x+2H) x+ 43)

@ Type II : Factorization of polynomials reducible to the form x2 + bx + ¢,

Ex.46
Sol.

Factorize : (a2 - 23]2 - 23{32 - 2a) + 120.
Let a2 — 2a = x. Then,

(a2 — 2a) — 23(a - 2a) + 120
=x2-23x + 120

Now, xZ — 23x + 120 = x2 —15x — 8x + 120
= (x2 - 15x) - (8x - 120)
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=x(x = 15) - 8(x = 15)
=(x-15)(x-8)
Replacing x by a? — 2a on both sides, we get
(a2 — 2a) — 23(a® - 2a) + 120
=(@*-2a-15)(at-2a-8§)
=(af-5a+3a-15) (a2 -4a+ 2a-8)
= {{a(a— 5)+ 3(a—-5)} {a(a—4) + 2a -4))
={@a-5@+3) a-4 @+2)y
=(a-5)(a+3)(a-4)(a+2)
Ex.47 Factonze the following by sphtting the middle term :
x*-5x2+ 4
Let x2 =y Then, x* - 5x2 + 4
=yl-5y+4
Now, y¥2 -5y + 4
=y -dy-y+4
(-4 -(y-4)
=y 4] ~{p~A)
=(y-4¥-1
Replacing y by x? on both sides, we get
xAos5x2+4 =(x2H(x2-1
= {HE__EE} {xi s ]2}
=x=2)(x2)(x=-1)(x+ 1)
Ex.48 Factorize : (x2—4x) (x2—4x - 1)-20
Sol. The given expression is
(x2-4x)(x2-4x-1)-20
=(x2 - 4x)2 - (x2 - 4x) - 20
Let x2 — 4x = y . Then,
(x2—4x)2 —(x2-4x) -20= y2-y-20
Now, },2 -y-=20
=y2-5y+4y-20
=(y* -5y + (d4y-20)
= y(y-5+4(y-5)
=(y-3)(y+4)
Thus, y2 =y =20=(y=5)(y + 4)
Replacing y by x2 — 4x on both sides, we get
(x2 — 4x)2- (x2 - 4x) - 20
= (x2 - 4x — 5) (x% — 4x +4)
=(x2-5x+x-5(x2-2xxx2+2}
={x(x=5+(x=5) (x=-2)
=(x=5) (x+1)(x-2)

@ Type I11 : Factorization of Expressions which are not quadratic but can factorized by splitting
the middle term.
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Ex.49
Sol.

Ex.50

Sol.

If x> + px + q = (x + a) (x + b), then factorize x> + pxy + qy°.
We have,

xI+px+g=(x+a)(x+h)

= x2+px+q=x2+x(a+h)+ab

On equating the coeflicients of like powers of x, we get
p=a+band q=ab

. x2+ pxy + qy? = x2 + (a + b)xy + aby?

= (x? + axy) + (bxy + aby?)

= x(x + ay) + by(x + ay)

=(x + ay) (x + by)

Factorize the following expression
xzyz =xy=1T72
In order to factorize x2y2 — xy — 72, we have to find two numbers p and q such that
ptrq=-1and pq=-72
clearly, -9 +8=-1land -9 x 8 =-72 So, we write the middle term - xy of
x2y2 —xy-72 as — 9 xy + 8 xy, so that
x2y2 —xy-72 = x22 -9 xy+8xy-72
= (x2 y2 - 9xy) + (8xy — 72)
xy (xy — 9) + 8 (xy = 9)
(xy = 9) (xy + 8)

]

Il

Factorization of Polynomials of the Form
axl +bx+c.a=z0,1

@ Type I : Factorization of quadratic polynomials of the form ax? + bx + ¢, a # 0, 1

(1) In order to factonize ax>+ bx + ¢. We find numbers £ and m such that £ + m = b and m = ac

(1) After finding ¢ and m, we split the middle term bx as &x + mx and get the desired factors by grouping

the terms.

Ex.51

Sol.

4 EXAMPLES ¢

Factonze the following expression :

6x2-5x -6

The given expression 1§ of the form ax2+ bx+c. where.a=6.b=-5 and ¢ = -6.
In order to factorize the given expression, we have to find two numbers ¢ and m such that
t+-m=b=1el+tm=-5
andfm=acie lm=6x-6=-136
i.e., we have to find two factors of — 36 such that their sum is — 5. Clearly,
-9+4=-5and-9x4=-36

=-0andm=4

Now, we split the middle term - 5x of
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Ex.52

Sol.

(11)

xz—Sx-éas—9x+4x,snlhat
6x2-5x -6 =6x29x+4x -6

= (6x2 — 9x) + (4x — 6)
=3x(2x-3)+22x-3)=(2x-3) (3x + 2)

Factorize each of the following expressions :
(1) 32+ 1Ix + 643 (i) 43x2+5x =243
(iv) T2x2 - 10 x - 4.2

(1) The given quadratic expression 15 of the form
ax2+bx +c, wherea= 3. b=11andc =63
In order to factorize it, we have to find two numbers £ and m such that
{+m=b=1landfm=ac= 3x6,3 =18
Clearly, 9 +2=11and 9 x 2 = 18
{=%9andm=2
Now, 3x2+ 11 x + 643
= fix2+9x+2x + 643
=(3x2+9x) + (2x + 6.3)
=(VAxE33%x) + (2x + 6473)
= fix (x+343) +2(x +343)
=(Jf3x+2) (x + 3453).
Hence, J3x2+ 11 x + 643
=(ix+2) (x+3.3)
Here, a=43. b=5and c=-2.3
In order to factorize 43 12+51—2~E . we have to find two numbers £ and m such that
{+m=b=5and Im = ac
=4 fAx -2 =24
Clearly, 8+ (- 3)=5and 8 x =3 =-24
wi{=8and m=-3
Now, 4.3x2 + 5x =243
=43x2+8x-3x =243
=42 +8)-(3x+243)
=dx {Hx+) = BHx D)
=(fBx+2)@x - 43)

(1) The given quadratic polynomial 15

T2 x2 - 10x - 442

Clearly, it is of the form ax2+ bx + ¢, where a=72 , b=—-10and ¢ = 4.2 .

In order to factorize 742 x2 — 10x — 4.2 , we have to find two numbers £ and m such that £ +
m=b=- 10 and

{m=ac=T2x-4.2 =-56

Clearly, - 14+4 =10 and - 14 = 4 = - 56



Page 20

Ex.53

Sol.

s f==ldandm=4
Now, we split the middle term - 10 X of
72 %2 - 10x -4.7 as — 14 x + 4x so that

T2x2-10x -442
=72x2-14x +4x - 42

= (742 x2 = 14x) + (4x—4472)

= (742 X272 x J2%) + (4x-4472)
=T7d2x (x =42) +4(x =2)
=(x = 2) (72 x+4)

Factorize the following by splitting the middle term :

L)
3%~ 2x -9
1
In order to factorize Exl —2x — 9 we have to find to number £ and m such that
1
Hm=-2and {{m-= ok -0=_3

Clearly, -3+ 1 ==2 and - 3x] =3
S0, we write the nmiddle term = 2x as
= 3x + x, s0 that

1 1
Exz-Zx—9= Ex2~3x+x-9

= {%x2—3x]+{x—9]={%12“ gx}+[x-9}

= (x=9) []Ex +1]

@® Type Il : Factorization of trinomial expressions which are not quadratic but can be factorized
by splitting the middle term.

Ex.54

Sol.

Factorize the following trinomual by splitting the muddle term :
8a® — 2a’b — 15 ab?
Here a® x ab? = (a2b)? i.e., the product of the variables in first and last term is same as the

square of the variables in the middle term. So, in order to factorize the given trinomial, we split
the middle term

— 2aZb as — 12a%b + 10 a?b . so that
8a3 — 2a’b — 15 ab?

= 8a3 —12ab +10 aZb-15 ab?

= 4a%(2a — 3b) + 5 ab (2a — 3b)

(2a — 3b) (4a2 + 5ab)

(2a — 3b) a (4a + 5b)
a(2a-23b)(da+ 5Sh)

Il

]

]

@ Type I1I : Factorization of trinomial expressions reducible to quadratic expressions.

Ex. 55 Factorize each of the following expressions by splitting the middle term :

(i) 9(x - 2y)2 — 4(x - 2y) - 13
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(i) 2(x + y)? = Ax +y) - 5
(iii) 8(a + 1)2 + 2(a + 1) (b + 2) = 15(b + 2)?
Sol. (1) The given expression 1s
9(x — 2y)? - 4(x - 2y) - 13.
Putting x — 2y = a, we get
Mx -2y -4(x-2y)-13=9a2-4a-13
Now, 9a? = 4a - 13 = 9a? = 13a + 9a - 13
= (9a2 - 13a) + (9a — 13)
= a(9a — 13) + (9a - 13)
=(a+1) (9 - 13)
Replacing a by x — 2y on both sides, we get
9(x — 2y)* — 4(x = 2y) - 13
=(x =2y +1) {9(x - 2y) - 13}
=(x -2y + 1) (9x — 18y — 13)

(1) The given expression is 2(x + },}2 -9x+y)-5
Replacing x + y by a in the given expression, we have

Ax +yP -9x+y)-5=2a2-9a -5
Now, 232 ~9a-5=2a2-10a+a->5
= (2a? - 10a) + (a - 5)
= 2ala— 5)+ (a—5)
=(a-5(2a+1)
Replacing a by x + y on both sides, we get
2Ax+yP=-9x+y)=5
=(x+y-5 2x +y) + 1
={(x+y-=-5)(2x + 2y + 1)

(1) The given trinomial 1s
gBa+ 132+ 2@+ 1) (b+ 2)= 150b + 2)2
Puttinga+ 1 =xand b + 2 =y, we have
8a+ 12+ 2(a+ 1) (b+ 2)= 150b + 2)
=8x? + 2xy - 15},#2
= 8x2 + 12xy - 10xy - 15y2
= 4x(2x + 3y) - 5y(2x + 3y)
= (2x + 3y) (4x - 5y)
Replacing x bya+ | and y by b + 2, we get
Ba+ 12+ 2@+ 1) (b+2)-150b + 2)2
={2{a+1)+3b+2) {4a+ 1)-5Db+2)}
={2a + 3b + B) (4a - 5b - 6)

Factorization of Algebraic expressions of the form a° + b + ¢}, whena+ b + ¢ =0

% EXAMPLES ¢

Ex.56 Factorize :
x-y3+y-23+(@z-x

Sol. letx-y=a y-z=band z - x = ¢, then,
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atb+e=x-y+ty-z+z-x=10
- a® + b% + ¢ = 3abe
= (x=y)® +(y =2 + (z=x)? = 3 (x=y)y — 2)(z—x)

Ex.57 Factorize :
(82623 + (b2—c2)P+ (c2-a2)}
Sol. We have,
let x = a2-b2, y = b?~c? and z = c2-aZ. Then,
x+y+z=a2b2+b2-c2+c2al=0
xP+yi 2 =3 xyz
—, {EE_hE}E 4 [hE_CE]3+ {CZ__EE}E'-
= 3(a2-b?) (b2—¢?) (¢2-ad)
= 3(a+b) (a-b) (b+c) (b—c) (c+a) (c-a)
= 3(a+b) (b+c) (e+a) (a-b) (b—c) (c-a)

(a2 —b2) + (b2 =2y} +(c? —a?)’

Ex.58 Simplify :
puYy (a=b) +(b—e¢) +{c—a)

Sol. We have,

(a>-b%) + (b2—ch)+ (¢a)=0

- (a2b2)3 + (b2—c2P+ (c2-a2)

=3(aZ-b?) (b2—c?) (¢2-a?)

= 3(a-b) (ath) (b—c) (b+c) (c-a) (c+a)

Similarly,

fab)+(b—<)+(c—-a)=0
= (a—b) +(b=¢)’ + (c-a)’ =3 (a-b) (bc)(c-a)
@2 b2 (b2 —c?) #(e? —a?)
(a-b)* +(b—c)’ +(c-a)’
_ Ha —bla+bjib—c)ib+chc—a)c+a)
Ja—-bib—clic—a)

=(@a+b)(b+c)(c+a)
Ex.59 Find the value of x? — 8y® — 36 xy — 216, when x = 2y + 6.
Sol. We have, x? — 8y3 — 36 xy -216

= x? + (<2y)® + (=6)* - 3(%) (-2y) (= 6)

=(x =2y - 6) (x2 + 4y + 36 + 2xy - 12y + 6x)

= 0x(x2 + 4y2 + 36 + 2xy — 12y + 6x)

["x=2y+6 =>x-2y-6=10(]

=0

Factorization of x* + y3
In order to factorize the algebraic expression expressible as the sum or difference of two cubes, we
sue the following identities.
3 +y=x+y) (x2-xyty)
(i) x} = y3=(x = y) (x2 + xy + )
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% EXAMPLES %

Ex.60 Factorize 27x* + 64 y°

Sol.

27 3 + 64 ¥ = (3x)® + (4y)}
= (3x + 4y) {(3x)? = (3x) (4y) + (4y)?},
= (3x + 4y) (9x% - 12 xy + 16y%)

Ex.61 Factorize a® + 3a’b + 3ab? + b - 8

Sol.

a’+3alb+3ab2 + b3 -8 =(a+b) 23
= {(ath) — 2} {(a +b)2 Ha +b)2+22}
=(a+ b-2) (a2 + 2ab + b2 +2a + 2b +4)

Ex.62 Factorize : a° - 0.216

Sol.

We have, a® = 0.216 = a° - (0.6)°
= (a—0.6) [a + 0.6a +0.6)%]
= (a-0.6) (a2 + 0.6 a + 0.36)

Ex.63 Factorize :

Sol.

Ex.64 Factorize : (1) LT yﬁ {ii}1m~ y <
Sol.

(i) (x+ 1)~ (x=1) (i) 8(x + y)* = 27 (x-y)?

@ (x+ 1P-(x-1)°

={(x+1) = (x=D)} {(x+ 12 + (x+1)(x=1) + (x=1)2}
= (x+1=x+1)} {(x3+2x+DHxE=1) + (x2 = 2x+1)}
=22+ + 1+ - 2x+ 1)

=2 (3x2+1)

(ii) We have, 8(x + y)? = 27 (x~y)?

= {2(+y)} - 3x-y)}°
= {20x+y)-3(x=y) [{2(x+y)} 2 =2(x+y) * 3(x=y)
= (2x + 2y - 3x + 3y) {2(x2 + 2xy + y))
- 6(x2 -y + 3 (x2 - 2xy + yD)}
= (-x + 5y) (2x2+ dxy + 2y 6x2 + 6y°
+ 3x2- 6xy + 3y2)
=(-x + 5y) (-x2 - 2xy + 11 y?)

12
(i) we have, x—y0
= (%) - () = PN+ Py + (v
= (x2y2) (x4 + x2y2 + y4)
= (x=y) (x+y) {232+ v — xBy2)
= (x=y) (x+y){(x2+y?)? - (xy)?)
= (x+y) (- {(H+yxy)(E +y? + xy)]
= (x+y) (x=y)x2xy+y?)(x2 +xy+y?)

(i.i} xii i },.IE - (54}3 o (3,.4]3

+ {30-y)}7]
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= Ay {xH? + xhyt + (vHY)

= (A2} B+ xtyt+yF)

= (x2-y2) (xHy2)(xBr2xty e v - xtyh

= (xy) (x+xHy?) {xHy?? ~(x2y?))

= (x=y) (cHY)0PHy?) {(HyixPy?)
(et acy?)

= (x-y) (ery)y?) (yixy?) {(xHy? + 2x2y2)x2y2)

= (x-y) (ey)Hy?) ey iy’
{+y)? - (xy))

= (x-y) (xty)2+y?) (xH+yix2y?) (x2+y2—xy) (x2+y>+xy)
= (x=y) (x+y)(x2+y?) (x*+ytxy?) (x2=xy+y?) (x2+xy+y?)

Ex.65 Prove that :
0.87x0.87x0.87 +0.13x0.13x0.13 _
0.87x0.87-0.87x%0.13+0.13x0.13
Sol. We have
087=x087T=087+0.13=0.13x0.13
0.87x0.87—-0.87x0.13+0.13x0.13
(087 +(0.13F
(0.87F —0.87x0.13+(0.13F
3 3
+b
= ———— where a = 0.87 and b= 0.13
a-—ab+b
2 ¥
{fa+hbiia” —ab+b")
{a: —ab+b1]|
=a+b =(087+0.13)=1

Factorization of x>+ y3 + 23— 3 xyz

(i) In order to factorize the algebraic expressions of the form x3 + y3+ 23 — 3xyz
We use the following identity :
x3 + y3+ 23 — 3xyz
= (x+y+2) (x2+y? +z2—xy — yz — 2X)

(i) Ifx +y+z=0, then x3 + y3+ 23 = 3xyz

¢ EXAMPLES %
Ex.66 Factorize : 8x3 + 27y3+ 23 — 18 xyz
Sol. We have,
8x3 +27y3+ 23 - 18 xyz
=(XP+3y)yP+2 -3 x2xx3y+z
= (2x + 3y + zy {(2x)) + @3y + 22 -2
=3y x 2z — 7z % 2x}
=(2x + 3y + 2) {{4;:! + 'Slj,r2 + 22 —bxy — Iyz —2zx}

3y
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Ex.67 Factorize :
(a+b)? + (b+c)*+ (c+a)® — 3(a+ b) (b+c) (c+a)

Sol. We have,
(a+b)? + (b+c)® + (c+a)® —3(a+b) (b+c) (c+a)
= {(a+h) + (b+e) + (c+a)! {(a+b)? + (b+c)>+ (e+a)? — (a+h) (b+e) — (b+c) (c+a)

— (ct+a)(ath)}
= (2a+2b + 2¢) {(aZ + 2ab + b?) + (b2 + 2be+e?)
+ (¢ + 2ca + a?) — (ab + ac+b? + be)
— (bc + ba + ¢2 + ca) — (ca + cb + a2 + ab)!
= 2(a+b+c) (2a2 + 2b2 + 2¢2 + 2ab + 2bc
+ 2ca-ab—ac—b?—bc—be- ba —¢2 — ca
—ca—ch - a? - ab)
= 2(atb+tc) |[a2 + b2 + ¢ —ab-be —ca)
Ex.68 Resolve a’ — b? + 1 + 3ab into factors
Sol. ad-b¥+1+3ab
=a¥+ (-b)? + 13 = 3 (a)(-b) (1)
= (a-b+1) (a2 + b2 + 1 + ab —a+h)
= (a-b+1) (a2 + b? + ab —a+b+1)
Ex.69 Factorize : 24/2 a°+ 8b° — 27¢3 + 1842 abe
Sol. 242 2%+ 8b® = 27¢3 + 1842 abe
= (J22)3 + (2b)*~ (3¢)® -3(J2 a)(2b) (-3¢)
=(J2a+2b-3c)(2a2 + 4b* + 9¢2 22 ab
+ 6bc + 342 ac)
Ex.70 Prove that :
a’+ b + ¢ —3abc
= 3 (atbro) {(a-b)2+ (b-¢)’ + (c-a)’)
Sol. We have,
ad + b3 + ¢ —3abe
=(a+b+c) (a2 + b2+ ¢? - ab - be—ca)

= ta + b o+ ) (22 + 22 + 22 -  2ab

2
-2 be—2ca)

2= 1 2 2

= ;(a+b+{:] {(a~ — 2ab + b”) +
(b2 —2be+ ¢2) He? - 2ca + a?)}

1 2 2 2
= s(@+b+tc) {(a-b)°+ (b=<)*+ (c-a))
Remainder Theorem and Factor Theorem
(1) Remainder obtained on dividing polynomial p(x) by x — a 18 equal to p(a) .

(1) If a polynomial p(x) 1s divided by (x + a) the remainder 1s the value of p(x) at x = —a.
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T

(m) Ifa

- s B oE = s s ‘b
polynomial p(x) 1s divided by (ax -b), the remainder 1s the value of p(x) at x = /g

(v) If a polynomial p{x) 1s divided by (b-ax), the remainder 1s equal to the value of p(x) at

x=b"

(v) (x—a) 15 a factor of polynomial pix) if
pla) =0

{vi) (x + a) 15 a factor of polynomial p(x) if
p(-a) =0

(vi) (ax = b} 15 a factor of polynomial p(x) if

(8]0

(vii1) (x—a) (x—b) 18 a factor of polynomial p(x), if p(a) = 0 and p(b) = 0.

Ex.71

© EXAMPLES %

Find the remainder when 4x3 — 3x% + 2x — 4 is divided by

(@)x-1 (b)x+2 {c}x+%

Sol.
(a)

(b)

Let p(x) = 4x? - 3x2+2x - 4
When p(x) 1s divided by (x-1), then by remainder theorem, the required remainder will be p(1)
p(=4(1)-3(1)2+2(1)-4
=4x]1-3x1+2x1-4
=4-3+2-4=-1
When p(x) is divided by (x + 2), then by remainder theorem, the required remainder will be p
(=2).
p(=2) =4 (=2)° = 3 (-2)2 + 2(-2) - 4
=4 x(-8)-3=x4-4-4
=-32-12-8=-52

1
(c) When p(x) 1s divided by, [H EJ then by remainder theorem, the required remainder will be

Ex.72

Sol.

o(3)=4 (42 (3 -2 (5

=4x[—ﬂu3x%-zx%-4

ILhI

= i 1 i =

3
thH5

b | =
bad | =

4
2-3-20 _ 25

4 4
Determine the remainder when the polynomial p(x) = x* - 3x2 + 2x + 1 is divided by
x- L
By remainder theorem, the required remainder 1s equal to p(1).
Now, p (x) =x*-3x2 + 2x + 1
S p)=(1)*=-3x12+2x1+1
=1-3+2+1=1
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Ex.73

Sol.

Ex.74

Sol.

Ex.75

Sol.

Ex.76

Hence required remainder = p(1) = |

Find the remainder when the polynomial
f(x) = 2x% — 6x3+ 2x2 — x + 2 is divided by x + 2
We have, x + 2 = x —(-2). So, by remainder theorem, when f{x) 1s divided by (x—(-2)) the
remainder 15 equal to f{-2).
Now, fix) = 2x%6x3 +2x2 x +2
= f{-2) =2 (-2)* - 6(-2)% + 2(-2)2 - (-2)+2
= f(-2)=2%16-6x-8+2x4+2+2
= f(-2)=32+48+8+2+2=92

Hence, required remainder = 92

Find the remainder when
p(x) = 4x3 - 12x2 + 14x - 3 is divided by

.

1
By remainder theorem, we know that p(x) when divided by g(x) = [x —5] gives a remainder

1
equal to p (5]
Now, p(x) = 4x° — 12x2 + 14x -3

> p [%] =4[§J3- 12[1;]1 14[%] .

It _4 12 14
= p 2] = E - "4— = E -3
I 1
= F’[E] =—ggr 1 -3
1 3
=Pz =5
) ) 1 3
Hence, required remainder = p [E]= 3
If the polynomials ax’> + 4x2 13 3x - 4
and x3—4x + a leave the same remainder when divided by (x—3), find the value of a.
Let p(x) = ax’ + 4x? + Ix - 4 and

q(x)= x°—4x + a be the given polynomials. The remainders when p(x) and q(x) are divided by
(x=3) are p(3) and q(3) respectively.
By the given condition, we have

p(3) = q(3)
= ax 3P +4x32 +3x3-4=733_4x3+3
= 27a+36t9-4=27-12+a
— 26a+26=10
= 26a=-26

= a=-1

Let R, and R, are the remainders when the polynomials x3 +2x2 —5ax~7 and
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X+ ax? - 12x + 6 are divided by x
x = 2 respectively. If 2R, + R, = 6, find the value of a.
Sol. Let p(x) = x + 2x2- 5ax — 7 and
q(x) = x7+ax2-12x+6 be the given polynomials.
Now, R, = Remainder when 15
x4+ 1
= Ry =p(-1)
>R =(-1F+2-1Y-5ax-1-7
[ p(x) = x3 + 2x2 — Sax-7]
= Ry==1+2+5a-17
=R, =3a-6
And, R, = Remainder when is
Xx=2
= R, =q(2)
= Ry=(2) +ax22-12x 2 +6
[+ q(x) = x>+ ax? — 12x-6]
> R,=8+4a-24+6
= R;=4da - 10
Substituting the values of and
ZR] + Rz = 6, we get
25a-6)+(4a-10)=6
= 0a-12+4a-10=6
=> l4a-22=6
= 14a = 28
D>a=2
Factor Theorem
Step 1 : (x + a) 1s factor of a polynomial p(x) 1f p(-a) = 0.
Step 2 :  (ax = b) is a factor of a polynomual p(x) if p(b/a) =0
Step 3 :  ax +b is a factor of a polynomial p(x) if p(-b/a) = 0.
Stepd4 :  (x —a)(x—b)is a factor of a polynomial p(x) if p(a) = 0 and p(b) = 0
% EXAMPLES %
Ex.77 Use the factor theorem to determine

x — 1 15 a factor of

(a) x3 + 8x2-Tx -2

M 223 +5 Zx2-742

(c) 8x4 + 12x3 - 18x + 14
Sol.(a) Let p(x) = x* + 8x2 - Tx = 2

By using factor theorem, (x—1) 1s a factor of p(x) only when p(1) =0

p()y=(1yP +8(1)-7(1)-2

+ | and

divided by
divided by
Fxl2 in
whether
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1+8-7-2
9-9=10
Hence (x — 1) 1s a factor of p(x).

Il

(b) Let p(x) =22 x* + 5/2x2 - 742

By using factor theorem, (x—1) 15 a factor of p(x) only when p(1) = 0.
p(1) =22(1P + 542 (12 - 742
=2 +52-7
=742 =742 =0

Hence (x-1) is a factor of p(x)

¢) Letp(x) =8x*+ 12x* - 18 x + 14
p

Ex.78

Sol.

Ex.79

Sol.

Ex.80

Sol.

Ex.81
Sol.

By using factor theorem, (x—1) is a factor of p(x) only when p(1) =0
p(1) = 8(1)* + 12(1)° — 18(1) +14
=8§+12-18 + 14
=34-18=16=0.

Hence (x—1) is not a factor of p(x) .

Factorize each of the following expression, given that ;
x3+ 13 x2 + 32 x + 20. (x+2) is a factor,

First method
Let p(x) = x3 + 13x2 + 32 x + 20

= (x+2) 1s a factor of p(x)

p(x) = (x+2) (x2 + 11 x + 10)

=(x+2)(x2+10x+x+ 10)

=(x+2) (x + 10) (x + 1)
Factorize ;
x3-23x2+ 142 x - 120

Let p(x) = x* = 23x%+ 142 x - 120
Constant term, p(x) 15— 120
+1. 4243 44, 5 AW IdeEe s +120

P(1)=1-23+142-120=0
= x -1 1s a factor of p(x). We find the other factor by dividing (x) by (x-1)

p(x) = (x=1)(x222x + 120)

= (x— 1) (x2-10x — 12x + 120)

= (x=1) [x(x=10) = 12(x-10))

= (x— 1) (x-10) (x- 12)
Show that (x - 3) 15 a factor of the polynomial
x3 - 3x2 + dx - 12

Let p(x) = x3 — 3x% +4x — 12 be the given polynomial. By factor theorem, (x — a) 1s a factor
of a polynomaal p(x) iff p(a) = 0. Therefore, in order to prove that x — 3 is a factor of p(x), it 1s
sufficient to show that p(3) = 0. Now,
px) =x3-3xr+4x-12
=p3)=3-3x32+4x3-12

=27-27+12-12=0
Hence, (x — 3) 15 a factor of
p(x) =x3 = 3x2 + 4x - 12
Show that (x — 1) is a factor of x!? — 1 and also of x!! — 1.

Let fix) =x!%_1 and g(x) = S
In order to prove that (x - 1) 15 a lactor of
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T

Ex.82

Sol.

Ex.83

Sol.

Ex.84

Sol.

both fix) and 2(x), it 15 sufficient Lo show that
f(1) =0 and g(1) = 0.
Now, fix)=x19- ] and g(x) = x!! - 1

= f()=10_1=0andg()=11-1=0

= (x = 1) 1s a factor of both f(x) and g(x)

Show that X + 1 and 2x - 3 are factors of
23 —9x2 +x + 12,

Let p(x) = 2x? — 9x2 + x + 12 be the given polynomial. In order to prove that x + 1 and
2x — 3 are factors of p(x), 1t 1s sufficient to show that p(—1) and p(3/2) both are equal to zero.

Now, p(x) =2x* =02 +x + 12
= pD)=2x (1)) =9 x (-1 + (1) + 12

3 3} Y 3
i o3 22(3] 03] <30
= pl-1)=-2-9-1+ 12 and
3 54 81 3
ﬂﬂ=?“1+5+”
= p(=1)=-12 + 12and

(1]  54-162+12+96
Pl2) = 8

= p(=1)=0 and p{%} =0

Hence, (x + 1) and (3x — 2) are factors of the given polynomial.

Find the value of k, if X + 3 15 a factor of
3x2 + kx + 6.

Let p(x) = 3x2 + kx + 6 be the given polynomial. Then, (x + 3) 18 a factor of p(x)
= pl=3)=10

= 33 +kx(-3)+6=0

=>27-3k+6=0

= 33-3k=0 =Lk=11

Hence, x + 3 is a factor of 3x2 + kx + 6 if k = 11.

If ax® + bx? + x — 6 has x + 2 as a factor and leaves a remainder 4 when divided by
(x — 2), find the values of a and b.

Let p(x) = ax? + bx2 + x — 6 be the given polynomial. Then, (x + 2) 1s a factor of p(x)
pi-2)=0 [+ x+2=0=x=-2]

a(-2P¥ + b2 +(-2)-6=0

-8a+4b-2-6=0 — -8a+4b=28§

= -2at+tbh=2 A1)

It 1s given that p(x) leaves the remainder 4 when 1t 1s divided by (x — 2). Therefore,
pi2)=4 [+ x=-2=0= x=2]

= a2l +b2}+2-6=4

= 8a+4b-4=4 — 8a+4b =38

= 2atb=2 -A11)

Uy uu
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Ex.85

Sol.

Ex.86
Sol.

Ex.87

Sol.

Adding (1) and (11), we get
2h=4 =b=2
Putting b = 2 in (1), we get
-2a+2=2 o> -2a=0=>a=0.

Hence,a=0and b = 2.

If both X - 2 and X -

px2 + 5x +r, show that p =

|
5 are factors of

Let f{x) = px2 + 5x + r be the given polynomial. Since x — 2 and x — —;— are factors of f(x).
Therefore,
1
f{2) = 0 and f[E} =0
['.'x—2=ﬂ:::~ x =2 and x—% =0= x=%]

:}px22+5xz+r=ﬂand

IE
p[ﬂ+ Sx;—+rﬂﬂ

= dp+10+r=0and & + 2 +r =0
:4p+r=-1ﬂandw=i}
> 4p+r=—10andp+4r+10=0
= 4p+r==10and p + 4r=-10
S 4p+tr=p+dr

[-- RHS of the two equations are equal]
> 3p=73 DPpET

If x2 -1 is a factor of ax* +bx? + ex2 +dx + e, showthata+c+e=b+d=0.
Let p(x) = ax* + bx? + cx? + dx + e be the given polynomial. Then, (xZ - 1) is a factor of
p(x)
= (x - 1) (x + 1) is a factor of p (x)
= (x = 1) and (x + 1) are factors of p(x)
= pil)=0and p(=1)=0
[-x=1=0=x=landx+1=0>2>2x==1]
—>atb+c+td+e=0anda-b+c-d+e=0
Adding and subtracting these two equations, we get 2(a + ¢ +e) =0 and 2(b +d) =0
—>atct+te=0andb+d=0
—>atcte=b+d=0
Using factor theorem, show that a — b, b— ¢ and ¢ — a are the factors of
a(b? — ¢2) + ble? — a?) + e(a? - bh).
By factor theorem, a — b will be a factor of the given expression i1f it vanishes by substituting
a=binit
Substituting a = b in the given expression, we have
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a[l::2 - {:3} + ]:r[(:3 - 32} + c{az - hz}
= b(b? - ¢2) + b(c? - b?) + ¢(b? - b?)
=bd-bet+be2-bP+ed-bH) =0
- (a—b) s a factor of
a(b? — ¢2) + b(e? — a?) + e(a? — bl).
Similarly, we can show that (b — ¢) and (¢ — a) are also factors of the given expression.

Hence, (a — b), (b = ¢) and (c — a) are also factors of the given expression.

Application of remainder theorem in the factorization of polynomials

(1) Obtain the polynomial p(x)

(i) Obtain the constant term in p(x) and find its all possible factors. For example, in the polynomial x* +
x3 = 7x2 — x + 6 the constant term is 6 and its factors are + 1, + 2, £ 3, £ 6.

(1) Take one of the factors, say a and replace
x by 1t in the given polynomial. If the polynomial reduces to zero, then (x — a) 1s a factor of polynomial.

(iv) Obtain the factors equal in no. to the degree of polynomial. Let these are (x—a), (x-b), (x—c.).....

(v) Write p(x) = k (x-a) (x-b) (x—c¢) ..... where k is constant.

(v1) Substitute any value of x other than abe ... and find the value of k.
% EXAMPLES ¢

Ex.88 Factorize x> +4 + 922 +4x - 6xz - 12 z

Sol. The presence of the three squares viz.x2, (2}2, and (32}2 gives a clue that identity (vi1) could
be used. So we write.

A=x2+2P+B2 +4x-6xz-122
We note that the last two of the product terms are negative and that both of these contain z. Hence
we write A as
A=x2+ (20 + (3272 +22x - 2x(-32) +22 (- 32) = (x+2 - 3z)?
= (x+2=32)(x +2=132)
Ex.89 Using factor theorem, factorize the polynomial x*—6x2+ 11 x - 6.
Sol. Let fix)= x3-6x2+ 1lx -6
The constant term in f{x) 1s equal to — 6 and factorsof —6 are £1, =2 £ 3 + 6.
Putting x = 1 in f{x), we have
f1)=1"-6x12+11x 1-6
1-6+11-6=0

(x— 1) 1s a factor of f{x)

Il

Il

Similarly, x = 2 and x - 3 are factors of f(x).

Since f(x) 1s a polynomial of degree 3. So, it can not have more than three linear factors.
Let f{x) =k (x-1) (x— 2) (x — 3). Then,

x3-6x2+ 1x -6 =k(x-1) (x- 2) (x-3)
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Ex.90
Sol.

Ex.91
Sol.

Putting x = 0 on both sides, we get
-6=k(0-1)(0-2)(0-13)

> =-6==6k=> k=1

Putting k = 1 in f{x) = k (x— 1) (x— 2) (x=3), we get
f(x) = (x-1) (x- 2) (x - 3)

Hence, x*—6x> + 11x = 6 = (x= 1) (x = 2) (x=3)

Using factor theorem, factorize the polynomial x* + x* — 7x2—x + 6
Let fix) =x*+x3-7x2—x+6
the factors of constant term in fix) are £1, £2. +3 and £ 6
Now,
f(l=1+1-7-1+6=8-8=0
= (x — 1) 15 a factor of f(x)
f(-1)=1-1-7+1+6=8-8=0
= x +1 is a factor of f(x)
f(2)y=2%22-7%x22_2+6
=16+8-28-2+6=10
= x-2 15 a factor of f(x)
f(-2) =(=2)*H-2)* - (-2 «(-2) + 6
=16-8-28+2+6=-1220
= x + 2 15 not a factor of f{x)
f(-3) = (3 H3P - W3R (-3) + 6
=81 -27-63+3+6=90-90=10
= x + 315 a factor of f(x)

Since f(x) is a polynomial of degree 4. So, it cannot have more than 4 linear factors

Thus, the factors of f (x) are
(x—2) and (x+3).

Let f(x) =k (x-1) (x+1) (x-2) (x + 3)

= xt+ 3 -T2 —x+ 6=k (x1) (x +1) (x=2) (x+3)

Putting k = 0 on both sides, we get

6=k(-N(DEE23) =b6=6k=k=1

Substituting k = 1 1n (1), we get

P+ - TxE-x+ 6= (x-1) (x +1) (x=2) (x+3)

Factorize, 2x% +x3 - 14x2-19x - 6

(x+1),

Let fix) = 2x*+x7 — 14x2-19x — 6 be the given polynomial. The factors of the constant term

= 6 are £1, £2 +3 and +6, we have,

fi-=1) = 2(-1)* + (=1)° = 14(-1)2 = 19(-1)- 6
=2-1-14+19-6=21-21=0

and,

fi-2) = 2(-2)4 + (-2)3 - 14(-2)2 - 19(-2)- 6
=32 -8-56+38-6=10

So,x + 1 and x + 2 are factors of f{x).
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= (x+1)(x + 2)is also a factor of f(x)
= x? + 3x + 2 is a factor of f{x)
Now, we divide
fix) = 2x% +x* - 14x2-19x = 6 by
x2 + 3x + 2 to get the other factors.
2x2 - 5x -3
X+3x+2 2+ — - 19x -6
2xd + 6x7 + 4x?
- 5%3- 18x2 - 19x - 6
- 5x3= 15x2 - 10x

- o+
~3x- 9x -6
~3x2- 9% -6
+ A =%
0

o 2x4 +x3 - 14x2-19x - 6
=(x2+3x+2)(2x3-5x - 3)
= (x + 1) (x + 2) (2x2- 5x-3)

Now 2x2— Sx - 3= 2x2 - 6x+x - 3
=2x(x-3)+1(x-3)
=(x-3)(2x+1)

Hence, 2x% %3~ 14x2-19x - 6

=(x+1)(x+2)(x-3)(2xt1)

Ex.92 Factorize, 923 — 2722 — 100 z+ 300, if it is given that (3z+10) is a factor of it.

Sol. Let us divide 92z — 2722 — 100 z+ 300 by 3z + 10 to get the other factors
322 - 192 +30
32+ 10  92° - 2722~ 100z + 300
923 + 3022

— 5722 100z + 300
— 5722- 190z

- -
90 z + 300
90 z + 300

0

. 923 — 2722 — 100 z+ 300
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= (3z + 10) (322-19z + 30)
=3z + 10) (322-10z - 9z + 30)
= (3z + 10) {(3z2-10z) - (9z - 30)!
= (3z + 10) {z(32-10) - 3(32-10)}
= (3z + 10) (3z-10) (z-3)

Hence, 92°-2722—100z+ 300
= (3z + 10) (3z-10) (2-3)

i g 4x -2 3 Bx+3
Ex.93 Simphfy : — +s - —
XT—x—-2 2x"-Tx+6 2x"—-x-3

2A2x-) 3 - 8x+3
(x=2)(x+1) (2x-3)(x-2) (2x-3)(x+1)
The L.C.M. of the factors in the denominator is (x — 2) (x + 1) (2x = 3)

Sol.

The given expression can be reduced to

225125 -3)+3x+D—-(Bx+3)Ux-2)
(Xx—2Nx+1)(2x-3)

2(4x? —8Bx +3)+ Hx+1)— (8x~ —13x—6)
(x—2Ux+1)(2x-3)
15
(x=2Hx+1) (2x-3)

Ex.94 Establish the identity

6x> +11x—8 2
i 2
Sol. Ix—2)6x2+11x-8(2x+5

6x2 — 4x

15x — 8

15x = 10

2

6x” +11x—8 _ 2
— (Zx45)=+ -

1
Ex.95 If [" +;] = 5. find the value of

(¢ +2)-5 [ d]es

Sol. X+ =
X
: iy ! 1
Squaring, {Hz] =x2+ 2 t2x =25

X

1
-~ ox2+ — +2=25
=2



Page 36

1
Hence x% + T=25-2=23 D)
We know that (a+h)? = a? + b? + 3ab (a+b)
3
(ot] = () o]
X x X X
=5 =125
i, oA :
Hence x°" + —5 + 3[1”;] = 125
X
1
e x°+ —+3(5) = 125

|
or x3+ <5 =125-15=110

X

From (1) and (11)

x3+%} = 5[11+ 11} +5

X X
110 - 5(23) + 5
110=115+5=10

nr—

Values of a Polynomial

For a polynomial f(x) = 3x2 — 4x + 2.
To find its value at x = 3;
replace x by 3 everywhere.
So, the value of fix) =3x2-4x +2atx =3 is
fi3=3x32-4x3+2
=27-12+2=17.
Similarly, the value of polynomial
fix) = 3x2 - 4x + 2,
(i) at x =-=2is f(-2) = 3(-2)% —4(-2) + 2
12 +8+2=22
0 is f{0) = 3(0)> - 4(0) + 2
=0-0+2=2

o o 1 VIS (i (1_
{ui}a[x—iisf{zj— [E] ~42]+2
3 3
TS

(1) at x

Ex.96 Find the value of the polynomial 5x - 4x2 + 3 at:
(1)x=0 () x ==1

Sol. Let p(x) = 5x = 4x2 + 3.
(i) Atx=0,p0)=5x0-4x(0)2+3
=0=-=0+3=3
(i) Atx =-=1, p(=1) = 5(-1) —4(-1)2 + 3
=5-4+3=-6

Zeroes of a Polynomial

If for x = a, the value of the polynomial p(x) 1s 0 1.e., p(a) = 0; then x = a 15 a zero of the polynomial
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p(x).
For example :
(1) For polynomial p(x)=x-2; p(2)=2-2=10
. x =2 or simply 2 1s a zero of the polynomial
pix)=x-2
(1) For the polynomial g(u) = u? - Su+6;
g3)=(3P-5x3+6=9-15+6=0
. 3 is a zero of the polynomial g(u)
=u? - 5u+6.
Also, g(2)= (2P -5%x2+6=4-10+6=0
. 21is also a zero of the polynomial
gy =ul-5u+6
(a) Every linear polynomuial has one and only one zero.
(b) A given polynomial may have more than one zeroes.
(¢) If the degree of a polynomial is n; the largest number of zeroes it can have 1s also n.
For example :

If the degree of a polynomial is 5, the polynomial can have at the most 5 zeroes; if the degree of
a polynomial 15 8; largest number of zeroes 1t can have 1s 8.

(d) A zero of a polynomial need not be 0.

For example : If f{x) = x2 - 4,

then fi2)=(2)2-4=4-4=0

Here, zero of the polynomial f(x) = x2 — 4 is 2 which itself is not 0.
(e) 0 may be a zero of a polynomial.

For example : If ix) = 8 X,

then fi0)=02-0=10

Here 0 is the zero of polynomial fix) = x2 — x_
€ EXAMPLES %

Ex.97 Venfy whether the indicated numbers are zeroes of the polynomial corresponding to them in the
following cases :

i) px)=3x+ l,x=_%
@ px)=(x+1)(x-2,x=-12
(iii) p(x) = x% x =0

':iV}P{I)= fX+m x == ?
VMpx)=2x+1,x=

Sol. (i) p(x) = 3x + 1

b | =



Page 38

1 1
:}p(—§]=3x—5+1=hl+l=ﬂ

1
g e 1s a zero of p(x) = 3x + L.

(W p(x) =(x+1)(x-2)
>p-)=(-1+1)(-1-2)=0x-3=20
and, p2)=2+1)(2-2)=3=x0=0

. Xx=-=| and x = 2 are zeroes of the given polynomial.
(i) p(x) =x2 = p(0)=02=0

. x =015 a zero of the given polynomial

(i) p(x) = fx +m= P[‘%] e "(‘%J o

=—-—m-+m=10

XS _.? 15 a zero of the given polynomial.

V) P(x)=2x + 1= p&} =zx%+1

=1+1=2=20

% is not a zero of the given polynomial.
Ex.98 Find the zero of the polynomial in each of the following cases :
M) px)=x+35 () p(x)=2x +5
() p(x)=3x-2
Sol. To find the zero of a polynomial p(x) means to solve the polynomial equation p(x) = 0.

"=

(1) For the zero of polynomial p(x)=x + 5
px)=0 =D x+5=0>x=-5
o = =5 15 a Zero of the polynomial
px)=x+35.
M px)=0 = 2x+5=0
= 2xXx=-5and x = —_-1—5-
; x=—i— 15 a zero of p(x) = 2x + 5.
(wpx)=0 = 3x-2=10

:}3x=23ndx=§_

2.
L X= T8 zero of p(x) = 3x - 2

Geometric meaning of the Zeroes of[A

: ﬂﬂ]ial
Let us consider linear polynomial ax + b{The graph of y = ax + b is a straight
line.
For example : The graph of y = 3x + 4/ Straight line passing

through (0, 4) and (2, 10).
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X 0|2
y=3x+4 (4 |10
Pomts | A | B
(1) Let us consider the graph of y = 2x — 4 intersects the x-axis at x = 2. The zero 2x — 4 1s 2. Thus,
the zero of the polynomial 2x — 4 1s the x-coordinate of the point where the graph y = 2x — 4 intersects

the x-axis.

0

e
Il
[
-
|
e
S =T
|
.

(1) A general equation of a linear polynomuial is ax + b. The graph of y = ax + b 1s a straight line which

~b
intersects the x-axis at [T “J_
Zero of the polynomuial ax + b 1s the x-coordinate of the point of intersection of the graph with x-axis.

(iii) Let us consider the quadratic polynomial x2 = 4x + 3. The graph of x2 = 4x + 3 intersects the x-axis
at the point (1, ) and (3, 0). Zeroes of the polynomial

x? — 4x + 3 are the x-coordinates of the points of intersection of the graph with x-axis.

x 1[2]3T4a]5
y=x"—-4x+3|0|-1|0|3 |8
Points A|B|C|D|E

The shape of the graph of the quadratic polynomials 1s ' and the curve 1s known as parabola.
¥

(iv) Now let us consider one more polynomial —x% + 2x + 8. Graph of this polynomial intersects the x-axis
a t

the points (4, 0) (=2, 0).

Zeroes of the polynomial —x2 + 2x + 8 are the
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x-coordinates of the points at which the graph intersects the x-axis. The shape of the graph of the given
quadratic polynomal 1s m and the curve 1s known as parabola.

X -2|-1|0[1]|2])3|4
¥ 0[5 |8(9|8]|T7|0
Pomts | A | B |C|D|E|F|G

The Zeroes of a quadratic polynomial ax? + bx + C;
a # 0 are the x-coordinates of the points where the graph of y = ax? + bx + ¢ intersects the x-axis.
There are three types of the graph of y = ax? + bx + c.

Case I :

Graph of y = ax” + bx + ¢ intersects the x-axis at two distinct points A and B. The zeroes of the
quadratic polynomial ax? + bx + ¢ are the x-coordinates of the points A and B.

y
A

LN
v

Condition:b” —dac >0anda >0

For example : Quadratic polynomial xZ - 7x + 12
Graph of y = x2 — 7x + 12 will cut x-axis at the two distinct points (3, 0) and (4, 0). Zeroes of the
polynomial are 3 and 4.

Case 11 :

Here the graph intersects the x-axis at exactly one point 1.e_, at two coincident points. These two
coincident points A and B coincide and becomes one point A. Zero of the quadratic polynomial 1s the
x-coordinate of point A.
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| Condition: b~ —dac=0anda >0 |

For example : y = (x — 1)2
The graphofy = (x - 1)? will cut x-axis at one point (1, 0). Zero of the polynomial of the point of
intersection with x-axis.

Case 111 :

Here the graph of the quadratic equation will not cut the x-axis. Either the graph will be completely
above the x-axis or below the x-axis So the quadratic polynomial ax? + bx + ¢ has no zero in this

case.

For example : y = x2—2x +4
Graph of y = x2 — 2x + 4 will not intersect the x-axis and the graph will be above the x-axis. The

polynomial x2 = 2x + 4 has no zero.

_.--""_,..

.

Lety =-x+2x =2
Graph of y = — x2 + 2x — 2 will not intersect the x-axis and the graph will be below the x-axis.

The polynomial —x2 + 2x = 2 has no zero.

In Brief : It means that a polynomial of degrer.;: two has at most two zeroes.

Cubic polynomial : Let us find out geometrically how many zeroes a cubic has.
Let consider cubic polynomial x3 —6x2 + 11x - 6.

x ol of J1| 15 J2] 25 T3] as [a
v=x 6% #llx-6|-6|-1875 |0 (0375 |0 [-0375 |0 (1875 |6

Points A B |c| o |E] F Ja| n [1
Case 1 :

The graph of the cubic equation intersects the x-axis at three points (1, 0), (2, 0) and (3, 0). Zeroes
of the given polynomial are the x-coordinates of the points of intersection with the x-axis.
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Case 2 :
The cubic equation x? — x? intersects the x-axis at the point (0, 0) and (1, 0). Zero of a polynomial

x? — x2 are the x-coordinates of the point where the graph cuts the x-axis.

-

Zeroes of the cubic polynomial are 0 and 1.
Case 3 :
y=x

Cubic polynomial has only one zero.

In brief : A cubic equation can have | or 2 or 3 zeroes or any polynomial of degree three can have

at most three zeroes.
Remarks : In general, polynomial of degree n, the graph of y = p(x) passes x-axis at most at n points.
Therefore, a polynomial p(x) of degree n has at most n zeroes.

% EXAMPLES ¢

Ex.99 Which of the following correspond to the graph to a linear or a quadratic polynomial and find the

number of zeroes of polynomial.
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W x

o

(1) x*

x (1v) ¥’

A
S

t,_.{ﬁf:: ‘,.4Ho| L.

(V) x e———x (Vi)

h 3
X 0 X /
i - o .
(wvit) (i) : -
}..ﬂ
¥
(ix) x'#t (x) X’
:rl.‘

Sol. (i) The graph is a straight line so the graph 1s of a inear polynomial. The number of zeroes is one
as the graph intersects the x-axis at one point only.

LP
"

.

te‘%:' e
S

(1) The graph is a parabola. So, this 1s the graph of quadratic polynomial. The number of zeroes is
zero as the graph does not intersect the x-axis.

(u1) Here the polynomial 1s quadratic as the graph is a parabola. The number of zeroes 1s one as the
graph intersects the x-axis at one point only (two coincident points).

(iv) Here, the polynomual 1s quadratic as the graph 1s a parabola. The number of zeroes 15 two as the
graph intersects the x-axis at two points.

(v) The polynomial is linear as the graph is straight line. The number of zeroes is zero as the graph
does not intersect the x-axis.

(vi) The polynomial 1s quadratic as the graph 1s a parabola. The number of zeroes 1s 1 as the graph
intersects the x-axis at one point (two coincident points) only.

(vity  The polynomial 1s quadratic as the graph 1s a parabola. The number of zeroes is zero, as the
eraph does not intersect the x-axis.

(vii1) Polynomial 1s neither linear nor quadratic as the graph 1s neither a straight line nor a parabola 1s
one as the graph intersects the x-axis at one point only.
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Ex.

Sol.

Ex.

Sol.

(ix) Here, the polynomial 1s quadratic as the graph 1s a parabola. The number of zeroes 1s one as the

graph intersects the x-axis at one point only (two coincident points).

(x) The polynomial 1s linear as the graph is a straight line. The number of zeroes 1s one as the graph

intersects the x-axis at only one point.

Relationship Between the Zeroes and the Coefficients of a Polynomial.

Consider quadratic polynomial P(x) = 2x2 — 16x + 30.
Now, 2x2 - 16x+30 =(2x-6)(x-3)
=2(x-3Nx-15
The zeroes of P(x) are 3 and 5.
Sum of the zeroes
- 16 coefficient of (x)
=R ASET _(2 . - |:uu|:fﬁ::itmuf11:|

Product of the zeroes

S R E = Ii:lJI'.I.‘i-L.irIT.le’-I.'ITI-,
2 coefficient of x~
¢ EXAMPLES %
100Find the Zeroes of the quadratic
6x% — 13x + 6 and verify the relation between the zeroes and its coefficients.
We have, 6x2 — 13x + 6 = 6xZ — 4x - 9x + 6
=2x(3x-2)3(3x-2)
={(3x-2)(2x-3)
So. the value of 6x2 = 13x + 6 is
Bx-2)=00r(2x-3)=01e,
When x = % or %
Therefore, the zeroes of 6x2 — 13x + 6 are
% and %
Sum of the zeroes
_ 2 4 i _ 13 A —-13) - —coefficient of x
3 2 [J ] coefficient of x°
Product of the zeroes
2 3 6 constant term
= 3 & 5 = 6 = coefficient of x°
101Find the Zeroes of the quadratic
4x2 — 9 and verify the relation between the zeroes and its coefficients.
We have,

4x2-9=(2x2 -3 =(2x-3H(2x + 3)
So. the value of 4x2 — 9 is 0. when
2x=3=0 o 2x+3=10

3
of X=— =,

rLe.when x= 5

b | s

polynomial

] when

¥

polynomial
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1 3 3

Therefore, the zeroes of 4x2 — 9 are 3 and - =
Sum of the zeroes
i 2 " = —0) _ —coefficient of x

2 2 4 coefficient of x°
Product of the zeroes
_ [3] [ 3] _ -9 _ constant term

2 2 4 coefficient of x°
Ex.102Find the zeroes of the quadratic polynomial

9x” — 5 and verify the relation between the zeroes and its coefficients.

Sol. We have,
92 -5=03xP=(5)P=0x-)3x+.5)
So, the value of 9x2 — 5 is 0,
when 3x — 5 =0or3x+ 45 =0

: 5 -5
Le. when x = — or xX= —.
3 3
Sum of the zeroes
_ ﬁ £ - —{1]]'= —coefficient of x

3 3 9 coefficient of x~
Product of the zeroes

= [£1 {ﬁ]_ j _ constant term
9

_ 3 3 coefficient of x°

Ex.1031f o and [} are the zeroes of ax2+bx+c.a=0 then verify the relation between the zeroes and

its coefficients.
Sol. Since o and P are the zeroes of polynomial
ax? +bx +c.
Therefore, (x — o), (x — P) are the factors of the polynomial ax® + bx + c.
S axl+bx+e=k(x-a)(x-p
> axl+bx+c=k {x2-(a+B)x+ap}
= ax’+bx+c=kx? -k (a+p)x+kap ...(i)
Comparing the coeflicients of x2, x and constant terms of (1) on both sides, we get
a=kb=-k (a+ p)and c = kaPp

=l

::-u+|3=~%and aff =

a+Pp=— ad of = = [~ k=4

-b —coefficient of x
Sum of the zeropes = — = ———
a coefficient of x~
c constant term
Product of the zeroes = — = ———
a coefhicient of x~
Aliter :  Relation between the zeroes and the coeflicient of the quadratic polynomual ax?>+bx +c.
Sol. Let o and p be the zZeroes of the polynomial

ax? + bx + ¢
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~b+b? —dac

. — b
= D
B = % D

By adding (1) and (2), we get

i —b+yb’ —dac |, —b-yb’ —dac
2a 2a
_ =2b b coefficient of x
T 23 a  coefficient of x2
Hence, sum of the Zeroes of the polynomial

N
ax2+bx +cis— —
d

By multiplying (1) and (2), we get

ap = {‘b*m]{—b— 1:3_431

2a 2a
B (=b)? —f (b2 —dac)? _ b2 —b? +4ac
4a’ 4a?
= dac _ € _  constant term
4&2 a coefficient of x°

C
Hence, product of zeroes = —
d

In general, it can be proved that if «, B, y are the zeroes of a cubic polynomial ax3 + bx? + ¢x +
d, then
—b
at+tpty= T
+ By + ya = —
af + By +ya = =
—d
afy = —

b ¢ d z
Mote, ;,5 and S are meaningful because a = 0.

Ex.104find the Zeroes of the quadratic polynomial
x? = 2x — 8 and verify a relationship between zeroes and its coefficients.

Sol. x2-2x-B=x-4x+2x -8
=x(x-4)+2(x-4)=(x—-4)(x+2)
S0, the value of x2 - 2x - 8 15 Zero when
X=4d=0orx+2=01e,  whenx=4dorx=-=2.

So. the zeroes of x2 — 2x — 8 are 4 -2

Sum of the zeroes

e —{-2) _ —coefficient uff
1 coefficient of x~

Product of the zeroes

=g (D)= gD o Comtnt
1 coefficient of x~

Ex.105Find the Zeroes of the quadratic polynomial
4s? — 4s + 1 and verify the relationship between zeroes and its coefficients.
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Sol.

We have,
42 —4s+ 1= 4s2-25-2s+1
=25(2s-1)-1(2s - 1)
= (28~ 1) (25 = 1) = (Ts— 1)*

So, the value of 452 - ds + | 15
1

25-1=0,0rs= 3

Zeroes of the polynomial are é %

Sum of the zeroes
o [ e 4] —coefficient of s

] 1
= e = —_— =
2 2

4 coefficient of s~

Product of the zeroes

_ [l] [i] _ 1 _  constant term
242 4 coefficient of 5°

ZEero when

Ex.106 Verify that the number given along sides of the cubic polynomials are their zeroes. Also verify the
relationship between the zeroes and the coefficients, x3I+2x2-x-2:1,-1,-2

Sol.

Here the polynomial p(x) 15

x3+2x2-x -2
Value of the polynomial x3 +2x2 —x -2 when x = 1
=(1P SRS —2=142-1=-2=
So, 1 15 a zero of p(x).
On putting x = — | in the cubic polynomial
W+2x2ox-2
=1+ 21 D -2=—"1+2+ 1 —2={]
So, =1 15 a zero of p(x).
On putting x = — 2 in the cubie polynomial

X+ —x+2=(2P+2-22-2+2

=—-8§+8+2-2=0

So, — 2 15 a zero of p(x).
Hence 1, - 1 and — 2 are the zeroes of the given polynomial.
Sum of the zeroes of p(x)

-2 —cocfficient of x~
=]l=1=2=—=

1 coefficient of 13

Sum of the products of two zeroes taken at a time
D+ ED E)+HA) E)=-1+42-2=~1

=3 coefficient of x

] coefficient of x°
Product of all three zeroes

=) (=) () =2= —(-2) _ __ constant term

1 coefficient of x~

Ex.107 Verify that the number given along the sides of the cubic polynomials are their zeroes. Also venfy
the relationship between the zeroes and the coefficients. 234255 =22 1.1,

Sol.

Here the polynomial p(x) 15
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x> —4x? +5x -2
Value of the polynomial x* — 4x? + 5x - 2,
when x = 2
=(2P-42P+5(2)-2=8-16+10-2=0
So, 2 15 a zero of p(x).
On putting x = 1 in the cubic polynomial
X 4x?+5x-2
=(1)3-4(12 +51)-2
=]-4+5-2=0
So, 1 15 a zero of p(x).
Hence, 2, 1, | are the zeroes of the given polynomial.
Sum of the zeroes of p(x)=2+1+1=4

_ —(—4) _ —coefficient of x°

1 coefficient of x*
Sum of the products of two zeroes taken at a time
=2x1+1=1+2xL=23+1+2

_ 3 _ coefficient of x
1 coefficient of x°
Product of all the three zeroes
—{=2) = —{constant term)
1 coefficient of x2

=2=x]l=x]l=2=

Ex.108 Verify that the numbers given along side of the cubic polynomials are their zeroes. Also verify the
relationship between the zeroes and the coefficients. 23+ x2-5x+2- % 1. -2
Sol. Here, the polynomial p(x) 1s
2x3 4 x2 — Sxik2

Value of the polynomial 23 +x2-5x +2
]
2

N ] &

1 1 1 B1:.1 5 _
= 2{5] +[EJ - 5[2]+ 2 i 2=

1
S0, 3 1s a zero of p(x).

when x =

On putting x = 1 1n the cubic polynomial

2x3 +x2 = 5x +2
=210+ (1) =5(1)+2=2+1-5+2=0
On putting x = = 2 in the cubic polynomial

2x3 +x2-5x +2
=2-2P + (22 -5(=2)+2
=-16+4+10+2=10

Hence, % 1, = 2 are the zeroes of the given polynomual.

Sum of the zeroes of p(x)
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1 —coefficient of x°
coefficient of x°
Sum of the products of two zeroes taken at a time

1 1
==x14+=x(=2)+1 x (-2)
2 2
_ 1 1 i 5 _ coefficient of x
2 2 coefficient of x°

Product of all the three zeroes

—constant term

-(3) x0x =-1= 22

2 2 coefficient of x°

Ex.109 Verify that the numbers given along sides of the cubic polynomial are their zeroes. Also verify
relationship between the zeroes and the coefficient; x3-27x + 54; - 6.3 3

Sol. Here the polynomial p(x) 1s x> - 27x + 54
Value of the polynomal x3 — 27x + 54
whenx=-06

=(-6)y -27(-6) +54=-216+162 + 54 =0

So, —b is a zero of p(x).

On putting x = 3 in the cubic polynomial

X - 27x + 54 = (3)° - 27(3) + 54

=27-81+54=0

So, 3 15 a zero of p(x).

Hence, —6, 3, 3 are the zeroes of the given cubic polynomial.
Sum of the zeroes of p(x)

_¢ i 2
=—6+3+3=0 2= L““’m'f'tm‘{f?';
! coetficient of x
Sum of the product of two zeroes taken at a time
=6 3)+03)G)+(=6) ()

=_184+0_18=-27= . coefficient of x

| coefficient of x>
Product of all the three zeroes

= (=6) (3) (3) = — 54 = —54 _ _—tonstant term

1 coefficient of x°

Ex.110 Venfy that the numbers given along side of the polynomial are their zeroes. Also verify the relationship
between the zeroes and the coefficient.

x¥+2%3 - Tx2 -8x +12;-3,-2,1,2
Sol. Here the polynomial p(x) 15
x¥+2x3 - 7x2 - 8x + 12
Value of the polynomial x*+2¢ - 7x-8x + 12 when x =- 3.
=3+ 2(-3P¥ -7(-312-8(-3) + 12
=81-54-63+24+12=0
So, =3 15 a zero of p(x).
On putting x = - 2 in the given polynomial, we have
p-2) =2+ 22 - (22 -8 (-2) + 12
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=l6-16-28+16+12=0
So, =2 1s zero of p(x).

On putting x = | in the given polynomial,
we have
p(1) = (13 +2(1)* - 7 (1)2 - 8(1) + 12
=1+2-7-8+12=0
So, 1 1s a zero of p(x).
On putting x = 2 1n the given polynomial, we have p (2) = (2}"' + 2{2}3 -7 1{2}2 - 3(2)+ 12
=16+16-28-16+12=0
So, 2 1s zero of p(x).
Hence, — 3, — 2, 1, 2 are the zeroes of given polynomial.
Sum of the zeroes of p(x)

B SRy Bty .
= 3__2+l+2___Tm coefficient of x

coefficient of x*
Sum of the products of two zeroes taken at a time
=) E)+E) D+ (M) @)+ (3) (D
+(=3)(2) + (-2) (2)
=

6-2+2-3-6-4=-7=—

_coefficient of x”
coefficient of x*
Sum of the products of three zeroes taken at a time
=(=3)(=2) () + (=2) (1) 2)
+(=3) (-2) (2) + (53) (1) (2)

=6-4+12-6=8= 7=

coefficient of x
coefficient of x*
12 constant term

Product of all the four zeroes = (-3) (-2) (1 (2) =12 = T

coefficient of x*
Symmetric functions of Zeroes of a
Quadratic Polynomial

® Symmetric function :

An algebraic expression in « and B, which remains unchanged, when « and P are interchanged 1s
known as symmetric function in « and p.

For example, a2 + p2 and o + B etc. are symmetric functions. Symmetric function is to be expressed
in terms of (« + B) and afi. So, this can be evaluated for a given quadratic equation.
@ Some useful relations involving o and B :
I o? + p* = (@ + B)° - 2P
2 (o= BY = (o + B)* - 4ap

.02 -2 =(a+B)(a-P)=(a+B)la+p?-dap

4. 0 + B = (a+B) -3af (e + P)
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5.0 =P = (o= B) + 3af (o = B)
¢ EXAMPLES ¢

Ex. 111 1f o and & are the Zeroes of the polynomial
ax® + bx + ¢. Find the value of
i)a-p (ii) a2 + p2.
Sol. Since « and B are the zeroes of the polynomial ax? + bx + c.
b

c
-.{1+B=_;; ﬂ-_ﬁ:;

@) (o - B)? = (a+ B)* - 40f
[ hT 4c _ b> _ b?—dac

—— = —]
2 2

a a- a

Vb2 —4ac

a
(i) of + B2 = a2 + B2 + 2P - 2ap = (o + B - 20p

(2] o) e
a a a-

Ex.1121f o and B are the zeroes of the quadratic polynomial ax? + bx + ¢. Find the value of

a

a-p=

(i) a2 - p2 (i) a3 + p3.
Sol. Since o and P are the zeroes of ax? + bx + ¢
—b c

. '!1+|3£TJU-B=;

() a2 - B2 = (a+P)(@-P) =~ = asp’—dap

b [—b3 45 __ b [b’—dac
T a a a T oa al

byb? —dac

31

@ o+ B =@+p) @ +F- o)
= (@+P) [(@ + B + 20) - 30}

—

= (a0 + B) [(a + B)? = 3ap] = L [[_be—%l

_-b [hz Ju}_—_h[bl—jau]_—h3+33hc

d 32 d i | aj aj

To form a Quadratic Polynomial with the given Zeroes

Let zeroes of a quadratic polynomial be « and .
.x=0a, x=§
x-a=0 x-p=0
The obviously the quadratic polynomial 1s
(x - ) (x = B)

ie, xX-(a+p)x+ap

?



¢ EXAMPLES ¢

Ex.113Form the quadratic polynomial whose zeroes are 4 and 6.
Sol. Sum of the zeroes =4 + 6 = 10

Product of the zeroes =4 = 6 = 24

Hence the polynomial formed

=x2 - (sum of zeroes) x + Product of zeroes

=x2—-10x +24
Ex.114 Form the quadratic polynomial whose zeroes are -3, 5.
Sol. Here, zerpes are — 3 and 5.

Sum of the zeroes = -3 +5=2

Product of the zeroes = (-3) = 5=-15

Hence the polynomial formed

= x2 — (sum of zeroes) x + Product of zeroes

=x2-2x-15
Ex.115Find a quadratic polynomial whose sum of zeroes and product of zeroes are respectively -
M) §.-16) 3.5 ()0, |5
Sol. Let the polynomial be ax? + bx + ¢ and its zeroes be o and P.
() Here,a + B = % anda f=-1
Thus the polynomial formed

=x2 — (Sum of zeroes) X + Product of zeroes

1
=K2—'- _]x_._.[=11_£,_,]
4) 4

The other polynomial are k(xz —%— i]

If k = 4, then the polynomial is 4x> — x — 4.
. 1
(i) Here, a + p= 5 aB=E
Thus the polynomial formed

=x2 — (Sum of zeroes) X + Product of zeroes

1 1
=x24{ﬁ}x+5 or xjAﬁx+E
Other polynomial are k [x3 —-»EH%J
If k = 3, then the polynomial is 3x2 = 342 x + |

(i) Here, o + B = 0and  «.p =.5
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Thus the polynomal formed
= x2 — (Sum of zeroes) x + Product of zeroes

=x2 () x+45 =x2+ 5

Ex.116 Find a cubic polynomial with the sum of its zeroes, sum of the products of its zeroes taken two

Sol.

at a time, and product of
— 7 and —14, respectively.

Let the cubic polynomial be

ax® +bx? +ex +d

b d
—yixd = xSy = SUCTY
a d d

and its zeroes are o, P and v, then

b
u+B+T=E=‘;

of +By+tar=-7=7

B |0

d
afy = - 14 = - —

Putting the values of -E—, ~:—- and -S- in (1),

we get
KB+ () xE+(-Tix+ 14
= x’- 2x2-7x+14

15

Zeroes

as 2.

Ex.117Find the cubic polynomial with the sum, sum of the product of its zeroes taken two at a time and

product of its zeroes as 0, =7 and —6 respectively.

Sol. Let the cubie polynomial be
ax’ +bx?+ex +d
= L LR AT
a H d
and 1ts zeroes are a, B, y. Then
b
a+p+y=0=- =
u|3+;31‘r+mr=—‘f=§
—d
oy S b=
. .bh e d .
Putting the values of i and S (1),
we get
x3 = (0) x2 + (-7) (-6)
or x?-Tx+6
Ex.1181f o and i are the zeroes

: !
ax? + bx + ¢ then form the polynomial whose zeroes are L and —

o

of

the

polynomials
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Sol.

Since o and B are the zeroes of ax? + bx + ¢

—hb c
a+fi= Tjﬂﬁﬁ;

1 P+

I
Sum of the zeroes = — + =
o 3 o

—

b

I
ls
|

£ M
Product of the zeroes

e a

B
=3~ 5"

Cc

Bl |—

But required polynomial 15
x2 —(sum of zeroes) x + Product of zeroes

e = o

b a b a
or X2+ — x+ — or C[x2+—x+—J
C (] C ]

= cxf+bx+a

Ex.1191f a and b are the Zeroes of the

Sol.

. o
x2 + 4x + 3, form the polynomial whose zeroes are 1 + % and 1 + B

Since a and P are the zeroes of the polynomal
x2 +4x+3 Then, a +B=-4, ap =3
Sum of the zeroes

2 2
=1+E+]+2=uﬂ+|3+u.ﬁ+u
o B o
_al+pt42ap  (@+B) (47 _ 16
- af . afd BEE L

Product of the zeroes

_ Bl a2 o & . B _ 9B
_[Hu][”ﬂ] T ' <o
S c:3+13: - E.r:c|’£ll+:11+ﬁ.1

- o = i

_a+p)? (4?16

aff 3 3
But required polynomial 15

, 2.8 (sum of zeroes) x + product of zeroes

2 2

: 16 16 .
or 3| ?’H? (if k=3)

= 3x2 - 16x + 16

polynomial
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Working rule to Divide a Polynomial by Another Polynomial

Step 1:First arrange the term of dividend and the divisor in the decreasing order of their degrees.

Step 2:  To obtain the first term of quotient divide the highest degree term of the dividend by the highest

degree term of the divisor.

Step3: To obtain the second term of the quotient, divide the highest degree term of the new dividend

obtained as remainder by the highest degree term of the divisor.
Step 4: Continue this process till the degree of remainder is less than the degree of divisor.
@ Division Algorithm for Polynomial
If p(x) and g(x) are any two polynomials with
g(x) = 0, then we can find polynomials g(x) and r(x) such that
p(x) = q(x) > g(x) + r(x)
where r(x) = 0 or degree of r(x) < degree of g(x).

The result 1s called Division Algorithm for polynomials.

| Dividend = Quotient x Divisor + Remainder |

4 EXAMPLES ¢

Ex.120Divide 3x3 + 16x2 + 21x + 20 by x + 4.
Sol.

In +4dx+S

]
x+4| 3% +16x +21x+20 First term of g(x) = %=3x_

3 2
Ix +12x

5l * .
4" +2ix+20 Second term of g(x) =% T

4%+ 16x

Sx+ 1M Third term of g(x) = %=5
Sx+20

0
Quotient = 32 +4x +5

Remainder =0

Ex.121 Apply the division algorithm to find the quotient and remainder on dividing p(x) by g(x) as given

below :
px)=x3-3x2+5x -3 gx)=x2-2
Sol. We have,

p(x) =x3 = 3x2 + 5x -3 and g(x) = x2 -2



F

L

ER— . o
% —3x +35x—3 First term of quotient is &5 = x

X

-Ix
i - + ,
—3x_+7x—3  Second term of quotient is _3'—f =—3
=i +6 X
+ ot
Tu—9

We stop here since

2_2}

So, quotient = x = 3, remainder = 7x - 9

Therefore,

Quotient = Divisor + Remainder

]

x-3N(xE-2)+7x-9
P=2x-3x2+6+7x-9
%3 — 3x2 + 5% — 3 = Dividend

Therefore, the division algorithm 1s verified.

Ex.122 Apply the division algorithm to find the quotient and remainder on dividing p(x) by g(x) as given

below

px)=x*-3x2+4x+5 g =x+1-x
Sol. We have,

p)=x*-3x2+4x +5, gx)=x2+1-x

x +x-—3

2 4 2
X —x+1]x —3x +4x+5

P T

X —x +x

— = =3

3 2
X —dx +4x+5

3 7]
X =3t Xx
- .

Py

—3x +3x+5

—3x +3x-3
+ - -

8

We stop here since

degree of (B) < degree of x2-x+1)

So, quotient = x

Therefore,

2 4 x = 3. remainder = 8

Quotient = Divisor + Remainder

=(x2+x

3 x2-x+1)+8
=x¢ -3+ 2+ -x2+x-3x2+3x-3+8

= x* - 3x2 + 4x + 5 =Dividend
Theretore the Division Algorithm 1s verified.

Ex.123Check whether the first polynomial 1s a factor of the second polynomial by applying the division
algorithm.

Sol. We divide 2t + 3t = 22 = 9t = 12by 2 = 3

2324 +3 22 -9t - 12
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Here, remainder 15 0
209+ 30 - 22 - 9t - 12,

3

AT +3+4

& &3
2t +3t -2t -5%t-12

4
2t

=6t

+

o+ +9—12

3t

-0t

4

50

411
H

1)
2

=12

-12
+

200433 - 212 9t — 12 =22 + 3t + 4) (12 - 3)

factor of

Ex.124Check whether first polynomial is a factor of the second polynomial by applying the division

algorithm,
xZ+3x+ L3+ -2+ 2
Sol. We divide 3x* + 5x> - Tx> + 2x + 2 by x? + 3x + |
3:{2 + 45+ 2

T 3.\:*+5x3—?x: +2x+2

§ 3 1
Ix 4Oy +3x

X — 10X +2x 2

i 2
—dx —12x —dx
4 i 4

i
Ix +hx+2

I+ 6x 42

0
Since, here remainder 15 zero.

Hence, x2 + 3x + | is a factor of
I+ - TxI+2x 42,
Checking

P+ -oTx2+2x + 2
=BxI-4x+2)(xT+3x+1)+0

= 3x* 4+ 5x3 — 7x2 + 2x + 2 = Dividend

Ex.125Check whether the first polynomial is a factor of the second polynomial by applying the division

algorithm.

o+ L x5 -4+ + 3+

Sol. We divide x> - 4x3 +x2+3x+ 1 by x3 = 3x + L.
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x:—l

S 5 313
X o=3x+] |x —dx +x +3x+1
5 k] 2

L T
L i
—x% +ix+1
4
—X +3x-—1
i -+

B

Here, remainder is 2, so x> — 3x + 1 is not a factor of x° — 4x° + x2 + 3x + 1.

Checking :

X a3+ l=E - D) =3+ 1)+2

=x -4t +xt+3x-1+2

z -
Ex.126 Obtain all the zeroes of 3x* + 6x° — 2x? — 10x — 5. if two of its zeroes are J; and - \E

X 5 5
Sol. Since two zeroes are J; and +J: !

e Py Sl

5 5
= (X—J;] [“‘E] =x2- % or 3x% — 5 is a factor of the given polynomial.

Now, we apply the division algorithm to the given polynomial and 5

2
X +2x+1

2 4 3 2
3 =5 |3x +6x —2x —10x-5

4 2
3x — 5%

= +
3 2
o +3x —10x—-3

3
fx —10x
g 4

3:(:' -5
Ix —5
2 4
0
So,3x*+6x3 —2x2 - 10x -5
=(3x2-5) (2 +2x+ 1)+ 0
Quotient = x2 +2x + 1 = (x + 1)2

Zeroes of (x + l]2 are —1, —1.

. 5 5
Hence, all its zeroes are \E - J: -1, =1
3 o- x4+

Ex.1270n dividing 4

g(x), the quotient and remainder were x — 2 and -2x + 4, respectively. Find g(x).

Sol. px)=x*-3xT+x+2
qx)=x-2andr (x)=-2x+ 4
By Division Algorithm, we know that
p(x) = q(x) * g(x) + r(x)
Therefore,

X

+

2

by

a

polynomial
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x3—~3x2+x+2={x-2] x g(x) + (-2x + 4)
S x3 =32 +x+2+ 2 -4=(x-2) x g(x)
xd —3x?+3x-2
x—2
On dividing x* - 3x2 + 3x -2 by x - 2, we gel g (x)

>

X —x+1

= glx) =

B i 3
3 2z i . u

N—=2 |x —3x +3x—2 First term of quotient is “T=s:

i F :

X —2x

—

2

—x" +3x —2 Second term of quotient is —
b

=X
- +2x
+ —

% =2 Third term of quotient is % =]

x —2
S e

0
Hence, g(x) = x

2w ]

Ex.128Give examples of polynomuials p(x), q(x) and r(x), which satisfy the division algorithm and
(1) deg p(x) = deg q(x)
(ii) deg q(x) = deg r(x)
(111) deg q(x) =0
Sel. (1) Letqg(x)= Ix2+2x + 6, degree of q(x) = 2
p(x) = 12x2 + 8x + 24, degree of p(x) = 2
Here, deg p(x) = deg q(x)
(i) p(x) =x3 +2x¥+3x3 + 5x2 + 2
q(x) = x2+x+ 1. degree of g(x) = 2
g)=x3 +x2+x+1
n(x) = 2x2 - 2x + 1, degree of r(x) = 2
Here, deg q(x) = deg r(x)
(iii) Let p(x) = 2x% + 8x® + 6x2 + 4x + 12
q(x) = 2, degree of q(x) =0
gx)=x4+4xF +3x2+2x + 6
rx)=10
Here, deg q(x) =0
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EXERCISE#1
VERY SHORT ANSWER TYPE QUESTIONS

Factorize each of the following expression

Q.1 x2-x 42

Q2 65y =y

Q.3 al + 46a + 205

Q.4 ab + ac —b? — bc

Qs p* - 81q*

Use remainder theorem to find remainder, when p(x) is divided by g(x) in following questions.
Q.6 px)=2x2-5x+ 7, q(x)=x -1

Q.7 px)=x-5x*+1 qx)=x+1

Q.8 p(x) = 2x3 - 3x2 + 4x-1 , q(x) = x + 2

Use factor theorem to verify in each of the following that g(x) is a factor of p(x).
Q.9 p(x) = 2x3 + 5x2 + 3x—4, g(x) = x - 1
Q10 px)=x*-3x+2x+ 1, qx)=x-1

SHORT ANSWER TYPE QUESTIONS

Factorize each of the following expression

L}

Q11 125 a3 + "—?

i

Q.12 If one of the factors of x2 + x — 20 is (x + 5), find other factor.
Q.13 Find positive square root of 36x% + 60x + 25

Q.14  Simplify : \[2a2 + 2,f6ab + 362

Q.15 (x% +4y)2 + 21 (x2+4y) + 98

Q.16 4(x-y)? - 12(x —y) (x +y) + 9 (x+y)?

Use factor theorem to verify in each of the following that g(x) is a factor of p(x).

Q.17 Find the value of k if (x — 2) is a factor of 2x°— 6x2+ 5x + k

Q.18 Find the value of k 1f (x+3) 1s a factor of 3x2+kx +6.

Q.19 p(x)=3x0-7x3 + Tx*-3x3 +2x2 -2 q(x)=x -1

Q.20 For what value of k is y? + ky + 2k-2 exactly divisible by (y + 1) ?

LONG ANSWER TYPE QUESTIONS

Q.21 Show that if a + b 1s not zero, then the equation a (x-a) = 2ab b (x-b) has a solution x = a +
b.

Q.22 Prove that
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Q.23

Q.24

Q.25

0.26

Q.27

0.28

0.29

a? + b} + ¢ — 3abe
- IE{a+b+r;:} [(a=b)2 + (b — ¢)2 + (c-a)?]

Prove that
(a+b)’ +(b+c) +(c+a)—3(a+h) (b+re) (c +a) =2 (a’ +b> + ¢ - 3abe)
If x+1 and x = | are factors of

mx-> + x2 =2x + n_ find the value of m and n.

If x* + mx2 + nx + 6 has x — 2 as a factor and leaves a remainder 3, when divided by x- 3,

find use of m and n.

What must be subtracted from 4x*-2x—6x> + x — 5 so that the result is exactly divisible by x>+ x -
1

Using factor theorem, factorize the polynomial
xA+x3-Tx2-x+6.

Let A and B are the remainders when the polynomial y* + 2y? — 5ay — 7 and

y3 + ayz ~12y + 6 are divided by y + | and y-2 respectively. If 2A + B = 6, find the value of a.

If 3x — 1)* = a;x* + a;x3 + a,x? + a;x +a, then find the value of a, + 3a; + 9a, + 27a; +

Slaﬁ_

FILL IN THE BLANKS

Q.30
0.31

0.32

0.33

Q.34

0.35

Q.36

Q.37
0.38

Q.39

If a+ b=2, then the value of a> + b3 + 6ab is SquaLEe o

7

The coefficient of ‘a n (a + b + ¢ (x + y + 2
(ytz—X) iz . .om

X,y
_+_

1 reduces to ...
}" X

{(x+yP+ (x - y)?) + [
The expression
A B 9-—x

+ = :
el e for all values of x. Then A and B are respectively equal to .................

The coefficient of x2 in
(px2 + 4x +1) x (@x2 - 3qx - 5)is ...

The value of
{x+Hy-2)}2 - {yHz+x)}2 + {z—(x +y)}?
whenx=1l,y=-2,¢c=315 ...............

Sm° —4m-2 7
——— = — then the value of m ........
S5m- —-4m 2

abx? + (a® — b%)x — ab when expressed 1n linear factors 1s equal to ...

xHy - 2 + ¥ (@x + 2 (xy) = N (x-y)
(¥=2) (z—x), then N must have the value ....._____.

4x2-2bx + ab - a? when expressed in linear factors is equal to ...
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TRUE/FALSE TYPE QUESTIONS

Q.40

Q.41
Q.42

.43

Q.44
Q.45
Q.46
Q.47

When 14 x* -  3x¥ + 4x + 2
2x—1, the remainder is 5.

4x* - 8x+151is exactly divisible by 2x-1.

x2 = 5x + 6 cannot be written as a product of two linear factors.
x3 ~ IxIy+ 3xyl-y3 is exactly
X =Y.

(2a+b)2 = (2b + a)2 = 3 (a? - b?) is an identity

9+ 4.5 and 9 — 45 are reciprocal numbers.

(x2 + 1) = (x* - 6x% + 1)* + 16 (x*~x)? is an identity.

3x + [4x — {3x+ (4x-5)+3} — 5x] 15 independent of x.

SINGLE CHOICE TYPE QUESTIONS

Q.48

Q.49

Q.50

Q.51

Q.52

Q.53

Q.54

Q.55

15 divided by

divisible by

Take away the sum of squares of a and b from the square of the sum of a and b, and divide the

number obtained by ab. Then the resulting number is -
(A) a (B) b (C) 2 (D) None

It x be a natural number, then the number of possible solutions of the equation ax =x+ 6 for various

values of a 18
(A) 1 (B) 2 (C) 4 (D) None

. 1
If x + — =2 then the value of x> + —5 18
X X

(A)2 (B)8  (C)31- (D)None

Ifa+b+c+d=0 then
(a+d?+(b+d?+(c+d)?isequal to
(A) a2 + b2+ ¢2+ @2 (B) a2 + b2+ ¢2+3d?
(C) a2+ 2b%+ 3¢+ 4d2 (D) None

An expression when divided by X

x2 = x + 1 for quotient and 3 for the remainder. It is equal to
(A) x>+ 4 (B) x3 -2 (C)x* -1

fa=x3+3x2+3x+1:b=x2+2x+1;
1
¢ =x + 1, then the value ofa-3b +3c -1 when1=~§ 15
1 1 !
{A}E (B}_F {C]HEE (D) None
Ifx+— = y+ — then
X ¥
(A) x = ay (B) y = ax (C)xy=a (D) None

If at+ b—- ¢ =0, then
(A)b2+ac=cl-ab (B)ct+ab=al-be
(C)a®+bec=b*-ca (D)None

+ ] has

(D) None
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Q.56 If a + b + C = 0, then the value of
a’ b* e’ :
+¥ b 7 15
a-—bec b= —ca ¢ —ab
(A) 1 (B) 2 (C) 3 (D) None
Q.57 Letp= - 5, then p (1-n?) is equal to -

1+ m]'l.}2 —{m+n)

(Aym?  (B)nZ (O) 1 (D) None
ONE OR MORE THAN ONE CORRECT CHOICE TYPE QUESTIONS
Q.58 If x —1 is a factor of k2x’—4kx + 4k —1, then the value of k is -

(A) 1 (B) -1 (C) 2 (D) -2

Q.59 For what value of a 15 the polynomial
x4 - ax? +  4x? + 2x + | is  divisible by
| - 2x ?
(A)a=25 (B)a=24 (C)a=23 (Dya=22

Q.60 Ifx + 1 is a factor of polynomial 2x3-2x2 + x + p, then which of these are not the value of ‘p’-
(A) 2 (B) 3 ©) 5 (D) 4

Q.61 Ifx +ais a factor of x> + ax? — 2x + a then which of these are not the values of a

(A) 4/3 (B) 4/3 (C) 5/3 (D) -5/3
.62 If one of the factors of x2+x =20 is {x+5), then other factor 15 -
(A) (x—4) (B) (x=5)
(C) (x - 6) (D) (x=7)
Q.63 Which of these are not the positive square root of 36x2 + 60 x + 25
(A) 6x - 4 (B)6x +5 (C)ox +3 (D) 6x -3

MATCH THE COLUMN TYPE QUESTIONS
().64. Maich the column

Column 1 Column 2
(1) If a + b 1s not zero, then (A)a=bhb
the equation

a (x—a)= 2ab - b (x-b)
has a solution
(ii) If2(a®+b?)=(a+b)®, then (B)x=a+b
(C)x=a-hb

0.65. Maitch the column

Column 1 Column 2

(1) If'a polynomial p(x) (A)x=-a
15 divided by (x+a),
the remainder 1s the
value of p(x), at

(11) If a polynomial p(x) is (B) x=Db/a
divided by (ax-b), the
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remainder is the value

of p(x) at
Q.66 Match the column
Column 1 Column 2
1
(1) Factorization of (A) T{““g] (x +3)
%xz—b.—l} is (B) %{w;-} (x +3)

(1) Factonzation of

100 — 9p? is (C) (10 - 3p) (10+3p)
(D)(100-3p) (100+3p)

Q.67 Match the column
Column 1 Column 2
(1) Factors of (A) (x+1) (x=1)(x-3)
2x*+ 33 = 14 x? ~19x-6 are
(11) Factors of (B) (x+1) (x+2)(x-3)
x*—3x2-x + 3 are (2x+1)

Assertion & Reasoning Type Questions

The following guestions consists of two statements each, printed as Assertion and Reason.

While answering these questions you are to choose any one of the following four responses.

(A) If both Assertion and Reason are true and the Reason is correct explanation of the

Assertion.

(B) If both Assertion and Reason are true but Reason is not correct explanation of the

Assertion.

(C) If Assertion is true but the Reason is false.

(D) If Assertion is false but Reason is true.

Q.68

Q.69

Q.70

Q.71

Assertion : The remainder when the polynomial p(x) = x*-3x2+ 2x +1 is divided by x-1 is
p(l) = 1
Reason : p(x) = x*3x% + 2x + 1
p(1)= 14 = 3x12 + 2x1 +1
=1-3+2+1=1
Hence, required remainder = p(1) = 1

Assertion :  (x — 3) is a factor of the polynomial x¥ — 3x% + 4x - 12
Reason : (x — 1) is a factor of x'%-1 and also of x!!- |

Assertion :  (x +a) is a factor of x" + a" for any odd positive integer.

Reason : In order to prove that x + a 1s a factor of f{x) for any odd positive integer n, 1t 1s
sufficient to show that fla) =0

bt
Assertion :  (ax = b) 1s a factor of polynomial p(x) if p [%J =0
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Reason : (x — a) (x-b) 1s a factor of polynomial p(x) 1if p(a) = 0 and p(b) =0

Q.72 Assertion : If both x -2 and x —1/2 are factors of px2 + 5x + r, thenp =r
Reason : If x2-1 is a factor of ax* + bx® + ex> + dx +cthena+c+e=b+d=10

ANSWER KEY

VERTY SHORT ANSWER TYPE :
Lix+6){x-T) LiE+yvI(l -y
la+4l)(a+5) 4. (a— b) (b + )
5.(p + 3q) (p - 3q) (p? + 9¢?)
6.4 7.-5 8.-37
B. SHORT ANSWER TYPE :

b 5 Sab b2

11 5a +-——] 258" ——+—

g 3 309
12. (x4) 13. 6x+5 14. (42 2a+43 b)
15. (x2+ 4y + T)(x2+ 4y + 14) 16. (x + 5y)°
17. -2 18. 11 20.3
C. LONG ANSWER TYPE
M m=2 n=-12B. m=-3 n=-
26. 6 2. (x—-1Dx+ D(x=2)(x+3)
28.a=x 29.0
D. FILL IN THE BLANKS :
30. 8 M.—x+y+ 3z 32. Xy
33.A=2,B=-1 34.-5p-12q+4r 35.-4
36. 2/5 37. (bx + a) (ax — b)
3R N=-1 W (2x—-a)(2x—b + a)

40. True 41. False 42, False 43. True
44. True 45, True 46. True 47. False

48. (C) 49.(C) S50 (A) 51. (A)

1.
52. (A) 53.(B) 54.(C) 55. (A)
56. (B) 57.0(C)

58. (A), (B) 59. (A)
60. (A), (B), (D) 61. (A} (C)AD)
62. (A) 63. (ALIC), (D)

ki ] v i TES "
64. (1) —(B), (u)—(A)
65. (i) —(A), (i) —(B)
66. (1) —(A), (u)—(C)
67. (1) —(B), (i) —(A)

68. (A) 69. (B) T0. (C)
1. (D) 72. (B)
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EXERCISE #2

Single Choice Questions

1 1
Q1 If [“—J = 3, then [Kz+ 3] 15 equal to -
X

W5 ®F ©7 M1

4 1.
3] 1s equal to -
X

Q2 If [x-ﬂ = %, then [ X .
A7 (BY-7 (9 (D)-9

Q3 If [‘TLJ 4, then [x +XL4] 15 equal to -
(A) 196 (B) 194 (C) 192 (D) 190

31
Q.4 11‘[x+£] = /3, then the value of [x3+L3] 8-
(A)0 (B) 343
©3(\3-1) D3B+1)

Q5 It {“‘I'J 2, then [x TXL;] 1s equal to -
(Ayed (B)14 (O)8 (D)2

| 1
Qo6 If [1 +;'] 102, the value of [K—'x'] 15 -
(A) B (B)10 (C)12 (D) 13

Q7 I (1 +xL] = 322, the value of [hi] 1S -
(A4 (B6 (O8 (D32

Q8 Ir [1 +XL] = 52, the value nf‘[ l] 1s -
(A)4 (B)3 ()6 (D)13

| 1
Q9 If {13—K—J = 14, the value of [x—;] is -

(A)S (B4 (©3 (D)2

Q.10 If x 1s an integer such that [x +i] = [%] then the value of [x—ij 15 -

X X

13 15 1
W4 B ©F O

1 1
Q.11 If [‘ +?] 727, the value of [1 -:3*] 15
(A) 125 (B) 140 (C) 155 (D) 170

3
Q.12 If [EI—IJ = 5, the value of [412 —ij] is -

X

(A)25 (B)30 (C)35 (D)49
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Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

0.24

Q.25

Q.26

i & 1 ‘
If [1*—J = 3. the value of fx +—] 15 -

X

(A) 927 (B) 414

. X.E'

(C) 364 (D) 322

If t2 = 4t + 1 = 0. then the value of [H ij) i5-

(A)44 (B) 48

t

(C) 52 (D) 64

If x +y=7and xy = 12, the value of (x2 + y?) is -

(A)25 (B)29

(C) 37 (D) 49

If x +y=235 and xy = 6, the value of (x* + y3] 1S -

(A)91 (B) 133

(C) 217 (D) 343

If x +y =5 and xy = 6, the value of (x* — y?) is-

(A)-19 (B) 19

(C) -63 (D) 63

If x!3 + y13 + 213 = 0, then -

(A)x+y+2z=0(B)(x+y+2) =27 xyz

(C)x+y+z=73xyz

Dy} +y +23=0

Ifa+b+c=0,then (a® + b? + ¢?) is equal to-

(A) O
(C) 3abe

d
If a+b+¢=0, then the value of [hc

(A)1  (B)O

If x +y+2z=9&Xy+ yz + zx = 23, then the value of (x> + y* + Z° - 3xyz) is -

(A) 108 (B) 207
;B
If F25
(A)S (B)2

(B) abc
(D) (ab + be + ca)

(©)-1 (D)3

(C) 669 (D) 729

= 1, then x 1s equal to -

()0 (D)3

If 3* — 351 = |8 then the value of x* is -

(A)3 (B)8

(C)27 (D) 216

If 2x — 2% = 16_ then the value of x2 is -

A)4 (B9

2 2
If x and y are non-zero rational unequal numbers, then XY =(X=¥)" s equal to -

(C) 16 (D) 25

(A) — B) — € —— (D)
Xy X—y i—y

X

£ ¥

i (b—cib+c-2a)
z

- fa—bla+h-2c)"

(A)at+b+c

(C) 0

a (c—alc+a—2h)
the value of (x +y + ) 1s-

(B) a2 + b2 + ¢2
(D) indeterminate

2
=y

x7y—xy
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b b
Q.27 Let % — = EXLY Ifix-y)= (%Jf;], then x 1s equal to -

Q.28

0.29

Q.30

Q.31

0.32

Q.33

0.34

0.35

Q.36

0.37

Q.38

a+h a+h

@A) = (B) =

{C] a—b

a

(D) None of these

If (x — 2) is a factor of (x2 + 3gx — 2q), then the value of q 1s -

A)2 (B)=2 (1 (D)-I

If x* + 6x2 + 4x + k is exactly divisible by (x + 2), then the value of k 1s -

(A)-6 (B)-7 (C)-8 (D)-10

Let fix) = x3 — 6x2 + 11x — 6. Then, which one of the following 1s not factor of f{x) ?

(A)x - 1(B) x -2 (C) x + 3

The polynomial (x* = 5x% + 5x2 — 10x + 24) has a factor as -

(A)x+4
(C)x+2

(Byx =2
(D) None of these

(D) x - 3

Which of the following statements are correct ?

. x + 3 is a factor of x3 + 2x2 + 3x + 18

2. x+2isafactorof x3 +2x2 —x -2
3.x+ lisafactor of x? +x2 - 4x - 4
4. x — 2 is a factor of 2x3 — 3x + 4
(A) 2, 3,4 (B) 1,3, 4
C) 1,2 4 (D)1,2, 3
(x29 = x5 + x13 — 1) is divisible by -
(A)both (x = 1) & (x + 1)

(B) (x = 1) but not by (x + 1)

(C)(x + 1) but not by (x = 1)

(D) neither (x — 1) nor(x + 1)

Value of k for which
(x3 =k) is -

(A)-1 (B)1 (C) 8 (D) -8

If x'%9 + 2x%9 + k is divisible by (x + 1), then the value of k is -

(A)1 (B)-3 (©)2 (D)-2

If (x3 - 5x2 + 4p) 1s divisible by (x + 2), then the value of p 1s -

A7 (B)-2 ()3 (D)7

(x

One of the factors of 3x> + x2 - 12x — 4 is -

(A) 3x -2
(C) 3x — 1

(B) 3x + 2
(D) 3x + 1
Consider the following expressions :

. 3x% - 48
3.x2-x-20

2. x2+7x+12

1)

1%

a

factor

of
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0.39

Q.40

Q.41

Q.42

.43

Q.44

Q.45

Q.46

Q.47

Q.48

0.49

Q.50

Q.51

Q.52

The expression (x + 4) would divide -
(A) 1 & 2 (B)2 &3
(C) 1 &3 (D)1,2 &3

If (x — a) is a factor of (x3 — 3x%a + 2a2x + b), then the value of b is -
(A)0O (B2 (©1 (D)3

If x* + 3x2 + 4x + k contains (x + 6) as a factor, the value of k 15 -
(A)66 (B)33 (C) 132 (D) 36

If (x +2) and (x — 1) are the factors of (x3 + 10x2 + mx + n), the values of m and
n are-

(AAm=5n=-13 (Bym=17,n=-8

(C)m=7 n=-18 (DDm=23,n=-19

On dividing (xKF-6x+7 by (x + 1), the remainder is -

(A) 2 (B)12 (C)0 (D) 7

If (x° — 9x2 + 12x — 14) is divided by (x — 3), the remainder 1s -
(A) 184 (B)56 (C) 2 (D) 1

When (x* - 3x* + 2x2 - Ssx + 7) is divided by
(x = 2), the remainder 1s -

(A)3 (B)-3 ()2 (D)o

If 5x3 + 5x2 — 6x + 9 is divided by (x + 3), the remainder 1s -

(A) 135 (B)-135(C) 63 (D) -63

If (x!1 + 1) is divided by (x + 1), the remainder is -

(A)O (B)2 (©11 (D12

The value of expression { 16x2 + 24x + 9) for
R i
(A) 2 (B) 1 (C) 0 (D) -1
If 2x3 + 5x% — 4x — 6 is divided by 2x + 1, the remainder is -
13
A--B3 O3 D

If x3 + 5x2 + 10 k leaves remainder —2x when divided by x2 + 2, then the value of k is -
A)-2 (B)-1 (€)1 (D)2

When (x? z 2x2 - px = q) is divided by
1{:lc2 — 2x = 3), the remainder 1s (x — 6). The values of p and q are -
{A}pt_zuqt_ﬁ {B}P=21q='—.6
C)p=-2,q=6 D)p=2,q=6
The sum of {11;2 + 1) and the reciprocal of
{xz —1)1s-
?{4
(A) 2x* (B)
x-—1

2_2x+2 2x*
C) ———— D
© x2 -1 (D) Xy

For making (x*-1 l:-tzy2 + y"'} a perfect square, the expression to be added 1s -
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Q.53

Q.54

Q.55

Q.56

Q.57

Q.58

Q.59

Q.60

(A) 5x%y? (B) 9x%y?

(C) -5x%y? (D) 7x%y*

(x* + 5x3 + 6x2) is equal to -

(A) x(x +3) (x2+2) B)yx2(x+3)(x+2)

(©) x2 (x -2) (x - 3) (D) x(x* +3) (x +2)

If (32 - xy!?2 4 X2y Y
(x12 = y12)_ then the quotient is -

(A)x+y (B)x -y

(©)x"2+y112  (D)x2-y2

The factors of (x* + 625) are -

(A) (x2 = 25), (x2 + 25)

(B) (x2 + 25), (x2 + 25)

(C) (x2 = 10x + 25), (x2 + 5x + 25)
(D) do not exist

4 4
The factors of {—+—] are -

(A) not possible

The factors of (xX — 1 = 2a — a?) are -
(A)(x—a+1)(x—-a-1)
(Bl(x+a=-1D((x=-a+1)
C)(x+a+1l)(x-a-1)

(D) MNone of these

The factors of (xl — 8x — 20) are -

(A) (x +10) (x - 2) (B)(x -10)(x + 2)
C)(x=3)(x+4)D) (x+35)(x-4)

The factors of (x2 — xy — 72y?) are -

(A) (x - 8y) (x + 9y) (B) (x - 9y) (x + By)
(€) (x=y) (x + 72y) (D) (x - 6y) (x + 12y)
The factors of (xZ — 11xy — 60y?) are -

(A) (x + 15y) (x — 4y)

(B) (x = 15y) (x + 4y)

(C) (I5x +y) (4x = y)

15

divided

by
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D) (x-2P2 (x+1)
Q.70 The factors of (x* + 4) are -
(A) (x2 +2)
(B) (x2+2) (x2-2)
C)(2+2x+2)(x2-2x +2)
(D) None of these
Q.71 (x +y)? —(x - y)? can be factorized as -
(A)2y3x2+yY)  (B)2x 32 +y})
(C) 2y 3y* +x%) (D) 2x (x* +3y%)
Q.72 The factors of (x3 + 8y?) are -
(A) (x +2y) (x2 - 2xy + 4y?)
(B) (x + 2y) (x2 + 2xy + 4y?)
(C) (x +2y) (x = 2y)
(D) (x +2y)°

Q.73 If one of the two factors of an expression which 1s the difference of two cubes is (x4 + xzy + yg},
then the other factor would be -

(A)x +y (B)x-y
©) 22 +y (D) x? -y
Q.74 The factors of [xz +i2—3] are -

X

{ﬁt} [x+-j:—1] {x—i—]]
(B) [x—i—!] [x+%+]]
(C) {x—%+l] [1—%—1]
(D) [x+£—1} {x—%+]J
Q.75 The factors of x2 (y — z) + y2 (z — x) + 22 (x - y) are -
(A) (x +y+2) (xy + yz +zx)
B)(x-y) (y-2)(z-Xx)
C)(x-y-—2) (xy—-yz-12zx)
D) (x-y)(y-2)(x-2)
Q.76 The factors of x3 — 7x + 6 are -
(A) x(x —6) (x - 1)
(B) (x* - 6) (x - 1)
(C) (x +1) (x +2) (x - 3)
(D) (x - 1) (x + 3) (x - 2)
Q.77 The factors of (x — y)3 + (y — z)° + (z - x)? are-
(A) (x +y+z)(x2+y2+ 22 - xy - yz - 2x)
B) (x-y-2z) (x2+y> + 22 +xy +yz +2x)
O (x-y)(y-2)(z-x)
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Q.78

Q.79

Q.80

Q.81

0.82

Q.83

Q.84

Q.85

Q.86

(D) 3(x —y) (y —2) (z - X)

The factors of (8a* + b® — 6ab + 1) are -
(A) (2a + b — 1) (4a2 + b2 + 1 — 3ab - 2a)
(B 2a—b+1)(4a2+b2—4ab+1-2a+b)
(C)(2a+b+1)(da2+b2+1-2ab-b-2a)
(Dy(2a—1+b)(d4a2+1-4a-1b-2ab)

The factors of (x* — 1 + y* + 3xy) are -

A x=-1+x2+1+y2+x+y-xy)
B)(xt+ty+ ]}{x2+y2+ l —xy-y-x)

O x-1+y)(x*-1-y?+x+y+xy)

D) 3(x+y-1) (x2+y*-1)

The factors of [(x + y)? — x — y] are -
A)x-x-y+hx-y-1)

(B) (x—yMx +y+ 1) (x+y-1)
Cx+y)x-y+hHEx+ty=-1)
DEx+tyx+ty-1)xx+y+1)

The factors of (x* — 13x2 + 36) are -
(A)(x-1)(x+1)(x-=6)(x+6)

B (x=-INEE+IHE-2)(x+2)

O+ (x-2)(x+2)

(D) (x* +4) (x + 3) (x - 3)

The value of :

{al-"ﬁ +a—l;"ﬁ}[ala'8 = a—l."E} {al.-'4+a—lf4](alﬂ+a—lf2} is -
A)a+a!)  (B)a-a)

(C) (a2 -a?) (D) (@' -a!)

What must be added to = to
tox 7
x-—1 x+1

(A) x+1 (B) x—1

2 3
{C] X +1 (D} x™—1

X X
Ifa+b+ec=0,thena?+b?+clis-
(A) —4(ab + bc + ca) (B) =2(ab + be + ca)
(C)0 (D) 2a - 2be

make

it

equal

If (5x2 + 14x + 2)2 — (4x2 - 5x + 7)? is divided by (x2 + x + 1), then quotient q and remainder

r are given by -
A)g=x+19x-5),r=1
B)g=9(x>+19x - 5), r=0
(C)g=(x>+19x-5),r=0
Dgq=9x2+19x-5),r=1

The polynomial (in x) : x® + 18 x* + 125, admits-
(A) No factor of degree between 2 and 5

(B) x2-3x + 5 as a factor



Page 74

Q.87

Q.88

0.89

Q.90

Q.91

0.92

Q.93

Q.94

(C) x + 1 as a factor (D) x — 125 as a factor

When x°=6x2 + 12x - 4 is divided by x = 2, the remainder 1s -
(A) 4 (B) 0 (C) 5 (D) 6

The value of x satisfying the equation
x2+p?=(q-x)2is=
2 2 2 2
. 2! ] 5
(4 25 B) “5,
3. f 3 i3
q -p P
©) 1= (D) 53

If2x2+ xy —=3y2+x +ay—- 10 = (2x +3 y + b) (x — y — 2), the value of a and b are -
(A) Il and 5 (B) 1 and - 5
(C)-land=5 (D)-11andS5

If a—b=3and a’~b’ = 117, then a + b is equal to -
(A)5 (B)7 (C)9 (D11

The value of n for which the expression
9x* = 12x? + nx? - 8x + 4 becomes a perfect square, 1s -

(A) 12 (B) 16

(C) 18 (D) 24

Which one of the following 15 not a factor of
W+ 2x2+x?

(A)x +2 (B) x + 1

(©) x (D) x (x + 1)

When x13 + 1 is divided by x + 1, the remainder is -

(A)-1 (B)0 ()1 (D)2

When x? + 2x2 + 2x — 4 and x3 + 2x2 — 3x + 6 are divided by x -2, the remainders are R , and
R, respectively. Which of the following statements is true for R and R, ?

(A)R,=2R,  (B)2R,=R,

(C)R, =R, (D)R; + R, =0

One or More than One Correct Choeice Type Questions

Q.95

Q.96

0.97

If a2(b — ¢) + b2 (¢ — a) + ¢Xa -b)

=k (a—b) (b—c) (c—a), then which of these are not true -
(A)k=1 (B)k=-1

C)k=2 (Dk =-2

If xy (x — y) + yz (y — 2) + zx (zx)

= k(x =vy)(y-2z)(z —x), then which of these are not true :
(A)k=1 (B)k=10

(C)k=-1 D)k=-2

1.
For any numbera <1, a + 518 always -

(A) less than 2 (B) greater than 2
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(C) less than 3 (D) greater than 3

Passage Based Questions

PASSAGE 1 (Q.98 TO (). 102)
Since polynomials are nothing but algebraic expressions of special form, they are added ,
substracted, multiplied and divided just like algebraic expressions. However, because of their
spectal form, 1t 1s possible to organize the working 1n a convenient manner. If among terms only
numerical coefficients differ they are called like terms. Like terms can be added. Only like terms
can be subtracted. The products can be speedily calculated by finding the sums of like powers
of x or like terms.

98 Ifa- L b+e¢,b- lc +a, ¢c— - a + b are added together and the result 1s subtracted from 0,
2 2 2 &

then-
3 3 3
{A} Eﬂ"‘ Eb_'_ EL‘
3 3 3
(a¥=3¥™3

3 3 3
{C) —Eﬂ— Eh - EC

(D) Mone of these

Q.99 Subtract 5a — 3b — 2¢ from 6a — 5b + 7¢
(A)a—-2b+9 (B)a+ 2b+ 9%
(C)a-2b-9 (D)-a-2b+9c

Q.100 Subtract 1 — 3x + 3x? —x° from
x3-3x2 + 3x — 1, then
(A) 23+ 6x2+6x-2
(B) 2x°-6x2 + 6 x -2
(C) 2x* - 6x2 -6 x +2
(D) 2x3+ 6x2+ 6 x + 2

Q.101 Multiply 3x2 + 5x — 1 by 4x — 3, then -
(A) 12+ 11x2 - 19 x + 3
(B) 12x°= 11x2 +19x + 3
(C) 12x3-11x2-19x+3
(D) 12x3+ 11x2 + 19 x + 3

Q.102 The coefficient of x2 n the product of
(2x2-3ax + a?) (3ax — 2a2-x?) is equal to
(A) - 14 a2 (B) + 14a°
(C) 13a? (D) None of these

PASSAGE 2 (Q.103 TO Q. 107)

Some times a given expression 15 not a quadratic polynomial but the product of the vaniables in
the first and third term 1s equal to the square of the vanables in the middle term. In such cases the
given expression can be factorized by sphtting the middle term such that their sum 1s equal to the
middle term and the product 1s equal to the product of first and last term.

Q.103 Factorization ofxzyz— Xy=T21s:
(A) (xy = 9) (xy + 8) (B) (xy +9) (xy+8)
(C) (xy = 9) (xy — &) (D) none of these
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Q.104 Factorization of x*~14x%y2- 51 v* is -
(A) x+417y) (x+417y) (X% +3y7)
(B) (x—+17y) (x+417y) (x*+3y?)
(©) (x-17y) (x+17y) (= 2y%) (D) (x-V17y) (x+17y) (2 +2y3)
Q.105 If x> + px + q = (x +a) (x + b), then factorization of x* + pxy + qy° is
(A) (x + ay) (x ~by) (B) (x — ay) (x+by)
(C) (x + ay) (x + by) (D) None of these
Q.106 Factorization of x2+2x — 63 is -
A)x+NE-TNB)x-9(x+7)
CO)x=-9x-ND)(x+9)(x+7)
Q.107 Factorization of x2-5x + 6 is
(A)(x-2)(x—-3)(B}x+2)(x+3)
(C)(x+2) (x=3)D) (x-2) (x +3)
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ANSWER KEY

2]13]4]51]6e6 7 8 9 J10jiryu2 13 14 |15 )16 J 07|18 |19 |20]21]22
C|B]lA]JD]|B A A DJC|IBlC|]DJClA]JCIB]BC]|D|IA]LD
24 125|126 |27 |28 29 J0 J120)32)33| 34 | 35 136 | 37 | 38 | 39 ] 40 | 41 |42]43 )44
DlCcljClD]D E & BIDIBJB|lAJA|D]|DJA]JC]CI]BIA]B
46 |47 |48 49|50 ] 51 52 |53 |54|55]| 56 | ST )58 | 59|60 |6l )]62]ad|6d]|65]66
AlCcljcjlc]c B B BljaA|]DJD|C)B|B|BJA|A]JA|B|D]D
GEl69 |TO|T1 |72 73 T4 |75 |76)77| TR | TO B0 | 81 | B2 | B3 | B4 | B5 |86 |87 |88
Bl]C]J]Cl]A]A D C DID]|]DJC|]A D] B]B|ID]|]B]|BIJB|A]B
G091 192193194 95 96 | 97 198199 (100|101 102|103 J104)105)106 107

BEJ]B|l]A|B|CIACDIABD|B|CJA]JBlAJA]JA]JBJC]ALA

A. SINGLE CHOICE QUESTIONS :

HINTS & SOLUTION

18.|B] Using a + b+ ¢ = 0 = a* + b* + ¢* = 3abc,

we get : x5 + },].-'3 +z183 =0

= x+y+z=3x1Ry
=% [x+}'+z]3
19.Clatb+c=0>
20.[DJa+b+c=0=

1/

a’ + b + ¢3

3

3,173

27xyz .

3abc

a’ + b3 + ¢3 = 3abc;

—_— et — e — =
abc abc abc
a’ b ¢’

or —+— +—=13
be ac ab

21.[A] (3 + y3 + 23 = 3xyz)

={x+}'i—z]nl'lx3+}fz+zl—xy—yz—zx}

=(x+ty+z)[(x+y

=0 x (81 -3 x23)=(2 x 12) = 108.
23.[C] 3* =31 =18 = 3* - T =18

:}a—% = 18 where a = 3* = 2a = 54

= a=27=3=3 = x=3,

x*=33=27

x -1 — X 2" — a
U] 2Z-2¢=16>2-==16>a-= =

:>§=1ﬁ — a =132

— 2% =25 —~x=5 - x2=52=25
25.[C] Given Exp.= —% - 14

xy(x—y) _(x-y)

+2z)2 -3 (xy + yz + zx}]

[* (a + b)? — (a — b)? = 4ab]
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Kooy 4 b x+y _ a’—b” +ab
27.1D] ¥ pry = g T W
¥ 3
2,42 _
Also —y=1_ . {1
,(x-y) == (i
2 2 2
{az—h +ab) (a”+b") 4
T XHy= . ...-h 1
y {az—hl—ah] ab @

Adding (1) and (1) we get :
- a” +b? rl a>—b +ab
XT3 (T l al —b?—ab
(a*-b%)
(aZ —b” —ah)
29.[C] Since (x + 2) 18 a factor, s0 x = =2 will make 1t zero.
(2P +6(-22+4(-2)+k=0
or k=-28
35.[A] Since (x + 2) is a factor, x = — 2 will make the given expression zero.
T =8-20+4p=0 =p=T
41.|C] Clearly, x = — 2 as well as x = 1 will make the given expression zero. So,
2Zm-n=32&m+n=- 1L
Solving these equations, we get . m=7, n=- 18

42.|B] Let f(x) = x3 - 6x e = This when divided
(x + 1) gives remainder,
f(-)=(=1P-6x(-1)+7=12
43.|A] Let fix) = %7 — 9x2 + 12x — 14. This when divided by (x — 3) gives remainder
f(3)=3-9x32+12x3-14=184.
44.|B] Remainder 1s
f(2)=2-3x23+2x22-5x2+7=-3.

by

49.[C] On actually dividing x* + 5x* + 10k by (x? + 2), the remainder obtained is — 2x + 10k — 10.

=2x+10k-10=-2x or k= 1.
55.|D] Factors of (x* + 625) do not exist.

r z
x4 27 x2 2 x2 4
56[D|—+——[ -.] +[?] +lx—1x?-ﬂa

81 =
2
2 x? [z]g
= |=—t— - =
X 9 3
2 %2 ] 2 x3 2
= x2 9 3)(x Y9 73

73.ID] x* + x2y + y? = [(x2)? + x2y + (v)?]
=(a’+ab+b?) wherea=x2 b=y
. The other factor is (a — b) = (x2 - y).

82.|B] Using (a + b) (a — b) = a® — b?, we get :
@®+a 1) @B - a By @4+ a4 @l2 + 57172
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= {&”4 i 3—134] {al.-'4 e a—l."f-i} [a]."z g a—]."E}

= @2 = a~12) (212 + 212 = (a! — a7 1)
84.B] (a+ b +c)2=0

=al+bl+c2+2(ab+bec+ca)=0

= al+b?+¢2=-2(ab+ bec + ca)
85.|B] Using A% — B> = (A + B) (A — B), we get :
Given Exp.

=52+ Mx+2+42 -Sx+ D (x2+ Mx +2 42+ 5x - T)
=(9x2 +9x + 9) (x2 + 19x - 5)
=9 (x2+19x-5)(x2+x+1)

So, SWeREXP. _ g (x2 4+ 19x - 5);
(x"+x+1)

. q=9(x2+19x -5 &r=0
86.[B] putting
x2=3x-5inxb+ 18 x3 + 125
We get (3x-5)° + 18x (3x — 5) + 125
=27x3 - 125 — 45 x(3x-5) + 54x2 - 90x + 125
=27x3 = 135x2 + 225x + 54x2 — 90x
=27x3 - 8Ix2 + 135x
=27Tx(x2-3x+5)=27x(3x=5-3x+5)=0
. x2=13x + 5 is factor

87.[A]
x2+ 4x +4
x -2 x3 — x2+ 12x- 4
x3 - 2x2
- +
~4xT+ 12 x
4x% - 8x
+ i 2
4qx - 4
+ 4x— 8
— -
4

Remainder = 4
88.JB] x2+p? =q2-2qx+x2
o, x2+2qx—x2 =gq? - p?
or, 2qx= q2 - ]:n2
q? -p?
29
89.[D] .. 2x? + xy - 3y>+ x + ay - 10

or, X =
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= (2x+ 3y +b) (x-y - 2)
= 2x2 +xy — 3y2+(b- 4) x - (b + 6)y-2b
Compare the coefficients of x, y and constant on both sides.
b-4=1 = b=35
-(b+th)=a= a=-11

2b =10 => b=35
~a=-llandb=35

90.[B] a~b =3
= a=hb+3 A1)
anda’- b3 =117
= (a-b) (a2 +ab +b?) =117 ..{ii)
Divided (ii) by (1),
117

. at+ab+ b= — =139 (i)

Put the value of b in eq. (111),

. a +a(a- 3) + (a-3)*= 39

= 3a2-9a+9 =39

= al-3a-10=0

= f{at2)(a-5 =10

z =_2or 5

andb = <5or 2
.a+tb=5+2=7

92.[A] x + 2 is not a factor of p(x) = x?+ 2x% + x
For x+2 to be a factor of p(x) ; p(-2) should be zero by the factor theorem.
Now p(-2) = (=2)° + 2(-2)2 + (-2)

=-8+8-2
=-2=z0
94.[C] x2+4x + 10
x-2 x>+ 2x3+2x -4
x3 - 2x2
=
4x2+2x -4
4x% - 8x
s A
10x — 4
10x — 20
= E
16 = R,
x2+4x + 5
x-2 ¥ +2x2-3x+6
x3 — 2x2
i

4x2-3x+6
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4x2 - 8x

-+
5x+6
5x - 10

- +

16 = R,

So R, = R,, (C) is the correct answer.

B. ONE OR MORFE THAN ONE CORRECT CHOICE TYPE QUESTIONS :

95.[A,C,D] aXb-c¢)+bic—-a)+cia-b)
=k(a-b)(b-=c)(c-a)
RHS = k(a=b)(b-c¢)(c-a)
=k abe — kab — kae? + k a%c — keb? + kbla
+ kbe? - kabe
= a(—kb + ke) + bX(—ke + ka) + ¢Z(~ka + kb)
. compare the coefficient of a2, b2, 2 in LH S and RH S,
bc==kb+kc = b=c==k(b=2¢)

S e
ork =- TP
Similarly c-—a=-kectkamnk=-1

a-b=-ka+kb =k=-1
the correct answer are (A), (C) and (D)
96.]A,B,.D] xy (x — y) + yz(y — 2) + 2x (2 — X)
=k (x-y)(y-2) (z-X)
xy — xy? + y2z — yz? + 22x — zx?
= x2(-ky + kz) + y2(kx = kz) + zZ(-kx + ky)
= xy-2) +yz-x)+ 22 (x - y)
= x3(—ky + kz) + yX(kx — kz) + z%(—kx + ky)
= compare the coefficients of x2, y? and 22
y—z==k(y-2) = k=-1
similarly for y?> and 22 = k = -1
- (A), (B) and (D) are the the correct answers.
97.]B] If we take a = 0.5
1

1
4 - = — =
then a - 05+ o 2.5

Which is greater than 2
C PASSAGE BASED OUESTIONS ;

98.IC] a -3 b+c

=]
+
[

3
b+ = ¢
2
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“0-(Fa+3b+30

o F o By Aag
2 2 2
99.][A] 6a - 5b + T
5a-3b - 2c
- + +
a -2b+9c¢
100.[B] x3 —3x24+3x-1
—xd 43t o3+ 1
+ = - -

2% — 6x2 + 6x - 2

101.[A] Ix2+5x -1
4x -3

12x3 + 20x2 - 4x
~0x2 —15x+3

12x3 + 11x2 — 19x +3

102.[A] Rewriting the two expressions in decending powers of x -

(2x2-3ax + a?) (-x2 + 3ax - 2a?)

The required coefficient of

x2 = 2(-2a%) + (-3a) (+3a) + a%(-1)
= - 432932 — a2 = — 14a2

103.J[A] In order to factorize

12:.!2 — xy — 72, we have to find two numbers p and q such that p + g = — | and
pg=-72

Clearly -9 +8=-1and -9« 8=-72

So we write the middle term Xy of
x2yloxy- 72 as - 9xy + RXY, S0 that

x2y2—xy— 72 = x2y? — Oxy 8xy - 72
= (x?y? — 9xy) + (8xy — 72)
= xy (xy - 9) + 8 (xy - 9)
= (xy - 9) (xy + 8)
104.|B] Herep+q =~ 14 and pq = - 51
Clearly, = 17+3 == 14 and =17 = 3 = = 51
o= 14 x2y? = = 17 x2y? + 3x2y?
So that x* = 14 x2y? = 51 y4
=x? - 17 x%? + 3x%? - 51y*
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=x3(x? - 17 y) + 3y (x* - 17y?)
= (x2- 17 y?) (x2 + 3y?)
= - (17} (2 +3y)
= (x—I7Ty) (x +4i7y) (x* + 3y?)
105.]C] We have,
12+px+q=(x+a] (x + b)
= x>+px+q=x>+x(a+b)+ab
on equating the coefficients of like powers of x, we get
p=a+bandqg=ab
nx2+pxy +qy2  =x2+ (a+b)xy+ aby?
= (x2 + axy) + (bxy + aby?)
= x(x + ay) + by (x + ay)
= (x +ay) (x + by)
106.J[A] p+q=2and pgq=- 63
x2+2x - 63 =x2+(9x - Tx) - 63
= (x2+9x) — (7x + 63)
=x(x+9) - 7(x+9)
=x+9x-7)
107.JA] x2-5x+6 =x2-2x-3x+6
=x{x-2)-3(x-2)
=(x-2)(x-3)



