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A differential equation can simply be said to be an
equation involving derivatives of an unknown function.
For example, consider the equation

él + xy = xz

dx
This is a differential equation since it involves the
derivative of the funtion y(x) which we may wish to
determine. We must first understand why and how
differnetial equations arise and why we need them at all. In
general, we can say that a differential equation describes
the behaviour of some continuously varying quantity.

Scenario 1 : A Freely Falling Body

A body is release at rest from a heigh h. How do we
described the motion of this body?

The height x of the body is a function of time. Since the
2

acceleration of the body is g, we have : : =&

This is the differential equation describing the motion of
the body. Along with the initial condition x(0) = h, it
completely describes the motion of the body at all instants
after the body starts falling.

Scenario 2 : Radioactive disintegration

Experimental evidence shows that the rate of decay of any
ratioactive substance is proportional to the amount of the
substance present,

Session 1

ie. %
where m is the mass of the radioactive substance and a
function of t. If we know m(0), the initial mass, we can use
this differential equation to determine the mass of the
substance remaining at any later time instant.

Scenario 3 : Population Growth
The growth of population (of say, a biological culture) ina
closed environment is dependent on the birth and death
rates. The birth rate will contribute to increaseing the
population while the death rate will contribute t.o its
decrease. It has been found that for low populations, the
birth rate is the dominant influence in population growth
and the growth rate is linearly dependent on the current
population. For high populations, there is a competition
among the population for the limited resources available,
and thus death rate becomes dominant. Also, the death rate
shows a quadratic dependence on the current population.
Thus, if N(t) represents the population at time t, the
different equation describing the population variation is of
the form

L AN —A,N?

dt

where A, and A, are constants.
Along with the initial population N(0), this equation can
tell us the population at any later time instant.

Solution of a Differential Equation

These three examples should be sufficient for you to realise
why and how differential equations arise and why they are
important.

In all the three equations mentioned above, there is only
independent variable (the time t in all the three cases).
Such equations are termed ordinary differential
equations. We might have equations involving more than
one independent variable :

of . Of _ 2

—+tx—=x

ox dy

where the notation i stands for the partial derivative, i.e.
x

the term -ai would imply that we differentiate the function

f with resgect to the independent variable x as the

variable (while treating the other independent variable y as
a constant). A similar interpretation can be attached to —.

Such equations are termed partial differential =

equations but we shall not be concerned with them in
this chapter.

Consider the ordinary differnetial equation
d’y , _dy

— +x L +xt=¢

dx? dx
The o.rder. of the highest derivative present in this
et.;uatlon.ls two; thus we shall call it a second order
differential equation (DE, for convenience).

The order of a DE is the order of the highest derivative
that occurs in the equation



Again, consider the DE
2
d_y + d_y = xzyz
dx® dx

The degree of the highest order derivative in this DE is
two, so this is a DE of degree two (and order three).

The degree of a DE is the degree of the highest order
derivative that occurs in the equation, when all the

derivatives in the equation are made of free of
fractional powers.

2 2
[d_y) —1+x(d—y-)=k
dx dx?

is not of degree two. When we make this equation free of
fractional powers, by the following rearrangement,

2
2 2 \2
(d_y) -1+4k-x i 4
dx dx?

we see that the degree of the highest order derivative will
become four. Thus, this is a DE of degree four (and order
two).

Finally, an n™ linear DE (degree one) is an equation of
the form

n-1
+a, g
d" et

where the a/s and b are functions of x.

d
L TR - B Ey+a,,y=b

Solving an n™ order DE to evaluate the unknown function
will essentially consists of doing n integrations on the DE.
Each integration step will introduce an arbitrary constant.
Thus, you can expect in general that the solution of an
n'® order DE will contain n independnet arbitrary
constants.

By n independent constants, we mean to say that the most

general solution of the DE cannot be expressed in fewer
that n constants. As an example, the second order DE

F

has its most general solution of the form

y =Acos x + Bsin x. (1)
(verify that this is a solution by explicit substitution).
Thus, two arbitrary and independent constants must be
included in the general solution. We cannot reduce (1) to a
relation containing only one arbitrary constant. On the

other hand, it can be verified that the function

x+b
y =ae
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is a solution to the second-order DE

d’y _ 9

dx?
but even through it (seems to) contain two arbitrary
constants, it is not the general solution to this DE. This is
because it can be reduced to a relation involving only one

arbitrary constant :

b b x

y=ae™*’ =ae*.e’ =ce (wherec=a-e®)

Let us summarise what we have seen till now : the most
general solution of an n' order DE will consist of n
orbitrary constants; conversely, from a functional relation
involving n arbitrary constants, an n™ order DE can be
generated (we shall soon see how to do this). We are
generally interested in solutions of the DE satisfying some
particular constraints (say, some initial values). Since the
most general solution of the DE involves n arbitrary
constant, we see that the maximum member of
independent conditions which can be imposed on a
solution of the DE is n. As a first example, consider the
functional relation

y=x2 +¢,e% +ce** (1)
This curve’s equation contains two arbitrary constants; as
we vary ¢, and c¢,, we obtain different curves; those curves
constitute a family of curves. All members of this family
will satisfy the DE that we can generate from this general

relation; this DE will be second order since the relation
contains two arbitrary constants.

We now see how to generate the DE. Differentiate the
given relation twice to obtain

¥ =2x +2¢,%* +3c,e* ()
y” =2+4ce® +9c,e>* (3
From (1), (2) and (3), ¢, and ¢, can be eliminated to obtain
g% 3%
262%  3¢3%

4e?*  9e3*

Xz =)
’

2x -y
Z_yll

11
= 2

xt-y
3 2x-y’
4 9 2-y”

= 6-3"-18x+9y" +8x -4y’ =4 +2y” +7x* =6y =0
= y” =5y’ +6y =6x% —10x +2 (4)

This is the required DE; it corresponds to the family of
curves given by (1). Differently put, the most general
solution of this DE is given by (1).
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As an exercise for the reader, show that the DE
corrersponding to the general equation

y=Ae** +Be* +C
where A, B, C are arbitrary constants, is

¥y =3y +2y"=0
By expected, the three arbitrary constants cause the DE to
the third order.

1 Example 1 Find the order and degree (if defined) of
the following differential equations :

; dy) . 1 (dy)’ 1 (dy)’
=1+ L+ +2[ZX
iy +(dx]+2![dx] +3![dx) *

/3
. (d3y ’ dy d?y dy
—Z| =Z4+2 (i) —2ZL= A
(ii) [dxs) o + (iii) v xln[dx]

Sol. (i) The given differential equation can be rewritten as

y= edy/dr
dy
= —=Iny.
ax y

Hence, its order is 1 and degree 1.
(ii) The given differential equation can be rewritten as

3.2 3
&y =(d_y+z).
dx® dx

Hence, its order is 3 and degree 2.
(iii) Its order is obviously 2.

Since, the given differential equation cannot be
written as a polynomial in all the differential
coefficients, the degree of the equation is not defined.

1 Example 2 Find the order and degree (if defined) of
the following differential equations :

: ’dzy ’dy . d¥y . (dy
(i) :1;2—= a+3 (ii) ;j;z-—sm i
(iii) %:,IBX +5

Sol. (i) The given differential equation can be rewritten as

3 2
d’y (dy )
Y =243
(dsz dx

Hence, order is 2 and degree is 3.

(i) The given differential equation has the order 2. Since,
the given differential equation cannot be written as a
polynomial in the differential coefficients, the degree
of the equation is not defined.

(iii) Its order is obviously 1 and degree 1.

Linear and Non-Iir]ear
Differential Equation

A differential equation is a linear differential equation if it
is expressible in the form

where ag, a;,a5,...,a, and Q are either constants or
functions of independent variable x.

Thus, if a differential equation when expressed in the form
of a polynomial involves the derivatives and dependent
variable in the first power and there ae no product of
these, and also the coefficient of the various terms are
either constants or functions of the independent variable,
then it is said to be linear differential equation. otherwise,
it i a non-linear differential equation.

3.)2 2
The differentiable equation L -6 4y 4y =0,is
dx? dx?

a non-linear differential equation, because its degree is 2,
more than one.

3 2

e.g. The differential equation, L +2 4 +9y=x,
dx? dx

is non-linear differential equation, because differential

;i
coefficient d_y has exponent 2.
x

e.g. The differential equation (x? + y?) dx —2xydy =0isa
non-linear differential equation, because the exponent of
dependent variable y is 2 and it involves the product of y

d
and d_y e.g. Consider the differential equation

X
dzy dy E
[E]""(a)*”“‘“

This is a linear differential equation of order 2 and degree.

Formation of Differential Equations

If an equation in independent and dependent variables
involving some arbitrary constants is given, then a
differential equation is obtained as follows :

(i) Differentiate the given equation w.r.t. the
independent variable (say x) as many times as the
number of arbitrary constants in it.

(i) Eliminate the arbitrary constants.

(iii) The eliminant is the required differential equation.
i.e. If we have an equation f (x, y,¢,,¢;,...,¢,) =0



Containing n arbitrary constants ¢,, c;, ¢,..., c,, then by
differentiating this n times, we shall get n-equations.
Now, among these n-equations and the given equation, in
all (n + 1) equations, if the n arbitrary constants
€1,€2,C3,..., C, are eliminated, we shall evidently get a
differential equation of the nth order. For there being n

differentiation, the resulting equation must contain a
derivative of the nth order.

Algorithm for Formation
of Differential Equations

Step I Write the given equation involving independent
variable x (say), dependent variable y (say) and the
arbitrary constant.

Step II Obtain the number of arbitrary constants in Step
I. Let there be n arbitrary constants.

Step III Differentiate the relation in step I, n times with
respect to x.

Step IV Eliminate arbitrary consstants with the help of n
equations involving differential coefficients obtained in
step Il and an equation in step 1.

The equation so obtained is the desired differential
equation. The following examples will illustrate the above
procedure.

i Example 3 Form the differential equation, if
y =4a(x+b), where a,b are arbitrary constants.
Sol. Differentiating y = 4a(x + b) w.r.t. x,
dy _ . dy =2
2y E—M ie. ydx a

Again, differentiating w.r.t. x, we get

2 2
i (d_YJ —0
dx dx
which is the required differential equation. Thus, the

elimination of arbitrary leads to the formation of a
differential equation.

1 Example 4 Find the differential equatlon whose
solution represents the family xy = ae* +be™".

: ()

Differentiating Eq. (i) w.r.t. x, we get

Jrﬂl-+y=ae’r —be™* ...(ii)
dx

Sol. xy =ae* + be”

Differentiating Eq. (i) w.r.t. x, we get

WLy )

= ...(ii)
dx?  dx dx

=ae* + be
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Using Eqgs. (i) and (iii), we get

LY.
dx dx
Which is the required differential equation.

=xy

1 Example 5 Find the differential equation whose
solution represents the family c (y + c)? =x*

Sol. Differentiating ¢ (y + ¢)* = x° A1)

We getc [2(y + c)] d_y =3x? but from Eq. (i), we have

2 (y+ dy=3x2
(y+c)2 dx
3
= 2x° dy _s1 e 2 BV _,
y+c dx y+c dx
2x [ dy 2x d)’}
+c n c=—|=|-
= |:dx:| PEs . 3 [dx

Substituting ¢ in Eq. (i), we get

2x (dy)_ e dy'
3 \dx 4 3 dx
Which is the required differential equation.

1 Example 6 Find the differential equatlon whose

solution represents the family y = ae>* +be*.
Sol. y = ae>* + be* (i)
Differentiating the given equation twice, we get
2
4y =3ae®* + be* and 4y =9ae’* + be*
dx dx?
From the three equations by eliminating a and b, we obtain
dzy 4dy
o a0
Remark

The order of the differential equation will be equal to number of
independent parameters and is not equal to the number of all the
parameters in the family of curves.

1 Example 7 Find the order of the family of curves
y=(c;+cy)e* +cqete,
Sol. Here, the number of arbitrary parameters is 4 but the
order of the corresponding differential equation will not
be 4 as it can be rewritten as, y = (c, + ¢, +c; ™) e”,
which is of the form y = Ae*. Hence, the corresponding
differential equation will be of order 1.

1 Example 8 The differential equation of all

non-horizontal lines in a plane is given by
dZy dZ
@<iL=o0 b <X=0
dx? dy?

d?x

(c) ) _0andE =0 (d) All of these
dx? dy?
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Sol. The equation of the family of all non-horizontal lines in a
plane is given by,

ax+by =1 (wherea#0) ..(i)
Differentiating w.r.t. y, we get
d
a2 v b= (asa#0andbe R)
dy
Again, differentiating w.r.t. y, we get
d*x
a—;=0 (asa#0andbe R)
dy
42
= d—y’: =0 (asa #0)

*. Differential equation of all non-horizontal lines in a
2

plane is :T: = 0. Hence, (b) is the correct answer.
1 Example 9 The differential equation of all
non-vertical lines in a plane is given by
2 2
@3y -0 09X -0
dx dy?
d?x d?y
(c)—==0and—2-=0  (d) All of these
dy? dx?

Sol. The equation of the family of all non-vertical lines in a
plane is given by ax + by =1, where b#0anda€ R

Differentiating both the sides w.r.t. x, we get

a+bﬂ= (asb#0anda€ R)
dx
Again, differentiating both the sides w.r.t. x, we get
2
b—:x—‘:=0 (asb#0anda€R)
2
= d—};- = (asb#0)
dx
- Differential equation of all non-vertical lines in a plane.
dZ
" e
dx

Hence, (a) is the correct answer.

1 Example 10 The differential equation of all straight
lines which are at a constant distance p from the
origin, is

@y +xy0)2 =p? (1+yd) By —xy7)=p* (1+y)

©(y - xy1)? =p? (1+y{) (d) None of these

Sol. As, we know

Represents the family of straight lines which are at a
constant distance p from origin. Differentiating Eq. (i) w.r.t.
x, we get

xcoso +ysina=p ..(i)

o +sina D
cos S
dx

1 . 1
= tanot = —— Or sinQ =
N ‘}1+y,z

4|
1+y,2

cosol =—

..{i)

and

From Egs. (i) and (ii), we get
.2 B

,/1+y,2 ,[1+y,z 9

=(y- xy])z = pz(l + ylz)is required differential equations.

3

Hence, (c) is the correct answer.
1 Example 11 The differential equation of all circles of
radius r, is given by
@0+ =ry3
(© 1+ (1)) =r?y3
Sol. Equation of circle of radius r,

(x - a)? -i»(y—b)z =r? ..(1)
(Here, a, b are two arbitrary constants)

b) (14 (1)) =r?y3
(d) None of these

Differentiating Eq. (i), we get
2(x—a)+2(y-b)y,; =0 i)
Again, differentiating Eq. (ii), we get
1+(y=b)y, +y =0

2
= (y-b)=- [‘L’—) (i)
Y2
Putting (y — b) in Eq. (ii), we get
2
(x—a)=LEXIN i)
Y2

From Egs. (i), (iii) and (iv), we get
2y2
(1+)/12) -yi +(1+)zhz)2 -
Y2 y2
= A+’ =riy}
Hence, (c) is the correct answer.

1 Example 12 The differential equations of all circles
touching the x-axis at origin is

(@ (y? - x?) =2y (3-{()

2 _ 2d_)’=
(b) (x )’)dx 2xy

© 02 -y} =2 [d—y)
dx

(d) None of the above
Sol. The equation of circle touches x-axis at origin.
= (x = 0% +(y —a)® =a?

or x*+y® —2ay=0 ()



Differentiating w.r.t. x, we get

2x+2yd—y—20d—y-=0
dx

dx
= 4 (a-y)=x
dx (dyJ
xX+y|—
= a=—y ) ...(i)
dy
(&)
From Egs. (i) and (ji), we get
)
xz + yz —Zy %dx =0
[
&)
or (xz—yz)d—y=2xy
dx

Hence, (b) is the correct answer.

I Example 13 The differential equation of all circles in
the first quadrant which touch the coordinate axes is

@x=y)? (1+(y)?) = (x + yy")?
B (x+y? (1+(y) ) =(x+y)?
©x=y)? (+y)=(x+yy")?
(d) None of these
Sol. Equation of circles touching coordinate axes is

(x - a)? +(y-a)l=a ..(i)

Differentiating, we get
2(x—a)+2(y—a)y’ =0

_X* yy"
B 1+y" '

= a where y’ = iy ...(ii)
dx

(0.a)

o

N\

o @0

From Egs. (i) and (ii),

x_x+yy’ 2+ y_x+y):’ 2=(x+y}:'Jz
1+y’ 1+y 1+y
, N2 2 g N2
- =Y | fr=a} _{(x yy)
1+y’ 1+y’ 1+y
= (= )V +(y-x)P =(x+yy')
= (x=y) A+ (")) =(x +yy')

Hence, (a) is the correct answer.
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1 Examplezllt Thezdifferential equation satisfying the
y

m+ b2+ A
unknown, is

(@) (x+ yy1) (1 = y)=(@* =b*) y,

(b) (x + yy1) (x = yy1) =y

(©) (x = yy1) (xy; +y)=(@* =b?) y,

(d) None of these

curve =1,where A being arbitrary

2 2
X _+ X =1 D)
a?+A bE+A
Differentiating both the sides, we get
2x i 2y. dy =0
a+A bPHA dx

Sol. Here,

= x(B* +A)+y(a® +A)y =0
(Jcb2 +azyy,)
= A=-| ————
x+yn
2, 2
a2+k=az——Xb T4 Y
X+ yy
2 _ 32
= g BN -.(ii)
X+ yn
2 _ 32
Also, Paa=2 =)y ..
x+yy
From Egs. (i), (ii) and (iii), we get
x(x+yn) , ¥ (x+ym) _
(@ -b*)x (- b%)yy,
= (x + yy) (xy, = y) =(a® - bz)}'l

Hence, (a) is the correct answer.

1 Example 15 The differential equation of all conics
whose centre lies at origin, is given by

(@) Bxy2 +xy3)(y = xy1) =3xy, (y - xy, - x2y,)
(b) Bxys +x7y2) (ys = xy35) =3xy, (y = xy; — x?ys)
(© Bxy2 +X7y3) (yy = xy) =3xy, (y - xy, - x2y,)
(d) None of the above
Sol. Equation of all conics whose centre lies at origin, is
ax? +2hxy + by? =1 (i)
Differentiating Eq. (i) w.r.t. x, we get
2ax + 2hxy, + 2hy + 2byy, =0
= ax + h(y+ xy,) + byy, =0
Multiplying by x equation becomes,
ax® +h(xy + x*y) + bxyy, =0
Subtracting Eqs. (i) and (ii), we get
h(xy = xy)+b(y* - xyy) =1

..(ii)
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2
(hx + by) y = xy, (hx + by) =1 b(y_xyl)=y—xy:—xyz

=
2
= (hx + by) (y = o) =1 (y =)
2
= hx + by = (i) po YN XY "
== = = wed
= -’
Again, differentiating w.r.t. x, we get Again, differentiating both the sides w.r.t. x, we get
"”’J’-=‘(y—'(;_%_)zﬂ 0=y,-y,—3m—xzys+3(y—xyl—xz}:z)xyz
' (v =)’ v =)
=2 :
or h+by’_(y_xyl)2 adi) = (3xy; + x’y3) (y — ) =3%92 ()"‘x)'l"xzyl)
From Egs. (iii) and (iv), we get Hence, (a) is the correct answer.

Exercise for Session 1

1. The differential equation of all parabolas whose axis of symmetry is along X-axis is of order.

(a)2 (b)3 ()1 (d) None of these
2. The order and degree of the differential equation of all tangent lines to the parabola x2=4yis
(@)1,2 (b)2,2 (©3.1 (d)4,1
2 2 2
3. The degree of the differential equation ZX—{ +3 (%) =x?log (ZT};J is
(a)1 (b)2 (c)3 (d) Not defined
4. The degree of the defferential equation satisfying the relation i+ xZ + J1 +y2= MXJ1 + y? —YJ‘ +x2)is
(@1 (b)2 (©)3 d)4
2,\2 2 2
5. The degree of the differential equation (%Z—) + (%) =Xxsin (ZT};) is
(a)1 (b)2 (©)3 (d) Not defined
6. The differential equation of all circles touching the y-axis at origin, is
2 _x2 = _d_}: b 2—X2= d_X sz— 2 _ d_y 2 2 dx
(@) y® - x 2xde (b)y 2xydy (c) y 2xydx (d)x? -y =2xyd_y.

7. The differential equation of all parabolas having their axes of symmetry coincident with the axes of x, is

@y + Y=Y+ 9 (b)yy, +y2 =0 ©) yy2+yi =y, (d) None of these
8. The differential equation of all conics whose axes coincide with the coordinate axes, is
@xyy2 + Xy{ -y =0 O yy2+ ¥ -y =0
©) xyy2 + (x-y)y1=0 (d) None of these
. . . . —fata=1 w32 -1
9. The differential equation having y =(sin™" x)“ + A(cos™" x) + B, where A and B are arbitrary constant, is
@(1-x?)y, —xy =2 () (1-x2) y, + yy, =0
©(1=-x)y2 + x1=0 (d) None of these

10. The differential equation of circles passing through the points of intersecti it ci i
ik on of un
origin and the line bisecting the first quadrant, is it circle Wit centos s the

@y (P +y =10+ (x+yn)=0 OG- +y2 =1+ (x+yy)2(x-y)=0
©2+y*-0+yy,=0 (d) None of these



Session 2

Solving of Variable Seperable Form,
Homogeneous Differential Equation

SOIVing Of Variable A ditferential equation ot fivst order and first degree is of
seperable FOI'm the torm %\‘“ f(x )
o

Solution of a Differential Equation

Remark

The solution of the differential equation is a relation All the ditforential equations, aven of tirst order and first degroe,
between the variables of the equation not containing the cannot b solved, However, it they belong to any of the standard
derivatives, but satisfying the given differential equation forms which wo are going to discuss, in the subsequent articles
(i.e from which the given differential equation can be they can be solved.
derived). . .
Thus, the solution ofﬂ =¢" could be obtained by simply Equ_atlons in Wh|Ch the

- . Variables are Separable
integrating both the sides, i.e. y =e"+ Cuand that of, a5
dy _ 2 The equation H;— = f(x, y)issaidtobein variables separable

- =px+qisy=p -\‘)—- +¢x + C,where C is arbitrary
x 2

constant.

(i) A general solution or an integral of a differential
equation is a relation between the variables (not
involving the derivatives) which contains the same
number of the arbitrary constants as the order of the

form, it we can expressit in the form f(x) dx = g(y) dyw.
By integrating this, solution of the equation is obtained
which is, I f(x)dx =I gy dy+C

1 Example 16 Solve

differential equation. For example, a general solution sec? xtany dx+sec? y tan xdy =0.
5 " . dix - .
of the differential equation —1;_7 =—4xis Sol. Dividing the given equation by tan x tan y, we get
(«
cecd 1 . .
x = A cos 2t + Bsin 2t, where A and Bare the C Xdve XY van
tan x tany

arbitrary constants.

(ii) Particular solution or particular integral is that This is variable-separable type
solution of the differential equation obtained from the !
general solution by assigning particular values to the
arbitrary constant in the general solution.

a 5
sec” sec”

lmcgmlh\g.j. dx + I\“—V dy=C’
tan x twmy °

In|tan x|+ In|tan y| = C; where C'=1n €

For example, x =10 cot 2t +5 sin 2£ is a particular or ln|tan X+ tan y| = In C; (C >0)
; ; 3 . dix ; n
solution of differential equation —= = - 4x. = [tan xtan p|=C
dt This is the general solution,

| Example 17 Solve %)\i =e*~Ys+xle™?,

Differential Equations of the
First Order and First Degree Sol Here, Suf 4 Xy of dym{xt b et

3 N : : s : dx ! ¥
In this section we shall discuss the differential equations & @

which are of first order and first degree only. This is variable-separable torm,
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.. Integrating both the sides,
3
Ie’ dy=I (x*+e*)dx = e’ =£3—+e’+C

Which is the general solution of the given differential
equation, where C is an arbitrary constant.

1 Example 18 Solve 1+ x2+ y? + x2y? +xy %Z =
X
Sol. The given differential equation can be written as

Jiar oy =— 2

dx

2
= _Nl+x dx= ydy

% J1+y?
This is the variable-separable form.
.. Integrating both the sides, we get

[ en] L

J1+y?

dy

Ji+x2+1

This is the general solution to the given differential

equation.
LA
dx

= —|:,/1+x2 +%log[——“+x2_l]]=,}l+yz +C

d
1 Example 19 Solvey—xaé:a(y%

Sol. Rewriting the given equation as
2 dy
y-ay’=(x+a) 7
dy _ dx
y(i-ay) (x+a)
This is the variable-separable form.
Integrating both the sides, we get

_dy _q_d&
Iy(l—ay) J’(x+a)

1 a _ dx
o I(;+l-ay)dy—1 x+a

=>

= Iny-2In(1-ay)+InC=In(a+x)
a

- m(“‘_*’L“l”):m(c)
y

or Cy =(a+ x) (1 - ay)is the general solution.

1 Example 20 Solve e®/% = x+1, given that when
x=0y=3
Sol. This is an Example of particular solution.

e @) = x 41

0.

dy
—=In(x+1
9 ( )

J’ dy = .[ln (x +1)dx (integration by parts)

x
x+1

dx

ie. y=xln(x+1)—J‘

ie. y=xln(x+1)-x+ln(x+1)+C

This is the general solution.

To find the particular solution, put x =0,y = 3in the

general equation.

: 3=0-0+0+C

e c=3

. The required particular solution is,
y=(x+1)In(x+1)—x+3

Differential Equations Reducible
to the Separable Variable Type

Sometimes differential equation of the first order cannot
be solved directly by variable separation but by some
substitution we can reduce it to a differential equation
with separable variable. ‘A differential equation of the

form :_y = f(ax + by +c) is solved by writing
x
ax +by +c=t"

dy
dx
Sol. Let x +3y=t,so that 1+£}i=%

The given differential equation becomes,

1 Example 21 Solve sin? (x+3y)+5.

1(dt
—(—-—1)=sinz(t)+5 =>£—=3sin2t+16

3 \dx
= j- dt _J‘dx
3sin® t + 16
= J- sec? t dt +C
_— @ =x
3tan® t +16sec’ t
2
sec” t dt
= I—z——=x+C
19 tan“ t +16
du
s I_z_=x+C-.wheretanr=u
19u° +16
= sec’ tdt =du
1 d
= —I 4 =>—l-—Jl_9u\n" LY +C
197 2,16 19 4 4
19

” 119 [mn'l [@ tan (3y + x))} +C



| Example 22 Solve (x+ y)? Z—i =a?.

Sol. (x+yp =g )
dx
Putx+y=t=l+d—y=i‘— or d_y=(£_1
dx dx dx \dx

X

- Eq. (i) reduces to t? {:—‘ - 1} =a°

dt
ie t? e a® + t?, separating the variable and integrating.
t? a*
dx = dt=||1-——|dt
.[ Iaz+¢z I( a’+tz]

=!-—atan_'[£]+c
a

ie. x=x+y—atan"(x—+y)+c
a

+y
a

: A x
lLe.y=atan

1 Example 23 solve
(2x+ 3y —=1)dx+ (4x+6y — 5)dy =0.

Sol. (2x +3y —1)dx +(4x + 6y —5)dy =0 ..(i)
Substitute u=2x+3y-1
_d_u=2+3d_y or _r{)_/=l(d_u_2)
dx dx dx 3\dx
. Eq. (i) reduces to
1(du
+@u-3)-|=-2|=0
U )S(dx )
i 2 au-3)+2@u-32 =0
ie. u = u 3 o

-u+6 1 du
+-(2u-3)—=0
3( )dx

ie.

Writing this in the variable-separable form

(2:_3),,”,&
u-—-=6
.fdx=J' -3 4
u—=6

2u-6)+9

(u-—6)

x+C=2u+9In|u-6|

o x+C=202x+3y-1)+9In|2x+3y-7|
3x +6y —2+9 In|2x + 3y — 7| = C is the general solution.

x+C=I

Remark

Sometimes transformation to the polar coordinates facilitates
separation of varibales. It is convenient to remember the
following differentials.

1.xdx+ydy=rdr
3o+’ =i+ % 0?

2.xdy-ydx=r?do

) - C is the required general solution.

Chap 04 Differential Equations 243

xdx+ydy [a’-x?-y?

1 Example 24 Solve

xdy —ydx x*+y?
Sol. Let x=rcos®,y=rsin®
So that 2+yt=r? ...(i)
and tan@ =2 )
x
From Eq. (i), we have d (x* + y*)=d (r?)
ie. xdx +ydy=rdr ...(iii)

From Eq. (i), we have  d ( % ) =d (tan 0)

xdy-y & lom
<2
ie. xdy-yde=x"sec’0dd= r? cos® 0 sec’ @ d9...(iv)

Using Egs. (iii) and (iv) in the given equation, we get

rdr a®-r? dr H
Tan _z_"e'——[zz=
r‘do r a®-r

ie. sin_'(i)=9+c or r=asin(0 +C)
a

or Jx? +y* =asin {C + tan™ " (y/ x)}

It is advised to remember the results (iii) and (iv).

Homogeneous
Differential Equation

By definition, a homogeneouos function f(x,y) of degree
n satisfies the property

fx,Ay) =N"f(x,y)

For example, the functions
fily)=x>+y*
fa(xy)=x" + xy +y?
filx,y)=xe™ 4 xy?

are all homogeneous functions, of degrees three, two and
three respectively (verify this assertion).

Observe that any homogeneous function f(x,y) of degree
n can be equivalnetly written as follows :

fix,y)=x" ,G) oy /G]

Forexample, fi, y)=x>+y°
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Having seen homogeneous functions we define
homogeneous DEs as follows :

Any DE of the form M(x, y) dx + N (x,y)dy =0
or W - Mx,y)
dx N(x,y)
N(x, y) are homogeneous functions of the same degree.
What is so special about homogeneous DEs? Well, it turns
out that they areextremely simple to solve. To see how,

we express both M(x, y) and N(x, y) as, say x"M(Z] and
x

is called homogeneous if M (x, y) and

x"N(l).This can be done sicne M(x, y) and N(x, y) are

x

both homogeneous function of degree n. Doing this
reduces our DE to

() ()
d_y=_M(x'Y)= Xidiiesi xX) _

dx  N(xy) an(z)' N(Z)_PGJ

x x

(The function P(t) stands for i(t))
N(t)

Now, the simple substitution y = vx reduces this DE to a
VS form

y=vx
dy .

= dx

Thus, L 48 p(l) transforms to
dx x

v+x v =P(v)
dx
dv_ _dx
P(v)-v T x
This can now be integraed directly since it is in VS form.
Let us see some examples of solving homogeneous DEs.

=

Alogorithm for Solving .
Homogeneous Differential Equation
Step1 Put the differential equation in the form

dy _ ¢(x,y)

dx  y(x,y)

d dv . L
Step II Puty =vx and ;i% =v+x o in the equation in
step I and can out x from the right hand side. The

dv
equation reduces to the formv + x PP = f(v).

Step 111 Shift v on RH.S and seperate the variables in v
and x.

Step IV Integrate both sides to obtain the solution in
terms of v and x.

Step V Replace v by Y in the solution obtained in step IV
5

to obtain the solution in terms of x and y.
Following examples illustrate the procedure.

1 Example 25 Solve y dx + (2/xy - x)dy =0.
ydx +(2/xy - x)dy =0 (i)
This is homogeneous type. Substitute y = ux
x du
. Equation ux dx +(2 \/—E - x)(udx + xdu)=0
ie. x-{udx+@Vu-1)udc+xdu(@Vu—-1)}=0
dx (2u®? —u+u)+xduVu—-1)=0

2«/?—1)du=0

2 uSIZ
Integrating both the sides In | x|+ In|u|+ % =C
u

Sol.

ie.

Separating the variables, L + [
x

1 x y
or In|xu|+—==C or In + [—=C |vu==
|l + = Iyl "y (+u=2]

Which is the general solution.
I Example 26 Solve (x? +y?)dx —2xy dy =0.

2, 2
Sol. Here,d—y=x FYed, XY
dx 2xy 2y x

: d
With y = ux, Yeurx a , so that the differential
dx dx

equation becomes

= xdu=1+u —u
dx 2u
2
- xdu _1-u
dx 2u
2u dx
— du=| —
Il—uz '[ x
= —log|1-u®|=log| x| -log|C|
= x(1-u?)=C
2 _ 2
= ol SN (-.'u=-}i
x x

Hence, x* - y* = xC, is the required solution.



2d 2
AT Y
dx X xz

Sol. The above equation is homogeneous so that we put y = ux.

| Example 27 Solve

= 2[u+xd—“]=u+uz=>2u+2xd—u=u+u2
dx dx

= 2x%‘=u2—u=> uzdil‘:%

= J.u(:u—l)=%j%

=

1
= log|u—1|—log]u]:zloglxl-t-logICl

- log “—‘li=1og|c,/;|
u

= "_1=cJ}' =y XX o
u y

= y—x=C~/;-y

Which is the required solution.

1 Example 28 Solve
(1+2e*Y)dx+2e* (1-x/y)dy =0.
Sol. The appearance of x/y in the equation suggests the
substitution x =vy or dx =vdy + y dv.
.. The given equation is
(1+2¢*)(vdy+ydv)+2e” (1-v)dy=0

ie. y(1+2e")dv+(v+2e')dy=0
ie. H'ie—dv+d—y=o
v+2e’ y
1+2e' dy
Integrating, | ———dv+| —=0
g J-v+2e" I y

log|v+2e”|+log|y|=log|C|

= (v+2e")y=C (v:iJ
y
= (5+2e"’)y=c
b 4
= (x +2ye*?)=C, is required solution.

I Example 29 Show that any equation of the form
y flxy)dx+x g(xy)dy =0

can be converted to variable separable form by substi-
tuting xy =v.
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Sol. Since, x‘_}l=v.)'="i and d(xy)=dv
x

ie. xdy+ydx=dv
dv — vdx
ond ,,y=,,(1)=x__z_
x x
ie. xdy=dv—ldx
x

lf(v)d”g(v){dv—idx}:o

x X

YAFWM=gOh gy g (vydv=0
X

dx g(v)dv _
x v{f(»-g}

Which is in variables separable form.

ie.

Reducible to Homogeneous Form
Type |

Many a times, the DE specified may not be homogeneous
but some suibtale manipulation might reduce it to a
homogeneous form. Generally, such equations involve a
function of a rational expression whose numerator and
denominator are linear functions of the variable, i.e., of

the form
dy _ [ax+by+c
dx dx+cy+ f

Note that the presence of the constant c and f causes this
DE to be non-homogeneous.

i)

To make it homogeneous, we use the substitutions
x—=>X+h
y—oY+k
and select h and k so that
ah+bk+c=0
N «(2)
dh+ek+f=0

This can always be done (if % # i).The RHS of the DE in
e

(1) now reduces to=f(a(x+h)+b(y+k)+cJ
d(X+h)+e(Y +k+ f)

wf aX +bY
dX +eY
This expression is clearly homogeneous! The LHS of (1) is
dy .. dy dY dX .. dy dx
— which equals = . — .~ .S L A
dx @ i T i
% equals Z—; . Thus, our equation becomes

(Using (2))
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aX +bY
—_f(dx+eY) .(3)

We have thus succeeded in transforming the
non-homogeneous DE in (1) to the homogeneous DE in (3).
This can now be solved as described earlier.

dy _2y-x-4
y- 3x+3
Sol. We substitute x — X + hand y - Y + k where h, k need
to be determined
dy dy _@-X)+(@k-h-4)
dx  dX (Y =3X)+(k-3h+3)
h and k must be chosen so that
2k-h-4=0
k—3h+3=0
This gives h = 2and k = 3. Thus,
x=X+2
y=Y+3
Our DE now reduces to
dY _Y-X
dX Y 3X

Using the substitution Y = vX, and simplifying, we have
(verify),

1 Example 30 Solve the DE

v-3 dv:—dx

vi 5v+1 X
We now integrate this DE which is VS; the left-hand side

can be integrated by the techniques described in the unit of
Indefinite Integration.

Finally, we substitute v =§—and
X=x-2
Y=y-3

to obtain the general solution.

Type Il

Suppose our DE is of the form

dy .[ax+by+c
dx (d.x +ey+ f )
We try to find h, k so that
ah+bk+c=0
dh+ek+ f=0
What if this system does not yield a solution? Recall that

this will happen if % = f_ How do we reduce the DE to a
e
homogeneous one in such a case?

Let 2= L A (say).
d e

Thus,
ax +bytc _ Mdx +ey) +c¢
de+ey+f dx+ey+f
This suggests the substitution dx +ey =v, which will give
dy _dv
d+e—=—
dx dx
24{27)
- dx e\dx

Thus, our DE reduces to
}»v +c

(:: d) v+f

dv Aev+ec
—  —+d
= x  v+f
=(}~e+d)v +(ec +d)
v+ f
(v+f)
= (Ae+d) v+ec+df

which is in VS form and hence can be solved.

dv=dx

dy x+2y-1
1 Example 31 Solve the DE =~ AL Al
dx Xx+2y+1
Sol. Note that h, k do not exist in this case which can reduce
this DE to homogeneous form. Thus, we use the substitu-
tion
x+2y=v
= 1429 4V

Thus, our DE becomes

1(d_v_ )_v—l
2\dx v+1
sy dv _2v-2 1=3v-1
dx v+1 v+l
= V+1dv=dx
3v -
= 1+ dv=d
EAGETEEY Rl

lntegrating. we have

1 4
5(v+;1n(3v—l))=x+€,
Substituting v = x + 2y, we have
4
x+2y+§ln(3x+6y-l)=3x+Cg

2
Y‘x*shl(3x+6y—1)=c



1 Example 32 The solution of the differential equation

dy  siny+x
dx ~ sin2y - xcosy

(a)sin? y=xsiny+§+c
(b)sin2y=xsiny—§+c
(©)sin? y=x+siny+%+c
(d)sin? y=x—siny+%+c

Sol. Here, dy —_ siny+x
dx sin2y-xcosy

dy siny+x
= cosy—=————— putsiny=t
dx 2siny-x 2 ¥
= dt t+x ik
——= s =wx
dx 2t-x &
xdv vx+x _v+1
—+tv= =
dx 2vx=x 2v-1
Q_v+1_v_v+l—2vz+v
dx 2v-1 2v—-1
Z_ dx
or 2—‘2'1'—dv=—
—2vi+2v+1 x

On solving, we get
%2
sinzy=xsiny+?+c
Hence, (a) is the correct answer.

1 Example 33 The equation of curve passing through
(1, 0) and satisfying

dy 2_ 2 2 dy)?) . o
(y dx+2x) =(y“+2x°) 1+(a;) ,is given by

Chap 04 Differential Equations

1
i T LN B

X

Al (kS Ll
X

X
(d) None of the above

Sol. The given differential equation can be written as

2

2 (dy): 2 dy 2 2 (dY)
D taxt+axy-==(y*+2 14| =
y (dx x o (y* +2x7) e

X

2
= Q:Xi‘/l(z) 1
dx x 2\ x

Let y=wvx
= vexr -9
dx dx
. Eq. (i) becomes
dv 1
Vix—=v+ |-vi+1l
dx v
or [
1 5 x
-vi+1

= «/Eloglv+1’vz+2|=[og|x(;|

+y? +2x7
:«/Elog yyfx =log| xC|,
putting x =1landy =0
= C=(J§)ﬁ

[,2 2
~.Curves are given by YNyt V2
x

Hence, (a) is the correct answer.

*
X

2
V2

247

(1)
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Exercise for Session 2

1.

2
The solution of L4 = _(&y)_ is given by
dx (x+2)(y-2)
20/-2) 2(y-2)
4 2y \_ o2y 414 20/ =2 ) _ge(x+2)
(a)(x+2)(1+7)_ke“ (b)(X+2)(+ (“2)]
2(y-2)
(C)(X+2)3[ 1+ 2(—}'_—2))=ke x+2 (d) None of these
xX+2
If(y3 —2x2y)dx + (2xy? — x3) dy =0, then the value of xy Jy?-x2is
(@) y? + x (b) xy?
(c) any constant (d) None of these
The solution of dy /dx =cos (x + y)+ sin (x + y), is given by
(a) log 1+:an(XZY) =X+C (b)log| 1+ tan (x +y) [=x +C
(c)log|1-tan(x + y)|=x+C (d) None of these
The solution ofd—y =(x+y-1)+ L .} given by
dx log (x + y)
(@) {1+ log (x + y)} - log {1+ log (x + y)} = x +C (b)(1-log (x + y)} = log{1-log (x + y)} =x +C
(c) {1+ log (x + y))2 —log{1+log(x + ¥)}=x+C (d) None of these
The solution of (2x2 + 3y? —7) xdx —(3x? + 2y -8) ydy =0,is given by
@G +y?-N=(x*+y*-3°C O (x*+y* -1 =(x*+ y*-3)°C
© (2 +y?-3=(2+y*-1)°C (d) None of these
(x =12 +(y -2 tan™ (i—‘?]
The solution of—y= r , is equal to
(xy —2x —y +2)tan™ (y__)

x -1
(3)[(X—1)z+(y—1)zltan—1(-—':’(:f)-2(x~1)(Y-2)=2(X—1)2|ogC(x—1)
(b)l(x-1)2+(Y-1)21-2()(-1)(y-2)t3"’1(%]=2(x-1)2|OQC
(c)l(x-n2+(y—nznan-'[f(—:—ﬁ)—zu—1)(y—2)=togC(x—1)

(d) None of the above
2

The solution of . = X% 2y—8 is

dx 2x+y+3
@(x+3°-(y-3°=Clx-y+6 B (x+ 37 - (y-3°=C
(c) (x + 3)* + (y - 3)* =C (d) None of these
The solutionofgz=_?osx(acosy_ninx_a),is

dx siny(3sinx-7cosy+7)
(a) (cos y — sinx ~ 1)? (sinx + cos y = 1)° =C (b) (cos y - sinx - 1)2 (sin x + cos y — 1)* =C

(c)(cos y - sinx - 1)? (sinx + cosy - 1) =C (d) None of these



9.

10.

11.
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13.

14.

15.
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A curve C has t_he prpperty that if the tangent drawn at any point P on C meets. The coordinate axes at Aand B,
then P is the mid point of AB. The curve passes through the point (1, 1). Then the equation of curve is
(@xy=1 by X =1

y

C)2x=xy-1 (d) None of the above

The family of curves whose tangent form an angle % with the hyperbola xy =1, is

(@y=x-2tan" (x)+ K (b)y=x+2tan" (x)+K

(c)y=2x-tan' (x)+ K (d)y=2x+ tan'(x) + K

A and B are two separate reservoires of mater capacity of reservoir are filled completely with water their inlets

are closed and then the water is released simultaneously from both the reservoirs. The rate of flow of water out
of each reservoir at any instant of time is proportional to the quantity of water in the reservoir at that time. One

hour after the water is released, the quantity of water in the reservoir A is 15 times the quantity of the water in

reservoir B. The time after which do both the reservoirs have the same quantity of water, is
(a) logs/4(2) (b) loga/a (—21]

() |°9|/2(—;) (d) None of the above

A curve passes through (2, 1) and is such that the square of the ordinate is twice the rectangle contained by the
abscissa and the intercept of the normal. Then the equation of curve is

(@) x% + y? =9 (b) 4x2 + y? = 9x
(c)4x? + 2y? =9x (d) None of the above

- 2
A normal at P (x,y)on a curve neets the X-axis at Qand N is the foot of the ordinate atP. If NQ = ’2(11;}'2)2 :

+ X

Then the equation of curve passing through (3, 1) is
(a) 5(1+ y?) = (1+ x%) (b) (1+ y?) = 5(1+ x?)
(©) (1+ x?) = (1+ y?).x (d) None of the above

The curve for which the ratio of the length of the segment intercepted by any tangent on the Y-axis to the length
of the radius vector is constant (k), is

@) (y+x2 -y ' =c b (y+x2+y*)x*'=c
© (y-Ix*-y? " =c @ (y-Vx*+y* " =c
A point P(x, y) nores on the curve x23 4+ y#3 =a?3 a >0 for each position (x,y) of p, perpendiculars are drawn

from origin upon the tangent and normal at P, the length (absolute valve) of them being Py(x) and Px(x)
brespectively, then

dp; dp, b) %P1 9Pz < o
(@) R 2<0 ®)
© %%z 0 @ %92 59

dx dx dx dx



Session 3

Solving of Line”érml)wi»f;e‘féﬁt»ial' Equations,
Bernoulli's Equation, Orthogonal Trajectory

Solving of Linear
Differential Equations

First Order Linear
Differential Equations

A differential equation is said to be linear if an unknown
variable and its derivative occur only in the first degree.

An equation of the form

d

L+ P(x)-y =Q(x).

dx
Where P(x) and Q(x) are functions of x only or constant
is called a linear equation of the first order.

To get the general solution of the above equation we
proceeds as follows. By multiplying both the sides of the

above equation by eIde, we get
ej’mx_j_y+yp_ejpdx =er'mx
x

e_[de .Q+yi(ejpdx)=ge[pdx

ie.
dx dx
dx
ie. i(ye”’dx)#?'eIP
dx
. Integrating, we get y e-[Mx = IQ e'[%dx +C.

Here, the term eI d which converts the left hand
expression of the equation into a perfect differential is
called an Integrating factor. In short it is written as IF.
Thus, we remember the solution of the above equation as

y(lF):jQ(IF) dx +C.

Algoritm for Solving A Linear
Differential Equation

Step I Write the differential equation in the form
dy / dx + Py =Q and obtain P and Q.

Step II Find integrating factor (LF.) given by LF. = el P,

Step III Multiply both sides of equation in Step I by LF.
Step IV Integrate both sides of the equation obtained in
step ITI. w.r.t x to obtain y (LF.) = IQ.(I.F.) dx +C

This gives the required solution following examples
illustrate the procedure.

I Example 34 Solve %+ 2y =CO0S X.

Sol. It is a linear equation of the form

dy

—+ Py =0Q(x

3t F=0(x)
where P=2and Q = cos x
Then IF= eIde = e"'z‘t‘r =e2%
Hence, the general solution is y (IF) = I Q (IF) dx
ie. y-ez":je"cosxdx-fc

2x

2x e

y-e¥ =

2 [2 cos x +sin x]+ C

I Example 35 solve d—y+ - log x.
dx x

Sol. 1t is a linear differential equation of the form

d
o+ Py=0(x)
Here, P=1.Q=logx
X
Then IF:eIPdJ =eI|de.x =el°ﬂx =x

Hence, the general solution is
Yy =[Q@Fdx+c

ie. yx=I(log x)xdx+C

) 2 2

Le. yx:(]ogx).x_—'l.l.x_.f.c
2 x 2

2 2
" X x
Le. x = — (lo =
Y- 2( g x) 4+C



I Example 36 sove & oY
dx 2yln y+y—-x

Sol. The equation can be written as

dx _2ylny+y-x

—= =(2In #1)~2
dy y+1) 3
; dx 1
ie. —+—x=QR2lny+1)
dy 'y

In this equation it is clear that P = 2 andQ=(2lny+1).
y

Which are function of y only because equation contains
derivatives of x with

respect to y.
IF = ejmy = eI”ydy =eh? = y

*- The solution is; x (IF) = [(21In y + 1) (IF) dy

ie. xy=f(2]ny+1)-ydy=y’lny+c
s C
ie. x=ylhy+—=

y

Note In some cases a linear differential equation may be of the
form % + R x = Q,where R and Q, are function of y alone. In
y.

such a case the integrating factor is em @

d
I Example 37 Solve cos? x d_i' —ytan2x=cos" x,
h R and v Z _343,
where | x| < i ¥l % 5

Sol. The given equation can be written as

%—sec2 Jc-tanz:c-y=cosz x

I 21an X gec? x dr
IF___eI-nn 2x - sec? x dx - tan?x -1

dt
= 2
=e'!, wheret =tan® x -1

=ellt =)t =(tan® x - 1|
It is given that| x | < 1:— and for this region tan® x < 1.
IF = (1 - tan® x)
. The solution is
y(1-tan?® x)= Icosz x (1 - tan? x)dx

=I(coxsz x —sin? x)dx

in 2
=I(cos 2x)dx=§l—nz—£+c
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Now, when x=£.y=-3—3
6 8
u_3-(1-1J=1 i5—+C = C=0
8 3 2 2
- sin 2x
_2(1—tan2x)

1 Example 38 Solve %+ y ¢ (x)=(x)- ¢’ (x), where

¢(x) is a given function.
Sol. Here, P=¢’(x) and Q = ®(x) ¢’ (x)
IF = ef#'(x)dx = %™
.. The solution is
yet®) = I¢(x)~ O (x)-e*®dx = I t-e'dt,
where ¢(x) =1t
yet® =¢(t-1)+C
ie. yeo(") = {¢(x) -1} ) 4 o

Bernoulli's Equation

Sometimes a differential equation is not linear but it can
be converted into a linear differential equation by a
suitable substitution. An equation of the form

dy

—+Py=Qy".
S S5 Qy

Where P and Q are functions of x only, is known as
Bernoulli’s equation (for n =0 the equation is linear.)

It is easy to reduce the above equation into linear form as
below :

(n#0,1)

Dividing both the sides by y", we get

ndy

P l—n=
2 1Y Q

Y

n

. = —ndy dz
Puttin '""=z and hence, (1-n)y " 2 =92 the
gy (1-n)y i

equation becomes :_z +(1-n) Pz =(1-n) Q which is linear
x

inz.

Here, IF =eI(l-")Pd‘

.. The solution is,

R T =J- {(1=n).Q-elA-mPxy gy
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1 Example 39 Solve (y log x —1) y dx = x dy.

Sol. The given differential equation can be written as

dy 2 n
—+y=y“logx ..(3i)
xdx y=y log
Dividing by xy?, hence
%-Q+L=llogx
y'dx xy x
Let ST
y y? dx dx
So that d—v—lv=~llogx
dx x s

Which is the standard linear differential equations, with

Pe—l o=-ligx
X x

IF:eI_‘Ideze'l“’(:el’"-I:_l_
x
The solution is given by
1 1 1 log x
—=]—(——logx |dx=~ dx
vl f2 (- Sros )= 25
Jlogx 1 lg-lex,1l,c
x x x x x
= v=1+log x + Cx = log (ex) + Cx
or l=log(e::r)+CZx or y {log(ex)+Cx}=1
¥
d
1 Example 40 Solve (—1%+xy=xy2.
Sol. Dividing by y?, we get
y’2%+l-x=x
Let l:z
»
So that L.y de
y? dx dx
.. The given equation reduces to
dz
L2 gy
dx
Foel ¥ _ p-x2
. The solution is
ze""”:'[..x.e-r'/i dyse- My
ie. l =1+ Cel'lz
»

dy _y¢'(x)-y’
| Example 41 Solve oV

a given function.
Sol. The equation can be written as
oy S0 0
dx  §x) &(x)

— _2Q+__¢'(x) 1ot

dx L Kx) y ox)

2

ie.

1 _ L@y _d
Let ;=z. So that, A
drootn) o 1
dx  §(x) ¥x)
IQ'(X)

Foe 80 = eho _ gx)
1
. The solutionisz-db(x):jm-«x)dx= x+C

x)

ie. ——=x+C e, _¢(x) =

y x+C o

Remark

Another type of equation which is reducible to the linear form is

75 Y+ P - f(y) = Qx)
dx

An equation of this type can be easily reduced the linear form by

taking z = f(y).
2, dy 3
| Example 42 solve sec? y o Fxtany =x*,
X
Sol. Let tan y = z so that sec? y_d_y=d_z
dx dx
Thus, the given equation reduces to
dz 3

—+2xz2=x
dx

IF:eszdx =ex:

. . 2
. The solution is, z-e* = Ix3 e®dx

. 2 1
ie. tany.e* = Ejlxz e ~(2x)dx = %I! -e' dt,

where t = x?

LIS |
tany-e* =5("¢'—€')+C
2 =x?
tan y=Ce™ +L‘ex’(x2_1)
2

ie.

tan y = Ce™ *’ +%(x2 -1)

, where ¢(x) is



d
1 Example 43 Solve d—y+ x(x+y)=x*(x+y) -1
X
Sol. The given equation can be written as

(%+1)+x(x+y)=x3(x+y)3

z d(x+
ie. M+x(x+y)=r’(x+y)’
dx
g _3 d(x+
ie. (x+y) 3'M+x(x+y)'z=x3
dx
Let(x+y) 2=z sothat—2(Jc+y)"d—(ly)=d—z
dx dx
The given equation reduces to
_ld_z+xz— 3
2dx T
dz

ie. — —2xz =—-2x"
dx

n:=e]'-2xdx =e_x:
.. The solution is
-x? 3 _-x? 2 - x?
z-e =I—2x e dx=(x"+1)e +C
1
(x+y)?

2
=Ce* +x%+1

d
1 Example 44 Solvessin y- d—y =cos y(1- xcos y).
X
Sol. The given differential equation is
3 dy
=2 = L=
smydx cos y(1—x cosy)

. dy 2
or sy = o X ey

Dividing by cos? y, we get

tany~secy--:—i’—secy=—x

Let =v = secytan iv__d_v
secy=v y Yy TR T
So that d—v—v=—x
dx

Which is linear differential equation with P=-1,Q0=-x

[F=e[m=ej—ldx i
The solution is given by
v~e"=J'-x~e""dx=xe"‘+e"+c
=e " (x+1)+C
or v=(1+ x)+ Ce*

or secy=(1+ x)+ Ce”
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Orthogonal Trajectory

Any curve, which cuts every member of a given family of
curves at right angles, is called an orthogonal trajectory of
the family. For example, each straight line passing through
the origin, ie, y = kx is an orthogonal trajectory of the

family of the circles x* +y* =a’.

Procedure for Finding the
Orthogonal Trajectory
(i) Let f(x, y,c) =0 be the equation of the given family of
curves, where c is an arbitrary parameter.
(ii) Differentiate f =0; w.r.t. x’and eliminate ‘¢’, i.e. form
a differential equation.

(iii) Substitute — -4 for —dl in the above differential
dy dx

equation. This will give the differential equation of
the orthogonal trajectories.

(iv) By solving this differential equation, we get the
required orthogonal trajectories.
1 Example 45 Find the orthogonal trajectories of the
hyperbola xy = C.
Sol. The equation of the given family of curves is xy = ¢ ...(i)
Differentiating Eq. (i) w.r.t. x, we get

d—+y=0 -..(ii)

: d d
Substitute — é for Ey in Eq. (ii), we get

—d—+y=0 ...(iid)

Thl:S is the differential equation for the orthogonal
trajeFtory of given family of hyperbola. Eq. (iii) can be
rewritten as x dx = y dy, which on integration gives

%= y?‘ =C.
This is the family of required orthogonal trajectories.

1 Example 46 Find the orthogonal trajectories of the
curves y =cx?.

Sol. Here, y=cx? (i)
Differentiating w.r.t. x, we get
dy
— =2cx ii
e (i)

Eliminating ¢ from Eqs. (i) and (ii),

[ 1 dy 2
& (Zxdx)x
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2
= ay=x & (i) = ~dy=d ("—]
dx y

This is the differential equation of the family of curves Integrating both the sides, we get

given in Eq. (i). 2
x 2iai? =
Now, to obtain orthogonal trajectory replace % by - ‘;E in Y= Y HE = REEY ORGS0
Y
Eq. (ii). Represents family of orthogonal trajectory.
dx 3
= y=-x 3y 1 Example 48 Find the orthogonal trajectory of the
s circles

B iy P R
Integrating both the sides, we get ;

x? Sol. Here, x2+y?—ay=0 (i)

2 = o —
Y= 2 +G Differentiating, we get

= x? +2y® = C,, is the required family of orthogonal 2x +2yy, —ay; =0
trajectory. = a= M (i)

b4

1 Example 47 Find the equation of all possible curves SabatiiEg "2 o B, () e ek

that will cut each member of the family of circles

T 2(x +yy)

x?+y? —2cx =0 at right angle. i 7 R
2 =

Sol. Here, x"+y" —2x=0 ® = (x* -y )m-2xy=0

i iati .t x, t . . o
Differcutiating wrt. 4, Wie e This is the differential equation of the family of circles

2+ D -~ =D ) given in Eq. (i).
= ¢=X+Ih ¢ - The differential representing the orthogonal trajectory is
From Egs. (i) and (ii), we eliminate ¢ tained b L iy a5
= x2+y?-2(x+yy)x=0 obtaine yrepacmg;by—;_
dy di
2+y? == i 2_ 2
or -x“+y" —-2xy =0 ie.  —(x%-— L
dx ( ¥9) 5 xy
This is the differential equation representing the given
family of circles. To find differential equation of the = 2xydy - y® dx = - x? dx
d dx 2 2
orthogonal trajectories, we replace . by — —. - xd(y®)-y*dx - —dx
dx dy X2
dx
B i 5o OF ;
= y x xy dy = d (L) - —dx
X
= y?* dy = x* dy — 2xy dx

oY o e lr:tegraztmg both the sides, we get
= —day= 2 Y+ x” = Cx, is required family of orthogonal trajectories.
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Exercise for Session 3

10.

The solution of (1+ x2) :—y +y =e“" % is given by
X

(@) 2ye™' x = g2t x (b)ye™™'Y =2 X 4C

() 2ye™" 'Y =2y 1 (d) None of these

The solution of‘;—i + 1—xx2 y =x 4]y, is given by

(@) 3y + (1- x2)=C (1- x2)"4 (b)g‘/}?+ (1-x2)=C(1—X2)3’2
(©)3Jy - (1- x?)=C (1- x2)¥2 (d) None of these

The solution of% +xsin2y =x3cos? y, is

@e*" =(x* - e tany +C (b)e*” tany = —; x*-Ne* +C
(©)e*” tany=(x* - tany + C (d) None of these

The solution of 3x (1- x2) y2 dy /dx + (2x2 - 1) y? =ax3is

(@) y*=ax+C{1-x? (b) y® =ax + Cx /1- x?

) y?=ax+C1-x% (d) None of these
The solution ofj—y +Liogy =2 (log y2.is
X X X
(a)x=a1|ogy+c (b)x*+logy =C (C)xk:gy=zx1—2-+0 (d) None of these
The solution sz_i+ yf'(x)-f(x)f'(x)=0,y #f(x)is
(@) y =f(x)+ 1+ ce™®) (b) y —ce™fx)
(©y =f(x)-1+ce”™) (d) None of these
The solution of (x2~") dy /dx -siny —2x -cos y =2x -2x?, is
(a)(x2-1)cosy=§-x2+c (b)(x2—1)siny=§_x2+c
(c)(x2—1)cosy=x—‘:-x—22+C (d)(x2—1)siny=%_§+c

The Curve possessing the property text the intercept made by the tangent at any point of the curve on the
y-axis is equal to square of the abscissa of the point of tangency, is given by

(a)y?=x+C (b) y = 2x? + ex
(c)y=-x*+cx (d) None of these

The tangent at a point P of a curve meets the y-axis at A, and the line parallel to y-axis at A, and the line

parallel to y-axis through P meets the x-axis at B. If area of AOAB is constant (O being the origin), Then the
curve is

(@) cx?-xy+k=0 (b) x% + y? =cx

(c)3x2 + 4y? =k (d)xy -x2y? +kx =0

The value of k such that the family of parabolas y = cx2+kis the orthogonal trajectory of the family of ellipse

x2+2y?-y =C,is
(@) y2 (b) y3 (c) va d)ys

255



Session 4

Exact Differential Equations

Exact Differential Equations

A differential equation of the form

M(x,y) dx + N (x,y) dy =01is said to be exact (or total) if
its left hand expression is the exact differential of some
function u (x, y).

ie. du=M-dx +N-dy

Hence, its solution is u (x, y) = ¢ (where c is an arbitrary
constant). But then there is a question that how do we
confirm whether the above mentioned equation is exact.
The answer to this question is the following theorem.

Theorem The necessary and sufficient condition for the
differential equation M dx + N dy =0 to be exact is

M _oN

dy 0x

The solution of M dx + Ndy =0is,

L_comth dx + I(terms of N not containing x) dy =C

provided 3—1;4 = g—f :

| Example 49 Solve (x? —ay)dx+(y* —ax)dy =0.
Sol. Here, we have M = x* —ay and N = y? —ax
oM _ON

—_—=—-g=—

dy ox
Thus, the equation is exact.

. The solution is, _[y (x* - ay)dx +I ytdy=C

—constant

x!

3
13
——axy+—=C
= 3 £ 3

2
1 Example 50 Solve (2xlog y)dx+ (X7+ 3y2] dy =0.

2
Sol. Here, we have M =2x logy and N = x7 +3y?

oM _2x
dy ¥y

and 9N s and hence the equation is exact.
ox y

. The solution is,
(2x log y) dx + j‘ 3y’dy=C

Jy—conskant

= xtlogy+y =C

Equations Reducible
to the Exact Form

Sometimes a differential equation of the form

M dx + N dy =0 which is not exact can be reduced to an
exact form by multiplying by a suitable function f(x, y)
which is not identically zero. This function f(x, y) which
then multiplied to a non-exact differential equation makes
it exact is known as integrating factor.

One can find integrating factors by inspection but for that
some experience and practice is required.

For finding the integrating factors by inspection, the
following identities must be remembered.

1. xdy+ydx=d(xy)
2. xdx+ydy=%d(x2 +y?)

3,£ﬁz%x££=d(x)

X X

P dode — L =d(i}
Y y

g Xdy—yde dy dx_ bg(z)
xy y x

R e il G N
x“+y 1+y_ ek l X
dx +d 5 P

8. 2D —din(x +y)]
x+y

9. d(ln(ay)) =X +ydx
xy

10. d(lln(x2 +y2))=m
2 x2 +y?
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1. d (—LJ =xdyz‘+);d§_ 1 Example 54 Solve
xy x“y i 2
+ SIn X Cos
e’ Y dy —e¥ d Y . (xy) x+[ 5 +siny}dy=o_
12. d [_J =”y“;e." cos? (xy) cos? (xy)
x x Sol. The given differential equation can be written as
13. d e .—_M M+sinxdx+s'mydy=o
y 7 cos? ()
m x 3 = 2 d (xy) +sin x dx +sin ydy =0
14. d(x™ y")=x"""y""! (my dx + nx dy) sl
fn d (tan (xy)) + d (= cos x) + d (- cos y) =0
15. 4 f(xy)] = f(xy) = tan (xy) —cos x —cos y=C
-n () &
2 X+y a— yla
1 Example 51 Solve (x* —ay)dx+(y? - ax)dy =0. ! Example 55 Solve ———dx =x*+2yt+ -
Sol. The given differential equation is y—X Fy; -

2 2
x“dx + y*dy — =
) sy=agasecggy=y Sol. The given equation can be written as

3 3
= d(x—)+d(y—]—ad(xy)=o xdx+ydy=ydx—xdy.i
3 3 (xz +y2)2 yz x*
3 3
Integrating, we get f—+y——axy=k = Id(x2+yz)=zf 1 d(i
; 33 3 (x* +y2)° leyz y
= x"+y —3axy=3k=C Integrating both the sides, we get
x2 IO S +C
1 Example 52 Solve (2xlog y)dx+| —+ 3y2)dy =0. (x2+y%)  (x/y)
y
Sol. The given differential equation is = Loy 1o

x x2+y2

2
X 2

(log y)2x dx + —dy +3y° dy =0
y 1 Example 56 The solution of

= (logy)d(x®)+x*d(logy)+d(y)=0 W} )

, 2 3 ;
= d(x*logy)+d(y*)=0 e v {xy‘dy+y dx}+{ydx — xdy}=0,is
= x*logy+y’=C (a)e:yy+e"7+C=0 Ay

c)e¥ +e'/* +C= ¥ _e¥*ic=
(integrating both the sides) @ (C b e e rc=0
)]
1 Example 53 Solve x dx+y dy =xdy —y dx. Sol. Here, e 7 -y*{xdy+ydx}+ {ydx — xdy}=0
Sol. The given equation can be written as = e . y* - {xdy + ydx} + e*'” {ydx — xdy} =0
1 2 v Lo | _}i -
Ed(x +y)=x d(x) or e’y-{xdy+ydx}+e”’—{ydx zxdy}=0
y
2x?d| =
& dix+yh_ (xJ or e"~d(xy)+e”’-d[£J=0
X +y X +y y
d(x*+y") _ 2d(y/x) °r Bl
= P ~q4 v/ %) Integrating both the sides, we get

. f5 e +eXY +C=0

= log (x* + y*)=2tan [’;)+C Hence, (a) is the correct answer.
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1 Example 57 The solution of
x2dy — y2dx+xy? (x— y)dy =0, is

2
log| X=X |=X_+c (ylog| 2L |=%X+c
(a)log 5 5 (b)log x—y| 2
— 2 -
(c) log i 4 P (d) log S & RV
Xy 2
Sol. Here, xzyz(%—%)+x2y3(%—.l_)dy=0

Integrating both the sides, we get
log 1 -LlleZ +C
x Yy

Hence, (a) is the correct answer.

1 Example 58 The solution of the differential equation

ydx — xdy + xy? dx =0, is

2
@ZX+x2=2 e XL
y y 2

= (d) None of these

Sol. Given equation is, ydx — xdy + xy® dx =0
Which could be converted into exact form
ie. y_dgd_y + xdx =0

b 4

- e

Integrating both the sides, we get

x  x°
-+ —2— = constant

2
(c)——x7+5—=}~
2y

y
2
or EpX =2
y 2

Hence, (b) is the correct answer.

| Examele 59 The solution of differential equation
xdy (y2e® +e*/¥)=ydx (e*? —y%e¥),is

(b)x? /y =log (e*/” + )
(d) xy? =log (e*/¥ + )

(a) xy =log (" +A)
(©) xy =log (€ +2)

Sol. The given equation is

(xy%e™)dy + (xe*?)dy = (ye*'?)dx - (y’e™)dx
=  y’e? (xdy +ydx)= e*!Y (ydx — xdy)

dx — xd.
- e (d(xy) =™ (y——z’y]

y
x
= e”'(d(xy))=e””-d[—;)
= d(e?)=d (™)
Integrating both the sides, we get
e =7+ A

= xy =log (e"” +2)

Hence, (c) is the correct answer.

1 Example 60 The solution of the differential equation

(y+xﬁy(x+y))dx+(yJ7y_(x+y)—x)dy=O, is

2 2
(a)&+2tan'I ’L =C
2 2y
2 2
)XY 4 2tan! F:C
2 y

x2+y2 1 X
C)——=—+2tan"" |—=
(c) 7 an ’y (of

(d) None of these

Sol. The given equation can be written as
(ydx — xdy) + x [xy (x + y) dx +y Jxy (x + y)dy =0
= (ydx = xdy) + (x + y) {Jxy (xdx + ydy) =0

dx —
= L+dy+(£+l)_‘lzd x? 4+ y? -
e 4 y y 2
2
d(i)+d x*_'_yz Xaal | E=b
y 2 y y

[/

[=}
"

25l ()

Integrating both the sides, we get

x%+y?
= Y +2!an"Jz=c
2 y

Hence, (b) is the correct answer.
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Exercise for Session 4

1.

10.

The solution of xdy + ydx + 2x%dx =0, is

2 4

(@)xy + x* =C (b) xy + _; x*=C © X+ % =C (d) None of these
y

The solution of, ydx — xdy + (1+ x2)dx + x2 sin y dy =0, is given by
(@)x+1-y?>+cosy+C=0 (b)y+1-x*+xcosy+C=0
(c)£+—1—y+cosy+c=0 (d)Z+_1-x+cosy+C=0

y vy x X
The solution of(1+ x x4+ y?)dx + (- 1+ |x2 + y?) ydy =0,is
@2x-y*+ 2 (x +y)¥2=C (b)y2x-y+= (x +y2)2=C
©2y-x*+% (x +y3)¥2=C (d) None of these

The solution of xdy = [% - 1) dx, is given by
24?2 (x%+y

(a)tan“(5)+x=c (b)tan'1(1)+x=c (c)tan-‘(¥)+xy=c (d)tan“[z)+x2=c
y x X X

The solution of ye*' dx =(xe*'¥ + y? sin y)dy, is given by

259

(@e*Y =—cosy+C (b)e*’Y + 2cosy=C (c)e*’Y =xcosy +C (d)e*"Y =2cosye*’Y +C

The solution of x sin( % ) dy ={ y sin( % ] -X } dx, is given by

(@) logx ~cos (£} =1ogC (b)logx — sin (y ) c  (©@log (y] cos (%) =1ogC(d) None of hese

X x
The solution of XX * 2 dy _ [a%- x ,is given by

xdy - ydx
(a)sin™ (yx2 + y?)=a tan” (%) ) sin™! (Jx? + y?) = M an-t ( y ) +C
a x
2
(c)sin”" [ _—M J: tan™" ( Y ) +C (d) None of the above
a X

The solution of (1+ e*'Y ) dx + e*'¥ (1 - 3) dy =0,is given by
(a)x - ye*'Y =C (b) x + ye*'V = )y - %8"’ =C (d) None of these

x +ydyldx xsin?(x?+y?)
The solution of yey = - ,is given by

y —xdyldx y

2
(a)—cot(x2+y2)=(1) +C (b) tan (x? + y2)=x2y? + C
y
(c)cot (x% + y )— +C (d) None of these
y

The solution of 4 +¥L= ——1——2 ,Is given by

d. x (1+logx +logy)

(@) xy (1+ log (xy)) =C  (b) xy? (1+ log (xy))=C (c) xy (1+ log (xy))? =C (d) xy (1+ (log xy)*) =C



Session 5

Splving of First Order and Higher Degrees, Application of
Differential Equations, Application of First Order

Differential Equations

Solving of First Order
and Higher Degrees

Differential Equation of First Order
and Higher Degrees

A differential equation of first order is of the form

f(x,y, P) where P =dy / dx.If in the equation degree of P
is greater than one, then the equation is of first order and
higher degree.

The differential equation of first order and higher degree
can be written in the form

P" +F(x,y) P" ™' +...+ F,_1(x,y) P+ F,(x,y) =0
The differential equations of these category can be solved
by one or more of the following methods :

(i) Equations solvable for P.
(ii) Equations solvable for y.
(iii) Equations solvable for x.
(iv) Clairaut’s equations.
Now, we shall discuss these cases.

(i) Equations Solvable For P

If the equation
P" + Fy(x,y) P" ' +...+ F,_1(x,y) P+ F,(x,y) =0,
is solvable for P,then LHS expression can be resolved
into n linear factors and hence can be put in the form
(P = filx. YN(P = fo(x,y) ... (P = fulx,y)) =0.

Equating each of these factors to zero, we get n differential
equations of the first order and first degree.

dy dy dy

—=fH{xy)——=[2 XY= = X,

e 1(x,y) In fa(xy) e fa(x1y)
Let the solutions of these obtained equations are

‘h(x-}’-cl) =0, ¢2(X-Y- CZ) =0,..., Q.(X.y,C,.) =0

respectively.

Hence, the general solution is given by

A (x, 7€), 02(x, 3,0 ta (X, 3, €) =0
Here, the arbitrary constant ¢, ¢,,..., ¢, are replaced by a
single arbitrary constant c because every first order
equation has only one arbitrary constant in its solution.

1 Example 61 Solve (p—x)(p—e*)(p—-1/y)=0;

dy
where p=—-
P=x
Sol. The component linear equations zu'ep:x.p:e"'_p:l
o 4
dy x?
If E:x, thendy = xdx = y=—2—+Cl
dy _ x x
If E:e,thendy=e dx = y=e*+C,
dy 1 2
If —Z==, then ydy= R
dxyenyydx:ozx-*-C,

. The required solution is

x? 2
(y—7+C)(y—e'+C)[y7—x+C)=0

1 Example 62 Solve x?p? + xyp —6y? =0.
Sol. The given equation is
x2pz +x-yp—6y2 =0
Solving as a quadratic in p, we get

_(Cxyxyxy? +24xy?) 2y 3%

P a2,
2x? x X

“‘P:zi‘thend_y=2_y.=)ﬂ=?‘_t"

x dx «x y X

y y =i

= 1()[,‘-.\‘—1- —kﬂy=C,.\"
|fp=—§x.thcndi=—ﬂ=ﬂ=_£

X ax X y X
= '\Jy=C2

* The required solution is (y - Cx?) (x*y - C) =0,



1 Example 63 Solve xy? (p? +2)=2py > + x*.
Sol. The given equation can be written as
(’p* - x*) +2(xy* - py*) =0
= x(y*p? = x*) +2y* (x - py) =0
= (py = x) Ix (py + x) - 2y"} =0
Ifpy-x=0thenydy-xdx=0=y’ - x*=C,
If xyp + x? = 2y? =0,then2yd—y—i=—2x
dx x
dt 4

= ———t=-2x
dx

where t = y? =e‘“’”‘=%
x

Itssolutionist[i‘ ):J.—Zx-de
x x*

1

—+

ie. C, ie. yP=x"+C,xt

Hence, the required solution is
O -x*-C)(y* - x* - Cx*)=0

(i) Equations Solvable For y

Equation that comes under this category, can be expressed
in the form
y=g(x.p)

(i.e. an explicit function y in term of x and p) ...(i)
Differentiating Eq. (i) w.r.t. x, we get

dy dp

——=p=F| x,p,—
dx & ( . dx
Which is a differential equation of the first order
containing x and p. Let us suppose that its solution is

¢(x’ P c) =0 (ll)

Then, the solution is obtained by eliminating p between
y = g(x, p) and ¢(x, p, c) =0. However, if eliminating of p is
difficult express x and y as a function of the parameter p.

1 Example 64 Solve xp? —2yp +ax =0.

Sol. The given equation can be written as,

xp  ax ;
=L 4= (1)
% 2 2
dy p x dp  a ax dp
ZL =L . e -
dc 2 2 dx 2p 2p* dx
d,
= p(p’—a)=x(p’-a)-d—p
Ix
= Q:L:)p:Cx

dx x
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(The equation p? — a =0 gives us singular solution in
which we are not interested).
The substitute p in Eq. (i), we get the required solution

a
2y=Cx’+—
¥ c

1 Example 65 Solve y =2px—p’.

Sol. Differentiating the given equation w.r.t. x, we get
dy dp _,, dp
—=2p+2x—-2p—

i PTG T
or z(x—p)gg+p=0
dx
dx 2

or —+—x=2
dp p

It is a linear equation in x and p.
I
IF=e¢ ? =ezlogp=pz
g a2 2 2 3
.. The solution is xp =J. p°-2dp =§p +C
Thus, the solution of the given equation is

x = 2 p +Cp~ %, where p is parameter.

(i) Equations Solvable For x

This type of equation can be put in the form

x=g(y.p) (i)
Differentiating w.r.t. y, we get

1 _dx dp
—_—_——= X, p,—
( "dx)

which is a differential equation of 1st order containing y
and p and its solution is

Wy, pc) =0
Then, the solution is obtained by eliminating p between
x =g(y, p) and §(y, p, ¢) =0. However, if eliminating of p is
difficult express x and y as a function of the parameter p.
1 Example 66 Solve y =2px + y?p>.
Sol. Solving for x, we get
x=XL_YP
2p 2
Differentiating Eq. (i) w.r.t. y, we get

(i)
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o dedagiacyl e |
P2 2p? dy
or (l+2)1r’)p=—y(l+2p’y)-d—p
dy
or d—P+d—y=0=py=C=p=£
p Yy 2 4
Substituting this in the Eq. (i), we get
2 2
x=)——c— = y'=20x+C?
2C 2

(iv) Clairaut's Equation

The differential equation y = px + f(p) is known as
Clairaut’s equation. The solution of equation of this type
is given by y = ex + f(c).

Which is obtained by replacing p by c in the given
equation.

Remark
Some equations can be reduced to Clairaut's form by suitable
substitution.

I Example 67 Solve y =px+ B
J1+p?

Sol. Its solution is, y = x + =
1C

1 Example 68 Solve W =tan(px-y).
Sol. The given equation is
Ji+p7 =tan(px-y)
or px—y=tan”' (J1+p°)
or y=px—tan” (fi+p7)

Its solution is, y=cx—tan"' (y1+¢?)
1 Example 69 Solve y?logy =pxy +p’.
Sol. Let logy=l.Thele.=.d_'
y dx dx
So, l'f—di =p.lhen£—=p
dx y
Substituting these in the given equation, we have
Yit=y-pxy+p'y' or t=px+p!
Which is in Clairaut’s form.
Thus, the required solution is
t=cx+c’ or logy=ex+c?

(c being an arbitrary constant.)

Application of Differential
Equations

Differential Equation of First Order
But not of First Degree

1. The most general form of a first order and higher
degree differential equation is
P AR Y A PR + P, =0 where P, P,,
....... P, are function of x, y and p =dy/dx. If a Ist
order any degree equation can be resolved into
differential equation (involving p) of first degree and
1st order, in such case we say that the equation is
solvable for p.

Let their solution be
gi(xy.¢1) X g2 (X, . €2) X oo X ga(X,y.€4) =0,
(where ¢, €24 veevinene , cn. are arbitrary constant) we
take ¢, =¢; =..... = ¢, =c because the differential
equation of 1st order Ist degree contain only one
arbitrary constant. So solution is
g1(x.y,¢) X ga(x,y,€) X... X ga(x,y,€) =0

2. The most general form of a first order and higher
degree differential equation is
p"+P p" + P, p" % +...+ P, =0, where P, P,,
...... , P, are function of x, y and p =dy/dx. If
differential equation is expressible in the form
y = f(x, p), then

Step 1 Differentiate w.r.t. x, we get p % x, p. fiﬁ)
dx dx

Step2 Solving this we obtain ¢(x, p,c) =0.
Step3 The solution of differential equation is
obtained by eliminating p.

Application of First Order
Differential Equations

Growth and Decay Problems

Let N(t) denotes the amount of substance (or population)
that is either growing or decaying. If we assume that
dN /dt, the time rate of change of this amount of
substance, is proportional to the amount of substance
present, then
dN N @
—_— =K r
dt
Where k is the constant of proportionality. We are

assuming that N(t) is a differentiable, hence continuous,
function of time.

dN ;
— —kN = )
dt 0



1 Example 70 The population of a certain country is
known to increase at a rate proportional to the
number of people presently living in the country. If
after two years the population has doubled and after
three years the population is 20000, estimate the
number of people initially living in the country.

Sol. Let N denotes the number of people living in the country

at any time t, and let N, denote the number of people
initially living in the country. Then, from Eq. (i)

dN
— —kN=0
dt
Which has the solution N = Ce** ()

Att =0, N = Ny; hence, it follows from Eq. (i) that
Ny = Ce*® or that C = N,.

Thus, N = N ...(ii)
Att =2, N =2N,. Substituting these values into Eq. (ii), we
have

2N = Nge? from which k = % In 2=10.347

Substituting this value into Eq. (i) gives
N = N, e©@34D¢ i)

Att =3, N =20000. Substituting these values into Eq. (iii),
we obtain

20000 = N,e(370)

] Example 71 A certain radioactive material is known
to decay at a rate proportional to the amount present.
If initially there is 50 mg of the material present and
after two hours it is observed that the material has
lost 10% of its original mass, find (a) and expression
for the mass of the material remaining at any time t,
(b) the mass of the material after four hours, and (c)
the time at which the material has decayed to one half
of its initial mass.

Sol. (a) Let N denotes the amount of material present at time

t. Then, from Eq. (i)

N _ vwa

dt
This differential equation is separable and linear, its
solution is

N=Ce" )

At t =0, we are given that N = 50. Therefore, from

Eq. (i), 50 = Cek® or C =50.

Thus, N=50e" (i)
At t =2, 10% of the original mass of 50 mg or 5 mg has

decayed. Hence, at t =2, N = 50 — 5 = 45. Substituting
these values into Eq. (ii) and solving for k, we have

Chap 04 Differential Equations ~ 263

1, 45
45=50e* or k=-In—=-0.053
2 50

Substituting this value into Eq. (ii), we obtain the
amount of mass present at any time t as
N = 50e0-053¢
Where t is measured in hours.
(b) We require N at t = 4. Substituting t = 4 into Eq. (iii)
and then solving for N, we find N = 50¢~ 0059 )

(c) We require t when N = 50/2 = 25. Substituting N =25
into Eq. (iii) and solving for t, we find 25 = 50¢ 70053

....(iii)

or -0053t = ln% or t=13h

1 Example 72 Five mice in a stable population of 500
are intentionally infected with a contagious disease to
test a theory of epidemic spread that postulates the
rate of change in the infected population is
proportional to the product of the number of mice who
have the disease with the number that are disease
free. Assuming the theory is correct, how long will it
take half the population to contract the disease?

Sol. Let N(t) denotes the number of mice with the disease at

time t. We are given that N(0) =5, and it follows that

500 — N(t) is the number of mice without the disease at
time t. The theory predicts that

% = kN (500 — N) )

Where k is a constant of proportionality. This equation is
different from Eq. (i) because the rate of change is no longer
proportional to just the number of mice who have the
disease. Eq. (i) has the differential form

dN
———— —kdt = ii
N(500— N) 0 ..(id)
Which is separable. Using partial fraction decomposition,
we have
1 - 1/500 " 1/500
N(500-N) N  S00-N
Hence, Eq. (ii) may be rewritten as
e E ° SR E
500(N  500- N &=9
| 1 1
It solution is — || — + ———— - =
o (v s 0~ frar =
1
or —(n|N| - - —kt=
500( | N| =1n|500 - N|) -kt =C
Which may be rewritten as
—— | =500(C +
500- N ( &)
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N  _ £S0(C +k) )
500- N
But e50C *5) = ¢50 ok gepting C, = ¢5°C, we can write Eq.
(iii) as
N
= e’k iv
500-N )

Att =0, N = 5. Substituting these values into Eq. (iv), we
find

A g o,

495
So, C, =1/99 and Eq. (iv) becomes
N
=1 sooke )
500—-N 99

We could solve Eq. (v) for N, but this is not necessary. We
seek a value of t when N = 250, one half the population.
Substituting N' = 250 into Eq. (v) and solving for t, we
obtain

gl oS00kt
99

ort =0.0091/k time units. Without additional

information, we cannot obtain a numerical value for the

constant of proportionality k or be more definitive about t.

In99 =500kt

Geometrical Applications

Let P(x,,y,) be any point on the curve y = f(x), then
d

slope of the tangent at P (= tan y) = (—XJ and

dx (x1.3)

hence we find the following facts.
(x1.y1)
3 y=10

Fig. 4.2

(i) The equation of the tangent at P is,

y=¥ =ﬁ(x — x,;) when it cuts x-axis, y =0.

-. x-intercept of the tangent = x, =y, (%{J
Y

y-intercept of the tangent =y, —x; EJ}-:-

(ii) The equation of normal at P is,
_y, =———(x —x;) x and y-intercepts of
Yy=W (dy / dx) 1

d dx
normal are; x; +¥ E;y? and y; +x; ‘—i;

(iii) Length of tangent = PT = | y1 |41+ (dx /dy)(thyl)

(iv) Length of normal = PN =|y1 | ‘/1 +(dy / dx)(thyl)
Y1 ( J
(x1. )

Y1 )
(x1. )

I Example 73 Find the curve for which the area of the
triangle formed by the x-axis tangent drawn at any
point on the curve and radius vector of the point of
tangency is constant equal to a’.

Sol. Tangent drawn at any point (x, y) is

&%

(v) Length of subtangent =ST =

¥e

(vi) Length of subnormal =SN =

(vii) Length of radius vector = x12 + ylz

v-y=2(x-x

y

P(x.y)

X

Q *.0)

When Y=0,X=x—y£
dy

Area of A =24° (given)

ie. \_l..x.y =2a2
2
. dx
N
dy
: d
ie. xy - y? X o
dy
dx 2a°



*. The solution is x - l—ji— —dy
¥ y ¥

-2

2%y

2
-t +C, i.e.x=Cy+a—
y -2 y

1 Example 74 Find the curve for which the intercept

cut off by any tangent on y-axis is proportional to the
square of the ordinate of the point of tangency.

Sol. The equation of tangent at any point (x, y)is
Y-y= & (X -x)
dx
dy .
When X =0;Y =y - x . = y-intercept
x

Itis givenY o< y®.ie. Y = ky?
(k being constant of proportionality)

i dy 2
"5 - L=k
1Le. y xdx y
. dy 1 k't
e dx xy x
le: —y'zd_y+l.l=.,£
dx x y x
d d k
Let —1-=z sothat,-—l;-d—y— 2o Eglal
y y* dx dx dx x x
1
Zdx
IF=eI‘ =el8* = x
.. The solution is zx=J'E£dx=kx+C
x
= Xekxe+C
4
= x =kxy+Cy
Cy=k < W
= x—Cy=kxy =  x
C
= Q+&=1 (wherel=C2and——=Cl)
x y k k

I Example 75 For any differential function y = f(x),

d’y (dy ) d’x.
s -—=is equal to
the value of 5 +( o ) & is eq

@y by 2

X
2
dy (d?*x
(c)yE;"'[dyz]

(d) None of these
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Sol. We know %}i =[ —:—— ) , differentiating both the sides
x
dy_ (Y d(d) dy
or d__ - dy dy dy ) dx
_ dx dzx dy
- dy dyz dx
4y e
= dx? dy* ( dx )
d’y [ dy J’ d*x _
or XX e
dx? dx dy

Hence, (d) is the correct answer.

dy  dy (Y’
1 Example 76 The solution of y = x — i (dx ,
is
(@y=(x-17? (b) 4y = (x +1)?
©(y-1?*=4x (d) None of these
Sol. The given equation can be written as

y=xp+p-— pz; where p = :—Z .(i)

Differentiating both the sides w.r.t. x, we get
dp

B (x+1-2p)=0
dx

~Either P_o0ie p=c ...(ii)
dx

or x+1-2p=0 ie, p=%(x+1)...(iii)

Eliminating p between Egs. (i) and (ii), we get
y=Cx+C-C?

As the complete solution and eliminating p between Egs. (i)
and (iii)

——(x+1)x+ (x+1)-—(x+l)2

ie, 4y =(x +1)? asthe singular solution.

Hence, (b) is the correct answer.
1 Examele 77 The solutlon of

(%) +(2x+y)——+2xy 0,is

(@) (y + x? -Cy)(x+logy +y? +C;)=0
(b)(y +x* =Cy) (x=logy —C3) =0
©(y+x2=C)(x+logy-C;)=0

(d) None of the above
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Sol. The given equation can be written as

d
'S +(2x+y)p+2xy=0,wherep=ﬁ

ie. (p+2x)(p+y)=0

2 p +2x =0, otherwise p +y =0

= d—y+2x=0 or ii—z+y=0
dx dx

= Idy+2fxdx=C, or Id—y+Idx=C2

y

= y+x2=C or logy+x=C,
(y+x2-C)=0

or (x+logy—-C;)=0

= (y+x2=C)(x+logy—C;)=0

is the required solution.
Hence, (c) is the correct answer.

1 Example 78 A curve y = f(x) passes through the
origin. Through any point (x, y) on the curve, lines are
drawn parallel to the coordinate axes. If the curve
divides the area formed by these lines and coordinate
axes in the ratio m:n. Then the equation of curve is

@y =cx™" (b) my? =cx™"

©y3>=cx"" (d) None of these

Areaof OBPO _ m

Sol. - =—
Area of OPAO n

X
xy—| ydx "
= XL-=-— = nxy=(m+n)'|'o ydx
I ydx R
0
Differentiating w.r.t. x, we get

n(xd—i+y)=(m+n)y

d

dy
= nx—==m

dx Y

d ;
- mix b integrating both the sides

n x|y
y= meln

Hence, (a) is the correct answer.

1 Example 79 The equation of the curve passing
through the points (3a,a) (a> 0)in 'the form x = f(y)
which satisfy the differential equation;

2
a_.ﬂ=£+l—2,is

48y K 1+’ %
(a)X=y+0( ::e,-k ) (b”‘”""[m

y-k
(c)y=x+a[l£—TJ (d) None of these
1-e’~
2
dx
Sol. Here, a e Tl
dy y x
dy 2 2
2= (x*+y*-2xy)
= a dx( y
dy d
= (X—y)z'%=a,putx—y—v 1—;}':‘1:
= vz(l—.d_v)=az
2
= vz—az—vz-d—v Vdvz—dx
dx vi—-a
= 1+ =dx
[ 'Vz-HZJ
Integrating both the sides, we get
v+Zlog V—al=x+c
2 v+a|
= (x—y)+ﬂlog(m)=,+c
2 x—-y+a
= y+C=£log x—y—a (@)
2 x-y+a
It passes through (3q, a)
= a+C=ﬂlog(l)
2 3
= C=—a+—log[l)
= C=_a(2+log3)
2

y=3(2+log3)+1og["_1‘_2)
2 x—y+ta

X =y —a -
= IYoa_ -k -a
pym——— ,where k 2(2«|-log3)
x—y_l+e’7*
a 1-e¥ %

1+e¥~ %
1-e?"k

= X=}’*°( }wherek=§(2+log3)

Which is required equation of curve.
Hence, (b) is the correct answer.



1 Example 80 The family of curves, the subtangent at
any point of which is the arithmetic mean of the
coordinates of the point of tangency, is given by

@(x-y?=cy (b)(y = x)? =Cx
©(x-y)* =Cxy (d) None of these
Sol. Let the family of curves be y = f(x)
an 6 = LPP)
1(TP")
| y=f)

o] /7 2

_I(PP')
T 1(TP)
f(x)
()
x+

2
,_ 2y
- x+y

1 (subtangent) =

b4 (given)

2.
",

Y
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dy_ o e, %ty ()

= dx x+y “dy 2xy

It is a homogeneous differential equation.
o Put x = vy
Differentiating w.r.t. y, we get

Koyry (i)
dy dy

In Eq. (i) replacing :—; by Eq. (ii), we get

P A A LR
v ydy 2y 2
dv _1+v _1+v-2v_1-v
= dy 2 2 2
=5 Ldv:—dl
1-v y
Integrating, %v—l=log|y|+log Cy(C,>0)
~2log|y - x| +2log|y|=log|y|+logC,
= log|y - x|* =log|y| - log C;
= log|y - x|* =log|y| +logC,

where log C = - log C,

= . logly-x|*=log|yC|

=(x - y)* = Cy, is the required equation of family of
curves.

Hence, (a) is the correct answer.
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Exercise for Session 5

1.

2

The equation of curve for which the normal at every point passes through a fixed point, is
(b) an ellipse

(a) a circle
(d) None of these

(c) a hyperbola
If the tangent at any point P of a curve meets the axis of x in T. Then the curve for which OP = PT, O being the
origin is
(a) x =Cy?
(c)x=Cyorx=Cly
According to Newton's law, the rate of cooling is proportional to the difference between the temperature of the
body and the temperature of the air. If the temperature of the air is 20°C and body cools for 20 min from 100°C
to 60°C, then the time it will take for it temperature to drop to 30°C, is
(a) 30 min (b) 40 min
(c) 60 min (d) 80 min
Letf(x, y) be a curve in the x-y plane having the property that distance from the origin of any tangent to the
curve is equal to distance of boint of contact from the y-axis. If f (1,2) =0, then all such possible curves are

(b) x? - y? = 5x
(d) All of these

(b)x=Cy?orx=Cly?
(d) None of these

(a) x? + y? = 5x
(c) x%y? = 5x
Given the curves y = f(x) passing through the point (0, 1)and y = J'_X f(t) passing through the point( 0,% ) The
tangents drawn to both the curves at the points with equal abscissae intersect on the x-axis. Then the curve
y=Ff(x)is

@f(x)=x*+x+1

N

(b)f(x) = :_X
(c)f(x)=e%* (d)f(x) = x — e
A curve passing through (1, 0) is such that the ratio of the square of the intercept cut by any tangent on the
y-axis to the Sub-normal is equal to the ratio of the product of the Coordinates of the point of tangency to the
product of square of the slope of the tangent and the subtangent at the same point, is given by

£2.[yTx (b) X = et ylx

(a)x=e
(d)xy+e’’*-1=0

(©)y=e""" -1
Consider a curve y =f(x)in xy-plane. The curve passes through (0, 0) and has the property that a segment of
tangent drawn at any point P(x,f(x)) and the line y =3 gets bisected by the line x + y =1 then the equation of
curve, is
@y*=9(x-y)
© (y+3)?=9(1-x-y)
Consider the curved mirror y =f(x) passing through (0, 6) having the property that all light rays emerging from
origin, after getting reflected from the mirror becomes parallel to x-axis, then the equation of curve, is

(b) y* = 4(1-x) or y? = 36(9- x)
(d) None of these

®) (y-3)* =9(1-x-y)
@) (y-3)*-9(1+ x +y)

(a) y? = 4(x - y)or y? = 36(9+ x)
(c) ¥ = 4(1+ x)or y* = 36(9- x)



JEE Type Solved Examples :

Single Opt_ig[\“[_:.g_rrect Type Questions

© EX. 1 The order of the differential equation of family of
curvesy = Cysin”'x + C,cos™! x+Cy tan™" x + C,cot™ x
(where C,,C,, C3 and C, are arbitrary constants) is

(a) 2 ()3

(c) 4 (d) None of these
Sol. Here, y =Cysin™ x + Cycos™ x + Cytan™ x + Cy cot ™ x

o n i
=y =Csin™' x+ Cz(;—sin lx)+C3l'zm"x+ Q(%-tan" x)

=(C —Cy)sin™ x + (C; = Cy)tan™ x + (C; - C, )g

There are only two independent arbitrary constant order of the
differential equation is 2.

Hence, (c) is the correct answer.
® EX. 2 The solution of the differential equation
dy 1 -
o A S |
dx  xy(x?siny? +1)
(a) x*(cosy? — siny? — 2ce'72) =2
(b) y*(sinx? — cosy? — 2ce'72)= 2
(c) x*(cosy® — siny? — e_yz) =4c
(d) None of the above

sol. Hie Za xy(x*siny® + 1)
dy
1dx 1 __ . 3
;;E—_x—zy_ysmy
1 2 dx _dt
Ler e

2
i
a +2t-y =y-siny2,I.F.=e“2’dy"
dy

So, required solution is

)
te = IZy siny? x e’ dy = Eey (siny? = cosy”) + C

2
= 2t =(siny® — cosy®) +2C e
izl
= 2 =—x¥siny? — cosy® + 2ce™")
2
= x¥(cosy? —siny? —2ce™ ) =2

® Ex. 3 The curve satisfying the differential equation

3
g Yy} and passing through (4,-2) is

dx  x(y’-x)
(a)y2=—2x (b)y ==-2x
(©y*=-2x (d) None of these
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Sol. Here, (xy®-x%)dy =(xy +y*)dx
=  y*xdy — ydx) - x(xdy + ydx =0)

= xzy’d(l) -xd(xy)=0
X

dividing by x%y?, we get

1 x
= X d (1) Ty .d(_]
E x x%y y
1 2 1
= 2 d(l) * d(—) -0
2 x xy

Now integrating, we get

2
1(2) W
2\x xy
It passes through (4, —2)
= Aot w B
8 8
~ y* =—2xis required curve.

0

® Ex. 4 Spherical rain drop evaporates at a rate propor-
tional to its surface area. The differential equation corre-
sponding to the rate of change of the radius of the rain drop,
if the constant of proportionality is K >0, is

dr dr
—+K=0 b)—-K=0
(a)dt ()dt

d
(© d—: =Kr (d) None of these
dv
Sol. — =—kanr*

R r (i)

But vaiges

3

dv dr

= —=4nr® — -(id
dt r dt @

Therefore, e ==K
dt

Hence, (a) is the correct answer.

® Ex. 5 A functiony = f(x) satisfies the differential equa-
tion f(x) - sin2x —cos x +(1+ sin? x) f’(x) =0 with initial
condition y (0) =0. The value of f(1/6) is equal to

(a) 1/5 (b) 3/5

(c) 4/5 (d) 2/5

Sol. y sin2x — cosx + (1 + sin’x) % =0 where y = f(x)

dy sin 2x
ks s | i 73
dx 1+sinx 1+ sin‘x

COosXx
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J- sin 2x & ]ﬂ
[Foe ltsin’x _ 1 _n+sin’x)

=1+ sin’x (by putting 1 + sin*x =1)
y(1+sm2x)=fcosxdx
y (1 +sin’x) =sinx+ C;y(0)=0=> C=0
- sinx (1:)_2
l+sinzx'y 6) 5

Hence, (d) is the correct answer.

Therefore,

; Ex. 6 The general solution of the differential equation
dy _ 1-x

is a family of curves which looks most like which

dx
of the following?
Sol. [ydy =[a-x)dx
2 2
Y -x-Zic
2 2
x*+ yz -2x=C
(x-1?+y*=C+1=C
Hence, (b) is the correct answer.
Remark

Family of concentric circles with (1, 0) as the centre and
variable radius.

® Ex. 7 Water is drained from a vertical cylindrical tank
by opening a valve at the base of the tank. It is known that
the rate at which the water level drops is proportional to the
square root of water depth y, where the constant of propor-
tionality k >0 depends on the acceleration due to gravity and
the geometry of the hole. If t is measured in minutes and

1 s g 5 ;
k= =L then the time to drain the tank, if the water is 4 m

deep to start with is

(a)30 min (b)45min  (c) 60 min  (d) 80 min

Sol.%:-k y;whent=0,y=4
ody_ ]
LW— k!odl

t

2yl =—kt=-—

7R L
0-4=-+
15
= t =60 min

Hence, (c) is the correct answer.

© Ex. 8 Number of straight lines which satisfy the differ-

dy dy)’
tial equation—— + x| — | —y =0lis
ential equ. I (dx) y
(a)1 (b)2 (c)3 (d) 4
dy
= r —=k
Sol. y=kx+b e
= kx + b=k + xk? = k=k*andb=k
k=0 or k=1

Hence, (b) is the correct answer.

® Ex. 9 Consider the two statements :
Statement | y = sinkt satisfy the differential equation

y” +9y =0.
Statement Il y =e* satisfy the differential equation
y”+y’ =6y =0.

The value of k for which both the statements are correct is
(a)-3 (b)o (c)2 (d)3
Sol. Statement I y =sinkt, y’ = k cos kt; y” = — k’sinkt
— k?sinkt + 9sinkt =0
sinkt [9-k?]=0 = k=0,k=3,k=-3
Statement Il y =", )" = ke*; y” = k%"
K% + ke —6e =0
Mk* +k-6]=0
(k+3)(k-2)=0
k=-3 or 2
Common value is k = = 3.
Hence, (a) is the correct answer.

X
® Ex. 10 Ify= m (where c is an arbitrary constant) is

the general solution of the differential equation

d
d—i =§ + (b(;) , then the function ¢(§) is
y
2 2
x X 2 2
@Wr O-% 0L w4

Sol. Inc+In|q==
y

Differentiating w.r.t. x, - = ¥ =%

Hence, (d) is the correct answer.



® Ex. 11 IfJ;x ty(t) dt = x? +y(x), then y as a function of
X is
Xz —ﬂz 2 2

(@)y=2-(2+a%)e ? (b)y=1—(2+az)ex ;n

(©y=2-(1+a)e ? (d) None of these
Sol. Differentiating both the sides, we get
xy (x) =2x - y'(x)

Y = ,
Hence, —-xy=-2x [y (x) = y(x) =y]
—x?
]IF-eI-’”br=eT
=
ye 2 =I—2xe 2 dx
= 2
Let e 2 =t = -xe ? dx=dt
I=I2dl
2 XZ
ye 2 =2 2 +C
£
y=2+Ce?

Ifx=a = a*+y=0 = y=-a*(from the given equation)

JEE Type Solved Examples :
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ﬂz dz
Hence, -a’=2+ Ce_z';Cc_Z- =-@2+ad?)
Bz Xz ‘ﬂz
C=-(@2+a%e 2;y=2-(2+a%)e 2
Hence, (a) is the correct answer.
h R
® Ex. 12 The differential equation Z—y =YY deter-
X y
mines a family of circles with [IIT JEE 2007]

(a) variable radii and a fixed centre at (0, 1)
(b) variable radii and fixed centre at (0, —1)
(c) fixed radius 1 and variable centres along the x-axis
(d) fixed radius 1and variable centres along the y-axis

dy _yi-y*

Sol. - g 3
x
= Iﬁdy:fdx:—%-z,ll—y2=x+c
= —\/l—y2=x+C=91—y2=(x+C)2

=  (x+C)P?+y*=1

Therefore, the differential equation represents a circle of fixed

radius 1 and variable centres along the x-axis. Hence, (c) is the
correct answer.

More than One Corre;:} Option Type Questions

® Ex. 13 A curvey = f(x) has the property that the

perpendicular distance of the origin from the normal at any

point P of the curve is equal to the distance of the point P

from the x-axis. Then the differential equation of the curve
(a) is homogeneous

(b) can be converted into linear differential equation with
some suitable substitution

(c) is the family of circles touching the x-axis at the origin
(d) the family of circles touching the y-axis at the origin

Sol. Equation of normal
y_y=__l-<X—x) = -—my+my=X-x
m
X+my—-(x+my)=0

PiX.y)

ol

+
Perpendicular from (0, 0) = xT’:}LZ =y = x*+2ym=y°
+m

dy y? - i

—_—=—

; 5 omogeneous

d:
Also, x-2y- D 2o
4 dx =y

d dt  dt
Puty?=t, & _ 4 At

y i x—+ xP =t

dt 1 e
= t =— x which is linear differential equation.

Hence, (a), (b) and (d) are the correct answers.

® Ex. 14 A differentiable function satisfies
flx)= jo { f(t)cost —cos (t - x)} dt. Which is of the follow-
ing hold good?

(a) f(x) has a minimum value 1-¢

(b) f(x) has a maximum value 1-¢™"

o (3)-

Sol. f(x)= I:U'(l) cos t = cos (t = x)} dx

= L £(t) cos t dt — I:cos(— t) dt [J': fx)dx= J‘: fla-x) dx]

(@) £ =1
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flx)= f:f(t) cos t dt —sinx
Differentiating both the sides, we get
f'(x) = f(x) cosx = cosx

Let ) =y; fx) = Z_i’

dy
— Ty COosX =-—cosx
dx

(LDE)
IF = e-Icos xdx = sinx

Therefore, y-e™*"* = — Ie"i" * cosx dx;

y_e-sinx =C+ e—sinx;y =Cesinx F1
Ifx=0; y=0 (from the given relation)
=5 C=-1
Therefore, f(x)=1-¢""*

Now, minimum value=1-—e¢
1

(when x =m/2)

Maximum value =1 —e~ (when x =-m1/2)

f/(x)=—€""% cosx
Therefore,  f’(0)=-1
f"(x) =—[coszx4e‘i"’—e‘i"'-sin X]

-

Hence, (a), (b) and (c) are the correct answers.

® Ex. 15 Lel‘gZ +y = f(x) wherey is a continuous func-
Ix

e ™, if0<x<2

tion of x with y(0) =1and f(x) ={ 3 . Which
e ", ifx>2

is of the following hold(s) good?
@y(n=2¢" by ()=-e"
©y@)=-2" dy'(3)=-2"
Sol. %+y=f(x) = IF=¢"
ye* = fe‘f(x) dx+C

Now, if 0 < x <2, then ye” =Ie' e dx+C

= ye*=x+C
x=0,y(0)=1,C=1
ye¥ =x+1 (i)
x+1 2 ,_ef=(x+1)e”
=Im=t - =t
" e—2 -e 1
A -

y=e?+Ce”

As y is continuous.

x+1

lim

x—=2 e

3e2=e?4+Ce? = C=2

= lim (e% + Ce™)
& x—2

& forx>2
y=el+2eF
Hence, y@)=2e" + et =€ +1)
y'=-2e"
y'3)=-2¢

Hence, (a), (b) and (d) are the correct answers.

® Ex. 16 A curvey = f(x) passes through (1, 1) and

tangent at P(x, y) cuts the x-axis and y-axis at A and B
respectively such that BP: AP =3:1, then [IIT JEE 2006]

(a) equation of curve is xy” —3y =0
(b) normal at (1, 1)isx +3y =4
1
(c) curve passes through (?, g)
(d) equation of curve is xy” + 3y =0
Sol. Equation of the tangent to the curve y = f(x) at (x, y) is

0o
** Thus, cuts the x-axis at A and y-axis at B.
dy
Al T2 @,
dy a7
dx
BP:PA=3:1
dy
3[x— -
M*_lxo
- (dy/dx)
4 4
= x—y+3y=0
dx
d
= I—y=J'—3E
y x
= logy =—3log x + logC
= s
B

~* Curve passes through (1,1) -, C =1
+ Curve is x®y =1 which also passes through (2. lJ .
8

Hence, (c) and (d) are the correct answers.



JEE Type Solved Examples :
Statement I and || Type Questlons

® Ex. 17 Let a solutiony = y(x) of the differential equa-

tion x/x* =1dy —y \Jly? =1dx=0 satisfy y(2) =%.
3
[IIT JEE 2008]

Statement | y(x)=sec [sec X- E)

Statement Il y(x) is given by 2J— }

(a) Statement | is true, Statement Il is also true; Statement
Ilis the correct explanation of Statement .

(b) Statement | is true, Statement Il is also true; Statement
Il is not the correct explanation of Statement I.

(c) Statement | is true, Statement Il is false.
(d) Statement | is false, Statement Il is true.

xJx®=1dy -y Jy*—1dx=0

Which can be rewritten as T = dy

x\'xz—l y yz—l

JEE Type Solved Examples :
Passage Based Ouestlons

Passage
(Q. Nos. 18 to 20)

A curve y = f(x)satisfies the differential equation
(1+x2 )% + 2yx = 4x? and passes through the origin.
18 The function y = f(x)

(a) is strictly increasing, V x € R

(b) is such that it has a minima but no maxima
(c) is such that it has a maxima but no minima
(d) has no inflection point

19 The area enclosed by y = f 7'(x), the x-axis and the
ordinate at x =2/3 is

(@) 2In2 (b)glnz ©3 2in2 (d)sllnz

20 For the function y = f(x) which one of the following

does not hold good?

(a) f(x)is a rational function

(b) f(x) has the same domain and same rage
(c) f(x)is a transcendental function

(d) y = f(x) is a bijective mapping

Chap 04 Differential Equations

dy
Integration yields, =
¢ [—— h—x i
= sec” x=sec'y+C
= sec™'(2) =sec™! (2/3)+ C
1

= ﬁ = E +C = C=—

3 6 6

_ Ry T
Thus, sec™' x =sec ly+—6-

S -
=y y =sec sec X";
1

273

o]

1
. Ji-

( g 1:]_ 1
cos|cos ——— —
x 6 X

1

1——

¢

1 _£+__Vr
2x 2

= —=
y

Hence, (c) is the correct answer.

Sol. (Q. Nos. 18 to 20)

2
d_y+ 2x i 4x
dx 1+ x? 1+ x%

2x

IF:CH:’

=eln+x)

=(l+x2)
y(1+x") = [ax? fnd® o
3

Passing through (0,0) =C =0

_ ax®
31 + x%)
dy _4|a+ x?)3x? - x*.2x
dc 3 (1+ x%)?
_43x+ x| a3+ XY
Q+x*)?| 30+ x?)?

Hence, Q—>0,Vx==0;d—y=0atx=0
dx dx

M| =

N | =

and it does not change sign = x = 0 is the point of inflection

y = f(x) is increasing for all x € R.
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3
X—)00, Yy —»00; X —>—00 y —)—00 A:E—i 1 X zdx
3 3791+x
¥

Put 1+x*=t = 2xdx=dt

23 P z_gJ-Z(r—l)d,
ot

3 3

Area enclosed by y = f(x), x-axis and ordinate at x = 2
3

JEE Type Solved Examples :
S_!ngle Integer pnswer Tyge Ougg.tions

@ Ex. 21 Lety = f(x) be a curve passing through (4, 3)
such that slope of normal at any point lying in the first
quadrant is negative and the normal and tangent at any
point P cuts the Y -axis at A and B respectively such that the
mid-point of AB is origin, then the number of solutions of
y = f(x) andy =I5 —| x|, is
Sol. Equation of tangent at any point (x;, y;) of curve y = f(x) is
=) = f(x)x—x) so B0,y — xf'(x))

*. number of solutions for y = f(x)and y =|5 —|x||

1
Equation of normal at (x;, 1) is (v, 1) = ——m(", x,) so, . number of solutions are 2.
1
A =(0. nt —fT)(ﬁ—)) mid point of AB is origin, so ® Ex. 22 A real valued function, f(x), f: 0’% SRt
X1
, satisfies the dgferential equation xf’(x)=1+f(x){x2 f(x)7"}
- 4 -_—— = T
2y XI(_f (%) f'(xl)) 0 and f(?) = e then :lrl—T) f(x), is
Thus differential equatit:n of curve y = f(x), is Sol. Here, xf"(x) =1+ x*f2(x)~ f(x)
,("_Y) —y® _x=0 R X f)+ ) _ |
dx dx ErET TN ) =
i dy yt \’xz + yz Integrating both sides
us, = :
& * [ L e o
In first quadrant, x > 0, y >0,‘;—Z>O, 1+ (x f(x))
= tan™! = i
8y d_y=y+\/x2+y2 — an” (xf(x) X+C.as/‘(4) —
o = = tan™'1 = E +C
dv  vx+ xyl+ v 4
= v+ x; = —T— = Cc=0
= I dv =I dx x f(x) =tanx
;}1 +v? x = fx)= ta:x
2

tan x

x

. P |

on solving we get . aiid lin':,f(x) =1 =
Eand x=0 x



o Ex. 23 Ifthearea boundedbyy:f(x),x:l x=£and

the X-axis is A sq units where f(x) = x +§x + ; al Zx°

2 4 6 7

fol S x' +...00,| x| <1,Then the value of[4A] is (where[-]

2 2 4
()=1+2x*+=-4x* + 2. 2.6x° + ... 0
f 3 35

=1+ {%(Xf(x)))

= flx)=1+x le’(x) + f(x)|
= (1-x%)f(x) =1+ xf(x)

Subjectivelype Oggstions

® EX. 24 For a certain curve y = f(x) satisfying
2

5— =6x—4; f(x) has a local minimum value 5 when x =1.
Ix

Find the equation of the curve and also the global maximum

and global minimum values of f(x) given that0 < x < 2.

d’y dy
Sol. Int ting, =6 4, we get = =3x’—4x+C
ntegrating, —= = 6x — g

when x=1,d—y=0.SoLhatC=1
dx

Hence, =3x?—4x+1 .(i)

dy
dx
Integrating, we get

y=x*-2x*+x+C, whenx=1,y =5,
so thatC; =5

Thus, we have y=x'-2x*+x+5

1
Form Eq. (i), we get the critical points x = C x=1
1 dYy .
itical point x = —, —= is (-ve).
At the critical poin s

Therefore, at x = % , ¥ has a local maximum.
2,

Atx=1, % is (+ ve).

Therefore, at x = 1,y has a local minimum.
Also, fay=s

1) 139
= f(;) Y
f(0)=5, f2)=7

Hence, the global maximum value =7, the global minimum
value =5.
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T lign-g
= LA '}'=Lz. l.l?:er‘"rz =e? =V1-x*
dx 1-x° x
] - sA1-x* +C
-X
=5 yV1-x? =sin"' x+ C,as f(0)=0=C=0
sin ' x
=5 y=
1= n
J3/2 sin” Ty n/3 2 1| n® n?
= = Ttdt= == —-—
=A% T b (}524 36
6
[4A]=1

® Ex. 25 If&(x) is a differentiable real-valued function
1.
satisfying ¢’ (x) + 2 ¢(x) <1, prove that §(x) — 3 isa

non-increasing function of x.

Sol. O'(x)+2¢(x)<1
= e ¢'(x) + 2 O(x) e < e
= %(ez ¢(x)—%ez")$0

1). 7 : .
= (¢(x) - E) is a non-increasing function of x.

1. § s 4
= ¢(x) - = is a non-increasing function of x.

® Ex. 26 Determine all curve for which the ratios of the
length of the segment intercepted by any tangent on the
y-axis to the length of the radius vector is a constant.

Sol. Let y = f(x) be the equation of the required curve.

=2
Given that —=———— =k (a constant)
Jxt+y?
2
= Z-Laifis( 2]
dx «x x
= dv 2
Lety-vx,thenv+x;=v:tk 1+v
d
= hd =tkd—x.imegratingwe get
,’1+vz x
= logl v+ \}1 +v2 |=iklnx+C
I I T
I log| 2INX *Y | s kimxsC
x

Which are the equations of the required curves.
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® Ex. 27 Letu(x) andv(x) satisfy the differential equa-

. d
tions d—u + p(x) u= f(x) andﬂ + p(x) v = g(x), where
Ix dx

p(x), f(x) and g(x) are continuous functions.

Ifu(x,) >v(x,) for some x, and f(x) > g(x), for all x > x,,
prove that any point(x, y), where x > x,, does not satisfy the
equationy = u(x) and y =v(x). [HT JEE 1997]

Sol. Given that

d
-—'-{+p(x) u= f(x) and —+p(X) v =g(x)

Subtracting, we bl.l

d
LEZ 4 ). (=) = 1) = )

Multiplying by rtaee , we get

Ip(x)dx d(u V) plx)dx
dx

SM=V) L =)y d

={f(x) - g(x)}- cfl’(x) de
Le. % {u=-v) efl"*) ={f(x) - g(x)} elotae

Since, exponential function takes only positive values and
f(x) > g(x) for all x > x;, RHS is + ve; x > x;
?:: {w-v-el#*) =0

ie, (u=v)- e'["(")d’r is increasing function.

Hence, ife!"(”)'ix = ¢(x), then for x > x;

We have,  {u(x) = W(x)} ¢ (x) > {ulx;) = ®x1)} @ (x1)

e u)— o) > AN g 1 ) > v(x,)
&(x)

Thus, u(x) >Hx),V x>x

ie. u(x) # Ux),V x> x

Hence, no point (x, y) such that x > x; can satisfy the equations
y =u(x)andy = «(x).

© Ex. 28 A normal is drawn at a point P(x,y) of a curve. It

meets the x-axis at Q. If PQ is of constant length k, then
show that the differential equation describing such curves is,

y %}1 =% -\/kz —y? and the equation of such a curve pass-

ing through (0, k). [IT JEE 1994]

Sol. Let y = f(x) be the curve such that the normal at P(x, y) to this

curve meets x-axis at Q. Then,
PQ = length of the normal at P

PQ=k

2
y 1+(%) =k

But

d;
= % =z*dx
=¥
Integrating both the sides, we get
- Jk? —=y® =% x + C,since it passes through (0, k) > C=o.

-y -yt=tx

. P
= x* + y? = k? is required equation of the curve.

or k*

® Ex. 29 A curve passing through the point (1, 1) has the
property that the perpendicular distance of the normal at
any point P on the curve from the origin is equal to the
distance of P from x-axis. Determine the equation of the
curve. [IIT JEE 1999]

Sol. Let P(x,y) be any point on the curve y = f(x). Then, the
equation of the normal at P is,

1
—y=— X -
V=T Ay ) (X -x)
dy dy )
or X+Y— —+x [=0 i
e ( YETE @
It is given that distance of Eq. (i) from origin = Distance from
x-axis (i.e. y)
. 0 —( y (‘:._y +x )
ie. g
1+( d )
dx
y dy
= =%
= x? 4 2x y LU y
i\‘ .
or dl = "' = ‘\J
dx 2xy

which is homogeneous differential equation and we can solve
by homogencous or by total difterential,

Here, using total difterential,
2xy dy = y? dx = = 3% dy

1) YL B
- xd (y )_, y ‘I‘-—(lv

X
R
= (I[L)-—ul.\'
X
Integrating both the sides, we get
K
- LA (i)
X
It passes lhrmmh (1,1) = Cw2

T-—\r.ory-—\ + 2N

= x4 p? = 2x = 0,18 required equation of curve.



® Ex. 30 A country has a food deficit of 10%. Its population
grows continuously at a rate of 3% per year. Its annual food
production every year is 4% more than that of the last year.
Assuming that the average food requirement per person
remains constant, prove that the country will become
self-sufficient in food after n years, where n is the smallest

integer bigger than or equal to log, 10 -log. 9
(log . 1.04)-0.03

Sol. Let B, be the initial population, Q, be its initial food produc-
tion.

JUT JEE 2000]

Let P be the population of the country in year t and Q be its
food production in year t.

dP _3p dP 3
—=— op

=

dt 100 P 100 '
Integrating, we get

logP=i1+C
100
Att=0,we have P =P,

= C=log PR
= P=P, c0.03: (‘)

It is given that the annual food production every year is 4%
more than that of last year.

4 t
= = 1+ —
0-a( 1+ ]
Let the average consumption per person be k units.
90
=kB| — |[=09kR
=9 Q ° ( 100 ) o

o Q=09 kP, (1.04) (i)
This gives quantity of food available in year t. The population

in year t is,

P =P, "% [from Eq. (i)]
*. Consumption in year, t = kPoeo'oa' (i)
The country will be self sufficient, if

Q2P
= 0.9k B, (1.04)" > kPe®*
= 2 (1.04)f 209
10

= (1.04)' ¢~ 003 2?

= t log (1.04) = 0.03 t 2 log (l;-)

= t{log(1.04) - 0.03) > log (%)
log 10— log 9
log (1.04) - 0.03

Thus, the least number of year in which country becomes self
sufficient.

=

_ log10-log9

= G DT
log (1.04) - 0.03
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® Ex. 31 A right circular cone with radius R and height H
contains a liquid which evaporates at a rate proportional to
its surface area in contact with air (proportionality constant
=k >0), find the time after which the cone is empty.

[IIT JEE 2003]

Sol. Let the semi-vertical angle of the cone be 0 and let the height
of the liquid at time ‘' be ‘h’ from the vertex V and radius of
the liquid cone be r. Let V be the volume at time ¢. Then,

mB
A -

V= 1 nr’h

3
= V=l1lr° cot © ( ran9=£)

3 h
Let S be the surface area of the liquid in contact with air at time ¢.
Then, S=nr?
= d_V o< S

dt

\'4
= e = —kS, k is constant of proportionality.

= i(lm’cote)=_kﬂri
dt\ 3

d
= nr'd—:co:e=—km’=>cotedr=-kd:

On integrating, we get cot 8 I: dr=-k I T ar
0
= Rcot =+ kT, where T is required time.

= T=H/k (astan 8= R/ H)

® Ex. 32 Solve the equation
xjo y(t) dt =(x +1).[0 ty(t) dt, x >0.
Sol. Differentiating the equation w.r.t. x, we get
() +1- [ 7 yE)dt=(x+ 1) xplx) + 1 ) ty@ar
ie. jo’ Y(t) dt = x? y(x) + _[o’ ty(t) dt
Again, differentiating w.r.t. x, we get
y(x)=x* y'(x) + 2xy(x) + xy(x)
2
ie. (1 -3x) y(x) = =)
dx

(1 -3x)dx - dy(x)
x! y(x)

Integrating, we get y = % o Vx
x

ie.
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® Ex. 33 If(y\ y,) are two solutions of the differential
d

L +Px)-y=Q)

dx

Then prove thaty =y, + C (y,

equation

—y2) is the general solution

of the equation where C is any constant. For what relation

between the constant o, B will the linear combination
ay, +By, also be a solution.

Sol. Asy,, y, are the solutions of the differential equation;

d;

T+ Px)-y = Q%)

d;

T+ Py = Q)
d

and 224 P(x)-y; = Qx)

From Eqs. (i) and (i), (d" d"‘) +P(x)(y —y,)=0

d:
;(J' =N+ P(x)-(y-y)=0
4 d
From Egs. (ii) and (iii), = 01 —y2) + P(x) (1 —y2) =0 ..
d
T o-n) y-y
From Egs. (iv) and (v), dxi = 1
—(y, = =)z
e 01 - y2)
d d
=5 ;(}' )'l)=dx(yl )'z)
b A /| 4 S f
Integrating both the sides, we get
log (v — 1) =log (. — y2)
y=n+COr-y2)

Now y= ay, + By, will be a solutions, if
o (a)’l +By2) + P(x) (ay; + Byz) =A%)

or

(‘:’: +P(x) y,) +B( + P(x) y:) QAx)

o Qx) + B QAx) = Ax)
(o +B) x) =Ax)
a+f=1

or

Hence,

® Ex. 34 Find a pair of curves such that
(a) the tangents drawn at points with equal abscissae
intersect on the y-axis.
(b) the normal drawn at points with equal abscissae
intersect on x-axis.

(c) one curve passes through (1, 1) and other passes
through (2, 3).

..(i)
..(id)
<.(iii)

.(iv)

(v)

[using Eqs. (ii) and (iii)]

Sol. Let the curve be y = fi(x) and y = f,(x) equation of tangents

with equal abscissa, x are

o - i) = 1) (X = x)
and Y - filx) = £ 0 (X - x)
These tangent intersect at y-axis,

= —x f(x)+ fix) == x f"3(x) + folx)
= fix) = folx) = x (f 1(x) = f "2(x))
Integrating both the sides, we get

= In| fi(x) = f(x)|=In| x|+ C
= [ - f(x) =% C x
Now, equations of normal with equa] abscissa x, are
o — X -
y - filx) 7 ( ) ——X-x
and - falx) = W ( ) - x)

As these normal intersect on the x-axis,

x+ fi(x) () =x+ fi(x): f2x)

= F(x)- £ (x) = fo(x)- £, (x) Integrating
= fi@-£A=0

_ G _; G ;M
- A T BT e T

[using Eq. (i)
From Egs. (i) and (ii), we get

=2 (2 cx) 202 2-cx)

X x

We have, fin=1 and  fy(2)=3

= =2y and fid=2+x
X x

0)

)

® Ex. 35 Given two curvesy = f(x) passing through (0, 1)

andy = J'_: f(t) dt passing through (0,

/ n). The tangents

drawn to both the curves at the points with equal abscissae

intersect on the x-axis find the curvey = f(x).
Sol. Equation of the tangent to the curve; y = f(x) is
Y =y)=f"(x)(X - x)
Equation of tangent to the curve g(x) = y, = I_: f(t)dtis

(Y =y) =g"(x) (X = x) = flx) (X -

Given that tangent with equal abscissas intersect on the x-axis.

= PR A /W
f(x) f(x)
f(x) N
. Jx) _n o
0 7 e
. [0 _F) | g _ £
n o flx) gx)  fx)
gx) _ .
= m =k = glx)=Ce®
= gx)=kCe = fx)=kcet

¥ = f(x) passes through (0,1) = kC =1
= g(x) passes through

(0,1/n)=’C=-‘-=ak=n
n

=

flx)=e™



® Ex. 36 A normal is drawn at a point P(x,y) of a curve. It
meets the x-axis and the y-axis in point A and B, respec-

. 1 1
tively, such that — + — =1, where O i igi
vkl where O is the origin, find the

equation of such a curve passing through (5, 4).

Sol. The equation of the normal at (x, y) is

dy
X=-x)+(Y-y)—==0
( y)dx
= 5 + 4 =1
x+yd—y (x+ydy/dx)
dx dy [ dx
+y—=
dy (x
= OA=x+y—,0B=
i 5
dx
1 1 d d;
Also, — + —=1 LY, ay
TR =l+dx x+ydx

= (y—l)%+(x—l)=0

Integrating, we get
¥-12+(x-17%=C

Since, the curve passes through (5, 4), C =25.

Hence, the curve is (x —1)* + (y —1)* =25.

@ Ex. 37 A line is drawn from a point P (x,y) on curve

54

2)

y = f(x), making an angle with the x-axis which is supple-

mentary to the one made by the tangent to the curve at

P(x, y)- The line meets the x-axis at A. Another line perpen-
dicular to the first, is drawn from P(x, y) meeting the y-axis

at B. If OA = OB, where O is origin, find all curve which

passes through (1, 1).

Sol. The equation of the line through P(x, y) making an angle

with the x-axis which is supplementary to the angle made by

the tangent at P(x, y) is
Yoy i =)
M

where it meets the x-axis.

Y=0 X=x+
** dyrdx

The line through P (x, y) and perpendicular to Eq. (i) is

Y—y=‘—ix-(x-x)
dy

where it meets the y-axis.

X=0.Y=y—x-idi = OB=y—x£
dy

Since, OA = OB
=> x+y£=y—x£
dy dy

or (y—x)=(y+x)-d—x-
dy

= OA=x+y£x-
Y

dy

i)

(i)

(i)

Chap 04 Differential Equations

or d_y_=u. puty =vx
dx y-x
dv_1+2v-v*
= X —=—
dx v=-1
(1—v)dv2+£=0
1+2v-v x
= log (1 +2v—v?) + log x=G
= x?+2xy -y*=C

where C, = log J©
Since, curve passes through (1,1)>C=2

. Required curve, xt—yt+2xy=2

279

® Ex. 38 The tangent and a normal to a curve at any point
P meet the x andy axes at A, B,C and D respectively. Find
the equation of the curve passing through (1, 0) if the centre
of circle through O, C, P and B lies on the line y = x (where O

is origin).
Sol. Let P(x,y) be a point on the curve.
= (&) E( x+y d—y 0 )
dx
dy J
Ba| 0,y -x—
( 4 dx

Circle passing through O, C, P and B has its centre at

m@d-point of BC.

B>

D

Let the centre of the circle be (o, B).

= 2(!=x+y%

and 2B=y—xd_y
dx
andsinceB:a,y—xd—y=x+yd_y
x dx
= dy _y-x
dx y+x
2
Let y=vx = xﬂ:-“"’_")
dx 1+v
= lz+vdv=—d—x
vi+1 x
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Integrating both the sides, we get lim f(x)=3'“. ALso,f'(X)Zf3(X)+L,then
Lo PR -y £6)
¥l * @b-a>m/4 (b)b-a<m/4a
-a< d) None of these
= ljf_"d”I dv =—J’5 (Ob-a<m/24 (d) None
it et Vil x Sol. Since,
1
, 3
- %log|v2+1|+ tan~! | v| == log x + C F@2 @4
= log {(Jv* +1) x} + tan™' v=C = fix) flx) 21+ f(x)
2 2 1Y _ = f(x)f’(x)ZI
= log,[x +y° + tan x_c —1+f‘—(x)
Asx=landy=0, On integrating w.r.t. ‘x’ from x =ato x=b.

logl+tan ' 0=C=C=0

. Required curve, (log ,,xz +y%) +tan”! ( Y ) =i
x

> tan™ (F G)E 2 (6 - a)

or (b-a)< % { lin:- (tan™*(f ¥(x))) — l.im’(tan"(f z(x)))}
® Ex. 39 If f(x) be a positive, continuous and differentia-
ble on the interval(a, b). If lim f(x)=1 and

x—a*

or (b—a)<m/24

Hence, (c) is the correct answer.



si_“g'? Option Correct Type Questions

1.

If the differential equation of the family of curve given
by y = Ax + Be®*, where A and B are arbitrary
constants, is of the form

(1-2x) % (3—;‘: + ly) +k (j—i + ly) =0, then the ordered
pair (k, ) is

(@) (@2 -2) (b)(-2,2)

(c) (2,2) (d)(-2,-2)

A curve passes through the point (1, %) and its slope at

y

any point is given by Y _ cos z(—) . Then, the curve has
x

x
the equation

(a)y = xtan™ (l.n %) (b)y = xtan™" (In 2)

©y= L tan™! (ln i) (d) None of these

x X
The x-intercept of the tangent to a curve is equal to the
ordinate of the point of contact. The equation of the
curve through the point (1, 1) is

x

(a) ye; =e (b) xe” =e
P4 P4
(c) xex =e (d) ye* =e
A function y = f(x) satisfies the condition

£ (x)sin x + f(x)cos x =1, f(x) being bounded when
2

x—0IfI= j:v f(x)dx, then

1:2

2
T ki3 n
2= i —<I<
@5 <I<% ®) 7 -

(c)l<l<§ do<I<1

. A curve is such that the area of the region bounded by

the coordinate axes, the curve and the ordinate of any
point on it is equal to the cube of that ordinate. The
curve represents

(a) a pair of straight lines
(c) a parabola

(b) a circle
(d) an ellipse

The value of the constant ‘m’ and ‘¢’ for which

y = mx + c is a solution of the differential equation
D%y -3Dy-4y=-4x.
(a)ism=-1;c=3/4

(c) no such real m, ¢

(b)ism=1;c=-3/4
(d)ism=1;c=3/4

7.

10.

11.

@ Differential Equations Exercise 1:

The real value of m for which the substitution,
y =u™ will transform the differential equation,

2x'y -i—y + y‘ =4x°® into a homogeneous equation is
X

(b)ym=1
(d) No value of m

(am=0
(c)m=3/2

. The solution of the differential equation,

1
xz-d—y--cosl—ysin—=— 1,
dx x X

where y— —1as x = cois

1 x+1

(a)y =sin - - cos— b)y= 1
x x xsin—

x

1 x+1
(©y =sinl + cos— dy=——m—m
= % xcos —
x

. A wet porous substance in the open air loses its

moisture at a rate proportional to the moisture content.
If a sheet hung in the wind loses half its moisture during
the first hour, then the time when it would have lost
99.9% of its moisture is (weather conditions remaining
same)

(a) more than 100 h

(b) more than 10 h

(c) approximately 10 h

(d) approximately 9 h

A curve C passes through origin and has the
property that at each point (x, y) on it, the normal line at
that point passes through (1, 0). The equation of a
common tangent to the curve C and the parabola

2 =4xis
(@Q)x=0
©y=x+1

®)y=0
Wx+y+1=0

A function y = f{(x) satisfies

2

(x+1)-f'(x) - Ax* + x) f(x)=
If (0) =5, then f(x)is

(a)(Bx * 5)1‘,
x+1

6x+5 a
(c)((n 1)’}c

el’

+1)

(b)(6x+ 5)%‘:
x+1

N
x+1

WVx>—-1
x
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12. The curve, with the property that the projection of the

13.

14.

15.

ordinate on the normal is constant and has a length
equal to ‘d, is

(a) x—aln(m\fy):C

b x+Ja?-y*=C

©(-a)i=Cx

(d)ay =tan™ (x + C)

The differential equation corresponding to the family of
curves y =e* (ax + b)is

dy

dl
(3)_);*2;‘)’=0 (b)d -2—=+y=0

dx
dy d?y d

A T 2= Y =
() e Y= (d)d.xz de y=0
The equation to the orthogonal trajectories of the
system of parabolas y = ax? is

x* 2 2
@ +y'=C (b)x’+y?=c

2 2
X 2 P
o = d a X

(C)2 y =C (d) x - (64

A function f(x) satisfying j; f(tx)dt = n f(x), where
x>0is

1-n _n_
(@ f(x)=C-x ™ ®) fx)=C-x"""!

1

© fx)=C-x» @ fx)=C-x""

16.

17.

18.

The substitution y = z* transforms the differential

equation (x*y? —1)dy + 2xy*dx =0 into a homogeneous
differential equation for
(@Ao=-1 (b) 0
(c)a=1 (d) No value of o0
A curve passing through (2, 3) and satisfying the
differential equation J: ty(t)dt = x2y(x),(x >0)is
9
(@) x* +y* =13 (b))/z='2"r
xZ yl
I+l d) xy =6
(0 T T (d) xy

Which one of the following curves represents the
solution of the initial value problem Dy =100 — y, where
y(0)=50?

y Y. r
______ 00 . 100
(@ N80 ® s
0 X e
y Y1L
100 100]

(c) SO (d)

so,

= Differential Equations Exercise 2
More than One Optlon Correct Type Questlons

19.

20.

The differential equation x Q + 73; =y?

dx
(b) is of degree 2
(d) is non-linear

(a) is of order 1
(c) is linear
The function f(x) satisfying the equation
FHx)+4f(x)- S+ () =0

() f(x) =C-e® P

() flx) =C-e* "

(0 flx) = C.e3-ox

@ fix) =C-e* P

where C is an arbitrary constant.

21.

22,

Which of the following pair(s) is/are orthogonal?
(a)16x* + y* =Cand y* = kx
b)y=x+Ce*andx+2=y + ke

()y =Cx*and x® + 2y% =k

(d)x* -y*=Cand xy =k

Family of curves whose tangent at a point with its
intersection with the curve xy = ¢? form an angle of—- is

(@) y*-2xy -x*=k
(b)y* +2xy - x* =k

(c)y = x—2ctan™ (-{) +k
c

(d)y=cln e
pe

x
-x+k
x




23. The general solution of the differential equation,

d
T
(a)y = xe! =
(b)y - xeli-Cx
(c)y =ex-e
(d)y = xe&

where C is an arbitrary constant.
24. VVhich of the following equation(s) is/are linear?
(a) Didomx

(b)y(—)+4x=0
dx
(c)dx+dy=0

2
(d)%=cosx

25. The equation of the curve passing through (3, 4) and
satisfying the differential equation,

dy\’ dy
Ll +(x-y)—=-x=0
(L) -

can be
(@Ayx—-y+1=0
(b) x% + y2 =25
(c)xz+yz -5x—10=0
dx+y-7=0
26. Identify the statement(s) which is/are true?

(@) fxy)= er* + tan% is homogeneous of degree zero.

2
(b) x-log Y dgx + Lsin™' £ dy = 0is homogeneous
x x X
differential equation.
(©) flxy)= x? + sinx- cosy is not homogeneous.

d) (x*+y?) dx - (xy? - y*) dy = 0is a homogeneous
differential equation.

27.

28.

29,

30.
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The graph of the function y = f(x) passing through the
point (0, —1) and satisfying the differential equation

& + y cos x = cos x is such that

dx

(a) it is a constant function

(b) it is periodic

(c) it is neither an even nor an odd function

(d) it is continuous and differentiable for all x

A function y = f(x) satisfying the differential equation

dy

: sin
—-sinx —ycosx+ =0
dx

is such that, y —0as x — oo, then the statement which is
correct?

(@) lim f(x)=1 ®) [ fx) dis less thanlzt—

(c) '[:Iff(x) dx is greater than unity
(d) f(x) is an odd function

Identify the statement(s) which is/are true?

42
(a) The order of differential equation ,/1 + —d—Jzi =xis 1.
x

(b) Solution of the differential equation
xdy —ydx=mdxisy + W=Cx2.

(c) Y, (% —y) is differential equation of family of
curves y =e” (Acosx + Bsinx).

(d) The solution of differential equation
1+yH)+(x— 2¢tn ™" ) % =0is xe™ ' Y=Y 4k

Lety =(A + Bx) % is a solution of the differential

dZ
equation—y +m 4y +ny=0,mnel, then
dx? dx

(am=-6
(cym=9

(b)n=-6
(dyn=9
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Directions
(Q. Nos. 31 to 40)

For the following questions, choose the correct answers from
the codes (a), (b), (c) and (d) defined as follows :

31.

32.

33.

(a) Statement I is true, Statement II is true and Statement II is
the correct explanation for Statement L.

(b) Statement I is true, Statement II is true and Statement II is
not the correct explanation for Statement I.

(c) Statement I is true, Statement II is false.

(d) Statement I is false, Statement II is true.

A curve C has the property that its initial ordinate of
any tangent drawn is less than the abscissa of the point
of tangency by unity.

Statement I Differential equation satisfying the curve
is linear.

Statement II Degree of differential equation is one.

Statement I Differential equation corresponding to all
lines, ax + by + ¢ =0 has the order 3. ,

Statement II General solution of a differential

equation of nth order contains n independent arbitrary

constants.

Statement I Integral curves denoted by the first order
dy 1 g

linear differential equation d_y — — y = - x are family of

X X
parabolas passing through the origin.

Statement II Every differential equation geometrically
represents a family of curve having some common

property.

Statement I The solution of (y dx — x dy) cot (iJ
Y
=ny? dxissin [_x_] =Ce™
y

Statement II Such type of differential equations can
only be solved by the substitution x = vy.

Differential Equations Exercise 3 :
*= Statement | and Il Type Questions

35. Statement I The order of the differential equation

36.

37.

38.

39.

whose general solution is
. 2
y =¢ cos2x + czsm2 X + cqe”+ cse

Statement II Total number of arbitrary parameters in
the given general solution in the Statement I is 6.

2x + cg is 3

Consider differential equation (x%+ l)'p s
Statement I For any member of this family y — o as

X —> oo,

Statement II Any solution of this differential equation
is a polynomial of odd degree with positive coefficient of
maximum power.

Statement I Order of differential equation of family of
parallel whose axis is parallel to Y-axis and latusrectum
is fixed is 2.

Statement II Order of first equation is same as actual
number of arbitrary constant present in differential
equation.

Statement I The differential equation of all

2
non-vertical lines in a plane is d—: =0.
d;

S.tatement II' The general equation of all non-vertical
lines in a plane is ax + by = 1, where b # 0.

Stat.ement I The order of differential equation of all
conics whose centre lies at origin is, 2.

Statement II The order of differential equation is same
as number of arbitrary unknowns in the given curve.

. Statement I y = asin x + bcos x is general solution of

y”+y=0.

Statement Il y = asin x + b cos x is a trigonometric
function.
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m| Differential Equations Exercise 4 :

~ Passage Based Questions

Passage I
(Q. Nos. 41 to 43)
Let y= f(x)satisfies the equation

fx)=(e™ +e*)cosx— Zx—f: (x—1t) f(t)dt.
41. y satisfies the differential equation
d
(a) d_i +y =e" (cosx —sinx) — e *(cos x + sinx)
dy x : = .
(b) d_x —y =¢" (cosx —sinx) + e *(cosx + sinx)
dy x . oz i
(c) e +y =e" (cosx + sinx) — e *(cosx —sinx)
dy x 2 = 2
(d) — —y =€ (cosx —sinx) + e"*(cos x —sin x)
dx
42. The value of f”(0) + f(0) equals to

(a) -1 (b) 2
(c)1 (d)o

43. f(x)as a function of x equals to
o : e* . s
(a) e (cosx—smx)+?(3cosx+smx)+§e
2 : e* ; 2 x
(b) e *(cosx + sinx) + —5-(3cosx—smx) —;e
X

e* < 2 s
(c) e *(cosx —sinx) + —5- (3cosx —sinx) + ; e

x 2 _
(d) e *(cosx + sinx) + % (3cosx —sinx) — 3 TR
Passage I1
(Q. Nos. 44 to 46)
dy
For certain curves y = f(x)satisfying ? =6x—4, f(x)has

local minimum value 5 when x =1
44, Number of critical point for y = f(x) for x € [0,2]

(a0 (b)1
(©)2 d)3

45. Global minimum value of y = f(x) for x € [0, 2] is
(@)5 (b) 7
(c)8 d)9

46. Global maximum value of y = f(x) for x € [0, 2] is
(a)5 (b) 7

(c)8 (d9

Passage III
(Q. Nos. 47 to 49)
If any differential equation in the form
FOA G DA 0 N+ 02 (6 ¥ A2 y) +...=0
then each term can be integrated separately.

For example, :
x x 1(x
in xy d(xy - Zl==-cosxy+—-|—| +C
_[sm d( )+I (y]d(y) cos Z(y)

47. The solution of the differential equation

xdy—ydx=1[xz —yz dx is

(b) xe

e

P4
x

(@Cx=e =C

in1 2

(c) x+ e’ *= (d) None of these

48. The solution of the differential equation
(xy* +y)dx — xdy =0is

(b) = o : =C
4 3\y
4 1 3 3 2
(c)"_-_[ﬁ) =c @=-_LZ%| =g
4 2\y 4 2\y
49. Solution of differential equation
(2x cos y + y? cos x) dx +(2ysin x — x? siny)dy =0is
(a) x*cosy + y?sinx =C
(b) xcosy — ysinx =C
(c) x*cos® y + y*sin®x=C
(d) None of the above

Passage IV
(Q. Nos. 50 to 52)
; ; . d)
Differential equation ;y = f(x) g(x)can be solved by
dy
g(»)

separating variable

= f(x)dx.

50. The equation of the curve to the point (1, 0) which
satisfies the differential equation (1 + y?)dx — xydy =0
is
(a) x* +y* =1
(©)x*+y*=2

(b) x* -y =1
d)x*-y*=2
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51. Solution of the differential equation LA RES 0is
dx ,/ 1-x?
(@ tan y +sin”' x=C
®tan x+sin”'y=C
(c)tan™ y-sin”' x=C
(d) tan™" y=-sin x=C

d
52. Ifa% =1+x+y+xyand y(-1)=0, then y is equal to

a-x? a+x)?
(@)e 2 be 2 -1
(©)In(1+x)-1 (d)1+ x

Passage V

(Q. Nos. 53 to 55)
Let C be the set of curves having the property that the point of

83. 1fC,,C,eC
C,: Curve is passing through (1, 0)
C,:Curve is passing through (-1,0)
The number of common tangents for C, and C, is

(@)1 (b) 2
(©)3 (d) None of these
54. IfC;eC

C,:is passing through (2, 4). (e +% = 1. is tangent to
a

C,, then

(a) 25a +10b* —ab® = 0

(c)13a +25b—16ab =0
55. If common tangents of C; and C, form an equilateral

triangle, where C,,C, € C and C,: Curve passes through

(2, 0), then C, may passes through

(b)25a +10b —13ab = 0
(d)29a+b+13ab=0

intersection of tangent with y-axis is equidistant from the point (a)(-1/31/3) (b)(-1/3,1)
of tangency and origin (0, 0) (c)(-2/3,4) (d)(-2/3,2)
@ Differential Equations Exercise 5 :
Matching Type Questions
56. Match the following :
Column | Column 11
(A) xdx+ ydy_ @ -x*-y () y=£e-llx
xdy — ydx xt+ ) <
i n T 33
(B)  solution of cos? x % —tan2x: y= cos® x, where |x| < % and y(g] = T @ sz + yz =asin {C + tan™! (f)}
(C) The equation of all possible curves that will cut each member of the family ® x*+)y*+Cy=0
of circles x2 + )* — 2¢cx = O at right angle
(D) Solution of the equation x -[: We) de = (x + I)J';ty (&) dt,x>0is () ,—__ Sin2x

T 2(1-tan’x)

57. Match the following :

Column | Column 1l
(A) Er::t::ar plate is expanded by heat from radius 5 cm to 5.06 cm. Approximate increase in (p) 4
(B) Side of cube increasing by 1%, then percentage increase in volume is @ 0.61t
(C) If the rate of decrease of %z — 2x + 5is twice the rate of decrease of x, then x is equal to ® 3
(D) Rate of increase in area of equilateral triangle of side 15 cm, when each side is increasing (s) 33

at the rate of 0.1 cr/s; is




58. Match the following :
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Column | Column Il
(A) The differential equation of the family of curves y = ¢* (4 cosx + Bsinx), where 4, B ® 21
are arbitrary constants, has the degree n and order m. Then, the values of nand m are,
respectively
(B) The degree and order of the differential equation of the family of all parabolas whose @ 1,1
axis is the x-axis, are respectively
(C) The order and degree of the differential equations of the family of circles touching the o 22

x-axis at the origin, are respectively

(D) The degree and order of the differential equation of the family of ellipse having the same (s) 1,2

foci, are respectively.

@ Differential Equations Exercise 6 :

~ Single Integer Answer Type Questions

59. Find the constant of integration by the general solution
of the differential equation (2x*y —2y*) dx

+(2x* +3xy*®) dy = 0if curve passes through (1, 1).

60. A tank initially contains 50 gallons of fresh water. Brine
contains 2 pounds per gallon of salt, flows into the tank
at the rate of 2 gallons per minutes and the mixture kept

uniform by stirring, runs out at the same rate. If it will

take for the quantity of salt in the tank to increase from

40 to 80 pounds (in seconds) is 206, then find A.

61. If f : R— {1} —>and f is differentiable function which
satisfies :
flx+ f@)+ xf (M) =y+ f(x)+yf (x)V x,yeR={~1},
then find the value of 2010 [1 + £(2009)}

62.

63.

64.

65.

If & x) is a differential real-valued function satisfying
¢’ (x) +2¢(x) < 1, then the value of 2¢(x) is always less
than or equal to ......... s

The degree of the differential equation satisfied by the

curves,/1+x—a,/l+y=l,is ......... .

Let f(x)be a twice differentiable bounded function
satisfayi2f * (x)- 7 (x)+2(f* (x))* - 3(x) = £ (x). 1
f(x)is bounded in between y = k, and y = k,, Then the
number of integers between k, and k, is/are (where
fO)=f(0)=0).

Let y(x) be a function satisfying d®y / dx? —dy/ dx

+e%* =0,3(0) =2and y’(0) = 1. If maximum value of Mx)
is y(a), Then Integral part of (20t) is

Differential Equations Exercise 7 :

Subjective Type Questions

66. Find the time required for a cylindrical tank of radius r
and height H to empty through a round hole of area ‘a’
at the bottom. The flow through a hole is according to
the law U(t)=u JZgT(t} where v(t) and h(t) are

respectively the velocity of flow through the hole and

the height of the water level above the hole at time ¢ and

g is the acceleration due to gravity.

67. The hemispherical tank of radius 2 m is initially full of

water and has an outlet of 12 cm? cross-sectional area at
the bottom. The outlet is opened at some instant. The
flow through the outlet is according to the law

v(t) =0-6 /2gh(t), where v(t) and h(t) are respectively
velocity of the flow through the outlet and the height of
water level above the outlet at time ¢ and g is the

acceleration due to gravity. Find the time it takes to
empty the tank.



288 Textbook of Differential Calculus

68. Let f : R* — Rsatisfies the functional equation
flxy)=e? ¥ (¢? f(x)+e* f(IV x,yeR".If
f’(1) = e, determine f(x).

69. Let y = f(x) be curve passing through (1, /3) such that

tangent at any point P on the curve lying in the first
quadrant has positive slope and the tangent and the
normal at the point P cut the x-axis at A and B
respectively so that the mid-point of ABis origin. Find
the differential equation of the curve and hence
determine f(x).

70.

(i) JEE Advanced & IIT-JEE

73. A solution curve of the differential equation

If y, and y, are the solution of differential equation
dy/dx+Py=Q,

(x? +xy+4X+2y+4)%‘y’ =0, x >0, passes

through the point (1, 3). Then, the solution curve

71.

72.

76.

[More than One Correct 2016]

(a) intersects y = x + 2 exactly at one point
(b) intersects y = x + 2 exactly at two points
(c) intersects y =(x + 2)?

(d) does not intersecty = (x + 3)?

74. Let f :(0, <) — Rbe a differentiable function such that

fi(x)= 2—f( )forallxe(o o) and f(1) # 1. Then
(a) lim

e )-1
(b) lim xf( ) 2

(c) hmmxzf(x)=o
(d)| f(x)| S2for all x €(0,2)

Let y(x) be a solution of the differential equation
(1+e*)y’ +ye* =11f (0) =2 then which of the
following statement(s) is/are true?

[More than One Correct 2016]

75.

78.

[More than One Correct 2015)

@)y (-4)=

(b)y(-2)=0

(c) y(x) has a critical point in the interval (-1, 0)
(d) y(x) has no critical point in the interval (-1, 0)

7.

where P and Q are function of x aloneand y, =y, z,
[ Lax

then prove thatz=1+c-€ no,

where c is an arbitrary constant.

Lety= f(x)bea differentiable function V x € Rand

satisfies :

flx)= x+.[ x zf(z)dz+J' xz? f(z)dz.
Determine the function.

Iff:R-(-1— Rand f is differentiable function
satisfies :

f(x)+ f+x f)=y+ f(x) +yf(x)V x,
y€ R— {1 Find f(x).

@ Differential Equations Exercise 8 :
Questlons Asked in Prevmus 10 Years Exams

Consider the family of all circles whose centres lie on the
straight line y = x. If this family of circles is represented by
the differential equation Py’ + Qy” + 1 =0, where P, Q are
dy ., _d%
i ).
then which of the following statement(s) is/are true?
[More than One correct 2015]

the functions of x, yand y’ (here, y’ =

(@QP=y+x

b)P=y-x

(O P+Q=1-x+y+y'+(y’)

@P-Q=x+y-y - ()

The function y = f(x) is the solution of the differential
dy xy x* +2x

equation—+T
X" =1 q1-x?

in (—1,1) satisfying

f(0)=0.Then, flj: f(x)dx is  [Only One correct 2014]
i ry

n 3

@3- ©3-3 ©I-8 (LB

Let f:[1/2,1] - R(the set of all real numbers) be a
positive, non-constant and differentiable function such
t}lmt f'(x)<2f(x)and f(1/2) = 1. Then, the value of

e f(x)dx lies in the interval [Only One Correct 2013]
(a) (2¢ -1, 2e) (®) (e-1,2e-1)
e—-1

(d)

ool

7



79. A curve passes through the point (1, %) Let the slope of

the curve at each point (x, y) be 2 sek:(l L, x >0. Then,
x x

the equation of the curve is

(a) sin (ZJ =logx + 2 (b) cosec (Z) =logx+2
x 2 X

2
(c) sec (%) =logx+2 (d) cos (Zy) =logx + %

X

® Directions (Q. Nos. 80 to 83) Let £ :[0, 1] > R (the set of
all real numbers) be a function. Suppose the function f is

twice differentiable, £(0) = f(1) =0 and satisfies
fx)=2f"(x)+ f(x) 2 e* , x €0, 1]
P ge Based Questi

[0,1]at x =1/ 4, then which of the following is true?
@) f(x) < fx), % <x <% (b) f(x)> f(x), 0 < x <i

@ f @< fe.0<x< @ F@<fmd<x

81. Which of the following is true?
@0<f(x) <o ®) -2 < fx) <2

(c)—i<f(x)<l (d) = oo < f(x) <0

82. Which of the following is true?
(a) g is increasing on (1, c°)
(b) g is decreasing on (1, =)
(c) g is increasing on (1, 2) and decreasing on (2, <)
(d) g is decreasing on (1, 2) and increasing on (2, =)

83. Consider the statements.
I. There exists some x € R such that,
f(x)+2x =21+ x?)
II. There exists some x € R such that,
2f(x)+1=2x(1+x)

(ii) JEE Main & AIEEE

88. If a curve y = f(x) passes through the point (1, — 1) and
satisfies the differential equation, y(1 + xy)dx = x dy,

then f [- %) is equal to

2 4 2 4
(a)— £ (®) - T (c) 5 (d) =

89. Let (x) be the solution of the differential equation
(xlog x)? +y=2xlog x,(x 2 1). Then, y(e) is equal to
x

[2015 JEE Main]

(a)e (b) o (c)2 (d) 2e

[Only One Correct 2013)

2013]

80. If the function e ™ f(x) assumes its minimum in interval

[2016 JEE Main]

84.

85.

86.
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(b) L is true and II is false
(d) Both I and II are false

(a) Both I and II are true
(c) Lis false and I is true

If y(x) satisfies the differential equation
y’ —ytanx =2 xsec x and »{0), then

[More than One Correct 2016]
2
T T
@y (7) Y

[(m)-
(b)y(?)'xs
n? (m)_4n  2n’
(0 y(-:‘)=7 @ y(?)_ Y]

Let y’(x) + y(x) g’ (x) = g(x) g’ (x), M0) =0, x € R, where
d f(x)
dx

differentiable function on R with g(0) = g(2) = 0. Then,
the value of (2)is ...... [Integer Type 2011]

Let f : R— R be a continuous function, which satisfies

=" dt. Then, the value of f(In5)is ... .
f) '[° £ i f[lntegerTypezoosl

f’(x)denotes and g(x)is a given non-constant

= Direction For the following question, choose the correct
answer from the codes (a), (b), (c) and (d) defined as
follows

87.

90.

(a) Statement I is true, Statement II is also true; Statement II is
the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II is
not the correct explanation of Statement 1.

(c) Statement I is true; Statement 11 is false.

(d) Statement I is false; Statement II is true.

Let a solution y = y(x) of the differential equation
x\/xz -1dy- nyz —1dx = 0satisfy y(2) = -

V3
Statement I y(x) =sec (sec-l x - %) and

Statement Il y(x)is given by 2 & - j1— 53
y x x?

[Stat 1t Based Questi

2008]

Let the population of rabbits surviving at a time t be
governed by the differential equation

dp(t) 1
% = EP(‘) =200.If p(0) = 100, then p(t) is equal to

, [2014 JEE Main]

(a) 400 — 300e2
t

2

(b) 300 - 200e

t
(¢) 600 — 500¢2
t
(d) 400 - 300e 2
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91. At present, a firm is manufacturing 2000 items. It is
estimated that the rate of change of production P with

respect to additional number of workers x is given by

gﬁ =100 — 12V/x. If the firm employees 25 more workers,

e

then the new level of production of items is
[2013 JEE Main]

(a) 2500
(c) 3500

(b) 3000
(d) 4500

92. The population p(t)at time t of a certain mouse species
satisfies the differential equation d—ZQ =0.5(t) — 450.1f
t

p(0) =850, then the time at which the population
becomes zero is [2012 AIEEE]
(a) 2log 18

1
~log 18
() 5 log

(b) log 9
(d) log 18

93. Ifd—y =y+3>0andy(0) =2 then y (log 2) is equal to
dx [2011 JEE Main]

(a5 (b) 13
(02 (d)7

94, Let I be the purchase value of an equipment and V (t) be
the value after it has been used for t years. The value
V(t) depreciates at a rate given by differential equation
dv

—d(—Q =—k(T —t), wherek >0isaconstantand T is
t

Exercise for Session 1

1.(d) 2.(a) 3.(d) 4. (a) 5. (d)
6.(a) 7.(b) 8. (a) 9.(a) 10.(b)
Exercise for Session 2
1.) 2.(c) 3.(a) 4.(a) 5.(c)
6.(a 7.(a) 8. (a) 9.(a) 10.(a)
1. (b)) 12.(c) 13.(a) 14.(b) 15.(b)
Exercise for Session 3
1. 2.(a) 3.(b) 4. (b) 5.(c)
6. (c) 7. (a) 8. (c) 9. (a) 10. (c)
Exercise for Session 4
1. 2. 3.(a) 4. (b) 5. (a)
6.a) 7.(c) 8. (b) 9.(a) 10.(d)
Exercise for Session 5
1.@ 2.(c) 3.(c) 4. (a) 5.(c)
6. (a) 7. (b) 8. (c)
Chapter Exercises
1. 2.(a) 3.(a) 4.(a) 5.(9)
6. (b) 7.(c) 8. (a) 9.(c) 10. (a)
11.(b) 12.(a) 13.(b) 14.(a) 15.(a)
16.(a) 17.(d) 18.(b)  19.(a,b,d)
20. (c,d) 21.(a,b,c,d) 22. (a,b,c,d)
23. (a,b,c) 24. (a,c,d) 25. (a,b)

the total life in years of the equipment. Then, the scrap

value V (T) of the equipment is [2010 AIEEE]
i _k@=p?
O () I =

1

KT 2_1

(c)e @T T

95, Solution of the differential equation
cos xdy = y(sin x —y)dx, 0<x<—72—r, is [2010 AIEEE]

(a) sec x =(tanx+ C)y
(b) ysecx =tanx+ C
(c) ytanx =secx+C
(d) tanx =(secx+ C)y

96. The differential equation which represents the family of
curves y = c,e?*, where ¢, and c, are arbitrary
constants, is [2009 AIEEE]
@y =y b))y =y"y
©@yy"=y @ yy"=0""

97. The differential equation of the family of circles with
fixed radius 5 units and centre on the line y =2is

[AIEEE 2008]

(a) (x—2)y”? =25—(y—2)°

®) (y-2)y” =25-(y -2)*

(©) (y=2)*y? =25-(y —2)?

(d) (x-2)°y? =25-(y-2)

Answers

26. (3,b,) 27. (a,b,d) 28. (a,b,c)
29. (b,c,d) 30. (a,d) 31. (b)
32.(d) 33.(d) 34. (c) 35. (c) 36. (a)
37.() 38.(d) 39.(d) 40.(b) 4l.(a)
42.(d) 43.(c) 44.(c) 45.(2) 46.(b)
47.(a) 48.(b) 49.(a) S0.(b) 51 (a)
52.(b) 53.(c) S54.(a) 55.(2)

56. (A) = (@), (B) = (5), (C) = (1), (D) = ()
57. (A) = (@), (B) = (1), (C) = (p), (D) = (5)
58. (A) = (s), (B) = (s), (C) = (@), (D) = (P)

59.(1) 60.(8) 61.(1)  62.(1) 63.(1)
64.(3) 65.(1)
66.0=" [2H
ma \ g
7 x 10°
67.t=
! 135 g

68. f(x)=¢" log x

69.x+ f()f' (@) =*® + f2(x) and f2(x) = 1 + 2x
20x

1. =—
f(x) 15 (4 + 9x)

2. f) ==

1+ x
73. (a, d) 74. (a) 75.(a,¢) 76.(b,c) 77.(b)
78.(d) 79.(a) 80.(c) 81.(d) 82.(b)
83.(c) 84.(d) 85.(0) 86.(0) 87.(c)
88.(d) 89.(c) 90.(a) 91.(c) 92.(a)
93.(d) 94.(a  95.(a) 96.(d) 97.(c)



Solutions

1. y e =Axe ™ + B
~2x

ey —2ye™ = A —2x e7%)

Cancelling e®* throughout

Y —2y = A(l -2x)

Differentiating again Y2 -2y, =-2A

= Azz}’l"J’z

On substituting A in Eq. (i)

Ay, —2y)=Qy, - y2) (1 —2x)

2y, — 4y =2y,(1 —2x) — (1 - 2x)y,
dy

J+2(3

Hence, k=2andl=-2

dy

d
1-2x)—| = -2
( X)dx(d y

X

= Ordered pair (k, l) =(2, -2)

2. d—y=z—coszly=vx
dx x x

dv 2
v+ x—=v-—cos'v
dx

dv dx
J=52+
cos® v x

:an1+1nx=c
x

e
Ifx=1,y=1t.: CcC=1 = tan¥-=l—].nx=ln—
4 x x

14
=xtan'|In—
y X tan ( x)

3. Y —y =m(X — x). For X-intercept Y =0

—= -2y
Ix

—=C = tanv+Ilnx=C

X=x-—l
Thercfore.x-l= y
YA
&)
(0] \
or ﬂ’—“’y_
dx x-y
ROt g ¥ dx 1-v

i)

dv v v-v+v?
X — = -—y=—
dc 1-v 1-v
[ av=[&
v x
-l mv=mx+cC
v
X _mZ=mx+c = -Z=my+cC
y x Y.

x=1,y=1=>C=-1
1-Z=lny = y=ee™”
y

e~ XY = = yexly =e

£
4

4. sinxd—y- +ycosx=1
dx

2

O

dy
— + ycot x = cosec x
dx

cotx dx i
[F=ef =60 —ginx

y sin x =Ic0sec x-sinx dx

ysinx=x+C
Ifx=0,yisfinite -. C=0

¥ = x(cosec x) = L
s

inx
nz
Now, I<=— and I>%
4 2
n n?
Hence, —_<J<—
2 4
5. rf(x) dx = y*. Differentiatin, =3y2. %
o . g f(x) =3y e
Pixy)
xy)

dy
=3y X o y=
y =3y . y=0
or 3y dy =dx

3y?
.3 =x+C = Parabola

(rejected)



dy d?
6.y=mx+cL=m¥_
y G m;

dxl

aowe o dY d
Substituting in ——3—y-—4 S
g o ax y 4x
0-3m—4(mx+c)=-4x
—3m—4c - 4mx = - 4x
—(Bm + 4c) = 4x(m —1)
Eq.(i)istrueforallrealx,ifm=+1andc=-3/¢
7.y=um=d—y=mu"'_ld_y
dx dx

. - du
Since, 2x* -u™-mu™1 . ZE 4 y0m — 408
du _ 4x® —y'™
dx  2mx* u¥™!

= am=6 = m=:2
2
3
and 2m—-1=2 = m=5
dy y. 1 11
8. — - = tan—=-sec ——
dx x* «x x x*
de 1
[ an_de

Ify = —1,thenx — o

1
= C=-1>= y=sinl—cos—
x x
9. %M-=—KM = M=Ce™ whent=0;M=M,
t
= C=M,
=» M=Mge™
M,
whenr=1.M=—22
= k=In2
Therefore, M = Mye™* 2
when =ﬂ,thcn t =log, 1000 =998
1000

= 10h approximately

10. Slope of the normal = Y "
x -

Y

P (xy)

0| 00N

Chap 04 Differential Equations

—_
I
1]

=x-—+C

N[ RIS
<

Nl’*N

Eq. (ii) passes through (0, 0).
Thus,C=0
2+ yz -2x=0

Now, tangent to y* = 4x

y=mx+ L
m
If it touches the circle
4
—X
ON (10

xz+y2—2x=0

Then, m+Q/m)
,h+m’
= 1+ m?=m?
= m—eo
Hence, tangent is y-axis ie, x = 0.
" 2x(x +1 <
M. fro-254D gy
x+1 (x+1)
[F=el_z'd'=e"z
= ) dx
fl)-e =
J‘(x+l)z
= flre =L ¢
x+1

Atx=0, f(0)=5 = C =6
f(x)=[6x—+5)_e,l
x

+1

12. Ordinate = PM. Let P =(x, y)

Projection of ordinate on normal = PN
¥

293

-..(ii)

.(iii)
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PN =PN cosB=a (given) Iny+lhx=InC
y —a xy=C
1+ tan’@ At point (2, 3),
2x3=C=>C=6
= y=a,’l+(yl)z xy =6
dy _y’-a’ 18. (- = (ax
= =  a J’100 -y -[
- ady =J'¢ix —ln(lOO—y)=x+C
Jyz—az In(100-y)=—x+C
Also x=0, y=50
= aln|y +{y*-ad*|=x+C C=1In50
13. y =e*(ax +b) i) x=1In50—In (100 — y)
Differentiating w.r.t. x, we get = In 30—
100 —
%=¢'(ax+b)+e'-a or %=y+aex ...(ii) . 050 y= .
Again, differentiating both the sides 100 -y
§Z_>Z’=d_y s ox i) = 100 — y =50e”~
= dc®  dx = y =100 —50e™
From Eq. (iii) - Eq. (ii) (R ’
ﬂ_gi}:+ -0 19. Here,x(ﬁ) -3yz(zxx)+3=0
& a7 '
is required differential equation. has order 1, n:egree 2 and non-linear. .
14 D mgar=2x Xy WD 20. Here, (f(x))* + 4f'(x)- f() + (fx))* =0
, L =2ax=2x"—7; —=—"3
dx x* dx x f(x) 2 F(x)
dy x dy x = =t vhd| = 10
Now, m=—===1 = m=—— = —=—— f(x) f(x)
dx 2y dx 2y
, flx) 4% 16-4
yz = x +C f(x) 2
15. J.l (tx) dt =n- f(x) ’ = &Q=—2i\/§
et ’ f)
Put,x=y = dt= - dy Integrating both the sides
x log | f(x)] = (-2 £ ¥3) x + G,
L [*fty) dy =nf(x) JEEG
x 70 = flx)= o2t Va)x | c
Iof(y)dy=x-n-f(x) 21. (a) 32x+2yd—y=o
Differentiating, fx)=n[f(x)+xf (x)] dx
fx) (@ =n)=nx f(x) = Y iy 5K
), 1—n dx y
flx) nx and 16y" Y _
1-n 1-8 dx
Integrating, In f(x) =( ) InCx=In(Cx) " ; dy k
n = Lem=—
158 dx 16y
=Cx "
flx)=Cx =165k x
16. (x%2% —1) az® 'dz +2x 2> dx =0 y 165 e
or ox? 2% —2% ") dz +2x2°% dx =0 __x ¥y :
for homogeneous every term must be of the same degree, 4 Y x
i - L D
3211,+1—u 1= a 1 (b)dx_l ce*=1=(y - x)=—(y - x—1) [usingce"=y-xl
17. Differentiate, xy (x) = x’y’(x) + 2 xy(x)
2 s and Q k dy -y
or xy(x)+ x°y'(x)=0 i -Ee =

dy - dy
xE;+y—0 Z[l_k;y]:l



or [l—(x+2-y)]‘;—i=l [usingke™ =x -y +2]
gx:pnz: 1
dx y-x-1
= mm, =-1
(c).l—zq=2x._y?=2_y=m,
x* x
Also, 2x+4yd—y=0 = Q:—i:,nz
dx dx 2y
Hence, mm, =-1
(d) xt-y?=c
—Zyd—y=0 = d—=£=m.I
dx Ix y
xy=k
dy dy __y
X—+y=0 = —=-==
dx 5 dx x "
mm; ==1
Hence, (a) (b), (c) and (d) are all correct.
22. Letm=

E be the slope of tangent (x, y) to the required curve.

m, =slope of the tangent at xy = c*

aefia @
x  x
2
¢
m+— SR 4
Hence, X_=+1 or X =t1 )
c
1-—m 1-=m
x* x

Consider y?-2xy-x*=k
dy dy) =
2L -2ly+x—|-2x=0

= 2y dx (y dx

Y y-n=x+y
dx

=
=5 dy _xty _p, (say)
dx y-x
From Eq. (i)
Xty ¥
tHs=—2=F =
_2’_ x+y
=
2 2
=22 _iRus
X +y

Similarly option, (b), (c) and (d) safisfy

23.xgz-=ylog(x)Q—:-y-log(z-),puty:vx
dx x)dx «x x

d—y=v+ xi‘(

= dx dx

v+ x%:vlogv = x%=v(logv—l)

24,

25.

26.
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j- dv dx I dt Idx
_=—_- =2 |—=|—
v(logv—1) x t-1 x
letlog v=t
= log (t =1) = log (x)+log C
=) log (t — 1) = log (xC)
= t=1+xC
= log¥=1+xC
x
= y=X'2l+Cx
or y=X‘Cl-Cx
and log L =log e + Cx
x
= y=ex-ecx

d O
Clearly, (a) and (c) are of the form d—i- + Py = Q, which is
linear in y.
’ d
Also, (d) is % = cos x, on integrating d—i =sinx+ C
which is also linear in y.

dy _ -0t fx-yV+axy

dx 2y

= —=1 or —=-——
dx dx y

= x-y+1=0 and x*+y?=25
(a) f(x, tx) = ¢' + tan”'(t), independent of x.
= Homogeneous differential equation.

(b)log( )dx+-—sm"y -dy=0

=

log (t)
t*sin™ ()
=> Homogeneous differential equation.
© flx,y)= x4+ sinx - cosy
f(x, tx) = x* + sinx- cos (tx), not independent of x.

f(x: tx) =

, independent of x

= Not homogcneous differential equation.
+
@ flxy) = —’,
Xy =y

= f(x. tx) is not independent of x.
= Not homogeneous differential equation.

295
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e] cos x dx n x

=¥

27. Integrating Factor =
or y-c“’"=’[e”‘"" cosx=—e" " 4 C
At point (0, -1),
—1e°=-e"+C=0

sin x sin x

yet = —¢
=-1
d p
28. —y—y cotx=—¥
dx x
Integrating Factor = el ~®tx 4 = g~ logsinx _ LU
sinx
.. Required solution is y ; = I ~ox L dx +C
sinx x sinx
; = _‘. +C
sinx x
Asx 500,y 5 0=C=0
y =% o lim f(x)=1 Q)
x x—0
/2 si
jET] s LS
0 X
Since, SIAX s decreasing, when x > 0

X
= f(x) < f(0)
= J':/ff(x)<%andx<§
T /2
= fx)> j(-z-) = jo F(x)dx>1

(a) Order of the differential equation is 2.
xdy — ydx

29.

xdy — ydx x? _dx
(b) —_——=dx B ————=—
'xz+y2 l+y_2 x
xZ
y2
InfZ+ 1+ %]=In|cx|
x X
2 2
Yoo AxX BV A
x x
i.e. y+xt+y?=Cx*

() y=¢"(Acosx + Bsinx)

%}i =e* (Acosx + Bsinx) + e*(~Asinx + Bcosx)
x
=y + " (-Asinx + Bcosx)
d'y _dy

+ e* (- Asinx + Bcosx)
dx* dx

+ e* (- Acosx - Bsinx)
diy _dy

=-—= + ¢* (- Asinx + Bcosx) -
dx®  dx ( )=y

dy . dy (dy )
L LEN0) LSRN, | W) 1
; + n Y= dx ¥

30.

31.

32.

33.

34.

dy an”' y

d) 1 +y%) =+ x=2e

() ( y)dx

dx 1 ey

= =—f———mX®——
dy 1+y 1+y

1

F=e l0y2 =eun")'

1
ey

l+y2

dy

= 1an~!
= xe™ Y =2fe v.

1 1

tan” y:gn‘n_ Y+ k

= xe

%Y _3(A+ Bx) ™ = Be™
dx
= %+ my =(3+ m) (A + Bx) &* + Be’

2
= u+méx+ny=(9+3m+rl)(A+Bx)e3x

dx* dx
+B@6+m)e* =0

= 3m+n+9=0 and m+6=0

= m=-6 and n=9
Equation of tangent
Y-y=m(X-x)
Put X =0, Y=y-mx
Pxy)
(o}

Since, initial ordinate is

y-mx=x-1
= mx—-y=1-x
% - i Y= l—Tx which is a linear differential equation.
Hence, Statement I is correct and its degree is 1.
= Statement II is also correct. Since, every st degree
differential equation need not be linear, hence Statement II is
not the correct explanation of Statement 1.
Statement I The order of differential equation is 2.
.. Statement I is false.

Integral curves are y = ex — x?
The _differential equation does not represent all the parabolas
passing through origin but it represents all parabolas through

origin with axis of symmetry parallel to y-axis and coefficient
of x* as =1, hence Statement I i false.

Statement II is universally true.
ydx — xdy
)2

or Icoti-d(i]:]‘x,jx

-co!-{=xdx



35.

or Icoltdx=n.\'+C
In (sint) = nx + C;sin Xoce™
y

=, C082X + ¢;sin’ x + cycosx + ¢ e + o
y=q 2 3 4 H

S 1- 2
E% wp i Cz[ c:s x] bty [cos sz + l]

+ oo™ + e e
. ¢ € ¢
=(c, -2+ —’) cos2x + (—’ + —‘) +(cy +c's) e
2 2 2 2
=X cos2x + Ae®™ + A,

= Total number of independent parameters in the given
general solution is 3.

36. The given differential equation is

‘(2)
dx __2x
d_}' xt+1
dx
= ln(j—y)=ln(xz+l)+lnC.C>0
X
= d—y=C(x2+1)
dx
x!
= y=C(?+x]+C'.C'ER

Obviously y — o0, as x = es;as C > 0

37. (x — h)* = 4b (y — k) here b is constant and h, k are parameters.

38. The general equation of all non-vertical lines in a plane is

39.

ax + by =1, whereb # 0.

Now, ax+ by =1

= a+b % =0 (differentiating w.r.t. x)
b &y =0 (differentiating w.r.t. x)

= - gt
2

- dy., (asb #0)

2
2,

d
Hence, the differential equation is I}; =0.

The equation ax? + 2hxy + by? =1 represents the family of all
conics whose centre lies at the origin for different values of a,

hb.

. Order is 3.

Thus, Statement [ is false and Statement 11 is true.
Hence, option (d) is the correct answer.

40. y =asinx + b cosx

d ;
4 =acosx - bsinx
dx

4

g d—y1~=-acosx—bsinx=—y
x
d?

= d—:;+y=0

But Statement II is not the correct explanation of the Statement [,

41.

Chap 04 Differential Equations 297

flo)=2
f(x)=(e* + ™) cosx—2x - [xj: fA) dt —jﬁ, £ dt]
[}
f(x)=(e"+ ™) cosx —2x = [x(f(x)=f(0) = {t- f(t)]] -j:f(f)rﬂ)]
f(x) =(* + €7¥) cosx —2x — xf(x) + 2x +[x f(x) - I:f(l) d']

f(x)=(e* +e™) cosx - j:j(:) dt i)
On differentiating Eq. (i)

F/(x) + f(x)=cosx (¥ —e™*) =(e* + e ") sinx (i)
Hence, d . y =e* (cosx —sinx) — e* (cosx + sinx)
dx
42. f'(0)+ f(0)=0-2-0=0
43. IF of Eq. (i) is e*
y-ef= Ic"(cosx —sinx) dx — I(cosx + sinx) dx
y-e* = Ie"(cosx —sinx) dx —(sinx — cosx) + C
Let I= Iez"(cosx —sinx) dx = e**(Acosx + Bsinx)
Solving, A=3/5and B=-1/5andC =2/5
y=e* (% cosx — é sinx] —(sinx —cosx)e™™ + g e
Solutions (Q. Nos. 44 to 46)
. dYy
Integrating, —= =6x — 4,
:4 g ol
dy 2
weget;=3x -4x+ A
When x =1, %:o sothat A =1.
d.
Hence, =X =3x'-4x+1 O

Integrating, we get y = x> —2x% + x + B,
Whenx=1,y =5,sothat B=5
Thus, wehavey = x* ~2x* 4 x + 5

From Eq. (i), we get the critical points x = -1- x=1
3
2
At the critical point x = l dy is negative.
3 dx?

1
Therefore, at x = 3 ¥ has a local maximum.

d’y . i
Atx=1, d—x}; 1s positive. Therefore, at x = 1,y has a local

minimum,

Also, f(1)=5, /G):% f0)=5, f@2)=7

Hence, the global maximum value = 7.
and the global minimum value = 5.
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47. xdy - ydx =+/x* -y® dx

y =,h—(y/x)’ diy/x) _(dx
= d(x) et dx = I—-r_—l—(y/x)z —I =

= sin? L =Inx=InCorCx=¢" ¥*
x

48. (xy‘+y)dx—xdy=0
= xyldx+ydx-xdy=0
2
= x* dx — (5) d(i):g
Jeaesflc] als
A 3
= LA e
4 3\y
49. 2x cos ydx — x* siny dy + y? cosx dx+ 2y sin xdy =0
= Id(xzcosy) + Id(yzsmx) =0
= x%cosy + y’sinx=C
50. .
x 1+y
= lnx=§-ln(l+yz)+c
From the given condition, C = 0
" 2 —y?=1
dy 1+y?
51. -+ =0
dx ,/l—xz
d: dx
= ——y—2+ = =0
1+y 1-x
= tan”' y +sin” x=C
(a+x)?

52_%=(1+x)'(1+y)givesy=e 2 -1

53. Tangent at point P(x,y),isy -y = f'(x)(x = x)
Q:(0,y —x f'(x))
Then, PQ=0Q
= X+ x(f(x)? =y + 2 (f(x)? =2xy(f'(x)
= x’=y?-2xy- f'(x)

2 2
y -x -
dy/dx = , puty =1Ix
or dy By puty
pacdt _dy
= dx dx
dt  t*-1
t+x—=—
dx 2t
dt _-(+1’) | 2t d'__ld_x
. dx 2t 1412 x
2
= f-=l+y—z=xz+y2—cx=0
x X

54. Cy(x-5)" +y* =5°

Tangent, bx + ay —ab = 0, length of perpendicular to tangens
from centre = radius,

= |sb - ab] =5ya* + b*
= a%bh* —10ab* =254*
= ab*-10b* =25a

55, C:x*+y*-2x=0
Cpx*+y*-Cx=0

R M (1,0

ZQRM =30°

sin30°=;=>OR=l
1+O0R

sin30°=%=QM=1/3

1-0.
radius of C, =1/3=C=—2/3,C,:xz+yz+-:2;x=0
Point (—1/3,1/3) will satisfy C,.
56. (A)Let x=rcosf y =rsin6

x* + y% =r? (sin®0 + cos? 6)=r* i)
and tan6=2 )
x

d(x* + y*) =d(r?)
From Eq. (i), x dx + y dy = rdr ..(iii)

From Eq. (ii),
d (Z) =d (tan6)
x

= Xdy;zydx =Sec2 0do
x
xdy -y dx = x” sec’0 dO
=r?cos?Bsec?0dd = r’d® (V)
From Egs. (iii) and (iv)

sin™! (1) =0+C
a

= r=asin(0+ C)

= W = asin {C + tan™! (%)}



(B) o sec? x tan 2xy = cos’x
dx

2tan x
g =
Ilaanuec xdx tan’
e =e

x sec? x dx
IF= ==l
&t

=e ', wheret=tan® x -1

=" = t] = Jtan? x -1
. T
Given that, | x| <:
tan® x <1
IF=1-tan® x
Solution is y (1 — tan? x) = Icoszx (1 — tan®x) dx
=I(coszx—sinzx) dx

sin 2
il

=Ic052xdr=

T
whenx=—y=—
3 y

ﬁ(l_l);x_uc
8 2
sin2x
2(1 - tan®x)
(© X +y?-2ex=0 i)

2x+2y%—2c=0

C=0 = y=

or Cc=x+¥% ...(ii)
dx

d;
From Egs. (i) and (ii), x2+y? —2(x+ %) x=0

or—x*+y? —2xy % = 0 is the differential equation

representing the given family of circles. To find the orthogonal
trajectories.

=—2 dx
y = xydy
or y?dy = x* dy —2xy dx
d (x%) - x* d
or _dy=y( )2 y
2
x
or —dy=d(—)
y
2
or —y=x—+C
Yy
= X +y*+Cy=0
= Orthogonal trajectory.

(D) Differentiating the equation w.r.t. x, we get
xy (@) +1 [y dt=(x+1) 2y () + 1 [CGE

Again, differentiating, w.r.t. x, we get
y (x) = x%y’(x) + 2xy(x) + xy(x)
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x’dy(x)
123 =20
or (1 -3x) y(x) =
oF (1 —3:) dx B dy(x) or y= % e Vx
x y(x) x

57. (A)r =5cm, 8r = 0.06, A = r’

8A =2nr 8r =107 X 0.06=0.67

B)v=x>

Sv =3x% 8x

2)(100 35_x_x100 =3x1=3

v

dx
=2 —=2—— = x=4

©)(x-2) 0
(D) A= ‘{f 2

da_3 dx V3 .1 33

a2 a2 10 4

58. (A) j—y =¢* (Acosx + Bsinx) + e*(~Asinx + Bcosx)
Ix

=y + e* (~Asinx + Bcosx)

: d L 2 Lo + e*(—Asinx + Bcosx) +e*(—Acosx — Bsinx)

Tdd dx

2(g)r(8)
= e —y=2|2<-
dx (dx Y)7r="ax 7
So, degree =1 and order =2
(B) The equation of the family is y* = 4a (x — b)
where a, b are arbitrary constants.
2
2y %:40 or (%) + y‘:x}z'
So, degree =1 and order =2
(C) The equation of the family is
(x—c)z +y2 =c?

2 2

x"+y
x

or x*+y?-2x=0 or =2

(ZHZ}' Z—y)x—(xzwz)q
= X . =0
x

So, degree =1and order =1

2 2
(D) The equation of the family i xs Y bzy X =1 because

they have the same foci (£ ,’a - b%,0).
2% s 2y dy _
d*+ A bP+ A dx
x yp _d}']
or + =0 Let p=—
a®+A b+ ( P=ax
or x(b2+l.)+yp(a2+ A)=0

On differentiating,
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—b*x —a’yp

= A=
x+yp

.. The differential equation is

2 2

z P yz 7 =1
az+—bx—ayp b2+—bx—ayp

x+yp x+yp
- Mx+yp)  yix+yp)

d-b®  (bP-d)p

So, order = 1 and degree =2

59. 2x% dx —2y* dx + 2x*dy + 3xy* dy =0
Dividing throughout by x%y , we get
zd_x

293 2
-L]dx+2-d—y+§—y?dy=0
X x y x

- ZQ:.*_zd_y_‘ﬁy2 %! dy—Zy’x’dx=o
y x*
2.2 5,3
=g z£+2d_y+w—‘2ym=o
x
3
= 2d(lnx)+2d(lny)+d(y—zJ=0
x
yJ
= 2In|xf +2Inlyl+ 25 =C

whenx=1,y=1S0, C=1
60. Let the salt content at time ‘t’ be ulb, so that its rate of change
is du/dt.
=2galx2lb=4Ib/min
If ¢ be the concentration of the brine at time t, the rate at which
the salt content decreases due to the out flow
=2galx clb/min
=2clb/min
L =4-2c (1)
dt
Also, since there is no increase in the volume of the liquid, the

c=—

concentrations
50

. du 2u
. Eq. (i) becomes T 4- =
Separating the variables and integrating, we have

far=2s [ a8
100 —u
or t=-25In(100 —u) + K
Initially whent =0,u =0
=-25In100+ K

Eliminating ‘K’ from Egs. (ii) and (iii), we get

t=25In 190
100 - u

Taking t = t; when u = 40 and t = t, when u = 80, we have
100 100

t=25In| — d t,= it

' (60) we e 25["(20)

...(ii)

(i)

61.

62.

5
. The required time (t, — ;) =25 (ln 5-In 5) =25In3

=25%1.0986= 26 min 28 s
=1648 s =206 X 8 =206 X A
A=8

flx+ f) + @) =y + f(x) + () Q)
Differentiating w.r.t. x and y is constant
Flx+ fO)+ xf ) (A + FON = () + ¥ (x)
From Eq. (i) again differentiating w.r.t. y as x is constant
Flx+ fo)+ @)+ x) f) =1+ fx)
From Egs. (ii) and (iii)
1+ fly) _(+y) f1x)
1+x)f 1+ fx)
A+ FO) _ 1+ f0
1+ fiy) (@ +x) f(x)

Fo) =IO ang fr = L2 SD
1+y

)

...(if)

M1+ x)
fe _, 1
1+ f(x) 1+ x

Integrating both the sides f(x) =C(1 + x) -1
FromEq. (i) putx=y =0

F(£(0)) = £(0)
From Eq. (i), f(0)=C -1
So, flcC-1)=C-1
Cc=0,1 (taking +ve sign)
So, f(x)=—-1and f(x)=(1+ x)—1=xandC =1

f)=+x)"'-1=—21
b I

1
A=— = A=%1 ..
A

Hf(x)=1+l-—x

1+ £(2009) =
2010
O'(x) + 20(x) < 1

™ ¢'(x) + 20 (x) e < e

d
;(eh ¢(X) _%ebr] <0

2 (2010) (1 + £(2009)) =1

. 1 H
o (cz‘ o (x) - E) is a non-increasing function of x.

1,
= ¢ (x)- 3 is a non-increasing function of x.

. 20 (x) is always less than or equal to 1.

1 = a d
63 —(1+x)"2-Z(14y)y2 % _
2( ) 2(l y) =0

1 a dy Ji+y
= = N & = . g 1
J1+x 1+y dx ks M+ x dy/dx

Putting this value in the given equation,

b frx-l1ty _dy

dx N iy



64.

65.

66.

= (1+x)-dl=l+y+,h+xd_y
dx dx

= (1+x—‘[1+x)%y-=1+y
x
. Degree of the given equation is 1.

Here, 2*(x): f/(x)-[L+ (f ()] = £"()

4(x)d(F ol 8
= LMD = e
- |73 = [ dan™(£ o)

6,
= L0 ctan (@) as 10 = @) =0 = c =0

= £ (x) = tan”'(f"(x))

6,
P
2" 18 2

1/6 1/6
3n 3n
—_— < <=
{Z) <sn<(Z)
=> Number of integers between k; and k; are 3.
Put,dy/dx=t

dt/dx—t+e =0, LF. = ¢l =
e *dx+C

x

Solution is, t-e™* = I—ez"

= te*=-"+Cy'(0)=1C=2

2-¢” x 2x
dy /dx === [dy = [(2e* —e*")dx
e—Xx

2x
= y=z'*-eT+c‘.y(o)=z=>c' =1/2

B | 5 _
y(x) =2e _T+E = y(x)szforx—logz
[2x] =[2log2] = [log4] =1
Let in time dt the decrease in water level in the tank is dh, then
amount of water flown out in time dt = 7tr’ - dh

Now, through the hole the amount of water flown
= (Volume of cylinder of cross sectional area ‘a’

and length vdt).
Ly
H
St
=a.v.dg=ap‘[2gh dt
Hence, Ha \f2gh dt = - n r’dh

p= 2
= dt=_Tr
Ha |2g

R~V dh

67.

68.
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Now, whent=0,h=Hand whent=t,h=0

k _'ﬂ'-’ -1z
Thus, ju dt = T j K2 dh
s s
x=—-2~/ﬁ
= pa (__Zg Wh)y
nr® [2H
= t=——+ |—
a Y g

Let at time t the depth of water is h; the radius of water surface
is r.

Then, r?=R*-(R-h)’

= r? =2Rh -k’

Now, if in time dt the decrease in water level

is dh, then
—nr?dh=06.2gh-adt
(a is cross- sectional area of the outlet)
= (2Rh - hz) — dt

(06) J—

2 _ 1/2 eif*
PR J@J"* (h** = 2R K"y dh J'o dt

n 2 4 °
= ———=| Zh?-—Rn¥? | =t
(06) a Jz‘g[ 5 3 X
- n [O_Rsn(g_i) _7mx10°
(06) a V2g 5 3)] 1358

We have been given,
fly) =" e f(x) +e* f)V xyeR* (@)
Replacing x =1, y =1in Eq. (i), we get
fO=e""efM+efW=f)=0
Now, f'(x)= lim L&*+M-f(x)
h—0 h

h—>0
e € R e e 0+ W)~ ()
h—0 h
- -h-ox
_ Sfre | x -f(1+£)—f(x)
=hh—£n0 h
- —ﬁix
s ({14 8) - o)
= :
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h-l-ﬁq»x(f(l + h) f(l))
e x — -
p— f(X)(e"—l)+ lim x
A0 h h—=0 h
L B
x
x =1 ’ x
=f(x)+e'—f(1)=f(x)+e_
x x
- £10-f@=<
& CLW-f@e 1
e x
= i(&);
dx\ e* x
Integrating both the sides, we get
& x4 c
e
Since, f)=0=C=0
Thus, f(x)=¢€"-In(x)

69. Let P (x, f (x)) be a point lying on the curve in first quadrant.

Equation of normal and tangent at P are

1
(Y _f(x))——m(x —x) and
(Y = f(x)) = f "(x) (X — x) respectively.

—%,0),85(1-’- f(x) f’(x),0)
Since, the mid-point of segment AB is origin.

fx) L =
f’(x)+f(x) f'x)=0

= FEUE @ +2x f/(x)-fx)=0

-2xt ,}4x2 +4f%(x) Wt 14 ,sz + fi(x)
2f (x) fx)

Negative sign been neglected as f “(x) > 0

Thus, we have, x + f (x)- f " (x) = "xz + fZ (x)
= L@ =@
x
A+ f2E) g
22+ f2(x)
Integrating both the sides, we get ,/ 4+ fA(x)=x+A
It passes through (1, V3).
Hence, A+1=2=A=1
.. Curveis x* +f2(x)=(x+ 1)? or yz =1+2x
70. We have been given,

= A=s| x

= 2x —

= flx)=

=

4y, dy,
e A =Q, ==+ Py, =
7 + Py, =Q, dx y2=Q
dy, dz dy,
= — - + i
Now, Y2=Nz= n Y o dx
dz dy,
—_—t ==+ z=
=N dx z dx P e

71.

72

d
=>y,~d—z+2(l+Pyn)=Q

dx dx
dz
= n-—+z0=0
dx
dz
=> y12;2=Q(l_z)
d
- _Z_=_de
1-z »n

= In|z-1|= ~j' ygdx + A, ‘A’ being constant of integration
1

2a
= z=1+ce N
1
We have, f(x)=x+ xzjol z f(z)dz + on 2% f(z)dz
f)=x+x*AM+xh, (say)
Now, M =j°' zf(z)dz:Inl A+ )z +22 M) zdz
=1+7L2 +ﬁ
3 4
= 9N —4A,=4 ...(0)
Also, }.Z=‘|'0l 2% f(z) dz
=Io' (@ +A) 2%+ 2% A) dz
_+dg) A
4 5
= 15 kz‘—4}1 =5 ...(ii)
From Eqgs. (i) and (ii),
WP w6l
"9 2= 119
= f(x)=x+8_0x2+6_1x=2°_x(4+9x)
119 119 119

fEHfOI+xfON=y+fX)+y f(x)

Keep y constant and differentiating the expression w.r.t. x, we
get

fr&+fOI+xONA+ FON=F"(x)0+y) ~A)

Similarly, differentiate the expression w.r.t. ‘y’ and keep x
constant, we get

x4+ fO)+ x fON(F 0 A+ x) =1+ f (x)) (i)
Dividing Eq. (i) by Eq. (ii), we get
1+f0) _fx@+y)
F'Ma+x)  a+ f(x)
= 1+ f(y) =f’(x)(1+x)=c
Froa+y) 0+ f(x)
vy [ 1+ £ ) N, A
= ' C[ T4y ]andf(x)—Cm
= C=é=c=tl
f'(x) 1

@ T iis

= fE) =M1+ -1
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Replacing x, y — 0 in the Eq. (i), we get
FF©)=f(0)

Now, fER=M0+x)* -1= f0)=2 -1
and FUEO)=fA-1)=22" -1
Since, FEO=FOMN" ~1=2 -1
= Alri=)
By taking +ve sign, we get A; = 0,1
= fx)=-10r f(x)=x
By taking — ve sign, we get A, =1
1 x
= f(X)=1+x—1=_1+x

Given, (x*+xy+4x+2y+ 4)3—" -y*=0
x

= [(x*+ 4x + 4)+y(x+2)]‘;—y—y2=o
x

= [(x+2)z+y(x+2)]dd—y—y2 =0
X
Putx+2=Xandy =Y, then
dY
X:+XY)—-Y%=0
( )dx

= X2dY + XYdY -Y*dX =0
= X*dY + Y(XdY - YdX) =0
dY  XdY - YdX
= -_—
Y X
= —d(o m)—d(i)
& X

On integrating both sides, we get

—]og|Y|=;‘;—+C,wherex+2=Xandy=Y

y i
= —log|y]—m+c (1)
Since, it passes through the point (1, 3).

% -log3=1+C
= C=-1-log3=-(loge + log 3)
=—log 3e

. Eq. (i) becomes
y —
I +—— —log(3e) =0
og |y| P g (3¢)

= log(m)+L=0
3e x+2

Now, to check option (a), y = x + 2 intersects the curve.
= log (M) + x+2. 0

(i)

3e x+2
= log(|x+2|)=—l
3e
= Ix+2 _ o _1
3e e

|[x+2|=3 or x+2=1%3

x =1,-5 (rejected), as x > 0 [given]
" x=1only one solution.
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Thus, (a) is the correct answer.

To check option (c), we have y =(x+2)?
Iyl) y
1 — |+ =0
anl o8 (Je x+2
Ix+2° |, (x+2)° _
IXTED | A2 RSl g
= log [ 3e x+2 :
+2?
- Tog [u]=_(x+ 2)
3e
= (_’H'_z)z_ = e D or (x+2)% -2 =3¢
3e
x+2 _ 3e
= (x+2)
Y
8"2
e
984 3e/(x+2)?
X
0o
Clearly, they have no solution.
To check option (d), y = (x+ 3)*
2 2
ie. log Ix+3] + (x+3)° _ 0
3e (x+2)

To check the number of solutions.

2
Let  g(x)=2log(x+3)+ (::Tsz)) — log (3¢)

g'(x)=L+((X+2)~2(x+3)_(x+ 3)z~1)_0
x+3

(x +2)°
__2 +(x+3)(x+l)
x+3 (x+2)?

Clearly, when x > 0, then, g’(x) > 0
&(x) is increasing, when x > 0.
Thus, when x > 0, then g(x) > £(0)
g(x)>log(2)+2>0
e 4

Hence, there is no solution.
Thus, option (d) is true.

74. Here, f'(x)=2- fix)
x

dy .y :

or - + e 2 [i.e. linear differential equation in y)

. o I _1'4' — Slog x
Integrating Factor, [F=¢’ * =¢l8¥ =
<. Required solution is y - (IF) = IQ(IF)dx +C
= y(x)=jz(x)dx+c
= yx=x*+C

(e
y=x+-; [+C#0as f1) #1]
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@ lim f'(l) = lim (1-Cx%) =1
x—0" x x—0"
.. Option (a) is correct.
®) lim x/(1)= lim (1 +Cx?) =1
x—0* X x— 0"
. Option (b) is incorrect.
(© lim x*f(x)= lim (x*-C)=-C=#0
x—0* x— 0"

.. Option (c) is incorrect.
(d)f(x)=x+£,C¢0
x
ForC>0, lim f(x)=e
x—0*

.. Function is not bounded in (0, 2).

. Option (d) is incorrect.
75. Here, 1+e" )y +ye*=1
y , < dy .
= =g =—t =1
ax Y
= dy + e*dy + ye* dx =dx
= dy + d(e*y) =dx

On integrating both sides, we get
y+efy=x+C

Given, y(0)=2
= 2+e”-2=0+C
= C=4
y(l+ef)=x+4
- XA
1+e"
-4+
Nowat x=-4y= =
% 1+¢™*
y(-4)=0
dy
For critical points, —=0
o p e
. dy (1+€*)-1—(x+ 4)e”
ie. ———— =
dx 1+ ¢*)?
= e*(x+3)-1=0
or e *=(x+3)
Y
y=e~

/y=x+3

(-1e)
(-1.2)

Y
>

A

.
[¢)
Yy

Clearly, the intersection point lies between (- 1, 0).
. y(x) has a critical point in the interval (- 1, 0).

0

76. Since, centre liesony = x.
. Equation of circle is x*+y*—2ax-2ay +c=0
On differentiating, we get
2x +2yy’ —2a —2ay’=0

= x+yy' —a—ay’=0
a_x+yy'
= 1+y’

Again differentiating, we get

U+ Y+ yy ) ]+ yy)-07)
- (a+ y,)z

=+y) 1+ + " 1-(x+ )1 =0

= 14y’ [0 +y +1]+yy -x) =0

On comparing with Py” + Qy” + 1 =0, we get

P=y-x

Q=0 +y'+1

Q+Py=Qis
dx

0

and

77. (i) Solution of the differential equation

y-(F) = [Q-(F) dx + ¢

where, IF = e'[ e

@) [ fexyde=2 [7 flx) dx,if f(=x) = f(x)

Given differential equation

dy % _ x* +2x
dx  x*-1 "1 -x?
This is a linear differential equation.
x
X i g3
[F:ej' x% =1 =e;l.n|x -1|= 1—x2

=> Solution is
yi-< =] %"?%)-Jx-xz dx
y,h—xz =I(x‘ +2x)dx=x?s+ X +c

f0)=0=c=0

= f(x‘)-,'l—xz =x?5+xz

VET 3z X2
Now, ‘Lﬁ/zf(x)dx i ﬁl = dx [using property]
NEY) x?
= 7 de
L=
n3sin O
=2 Io s::s g ¢ 0.d0 [taking x =sin 6]

n/3
=2 j'o sin?0d = I:"(l — cos 26) d8

=(e_5‘“2")""= n_sin2n/3_n V3
2 3 =

0 2 3 4



78.

79.

80.

Whenever we have linear differential equation containing
inequality, we should always check for increasing or

decreasing,
|.e~ford—+Py<0 = d—y+Py>0
dx dx

Multiply by integrating factor, i.e. eI P
differential equation.

Here, f'(x) <2f(x), multiplying by e/ 24

fr)-e™ —2e f(x) <0 = dix(f(x)-e"‘) <0

and convert into total

x) = f(x)e™ is decreasing for x E[%, l]

Thus, when x > %

o00) < «»[%] = e f(x) <e /(%)

= flx) <e®™™.1, given [(%) =1
= 0<[ flxdx< [ e tax
' g2x-1 1
= 0<Imf(x)dx<( s ]
12
= 0<J'l‘/2f(x)dx<e2;1

To solve homogeneous differential equation,
i.e. substitute £ =v
x
= & v+x
=vx —_—= s
y dx dx

Here, slope of the curve at(x, y) is
D22
x x

dx
Put Yoy

x

dv

v+ x— = v+ sec(v)

dx

dv
=> x;:sec(v) = Isccv I =
= jcosvdv = I— = sinv=logx + loge

= sm( ) log(cx)
x
As it passes th:ough( ) = sm( ) logc
= loge = 1
2
sin( )

Let ¢(x) =™ f(x)

¢’(x) <0, x€ (0, 1)
4

logx+-

Here,

81.

82.

83.

Chap 04 Differential Equations

and

¢’(x)>0,x€ G, 1)
=e f(x)-e " f(x)<0,x€ (0, %)

=af’(x)<f(x).0<x<%

Here, f"(x) —2f'(x) + f(x) 2 €”
= frx)e™ - fi(x)e* - fl(x)e™ + f(x)e™* 20

- L (e} 4 ) 21
= -i—{f’(x)c" - f(x)e*}21
= :x—zz {e* f(x)}21,Vxe[01]
= ¢ (x) = e”*f(x) is concave function.

£0)= f) =0
= #0)=0=f(1)
= d(x) <0
= e* f(x)<0

flx)<o

Here, f(x)=(1—- x)? -sinfx+ x220,V x

and g(x) = Lx[%—logt) fltydt

- v

For g’(x) to be increasing or decreasing.

log x} - f(x)

+ ve

Let Mx):—z(x—l)—logx
x+1
Sy =4 _l= —-(x-1)
v (x+1)? x x(x+1)
¢ (x)<0,V x>1
= d(x)<o@) = ¢x)<0

From Egs. (i) and (i), g(x) < 0, x €(1, =)
- g(x) is decreasing on x € (1, o).
Here, f(x) +2x =(1 — x)?-sin®x + x* + 2x
where, I: f(x) + 2x =2(1 + x)?
21+ x*) =(1 - x)*sin®x + x? + 2x
= (1-x)sin®x=x*-2x+2
=  (1-x)sin’x=(1-x)+1
= (-x)Pcos’x=-1
which is never possible.
- Lis false.
Again, let h(x) =2 f(x) + 1 = 2x(1 + x)
where, h0)=2f(0)+1-0=1
h(1) =2(1) + 1 = 4 = =3 as [k(0)K1) < 0]
=> h(x) must have a solution.
& LS true,

305
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84. Linear differential equation under one variable.

D opy =g BT
dx

. Solution is, y (IF) = [ Q- (IF)dx+C

y’—ytanx =2xsecx and y(0)=0
= £i—)i—ytanx =2xsecx
dx
IF= Ie""“'dx: eloBlosd = cogx

Solution is y- cosx=j?.xsec x-cosxdx+C

= y-cosx=x2+C
As y(0)=0
= C=0
y = x*secx
n n
Now, —|=—
y(4) V2
FEATE. .5 (n) 2n?
= —|=—t— = —|==
y(4) AN ATy
- (E) an zn
Y3 Y
dy

85. e I g'(x) = g(x) g'(x)

[F=eI’ (Xdx _  g(x)
Solution is y (e £*) =Jg(x)-g'(x)-c‘(’) dx+ C
Put g(x)=t g'(x)dx=dt
P(eEX) =It-e‘ dt+C=t-¢ —J‘lle' dt+C
=t-e - +C
y e8® =(g(x) —1) e8P + C

Given, ¥(0) =0, g(0) = g(2) =0
Eq. (i) becomes,
$(0)- 5@ =(g(0) - 1)-e5® + C

= 0=(-1)-14C = C=1
y(x)-e5® =(g(x) - 1) es™ 41
= y(2)-e‘(z’ =(g2)-1) e5@ 41, where g(2) =0
= y@2)-1=(=1)-1+1
y@)=0

86. From given integral equation, f(0) = 0.
Also, differentiating the given integral equation w.r.t. x

f'(x)=f(x)
If flx)#0
= ‘;—’((:7)=1 = log f(x)=x+c¢
= f(x)=¢‘€e*

f(0)=0 = € =0, acontradiction
f(x)=0,Vx€R = f(In5)=0

87.

88.

89.

Alter
Given, f) = [ f@ de
= f0)=0 and f'(x)=f(x)
If f(x)#0 o
= m:l = In f(x)=x+c
= flx)=¢-e*

flo=0

= ¢° =0, a contradiction
f(x)=0,VxeR = f(In5)=0
dy_yly’-1

Given,
ive i i g
y y? —1 Ix;}x -1
= y=sec1x+c
At 2, +c = ¢ =
o &y BT c i
== J' 6 3 6

( 1:) [ a1 -1 \/5]
Now, y =sec|sec' x —— |=cos| cos™ — — cos "
x

= cos| cos™" —+ I—L 1—2
x* 4

V31 1
y=— +-_1- —2
2x 2 x
Given differential equation is

¥+ xy)dx = x dy

= ydx + xy?dx = xdy
= L dud L NS
y
dx - xd
= I, i i):m
¥ Y
On integrating both sides, we get
2
x _x
-——=—4+C i)
et @i
It passes through (1, —1).
1
l=—+C=>C=l
2 2
2
Now, from Eq. (i) —i=£—+1
y 2 2
= 1= y=- 2%
xt+1

Given differential equation is
dy
xlogx)—+y =
(xlog )dx y =2xlogx,

= L
dx  xlogx




90.

91

92.

This is a linear differential equation.

I—l—dt
IF=e xlogx =clog(l\vgx) - logx
Now, the solution of given differential equation is given by

y-logx= Ilogx-de

= y'logx=2j‘logxdx
= y-logx=2[xlogx-x]+¢
At x=lc=2
= y-logx=2[xlogx - x] +2
At x=e

y=2e—e)+2
= y=2

. dj
Given differential equation d_‘t’ —% p(t) =—200is a linear

differential equation.

Here, p(t)= 12‘-.Q(r) =200

IF= el{l’}“ = e—‘z

Hence, solution is
p(t).TF = [ Q) IFdt

t t
plt)-e? =J‘—zoo-e 2dt

t t

p(t)-e 2=400e 2+ K

= p (1) = 400 + ke™'2
If p(0) =100, then k =-300

t
= P (t) = 400 — 300e2
Given, .o (100-12x)
dx
= dP = (100 — 12Vx) dx
On integrating both sides, we get
[dp =[ (100 - 12x) dx

P =100x -8x"*+C
When x = 0, then P =2000
= C=2000
Now, when x =25, then
P =100 x 25 -8 x (25)* + 2000
=2500 — 8 X 125 + 2000

=4500 - 1000 =3500
Given

(i) The population of mouse at time 't satisfies the
differential equation p(t)= @ = 05p(t) — 450
t
(i) Population of mouse at time t = 0 is
£(0) =850

93.

94.
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To find The time at which the population of the mouse will
become zero, i.e. to find the value of ‘" at which p(t) = 0.
Let's solve the differential equation first

py=20

dt
2dp(t)  _
p(t)—900
J- 2dp(t)  _ f ”
p(t) =900
= 2log | p(t) —900| =t + C, where Cis the constant of
integration.
To find the value of ‘C’, let’s substitute t = 0.
= 2log| p(0)-900|=0+C
= C =2 log | 850 —900|
= C=2log 50
Now, substituting the value of Cback in the solution, we get
2 log | p(t) =900 | =t + 2 log 50

Here, since we want to find the value of t at which p(t) =0,
hence substituting p(t) =-0, we get

=05 p(t) - 450

2log|0-900|=t+ 2 log 50

= t=2log =
50
= t=2log18
Here.d—y=y+3>0andy(0)=2
dx
= A =Idx
y+3
= log|ly +3|=x+C
Since, y(0) =2
= loge [2+3|=0+C
C =log.5
= log. |y + 3| = x + log,5
When x =log,2
= log. |y + 3| =log,2 + log,5=log,10
= y+3=10
= y=17
Given, d_{;"(;)] ==k(T-1)

- d{V(t)} == k(T —t)dt
On integrating both sides, we get

vy =-+T= ¢
2(-1)

= V(r)=§(T—t)’+C
Att=0,V(t)=1

I=§(T-0)‘+C
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= c=1-Xr2
2

k k
V) ==(T-t)*+I1--T?
() PGl s

Now, V(T)=1I -g'rz
95. Since, cosx dy = ysinx dx—y?dx

1 d;

= —z—y—ltanx=—secx
ytdx y

Put—l=z

S 1dy_de

y®dx dx

= Lt +(tanx)z = —sec x

dx

This is a linear differential equation.

Therefore,
IF =e[unxdx =elogs¢cx =secx

Hence, the solution is
z-(secx) = J‘—secx-secx dx+ G

1
= ——secx = —tanx+ G
y

= secx =y(tanx+C)

96.

97.

Given, y=¢e

= ¥’ = cpee”

= y'=cy (i)

= ¥ =cy (i)
"2 ,

= y= o) [from Eq. (i), ¢, = y_]
y y

= w'=0)

Equation of circle having centre (h, k) and radius a is
(x—h)?+(y—k)*=a"
The equation of family of circles with centre on y =2and of
radius 5 is
(x-a)* +(y-2)* =5
= x*+o’-20x+y’+4-4y=25
On differentiating w.r.t. x, we get
dy _,dy
2x—-200+2y——-4-—=0
Yax

= a=x+ d—y( y—=2)
dx
On putting the value of o in Eq. (i), we get

[x-x—ﬂ(y -2)]2 +(y-2)? =57
dx

d 2

= ¥y -2)* =25-(y -2)?

()



