Principle Of Mathematical Induction

Exercise 4

Q. 1. Using the principle of mathematical induction, prove each of the following
for all n € N:

1+2+3+4+...+n=12n(n+1)

Answer : To Prove:

1+2+3+4+...+n=12n(n+1)

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
() P(2) is true

(ii) P(k + 1) is true, whenever P(k) is true

Then P(n) is true for alln e N

Therefore,

LetP(n):1+2+3+4+...+n=12n(n+1)

Step 1:

PL)=121(1+1)=12x2=1

Therefore, P(1) is true

Step 2:

Let P(k) is true Then,

Pk):1+2+3+4+...+k=12k(k+1)

Now,

1+2+3+4+...+k+(k+1)=12kk+1)+(k+1)

= (k+ 1){ 12 k + 1}



=12 (k+1)(k+2)

=Pk +1)

Hence, P(k + 1) is true whenever P(K) is true

Hence, by the principle of mathematical induction, we have
1+2+3+4+...+n=12n(n+1)forallneN

Hence proved.

Q. 2. Using the principle of mathematical induction, prove each of the following
for all n e N:

2+4+6+8+....+2n=n(n+1)
Answer : To Prove:
2+4+6+8+....+2n=n(n+1)

Steps to prove by mathematical induction:
Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(ii) P(k + 1) is true, whenever P(K) is true
Then P(n) is true for alln e N

Therefore,
LetP(n):2+4+6+8+....+2n=n(n+1)
Step 1:

PL)=1(1+1)=1x2=2

Therefore, P(1) is true

Step 2:

Let P(K) is true Then,

P(k:2+4+6+8+ ... +2k=k(k+1)



Now,
2+4+6+8+....+2k+2(k+1)=k(k+1)+2(K+1)
=k(k+1)+2(k+1)

=(k+1)(k+2)

=Pk +1)

Hence, P(k + 1) is true whenever P(K) is true

Hence, by the principle of mathematical induction, we have
2+4+6+8+...+2n=n(n+1)forallneN

Q. 3. Using the principle of mathematical induction, prove each of the following
for all n € N:

1434324334 430 =i(3ﬂ -1

-
Answer : To Prove:

3" -1
2

1+314+32 4+ 4371 =

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
() P(2) is true

(if) P(k + 1) is true, whenever P(K) is true

Then P(n) is true for alln e N

Therefore,

1 2 n-1 _ 31
LetP(n):1+3 + 34+ ..+ 3 =
Step 1:

3l

2
P)= 2z 2=1



Therefore, P(1) is true
Step 2:

Let P(k) is true Then,

1 2 R
P(k):l+3 +3“+ ...+ 3 =
Now,
(k) _
143t 4324 . 43t pghena 23 71 geena
2
3k 1

AL 10)
= 2

_30E + 1) -2

3 1

_3%(©)—;

3470 -
Jk+1)_y
= 2
=Pk+1)
Hence, P(k + 1) is true whenever P(K) is true

Hence, by the principle of mathematical induction, we have

3"

1+3"+3%+ ..+ 3" =
2 forallneN

Q. 4. Using the principle of mathematical induction, prove each of the following
for all n € N:

2+6+18+...+2x3"1=(3"-1)

Answer : To Prove:



2+6+18+ ... +2%3m1=(3n-1)

Steps to prove by mathematical induction:
Let P(n) be a statement involving the natural number n such that
() P(2) is true

(ii) P(k + 1) is true, whenever P(K) is true
Then P(n) is true for alln e N

Therefore,

LetP(n):2+6+ 18+ ... +2 x 31 =(3"-1)
Step 1:

P(1)=3'-1=3-1=2

Therefore, P(1) is true

Step 2:

Let P(k) is true Then,

P(k): 2+ 6+ 18 + ... + 2% 31 = (3k_1)

Now,

2+6+18+ ... +2x 31 +2 x3k+11=(3k_1)+ 2 x 3K
=-1+3x3kK

o 3k+1- 1

=Pk +1)

Hence, P(k + 1) is true whenever P(K) is true

Hence, by the principle of mathematical induction, we have

2+6+18+ ... +2%31=(3"-1)forallneN



Q. 5. Using the principle of mathematical induction, prove each of the following
for all n € N:

1_1_1_ N 1 _[1_ 1 ]
2 4 8§ = o ot
Answer : To Prove:

1 1 1 L _(, 1
E_I_é_“"_:_ﬂ‘[ _:_ﬂ]

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
() P(1) is true

(if) P(k + 1) is true, whenever P(K) is true

Then P(n) is true for alln e N

11 _[1_ 1 ]
Letp(n): = + 8 2" 2"

Therefore,

b2 | —

Step 1:

1

1
p(1):1_; =1-3=

[

Therefore, P(1) is true
Step 2:

Let P(K) is true Then,

1 1 1
PRz T3 T s

|

l
=i
I

1
+...+;

b3
e

Now,



1 1 1 1 1 1
stz tgt T = oot o
1 1
:1_2_";‘+ 2";"-“'
1 1
_1 +§(5—1)
1 1
1+ %09
1
:1_25{4'1
=P(k + 1)

Hence, P(k + 1) is true whenever P(K) is true
Hence, by the principle of mathematical induction, we have

11 1 1 _(,_1
24 8 7 ,,—ﬂ—[ ,,—ﬂ]

= = forallneN

Q. 6. Using the principle of mathematical induction, prove each of the following
for all n € N:

n(2n—1)(2n+1)

124324524724 . +(2n - 1)2 = 3

Answer : To Prove:

n(2n—1)(2n+1)

12432452+ 72+ . +(2n—1)2= 3

Steps to prove by mathematical induction:

Let P(n) be a statement involving the natural number n such that
(i) P(1) is true

(if) P(k + 1) is true, whenever P(K) is true

Then P(n) is true for alln e N



Therefore,

n(2n—1)(2n+1)

Let P(n): 12+ 32+ 52+ 72+ .. +(2n—1)2 = 3
Step 1:

1(2-1)(2+1) _ 3
P(l) = E a=1
Therefore, P(1) is true
Step 2:
Let P(k) is true Then,

k(2k—1)(2k + 1)

P(k): 12+ 32+5%2+ 72+ ... + (2k— 1)’ = 3
Now,

E(2k-1)2k + 1) 482
12+32+52+ 72+ .+ (2(k + 1)-1)2 = 3 +(2k+2-1)
_k{zk—1]{2k+1] + (2K + 1)

2k + DEEE 4 2k + 1]
[Ek + 1)[w]
(E.IC + 1)[25: +5k+ 3]

[:E.IC + 1)[{I.:+ 1) {2k+ 3]]

(Splitting the middle term)

(k + 1)(2k + 1)(2k + 3)
= 3

= P(k + 1)



Hence, P(k + 1) is true whenever P(K) is true
Hence, by the principle of mathematical induction, we have

n(2n—1)(2n +1)
12+32+52+72+ . +(2n-1)2= 3 forallneN

Q. 7. Using the principle of mathematical induction, prove each of the following
for all n e N:

1.2 +2.22+ 323+ ...+ n.2" =(n — 1)2"*1 + 2.

Answer : To Prove:

1x2' 4+ 2x22 +3x2% + ... +nx2"=(n-1)2n+ 1+ 2
Let us prove this question by principle of mathematical induction (PMI)

Letp(n):1><21+2><22+3><23+ ...... + nx2"

Forn=1
LHS=1x2=2

RHS = (1-1) x 2@+ 4+ 2
=0+2=2

Hence, LHS = RHS

P(n) is true forn 1

Assume P(K) is true

1x2' 4+ 2x22 +3x2% + kx2k = (k—1)x2¥*1 + 2 (1)

We will prove that P(k + 1) is true

1x
21 +2x22 +3%x23 + (k+ 1)x28*1 = ((k + 1) —1) x20k+D+1 4 9

128+ 2%x22 +3x2% + (k+ 1)x28*1 = (k) x2%*2 + 2



128+ 2%x2%2 +3x2% + k2F + (k+ 1) x 28t = (k) x28*2 + 2
We have to prove P(k + 1) from P(k), i.e. (2) from (1)
From (1)

128+ 2%x2%2 +3x2% + kx2F = (k—1) x2¥*1 + 2

k
Adding (& + 1) X 2% "% poin sides,

(1x
22 +2x%x22 +3x22 + Ex2M) + (B + D x28 1 = (k—1) %2kt + 2,

(k + 1) x 2k+1

kX 28F1 gkl 4 g 4 xR+l 4 gkl
_2kx 2kt 4+ 2
_kx2k2 42
(1x21+2><22 + 3x723 + ,‘r{xgk)_|_ (K + 1) x 2K+ _kx2k+2 4+ 2

Which is the same as P(k + 1)

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Putk=n-1

(1x21+2x22 +3x2) +nx2"_(n—1)x2"*1 + 2

Hence proved.

Q. 8. Using the principle of mathematical induction, prove each of the following
for all n e N:

12

3024322343824+ +30201= 3 (gn_1)



Answer : To Prove:

2
3x2%7 + 37 %2 + 332 + . X +3"x 2"l = — (6" —1)

2 2 3 3 4 +1
LetP(n):3><2 + 3 °x2° + 3°x2% + ... X + 3" x 2"

Forn=1

2
LHs=3%X2" =12

12

RHS:(:)X (6°-1)

12
—xb
=3 =12

Hence, LHS = RHS
P(n)istrueforn=1

Assume P(K) is true

3x22 +32x2% + 33x2% + ...x +3Fx 2kt = Z(gk—1) 0
We will prove that P(k + 1) is true
2 2 3 3 - E+1 E+2 12 E+1
3 X2+ 3°%x2° + 37 x2% + ... X +3 X 2 =E(6 - 1)
12 12
3x2%2 +32x2% + 33x2% + ... X +3k+1y pk+2 =E(6‘f+1)—E
3x2%2 +32x2% + 33x2* + ... X +3F x2k+1 4 3k+lyok+2

iz [61: + 1) _ 1z
...(2)
We have to prove P(k + 1) from P(k) ie (2) from (1)

From (1)



12
3x2%2 +32x2% + 33x2% + ... X +3Fx 2kt = —(6F-1)

E+1 E+2
Adding 3° 7 X 277 poth sides

3x22 +32x2% + 33x2% + ... + 3k xk+1l 4 gk+1 .y ok+2
— %(6.‘:_1) + 3k+1x2k+2

12
= E(Ek—l) + 3k %2k %12

12

=E(6’f—l)+6’fx12
(6*12+12 12)
=\ )75

(?2) 12
~\5 5

12 12
- 6k+l _
5( ) 5

3x2%2 +32x2% +33x2% + ... + 3k x 2k*+1 4 gkl ok+2
— E (6.!: + 1) _ E
5 5
Which is the same as P(k + 1)
Therefore, P (k + 1) is true whenever P(K) is true.
By the principle of mathematical induction, P(n) is true forx

Where n is a natural number

Putk=n-1

I3x27 +37x2% + 3¥x2* + ... X +3"x 2"t = —(6") ——



12
I3x2% +32x2% + 3¥x2* + ... ><+3“><2“+1=E(6“—1]

Hence proved

Q. 9. Using the principle of mathematical induction, prove each of the following
for all n € N:

Answer : To Prove:

N 1 . 1 2n
(1+2) (1+2+3+ ... +n) (+1

1
1

Let us prove this question by principle of mathematical induction (PMI)

1 1 1 _2n
LetP(n): 1 (1+2)  (1+2+3+... +n)  (n+1)
Forn=1
LHS = 1

2x1

RHS=(+1 1
Hence, LHS = RHS
P(n)istrueforn=1

Assume P(K) is true

1 1 1 2k

1 {1+2]+ +{1+2+3+ ...... ® + k) (k+1) (1)

We will prove that P(k + 1) is true

2(k+1)  2k+2

RHS = (k+1+1) k+2




1 1 1
lHS =1 (+z +(1+z+a+ ...... +(k + 1))
1 1 1 1
! {1+2]+ """ +{1+2+3+ ...... +k]+{1+2+3+ ...... +{’f+133[\Nritingthelast

Second term]

2k 1
:{k+1]+{1+2+3+ ...... +{k+1]][|:rom1]

2% 1
AR EFIED)
2

{1+2+3+4+ ... +n=[n(n+1)])/2putn=k+1}

2k 2
k+ 1) (k+ Dxk+2

garlate

2 (k+1)=(k+1)
:Ff+1[: kE+2 )

[Taking LCM and simplifying]

2(k +1)
= (k+2)
=RHS

1 1 + 1 _ 2k+2
Therefore, 1 (1+2y 77 (14243 +..X+(k+1))  k+2
LHS = RHS

Therefore, P (k + 1) is true whenever P(K) is true.
By the principle of mathematical induction, P(n) is true forx

Where n is a natural number



Putk=n-1
1
1

Hence proved

Q. 10. Using the principle of mathematical induction, prove each of the following

for all n € N:

1 1

+ +
2x5 (5x8)

Answer : To Prove:

1+1
2x5 (5x8)

Forn=1

1x1 1

RHS = 6+4) 10
Hence, LHS = RHS
P(n)is true forn=1

Assume P(K) is true

1 1

2%5 (53x8)

+ +

1 2n
...... X +n) n+1

1 n
_|_ =
(3n—1)x((3n+ 2) (6n + 4)

1 n
_|_ =
(B3n—1)x@3n+2) (6n + 4)

We will prove that P(k + 1) is true

E+1

RHS = (Blk+1)+4)

RN
LHS = 2x5 {SXS]

_|_

1 k
@k-Dx(3k+2)  (6k+4) (1)
E+1

(6k + 10)
...... + : -

(3k—1)x(3k +2) (Bik+1)-1)=3k+1)+2)

[Writing the Last second term]



1 1 1 1
_2x5 + (5x8) + (3k—1)%(3k + 2) + (3(k + 1)-1)%(3(k + 1) + 2)

on

I 1
— (6k +4) + (3(k +1)-1)x(3(k + 1) + 2] [Using 1]

k 1
— (6 +4) + (3k+2)=(3k+5)

k 1
— {6k +4) + (3k+2)=(2k+53)

1 5 [{3k+2]><{k+1]
= (3k +2) 2x%(3k+5) (Taking LCM and simplifying)

E+1
— {6k +10)

=RHS

1 1 1 1
Therefore. 2%5 (5x8) T + (3k-1)=(3k+2) + Bk+1)-1)=2k+1)+2) =
E+1

(6k + 10)

LHS = RHS
Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for

Where n is a natural number

Putk=n-1
1 1 1 n
2x5 + (5%8) o X (3In-1)%(3n+2) — (6n+4)

Hence proved.

Q. 11. Using the principle of mathematical induction, prove each of the following
for all n e N:

1 1 1 1 __n
1.4 4.7

210 7 (3n-2)(3n+1) (3n+1)



Answer : To Prove:

1 1 1 n
+ + ... + =
1x4 (4x7) (3n—2)x(Bn+1) (3n+1)

Let us prove this question by principle of mathematical induction (PMI)

1 1 1 n

Let P(n): x4 (@ax7) N @n-2)x(@En+1)  (@n+1)
Forn=1
L2
LHS = 1x4 4
. _ 2
RHS = (3+1) 4

Hence, LHS = RHS
P(n)istrueforn=1

Assume P(K) is true

1 1 1 k

— 1x4 + (4%7) (BEk-2)x(3k +1) (3k+1) (1)

We will prove that P(k + 1) is true

E+1 . E+1
RHS = Glk+1)+1)  (3k+4)

1 1 1
LHS = 1x4 (4%7) o * (Bk+1)-2)==Bk+1)+1)
1 1 1 1
— 1x4 T ax7y 7 (3k—2)=(3k + 1) T (3k +1)=x(3k+4)

[Writing the second last term]

K 1
= (3k+1) * (3k + 1)x(3k +4) [Using 1]

1 1
:{3k+1]( {ak+4])




1 (3k? + 4k +1)
:Gk+1ﬂ (3 +4) )

E+1
— (3k+4)

(Splitting the numerator and cancelling the common factor)
=RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(K) is true.

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Hence proved.

Q. 12. Using the principle of mathematical induction, prove each of the following
for all n e N:

1 1 1 1 3 n

13 35 57 7 (2n-1)(2n+1) (2n+1)

Answer : To Prove:

1 1 1 n
+ + ... + =
1x3 (3x5) 2n—-1)x(2n+ 1) (2n+1)

Let us prove this question by principle of mathematical induction (PMI)

1 1 + 1 i n
LetP(n): X3 @xs) 7 (2n-1)x(2n+1)  (2n+1)
Forn=1

L 1
LHS =1x3 3

r 2

RHS = (2+1) 3

Hence, LHS = RHS



P(n)is true forn=1
Assume P(k) is true

IS 1 _k
1%3  (3X5) (2k—-1)x(2k +1)  (2k+1) (1)

We will prove that P(k + 1) is true

E+1 _ k+1
RHS = @k +1)+1)  (2k+3)

1 1 1

LHS :E (3%5) o * (Z(k+1)-1)x(2(k + 1)+ 1)
1 1 1 1
:E + (3x5) T (2k—1)=(2k + 1) + (2k + 1)=(2k+ 3)

[Writing the second last term]

k 1
= 2k +1) * (2k +1)%(2k + 3] [Using 1]

1 1
:{2k+1]( + {2k+3])

1 (2k% + 3k +1)
:{2k+1]( (2k + 3) )

E+1
—(2k+3)

(Splitting the numerator and cancelling the common factor)
= RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true forx
Where n is a natural number

Hence proved.



Q. 13. Using the principle of mathematical induction, prove each of the following
for all n e N:

1 1 1 n
+ + ... + =
2x5 (5x8) (3n—1)x(3n+ 2) (6n + 4)

Answer : To Prove:

1 1 1 n
+ ) + ... + =
2x5 (5x8) (3n—1)x(3n+ 2) (6n + 4)

Forn=1

1
LHS = 2%5 10

1x1 1

RHS = (6+4) 10

Hence, LHS = RHS
P(n) is true forn=1
Assume P(K) is true

1 1 1 _ k
2%5 (5x8) (3k—1)x(3k+2)  (6k+4) (1)

We will prove that P(k + 1) is true

E+1 _ k+1
RHS = (6{k +1)+4)  (6k +10)

1 1 1 1
LHS = E (5x8) + ... + (Bk—1)x3k + 2) + Bk+1)-1)=3k+1)+ 2:l[\/\/ritir]g the

Last second term]

1 1 1 1
prri (5x8) + (3k—1)%(2k + 2) + (3(k + 1)-1)%(3(k + 1) + 2)

— 2X

n

k 1
— (6k +4) * Bk +1)-1)x(3(k +1) + 2) [Using 1]




k 1
— (6 +4) + (3k+2)=(3k+5)

k 1
— {6k +4) + (3k+2)=(2k+53)

1 x [{3k+2]><{k+1]
= (3k+2) 2x(3k +5) (Taking LCM and simplifying)

E+1
— (6k +10)

=RHS

1 1 1 1
Therefore. 2%5 (5x8) T T (3k-1)=(3k+2) T (Bk+1)-1)=2(k+1)+2) =
E+1

(6k + 10)

LHS = RHS
Therefore, P (k + 1) is true whenever P(k) is true.
By the principle of mathematical induction, P(n) is true for

Where n is a natural number

Putk=n-1
1 1 1 n
2x5 (5%8) o X (3In-1)x(3n+2) _ (6n+4)

Hence proved.

Q. 14. Using the principle of mathematical induction, prove each of the following
for all n € N:

(2ot o2

- =(n+ 1)

Answer : To Prove:



(1+3) (1+5) (1+?) {1+2”+1} (n + 1)°
1>< 4>< L]>< ...... o4 " = (n

Let us prove this question by principle of mathematical induction (PMI)

2Zn+1

Letp(n):(1+§)x(1+z)x(1+g)x ...... {1 + 25 = (n + 1)?

Forn=1

3
s=+t1=*

Rus= (1 + D7_,
Hence, LHS = RHS
P(n)is true forn=1

Assume P(K) is true

:(1+§)x(1+§)x(1+g)x ...... x {1+ 22 - (ke + 1)2__(1)

We will prove that P(k + 1) is true
RHS:((R + 1) + 1)? = (k + 2)?

LHS:(1+§)><(1+E)>{(1+E)X ...... x{1+%}

[Now writing the second last term]

:(1+§)X(1+§)x(1+§)x ...... ><[1+2i:}><{1+%}

2k +1+1

E+ 1)2x{1+
:( ) [ {Fl:+1:|2 }[Us”‘]g 1]

_(k + 1) x (1+ 223

(k+1)%

[.IC i 1)2 % [{I.:+1]2+{2F.:+3]}

(k+1)2



_(k+ 1)+ (2k + 3)
_k*+2k+1+2k+3
_(k + 2)?

=RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(k) is true

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Hence proved.

Q. 15. Using the principle of mathematical induction, prove each of the following
for all n e N:

B R

Answer : To Prove:

(1+1) (1+1) (1+1) 1+1 + 1t
T X = X — | %X ... X —Y = (n
1 2 3 { ”1} ( )
Let us prove this question by principle of mathematical induction (PMI)

2 1 1 1y _ 1
Letp(n):(1+1)x(1+2)><(1+3)x ...... x{1+3}=@+1)
Forn=1

1
LHS:1+1_E

1
RHs=(1 + 1)7"-»

Hence, LHS = RHS



P(n)is true forn=1

Assume P(k) is true

:(1+%)><(1+51)x(1+§)>< ...... ><{1+k—ll}=(k+1)1___

(1)
We will prove that P(k + 1) is true
RHS:(('I‘ + D+ D= (k+2)?
1 1 1 1
LHS:(1+E)><(1+E)><(1+E)>< ...... ><{1+{k+1]l}
[Now writing the second last term]
1 1 1 1 1
:(1+E)x(1+5)x(1+5)x ...... x[l+;}><{1+{k+l]l}

)
(k +1)Y) [Using 1]

_(k+ 1)t x {1 +

:[R n l)lx[{k+1]+1}

(k+1)*

G+ 12 x {422

(k+1)7

=k+2

=RHS

LHS = RHS

Therefore, P (k + 1) is true whenever P(K) is true.

By the principle of mathematical induction, P(n) is true for
Where n is a natural number

Hence proved.

Q. 16. Using the principle of mathematical induction, prove each of the following
for all n € N:



nx(n+1)x(n+2)is multiple of 6
Answer : To Prove:
nx(n+1)x(n+2)is multiple of 6

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

nx(n+1)x(n+2)is multiple of 6

Letp(n): ™ X (0 + 1)x (n+ 2) \hichis multiple of 6

FornzlP(n)istruesincelr’('::l +1x(1+2)=6

, Which is multiple of 6
Assume P(K) is true for some positive integer k , ie,
=kx(k+1)x(k+2)=6m,wheremeN...(1)

We will now prove that P(k + 1) is true whenever P( k) is true
Consider,

=(k+1)x(k+1)+1)x(k+1)+2)

=(k+1)x{k+2}x{(k+2)+1}

=[(k+)x(k +2)x (k+2) ]+ (k + 1)x(k + 2)

= [ kx(K + 1)x(K + 2) + 2x(k + 1)x(k + 2) ] + (k + 1)x(k + 2)

=[6m + 2x(k + 1)x(k + 2) ] + (k + 1)x(k + 2)

=6m + 3x(k + 1)x(k + 2)

Now, (k + 1) & (k + 2) are consecutive integers, so their product is even
Then, (k + 1) x (k + 2) = 2xw (even)

Therefore,

=6m + 3 x [2xw ]

= 6m + 6xw



=6(m +w)
= 6%q where g = (m + w) is some natural number

Therefore

k+ 1) x (k+1)+1)x ((k+ 1) + z)ismumpleofG

Therefore, P (k + 1) is true whenever P(K) is true.
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N
Hence proved.

Q. 17. Using the principle of mathematical induction, prove each of the following
for all n e N:

(x2" —y2") is divisible by (x + ).
Answer : To Prove:

Zn

x2" — y2" g divisible by x + y

Let us prove this question by principle of mathematical induction (PMI) for all natural

numbers

2N ..2n . e s )
Let P(n): * y*" isdivisible by x + y

Zn Zn

2n _ o2 2 - -
FornzlP(n)istruesincel yo=x yo=+ ) x(x-y)

Which is divisible by x +y
Assume P(K) is true for some positive integer k , ie,

2k

_x?k —y2k s divisible by x + y

2k _ .2k _ :
Letx™ —y=" = mX (X + ¥) \wheremeN ...(1)

We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

= x20c+1) _y2(c+1)



2k

— 2k 5 y2 2k 2

—y*xy

2k _ 2k

V20 2k 2k _ 12k o 12
= x“(x vyt iy [Adding and subtracting ¥~ ]

_ K K

= x*(mx (x + y) + y*) -y x y? [Using 1]
=mx(x + y)x? + y2kx?2— y2ky?
=mx(x+ yx?+ yF(x2—y?)

=mx(x+ yx*+ yF(x—y)x +y)

= (x + ) {mx® + y* (x=¥) 3 which is factor of (x+y)

Therefore, P (k + 1) is true whenever P(K) is true

By the principle of mathematical induction, P(n) is true for all natural numbers ie, N
Hence proved

Q. 18. Using the principle of mathematical induction, prove each of the following
for all n € N:

(x> = 1) - 1is divisible by (x —y), where x # 1.
Answer : To Prove:
x?"~1 — 1 isdivisible by x — 1

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): x*"t —1isdivisible by x — 1
Forn=1

-1 _ 4 _ w21 _ 1 _ (e
P(n) is true since * " 1 =x 1 =(x—-1)
Which is divisible by x - 1

Assume P(K) is true for some positive integer k , ie,



_x2k1— 1 isdivisible by x— 1

Letx® =1 =mx (x—1) yheremeN ..(1)
We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

_ JL.zr(k+ 1)-1 _ 1

= x?1Ixx?-1

— Iz(xzk—l) -1

= x?(x* 1 -1+ 1)1 [Adding and subtracting 1]
= x*(mx(x—1) + 1)—1 [Using 1]

= x*(mx (x—1)) + x*x1-1

= x*(mx (x—1)) + x* -1

= x*(mx (x—1)) + (x' -1+ 1)

[ T — -2 L
= x-1D{mx*+ (x + 1)},whichisfactorof(x-l)

Therefore, P (k + 1) is true whenever P(K) is true
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.
Hence proved.

Q. 19. Using the principle of mathematical induction, prove each of the following
for all n e N:

{(41)" - (14)"} is divisible by 27.
Answer : To Prove:

41" — 14" is a divisible of 27



Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 41" — 14" is a divisible of 27

_ a1l _qal _
For n =1 P(n) is true since ¥17 — 14" = 41 14" = 27

Which is multiple of 27
Assume P(K) is true for some positive integer k , ie,

_41" — 14" isa divisible of 27

. k B
w417 —14% = mX 27 yheremeN ..(1)

We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

= 41k+1 14k +1

= 41% x 41 — 14" x 14

- 41(41% — 14% + 14%) — 14 X 14 [a4ging and subtracting 14"]
= 41(41% — 14%) + 41 x 14% —14F x 14

= 41(27m) + 14*(41 - 14) [ysing 1]

= 41(27m) + 14%(27)

= 27(41m + 14%)

= 27 Xr (41m + 1

k
, wherer = 4 ) is a natural number

k+1 k+1
Therefore 1 — 14 is divisible of 27
Therefore, P (k + 1) is true whenever P(K) is true

By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.



Hence proved.

Q. 20. Using the principle of mathematical induction, prove each of the following
for all n e N:

(4" + 15n - 1) is divisible by 9.
Answer : To Prove:
4" + 15n— lisadivisible of 9

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 4" + 15n— lisadivisible of 9
— 41 1 =
For n = 1 P(n) is true since 4" + 15n—1=4" + 156x1—-1 = 18

Which is divisible of 9

Assume P(K) is true for some positive integer k , ie,

_4% + 15k — 1isa divisible of 9
~ 48 + 15k —1 = mx9 wherem € N ...(1)

We will now prove that P(k + 1) is true whenever P( k) is true.

Consider,

= 4F+1 + 15(k + 1) -1

= 4% x 4 + 15k + 15—1

= 4" x 4 + 15k + 14 + (60k + 4) — (60k + 4) [adding and subtracting
60k + 4,

= (4"*1 + 60k —4) + 15k + 14— (60k —4)

= 4(4% + 15k —1) + 15k + 14— (60k —4)



= 4(9m) — 9(5k — 2)

= 9[(4m) — (5k — 2)]

= 9Xr  wherer = [ (4m) — (5k —2)] is a natural number

Therefore 4° + 15k — 1 isa divisible of 9

Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.
Hence proved.

Q. 21. Using the principle of mathematical induction, prove each of the following
for all n e N:

(322 - 8n —9) is divisible by 8.
Answer : To Prove:

32"*+2 —8n —9isa divisible of 8

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 32"*+2_8n —9isa divisible of 8

For n =1 P(n) is true since

32"+2_8n—-9 =322 -8x1-9 = 81 —17 = 64
Which is divisible of 8

Assume P(K) is true for some positive integer k , ie,

_3%%+2_gk —9isadivisible of 8

. 2k +2 —
s 3%t 2_8k—9 = ]‘H}(B,WheremeN...('])



We will now prove that P(k + 1) is true whenever P( k) is true

Consider,

= 32k+D+2_gk + 1)—9

= 32+ % 32 —_gk—-8-9

= 32(32k+D _8k -9 + 8k +9) —8k—8-9
[Adding and subtracting 8k + 9]

= 32(32k+1 _g8k —9) + 32(8k + 9) — 8k — 17
= 9(3%%+*2 -8k —9) + 9(8k + 9) —8k — 17
=9(8m) + 72k + 81 -8k-17 [ Using 1 ]

=9(8m) + 64k + 64

=8(9m + 8k + 8)

= 8xr, where r = 9m + 8k + 8 is a natural number

2k +2
3°% 7% — 8k — 9ig a divisible of 8

Therefore
Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.

Hence proved.

Q. 22. Using the principle of mathematical induction, prove each of the following
for all n € N:

(23" = 1) is a multiple of 7
Answer : To Prove:

3n _
27 =1 , Which is multiple of 7

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers



an _
27" =1 is multiple of 7

23n 1

Let P(n): , Which is multiple of 7

22-1=8-1=7

For n =1 P(n) is true since , Which is multiple of 7

Assume P(K) is true for some positive integer k , ie,

k _
_2% -1 = 7m \wheremeN ...(1)

We will now prove that P(k + 1) is true whenever P( k) is true
Consider,

— 93k+1) _q

= 2% x 23 -1

= 238 % 23 4 23 _23 1 [Adding and subtracting 23]
=23(2%F—1) + 2° -1

_ 93 3 _
= 2°(7m) + 2° -1 [Using 1]

= 23(7m) + 7

=7(22m+ 1)

— - 3

= 7XT wherer=2"M T 1iga natural number
23]‘1 —1. .

Therefore is multiple of 7

Therefore, P (k + 1) is true whenever P(k) is true
By the principle of mathematical induction, P(n) is true for all natural numbers ie, N
Hence proved

Q. 23. Using the principle of mathematical induction, prove each of the following
for all n e N:



32 2n,
Answer: To Prove:
3" = 2"

Let us prove this question by principle of mathematical induction (PMI) for all natural
numbers

Let P(n): 3 = 2"

F"=2"ixex 3=2

For n =1 P(n) is true since , Which is true

Assume P(K) is true for some positive integer k , ie,

We will now prove that P(k + 1) is true whenever P( k) is true
Consider,

= 3lk+1)
. k+1) _ ak k
30 = 38 % 3> 28 % 3 [ging 1

ok k 3
= 37 X3 > 28 X2 X3 \Multiplying and dividing by 2 on RHS]

— 3k+l > EFE+1><%

2H+1><E - 2k+1
Now, 2

- 3Ff+1 :} 2k+1
Therefore, P (k + 1) is true whenever P(K) is true

By the principle of mathematical induction, P(n) is true for all natural numbers, ie, N.

Hence proved.






