Limits and Derivatives

Chapter 13 Limits and Derivatives Exercise 13.1, 13.2, miscellaneous Solutions

Exercise 13.1 : Solutions of Questions on Page Number : 301
Q1l:

limx+3
Evaluate the Given limit: *—**

Answer :

limx+3=3+3=6

x—33

Q2:

Hm[x———]
Evaluate the Given limit: * 7

Answer :

: [ 22] [ 22]
lim| x——|=|n——
N 7 7

Q3:

limm
Evaluate the Given limit: "

Answer :

limmr® =n (1 }1 =7

r—l

Q4 :

. dx+3
lim

Evaluate the Given limit: *** ¥ —2




Answer

4x+3 4(4)+3 16+3 19
m = = T —

li =
=4 x -2 4-2 2 2
Q5:
L |
i
Evaluate the Given limit: *™* x—1

Answer :
l a1 _[—]]“J+{—I}i+1 -1+l 1
r=p—1 x_l _1_1 _2
Q6:
x+1) -1
limQ
Evaluate the Given limit: **° x

Answer :

5
1im()n:+l] -1
=] x

Putx + 1 =y so that y A¢a€’ 1 as x A¢a€’ 0.

Accordingly, lim
=i} X

(x+1)" -1

:IimJy =
V=l J:_[

2




Q7 :

3 —x—10
lim————
=52 I:‘_-" —4

Evaluate the Given limit:

Answer :
]
At x = 2, the value of the given rational function takes the form 0
L3 —x—10 . (x=2)(3x+5)
. lim - = lim
=X x —4 H—%2 {X—Z}(I-I-E]
. 3x+5
= lim
a—+1 y 4 2
3(2)+5
2+2
11
4
Q8:
. x* =81
llrljll—
Evaluate the Given limit: *** 2x" —3x—3
Answer :
0
0

At x = 2, the value of the given rational function takes the form
_oxt-81 o (x=3)(x#3) (27 +9)

Solim—s =lim

a3 yT =8y =3 1 (x—3}{2x+1}

{:r—l- 3]{1‘1 +9)

= lim
H=3 2x+1
(3+3)(3" +9)
T 2(3)+1
_ 618
7
108



Q9 :

I ax+h
m
Evaluate the Given limit: **" ex +1

Answer :

0)+b
1ima.r+b:ﬂ‘( ]+ b
=0 x4+l ¢(0)+1

Q10
[
SR
lim—
z—wl
]
Evaluate the Given limit; zt =1
Answer :
[
-3 _1
lim—
2l
z -]

0
At z = 1, the value of the given function takes the form 0,

Y ~ ~
Put £ =X sothat z A¢a€ 1 as x A¢ga€’ 1.

|
-] xr =1

Accordingly, lim———=1im
= = vl oy —
-l
= lim
==l X -
i i
_ . x'=a -
=21 lim =na"
s T4 'T_a
=2




Q11:

Caxt +hx+c
lim————,a+b+c=0

-
Evaluate the Given limit: ** ¢x” +bx+a

Answer :

] ax” +bx+c _ f-l'[l}2 +b|:1}+t.’.'
=1 ex’ +bx+a c([}l +h(1)+a
a+h+e
=a+b+c
=1 [a+b+c#0]

Q12:

1 1
S +_
. —_
Evaluate the Given limit: * "% ¥+

Answer :

11
_+_
2

¥=4—2 X+ 2
0
At x = &€"2, the value of the given function takes the form 0 .
11 2+x
* 2x
Now, lim = 2 _ lim
-1 4 2 -1 y4 2

Q13:

SI1 ax

lim
Evaluate the Given limit: ***  bx



Answer

. sinax
lim
x =] blr
)]
At x = 0, the value of the given function takes the form 0,
. sInay . sinax ax
MNow, lim = lim X —
=pd) I}x Jo=pd) a_"' h"x‘
; sin ax a
=lim w| —
r—ld ax h
a . 5in ax
=—lim [x—H]::-m:—H]]
h-lll'—i-“ EJX
o . siny
=—x] |1m—J =]
I.h RIE U
_ o
b
Q14
. sinax
lim— L a, b=
Evaluate the Given limit: *" SIn bx
Answer :
. sinax
lim— L
w0 gin hx
0
0

At x = 0, the value of the given function takes the form



[ sin ax ]

, ® ax
. osinax ax

Now, lim =lim

= ginhy ( sin bx]
= b
hx

lim sin ax
_[E]xm‘—-'l ax |:x—}[}:>ﬂx_>ﬂ :|
=3 —

andx — 0= bhx =10

. siny
|:lllll — = ]}
_1'—tlf'l l._l

Q15:

lim sin(m—x)
Evaluate the Given limit: o T[l:TI—K)

Answer :
1imsm[ﬂ:—x]
= m(m-x)

Itis seen that x A¢a€’ m = (11 4€“ x) A¢a€’ 0

.'.Iimsmin_x]:l tim sin (- x)
T -ﬂ{n’_x) T 7-x]=0 (ﬂ-x]
<1 [1imSi"3’ - |]
i} }.'

g— al-—

Q16

. COSX
lim

Evaluate the given limit: * "' T—x




Answer

1
ia—-x -0 =

Q17 :

I cos2x—1
m—
Evaluate the Given limit; " €0sx—1

Answer :
. cos2x—1
lim———
w0 gosx —1
0
At x = 0, the value of the given function takes the form 0

Now,



. cos2x—1 . 1-2sin’x-1 X
lim———=lim— cosx=1-2sin 5

Tl C'DS-T—]. i} ]—Eﬂin: X _1
2
sin“x | .
a9 . h‘x
-1 R R
=lim =lim :
=l | v—ll
sin” 3
sS1n 2
= 2 X
o S
X
2
LT
.| st x
lim .
L] x
=4 b
A
o2 X
sin”
. 9
lim =
r—all [IJ'
P
\ -
. 2
sInx
lim
=0y
=4 5 [,r—}[}::«——,»ﬂl]
LX
51N
lim——2
T X
' 2
: sin
. ¥
=4— lim——=1
1‘ =il },l
=4
Q18:
. av+xcosxy
lln'l.—

Evaluate the Given limit: *** fsinx

Answer :

. ax 4+ xXCcosx

lim———

s hsinx

0
0

At x = 0, the value of the given function takes the form



Now,

_ax+xcosx 1. x{a+cosx)
lim—" = " im—— 7

el hsinx b a—i sinx
I .. ¥ o)
=—lim « lim{a+cosx)
b.‘r—-«'? Sil'l..\!' =0
] | )
=—x—————xlim(a+cosx)
h . sInx w—l
lim
x—al x
1 . sinx
=—x(a+cos0) lim
h =l oy
a+l
3]
Q19:
lim xsecx
Evaluate the Given limit: *—
Answer :
. ; X ] 0
limxsecx =lim =——=—=1)
v+l +cosy  cos( ]
Q20:
. singx 4+ by
lim—— a,h,a+h =0
Evaluate the Given limit: * " @x+sinbx
Answer :
0
At x = 0, the value of the given function takes the form 0 .

Now,



_ o osingx + by
lim—
w0 gy +sin by

Sin ax
ax + bx
ax

ax + b.r( sin bx ]

=[lim

a3l

hx

. sinax . .
(Ilm Jxllm{ax]Hlmb:r
=il ax a—l =il

= Asy—=U0=ar—0and bx — 0
lim ax + limb:r[lim sin b"] | !

el 1=l hr—slb b.T

lim (ax )+ lim bx sinx
_ [lim - :I}

o wepl) w i |

lim ax + lim b

x—ll ki

lim (ax + bx)

_ x—+l

B lim ( ax + bx)

v—kl1

=lim(1)

r—ail

=1

Q21 :

lim (cosec x —cot x)
Evaluate the Given limit: +~*

Answer :
At x = 0, the value of the given function takes the form = — o

Now,



lim (cosec x - cot x)

x—all

. | Cos X
=lim| ———
ellgny s8Ny
. [ l=cosx
=lim| ————
=0 gIn X
[l—cosx]
. X
=lim——=

A= SNy
X

. l—cosx

lim——

Tl x
sinx

all oy

|:|il'l'|ﬂ =0 and lim s X = 1:|

w—wld X T—all X

Answer :

. tan 2x
lim—

T
T N=—

2

0
X=— -
0.

At 2 , the value of the given function takes the form

T s
X——=¥ x—>—, y—=>0

Now, put 2 so that



tan2| v+ —
Iimt 2; = lim L J
- .|T Yy —il W
x__ -
Tt
o tan(m+2y)
- y =il };
. tan2y N
= lim . [lan{n+23}_ tan 2}]
. sin2y
= lim
v=0 yeos 2y
.| sin2y 2
= lim W
v=ol 0 2y cos2y
i . .
= lim sin 2y = lim 2 [}' —0=2y—> IJ]
Il\E:L'—a-IJ 2} Y —sll cos 2}
a2 {Iimsmxﬂ}
cos() sy
12
=2
Q23:
2x+3, x=0
lim lim 3(x+1), x>0

Find =" f(x) and ~=*! f(x), where f(x) =

Answer :
The given function is
{2x+ 3, x=10
0 = 3(x+1), x>0
lim f(x)= |I_I'I|],[2x +3]=2(0)+3=3

K=l

lim £ (x) = lim3(x-+1)=3(0+1)=3

Iirai flx)= “T. flx)= lim fx)=3

lim f{x}:lﬁimE(xH] =3(1+1)=6

K=l



lim £ (x)=1lim3(x+1)=3(1+1)=6

¥ ll-

wlim f (x) = lim £ (x) =lim £ (x) =6

=+l

Q24

-1 x=1
lim o1, k=1

Find ==! f(x), where f(x) =

Answer :
The given function is
-1, x=1
flx)=1",
—x =L x=1

lim £ (x)=lim[x*~1]=1 -1=1-1=0

x—+l

IEIII f(x)= |lﬂ|l|:—1‘ —I] =—1"-l=-1-1=-2

It is observed that lim f(x)# lim f(x).
x—sl x—l*

Hence, lim f(x) does not exist.
Q25:

lim =0
Evaluate “~*" f(x), where f(x) =

Answer :

The given function is
X
LL x=0
X

0, x=10
f(x) =



x—sll F—wlb X
L (=x . : B
_ IT'_'H(T] [When ¥ is negaitve, |x|— —x:|
-tin(-1)
|
. o
li S (x)= lm[—
NE: _ .
- ITI-'EE [:] [When x is positive, [x] :x]
-m1)
-1

It is observed that lim f{x)# lim f(x).
a—li il

Hence, lim f/(x) does not exist,

Q26 :

lim =
Find *~ f(x), where f(x) = *=0

Answer :

The given function is



= lim [i}
x—ik -

=lim (1)

K=l

—1

lim f(x) :I!}I'I ’ﬁ]

sl
=lim| =
o 113 x

=lim(1)

ik

| I

It is observed that lim /(x)
-l

2

[E‘r"hen x =, |1:| = —:r::|

[When x =10, |J.| = .r:l

lim f(x).

x—+iF

Hence, lim (x)does not exist.
sl

Q27 :
Find =5 f(x), where f(x) = I |
Answer :

_|x|-5

The given function is f(x)



lim [ |x|-5]

im £ (x)= lim
=lim(x-5) [ When x>0, |x|=ux]
=5-5
=10

i /)= 49
=lim(x-5) [ When x>0, |x|=x]
=5-5
=1

a I_il'p_ flx)= !ill‘[ flx)=0

Hence, lim £ (x)=0

Q28:

a+bx, x<1

4, x=1

b—ax x=1 lim
Suppose f(x) = and if ! f(x) = f(1) what are possible values of aand b?
Answer :

The given function is
a+bx, x<I
flx)=14. x =l
b—ax x=1
lim 7 (x)= Iin}{a+£ﬂx) =a+b
r—=l X—*
lim 7 (x)= Iin}[b—ax] =bh-a
v—sl T
f(1)=4
Itis given that lim £ (xx) = £(1).
cim f (x)=lim f(x)= Iin'lnf{x] =f(1)
Tl vl ¥
= a+b=4and b-a=4
On solving these two equations, we obtain ¢ =0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.



Q29

@y ey coins i

Let "be fixed real numbers and define a function

f(x)=(x-a)(x-a,)..(x—a,)

lim lim
: Q& d, ey d
What is ¥ f(x)? For some 1 * 7" compute T f(x).

Answer :

The given function is f{r} - {x 4 }{x % }{x — } ,

Imlj{ )= Ilm[ y—a)(x-a,).(x-q,)]

~[im(r-a) [t~} [lin(s-a.)
=(a,—a)(a,-a,)..(a-a,)=0
cim f(x)=

L —kidy

Now, lim f(x)=lim[(x-a)(x-a,)..(x-a,)]

Nl L—*a

_ [l"ﬂ‘ix_ a }][I_im [x— a, ]:|...[1im{.1' -a, }]

kil I—ri

=(a—a)la-a.)..la—a,)
slim f(x)=(a-a)(a-a,)..(a~a,)

i o1

Q30
x| +1, x<0
0, x=0
|I—L x>0
If f(x) = .

lim
For what value (s) of adoes **¥ f(x) exists?

Answer :

The given function is



f+1 x<0

S(x)=10, x=10

=1, x>0

When a =0,

lim f(x) = lim (|«]+1)
=lim(-x+1) [Ifx <0, |x]=-x]
=—0+1
=1

lim £ ()= lim (|x{-1)
=lim (x~1) [1fx>0, |x=x]
=0-1

Here. it is observed that lim f(x) # lim f(x).

a—wll x—il
- lim f(x) does not exist.
Tl

When a<0,

fim £ (<) = fim (1
=lim(-x+1) [x::n::ﬂ:} |x|=—x:|
=-a+l

lim £ (x)=fim (k4 +1)
=1im[—x+|] [ﬂ{x{'ﬂ:} |x|=—x:|
=-a+l

Slim f(x) = lim f(x)=-a+1
Thus, limit of /° {x]cxists at x = a. where a < (.

Whena>0



lim f(x)= lim (|x|-1)

I|—"I:I £ —:"I:I

=lim(x-1) [D{ x{u:,‘=|.r|=x:|

o 47}

=a-1

l1m £(x)=lim (|x| 1)

=1]l'l‘l[.1'—|.} [D{ a-f.x::-|x|=x]
=a—1
- lim f{x] = ]in'{_,f'{x]=a—1

Thus. limit of /' x)exists at x = a, where a > 0.

lim f(x)
Thus, +—*« exists for all a # 0.

Q31:

m =2 limf (x)

If the function f(x) satisfies o x* -1 , evaluate *—!

Answer :
f{x]—E

sl x: =1
lim (f(x)-2)

1jm[x2—1}

x—+l

=T

=1

iy (1()-2)= iy (<)
::»\1_rir||(f{h 2) (ll—l)

:‘*lm(f{]‘i —2} 0
= lim f( x ) lim2=10

Kl x—l

:>11rnf' \c} =0

el

|1ml"[\c}— 2

x=nl

Q32:



my” +n, x<0
S(x)=qnx+m, D<x<]

e+ m, 1 limf(x)  limf(x)

. For what integers m and n does *—*! and exist?

Answer :
The given function is
mx +n, x<0
Sx)=1nx+m, D=x<l
o’ +m, x>

lim f(x)= I*_i_r’r&{mx: +n)

x=i
=m(0) +n
=n

lim f{:r:] =lim(nx+ m)

vl v—+(}
=n(0)+m
=m.

lim £ (x)
Thus, +— exists if m =n.

lim f{x)= Iirrll{nr+ n)

ey | A
=n(l)+m
=m+n

lim f(x)=lim (nf + m)
vl =l
= n{l}J +m
=m+n

s lim f (x) = lim £ (x) =lim £ (x).

lim f(x)
Thus, ! exists for any integral value of m and n.

Exercise 13.2 : Solutions of Questions on Page Number : 312
Ql:

Find the derivative of x> - 2 at x = 10.

Answer :



Let f(x) = x* &€" 2. Accordingly,

/'(10) = lim F(10+h)- £(10)

fi—edb h-

[(10+h) ~2]-(10°-2)
= lim
Fr—sll h
L0+ 2100+ =210 %2
= lim
Tp—all h
20h+k
=lim=———
fpeall h
=1lim(20+/4)=(20+0)=20

]

Thus, the derivative of x* 4€“ 2 at x = 10 is 20.

Q2:

Find the derivative of 99x at x = 100.

Answer :

Let f(x) = 99x. Accordingly,
mnm} 7(100)

£(100) = lim:
100+ /) —99 |ﬂﬂ
i 99( ) (
B m‘)‘)xlﬂﬂﬁ}‘}h—‘}*}xl[}[}
Jr—sl ;-‘a
i 0
_.I'r—9|.l h
=1im(99) =99

Thus, the derivative of 99x at x = 100 is 99.

Q3:

Find the derivative of x at x = 1.

Answer :

Letf(x) = x. Accordingly,



£(1)=tim L0 =/ (1)

L]

_ |jmw
Jy—all h
. h
=lim—

i
=lim (1)

=0

Thus, the derivative of x at x = 1 is 1.

Q4

Find the derivative of the following functions from first principle.

(i) x° &€ 27 (ii) (x 4€“ 1) (x 4€“ 2)

I_ x+1
(i) ¥ (v) ¥-1
Answer :

(i) Let f(x) = x* &€" 27. Accordingly, from the first principle,

" f{x + .fr]— f(r]

'f"“{x] - .Illi—srlil h
[{x + h)j - 2?}— {x'ﬁ - 2?]

=lim

Jp—ald JIF

L X+ 3 h+3xh X
=lim

Tr=al) h

LW +3xTh+3xk
= Im':
= I_irrl'ul(h: +3x7 + 3xh}

=0+3x7+0=3x"

(ii) Let f(x) = (x &€“ 1) (x &€" 2). Accordingly, from the first principle,



fx)= lim

f1=ul}

Flx+m)=r1(x)
h

(x+h=1)(x+h-2)=(x-1)(x-2)

= lim
Fr—si) b
; (5" +hx—2x+ hx+ 1 = 2h—x—h+2) - (5" —2x—x+2)
= [1m
Fp—il .Illir
, (}.r,:.‘+h,r+h:—2h—h)
= lim
Fr—sil h
. 2hx+ht=3h
=lim————
Fr—sil ||L|"
=lim(2x + h=3)
=(2x+0-3)
=2x-3
1
.f[I}:—;
(iii) Let X" Accordingly, from the first principle,
(x4 )= F(x
() =tim L2 )
bl I
1 1
v+h) X
e CLl)
Fe—ll j_;

= lim— =
L= f?_ 1‘3{1+h}“

| _x: —{x+h}::|

=lim— - .
h=0 f .r“[x+h:|_

ff-f-ﬁ’-zm]

1| =h° =2hx
=0y _x: {x N h}i

. -h-2x
=lim| ————
L= L“ (_r+ h]' ]

0-2x -2

) ¥ (x+0) Y

x+1
X)j=—

(iv) Let ' x—1 Accordingly, from the first principle,



f'(x)=lim f(x+h)-1(x)

h=} f;
[x+h+| B x+l]
. x+h-1 x-1
=lim
fa—sil
i 1 [x—l}{x+h+])—{x+1}{x+h—1}
i g (x=1)(x+h-1)

e [x:+hx+x—x—h—l)—[x:+}u:—x+x+h—l]
=1 (x=1)(x+h-1)

=Iiml_ 2 }
h—+0 |y _{x—l](x+h—|]

=!}L%{(x-n}{f+h-]}}

-2 =2

TG (x-1y

Q5:

For the function

flx)

100 a0 2

X X
+.t=—+x+1

“100 99
f'(1)=1007(0)

Prove that

Answer :

The given function is



(LK tHy ‘*

X
=—t+—t.. +—+ +1
f(x) 100 99 2 )
11H) o z
if(x}:i A S
dx dx| 100 99 2

O e e b el

On using theorem di(.r”) =nx""', we obtain
n

e am
—_f }—]UUI 99 o +E+I+{I
09 2

=x" 4 x4+

f'[_r:l=xw +x A x+]

Atx =0,
f(0)=1
Atx=1,

=11+ 1+ = 4+ ]
Ths. F(1)=100x £'(0)

=1x100 =100

FEHD Berms

Q6:

I m—1 X_n-2 n—l n
Find the derivative of ¥ +&Xx  +a x ~“+..+a X+a for some fixed real number a.

Answer :

Lot flx)=x"+ax""+a'x" " +..+a" x+a"

; d n N o 2

,/'(-"):—(.\"' Fax" Vi L T e )
dx

d

Ll ST 7 wa d "
=(—;;(.\' )+a-‘—(x )+a’ -—(\ )+.ta ':;;(.\')+a :i-;(l)

. d 2 .
On using theorem -d—-.r” =nx""". we obtain
X

L(x)=mx"" +a(n-1)x""+a’ (n-2)x""+...+a"" +a"(0)

="' +a(n=-1)x""+a’ (n=2)x""+..+a""



Q7 :

For some constants a and b, find the derivative of
X=da

(i) (x &€ a) (x 4€“ b) (ii) (ax? + by’ (iii) ¥ —b

Answer :

() Let f (x) = (x 4€" &) (x 4€° b)

= f(x)=x"~(a+b)x+ab
Lf(x)= %{x: ~(a+b)x+ .-::b]

d . d d
= a(x }—{a +FJ]£I:X:|+E[0PJ}

On using theorem di[x" ] =nx""', we obtain
X

S(x)=2x—(a+b)+0=2x—a—b

flx)= (ax’ + b]

= f(x)=a’x"+2abx’ +b’

-

(ii) Let

» 7 - g v ,d dyia.y dy,,
Saf (.\')=z(a x'+2abx’ +b )=a —(.\'4)+2abm(x )+ (b )

dx d_\

; d ;s .
On using theorem — x” = nx""'. we obtain
= 1
ax

Fi(x)=d" (4.\':‘)4— 2ab(2x)+b7(0)
=4a’x’ +dabx

= 40.\'(&\"" + b)

. (x—a)
Let f [x} =
(iii (x=)

- -4

By quotient rule,



(x-8) % (v-a)~(x-a) | (x~b)
(x—b)

_(z=0)()-(x-a)(1)

(x—b)

_x—b-x+a
C(x-b)
_a-b
(x-b)

f'(x)=

Q8:
x'-a"

Find the derivative of ¥ —# for some constant a.

Answer :
Letf (x) =

, d | x"—a"
i’”")m[ J

By quotient rule,

i:x— a};(x" - a'“)—(x” —a'“);{x —ﬂ}

/x)= T
(4 o
(e o) o)
(x—a)
i (x—a)
Q9:

Find the derivative of

Zx—é

@) 4 (i) (5x° + 3x 4€“ 1) (x 4€“ 1)



(i) X% (5 + 3x) (iv) X° (3 5€* 6x7)

2 X

(v) x5+ (3 a€« ax*s) (vi) X¥+1 3x—1

Answer :
_f[x}:zx—i
(i) Let 4
d 3
r __2-. =
f{x) dr[ ' 4]
el d 3
302}
v dx' 4
=2-0
=2

(ii) Let f (x) = (5x° + 3x &€ 1) (x 4€* 1)

By Leibnitz product rule,

f‘{.\:}=[5_\:3 +3_r—l)di[x— I]+{x—1)j—x(5_rj +3_r—1)
-

X

Sx7+3x=1) (1) +(x-1)(5.3x" +3-0)
r—]}(lﬂxl-l-E]

v 3r—14+15¢ +3x 15" -3

)
(

(51‘3 +3x-— I]-I—

5
20x" =15x" +6x-4
(iii) Letf (x) = x** (5 + 3x)

By Leibnitz product rule,



' aod i
f {-‘1’}=Jr3;r{5+31']+{5+3X);r[x ]

=x 1{{]+3}+{5+3x][_3x )
=x 7 (3)+(5+3x)(-3x7)
=3x 7 = 15x " =9x7

=—6x" —-15x"

=-3x 3[2 +£]
x

—3x
2x+3
. (2x+5)

-3
=—(5+2
x_,{ +2x)

(iv) Let f (x) = x° (3 &4€" 6x*°)
By Leibnitz product rule,
f(x)= xii{l’-—ﬁx "}+(3—6x q)i(f)
dx v
= {0-6(-9)x ")+ (36 (5)
=x'(54x" ) +15x* -30x
= 54x7 +15x% =30x7
=24x" +15x
24

g

¥

=15x" +

(V) Let f (x) = x** (3 &€" 4x*°)
By Leibnitz product rule,

f(x)=x" i(3—4x'5)+[3 —4:6'5)%(;:4]

=37 {0-4(=5)x + (3-4x)(—4)
= (20 (3 4)
=20x " —12x7 +16x7"

=36x"" —12x7"

1236

T Jn

X

2 X

wiLetfy= ¥+1 3x—I




(p)=d( 2 ) 4 ¥
f{x]_ir[HJ a’x[h—l]

By quotient rule,

-{x+ |]i{2}—%i{.r+ 1) ) {S.r—l)i(f)—xj i{?-x—l}
(x+1) (3x-1)

:_(x+I][ﬂ}—2[I]:|_[[3.?—]}[21}_(_r2){3}]

(x+1) (3x-1)°

_ 2 __{a:r:—Zx—.'i:c:
(x+1) I (3x—1)

-2 3 - 211]

(x+1) | (3x-1)
-2 x(3x-2)
(x+l}: {3I—|]:

Q10:

Find the derivative of cos x from first principle.

Answer :
Let f (x) = cos x. Accordingly, from the first principle,

o) i 4 (X H) = (x)
S'(x)=1lim i

=i}

. cos(x+h)-cosx
=lim
Fr=al)



_im| COSXCOS/r—sin xsin & — cos x
_.'.-—H'_ fir
_ _—msu(l—mﬂh}—gmxsinh}
=lim
fa—wld h
[ —cosx(1-cosh) sinxsinh
=lun -
h rll_ h‘ h
. l=cosh) . .. (sinh)
=—cosx| lim——— |[—sinxlim —J
=i fir fr—will ] h
= —cosx(0)-sinx(1) [nm'_m”’:uand limsmhzl}
foepll I ‘!?
=—3sinx
S f(x)==sinx

Q1l1:

Find the derivative of the following functions:
(i) sin x cos x (ii) sec x (iii) 5 sec x + 4 cos X
(iv) cosec x (v) 3cot x + 5cosec x

(vi) 5sin x - 6¢cos x + 7 (vii) 2tan x - 7sec x

Answer :

(i) Letf (x) = sin x cos x. Accordingly, from the first principle,



_f'[x+ h]—_f'(x}

W EN 1
o)t
i sin(x+h)cos(x+h)—sinxcosx
= lim
fi—s1) h

= IirniJijl [2sin(x+h)cos(x+h)— 2sin xcos x |

fi—lh

~ lim [sin2(x+4)-sin2x]

i T h

. 1[ 2x+2h+2x 11'+2h—2_1}
=lim 2cos -5in
JJ—;IJZ}?

. |[ 4x+2h . 2}:}
= lim—| cos sin—
.II—H:Ih 2 2
L ]
=!||_|'13E[cns{2x+h]smh:|

. . sinh
=limcos(2x+h).lim

f—pld f1—slb
=cos(2x+0).1
=cos2x

(ii) Letf (x) = sec x. Accordingly, from the first principle,



()= lim flx +h,2—f(x)
sec(x+/)—secx

=lim
Ji—0

= lim— : ==
w0 h| cos(x+h) cosx

I —cosx—cos(x+h)]

=lim—
w0 | cosxcos(x+h)

i (x+x+h). [.\’—.\'—h)
—2sin| ———— |sin| ————
| | 2 2

= dim—
cosx 1 h cos(x+4h)
pain [ 2X+H) ( h
-2sin| =—— |[sin| -
| P | 2 \ 2
= dim—
cosx 0y cos(x+h)

. (2x+h
sin
2 h
| ’ 2
= Jim
cosx /0 cos(x+/7)
Al . [ 2x+h
sin| — sin] =———
| ; 257 2
= dim dim
cosx ", (h) >0 cos(x+h)
i 2
ol | sin x
COSX  COSX
=secxtanx

(iii) Letf (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,



G0~/ ()

_/.'(.\') = E;I—ou h
i Ssec(x+h)+4cos(x+h)—[5secx+4cosx]
=lim
oD h
sec(x+h)—secx cos(x+h)—cosx
=SIim[ ( ) ]+-Ilim[ ( ) ]
Je—0 h h—l) h
. 1 1 ol
=5lim— - +4lun—[cos(x+h)—cosx]
=0 h| cos(x+h) cosx | H0h

Trath

=0 fi| cosxcos(x+h)

-

I —cos.\-—cos(x+h)]

. [.\'+.\‘+h]. (x—x—h]
—2sIn - |sin
2 B

= Iiml =
cosx =0 fi cos(x+h) =0 h
- ('2x+h)_ ( h)
_ —2sin sin| ——
5§ o 1 2 L 2 . {1—cosh)
= dim— + 4| —cosxlim —m=
cosx =0 h cos(x+#) -0k
I sin[ﬁ ]
i (2.\'+h 2
’ L 2 h
5 & 2 :
= Jdim = +4| (=cosx).(0)—(sinx).I
cosx #-0 cos(x+h) [( }0)~etiz) ]

| =

. ( 2x+h ] !
= sin sin
3 . 2 .
= | lim Jim
cosx | =0 cos(x+h) 0

)

—4sinx

S I

5  sinx 2
= : d—4sinx
COSX COSX

=S5secxtanx.—4sinxy

(iv) Let f (x) = cosec x. Accordingly, from the first principle,

~sin x lim —J

2 | ; .
+4lim ,—[cos xcosh—sinxsin /i —cos x|
)

+4lim l[— cos x (1 —cos/1) —sin xsin h]

sinh
fi—a0t h



vin v f(xth)=f(x)

P ===

” |

/ (.\'):I’}ml—,[cosec(xﬂr)—cosecx]

1 1
=lim—| — o
w0 hr| sin(x+/4)  sinx

=lim—| — .
s s|n(x+h)Sll'l.\'

, x+x+hY) . (x—x—h)
2cos| ~——— |-sin| = J

1 -sinx—sin(x+h):|

=lim— > -
0 fy sin{x+/7)sinx
-_) (2.\%/1). [ h)
2cos sin| ——
. 2 2
= lim - 3 .
20 fy sin (x+/A)sin x
sin 2
cos 2x+h 2
2 h
. 2
=lim - =
0 sin(x+A)sinx
(2x+h]\ 2 (/’)
~COos sin| —
. 2 . B
=lim| — —— | lim
=0l sin(x+A)sinx | 1, [ﬁ)
: 3

/

_[_zeosx ),
sinxsiny /)
= —cosecx cot ¥

(v) Let f (x) = 3cot x + 5cosec x. Accordingly, from the first principle,



S(x+h)=-f(x)

S(x)=lim

=i

h

3cot(x+ A1)+ Scosec(x+ h) - 3cot x — Scosec x

= lim

hi—id

h

=3 Iimé[cm (x+h)- -:or:r] +5 !I_].'I;Il cosec (x+ /) - cosec x]

H—0

Now, lim%[mt[,r+ h]—cot x]

fa—l}

=lim—

1 _C{}S[I-I-ﬁ) _CUS_T]

s sin(x+h)  sinx

_ lim ] _ms[x+h)5inx—msxsin (x+4)
b I sinxsin(x+h)

[ sin(x—x—h) |
=iml HIH(I’ X }

s fy _sinx-‘iiﬂ[x“‘h]_

b= h| sinxsin(x+h)

5in{—}?)

. osinh | . I
=—| lim—— [.| lim — .
= =+ §in x - 8in {.1‘ + h}

=1

I -1

“sinx-sin(x+0) " snlx

— =—cosec’x -(2)

A1)



1
lim—| cosec|x+h)—cosecy
fo—pil fir[ [ ] ]

tim |
ot fi| sin{x+h) sinx

| _sinx-sin[x+h}]

=04 | sin(x +/1)sinx

_,i [x+_r+fr] . (.r—x-h]
2cos *SIn
I 2 2

= sin{x+#)sinx

',J [2x+.i'rJ . [ Ir]
= C0Ss S| =
1 2 2

fisl fy 5in { X+ }"r} 5111 X

=lim
it osin(x + fr)sin x

(3x+h] ) (h]
—Cos 5101
= lim = Jdim =

fislh 5i11{.r+h}5i1u‘ ’:m [E]

= 05X 1
sinxsiny )

= —COSeCY cot X -(3)

I3

From (1), (2), and (3), we obtain

/" (x)=-3cosec’x — Scosec x cot x

(vi) Let f (x) = 5sin x &4€" 6¢cos x + 7. Accordingly, from the first principle,



()i L A= 1 (x)
S(x)=lim h

=0

=lim ,l~|:53in(x+h)—6cos(x+Iz)+7 ~5sinx+6cosx—7 |
)

hi=sl)

—lim~[s {sin(x+h)—sinx}—6{cos(x +h)- cosx}]

= h

=5lim l[sin(x+h)—simr —6lim—:;|:cos(x+h)—cosx:|

h—sl) [7 h—0)
1 x+h+x) . (x+h—x . COSXCOSh—sinxsinh—cosx
=5lim—| 2¢cos| ———— gin| —— | =6 i —————— T
Ji-»li h 2 2 feadd h
2x —cosx(l—cosh)—sinxsinh
=5|iml 2(:05("\+h)sinﬁ —6lim . L
h=t fy 2 2 i) h
sin h
23 | —cosx(l—cost inxsin/
osfear cos( r+h) 5 -—6I1m[ cos x Sl)__sm\smh]
=i 2 h =0 h h
2

. h
.. Simn e )
= S[Iim cos( Zth J] lim— 2 —6[(—cosx)[lim 1=conh ) ~sin .\'lim[—sm k J:l
fi—al) 2 !’_," !7 Je—sl) h h—s0 h
2

= 5cosx.l—6[(—cosx).(0)—sinx.l:|
=5c0sx+6sInx

(vii) Let f (x) = 2 tan x &€" 7 sec x. Accordingly, from the first principle,



f(x)=1lim F(x+h)=71(x)

fi-»0 h

=lm L 2tan(x +h)—7sec(x+h)—2tanx+ 7secx]

Jiald h

=lim —1~[2 {tan (x+ /1)~ tan x} - 7 fsec(x + h) - sec \}]

fi—s0) h

=2lim 4 tan (x + /1) - tan .\'] ~7lim —‘-[sec(.\' +h) - secx]

Jr-30 h S0 ,’

=2lhm—

1] sin(x+#) sinx
0 -cos(_\' - h) COSX

v I
—T7hm—
w0 fi| cos(x+h) cosx

1| sin(x+A)cosx —sinxcos(x + /) cos.x —cos(x+ /)
=2hm— —7Thm—
>0 h cosxcos(.x+ /) w0 | cosxcos(x+h)
oo XTX+RY . [(x=x—h
B S = ISl
1| sin(x+h-x) . 2 )
=2lim— —7hm—
0 fo| cosxcos(x+h)| 0k cosxcos(x+h)

-2 sin(

A ( h
sin| ——
2 J 2t

( .
=2 i LS'""] : i
0|\ h )cosxcos(x+h)| 0k

cosxcos(x+h)

. (2.\'-&/:]
sin -
=

\ -

lim

( - h

sinfr | Y

=2| Iim lim ~7| lim =
e )l 050 cos xcos(x+h) LAV
& 2]
\ 2

| sin X
=21 -7l —
COSXCOSX COSXCOSX )

bl
=2sec” x—Tsecxtanx

Exercise Miscellaneous : Solutions of Questions on Page Number : 317

Ql:
Find the derivative of the following functions from first principle:

(i) &€ (ii) (3E“X)*" (iii) sin (x + 1)
%)
Cos| X ——
(iv) 8

Answer :

"0 cos xcos(x+h)



(i) Let f(x) = &€“x. Accordingly,
By first principle,
f ( x+h } -f [ x]

F(0 =l
e —(x+h)-(-x)
ik h
. —Xx—h+x
=lim
i} h
=lim—
=11 h
=lm(-1)=-1
£(x)=(=x)" =—=_1
(ii) Let —X

By first principle,
f'{x + h:l -1 x}

f’{x]ﬂin&
1 - [—|]
= lim— - —
s hl x+h \ x
1 -1 1}
= lim— o+ —
et h| Xx+h x
lim L -x+(x+h)
h—&l]h_ x(x+h)
; _-x+x+h
= lim—
h-+0 x{x+h]}
I_ h
=lim—
h—0 [y x[x+h}

(iii) Let f(x) = sin (x + 1). Accordingly,

By first principle,

X . Accordingly,

f(x+h)=—(x+h)

f(x+h)=

(

x+h]

f(x+h)=sin(x+h+1)



F(x+h) f'{w:]

f{h:l—hl‘ﬂ

la=alh

= Iim—[sin[x+h+l)—sin[x+l}:|

h—sli h

1 x+h+1+x+17Y . x+h+1—x—l]
=lim—| 2 cos sin
h—;l]hI: [ 2 ] [ 2
o [2};+I1+2] . (h]
=lim—| 2 cos| ——— |sin| —
b0 |y 2 2
sin(ﬂ]
. [2x+h+2] 2
= lim| cos .
2 h
[2]
:-'.in[—] _
=Iimcc:s[2x+h+2]-lim 2 Ash—;ﬂ::-%'—;ﬂ}

h—sl1 2 %_..u [E] |
“ 2

kh—

[2x+ﬂ+2] sinx }
=cos| ———— |1 1 m =1
2 ERal
=cos(x+1)

f(x}=.;gs[x—£] f[x+h}=cos[x+h—£]
(iv) Let 8 . Accordingly, 8

By first principle,

£(x) = hmf[x+h]—f{x]

hiwdl

| T i
=lim— cos[x+h ——]—cos[x ——J
h a-l]h|: 8 g




(-‘”fh—ﬂ*"—n] Xx+h-" x4
=lim— —Esinl‘“ 8 8 5in 8 8
h— |y 2 2
: Ix+h-" -
=lim—| =2sin 4 51N —
b+ |y 2 2
| \

= lim| —sin

T
4
h—+0) 2 h
2)

s T . (h
2x+h-= sin E I.I
=lim| —sin 4 Jdim Ash—=l=——=1
h—+1) 2 h g [E] 2
L L : 2
ax+0-%
=—3sIn |

Q2:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (x + a)

Answer :

x+h)=x+h+a
Let f(x) = x + a. Accordingly, f( ]

By first principle,



Q3:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

{px+q}(£+.i']

zero constants and m and n are integers):

Answer :
betf(-f}={ﬁx+q}[£+uv}

By Leibnitz product rule,
% oY (r '
1'(x) =(px+q)(—+s] +[—+s)(px+q)
x X
Zes(o)

X

()| S|
w36

=P il + ps

“

X RY X

= (px+q)(rx" +s)' +(

=(px+q

Q4 :

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax + b) (cx + d)*



Answer

f'[x}:{ax+b}[cx+rf]

Let

By Leibnitz product rule,

S (x)=(ax+b) :ii\' (ex+ d)J +(ex+ d): ‘Z‘ (ax+b)

=(ax+ b)i(c:x: +2cdy+d’ ) +(cx+d) i(a\' +b)
dx dx

=(a.x'+b)[ a (¢'x )+ = (2cdx)+ 4
dx

d* |+ (cx+d)’ 2 i
dx dx dx dx

(a.\'+b)(2cl_\'+ 20d)+(cx+d:)a

2c(ax+b)(ex+d)+a(ex+ d):

Q5:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
ar+ b

zero constants and m and n are integers): ex+d

Answer :

av+h
Let 7(x)= cx+d
By quotient rule,
(ex+d) d (ax+b)—(ax+b) d (ex+d)
dx ; iy
(ex+d)
_(ex+d)(a)—(ax+b)(c)
- (ex+dY
_acx +ad —acx - be
- l:c.r+a’]:
ad —be
(cx+ d}f

1(x)=

Q6:



Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers):

I1+—
X
I_I
X
Answer :
1_'_l x+1
x x x+1
Letf[x}: 1:t_]:x_l¢“'ht:rex;tﬂ
- ]
x X

By quotient rule,

) [x—l)%{x+l}—(x+l]%{x—]} _
! {x}= (x—l)z a0, 1
D000
{x—l]: ' ’

x=1=-x=1

=—— x#0.1
(v-1)

=[_ﬁ. x|
x—-

Q7:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-

1

2
zero constants and m and n are integers): &% +hy+c

Answer :

£ (x)=——

.
Let ax” +bx+c¢

By quotient rule,



. {mcz +bx+c)i[1j— i_(ux: +bx+c]

[ax? + by + c)'

(ax: + bx +c]{{}}—{1ax +b)

{m:? +hx+ ::'):

B —[2m:+ir]

(axj +hx+ c':l_

Q8:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
ac+h
pxz +gx+r

zero constants and m and n are integers):

Answer :

Let f(x)=

ax + b
pxj +gr+r

By quotient rule,

(pf +qx+r]£{ax+b}—{ax +b}£(pf +qx+r)

f;(x:I= . 3
(px'+qx+r}

(5 +qv+7)(0)—(av+8) 2pr-+q)
(px: +c;rx+r}:
_apx’ +agx +ar = 2apx” — agx - 2bpx — by

=

( px” + g+ r]'
—apx® =2bpx +ar —bg
(Jm-3 + g +r]:

Q9:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
pxt Egx

zero constants and m and n are integers): ax+b



Answer :
. T g+

Let f (x)= 22 "0
ax +h

By quotient rule,

(ﬂ.‘:+b]%{pxl +qx+r)—(px: +gr+ r]%[mﬁ h)

/(x)= (ax +b)
(ax+b)(2px+q)—(px* +qu+r)(a)
B (ax+b)
_ 2apx” + agx + 2bpx + bg — apx” — agx — ar
- {a;r-lrb}:
_apx’ +2bpx+ bg — ar
 (ax+b)
Q10:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
a b
— —— tcosx

zero constants and m and n are integers): ¥ X

Answer

Let/(x)= :_—:— :’ +Cos X

2 d( a d( b d
xX)=—| = |-—| —= |+—(cosx
/ (\) :/.r(.\“] d.r[.t‘) cl.r( ¥)

Tt (e AL o TR 7y
—udx(.r ) hd.\'('\ )+dx(cos,\)
=5 - ' (, " e (, < 3 . |
=a(-4x7)=b(-247")+(-sinx) [Z(r )= nx 'andm(uos.x)=—sm.\i|
—4a 2h
=—+—5—8InX
X X

Ql1:



Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

zero constants and m and n are integers): 4‘“;-_ -2

Answer :

Letf(x) =dx -2

Q12:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax + b)"

Answer :
Let f(x) = (ax+b)". Accordingly, f (x+ /)= {a(x+h)+b| =(ax+ah+b)

By first principle,



f(x+h)—1(x)

f'(x)=lm"

h-»0 h

. ax+ah+b) —(ax+b)
= h

v \” W
G (ax+h) (l+u:_lf:);) —(ax+h)
= lim 2

\n

(l (-lhh 1

=(ax+b) lim Bt s

Mt} I’

oy —I s :
=(ax+b) Ilml l+n[ a4 )+n(n )( i ] +...0—1
¢ g ax+b 2 lax+b

(Using binomial theorem )

. n(n=1)a’h’ R
=(ax+b) llml n[ s ]+ (a=1)z —+...(Terms containing higher degrees of /1)
h>0 fy ax+h l_,_?_(m- +h)

n . —.l jl
=(ax+h) lim - +n(n )2 ”+"‘
s (u_\-+h) |2(ax+b)

" na
=(ax+b +0
( ) I:(ar+h) ]

(ax+b)
(ax+h)

=na

=na(ax+h)""

Q13:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, q, r and s are fixed non-
zero constants and m and n are integers): (ax + b)" (cx +d)"

Answer :

Let f[x} = (ax+b]" [cx-lrd}

ra

By Leibnitz product rule,



£(3)=(av+ ) L evvd) +(evrd)' L(aes) (1)
Now, let f;(x) =(ex+d)"

fi(x+h)=(cx+ch+d)"

Si(x+h)=fi(x)

£ (x)=1im

T h
= i (ex+ch+d) —(cx+d)”
hsld l'

h-9 h ex+d

=((.'.\'-i—d)mllimll (|+ = J —l:l

o [ - -1 (¢*H
=(cx+d) lim— {H mah (N ) (£F) +...]—l]

0 h ((.'.\' + Ll) 2 (L‘.\‘ +d )1

T J; _l s 1ed
= (cx+d) lim | _eh +m(m )e {1
frad) h _((._\._‘_d) 2((',\"{'(/)-

W me  m(m=1)ch
=(cx+d) lim + —+...
v {(w/) 2ered) ]

=(cx+d)”'[ o +0]

ox+d

+...( Terms containing higher degrees of /1)

B me(ex+d )

(cx+d)
=me(cx+d)"
%{cx +a.q’]"r = me(ex+ u"]m_l .(2)
Similarly, di{uxm}” =na(ax+b)"" ~(3)
X

Therefore, from (1), (2), and (3), we obtain
S(x)=(ax+b) {mc (ex+d)" } +ex+d)" {na(ax+b}"_1}
=(ax+b)" (ex+d)"" [ me(ax+b)+na(ex+d)]

Q14 :



Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-
zero constants and m and n are integers): sin (x + a)

Answer :
Lo f(x)=sin(x+a)
f(x+h)=sin(x+h+a)

By first principle,

i LG =F ()

’ "_ -
£() =tim 5
sin( x4+ / —sin(x+
="m>m(\ 1+a)-sin(x+a)
Ni=sl) h
| x+h+a+x+a) ., {x+h+a-x—-a
=lim—| 2c¢cos| - sin
h »»-Zlh 2 2 :
g 2x+2a+h)\ . [ h
=lim-—|2cos| — [Sin| —
h— h . 2 _ 2
sin —lz -
: (2x+2a+h] 2
= lim| cos 4
Sl 2 h
[5)
.sin[ﬁ
WS T
= limcos(z'\ +"‘Hh)lim \Z, Ash—->0= 5 - 0]
b= \ 2 'f,i'*“ ﬁ L 2
) (2)
2x+2a [ sinx
=cos| —— [x1 lim =1
\ 2 ‘_,\'-—oﬂ X
=cos(x+a)
Q15:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): cosec x cot x

Answer :

Lot f(x) = cosec xcot x

By Leibnitz product rule,



f'(x)=cosec x(cot 1) + cot x(cosec x).
Let ; (x) = cotx. Accordingly, f, (x + i) = cot(x+h)

By first principle,

£ (x) = lim 2LE+H A= 4(3)

Jr—sl1 h

cot(x+h)—cotx

=lim

f1=ai}

. cos(x+h) cosx
_JJ v} J’\_SIH(A--I_;?} S"].T

I [ sinxcos(x+h)—cosxsin(x+h)
bt Jy sinxsin(x+h)

| i sin(x=x=h) ]

heslh Jy _Sjnxsm (,‘l[' - h‘:l

1. 1| sin(-=h)
=—— lim—| —————
sinx =0 h | sin(x+h)
-1 (. sinh)|,. 1
=——| lim lim————
sinx \ =0 o J| w0 sin(x+h)
-1 |
LI
sinx | sin(x+0)

T w2
sm-x

= —cosec’x
».(cot x) =—cosec’x (2)

S (x+h)=cosec(x+h)

Now, let f,(x) = cosec x. Accordingly,

By first principle,

filx+h)-f(x)
h

= lim l[coscc (x+h)-cosec x]

(1)



1f 1
=lim—| — ——
e i sin(x+h)  sinx

=lim—| — -
0 k| sin xsin(x +h)

1 ' sin X —sin (Jr - .ﬁ}:|

X+x+hY . (x—x—h
2cos 5||1|
| | 2 2
=—— |lim— -
sinx el i sm(r+ h]
5 2x+ kY . (=h
2cos sin
I 1 2 2
=——o  Ilim— :
s x 0 f sm{x+ h}

. ho 2x4fi
| s 2;| cos| =,
= lim

sinx [E] - sin(x+Ah)

2
[2.\: + hJ
08
. 2
Jdim

o (h
1 5in E
sinx -0 (E] i gin(x+h)

= Jim
“¥

2x4+0
L Ims 5

Csinx sin(x+0)

-1 cosx

B sinx sinx
=—cosecy.cot ¥
-.(cosec x) =—cosecx.cot x -(3)
From (1), (2), and (3), we obtain
f'(x) =cosec x( —cosec:x] +cot x(—cosec xcot x)

= —co&af.:ix - CI‘JT.E X CcOsecx

Q16:



Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
cos X

zero constants and m and n are integers): | +SIN.x

Answer :

f(x)=

Let 1+sinx

COE X

By quotient rule,

. (1+sin :«-}i[cus,r}— (cosx) %(1 +sinx)

£(x)=

(1+sinx)’

(1+sinx)(—sinx)—(cosx)(cosx)

(1+sinx)’

—sinx—sin’ x—cos” x

(1+sinx)’

—sinx— [ain: X+ Cos” x]

(1 +3inx):
_ —sinx—1
- (1+sin x]:
_ —(1+sinx)
B (1+sinx)’
~1
B (1+sinx)

Q17:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
5N X 4+ CO5 X

zero constants and m and n are integers): SINX —CO8 X

Answer :
5N x4+ Ccosx

xX)=

Let Sin ¥ —Ccosx

By quotient rule,



SIN X —COS X SINX+cosx)—(sinx-+cosy SN X —COosy
;fx el

/(%)= d

(sinx - cos _rll:

(sinx —cosx)(cosx—sinx)—(sinx + cos x)( cos x +sinx)

(sinx - cos x}:

~(sinx - cosx)” —(sinx + cosx)

(sinx— cos r}:

—[sinj T+ C08 x—28inXcosx +8in” x4 cos” x4 2sin xcos x:l

-

(sinx—cosx)
o [1+1]
) (sinx—cosx)’
-2

(sinx —cos :.r):

Q18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
secx—|

zero constants and m and n are integers): S€€ X +1

Answer :
secx — |
flx)=—"—
Let secx+1
|
" l-cosx
_ COSX _
-J{[I}_ 1 _1
1 +C0sX
COs XY

By quotient rule,



(]+::mx]i(l—mﬂx}—(l—mﬁ:]j (1+cosx)

1'(x)- .

(1+cosx)’

(1+cosx)(sinx)—(1-cosx)(-sinx)

{I+cusr}:
_ sinx+ cos xsinx + sin x - sinx cos x
B (l+cosx]z
~ 2sinx
_{]+a:m';;vc}3
- 2simx  2sinx
_[l+ 1 ]1 . [5.;3-:.1r‘+l]-2
SEC X sec” x
~ 2sinxsec x
(secx+1)
2sinx
SeCx
oSy

(secx+ I]:
B 2secxtanx
(secx+ ]}:

Q19:

Find the derivative of the following functions (it is to be understood that a, b, c, d, p, g, r and s are fixed non-
zero constants and m and n are integers): sin" x

Answer :
Lety =sin" x.
Accordingly, forn =1,y =sin x.

— =C0s5X, Le., Esinxzcnsx

Forn=2,y=sin’x.



dv d .
= =—(sinxsin :r}
dx dx

r r
=(sinx) sinx+sinx(sinx) [B}f Leibnitz product ru]e]
= COS X SiN X +sin X cos x

= 25in X COs X (1)

Forn=3,y=sin®*x.

Ay _d

o E = E(Sln xS .\)
= (sinx) sin® x +sin x(sin’ .r)' [By Leibnitz product rule]
= cosxsin’ x+sinx(2sin xcosx) | Using (1) ]

=COosSXSin” x+2sin” xcosx

=3sin’ xcosx

- _ o m=1) .
—1 51N X]|=Hn5IN XCOs5 X

We assert that €%

Let our assertion be true for n = k.

If—'lr(:rnin" x}:ksin”'”'xcnsx {2]
ie., X
Consider

;Iv (sin*" \) = :{1 (sinxsin’ .\-)

- ' . 3 - - . ¥ . -
=(sinx) sin® x+sin .\'(sm‘ .\') [By Letbnitz product rule]
- " T 1 o e | 2 | Y > 5 - o)
=cosxsin’ x+sinx{Asin” ' xcosx Using (2)
=cosxsin’ x+ksin' xcosx
=(k+1)sin’ xcosx
Thus, our assertion is true for n = k + 1.

v _ . :u—l]- I
— 51N X |=H5IN XCOs X

Hence, by mathematical induction, dx

Q20

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
a4+ bhsinx

zero constants and m and n are integers): ¢ +dcosx



Answer :
Lﬁtlf{x} _ a-+hsiny

¢+dcosx

By quotient rule,

(c+dcos x]i (a+bsinx)—(a+bsin x]%[r;w dcosx)

f'(x)=

(c+dcosx)
_(e+dcosx)(bcosx)—(a+bsinx)(—dsinx)

(c+ nh:::r:s..::]3

_ cheosx+hbd cos® x + adsin x+ bd sin” x

3

(c+dcosx)

b cos x + ad sin x + bd(mﬁl x+sin’ :r}

(c+dcos x}:

N hocosy+ ad sin x+ bd

(c+dcosx)’

Q21:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
sin(x+a)

zero constants and m and n are integers): COs5X

Answer :
£(x)= sin{x+a)

Let COs X

By quotient rule,

COS X %[sin{x+a]]—sin(x+ a)%cosx

f(x)=

cos’ X

{-. . ;
ms;rf;[sm{x+a]]—sm(x+ n}{—smx} 0

fi{‘x]z oz
cos” x
Let g(x) =sin(x+a). Accordingly. g(x+h)=sin(x+h+a)

By first principle,



{r+h ~g(x)

g'(x}:%im
~ lim 1 sin[x+h+a} sin(x +a)]|
Il—:-l'lh
1 A+h+a+x+a x+h+a X—a
:llmg 2cos

1 2yv+2a+h h

=lim—|2cos) ———— |5in| —

i) fy 2 2

5in h

. [2x+2ﬂ'+h] 2
= lim| cos

Jr—s) 2 [_l'-,r\‘

2)
) [h\
sin| — _
= lim cos 2x+2a+h1.lim ZJ Aﬁh—}ﬂ:}h—}f}
[ 2 )i, FEJ i 2
2
2x+2a [ sinh
:[cos ]xl lim——=1
2 =0k
=cos(x+a) (i)

From (i) and (ii), we obtain

c{mx-cns{x +a] +sinxsin(x+a)

f'(x)= 3
cpDs X
_cos(x+a—x)
~ cos'x
_ cosa
cos’x
Q22:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): x* (5 sin x - 3 cos x)

Answer :

Lo/ (x)=x"(5sinx—3cosx)

By product rule,



ff(l-):f %(hinx-3c:)$x}+{5$il11'3‘3“3"):_{()(4]

d . d X d
=x' [Sg{sm x}—jg(cm:]} +(5sinx —31:03:];[1*}
= x'[5cosx—3(-sinx) |+ (5sinx—3cosx)(4x’)

= x" [Sxcosx+3xsinx+20sin x—12cos x|

Q23:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (x* + 1) cos x

Answer :
et Sx) =(x' + I]cos X

By product rule,

2 d d ;o
f(x)= [x' + I)E{cosx]+cc}5:c£[x' + IJ
= (J:: +I][—sir1.t:}+ cosx(2x)

=—x"sinx—sinx+2xcosx

Q24 :

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (ax®* + sin x) (p + q cos x)

Answer :
Lot f(x)=(ax’ +sinx)(p+gcosx)
By product rule,
f'(x)= [a'r" +sin x]i(p+ geosx)+(p+g ::c_rsx}i(crc! +sinx)
friy el
= (m‘z +sin _\:] (—gsinx)+(p+qgeosxy)(2ax+cosx)

= —gsin _r:(m': +sin r}+{p +gcosx)(2ax +cosx)



Q25

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-

. (x+cosx)(x—tanx)
zero constants and m and n are integers):

Answer :
Lo/ (x)=(x+cosx)(x—tanx)

By product rule,

S(x)=(x+cosx) ;i (x—tanx)+(x—tanx) ;; (x+cosx)

=(x+ ms.r}[%{x]— %[tun ;—)} +(x—tanx)(1-sinx)
- {,\-+cns.t}|:l—%tan x]+[x—tan %)(1-sinx) - (i)

Lo 8() a3 g(x+h)=tan(x-+1)

. Accordingly,

By first principle,



{ tan (x+ i:} —tan x}

1 _Sil’l{_‘r+h} ~sinx
=+t fp _ccs{x +h) cosx

[ sin(x+ ) cos x - sin x cos (x + 4)
=0 h| cos(x+h)cosx

. _sin{x+h—x)

cosx i h| cos(x+h)

1 1 I sin f
= ,I]]TI— —_—
cosx =0 i| cos(x+h)

Il
5

1 (. sinh[.. I
| lim J him——
cosx Lt b= cos(x+ )
b
cosx  cos(x+0)

1
COS” X

=se¢” X (1)
Therefore, from (i) and (ii), we obtain
£'(x)=(x+cosx)(1-sec’ x)+(x—tan x)(1-sin x)
= (x+cosx)(-tan’ x)+ (x—tan x)(1-sin x)

=—tan’ x(x+cusx}+{x—tan_r){l—':;in x)

Q26 :

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
dx+5Ssinx

zero constants and m and n are integers): X+ 7C0SX

Answer :
dx+5snx
.f [_]_'} = eee—
Let Jx+Tcosx

By quotient rule,


www.ncrtsolutions.in
www.ncrtsolutions.in

(3x+7cos J.): (4x+35sinx)—(4x+5sinx) ;{31 +7cosx)
X

I'(x)=

(3x+7cosx)’

Jx+Tcosx 4d X +5ﬂr sinx) |—(4x+5s5mx 3dx+?dcns_!r
( )45 ()5 |

e Prky

(3x+7cosx)’
(3x+T7cosx)(4+5cosx)—(4x+35sinx)(3-Tsinx)
(3x+7cosx)’

C12x+15xcosx+28cosx+35c0s” x—12x+28xsinx —15sin x+35sin” x

{3-1 +7cos 1}:

15xcosx+28cos x+ 28xsin x—15sin x +35(c05: X +sin’ x}

(3x+7cos x)
_ 35+ 15xcosx+28cosy+28xsmx—13siny

(3x+7 msx]:

Q27:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers):

e[
X COs| —
4

sinx
Answer :
- by
X CGS[Z]
fx)=—:
Let s x

By quotient rule,



sin x i{ (_r*' } —x? i_[sin x}

(%) = cos—~
f{x]—cns4,

sin” x

m | sinx-2x—x' cosx
= cos—. —
4 sin” x

X oS : [2sin x — xcos x|

. 2
5mM X

Q28

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
X

zero constants and m and n are integers): |+ tanx

Answer

f(x)=

Let | +tan x

X

i (1 +tanx]%(x)—x%[l +tan x)

1'(x)

(1+tan .r}l

[I +tunx]—r- d {l +tan:r]
7(x)= dx (i)

(1+tan x)’

Let g(x) =1+ tanx. Accordingly, g(r+ h)=1+tan(x+ h).

By first principle,



I+tan(x+h)—1—tanx
] h

1 _Sin{1+h:l B sinx

| cos(x+h) cosx

1 _sin{x+h)cosx—sin xcos(x+h)

= lim—
=0 h| cos(x+h)cosx
=|im—_ sin[:r—l-h—x) ]

= | cos(x +f)cosx |

sin fi

o0 | cos(x+h)cosy

. §in )
=| lim | lim
| = oo [Jr + h) COs X

1 s
== — =8eC X
Ccos” x

:}i{l+ tanx]:seczj L. i)
el

From (i) and (i), we obtain

. |+ tan x — rsec” x
fx)=

(1+tanx)’

Q29 :

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
zero constants and m and n are integers): (X + sec x) (X - tan x)

Answer :

L/ (x)=(x+secx)(x—tanx)

By product rule,



F(x)=(x+sec x]%[;—tan x}+{x—tan.x}%[x+sec:}

=(x+secx) Lfi“] —i_ tan x]+{x—tan _&.'}[d_i[xh %scc _a.'}

A i kY

=(x+sec x}{l — itanx}ﬂx— tan x][l LI x]
dx dx

Let f,(x) = tanx, f,(x)=secx
Accordingly, fi(x+h)=tan(x+h) and f,(x+h)=sec(x+h)

.ﬂ'(x]:lim[ﬂ{“?—ﬁ{x]]

dipell

=h_m[tan(x+h]—tan_rJ

Ji—pdd h
tan{x+h)—ta
=Iim[ an(x+h) nx}
h— h

L] sin(x+4h) - sinx
=0 f| cos(x+h) cosx

[ sin(x+h)cosx —sinxcos(x+4)
=0 h| cos(x+h)cosx

1| sin(x+h—x) |
=0 f| cos(x +h)cos X |

51 i

=0 | cos(x+/h)cosx |

[ . sith . 1
= lim—— || lim
ety b cos(x+ h)cos x

=sec’ x

d 2 .
= —tfanx =sec x )



£ (x)= .im{ fi(x+h)- 1, (_\.)]

li—=0 ])
sec{x+/1)—secxy
=lim ( ’) :
Jis ) h

=lim— ! .3
= | cos(x+h)  cosx

= lim-—
| cos(x+h)cosx

1 Pcosx—-cos(.\-+h)]

i ; (.\'+.\'+h] 5 (x-.\'-ll]
=2sin -Sin
= Jim— =
cosx hi-u fr cos(x+/7)
[ (2.\'+h] _ (-n’]
—2sin -sin| —
| - | 2 2
= dim—
cosx 0 i cos(x+#)

| S
= dim
CosX 40 cos(x+/)

- =

' sin[ l—'] l
Pro
J lim sin( 2230 )} lim _\2)
2 i

frn b '_)0 ,I
. 2
=secxy. .
limcos(x+/1)
Ji=sl
sinx.|
=secy,
COS X
d
— —SseCcxy=secxtany . . ()

dx
From (i), (ii), and (iii), we obtain

f'(x) = (x+secx)(1-sec’ x)+(x—tan x)(1+secxtan x)



Q30:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, g, r and s are fixed non-
X

= M
zero constants and m and n are integers): SII X

Answer :

Let fx)=

X

sin” x
By quotient rule,

. od d .,
S X—X—X—35In X

f-a (_‘_ ] — i clx

sin" x

—sin" x=nsin""' xcosx
It can be easily shown that dx

Therefore,

sin"xy—x—x sin"x
ks

fr{x): dx In

sin”" x

sin” x.1— x(n sin”’ xcos.r}

sin®” x
sin”” x(sinx —nxcosx)

sin™ x
_SiNX— Ny COs X

croom+l

51 X





