Exercise 12.4

Answer 1E.

a={60,-2) 5={0,80)
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(EKE)E: [15§+43£).(5§—2§§)
=16(6)-2(48)

=96-96=0
And

(E><E).5=[15§+48£).(3})
= 16(0)+(0)(8) +(48)(0) = 0

Theretore, EKE iz orthogonal to both c; and 5
Answer 2E.

o

To find the cross product of a=<1,1.-1> and b=<2 46>
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To prove that axb is orthogonal to both a and b recall

If the dot product of two vectors equals zero then the vectors are orthogonal, so since
(@ Xb)ra=10—8—2=0

(@aXb)-b=20—32+12=10

axb is orthogonal to both a and b



Q3E.
Given that

a=i1+3]-2k==<1,3, -2>

b=-i+5k=<=-1.0. 5=

From the definition of the cross product,

a x b = < (a2b3) - (a3b2), (a3b1) - (a1b3). (a1b2) - (a2b1) >

axb = < (3'5) - (-2°0). (-2*-1) - (1°5). (1"0) - (3~1)>

axb=<(15+0),(2-5). (0+3)>

axb=<15 -3, 3>

The cross product is a vecior, 5o you can show that the cross product a x b is orthogonal to
both a and b with the following definition:

Two vectors a and b are orthogonal only if a «-b=0

In this case, we need to show that veciorsaxb a=0andaxb -b=0.

(axb) -a=<15,-3,3> - <1,3, -2>

=(19"1)+(-3"3)+ (3 *-2)

=15+-9+-6

(axb) -b=<15,-3, 3> - <10, 5>

=(19"-1)+(-3"0)+ (3" D)

=-15+0+15



Answer 4E.
Given that

a=j+7k

b =2i-j+4k

we need to find the cross product:

axb = [(a2b3) - (a3b2)]i + [(a3b1) - (a1b3)]j + [(a1b2) - (a2b1)]k

axb= [(1%4)-(7-1)]i+ [(7*2) - (0*4)]j + [(O*1) - (1*2)]k

axb=11i+14j- 2k

we need to verify that vectors are orthogonal

soweuseaxbsa=0andaxb -bh=0.

(axb)a=<1114,-2> « <0, 1, 7>

=M *0)+(14*1)+(-2*7)

=0+14-14=0

(axb)b=<11,14 -2> « <2 -1 4>

=(M*2)+(14"-1)+(-2*4)

=22-14-8

so the vectors are orthogonal



Answer 5E.
Consider the two vectors,
A 1. . 1
a=i—j-kandb=—i+j+-k-
2 2
The cross product of a =(a”a3‘al> and b ={hnbz*b1} is the vector
i j k

a:b:.al a, a

b b b,

So, the cross productof a=i—j—k andb =li +j+ lk is the vector
2

i k

axb= -1 -1

L
2

Evaluate the determinant using expansion by minors
1 -1 1 -1 1 -1

axh:il 1l=ilt 1|+k)1
2 2 2 2

() G+ o-eo3)

LN
2 2
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Two vectors g and b are orthogonal to each other if and only if their dot product g-p is equal
to zero.

Compute the dot product {:xh)-n.tn show that gxb is orthogonalto a.
1 3
axb)-a=(—,-1,—)-{1,-1,-1

1 3
=|={1)-1{-1)-1| =
(3 Jo-10-13)
=0
Therefore, the vector gxp is orthogonalto a.



Compute the dot product {:xh]-n._tn show that gx b is orthogonalto b.
| 3 1.1
axb)-b={—,-1,—)-{=.1,—
ayo=(5o2)(343)
1)1 3(1
=l=|l=|-1{1)+=| =
a3

Therefore, the vector g x b is orthogonal to |p.

Answer 6E.

Consider the following two vectors:
a=fi+cosfj+sinrk . and
b=i-sintj+cosrk.
The objective is to find the value of g x |- Also verify that it is orthogonal to both aand .

The cross product of a=gji+a,j+ak. and b= hi+b,j+bkis the vector 4xb. defined by as
follows:

axb=(aji+a,j+ak)x(bi+bj+bk)
i j ok
i

(1)

W

b b b



Then, the cross product of a =i+ coszj+sinrk . and b =i-—sinsj+ cosrk will be,
axb =(fi+costj+sinsk )x(i-sinzj+cosrk)
i i k
= cost sinf| Use (1)
I —sinf cost

. sinf| | cos/t
I_I; :ns!]+h —sinfk
:[(ms:]{msr}—(sint}{-sinr]]i-[{!}(msr}—(sinr](l}]j
+[{r}(-sint}—{cosf}{l}]k

= [cnsz t +sin’ r]i—[rmsr-sin 1]j+[-1sinr—cost]k

cosf  sInf

—sinf cosf

=li-[rcost—sint]j+[-rsinr —cosr]k
=i+(sinr—rcost)j—(rsint+cost)k .

Therefore, the cross product of a =i +cosfj+sinsk . and b =i-sinj+cosrkis.

axb =|i+(sins—rcost)j—(ssinr+cost)k|.




To verify that the vector gxpis orthogonal to both aand b, use the following fact:

“Two vectors u and v are orthogonal if and only if their dot product, u-v_is 0, thatis, gey =0

-

To verify that the vector g xis orthogonal to a, first find their dot product (:xh}-n.

The dot product of axb =i+(sinf—rcost)j—(rsinf+coss)kand a=ri+costj+sinrk wil
be,

(axb)ea=(i+(sinr—rcosr)j—(rsinr+cosr)k Jo(ri +cossj+sinrk)
=1(1)+(sins—rcost)(cost)—(rsins +cost)(sint)

Use (gji+a,j+ak)(bi+bj+bk)=ab +ab, +ab,
={+sinfcosf—fcos’ /—7sin” f —sinfcost

=t—tcos f—1sin’ ¢

=1—1(cos® 1 +sin’ 1)

=r-1(1)

Use the identity. cos? 7 +sin®r=1

=0

Hence, the dot product is [: x h}.a =0.

And so, by above fact, the vector g xpis orthogonal to the vector a.



To verify that the vector gxis orthogonal to b, first find their dot product [:xh]-h_
The dot product of axb =i +[sinr-rc¢sr]j—(rsinr+msr}k and b =i —sin fj+ cosrk will be,
(axb)eb =(i+(sinr—rcosr)j—(rsint+cost)k Jo(i—sinsj+cosrk)
=1(1)+(sinz—rcost)(-sinr)—(rsins +cost)(cosz)

Use (ai+a,j+ak)(bi+b,j+bk)=ab +ab, +ab,

=|—sin’ r +fsinfcost —rsinfcosf —cos’ 1

=]—sin’ r—cos’r

=l—(sinzr+cns:f)

=1-1

Use the identity; ¢cos® s +sin’r=1

=0.

Hence. the dot product is (axb)b =0.

And so, by above fact, the vector g x pis orthogonal to the vector b.
Therefore, it is verified that, the vector g xhis orthogonal to both aand p.



Answer 7E.

Consider the following two vectors:

a:(r.l,l) and
1
h:(r’,t’,l}.

The objective is to find the value of g x b - Also verify that it is orthogonal to both aand .
The cross product of a=(a,,a,,a,). and b=(b,,b,,b,)is the vecior ax}. defined by as
follows:
axb=(a,a,a,)x(b.b,.b,)
i k
=la, a, @&l (1)
'ﬁl

h, by

Then, the cross product of a = (.\‘, ]._l>. and b :(rz._.r’,l) will be,
!

l 2 2
axb=(r1=-)x{t . .1
(a3}t
i j k
i 1

1/1| Use (1)
o
F: u.;i_L: lf:
=[(l)(l]—[}){ﬁ}]i—[(t](l)—G](fz):lj"'[{’}("I)'('}{r:)]k
=(1=1)i—(t-1)j+(F -7 )k
=(1-1)i-0j+(r -1 )k

4

1+

i lk
"ol o

=(1-1)i+(r -1 )k

=(I—r,l}.r’ -F).

Therefore, the cross product of a= (J',],l). and b =(f1,tz,l)is axb=|(1-7)i +{r3 —rz]k .
!



To verify that the vector g xhis orthogonal to both aand b, use the following fact:
“Two vectors u and v are orthogonal if and only if their dot product, wsv,is 0, thatis, gesv =0

To verify that the vector g xis orthogonal to a, first find their dot product [lxh)-a.

The dot product of axb =(1 -1,0,1 -r”)ann a= (.v, l,l)will be,
'

(axb)ea :(l -50,7 -:’)-(LL})
=(1-1)(r)+0(1)+(r -rz)[%]

Use {a“az,a3:}-(b”bz,b3} =ab, +a,b, +ab,

=t— +0+1 -1
=0.
Hence. the dot product is (axb)a=0.

And so, by above fact, the vector g x pis orthogonal to the vector a .

To verify that the vector g x his orthogonal to b, first find their dot product {lxb]-h_
The dot product of axb :(1 ~1,0,1 -r*)ann b= (r’,:“,l)will be.
The dot product of axb =(1 ~1,0.° -r*)anu b =(r”,:",1) will be,
(axb)ob=(1-£,0.6" ¢ )o{e* 1,1}
=(1-1)(#*)+0(r)+(r =) (1)
Use (a,,a,,a;)(b,.b,.b;) = ab, +a,b, +ab,
= - +0+7° -1
=0.
Hence. the dot product is (axb)b=0.
And so, by above fact, the vector g xpis orthogonal to the vector b.
Therefore, it is verified that, the vector g xhis orthogonal to both aand |.



Answer SE.

Then axb= n-=2

{0.0,0)

s,

axh

-2

[



Consider the following cross product,
(ixj)xk
The object is to find the vector.
Use the following properties of cross product
ixj=k
kxk=0
Substitute ix j=k and kxk =0 in the cross product of (ixj]xk. you get the vector.
(ixj)xk=kxk
=0
Therefore, the vector is (ix j)xk = o]
Answer 10E.
Consider the following cross product:
kx(i-2j).
Find the vector using properties of cross products.
kx[i—ij)=kx{i—j—j}
=(kxi)-(kxj)—(kxj)
Since k x(ai+bj+ck)=a(kxi)+b(kxj)+c(kxk)
= j—(-i)— (i) Since kxi=jkxj=-i

Therefore, the required vector is |j+2i|




Answer 11E.
Consider the vector (j—k)x(k —i)

The objeciive is to find the vector by using the properties of cross product.

Now

(i-K)*(k—i)=(j-K)xk+(j-K)x(~i) (Since ax(b+e)=(axb)+(axc))
= jxk+(—k)xk + jx(=i)+(-k)x(-i)

(Since (a+b)xe=(axc)+(bxc))

=k (=1)(kxk)+(=1)(jxi)+(kxi)

(Since (ca)xb=c(axb)=ax(cb))

.. [Sincejxk=i. kﬂi:ﬂ,]
=i+j+k

jxi=kandkxi=j

Hence. |(j—k)x(k—i)=i+j+k|

Answer 12E.
Consider the cross product,

(i+)x(i-i)
Meed to find the vecior by using the properiies of cross product

The cross product of the two vectors is calculated as,
(i+3)x(i-J)=(i+)*(i)+(i+j)x(-J) Useax(b+c)=(axb)+(axe)
:ix{i)+jx(i}+ix{-j]+jx(-—j} Use {a+h}xt={axc]+(hxt}
=(ixi)—(ixj)-(ixj)+(ixj) Use (ca)xb=c(axb)=ax(ch)
=—ixj—ixj Usecixi=0and jxj=0

=-k-k

=-2k

Hence, {i+j}x(i_j):.

Answer 13E.

a) Meaningful- The result creates a scalar

b Mot Meamngtul- & ¢ creates a scalar, and this cannot be crossed with a vector.
) IMeaningful- The result creates a vector,

d) Mot Meamngful- @& creates a scalar, and this cannot be crossed with a vector.

£l Mot Meamngful- The scalars produced by @b and ¢ o cannot be crossed together,



Answer 14E.
Consider the following figure showing that the two vectors and the angle between them:

|¥]=5

45°

|l|=4

Figure-1
The objective is to find |u ® v[ and determine whether ux vis directed into the page or out of
the page.

From this figure, it is obvious that,

- [u|=4. [v|=5. ano

- the angle betweenu and vis g = 45°-

Use the following theorem to find the required value:

“If the angle between the vectors aand his @ (where () < # < x ). then the value of |axb|is
defined by as follows:

laxb|=|a|[b|sing " (1)
If ja|=4. |v]=5. and g =45'. then the value of Jux v|will be.
luxv|=|ul|v|sing Use (1)

= 4.5-sin45" Substitute values

YL ]
2

=102 -

Therefore, the value of |-:-: vl is [10421-

According to the right-hand rule, if the fingers of your right hand curl in the direction of rotation
from a to b, then your thumb points in the direction of gxb.

Hence, by the right hand rule, the vector uxvis directed out of the page.



Answer 15E.
Consider the following figure showing that the two vectors and the angle between them:

lv|=16 R

=12/ 120

Figure-1
The objective is to find |nx \.i and determine whether ux vis directed into the page or out of

the page.

First draw the vectors u and v starting from the same initial point, notice that, the angle
between them is g = g0"-

ln|=12

Figure-2
From this figure, it is obvious that,
- |u|=12. |v]=16. and

- the angle betweenu and v is g = g0"-



Use the following theorem to find the required value:

“If the angle between the vectors aand pis @ (where (< @ < & ). then the value of |a xblis
defined by as follows:

laxb|=alb|sing " (1)
It ju|=12. |v|=16.and g gg*. then the value of |ux v|will be,
Juxv|=|u||v|sing@ Use (1)

=12-16-sin 60" Substitute values

V3

=12-16-
2

=96+3-

Therefore, the value of |Ix vI is |96,/3-

According to the right-hand rule, if the fingers of your right hand curl in the direction of rotation
from a to b, then your thumb points in the direction of gxh-

Hence, by the right hand rule, the vector ux vis directed into the page.



Answer 16E.

Consider the following figure:
4 7 N
A
A
b
¥ a ¥
L. v

Consider the lengths of the vectors:
la| =3 and |b|=2

(@)

Determine the cross product [axh|-

State the formula for cross product of two vectors as follows:

b =apsin

Use this formula to find |a x bi for the given vectors.

From the figure, notice that the angle between the two vectors is gQ®as the vector a is in xy-
plane and b is in z-direction.

Compute the magnitude of cross product as follows:

jaxb| = a]blsin

=(3)(2)sin90°
=6(1) (Since sin90°=1)
=6

Therefore, the magnitude of the cross product of vectors a and b is: ]axl:| =6




b)
Use right hand rule to find the components of x| are positive, negative or zero.

Here, a isthe in the xy— plane, place right hand in the graph so that, the thumb is in the
direction of a_ Then, it is clear that, the z component is zero.

Visualizing the thumb, the thumb is in close enough to the positively oriented x-axis. So, the x-
component is positive. The thumb is away from the positively oriented y-axis, so, the y-
component is negative.

Therefore, using the right hand rule, it is found that the x component will be positive, the =z
component will be zero and the y component will be negative.

Answer 17E.
Consider the following two vectors:

a=(2,-1,3). and

b=(4,2.1).

The objective is to find the value of 5 xhand bxa.

The cross product of a =(a,,a,,a,}. and b={hb,,b,}is the vector axb. defined by as
follows:

axb=(a,.a,,a,)x(b,.b,.b;)

k

ay- (1)

b, b, b,

i ]
= a

L]

Then. the cross product of a=(2,-1,3). and b=(4,2,1}will be.

axb=(2,-1,3)x(4,2,1)

Use (1)

-1 3. |2 3. |2 -1

2 A e
[=D(M)-3)(2)]i-[2)M)-G)@)]i+[(2)(2)-(-1)(4) ]x
=[-1-6)i-[2-12]j+[4-(—4) ]k
=(-7)i-(-10)j+(4+4)k

==Ti+10j+8k .

Il
N
I
[
Lad

Therefore, the cross product of a=(2,-1,3}. and b=(4,2,1}is axb =|-7i +10j+8k|-




=[(2)(3)-((-1) ]i-[($)(3)-()(2)]i+[($)(-1)-(2)(2) ]k
=[6-(-1)Ji-[12-2]j+[4-4]k

~7i-10j—8k.

Cros

Ther

LE

re, th

ih
ih
(5]

product of a = (3.—]-3} and b :{4"2'1>:E bxa=

Answer 18E.
We know that the vector a x b 15 orthogonal to a and b,

Ti—-10j-8k

If'a equals i+ a o) +ask, and b equals &1+ &5 + &3k, then the cross product of the

i 3] k
two vectors aand bis givenby axbh = (a2 o, o
b B b
Find axh.
i j k
axh=1[1 0 1
2 1 -1
_ 0 l‘i_‘l 1 j+‘1 D‘k
1 -1 2 -1 2 1
= (0-Ti-(-1-2)j+(1+ 0k
=-i+3+k
Now, evaluate (axh:lxu:.
i j k
(axbl=xe=|-1 3 1
o1 3
_ 3 l‘i_‘—l 1‘j+‘—1 3‘1{
1 3 0 3 0 1
= (-Di-(-3-0j+(-1+ 00k
=Hi+3-k

We thus get (axb) xc asBi+3j -k




Now, let us find h = c.

i j k
bhxe=|2 1 -1
o1 3
_ 1 —1‘__‘2 —1j+‘2 l‘k
1 3 W 01
=[3+1)i—(6—0)j+(2—0)k
=4 -6)]+2k
Determine ax[h Kc).
i j k
ax(hxel=|1 0 1
4 -6 2
_ 0 l‘i_‘l 1‘j+‘1 D‘k
—& 2 4 2 4 &
=(D+6)i—[2—4)j+(—6—[ﬁl)k
= 61+ 2) - 6k

We get axlzl] Kc) as 61+ 2 — 6k

Therefore, we can say that a x [h * 1:) # (a P h) X,
Answer 19E.

Consider the following two vectors:

a=(3,2,1). and

b=(-11,0).

The objective is to find two unit veciors orthogonal to both a :{E,E,I}and b :{Fl,l,ﬂ}.

First find a vector that is orthogonal to both a =(3,2,]}and b ={r],LIZI). by using the following
theorem:

“The cross product of two vectors is orthogonal to both vectors.”

Hence, a vector that is orthogonal to both a =(3,2,I)and b ={—-1.LIII}. Is the cross product of

aand p.



Now, find the value of gxb-
The cross product of a=(a,,a,,a,). and b={b,,b,,b,)is the vecior gx}b. defined by as
follows:
b = 1,01, )%{B s By
i

i k
ﬂz ﬂa &
b, b, b,
Then, the cross product of a=(3,2,1)and b=(-1,1,0)will be.
axb=(3,2,1)x(-1,1,0)
k
1

I
lad ==
o Pogd s

-1 0

Vb el

[2)(0)-01]i-[E)0)-0)-1]i+[B)D)-C) )]k
=[o-1i-[o-(-1)]i+[3-(-2)]k

=-li-1j+5k
=(-1,-1,5)

Hence, a vector that is orthogonal to both a =(3,2, ])and b= (— I,I,[}). is

axh = (-]}_115)'
A unit vector that has the same direction as the vector ais defined by;

1
u= Ha i
Then, a unit vector that has the same direction as the vector g x pis defined by;

1
u= I‘xhl{:xh}_ (D)

Because, the vector g xpis orthogonal to both aand |, so by (1), the two unit vectors
orthogonal to both aand |, are defined by as follows:

D)

u==

(axb) __(2)



Next, use (2), and find the two unit vectors orthogonal to both a and | as follows:

that is,

{5 -s55)

=<_3l§‘_3:'5'3j§>am <3:’§’3\]r’§'_3j'5>'

Therefore, the two unit vectors orthogonal to both a = {3* E.I)and b= (-], 1, U}. are,

1 1 5 1 1 5
- .~ . and . .— .
< 337 33 3J5> <3J§'3\E 3J5>
Answer 20E.
We know that the vector ax h 15 orthogonal to a and h.

If'a equals eni + a g + ask, and b equals 211 + &g + &sk, then the cross product of the

i j k
two vectors aand b1z givenby axbh = |a a, & |
BBy b
Find axh.
i j k
axh =0 1 -1
1 1 0
1—1‘_ ‘D -1]. ‘D 1‘
= - i+ k
1 0 1 0 11

(0+0i-(0+Dj+(0-1k
i-j-k



Now, let us find|a>{h|.

laxb| = JOF + (-1 + (-1
-

3

fir

. |1 ]
Thus, a unit vector orthogonal to a on b 15|— — J
V3B

— L will also be otthogonal to the

L
RN RN

The unit vector opposite in direction to

given vectors.

L3
7|

. i ]
Therefore, the second wector orthogonal to a and h1s|-—+ —+
¢ NeY:

Answer 21E.

Consider the following veciors in ¥
0= {:llﬂ_ﬂ}. and a= {a],a:,a1>
Calculate Qxa

if a=(a,,a,,a,).and b=(b,,b,,b,). then

i j Kk
axb=|a, a, aq
|b, b, .r':=1

= {L'I'_-,h: _”=b:‘ )i _(”IhF " u_'ibl ]j+ [ﬂ:h:' B u:bi ]k

Use above definition to calculate @xg

i j k
0xa=/0 0 0O
d, I, -

=[(0)(a;)-(0)(a,)]Ji-[(a)(0)~(0)(a;) ]i+[(0)(a,)-(0)(a,) ]k
=(0-0)i—(0-0)j+(0-0)k

= 0i - 0j + 0k

=0



Cailculate gx0
Use above definition to calculate gx(

i j k
axl=la, a, a
0O 0 0
=[(a:)(0)(a)(0)]i~[(a,)(0) ~(a,) (0) i+ [() (0) ~(a: ) (0) ]k
=(0-0)i~(0-0)j+(0-0)k
=0i-0j+0k
=0

Therefore @xa=ax0=0forall vectors ain ¥

Answer 22E.

Consider the following vectors in ¥,

a= (al,a_,,aJ}, and b ={b,,b_,,b1)
Calculate g xb.

If a=(a,,a,,a,).and b=(b,b,,b,). then
i j k
a, a, a
b b b
=(ab,—ab, )i—(ab,—ab,)j+(ab, —ab )k

axbh=

Calculate (axb)-b

(Ixh)'h =[{a:b3 _ajh_']i -{alb} -as.bl }j"'{albz 'azbi )k]'{bli+b2j+ka}
= ('ﬂ:bl _ﬂ:b:)bl _(albl _asbl)bz +(a|bz —aybh, )bl
:azblb: | 3-b|bz = Ir-';"l‘i-l.“'z'\!;'l +a]'b!b'_' +a1bzb3 'a:blbs
=0

Therefore (:xh}-b:ﬂfnr any veciors a, pin ¥



Answer 23E.

If a and p are two vectors, then prove that axh:-(hxa]_

Consider the vectors: a=(a,,a,,a,) and b=(b,,b,.b,).

By the definition of the cross product of two vectors, a = (aua“a}) and b ={b,.b;.b_,}

i j k
axb=|g a, a,
b b b
9 a4, a4 a a,
=1 — +k
|;z A b b,

=(ab; —b,a, )i-(ab, —ab, ) j+(ab, —ab )k
Therefore the cross product of the vectors a=(a,,a,,a,) and b={(b,,b,,b,) is

axb =(a1b} -b,a,)i-(ab,—ahb )j+(ab, —ab )k

Now, find bhxa.

i j k
bxa=|b, b, b,
a a, a,
A Bt B b
h & & 4 a4 a

=(b:“3 —a:,b,]i—(E\aE—b]a,}j+(b,a3—bza,)k
Therefore the cross product of the vectors b =(b|,h__,b3) and a ={a,,a3,a]} is

bxa= {bzal 'a:bl} i- {blﬂ's —bsa, )j +{bla1 —b.a, )k -

Previously, we find the cross product,

axb ={a._.b; —bzaj}i _(arbl —asb, }-i"'(“l'bz _aZbI]k
=—[(b.a, - ab,)i-(ab —ab,)j+(ab, - ab, )k

=—(bxa)

Hence the resultis, |laxb = —{hxa)l.




Answer 24E.

To prove (c;)xgzc(;xg):sx(cg)

Where E and 1_‘.; are vectors and ¢ a scalar

= (aay.a;)

= (0. 0.8}

Consider (-:':E) xb= {ca,.ca, ,c%}x(bl,bz,bz)

= {(caz) by —(c3) 8. (ca; )by — (¢ s, (a1 )b, — (cas ) By )

Let

a
b

= (e (azhs —ashy).c(ashy —ah,).c(aby —ayhy))
=c{ab,—aby.ab —ab,ab, —ah}

=c(ax?)

Also  (ca)xb={(ca,)b;—(ca;)8y.(cas )by —(cay ) Bs.(ca ) By —(car) by}

(from *)
= (a, (cBs)~as (cBy ). a5 (chy )~ (Bs). 1 (cB) — @y (B )}
= {a1.a,.05 }x{chy.cby.chy)
~x(cB)
Hence (ca)xb=c(ax8)=ax(ch)
a={a,aa b= {b,b,5) and
¢ ={r,,0,,c,} are there vectors in 7,

Then show that
Ex(5+5) —axhtaxe

If



Bdc= (B +opBy +oy. by +oy )
LHZ

—+ -+ —+

ax(&: to)=lo, @ 4
+CIE:'2 +ey E:3+.:?3

=[ay (b +es )= ag (B +ey ) i = [ (B +o) —as (B +ay) |
+ay (by+ey)—ay (B +ey) |k

= (ayby — by +ayc, —age, )i — (aghy — aghy +ag; — oy ) J
+{ah, — ayby +agc, —auo )k

= (ayhy — azy Vi +{aye, — 4y )i
~ (e~ ety ) - (ae - an )
+{aghy — aghy ) e +{ag, —aye, )k

=gxb+taxe

Hence EK[E+E:| —axbtaxe
Answer 26E.
Prove the property of (a+b)xc=axc+bxec
Prove the property as follows:
The veclors a=aji+a,j+ak.b=hi+b,j+bk, and c=cji+c,j+ckare three vectors in F,.
First. compute the value of (a+b)as follows:
a+b=(gji+a,j+ak)+(bi+bj+b)
=(a,+b)i+(a,+b,)j+(a; +b;)k

=(a,+b.a, +b,.a,+b,)

Next, find the value of {a +h]xcas follows:

i i k
(a+b)xe=la, +b a,+b, a,+b,
c, C, Cy

=[F?':ﬂ:- 'i'b:]'f: [ﬂ: +b, ]:Ii
~[e(@+b)-c(a+5,)];
+[e,(a,+8)-¢,(a, +b,) |k



Rewrite the above result as follows:
(a+b)xe=[a,c; +bc, —a,c, b, ]i
~[ae +be, —ae, —be]i
+lae, +bie, —aye, —arh, |k
=[ae; + bes —ae, — by, i
+[—a,c3 =be, +a,c, + b, ]j

+[ﬂ.!['1 +bc, —a,c, - a:bllk

Continue the above step,
(a+b)xe=(a,c; —a )i+(ax, —ac)j+(ac, —axc )k
+(bye; —bye, )i+ (bye, —be) j+(be, —bye, )k
Definition:
If a=gji+a,j+ak and b=54ji+b,j+bk. then the cross product of g apd b is the vector
axbh= {azb;, —ab,,a.b —ab,.ab, -alb,:l.
Use the above definition,
(a+b)xe=(ayc; —a, )i+(ay, —ac)j+(ac, —axc )k
+(bye; —bye, )i+(bie, —be) j+(be, — by )k
=(axe)+(bxe)

Therefore,

l(a+b)xec=axec+bxe]
Answer 27E.
A(-2.1), B(0,4), C(4,2), D(2.-1)

AB =[0-(-2),4-1)=(2,3)
BC=(4-0,2-4)=(4,-2)



The area of parallelogram with adjacent sides AF and BC is the length of thewr
cross product ‘ﬁxﬁ‘
MNow
Gk
[4BxBC|=|2 30
4 -2 0
=(0-0Yi —{0-0) j+(-4-12)k
= -16&
[48<BC|= J-16)"
=16
Answer 28E.
K(12,3),L(136),M(3,86)and N(37.3)
KL=(1-13-2,6-3)=(0,13) LM =(3-1,8-3,6-6)=(2,5,0)
HNow
KLxIM =013
250

=(0-15) - (0-6)+(0-2)k
= 15 46— 2k

The area of parallelogram 1z

‘EKE‘ = \/[—15)2 +6% +(-2Y
= 225+36+4
=265



Answer 29E.
{a) The volume of the parallelepiped determined by the vectors a = (.:11, s, .:13}-,

b = {E:'l by, E:z}- and © = {cl, ,, -::3:1 iz given by the scalar triple product
Vo= |a-[h ><|:)|.

@ & d

The scalar triple product a - [h » l:) 15 given by |B & A

Let us consider the sides @ and PR
PO =(-2-Di+(1-0)j+(3-1k
=-di+j+2k
PR = (4-1i+(2-0)j+(5-1k
34+ 2§ + 4k
“We know that @ % PR is orthogonal to both @ and PR.

Find 20 » PR .
1 k
POxPR =|-3 1 2
3 02 4
1 2] ‘—3 2‘_ -3 1‘
= 1- ]+ k
4 3 4 3 2
= (4-4)i-(-12-8) + (-6 -3k
= 0i + 1% - 9k
= 18j - 9%k

Thus, {D, 14, — 9:1 1z the vector otthogonal to the plane through the points Z, {0
atd &



(h) Find the area of the triangle given by A = 12|ﬁ X ﬁ|

1 a a 2
A= JoP 418+ (-9

=y (-9)
= %JD+324+81
= %«“405

9
= 2.5

S5

9
Thus, the area of the trangle 12 obtained as Ex-'g .

Answer 30E.
(a)
Consider the points,
P(0.0,-3).0(4.2,0),R(3.3.1)-
Need to find a non-zero vector orthogonal to the plane through the points P,(), and R.
Recall that, the vector which is orthogonal to the points P,(, and Ris
PQ=PR.
Let OP =(0,0,-3),0Q =(4,2,0),0R =(3,3,1) be the position vectors of the points
P.O. and R.
The sides PQ and PR are caiculated as,
PQ=0Q-0P
=(4,2,0)-(0,0,-3)
=(4,2,3)
=4i+2j+3k
PR=0R-0P
=(3.3.1)-(0,0,-3)
=(3.3,4)
=3i+3j+4k
So the orthogonal vector to the plane through the points P,Q, and Ris.
i jk
PQxPR=4 2 3
3 3 4
=i(8-9)-j(16-9)+k(12-6)
=-i-T7j+6k

Hence, the vector —i -7+ 6k is orthogonal to the plane through the points P,{), and R.



(b)
Consider the points,
P(0,0,-3),0(4,2,0),R(3,3.1)-
Need to find the area of the triangle through the points P,(, and R -

Recall that, the area of the triangle through the points P,(, and Ris given by
A= %|P‘Qx PR|.
From part (a). PQxPR=-i—-7j+6k.
The modulus of this vector PQx PR is
IPQxPR|=(~1)’ +(-7)’ +6°
=+1+49+36
- 36

Therefore, the area of the triangle is

A= %IPQ:—:: PR|

= %ﬁ Square units|

Answer 31E.
P[D,—E,D), Q(4,1,—2), 3[5,3,1)

PO=(4-0) +{1+2) j+(-2-0)k
= di+3i- 2k
PR=(5-0)+(3+2) j+(1-0)k
= % +5+k
F Gk
POxPR=W 3 -2
551
= (3+10)i - (4+10) j+{20-15)%
=13i- 14 +5k



since the vector Exﬁ’é 15 perpendicular to both E and PR and is therefore

perpendicular to the plane through P, O and E.
o the wector <13,-14, 5= 1z perpendicular to the given plane. Mow area of

parallelogram 1z
[P PR|= 13 +(-14)" +5°
= J169+196+25

= /390
The area of triangle POE. 15 half the area of this parallelogram, That 1s

:l 590
z

Answer 32E.

We are given that three points

P(—1,3,1); 00, 5,2)and R(4,3, —1)

We know that the vecior p v pp IS perpendicular to both py....qpp and is therefore
e kn hat the vector PQXPR s perpendicular to h PQﬂﬂdPR and is therefore

orthogonal to the plane through P. Qﬂl’ldR

S ; & & &
PQ=(0+1)i+{5-3)+{2—1 )
i s \, / % s
= i+2j+k
=PQ=i+2j+k

And

——

PR={4+1}i+{3-3}i+{—-1—-1}
\ / \ J \ J
= 5i+0j — 2k

= PR= 5i +0j —2k



= i(—4) +(5+2)j +(0 — 10)k

= —4i+7— 104k

= PQ XPR= —4i+7j — 10k

So, the vector {—4 7 —10)is orthogonal to the plane through the points

P, QandR

Answer 33E.
The volume ¥ of a parallelepiped with vectors a, b and ¢ as adjacent edges 1z miven by

V=|a-[h><l::||.

For a equals a1l + az) + ask, b equals b1+ &gj + b=k, and ¢ equals 211 + 095 + o=k, the
value of the triple scalar product 15 given by

oy dy dy
a-(hxe)l= |8 b b
£ Cy T3

substitute the known walues in the equation to determine a - [h >< l:) :

1 2 3
a-(hxc)=|-11 2
2 1 4
=14-2)-2(-4-4+3(-1-2)
=2+16-9
=9

Therefore, the volume of the parallelepiped is .



The wvolume ¥ of a parallelepiped with vectors a, b and ¢ as adjacent edges 1z miven by

V=|a-[h><c:||.

For a equals a1l + az) + ask, b equals b1+ &5 + b=k, and ¢ equals 211 + 095 + o=k, the
value of the triple scalar product 15 given by

dy  dy dy
a-(bxc) =& & &
£ C3 O

substitute the known walues in the equation to determine a - [h ¥ l:) :

110
a-(hxc)=|0 11
11 1
=1{1-1)-10-1)+0{(0-1)
=0+14+0
=1
Therefore, the volume of the parallelepiped 15 .
Answer 35E.

The volume of the parallelepiped determined by the vectors a = (.:11, s, .:1:3}-,
b = {E:'l B, "53}' and ¢ = {cl, Cq, -::3:1 iz given by the scalar triple product
V= |a-[h :x:c)|.

@ & dy

The scalar triple product a - [h * c) 15 given by |& & A

Consider any three adjacent sides of the parallelepiped.
Let us consider the sides, E ﬁ and S

PO =(4,2,2)
PR = {3,3,-1)
PS5 = {551



Find PQ - (PR x PS).

4 2 2
PO [PRxPS)=|3 3 -1
55 1
3 -1 3 -1 303
=4 -2 +2
‘5 1‘ ‘5 1 5 J
= 4(3+5)-2(3+5) +2(15-15)
= 32-16
= 16

Therefore, the volume of the parallelepiped is .

Answer 36E.
Consider the following points:

P(3.0.1).0(-12.5).R(5.1,-1),5(0.4,2)
Consider any three adjacent sides of the parallelepiped.
Let us consider the sides, PO, PR, and PS
Find the volume of the parallelepiped with adjacent edges PQ,PR,and pPg§ as shown below

The volume of the parallelepiped is determined by the vectors, a = {a,, a,, "3}-
b = (b, b,, 1’3}- and ¢ = {.:-,, Cas .:-3)* and is given by the scalar triple product
V= |l . (h x c}].

a a, a,

The scalar triple product a-(bxc) isgivenby (b b, b|.

q € G



Let us consider the sides, @ PR, and PS.
P(3,0,1),0(-12.5).R(5.1,-1).5(0.4.2)
PO = (&-%, %~ %> z-7)

=(-1-3,2-0,5-1)
=(4.2.4)

PR = (x,—X, ¥,~Y» 2, -7
=(5-3.1-0,-1-1)
=(2.1,-2)

PS = (5,—%, 2> 2,-7)
=(0-3.4-0.2-1)
=(-3,4.1)

Compute PQ - (PR x PS)as shown below:

-4 2 4
PO-(PRxPS)=|2 1 -2
-3 4 1
A R
4 1 -3 1 -3 4
= -4(1+8)-2(2-6) +4(8 +3)
= -36+8+44
=16

Therefore, the volume of the paralielepiped with adjacent edges is

Answer 37E.
Consider the vectors,
u=i+5j-2k. v=3i—-jand w=35i+9j-4k
Write the scalar triple product equation.

1 4 4
a-(bxe)=|b b, b,
G 6 G

Magnitude of the scalar triple product |a-(hxc]|i5 the volume of the parallelepiped formed by
the vectors, a,band c.



Evaluate scalar triple product for the given vectors.

1 5 -2
ux(vxw)=[3 -1 0
9

=1(4-0)-5(-12-0)-2(27+5)
=1(4)-5(-12)-2(32)
=4+60-64
=0

Volume of the parallelepiped is,

jwx(vxw)|=[o
=0

Volume of the parallelepiped formed by the vectors u,vand wis zero.
That means they lie on the same plane.

Thus the vectors are co-planar.

Answer 38E.
Consider the following four points:

A(1,3,1),B(3.-1,6),C(5,2,0) and D(3,6,-4)
The objective is to test whether the points lie in the same plane.
Consider the following four points:
A(1,3,1),B(3,-1,6),C(5.2,0) and D(3,6,-4)
The objective is to test whether the points lie in the same plane.

The scalar triple product is,

2 4 4
AB{ACx4D)=|4 -1 -2
2 3 -6
=2(6+6)+4(-24+4)+4(12+2)
=24-80+56
-0
Hence, the given points are Coplanar.

In other words the points lie on the same plane.



Answer 39E.

Force |ﬁ|: A
Shaft of pedal  |F|=18m
=0.18m
Angle between position of shaft and force vector, 1s &= 807
Then the torque |‘E’| = |Fxﬁ|
= ||| #|sin &
= ({0.18)(60)5in 80° ) Nim
=10.8an80°7

=10.6J
Hence magnitude of torque about P 12

Answer 40E.

P 41t

4 ft

Let the force 15 applied at point B
Now PO = QF = 4ft



Then by Pythagoras theorem,
PR =4+ 4 st
=321
= 421t

Then tan&=j—l=1

= a =45
Therefore angle between force vector and the position wector
PR is 180°-(30° +45°) =105
Hence the magnitude of torque is
|‘f|: ‘FRFXL_E:‘
= |PE|[#]sin105°
= 4./2(36)(0.965) ft—ib

=197 f-ib
Hence |‘T’.‘"|= 1967 #-1b|.
Answer 41E.
F J{.
. B T |=0.3m
0 , . N
N/ 8 ‘ -
| |
| |
| | 4
- |
| v |.
o9 |
X | e
| |
| |
| A

Let # is the position vector of the end of wrench where the force 15 applied. Then
7| = 0.3z

Mow the force & is parallel to (0,3,—4:}



Let OA= (EI, :, —4}, consider right angled triangle OBA
where OB =3 and

tané?:izl.BB
3

Then

Then &= tan™ (1.33)

LE.

Now  [t]=[F||#|sin &

LE.

Then

LE.

Answer 42E.

=5313
Therefore the angle between 7 and F=5317%.

AB=4

1007 = (0.3} |#|sin 53.13°)

+|= 100

0908

|ﬁ|gﬂ41?.w

X

Mowr {::5:.5 Then |~:|:5
=

Then length of

and

:>‘u><v|=155m5

-+

— —

LY g

u>w|= ‘u”v‘siné‘

where & 15 the angle between » and v,

VY

4



Mowr ‘z_; K;| will be maximum and mintmum depending upon sin 8. Since
0 =8 < 2w Then [sin&]max =1 and [{sin&)uin=0.

Hence ‘;xqmm{:lﬁ

And  pocv|min =0

Also 1%y point in the direction of positive z-axis.

Answer 44E.
(a)

Let v be a vector defined by (v, v,, v;)- Then (1, 2,1} x (v, v,, v;} = (3,1, -5).

The objective is to find all the vectors, v.

Simplify the equation and find the expressions for v, v,,v, -

i j k
1 2 1(|=(31-5)
1 2 %

(2w =w)i=(vs=w)i+(n _-Z‘H}k =(3.1,-5)

Equate the corresponding coordinates.

2v,—v,=3
M- =1
v,— 2v,==5

Solve the equations.

Multiply vy—v,=1by2andadditio w,— 21-| =-5

v,— 2w, ==5
2w, =2v, =2
v, —2v, ==3

It is similar to the equation 2v, — v, =3.

Let v, =k . where k is an arbitrary constant .

v, =l+y
=1+k

And

v, =2y, -5
=2(1+k)-5

=2k-3



(b)

Suppose the vector v satisfies {1, 2,1) x (v, v,, 5} = (3,1, 5).
The objective is to find all the vectors, v.

Rewrite the equation. (1, 2,1) x (v, v,, v;) = (3,1, 5) as follows,

i j k
1 2 1 =(:3, 1, 5)
“Ww = %

(2vi=w)i— (v -w)i+(v-2v)k=(315)

Equate the corresponding coordinates.

2v,—v,=3
U =1
v,— 2v, =5

Solve the equations.

Multiply v,—v,=1by2andadditto v,— 2w, =5

v, — 2v, =5
2v,—2v, =2
1?1—21-"} =7

Or EV} -w=-7
This is not possible, because 2v, — v, =3.
In other words, the system is inconsistent.

Therefore, there isno v suchthat (I, 2, 1) x v = (3,1, 5).

Answer 45E.




(B)

Let & be the angle between .:lx andé:'.
MNow in right angled AFMO,

d

sin &= ———1
i (0
I I I,I
Alzo we know axh|=|a |b sin &
b
1E s &= Se—r— ———[2)

|

Form [l)amd(E)
4 laxd
= = g
o falp]
| o
Le d = —r—

d

P=(111), Q=(0,68), R={-147)

Then PQ={-157)
OR = {-1,-2,-1)
Then a=QR={-1-2,-1)
b=0P={1-5-T)
Then fo|=vITa+1=+6
b = VI+25+49 = 75 = 53
Now axb={14-5-7-15+2}
=(9,-8,7)
_ T EE
= Vis4

I I
Then |axh




Therefore distance of point P from the line passing through O and E 15

Je
B 2w a7
23
B a7
Yz
Hence |d = E
3
Answer 46E.
axb
How OF = a, O5=k  (OF=c

Let & be the angle between @ and ¢
Let the perpendicular from P meets the plane through 5,0 and B in . Then PI

=d
MNow in right angled  APMO,
sin & = E
oF
o

L
g



(B)

How axb is perpendicular to the given plane and 12 in upwards direction. This

gives that axk is parallel to ME. Then angle between axb and ¢ same as the

angle between MP and ¢ which iz 90°— 8

Then [EKE).C = laxd|le|cos [90" —5':]

= |z = b|lo|sn &

(axp)F
=anf=-r—= ———[2)
b
From (1) and (2,
J| (38)7
P
(3x5)

=d ==
=

since d 13 the distance and cannot be negative, then
|(c1 K.-EJ) ..:?|

‘cz KE}‘

d =

P=(2,14), 0=(100), R=(020), §=(00,3)
0

a=QR={-12.0)
b=08=(-10,3)
c=QP={114)
Then
p =‘(cxj<b_)h.c
|.:x><£:n|
114
(axBle=F120
103
~1(6)-1(-3)+4(2)
= 6+3+8=17

And  axb=(632)
Then ‘Exé‘: 36+ 944
_ T
:7



Hence o = ‘I:ﬂjff?l-ﬁ‘
‘.:1 XE:-‘
i=
7
Answer 47E.

We lnmowthat a- b = |a||h|n:c::-55' and |a}=:h| = |a||b|sin a.

Square both sides of [ax b| = |a|fh|sin 8.
(Jaxb])" = o pf sin” e
axbf' = [ pf' (1 o)
ax hf = [ B - o pf cos”
Wehave (a-b) = |af [b[ cos? .
[axhf = Jaf' bf' = (a - b

Thus, we have proved that |a s h|2 = |a|2 |h|2 — I:a : h)z.
Answer 48E.
Wehavea+h+c¢=0 Then, hb=-a—-c.
Find axh.
axh = ax[—a— 1:)

= (ax-a)- (axc)

=cxa
We knowthat a- b = |a||h|n:¢s$' and |a>c:h| = |a||h|sin a.

Also, we havea=-b—rc.

simplify axh.
axh = (-h—-cjxh
=(-h xb]—(cxbh)

=h=xc

Thus, we have proved thatita+h+e=0,then axh = cxa = hxec.

Answer 49E.
Congider = (al,ag,cxﬂ
b={b,byk) in
a—b={a~b,a;—by.a;—b)
a+b={a +h,a,+by,a, +b)



Mow
G k
(a-B)x(a+5)= Fl By, — by a —b
S S o R

(g = By ety + ) — [y + 8, ) [y = B ) ]f

(al et +4) (mﬂ)(a;—b;)]”‘

(@ =& ) g +8,)— (e +8)(a, ];:
gty + iyl — Byt — bl — aydy ady - bﬁﬁ;ﬂggjé‘
aydly + by — bia; — byl — andy +ayby— @aﬁ%)
+(f.::,,e:r{+.:;1£:-2 B, — glb{—g{a{+alb2—blag+§g{)
= 2fayb, —bya, )i -2 (@ —ba, )

+2 (@b, — bay )k

= 2| (aghs —bsas )i — (ayfy — Byas )+ (e — Byay ) & |
=2(a><£:-)

+

=
l
[
=(
g

Answer 50E.
ax(bxc)=(ac)b-(ad)e
Consider a = {ay,cy, }5 = {By,by by )

-

And c={cl,cj,c3> in ¥

LHSE
3x(53),
i ok
bxe=|h B b
L L T
:[bzcz_cﬁ)i_[5153_51&?)3"'[51‘52_'5152);5
How

_ . P
EK[EKE)—& a, a;
o —oyby o — By B, — oy
=[ay (Brey — oy )— a5 (e — by ) |
—[a(Biey— ety — @ (Byey — 3By ] j
|y (eids = by )= 6y (e — gy |k




RES (ac)b-(ab)e

= (e, +ayc, +a3c3)(b i+by +f;.3k)

by +agh, +a3£:3)(clai +cgj+c3k)

= (ayoydy — @ybyey + Gamyby — gy, )i

+agd, —abe, +asesby —abie, ) j
(G yby — oty + @yt ,bs — aybyc, ) &
= [@ (Bies et )~ as (et sty ) i

- [an(bes — by =) a5 (Baes ~ses )]

[ﬂl ['5153 _"-1’1'53) —y ':’52"33 _'52"53)]’%
We can see thatthe LHZ=E.H.=
Thatis 3x(5x7) = (35)5 - (35)7
Answer 51E.

LHE
ax(Bxe)+Bx(ixa)+ix(axB)
=[(ac)-(a)eJ+[(Ba)e-(be)a]
+{(c2)a~(ca)?]
Because ac=ca
ab=ha
Be=ch
Then
Ex(gxg)+5x|:cxa)+cx(£x§) 0
Answer 52E.
Let Zxd=#
Therefore,
(a5



Since &8
Thus,

(axz;“).(sx&):5.[(5.5)5—(5.5)5}
=(a@-)(b-d)-(a-d)(27)
lgE EE
4 54

Hence,
o0 -7 5

it follow that h=¢

The given statement is hecause,

e

| et us consider the counterexample,

a=(LLl1)

b=(1,0.0)

¢=(0.0,1)

Then, g-b=1

a-c=1

In this example g.-b=a-cbut h ¢

Hence, if g.b =a-¢then it does not follow h=¢.

E.Zand &2 are scalars therefore dot product of & will be with & and d



(%)
Consider the following statement,
IT axh=axe¢thenit follows p=¢.
The given statement is @ because,
axb=axe
axb-axc=0
ax(b-¢c)=0
This implies that a is paraliel to (b-c) and this cant happenif b 2 ¢-

Therefore, it gxbh =g xethen it does not follow h=¢.

(<)

Consider the following statement,

If a-b=a-¢c and gxph=axcthenit follows p=¢.
The given statement is @ because,

Since we have g.¢=g-b and that a is perpendiculario b.¢ and that a is parallielto p—¢
we have,

b-¢c=0
b=c¢

Therefore, if g.-b=a-¢ and gxb =axc¢thenit follows p=¢.

Answer 54E.
=y o
Consider H'I:g.-: (jgii:g
1?1.(1?2 K'I.-:'3)
_nl)
'L-’l.(Vz X'Ir’3)
o) )< ()

=0 [QSEK+=[:]



Mow consider joow = 2= (_, _,)
v vy Ky
)
)
=10
Similarly kov =0kv; =0k =0k, =0
(B) L
Consider H;{: %
1| V2 < Vs
)
NOED
Consider EE: Eiﬁh)j? = E(EXE)

—_— —+y —F —_— i — —+

Similarly ey, =1
(1)
Consider E(EKE)
iy | D<)
(owos) | [ (o) | (52

() [ ()]

o [t

o) [ (s ) )]
' (5]

— —y, —+[ —  —, —+
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