Exercise 8.R

Answer 1CC.

(a) The length of the curve C with equation y= f[x) ,a = x =bis defined as the limit
of the lengths of these inscribed polygons (if the limut exists):

b

ie. L= ?1!1_:321 |2,

(b) If f'1s continuous on [a,n_’:]then the length of the curve y= f[x),a =x=<bhis
) 2

L= 1+(d—y] dx
! dx

(c) If xis given as a function of ythen the length of the curve x= f[y),a =y=<bis

Answer 1E.

Wehavey=—[x2+4:] 0=x<3
Then g:%xg[x}+4)m(2x), [by chain rule]
=;>d1=l.=r(x2 4)“2
dr 2
2
:t{@] _lx‘(f+4j
dx
2
:>1+[d£] BRI
dx




Then length of the curve is

L= j; 1+ [Q]Qa’x

dx
= r(1+lxz)dx
0 2
(+33]]
=|x+—-—
23]
9
=[3+5—0—o)

Answer 1P.

{(a) The surface area of the surface obtained by rotating the curve y= 7 (x) Ja=x=h,
about the x-axis is

s=i2ﬁf{x)1f1+[f'(x)]2dx

(b) If x=g(y),c5y£dthen

a
x= JE}Ty.‘||1+[gr(y)Tdy
{c) Ifthe curve is rotated about the y-asuis then
)
g= I2J’Tx.\f'1+|:f'(x):|2 dx or
q
s=[2mg () 1+[g )

Answer 2E.

We havey:?lnsin[% ] TI3=x=T

:afy E;COS(lx]l [Chain rule]
. [1 ] 2 J2
s EK

E:

A2,
ﬁn[%x) (2 ]



Therefore
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2
=:>1+(d—) =csci[lxj |:‘l+cot25= csc? 5']

Then length of the curve

L= j' 1+[dy] dx
=3 d?f

Let —x=t

:bldxchf
2
== dx = 2dt

'Whenx=£, £=£ and whenx=7, t=£
3 6 2

Then L= 2_[’: csc (:) dt

Using [ cscu du =ln jescu — cotuf+c

We have L= 2 1n|csct cot.-fﬂ

=2l1n I::sc}:'r—tn::'tE
6 6

= 2[n1-1n(2- \f_):|=—21n[2—\l§)w2.63
L~263]

csc——n::ot —|=1In

Answer 3CC.

Suppose a wall 15 submerged nto a fluid vertically.
Suppose the top of the tall below the fluid level 1s at « and the bottom 15 at &

Let € [x) be the cross-sectional length of the wall (measured perpendicular to the
surface of the fluid).

®
Then the hydrostatic force against the wall 15 givenby F = I dxe(x)dx, & is the weight

density of the fluid.



Answer 3E.

4
{(4) Wehavey:x—+%-,15x52
16 2x

dx 4 ¥
_xﬁ—4
C4x
2
:[Qr_ (x —4)
dx 16x°
2
SN NG
dx 16x
_16x5+xn+15—8x5
B 16x°
x2 +16 +82°
BT
_(x°‘+4)2
o 16x°

Then length of the curve
2
L=[’ 1+[@] dx
1 x
_J' £ +4

45° ax




4
B Wehavey=f—6+—lf

2x
3
:»d_y=x__l3
dr 4 =x
_x -4
4%
p 2
x =4
=>1+[dy) =1+[ 6)
x 16x
:Jr‘s+4)2
y x +4
d

f z
Then ds= 1+[—"v
+
=|%=

Then surface area obtained by rotating the curve from x =1to x =2 about y — axis
is
2
S=[ 27T xds

j x
= %?TI: (X x-: 4}3&

x+4

Answer 4CC.

(a) The center of mass of athin plate is the point at which the plate balances
horizontally.

ib) The center of mass of the plate is located at the point (X, ¥) , where
17 171 2
X= Hle(x)dx,f= Elg[f(xj] dx

»
and A:If[x)dx is the area of the

a



Answer 4E.

(4)  We have the equation of the curve
y=x 0=zx<1

= —=2x
dx

2
= [d_y] =4x*
dx

F]
:1_'_(;:2] =1+4x
ax

2
= 1+(QJ =J1+4x°

dx

Then ds=+1+4x"dx

Surface area of the region obtained by rotating the curve about v — axis is

§=[l27x ds=[ 27 x 1+ 42
=ﬂj:2xmdx
Let 1+4x* =t
=8xdx=dt= 2xdx=‘:i

Whenx=0thent=1and whenx= 1 thent=35

v2
4

5
=£j' £
ah

:r[ 2432 T
1

5
Then S=sr_[lr,

4| 3

-2[255-2]-2(55-)

Thus |§'= %(54@-1) ~5.33

(B) W'nah;am’ney:_f[;r)::lr2 0=x=1
= f'(x)=2x
=[] =4
=1+[ 7 (x)] =1+42°

Surface area of the region obtained by rotating the given curve about x — axis is

§=[l2m s (x) 14 [ 1 (x) Tx
= J: 2 2 1+ 45 dx

1
= 27r]u 1+ dx dx

Let 2x=t = 2dx=4dt
When x=0thent=0 and whenz=1 thent=2

So S=2nf) LI Zat

L 3
_Elof’ J1+8dt



Using the integral

e

I IJat +utdu= %[ +2u? ) Ja? +:4::—%ln[:«:+~d.ﬁ:“I +u2)+C
We have S—Z[ (1428 )41+22 ‘g )¢+1;’1+.; ”

Or S=§[2x9£—1( -J'_) +1n[):|
=£[18J§—1n(2+£)]
= |5 [18\5 In 2+4'_]

Answer 5CC.
If a plane region R that lies entirely on one side of a line Jin its plane 15 rotated about /,
then the volume of the resulting solid 15 the product of the area of & and the distance
traveled by the centroid of R

This 15 the relation between volume and the surface area multiplied by the distance
travelled by the centroid

So, Pappus theorem 1z useful to find the volume of the irregular shaped regions.

Answer 5E.
Wehavey=ffx) ,05:{53
Then f'(x)=e -+ (—2x) (by chain rule)

:‘*l:f x :| =4z
=14+ 7(0)] =1+4x%

:b\f1+ (] = V1+4r%e™

3 1 -
Then length of the curve L = jﬂ 1+ 4% gx
Let G(x) = Y1442
Interval [0, 3] and v =6
Then Ax=

Il
ol © ol
L_h

Subintervals are[O,CI.S], [0.5,1], [1,1.5]r [1.5, 2], [2, 2.5], [2.5,3]

Then we can estimate the length of the curve by Simpson’s rule as

Ls ﬁz_x[G[U)+4G(0.5)+26(1)+4G‘1:1.5)+2CF(2) +4G(25)+G(3) ]

=%[G(U)+4G[U.5)+2C¥(l)+4G[1.5)+2CF{2)+4G(2.5)+G(3)]

= |L = 3.202287



Answer 5P.

(@)
Consider the density of sea water, p= p(z}where Z is the depth below the surface.

Let the vertical line be x— axis represents the depth below the surface and it is pointing
towards down and center at the surface.

The statement can be express as a diagram.

X

/ Sea water surface

0

depth from the surface

ra

-

To estimate the pressure at a depth of z, split [0.2] as a n subintervals.
Choose x*e [x'._l,_ti]for each i.

Let the density of thin layer lies between the depths of X s and X be k.
Thatis k=p(x,*).

Then, the weight of a piece of that layer k with unit cross- sectional area is p(,r,. ‘)g&r_

The weight of the water at z is Zp(x; )g.ﬁx

Hence, the total weight of the water along with x —axis is
W =lﬂ(§p(x‘ )g&t)
It can be write in integral form as V= [° .
g P(z) L p(x)gdx

P(z)=P, +J:p(x)gd.r
Here F is the pressure at the origin.

Differentiate P(Z] =F+ rp[,r)gdr‘-""ﬂh respectfo z.
o

dP
= -Pla)e
_|dP
Hence, the pressure at a depth of z from the surface is T =p(_—_]g .
dz




(b)

Consider a circle with radius rwhose center is located at a distance [ - pbelow the surface.

Suppose the density of sea water at depth z is

p=pe

/ Sea water surface

Find the force.

F=["P(L+x)2Vr -xdx

F
r

Use P{:}: F, +J:p(x}g¢;{x and i pﬂe;’
Lax
= ﬂ,r‘_ZJrz —x'dx+ p“gHJ",[" H —e"]-z [ - die

L+x

= E:II-I’Z\II;‘I—.K'Icir-!-pﬂgHJ’:{e H -I)zﬁﬂ:\

Lax

=2~ pgh)[ NP v+ pt [ e " 2 —xdx

L X
=2(h 'f-’ngﬁ}(’”’z)"'Pngﬁe”rre” 2Vr = xdx

) [ A . X
Hence, the force is | g 2“3) —p“gH)(m‘z)+pﬂgHe” I el -Z-Jr“ —x*dx|




Answer 6CC.

The graph is

AOTIE AN
sur e fus
[X.F)

p=F

Amount of a commeodity currently available =X
Current selling price is P
Demand function is p(x)

by
The consumer surplus is J[P(x) - Pldx
0
This 15 nothing but the area enclosed by the curve p(x) and the linep=7F

The consumer surplus represents the amount of money saved by consumers in purchasing
the commodity at price F, corresponding to an amount demanded of X The above figure

shows the interpretation of the consumer surplus as the area under the demand curve and
above the line P=F.

Answer 6E.

Wehavey:e_”t, 0= x=<3

Then d_y =2xe™
x

dyy’ ;
:(—y] =1+4x2e7"

dx

dy ! 25
=1+ =| =1+4x¢

dx

2
- 1+(j—y] =144 ¢
X

Then area of the surface obtained by rotating given curve about x-axis, is
2
; dy
S=| 2wy 14| = | dx
annin(2)
3
=5=| 2 e™ J14dx e dx
Let 7 (%) = 2me™ 1442 ™" and interval is [0, 3]

Whenn==6 thenﬁx:B;‘ﬁ:%:O.S

Subintervals are[0,0.5], [0.5,1], [1,1.5], [1.5,2],[2,2.5],[2.5,3]

Then we can estimate the area of the surface by Simpson’s rule as

g ‘%"[;(0)+4f(0_5)+2f(1)+4f(1.5)+2f (2)+47(25)+7(3)]

= %[j[:[])+4_f(0_5)+2f(1)+4j(1.5)+2f (2)+4f(2_5)+_f[3)]
& 6.648327

So |8 =6.6438327



Answer 6P.

Consider the following figure:

X

P | 20

As shown in the above figure, a semicircle with radius 1, horizontal diameter PQ, and tangent
lines at P and Q.

Find at what height above the diameter the horizontal line should be placed so as to minimize
the shaded area.

The equation of the circle with radius 1is, x* + y* =1 ... (1)

Let the equation of the horizontal line is y=¢ ,cis a constant ... ... (2)

The equation (1) is written as,



To minimize the shaded area, f(x)=0.

VI-x' —-¢=0-

Thatis, »=.f]1-x*-

Here c is nothing but the height of the horizontal line above the diameter.

\ B

qP 1 2Q

Answer 7CC.

(a) The cardiac output of the heart is the volume of blood pumped by the heart per
unit time 1.e; the rate of flow into the aorta.

(b) The dye dilution method is used to measure the cardiac output. Dye is injected
into the right atrium and flows through the heart into the aorta A probe inserted
into the aorta measures the counteraction of the dye leaving the heart at equally

spaced times over a time interval [0, T]until the dye has cleared.

Let c(¢)be the concentration of the dye at time t.

Ifwe divide [D,T]into subintervals of equal length Az, then the amount of dye
that flows past the measuring point during the subinterval from £=¢,_to f=£1s

approXimately.
(concentration ) (volume) = (£ ) ( FAt)

F is the rate of flow that we are trying to determine.
Thus the total amount of dye is approximately
R n
Tel(t)Fht=FY c(t)At
inl i=1
And, letting 2 — o0, we find that the amount of dye 15

A= Fic(z)dz

Thus the cardiac output is given by
F = Awhere the amount of dye A is known and the integral can be

Ic(é)di

This can be approzimated from the concentration readings.



Answer 7E.

Wehavey:quyg—ldf, 1=2x=16

=>__— !‘.— 1t
o j_}’= p' Jx-1 (By fundamental theorem part 1, dif:f{-t)ﬂ:f':x))
- X
PRY
Then [l] =Jx-1
dx
2
(2] -\
dx
= Ll

Length of the curve 1s

L= _Lm = adx L= I: 1+(d—y]2dx

[41’5”

i _
6

x[32—1]

=|L=124/5
Answer 7P.

Consider the pyramid pwith a square base of side 25, sphere § with its centre on the base
of pyramid and it is tangent to all eight edges of the pyramid.

Find the height of the pyramid and volume of the intersection of the sphere and pyramid.

The shaped of pyramid with square base is as shown below.

To find the height of the pyramid, we need to take up the triangle from the pyramid.
Observe the sphere is the centre of the base of the pyramid, the base of the pyramid is 24

This is also the diameter of the sphere.



Take the cross — section of the pyramid, passing through the top and through two opposite
corners of the square base.

A

b
B C

From the above diagram, the diameter of the sphere is 2h and the radius of the sphere Is

BD = h-The triangle A 4BDIs isosceles triangle so the length of the side 4pis p.
The height of 4pBis,

AB=\/(4DY +(BD)’
=\b +b?
=2b*
=2b

Hence, the height of the pyramid is ﬁb .

To find the volume of the intersection of sphere and pyramid, we need to find the half the

volume of sphere, find the sum of four equal volumes (cut of the tnangular faces of the pyramid)
and minus them.

Take the cross section of the pyramid, passing through the top and the midpoints of opposite
sides of the square base.




First, find the value of ¢ from the centre of the sphere to one of the triangular faces.

From the similar triangular,

d_48

The value of 4(is,

AC=\(4B) +(BC)
= (ﬁb)z Jr[.J!:r)3
=2 + b’
=\3b

Substitute the values 4B = \ﬁband AC = ﬁf;in equation — (1),

From the diagram, the lengths of BDand BC are radius of the semisphereie. h4+d=b-
The value of jis,
h+d=b

h=b-d

We know that the volume (cut of the triangular faces of the pyramid) is h* [r-ﬁ]_

Substitute the values in the above volume formula,

2k [r—g)=x[3‘f b}z(b—ﬂbJ [Sinceh - 3-3£bandr =h]

9

5-26 .,[9-3++6
T 3 b 5 b

= J'r[E —ﬁ]b’

3 27



The volume of the intersection of sphere and pyramid is,

volume cutof the J_
1 of —4| Volume| triangular faces of =L(inb"]—4 2.7
2 . 203 3 27
sphere the pyramid
4.8 2806
6 3 27
23\1’_ o
27

Hence, the volume of the intersection of sphere and pyramid is [%—2] xb'| cubic units.

Answer 8CC.
A probability density function f 15 a function on the domain of a continuous random

b
variable X such that I F (x)dx measures the probability that X lies between « and &

Such a function f has nonnegative values and satisfies the relation I f dx 1, where
D
D 15 the domain of the corresponding random variable X

If D=1Rorif we define f(x)=0forrealnumbcrs x& Dthen lf(x)dx=1

This can otherwise be followed as the total probabality 15 1

A probability density function [ always satisfy [ (x) =0vxeD

Answer 8E.
T-'tfrgha*..*‘us:_)«f=]'Ir J’E-ldt, 1=2x<16
d—y = i]' o —1de
¥ _ 1;' x-1
X
d e
[By fundamental Theorem of calculus d_L S(e)de=f(x)]
X
Therefore
d ]
= (—y =Jx-1
dx
2
= 1+[dﬁ] =Jx
dx
& 2
= 1+ —) =x"
dx

a.. 2
Then ds= 1+(d—3’) dx

= xMax



The area of the surface obtained by rotating the given curve about y-axis is
16 16 4
S=["2mxds=| 2mx 2dx
1 1

= §=on] " xax

16
= 5= 2n{f a’“]
9 1

4 s 4

:>3=3?”[512-1]

40887
9

=N

Answer 9CC.

a) Suppose J (x) 1s the probability function for the weight of a female college

student, where xis measured in pounds.

130
I I (x)dx represents the probability that the weight of a randomly chosen
0

female college students is less than 130pounds.

(b) Mean of this density function

L= Txf(x)dx

o«

=ij[x)dx

0

{c) The median of 7 1s the number w2 such that J-f(}f)d‘.t:%
M

Answer 9E.

Fig. 1

We consider a vertical ¥ — axis at the center of the gate such that origin is at the

surface of water.
Let ABCD be the gate

We have |EF|=|B‘C’|=3_}":

And  |AD|=57:=|EF|+|4E|+|FD|
= |EF|+ 2|42 Since [|4E|=|FD|[]
=3+2|4E|

= |as|=11



MNow we consider a strip with height Ax at the distance x; from the origin.

By triangle property, we have

Then width of the strip=3+2.a=3+(2-x)=(5-x)

So area of the strip 4 = (5-;;)&::

And pressure on the strip B = §d, = 62.5x, since & = 62.51b/t°
Force on the strip f, = F 4
Or F=625x(5-x )Ax

Then total force on the one side of the gate is
F=lim3625x (5-x )bx
i=l

o 7

= [ 625x(5- x)dx

= sz_sj:(spc-xz)dx

5x ¥ :
=625 —-—
=z

8
=625/10-—
3]

F= 62_5><23—2 b

~ [F=EE)

Answer 10CC.

The normal distribution is the probability distribution of a continuous random variable
X, known as normal random variable or normal variable. It is givenby

, =
f(x)zr.:r 27Te "

The positive constant &is called the standard dewiation, 1t measures how spread out the
values of X are.

From the bell-shaped graphs of members of the family in below figure, we see that for
small values of othe values of X are clustered about the mean, where as for larger
values of orthe values of X are more spread out.

Ve

1
=]
=

i

We see that for small values of orthe values of X{ are clustered about the mean, whereas
for larger values of o the values of X are more spread out.
Seo, g occurs where <is least.



Answer 10E.

MY
(4, 4)" 8 ft >(4, 41
t i
d i
I
l I 4n
Ay :
¥ :
] W
1
— — X
Fig. 1

We consider the vertex of the parabola at the origin.
Let equation of parabola be y = ax”

Since (4, 4) 1s the poimnt on the parabola so
d=a (4)2 —=a= %

. . 1
Thus the equation of the curve 1s y = Zx:

=>x=VWy
=2y (D)

We consider a strip with height Ay at the distance y, from the origin
Then width of the strip is 2 2 b )=ad

Area of the strip is;ﬂ,zd,}?ﬂy
Pressure on the strip is £ = d.d|

=5(4-x)
Forceonthestripis =4 F

=5(4-y )4 by

Total force on the end of the trough F = l'i_’nizélé'(fl—y;) J_;:&y

= [ 48(a-y) Jyay
_ 4510‘(4y1m_y3n)@

4

8 w2 sn
—45|2p2_2

[3'” "),

= 4:5-%43”-34’“]
N
PR
R
_45 320—192] _ 5128
15 15
_212x623 [ since 5=62.5 1b/*]
15

So Feas 213331



Answer 10P.

Draw the figure represents the square, in which a part of tiangle is cut,

B

10 cm

A
Y

4 cm

A
Y

Calculate the area of the square,
A, =10x10
=100 ¢m®

Calculate the area of the triangle,

1
A, =—xaxh
2
Here, base of the triangle is a, and the height of the triangle is b.

Substitute 30em? for A, in the above equation,

Ay =lx“>(b
2

3ﬂ=lxaxh
2



Calculate the centroid of the shaded region from the origin of the above figure,

_ Agxx,— A xx,
As_Ar

Here, distance of the centroid of the square from the origin in x-direction is X, and distance of

the centroid of the triangle from the origin in x-direction is x, .

Substitute 6 ¢m for x ., (lﬂﬂ cm:] for A, , (30 cmz) for 4,. 5 em for x,, and (af3 cm) forx,

in the above equation,

Iﬂﬂx5—30x§
T 100-30

a=8cm

Substitute the respective values in the above equation (1),

8xbh=60
p=50
8
=7.5cm

Calculate the centroid of the shaded region from the origin of the above figure,

- Ag %y, — Ay % yy
A.‘F -"tr
Here, distance of the centroid of the square from the origin in y-direction is y, , and distance of

the centroid of the triangle from the origin in y-direction is y,.

Substitute 5 em f'nry“ (Iﬂ-g] I‘oryz, and the respective values in the above equation,

Iﬂﬂx5—3ﬂx(lﬂ—§J

Y= 100-30

IUﬂxS-JDx(IU—%J

100-30
=3.92 cm

Therefore the centroid of the shaded region from the base is .



Answer 11E.

Consider the curves y =)_ZC and y=-JE
Find the centroid of region bounded by these curves
Sketch the region bounded by the curves y= g and y= Jx

le

y=vx (42)

=

Recollect the formula for finding centroid of the region

(ii}{iix[f(x%g(x)]dr,ﬂ% {[f(x)]z*[g{x)f}tﬁ]

Where A is the area of the region

Here f(X}=JJ_c ; g(x):% .a=0_and b=4

Furst, find the area of region bounded by the curves y =§ and y= J;

oo
{5

22 f}‘

32 4}

= zqu —lx;
3 4

. E_4]
3

Il
W T

Thus, A=

NS



Now, find the X coordinates of centroid

-2 s 0-g e
_3 j [ x__]
iz

2:
sxf fI

Now, find the ;! coordinates of centroid

;I LT {e(x)T }ax

A=

b | -

60| W ol 0ol W

— 11— o

L | —

Nle r|H,
|
ol &
=

Il
[

Therefore the centroid is |(x,) = (g ,1)

For d =8, graph is as follows.

Charting Intensity d=8

0.025
0.02 e |eft light
0015 | right light
=
0.01 | sum
0,005 | left light
0 = right light

sum



Now find the exact value of d which 1s a minimum. Take the derivative of the intensity
function with respect to x. Then find the second derivative, to see whered has a sudden
change, and a point of inflection.

__& E
X' +d® 100+x  —20x, +d°
It(x d)= _ZII'F; o ‘?'E(xl _10)
) 2 2 2

+4g'R_ | 4F(q -10F

{xll +d2T ({xl -10) -l-dz)3

Continue to solve ford .

Ir'(x.d)=

X (x, -10f

a0y 1)

Plot the temperature distribution in the cladding for different values of heat transfer
coefficient,

700 -

600 \\

- ]
£
i 500
E ‘.‘.\-_-
£ 400 - ‘“\_‘
y Seriesl
2
E 300 Series2
g‘ 200 i
E T — SETiE53
£

100

0 T 1
] 0.002 0.004 0.006 0.008 0.01
Radius in Cladding,m
Answer 11P.

Consider y be the distance from the southern end of the needle to the nearest line to the north.
Let gbe the angle thatthe needle makes with ray extending eastward from the southern end.
Then 0<y<Land 0<@< -

The needle intersects one of the lines only when y < hsin@.

The rectangularregionis 0< y <L, 0<@<x-

Find the probability that the needle will intersecta lineif =[Landif k= %L .



If j = [, the probability is,

area under y = hisin @

pP=
areca of rectangle

_areaunder y = Lsin@
area of rectangle

iLﬂnH
0

xL
B L [—cos HK
B L

The above is simplified to,

=[—cnsz—{—cnsﬂ)]

_—(-)=(-1)

1+1

2
P

Therefore, if j = [, the probability is, .
i

If h= %L , the probability is,

_areaunder y = hsin &

P
area of rectangle

area under y = % Lsin@

area of rectangle
& L .
0
fLsin

rL
L "
3 [~cos],
- xL



The above is simplified to,

e

T

( Hl—("))
-5
-l

)
T
1

F 4

Therefore, if ﬁ:%,{, , the probability is, _

Answer 12E.

Ml—-

Nl— Nl—

We have equation of the curve y=sin x

Fig 1

Area of the bounded region 1s
EF L =14
A =I.;4 sinx dx =[-cos :Jr]iN

3T m
=|—-cos—+cos—
[ 4 4]

{34
=2/+2
=2



Let  f(x)=sinx

.
Then =7 =2, 77 (x)dr

1 3204
=EL” xsin xdx

1T Ia/4 3244 .
=ﬁ-[—xcosx]m +.Lu -:osxdx} (Integration by part)

1[[3x 3 7 7 . =i
=EJ:—T-:::as?+zcc>sz}+[smx]d4 ]

1[ 32 1Y #f 1 o
SE R
=L'3_ﬁ+i}

V2lave a2
4
8
T
T2

Now 7= %I:%{f[x)}gdx

32141 |
—sin? x dx

_ 1
“ 7l
Since '30525=1-2sin25‘:>sin39=1_':°529

2

So  y= Lr:‘[l- cos 2x)dx

1 [ sin2x:["”'
— x_
4:2- /4
1 [3 o 1w

2
_13.1'!———4-—3'!1_
RS T TN,

il
4
: 2—’21}

Thus centroid 15 [E L(ﬂ'+ 2))

Answer 13E.

e

(3.2)

v

Fig. 1



Equation of the line passing through the points (0, 0) and (3, 2) s

(-0 =h(x-0)

>
—y=2x
73

Let f(x)= %x

Area of the triangle A= %XbaseXheight

=lX3X2=3
2

- 13 132 5
Then x=zlﬂ xf[x)dx=§_|'ugx dx
2

3
=2 2 ax
g

The centroid 13 (2, 2.53)

Answer 14E.

[ )

W

fd

Fig. 1



For the rectangle labeled 4
Area of the rectangle 4 = 3x1=3

This 15 the area bounded by linesy=3 andy=2 fromx=0tox =3

For the rectangle labeled A) centroid 1s(3/2,5/2)

For the rectangle leveled A
Areaof 4 =3x1=3
This 15 the area bounded by linesy=3 andy=0fromx =3 andx =4

_ 1
%, =EL x(3)dx

For the rectangle leveled A3 centroid is (7/2, 3/2)

Similarly
For the rectangle leveled A3, areaof 4 =3x1=3
And for the rectangle leveled Ayg, area of 4, =3x2=6

The centroid of the rectangles A5 and L4 are (g %] and (—1, %)

Then we find the common centroid of the total region
S BA+TA+TA +TA
At h A4
3

2 %3+ x3+2x34(=1)x6
2 2 2

15
_9+21+5-12

30




And _=‘JT*1A1+?2AQ +J’_"3‘% +J73A¢
AtA A4,

2x3+§x3+lx3+2x6
2 2 2 2

15
_15+9+3+18

30

ol )5

Then centroid 1s (3, EJ
10 2

Answer 15E.
Center of the circle 15 (1, 0)

Since centroid of any circle be at the center of the circle
So centroid of the circle is (1, 0)
Then x=1
Then distance traveled by the centroid during one rotation about y-axis is
d=27%
=2

Area of the circle withradius 115 4 =.?I'(1)2
=7
Then by the Theorem of Pappus, the volume of the sphere obtained by rotating
the circle about y-axis is
V=Ad
=m(27)
=21

N

Answer 16E.

bV

Fig. 1

The equation of semicircle 15 y = qfrz -x*
The center of the semicircle is at the origin. If we rotate this semicircle about
¥- ax1s, we get a sphere with radius r.

Let the centroid of the semicircle be (X, ¥)
The distance traveled by centroid during one rotation about x-axis 1sd = 27y
r

And the area of semicircle A= % [r’) 5



Then by the theorem of Pappus, volume of the resulting sphere is

V:A.d:%xbﬁ‘z::ﬁr}f

. o
But we have been given that the volume of the sphere 1s gﬂ':j

So iy = E;’!‘a"3

3
. dar®  4r
I 3w
==

And T= lAI-: xri=xtdx=0
(Since f(x)=zx+r’—x* is an odd function so j:f (x)dx=0)

Thus centroid is [0, 4_?']
3T

Answer 17E.

We have, demand function p = 2000-0.1x- 0.01x°
Sales lewel 15 x =100
Thenprice1s P=p (100) =2000-0.01x100-0.01 X(lDD)z

= 2000-10-100
= 2000-110
=§$1890

Therefore consumer surplus 15= Iﬂm[p (x)- P]dx
= [*(2000-0.12-0.012* ~ 1890)dx

i}
[ (110~ 0.12-0.015") dx

w
=[110x-ﬂx’-w9]:
2 3

Therefore the consumer surplus is

=[11000—

0.1x100x100 0_01x100x100x100}

3
= [11000—500— ll:ﬁ]

= 10500—@

_ 31500-10000

3
_ 21500

3

Answer 18E.

The readings of dye concentration at two-second intervals are given as

t 0j2 |4 |6 8 |10 1214 |16 [18 [20 | 22 | 24
ct) [0 193351 |76|71]58|47]33[21]11[05]0

We have Af =2
Interval 15 [0, 24] , A=btmg



So we can approximate the mtegral]‘ c(£)dt as follows
]' c[:)dmﬂ?[ c(0)+4c(2)+2c(4)+4c(6)+20(8) +4e (10)+ 22 (12)
+c (14) +2¢ (16) +4c (18) +2¢ (20) +4¢ ( 22) +¢ (24)]
=%[G+4x1_9+2x3.3+4x5_'1+?.6><2+4><?_‘1+2><5_‘8+4x4_?+2x3.3
+4x2.1+2x1.1+4%0.5+ 0]

= %[?.6 +6.6+20441524284+11.6+188+664+84+22 +3]

=§><(12?.8)m85.2 mg, /L

Then cardiac output F = A 5
I .::[z)dz 85 2
=0.0704 Lis =4.225 Limm
|F = 4.225 Limin |

Answer 19E.

| Z sin E] i 0=x<10
(A)  We have the function f(x)=420 10

0 if x<0 or x>10
Since sinx =20 for0=x<g

So sm(f_gjgo for 0 < x <10
Andso f{x)=0for all x

Now[ f(x)dx= :D;T—Dsin [m[)dx

JToplo
J Slﬂ
0

[ ;cos[ﬁ):—coso]
-

R

7
20
i

il
20

_JrT
20
_ .

20
=1
Thus ffx) 15 a probability density function



(©) mmg=j"xf(xjdx
= mﬂsin(ﬁjd
v 20 10
:1 nxsin(ﬁ]dx
200 10
- (7x110)]" (w010 ]
T xcos{mx 10 X .
=—||-——F———F7F"| +| — — |4 ntegration by part
20 [ (x/10) ]ﬂ 0 :r“'s[m) x| (megrationby part)
x| 10] 10 sin(wx/10) " |
=—|1-10cos () x —+—| —/——
20{ eos( )x:r} sr[ (7/10)
=%-[%J+%[siﬂ(ﬁ)—3inﬂﬂ
_3'@}
20| &
H=5
This 15 same as our expectation since the graph of ffx) is symmetric about the line
x =5
A
020 =5
a15
.10
0% 3 ] E 3 10 e
.05
040
Fig 1
Answer 20E.

We have =268 and o=15
The probability of the pregnancies between 250 days and 280 days 1s

=] (r-8)° f(215%)
P(250<x2280)= [ ——e dx
0 152

2y g
e[x 268)° [ 215%)

Let =
7x) 152
Intervals is[ 250,280],
Taking » = 30, we have Ax = W =1
Then subintervals are [ 250, 251],[251, 252], ,........ J[279, 280]

We can approximate the probability by Simpson’s rule as
250)+4 7 (251)+2/(252)+4 F(253) +......
P(250 £x£280)ﬂsl £(250)+41 (251)+21(252) +4.£(253)
3 oo HAF(279)+ f (280)
= 0673075
Thus percentage of pregnancies between 250 days and 280 days 15 [= 67.3%



Answer 21E.

(A) Wehavebeen given i=28
Then probability density function becomes

0 if1<0
=
f() ée—ﬂﬁ If!-‘:_‘U

Waiting time interval 1s [0, 3]

So the probability that a customer is served in the first 3 minutes is
31
- — - ]
P(t=3) Iu Ee dt

1
= gl:-&i"m E

iy

P(z$3)mﬂ.312?

B The probability that a customer has to wait more than 10 minutes
P(t=10 e Bt =lim | —e™™dt
(6>10)= [}t a=pm

=

-t

- :1:1-1;2 [_'E :|m

=lim [—e""s +e'mﬁ]
b 15

504 . -xiB
=g " =lime™
K—ban

—5 1
:e.‘rq-_g

= [Pt >10) =" = 0.2865

(C) Ifmedianizsm

Then [ f(¢)a =%
= rle'”*a*‘z 1
g
= nmj'le'“dz -1
2

= hm -::s]: =—

= il._ﬂ. [—e'm +e‘“ﬂ1

1

2

-m /8 1

=e T =0==
2

= -m/8=1n(1/2)

= -m=-8ln2

= m=8In2 =555 minutes|




