» Indefinite Integrals
» Let f(x) be a Function. Then, the collection of all its
primitives is called the indefinite integral of f(x) and is
denoted byj'f(x)dx.

Integrals

(" Fastraclk Revision )

> %[F(x)] — F(x) > [ F(x)dx =F(x) + k

where ks Integration constant.
The process of finding Functions whose derivative Is
given, Is called anti-differentiation or integration.

> 1 Fx)dx] =700

X

> _[[kf(x)]dx = kjf(x)dx, where kis a constant.
> [0 £ [ dx =[ f(x)dx [ f(x)dx

Some Standard Formulae

S.No.| Integrand Integral
(n+1)
L x" 2 +C.ne-l
n+1
1
2. = log x|+ C
3. e e*+C
a)t'
x —_—C
% 0 log lal
B. sin x —-cosx+C
B. Cos X sinx+C
7. sec?x tanx +C
B. cosec?x —cotx+C
9. | sec x-tan x secx +C
10. |cosec x - cot x| —cosecx+C
d
=_Ffix
. M log | F(x)1+ C
f(x)
12. tan x loglsecx|+ C or-loglcosx|+C
13. cot x loglsinx|+C or-loglcosecx|+C
2% sec x loglsecx + tanx |+ C
log [tan| Z+ 2|4 C
or log an[4+2]+
15. COSeC X log | cosec x - cot x|+ C

1
16. —
1
1
18. I
1
L i
1
20. a2 — x2
1
e
1
22 Zaz_xz
1
23. x24+a?
1
24, 2 it
25. Ja? -x?
26. x? +a?

sec™! x + Cor —cosec™ x+C

1

%[ w}:'czztclz:l:a:"log|x+\b(zj:c12”+C

sin™ x+ Cor—cos™ x+ C

tan™ x + Cor—cot™ x +C

1

Zlug

X =0
X+d
o+ X

+C

—]—lug +C

20

a-x
1
—tan X4 C
a a

1 X
sinl=

a
log|x+wfx2+c12 |+C
log|x+~.-‘x2-02 |+C

[x«faz-xz +0?sin”! f-w]+ C

a

+C

or lng|tan%|+c
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» Integration by Substitution
Sometimes the given integral functions are not in standard
form. But sometimes by proper substitution, the given
integral becomes standard form. This method Is sald to be
integration by substitution.

> Integration by Parts

> j(u xv)dx=ufv dx uj{%u-jvdx}dx, where u Is first

function and vlis second function.

We use the following preferential order for taking the
first Function: Inverse — Logarlthm — Algebralc —
Trigonometric —» Exponential. In short, we write It ILATE.

» To find the integral of the form I

Write

dx
ax® +bx +c’

Jr e
- = —
ax* +bx+c a I

which Is anyone of the Fnrrnl[

d
orf p: _xxz

dx 1 .[ dx

bx ¢ g
patge W

2
(x.i.i] &£ E_i
2a a 4d’

dx rJ' dx
X - X+ A

2
depending upon the sign of £ _iz-
a 4a

and hence can be evaluated.
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r - -

dx
J.\}ﬂ)(‘2+bx+f.

Proceed us]ng the above steps to reduce the integral of

dx
UX A AR

> To find the integral of the form

and hence

the form j
Jx

can be eva{uated.

» To find the integral of the form I—udx and

ax? + bx +c¢
| px+q .

;]axz +bx+c

Put px + c;=/&{%(m(2 + bx+c)}+ B=A(2ax +b)+ B

Find A and B by comparing the coefficients of x and the
constant terms. Then, given integral Is reduced to one of
the known standard forms.

» To find the integral of the Formj(px s qu+r) dx :
ax® +bx +c

Let px* +gx+r=A(ax* +bx+c)+ BE,:(-(amz +bx+0)+C

Find A, B8 and C by comparing the coefficients and like
powers of xand the constant terms. Then, given Integral
is reduced to one of the known standard forms.

» To find the integral of the form J%

Letasinx + bcos x = l:—x(denomlnator) +u (denominator)
Find A and p by comparing the coefficlents of sin x and

cos x. Then, glven integral is reduced to one of the
known standard form.

asinx + bcosx + ¢
dx

» To find the Integral of the form J TR

Letasinx +bcosx+c= A% (denominator)

+H (denominator) + r
Find 2, p and rby comparing the coefficlents ofsin x and

cosx and the constant terms. Then, given integral Is
reduced to one of the known standard form.

»To find the integral of the Fform _[d—xz,
a+ bsin® x

.[ dx I dx I dx
a+bcos® x' ? asin®* x+bcos? x' ? asin® x+ bcos® x+c'

_[ dx \

(asinx+bcosx)*

Divide numerator and denominator by cos? x, replace
sec? x IF any In denominator by 1+ tan? x. Puttanx =t and
integrate.

» Tofind the Integral of the formj ax

or
bcosx Ia + bsinx

Rules of Partial Fractions

S.No. Factor in the Corresponding partial
denominator fraction
A
T (x-a) (x-a)
A B
2 | beded) | a'Rem
5 A B
ER (x-b) (X—b)+(x—b)§
4 A 3 B i C
4. (x-c) -0 e—cf  [x-cF
5 A B C
5. | (=bPx=0) | G (x-bp " (x-0)
2, b Ax+B
5 | by PETTIY:
A Bx+C
55, (x—a)(x?+bx+c) X—G+x2+bx+c

dx

X
or_[ orI :
asinx + bcosx asinx + bcosx +c¢

Use cosx =ﬂ,"_/2

1+tan’ x/2

Then puttan; =t

or sinx =

2tanx/2
1+ 2tan® x/2

> A speclal type of integral of the form

,[ X2 41 ot J‘ ¥4
x4+kx2+1 X +kxz+1

Divide the numerator and denominator by x* and put

Bl

» Integrals of the Form I dx

asinx +bcosx
Let a=rcos®, b=rsin®, then calculate r=va* + b and

Gmtan"(g) and convert given Integrals in the form of
a

cosec (0+ x)orsec(0F x).
» Integration of Irrational Algebraic Function
> I dx , substitute Cx+ D=¢, then the
(Ax + B):)O( +D

substitution will reduce the given integral Into the form

dt
A
I,cur*-mn.ec

, substitute Ox+ D=¢, then the

)I dx
(Ax* + B)JCx + D
substitution will reduce the given Integral Into the form

I 2Cdt

A" —2DAE + (AD" + BC*)

)j o , Substltute x-k:% then the
(x =Ky Jax® +bx + ¢

substitution will reduce the given Integral Into the fForm
=i

of | ————dt
j A¥ +Bt+C
>I dx
(Ax? + B)JOX? + D
will reduce the given integral into the form of

j tat dt. Again substitute C+ DE =u?®
(A+ BEWC + D¥

, substitute x =% then the substitution

reduces into the form ol’j—i%f.
u
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I ax* +bx +c
(dx+e){p* +gx+h
Here, we write ax® + bx + ¢ = Aldx + e)%{fxz + gx + h)
+B(dx+e)+C
Find A, B and C by comparing the coeffidents of like

powers of x and constant terms. Then, glven integral is
reduced to one of the known standard forms.

» Properties of Definite Integrals
> [ f(x)dx =F(6) - F(a)

>[? fod=[ fiy)dy
> 7 Fde=—[" flx)dx
> I: f(x)dx:I: F(x)dx +I: f(x)dx,a<c<b

>j:f(x)dx=o

>j: f(x)dx:J: fla—x)dx

> 7 Fx)dx=[" Fla+b-x)dx

>[:" Fx)dx=[? f(x)dx+ [? f2a - x)dx
> [2 (R0 gxdx=[ Fxdes [ g(x)dx

> [ fxpdx=
0, if f(x) Is an odd Function /i.e., f(-x)=—f(x)
2J: f(x)dx, if f(x) is an even function i.e., f(=x)=f(x)

2f; Fx)dx, i f2a-x)=f(x)

> 2 o P 0000
0, if f(2a-x)==f(x)

& Practice Exercise

' Multiple choice Questions

Q. Ie5l°9”dx is equal to: (CBSE2023)
Xs XE
a.—+C b. —+C
5 6
c5x4+C d.6x>+C
Q2 '[4"3" dx equals: (CBSE2020)
a. le +C b. 4 +C
log 12 log 4
C. e +C d. - i
log 4 log3 log 3

Qad Iff (x)=x+ 1. then f(x)is:  (CBSESQP2022-23)
X

2

a. x*+loglxl+C b.%+loglxl+c
c.i+Lug|xl+C d‘E—LuglxleC
2 2
Qa. J‘ x%e* dx equals: (NCERT EXERCISE; CBSE 2020)
a.le"]+C b.-]—e"a+C
3 3
1 0 1 .zd
c—-e’ +C d—e* +C
2 2
sin? x =cos” x
Q5. J'_—dxequnls: (CBSE2017)
§in X cos x
a.-log |cos2x | b. -loglsin2x |
c. -log |sec2x| d. None of these
Q6. J‘deequals: (CBSE2023)
sec x —tanx
a.secx—tanx+C b.secx+tanx+C
c tanx-secx+C d. -(secx+tanx)+C
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Q7. Integrate the function km with respect to x.
1+tanx

alog|cosx+sinx|+C b.log|sinx-cosx|+C

c. -log|cosx +sinx|+C d. %lng |sinx —cos x |+ C

Q.. J- sin2x cos3x dx equals: (NCERT EXERCISE)
1 [-4:055)( ]
a— +cosx |+ C
2
b.l[- sin5x +sin x] +C
2 5
1 [cosﬁx ]
C. — -cosx|+C
10
d. None of the above
cos2x
09. ———dxequals: (NCERT EXEMPLAR)
J1+sin2x
a.slnx-cosx+C b. cot x +cosx +C
C.tanx +secx+C dsinx+cosx+C
Q10. J' sin® x cos? x dx equals: (NCERY EXERCISE)

3

1 1 3 1 1
a.SCCISE x—acus Xx+C b.acoéx—Ecus x+C

C %E.in5 x—%alnEl ¥1E %sln5 X —%msEl x+C

Q 11. The value off dx is:

T,
1=~
a.lngle"+ml+c b. lngle"—-\/ﬁnf_‘
c.loglel"+JE|+C d.logle”+J§”j|+C

Q12 j X log x dx equals: (NCERY EXERCISE)
2 2
a-x?(logx—z)ﬂ: b.xT(Zlogx—‘I)+C
& % (logx-2)+C d. None of these
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Q14.

Q 15.

Q16.

Q7.

Q 18.

Q19.

dx equals (NCERTEXERCISE)
(x+
e~ e~
— b.——4+C
(x+1) i (x+1) i
x ex
C C ——+C
(x+1)2+ (x+])+
I&dxequag;
cosx (1 + cos x)

a.log tan [%%f-}-] -2 cosec x+2cotx+C
b.logtan(i+ ir-J—25inx+2+£f
2 4

C. logtan-;——Zslnx +2tanx+C
d. None of the above

J. - :
————equals:
1+cosx+sinx

+C

a.log +C b. log

X
1+ cot =
2

1+tan£
2

c. log +C d. None of these

X
1-cot=
2

sin (x =a
I —_—(—-—)dx,where a is constant, equals:
sin(x +a)
a. xcos2a-sin2a-log Isin(x +a) |+ C
b. xsin2a-cos2a-log | cos(x +a) |+ C
C. xcos2a-cos2a-loglcos(x+a)l+C

d. xsin2a-sin2a-loglsin(x +a)l+C
J- cos x

JS +cos’ x

a. sln"'(lcos x) +C
2

dx equals: (NCERTEXERCISE)

b. cos"‘[lsln xJ +C
2
C. sln“'[%sln x) +C d. cos“(%cos x) +C

j ) equals:

7 e o de

a2 tan"[g] +C b. 7]2- tan"(‘jg_] +C

C. %cnt'l(g] +C

dx

d. Nane of these

equals: (NCERTEXERCISE)
V3x2 +13x-10
a 1lu [X+E)+ )c2+Ex'—E +C
‘B F G 373
13 > 13 10
b.-ﬁlog [x—€]+ —§x+? +C

B log (X—E]—,’xz—EXJrE +C
NE] 6 3773

d. None of the above

Q 20.

Q21 _[

Q 22.

Q23. j

Q 24.

Q 26.

Q 26. _[

Q 27.

x*a1
Ixz_i

a. x —log

dx equals:
x -1

+C b.x+l0glx—_]|+c
X 4+1 X +1
h x—2[ogH+C

xZ

(x2+1) (x2+4)
2 _13_(‘ 1

a Sttt ——tan s+ C
3 2 3

b. Er:{]t“")i—la:mt"x i €

3 2 3

C. E tan™ i4- lc:t:Jt"1 x+C
2 2 3

d. None of these

dx equals: (NCERTEXERCISE)

d. None of the above

dx equals:

J- sec? x
(1+tanx) (2+tanx)

1+ tan x 1+ cos x

a.log +C b. log +C

2+cotx 2+tanx

1+ tanx
2+ tanx

g
x 2+x°)

c. log +C d. None of these

dx equals: (NCERTEXERCISE)

1 x
a-glog m— | O b. —

x5
1+ x5

1
.=l
c.glog

_[ cot™ x dx equals:
a.xcot"x+%[0g|1+ e P

b. x tan™ x + log 1+ x%+ C
c.xtan"x+zllog|1+x2|+f

d. None of the above

I x tan? x dx equals:
2

a. x cot x -log Icosecxl-%+t

XZ
b. x tanx -log |sec x | ~==t C

2
X
c xtanx—loglcosecx|~7+f

d. None of the above

X +sinx

dx equals: (NCERTEXEMPLAR)

1+cosx

X X
a. xsec—+C b. xcot=+C
2 2

C. xtani+C
2

_|‘~.f3-2x-2,ur2 dx equals:
a. 7]5(,\“ 21] J3-2x-2x?

+ m72-sin" {%(x + %]}+ C

d. x cosec % +C

L
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Q28

Q29.

Q30

g an.

g az.

Qaa.

0 34.

Q 35.

Q 36.

b %[x % %] S-2x—2%2

+ %log {[x+%] + w}3—2x—2x2} +C

C. %(X+%} J3-2x-2x?
1 1 5
+ ﬁ Log{(x+2] —3-2x-2x }+ C

d. None of the above
Find the value of [ :x (1-x)" dx.

1 n

ST T
1 n+1

(CBSE2020)

e (n+1)(n+2) ‘n+2
4
Iu(eh + ) dx is equal to: (CBSE2023)
15+ &" 16—&°
a. b.
2 2
8 8
28 =15 4 8 -15
2 2

tf_[: 3x “dx = 8 then the value of ‘@' is: (CBSE2023)

a. 2 b. 4 c. 8 d. 10
4
The value ufj:/ (sin2x)dx is: (CBSE2023)
a.0 b. 1
at 3 d. ~d
2 2
/2 int
Find the value of_f 4 "w-'—xdx.
0 sin* x+cos? x
2
i3 n
L= b.—
) 4
C. % d. None of these
J _“’:4 sin? x dx equals: (NCERTEXERCISE)
T 1 1o
d. Z—E b. Z‘ +1
a1 w
C. Z+ E d. Z
I ox
The value ofj dxis:  (CBSESQP2022-23)
B2
x*+1
a.log 4 b. Lagg—
1 9
c. —log2 d. log =
2 & & 4
1 |x —2| ’
——dx, x » 2is equal to: (CBSE2023)
-1 x=2
a.l b. -1
6.2 d. -2
For any integer n, the value of

J:e”w” cos® (2n + 1) x dx is:

a. =] b. 0
c. 1 d..2

(CBSESQP2023-24)

a/f4 .
Q az. .[o log (5in 20) dO equals:

Q 38.

Q39.

T T
a.EngZ h.—ingZ

Y n
C.——log2 d =log2
5 %6 4 °

I:n (sin2x-logtan x) dx equals:

. B
22 Z
2
B d. 0
22
I 11 sin® x-cos* x dx equals: (NCERTEXERCISE)
2.0 b. 1 e d &
2 2

-€)) Assertion & Reason Type Questions

Directions (Q. Nos. 40-47): In the following questions, each
question contains Assertion (A) and Reason (R). Each question
has 4 chaices (a), (b), (c) and (d) out of which anly one is
correct. The choices are:

Q 40.

Qa1

0 42.

Q 4.

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the carrect explanation of
Assertion (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) Is not the correct explanation of
Assertion (A)

c. Assertlon (A) Is true and Reason (R) Is false

d. Assertion (A) Is false and Reason (R) Is true

Assertion (A):

j sin3x cos5x dx =—<058x | cos2x .
16 4
Reason (R): 2 cos A sin B = sin (A + B)—sin (A-B)
Lot 1 = [ YEO52X 4
sin x
Assertion (A):
1

I=1 : V2412 | v C
= In -

14+41-2 J{ V2 =41-t?

where, t =tan x
Reason (R): [ cot0d0 =log| sin 6]+ C
Let F(x) be an indefinite integral of sin? x.

Assertion (A): The function F(x)
F (x + =) =F(x)for all real x.

satisfies

Reason (R): sin? (x + 1) =sin? x for all real x.
~10=-x

—_———ix =3

x +410=-x

Reason(R): [ ' f(x)dx = [ * f(a+ b =x)dx

Assertion (A): J‘:

(CBSE 2023)
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1 dx 3t
031 3 _Jo 1-t?

Reason (R): The integrand of the integral / becomes
rational by the substitutiont =

0 44. Assertion (A): /=

Y14 x3

Q 45. Assertion (A): J- " coséx-cos6x dx =~
0 32

Reason (R): jo cosmx cosnxdx =0,

men,mnecl.

Q 46. Assertion (A):
1133 (3+4x3]dx =43 tan-1 [1)
' 2~cos(l xl+§) 2

Reason (R): [ _‘L fydx=] 0 [f (x) + f (~x))dx
Q 47. Assertion (A): j;n sin® xdx =0

Reason (R): sin® x is an odd function.

Answers
1. () 2. (a 3. (b) 4. (a) 5. (b) 6. (b) 7. (a) 8. (a) 9. (d) 10. (3)
11. (d) 12. (b) 13. (d) 14. (a) 15. (b) 16. (a) 17. (¢) 18. (a) 19. (a) 20. (b)
21. (a) 22. (c) 23. (d) 24. (a) 25. (b) 26. (c) 27. (a) 28. (c) 29. (a) 30. (a)
31. (¢ 32. (¢ 33. (a) 34. () 35. (d) 36. (b) 37. (0 38. (d) 39. (a) 40. (a)
41. (d) 42. (d) 43. (a) 4. (a) 45. (d) 46. (a) 47. (b)
I 2
g 1 g Qa4 _[ i dx is equal to:
-y Case Study Based Questions x4

Case Study 1

Following paragraph given to student by the teacher.
The given integral If(x) dx can be transformed into

another form by changing the independent variable x
to ¢ by substituting x = g (1).
Consider ] = J-f(x) dx

Putx =g (r)so that % =g’ (1)
!

We write dx = g’ (1) dt
Thus,]=If(x)dtzjf[g(r)]g’(f)dr

This change of variable formula is one of the
important tools available to us in the name of
integration by substitution.

Based on the above information, solve the following
questions:

Q1 IZx sin (x 2 + 1) dx is equal to:

b. —cos(x?+1) + C
d. None of these

A =sinlx®+7) %C
c.sin(x?+0)+C

x
Q2 j——-dx is equal to:
V32-x2
8 ~A32 30 4 & b.N32+x2+C
cB4A-x2+C d.yB2-xZ+C
: -1
Qa. dex is equal to:
+ X
o -1
5 _Sin2 (tzan x) e b, _Cos2 (;an ) e
& -1
. Cos2 (tan x)+ c 4, §in2 (tan™' x) -

2 2

1 132 1 i e
i b =1
a 3(”?} +=E 3(+-P~] +C

1 i
c=|1+ +C
3[ ?)

,[ cos™! x

N1=x2

d. None of these

Q6.

dx is equal to:

a1 v ol A3
" (sin 2x ) oC i (-»sin2 x) oC
4l 42 sl X2
& —(cos™ x) oC & (tan™ x) o
2 X
° Solutions .

1. Let/= J'2x sin (x? +1) dx

Putx?+1 =t = 2xdx=dt
(Differentlating both sides w.r.t. x)
Now., [= _[slntdt
=—cost+C=-cos(x?+1)+C
So, optlon (b) Is carrect.

2, Letf:]vaz'i_xzdx

Put 32-x2at

= -2x dx =dt
= xdx:-_-]dr
2
1 ¢ dt
Now, |2 ==
2IUF
=]
== 2nt 4+ C
524t +
==t +C
=-J32—x2+C

So, option (a) Is correct.

L
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sin (2 tan™ x) d
_.ﬁ_ X

3. Let I=|
T+ x
1

Put tan”' x =t = —Ed)(:dt
1+ x

cosZt o C

1=jsin2r dt = -

-1
cos2 (;an x) o C

So. option (b) is correct.

Imdxjm1

=[\5 ey 1‘1)‘ JJ_—:GX

Now, putting 1+ -1-_

4 let | = dx

> “Zax=2tdt = —dx=tdt
X X

;=I_ r’-dr=_fi+c
3
1 1 Y
= - 5 [1 + ‘;(“2“‘} + C
So. option (a) is correct.

5. Let J_J'ms X4

i

Put cos? x=t

=1
=5 dx =dt = dx = —dt
1—x* JI—

J=jr(-dr)=-jrdt

2 =1 .12
o cozlomtel

So, option (c) Is correct.
Case Study 2

In Presidency Public School, class teacher of XIIth
class teaches the topic of definite integration.

Definite Integration

If /(x) is the continuous function, integral of f(x)

b
over the interval [a, b]is denoted by I J(x)dx and

[ 27 0oy dx =[F(0Lk =[F(b) - F(a)}

Based on the above information, solve the following
questions:

7
Q1 L x “dx is equal to:
278 407

a.z b. — c. 93
3 3 3

Qa = 4 dx is equal to:
! f+x
5.2 B2 el d.&
3 3 12 6

Qa I 11(x+3)dx is equal to:
a. 2 b. 6 c -1 d. -6
Q4 j:e“tb{ is equal to:

a. 1 b. e-e® c -1 d. e -¢?
31, .
Q& Iz;d’“s equal to:
aln% b. log3 r_lm2 d. log 2
. Solutions *
3
1 ‘[Tx2 dx = |:,)—(—:| |:£.Z)— g—)—}
4 3
[343_64] 279—93
3 3] 3
So, option (c) Is correct.
JI dx =
2. J’] F#[tan l)(]i“'§

ztan B -tanN=ZE-E=

So. option (c) Is carrect.
! _[j‘ (x+3)dx

f5] pHl

So, option (b) Is correct.
js e* dx=[e*)§ =e®-e*
4

w

2

So, option (b) Is correct.
3]
; Iz % dx = (log|x])3 = (log 3 -log 2)

1]

=togg [ logm-logn =log %]

So, option (c) Is carrect.

Case Study 3

For any function f(x), we have

I:f(.t) dv= [ f(x)dx +I‘":’ £(x) dx

where, <0, <€, €05 i, Sie el
Based on the above information, solve the following
questions:

Q1. j:/2|4x-5|dx=

a E b.E c.ﬂ d.

10 4 10
In
Q2. jo | cos x | dx =

&=

a. 1 b. 2 c 3 d 4

L
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Q3. J' el dx =

a e-2 h.2e-2 ce’i+e-2 d 2e?-1
Q4. [ [xldx=

a. 10 b. 14 c 17 d 20

1
05. J'_zf(x)dx =

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

h £(x) 3-5x, x<0
where, f(x)=
4+3x, x=20
a. -2—3 b. 15- c: 4—3 d 4—7
2 2 2 2
Solutions °
1. Integrand f (x)=|4x -5|can be defined as:
—{4x -5), xsE
|4x -5 = g
4x -5, X >=
Let J.aﬂ | 4x-5|dx

.-=J'jm— £§><—5)a::fx+J'a’:rz

= .[‘:N (5-4x)dx + .[3/2 (4x-5)dx

(4x -5) dx

=[5x-—2x2]g'”' + [2x? —-5x]§§ﬁ

w2 (5-0)-2{ o))

16 2 4)\27%
25 25,, 1,15
= ——— Ko Ko = —

_(100-50422-20) 52 13
16 16 4
So, option (b) Is carrect.

2. Integrand f(x) = cos x | can be defined as:

COS X, EIS,\(SE
2

Ir
lcos x|={-cosx, =<x<=—
2 2

Cos X, %SXSZT{
Let I=I;ﬂ|cosx|dx

=Iﬁl2 oS X dx+j3d2(—cosx)dx +Ih cos x dx
0 w2

=(sinx) g -(sinx) 3%+ [sinx) 3%

= sinE—slnD slna—ﬁ—sln 5in21-z—5.in3—rt
2 2 2 2

=(1-0)=(-1-1)+(0-=(-1))=1+2+1=4
So, option (d) Is correct.
3. Integrand f(x)= €' *! can be defined as:

X x20
| x| '
e =

{—x. x <0

I_Z f(x)dx = 2.|. 0

Let !=jzejx'cb(=jue“dx+_[;e‘dx

— ()8 + ()3
=-(e?-e") + (e?-e")
=-(1-e)+(e?-))
=-lT+e+e?-1=e2+e-2
So. aption (c) is correct.
4. Integrand f(x)=(x]) can be defined as:
0 O<x«<l
1. Ixseel
2 28%<3
= [
4, 4<x<5

(x]=

5
Let I=In[x]dx

1 2 3 4

=IUDdx+L 1dx+j22dx+j3 3dx
+j§ 4 dx

=0+ (x)7 +2(x)3+3(x)5 + 4 (x)3
=(2-0+2(3-2)+3(4-3)+4(5-4)
=1+2x1+3 %1+ 4 x1

=1+2+43+4=10
So. option (a) Is correct.

5. Let I=Jlf(x dx:jﬂf(x)dx+‘[1f(x)dx

_I (3- 5x)dx+J (4 + 3x) dx

3 1
[HX—-—X ] [4x+—~x2]
2 0

3(D+2)-—(D 4) + 4(1- 0)+ (1-0)

3 3 43
=6+10+4+==20+==—
+10+4+ 3 +5=3

1l

So, option (c) Is correct.

Case Study 4

If f(x)is a continuous function defined on [-a,a],
then

af(x) dx, if f(x)isaneven function
0, if /(x)isan odd function
A function f(x)is even, when f (—x) = f(x)and odd
when [ (=x)=—/(x).
Based on the above information, solve the following
questions:
Q 1. If f(x)is an odd function, then the value of

J‘_.11{f(x) + f (=x)}dx is:
a. 0 b. 1 B 4
7
Q 2. If f(x)is even function, then the value of
_‘-.l {f ()= f (=x)}dx is:
8 <1 b. O c_% 41

L

L L o s s o



2 4-x
Q3. Lzlog(4+x)dx=

a. 0 b. -1 c d 2

N[ —

nf2 . .
Q4. Lﬁ/zxsmx =

am b C 2 d

Q6. J z/4

-n/4 1+ cos2x

N —

fid
2
is equal to:

a. 1 b Z &3 d 4

1. Given that. f(x)is odd when
f(-x)=—-1f(x)
o [ + F(=x)) dx = [ (F(x) = F(x)) dx
- [ 0dx=0

So, option () is correct.
2. Given that, f(x)Is even when
f(=x)=1(x)
4 c
o JAF) = F(=x)yax = [ *_{f(x)=F(x)) dx
=" 0dx=0
So. option (b) Is carrect.

3. Let the integrand f(x)=log (4-)()

4+ x
44 x 4-x\"
f—- =l =t.
=) Og[ér-x) 05(4“()
i [4-){)
=-% 4+ x
=-f(x)

= f(x)ls an odd function.
2 4 —x
_[_Ztog [4+ x] dx=0

So, option (a) Is correct.

4. Let the integrand f(x)= xsin x

. f(=x)=(=x)sIn(=x) = (=x) (-sIn x) = xsIn x = f(x)
= f(x)is an even function.

nl/2 a2
J‘_mxsinx dx::ZJ‘U xsin x dx

=2 [xjsinx dx]&’z—Z[_[{%(x)J'sin X dx}dx]

=2 [—xcnsx]u“—z[]—cusxdx]u“

= -2 [xcosx) %+ 2 (sin x) ¥/

==2 [(%] cos (%] -0 -cnsD} + 2[sin2E -5in EI}

2 |:ng—|]><1:‘+2 (1-0)

a2

0

=-2x0+2x1=0+2=2

So. option (c) Is correct.

Solutions ®

1

5. Let the Integrand f(x)= 1+cos2x

0s 2x=2cost x -1

[_.:TR!CK J

B Hee——

2cos° x
1 1 1
fl=x)=—- = =f(x
t-) 2 cos?(-x) 2cos?x ()
= f(x)is an even function.
J-nﬂa dx opwe  dx
-74 14 cos2x 0 1+cos2x
—2[ wa  dx
0 Jcos?x

z/4
=ID sec” x dx =(tanx) §*
= tan= —tan0
4

=1-0=1
So. option (a) Is correct.

Case Study 5

The Mathematics teacher teaches the following type
of integration.

In this type of integral, integrand is the product of two
functions. One is in exponential form and second
function is the sum of two functions in which one is
derivative of other function. Then, to evaluate such
integrals, we directly use the following formula

je‘ [J(x)+f'(x)]dx=e* f(x)+C
Based on the above information, solve the following
questions.
Q1. Evaluate I e* (sin x + cos x) dx.
Q 2. Evaluate j [sin (log x) + cos (log x)] dx. (NCERT)
x=3

Q 3. Evaluate e* dx.
I (x_i)l
Solutions ®
1. Let f=_[e"(slnx+cosx)dx

and f(x)=sinx, then f’(x)=cosx
So, the glven Integral Is of the form
| = je" [F(x)+ f'(x)) dx
We know that,
_[e" (F(x)+ Fr(x))dx=e* f(x)+ C
I=eXsinx +C
2. Letl= j[sln (log x) + cos (log x)) dx
Put logx=t = x=e
= dx = e'dt
. !mje' (sint +cost)dt
[+ f(x) =sint and f’(x) = cas t)
So, the glven integral is of the form
[ = fe"(f(x) + f1(x)) dx
|=e'sint + C=xsin(log x)+ C

L
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3. Leti=| e* dx

x-3 ‘fx_1_2
(x=1 (-

=[e [ﬁ' —2])5] dx

=fe [—; %1);} dx (1)
Now, let  f(x)= ( _[)
= f'(x)= ﬁ-

Then, eq. (1) becomes of the form
I=Ie" (F(x)+ f'(x)) dx
Also, we know that,
Ie’ [F(x)+ f'(x))dx =e* f(x)+C

Hence, |= +C.

(x -1

Case Study 6

Mr. Rohan Gupta of Nalanda Public School is
teaching the integration by parts to his student in the
classroom.

Let f (x)and g (x)be the differentiable function, then

[ 7)) g (x)dx=f(x)[g(x) dx

—J-[%f(x) : Ig():) ci\'] dx

If f(x)=wandg(x)=v,then

[ du
Iuvdt m{;Ivd\ I'_ -Ivcit]dx

Based on the above information, solve the following
questions: (CBSE 2020)
1

1) =i
Q1. Evaluate J'(l-t- x——]e X dx.
X

X
Q2 Evaluatef £ = [1+ (x + 1) log (x + 1)]dx.
X +

Solutions °

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

1 xol
1 Letl=j[l+x——]e x dx
X

1 1
=Ie“? dx+J [[ ;1:-] e“?:l dx
i

X0 = ).'l‘.---.- Xb ==
=I9 * dx + xe *—j]xe X dx

fuev dx:ujv dx—j{%(u)!v dx}dx
h m_[(]—;]!) em?‘ dx

putx+-}mr:>(1—-15]dx=dr
5

t T
.'.Je dt=elme x
|

Xbeaa
=xe X4+(C

2. Letf:jim(xn)mg(xn)]dx
=(e {ﬁﬂug(xﬂ):ldx
= [ex ( ]dx+je log x+1)dx
=[e* ( de+[tng(x+1je dx
‘IHE ((log (x +1)) [ e* dx] dx]

(Using Integration by parts)
=J—5—cb(+‘e“r [ng(x+1)—j£—-d.x
x+1 x+1

=e*log(x+1)+C

Case Study 7

If f(x)is a continuous function defined on [0, a], then
[0 o= fa—x)de

Based on the above information, solve the following
questions:

f(x)
0 f(x)+ f (@=x)

02. If f(x)= sm:fc cos x
1+sinxcosx

[ fixydx.
0
Q3. If g (x)=log(1+tanx), then find the value of

I;Mg (x) dx.

Q1. Evaluate J.

, then find the value of

Solutions °

1. Let :=j;ﬂ—x)%(f"(lmdx ()
- - I“ fla- x)ffaf(-ax—)(a—x)) o

= f-ju%dx (2)

On adding eqs. (1) and (2), we get
1
20=["1dx=(x)2=a = I==a
J 1= (x1g :

@/2 sln X —Cos x
Let f(x)dx " dx (1
€ I ( ) J 1+sin x cos x X ()

P sin [25— x] - Cos [3 - x)
l= Iu dx
1+5In(——x] cus(——x]
2 2

/2 COS X —-SInx
= f:j Ly
0 T+cosxsinx
Jru'z sin x —cos x
0 T+sinxcosx

N

dx= -1 (Fromegq.(1))

= = -

= 21=0
faj' f(x)dx=0

L
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3. Let .\‘=_[nmg(x)cix:Imf‘fl log (1+ tan x) dx ...(1)

I— L 1+tan ——x]:ldx

tan- —tanx
= lﬂg dx
] + tan E tan x

1 tanx] e
” 1+tanx

-f;"e [ Jo
1+ tanx

= IGM log 2-log (1+ tan x) dx

w4 w4
=Ia logde—JD g (x)dx

I=log2[Z-0|-1
= log [4 El]
= 2l = %Dgz
w4 '
= I=In g(x)dx:%logZ
Case Study 8

If f(x) is a continuous function defined on [a, b],
thenj.bf(x)ab:=J.hf(a+b—x)ci1'.

Based on the above information, solve the following
questions:

Q 1. Evaluate _f: . fix) - X
f(X)Ff(fH X)
Q2 Evaluatej logtanxdx
3. If g( x" then find the val
ga. gx)-x”“+(a+b—x)1’"' en find the value
ofI:g(x]dx.
Solutions °
f(x)
1. Let |= J., )T o+ dx (1)
(b fla+b-x)
= _'[a f(c|+b—x)+f[a+b—(c|+b—x)]dx
- .[b fla+b-x) dx (2)

a fla+b-x)+f(x)
On adding eqs. (1) and (2), we get
2!=Ih ldx=(x)t=b-a

> I=3(b-0)

2. Let I=Jﬂlog tan x dx

= !—I log ta n(—+g—x]dx

= J' Logcotxdx:—j ?log tan x dx

= [=-1
= 2l=0=1=0

n
3. Let I= jg(x)dx Jﬂx””+(;+b x)””dx (1)
B (a+b=x)¥n
][_J’ﬂ(c|+f:1—x)"""+[rJ~|-1tl—(t:1+b—x)]l""’d)<
_J- (a+b-x)"/m _ dx (2)

(a+b-x)" 4+ x|
On adding egs. (1) and (2), we get

2!=J’:1dx=[x}2=b—o

1
|=—=(b-
= 2( a)

-/ Very Short Answer Type Questions

cos (log x) dx
. 5
cosx

Q1. Evaluate j

0 2. Evaluate j dx.

sin? x
Q 3. Evaluate j x%sinx? dx.

2
(1+ log X) dx

Q4. Evaluatej (NCERTEXERCISE)

SII'I‘J_

Q6. Evaluatej (NCERTEXERCISE)

tan (sin™*
06. Eva luatej —(Li)dx (NCERTEXERCISE)
Nl=x?
Q7. Eva luatej ﬂ dx. (NCERTEXERCISE)
cos? (¥ - x)
x2tan™ x3
Qe. Evaluatej —6dx. (NCERTEXERCISE)
1+ x
dx
Qo Evaluatej ; (NCERTEXERCISE)
e*=1)(1-e7¥)
Q10. Find d—X\ (CBSE 2022 Term-2)
x> —6x -+ 13
on. Evaluatej (NCERTEXEMPLAR)
14+ cos J{
Q12. Findj &dx (CBSESQP 2022 Term-2)
J9-cos* x
g1a. Evaluatej ; 3* dx. (CBSE2017)
Q14. Findthe value ofm x =5|dx. (CBSE2020)
In
Q15. E\ml.uatej0 cos® x dx. (CBSE2017)
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', Short Answer Type-1 Questions

Q18.

Q19.
Q 20.

021
Q22

Q23.

sin x

Evaluate Ie” (t:am'1 X+ - )dx.
1+x (NCERT EXENCISE)

Find

Evaluate‘l' logc(; i)dx

f sin x -+ log cos x dx. (CBSE 2019)

(CBSE SQP 2022-23)

Find j sin™! (2x)dx. (CBSE 2019)

Evaluate _[ 245-4)( - xZdx. (CBSE 2022 Tarm-2)
21X

Evaluate J' » %dx. (CBSE2019)

r
I Q 1. Evaluate dx orj - dx.
I 1-cotx sinx —cos x
(NCERT EXERCISE)
| o)
Q2 Evaluatef (CBSE2020)
I -J Ty
I Qa. Findf«/i-siandx,z<x<§.
I (NCERT EXEMPLAR; CBSE 2019)
- 2
I 0 4. Evaluate _f de. (CBSE2018)
cos‘ x
I 06. Evaluate J- sin® x cos? x dx. (NCERTEXERCISE)
I Q6. F|ndIT (CBSE2017)
X +4x+
I Q7. Findj' = > (CBSE2017)
-8x-x
2
I Q8. Findj'—secz\/—--_—-xdx. (CBSE2019)
tan® x+4
I tan® xsec’ x
I Q9. Fi"dfi—ﬁ (CBSE2019)
=tan” x
-
I Q10. Evaluate _[ : dx. (NCERTEXEMPLAR)
x4
I QM. Find _[ :;;;) dx. (CBSE2020)
x (1-2x
I Q12. Find j' — e (CBSE2020)
I (x+2)(x-+3)
I Q13. Find [ %dx. (CBSE2020)
X4 43x+
| 014. Evaluate | £05 ¥
(1+sin x) (2 + sin x)
I (NCERT EXERCISE; CBSE 2019)
I Q16. Evaluate f log x dx. (NCERTEXERCISE)
I Q16. Find J' L"zdx. (CBSE SQP 2022 Turm-2)
(1+ log x)
I Q17. Find log 2= 3,'d Ix. (CBSE 2022 Turm-2)
(log x)"*
I og x

a
24. Find the value of | —————
" j° Ix+
Q 26.

Q 26.

X .

Evaluate I i (1-x?)sinx cos? x dx. (CBSE2019)
=il

Evaluate, using properties j " @sinx-2)%dx.

(CBSE 2022 Term-2)

@Q Short Answer Type-Il Questions

Q1.

Q2.

Q3.

Q4.

QBb.

Q6.

Q7.

Q8.

09.

Q10.

Q.

Q12

Q13.

Q14.

Q5.

Q16.

Q17.

4
iF L (Fx)} ==2* and F(E]=E, then find
dx cosec* x 4) 4
F(x). (CBSE 2022 Term-2)
Find the value of the integral
sin2x
[ —— dx, where a, b are constants.
a cos? x + bsin? x
dx
Evaluate
j x(x¥241)
FindJ'—. (CBSESQP2022-23,CBSE2017)
N3=2x=x?
Evaluate _—dx NCERTEXERCISE,
J V2, V3 i ( )
. e”
FlnclJ' —_— i (CBSE2023)
1/5 —4eX e
2
Evaluate j sz
(cot x —tan x)
R SN,
Evaluatej' el A o L dx. (NCERTEXERCISE)
1-2sin? x cos? x
Evaluate I i o
(logx-1) (logx +1) x
Evaluate j ax 5
1+3cos” x
Evaluntej 5 dx; x € (0, 1).(CBSESQP 2023-24)
Evaluate | ————xdx.
j xwfx" el
Find the value ofI ___2x_+1___ dx.
V2x? + x -3
Find I x>+ x dx. (CBSE 2022 Torm-2)
X 2
Find J dx. (CBSE2022 Tarm-2)
(x?+1)@x%+4)
Find J'— (CBSE2023)
(x=1)(x? +1)
Find j‘*‘“‘ldx. (CBSE2023)
(x-+1)"(x+2)
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Q1B. FindI 2cosx dx. (CBSE2018)

(1-sinx) (1+sin? x)
Or J R (CBSE2023)

(1-x)(1+x?)

Q19. Findj 2 (CBSE2017)
e*=1)% e*+2)

Q 20. Findj = (CBSE2017)
R+e*) (4+e%)

Q21 Findj x (CBSE2017)
(x2+1)(x2+2)?

2x% +3
Q22 Evaluatef ——dx;x @ 0.(CBSE 5QP2023-24)
x%(x%+9)

Q2a. Find[ zsme s do. (CBSE2017)
(4+ cos” 0) (2-sin” 0)

Q24. Find_[ = £o80 —do. (CBSE2017)
(4+sin” 0) (5—4cos” 0)

0 26. Find_[ [sinx-2)eask dx. (CBSE2017)
13-cos? x-7sinx

Q26. Fi djﬂ— (CBSE2019)
x%+3x-18

Q 27. Evaluate_[cos‘ x dx.

0 28. Evaluate J' et x M dx. (NCERTEXEMPLAR)
Lan?
0 29. Evaluate I (CBSE2023)
+5"
/2 5[ 1=sin2x
Q 30. Evaluate I e [—de (CBSE2023)
/4 1-cos2x

Q 31. Prove that J:lz log (sin® x - cos® x) dx =—% log2.

Qaa Evaluate'[nm ﬂdx.

(CBSE2023)
/4 14+ cos2x

4
Q39 Evaluatef o x=1jx. (CBSESQP2022-23)

3/2
Q 34. Evaluate I . | % sin e | dx. (CBSE2017)

0 3B. Evaluate‘[ i dx

n/6 1+Jtanx

(CBSESQP2022-23)

/2 ‘Jtanx
a36. Prove that [ e T L, )
Q J“ 1+ \/cntx I Jtanx +1
Iqu Jsinx e X
0 Jsinx ++/cos x 4
/2 dx /2 Afcot
Or Prove that I 5 e I e
0 f1++ftanx "0 eotx+1
= 2 Neosx  m (NCERTEXERCISE)
0 Jeosx ++sinx 4

g 37. Evaluate j = dx‘ (CBSE2023,22 Term-2)

0 4™
2
Q 38. Evaluate _[;’ sin x cos® xdx. (CBSE2023)
—x3)v3

Q 39. Evaluate I —dxx ) (CBSE2023)
3

Q40. Evaluate [ {|(x-1)|+|(x-2)[}dx.  (cBSE2023)

‘/ |.0I‘Ig Answer Type Questions

dx

Q 1. Evaluate I ﬁ
+X+XT+X

3
Q2 Find_[ E-—:—ﬂdx (CBSESQP2022-23)

x°=1)
Q 3. Evaluate I %
+5sinx

Q 4. Evaluate j[log (log x) + 1 z} X.
(log x)* | (ncentexencise)

0 6. Evaluate j ! X 1= dx
0 T4 7
Q6. Provethatf“ L=_log(2+\/—}
0 1+2cosx 4f3
Q7. Evaluatej' UASnXTEOSK (CBSE2018)
16+9sin2x
Q 8. Evaluate j: (vtan x + /cot x ) dx.

Or Evaluate J' (vVtanx ++fcot x)dx. (NCERTEXERCISE)

Q9. Evaluatej 'f ?cos2x - log sin x dx.

010. Evaluate J'_II x3 = x|dx. (CBSE2022 Term-2)

-

Q. Evaluatej‘_zllxs -3x?% +2x|dx.

(CBSE SQP 2022 Term-2)

Q 12. Evaluate I (sinl x| + cos| x|) dx.
(CBSE 2022Term-2)
Q13. Prove that j:f(x) dx = J:_f(a + b = x) dx and hence

2
It/8
find the value of_[ - tan—xdx.

n/B tan? x +cot? x

Q14. Evaluate I dx. (CBSE2023,22 Term-2)
1+sinx
n/2 X
Q 156. Evaluate I —_—dx.
0 sinx+cosx

Q 16. Show that

pad
/2 Sin~ x
[ Xy a - log (V3 + 1),
0 sinx+cosx 2 (NCERT EXEMPLAR)
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r - -

ilog(1+ x)

I%ﬁ%’ﬂ_"ld;(:jcostdr:sinnc

=sin(log x) + C

2. Putt=sinx= dt=cosx dx

B.
J-cosxdx dt=[_l}+c
lnzx ? t

=_L+C=-cosecx +C

sin x

3. Put x* =t, then3x? dx =dt
szsln 5 el =%I5In x3 (3x%dx)

1 1
=—|sintdt==(-cost)+ C
BI 3( )

1 3
===cosx" 4+ C
3

4, Putt=1+log x, then dt=ldx
X

Q 17. Prove thatj - glogl Q19. Evaluate J:usinlx tan~!(sinx)dx.  (CBSE2023)
+X
af4 o
Or Evaluate J-o log (1+tan x)dx. Q 20. Prove that J-:log [x g 3] dx ~awlogl.
(NCERT EXERCISE, CBSE SQP 2023-24) X1 1+x
x/4 sinx + cos x T (NCERT EXEMPLAR)
Or Prove that J-o log [T} dx = ~ log2. B §
Q 21. Prove that[ - —dx=—.
Q 18. Prove that alcos? x+b%sin? x 2ab
n/2 . /2 i (NCERT EXERCISE)
qu logsmxa!x:J'(J logcosxdx:-ilogz. g
Q 22. Prove that] = i,
(NCERT EXERCISE) 0 1+cos? x 22
Very Short Answer Type Questions 7. Pute*-x=t=e* + xe* =%:> e* (1+ x) dx =dt
1
1. Putr:l.ogx:dr:.;rb( J o* (1+XL j
cos? (e* - x) cos? t

¢j59c2tdt=tant+f
=tan(e*-x)+ C

de 1 2
Putt= tEln X ﬂ'lendt-ﬁ-:’adl‘-ﬁdt

jx tan x° dx _[[‘x- t*—;—x'rzj--bf

= l(tan" x3P 4+ C

om

dx e”
> eae -l eaea®

_J e* dx—_[ 1 dt Putt=e* =1
- (u?"-])2 -l = dt = e¥dx

-1
=[t"2dt=t—+C=—l+C=— :

+C
-1 £ e* -1

3 1o J' d =J dx =j' dx
j(1+L0gx) dx:jtzdr "I xP-bx+13 Y (x2-6x+9)+4 * (x-3)2+(2)
X
3 -:—Z-Puttmx -3 = dt=dx
=%+C=%(1+L0gx)3+t j -
1 L 1 aix=3
5. F'utr=-\/;=xw.thendt=lx'”zdx=>2dt= ] dx =—tan'—+C=—tan'u+C
2 Jx 2
sinilx dx dx _ dx
ITdX Isﬁnt-Zdr I1+cosx 1+ 2cos? = =1 2c052§
=-2cost+C=-2cosx +C TRICK
6. Put twsin™' x, then dt:vl—z.dx [ cos 0 = 2cos? %_1 J
1-x

,[ tan (sin™ x)

dx = | tant dt
1-x? '[

= log Isect|+C

=log Isec(sin™ x) | + C

=ljsec2idx = lx2J‘sec2tdt (Putt = X= dx = 2dt)
2 2 2 2

mtant+E=tan§+C

L
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12 I sin2x j sin2x
7 3 cos® x 3)? —(cos? x)?
Put t =cos? x

=JLt2 = dt =-2cos x-sinx dx
(3)° -t = —dt =sin2x dx

= —sin”! (%] +C

Gl (% cos? x] +C

3
-
13. j23 dx_{lugna}

2

R'CK l

ja"dx = Iogc +1C

1 18

x(27-9)=

14. Letl:j?lx—Eldx

The given Integrand can be redefine as below:
|x=6l==(x=5)1<x<4=5-x

’ j1“(s-x)dx=[5x_’;]
=5 (4-1)-5 ((4)*- ()

15. We have, integrand f(x)=cos® x
Now, f(2r-x)=cos® (2n-x)=cos’ x = f(x)
> J.Oz“cosf‘ X dx = ZI;CUSS x dx
Again, f(n-x)=cos® (x-x)=[-cos xF
=-c0s® x = - f(x)
ZI;CUSB xdx=2x0=0

log, 3 ke log, 3 log,3

%(sin X —C0S X)

[ g
- X
2 sinx —cos x

;[x+loglslnx cosx|)]+C

ERRQR « ]

Some students split the numerator and apply
integration by parts.

xsin™! (xz) J-xsln I(xz)
V1-x® J1=(x2

Putt=x?=dt=2xdx

2 Let;:j

= j-sln T dt _ sin™! 1‘
31 2 2 2 31 t2
Agaln put.z=sin™ t= dz = gt
1-t*
= ljzdz=£+f=l(5in"r)2+c [-z=sIn't]
T 4 4 '
%ﬁm*(np+c [t=x7

3. j-J]-sIandx.%< X <§-

= J'-Jsln2 X + €052 x =25sin x .cos x dx

sin®@+cos?0=1
andsin20=2sin8.cosH

TR!CK

; R R
" Sinx >cos x as x e(—,—]
4 2

. (sin x =cos x)* wsin®x + cos’x = 2sin x -cos x

TR!CK

By definite integral property,
12 f0x) o = [2 J20) . 720 =) = fix)
0, if f(2a =x) == f(x)

Short Answer Type-l Questions

I 1 x=J 1 “j sln x

" 1-cot x 1_Cos X sin x —cos x
sln x

J_I(sinx—cosx)+(5Inx+cosx)

2 sin X =cos x

=lJ'[1+ slnx+cusx}dx
2 sin x —cos x

dx

TR!CK

f(x)

j&‘ldx=fog|f(x)|+c J

=_[ (sinx —cos x)? dx =f(slnx-cos x) dx

=jslnxdx-jcosx dx=-cosx-sinx +C

4 Ic052x+25ln xd I1—25In2x+251n2xdx
. —z— =
cos” x cos® x

[~ cos2x =1-25sin? )

dx= [sec?xdx=tanx +C
'{cosix J

5. jsln?‘ xcos? x dx —J'Sln2 xcas? x-sin x dx
=j(1 cos? x)cos? x-sin x dx
(TR'CK ]
5

in?0+cos20=1v0eR

= [(0-t?)t? (-db)= [ (t* -t?) dt
(Putcos x = t=ssin x dx = - dt)
5 .3
= %—r__'_c

3

= cosd x-Leas? x +C
5 3

L
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dx dx
6. = 9.
J 24-4x+8 j(x+2)2-ﬁ-4 j(x+2)2+(2)2
= Ezdt—tf [Putt=x+2=dt =dx] TlP
+
TR ! CK Practice more problems to identify the right substitution.
dx 1 X tan? x sec’ x tan? x sec? x
=—tan | —|+C =
( ‘[r:.'2 +x° 0 (0) el T—tan® x J’1—(tan§x)z X
Put t = tan® x= dt =3tan? x-sec? x dx
=%tan"(%)+C=ltan"(xgz]+c 1 dt 1 adt
= ﬁ'—=_ ﬁ
—1t afin B < B 3 [)-t
Rk WY TRIdCK 1
dx dx x a+x
= =— =_I C
e S j —-Bx - jx2+8x 5 -‘- 2a a-
T"P j 2+B)<4JEi 16-5 f=%.%tng 11+_: +C [t =tan®x]
; % -
@ l —llu 1+ tan? x o C
When denominator is given in quadratic form, make it =g 6 T—tans x
perfect square then apply the property of ingegral.
Sl | L s tudents put t jr d make it
a2 G-y S ST 0 o = R 0
Put t=x+4=dt=dx
TR!CK 10. By division method,
dx 1 a+x x2+1)x3 (x
[ = —log +C £33 x
-X a=x —-X
3
f-j dt 1 ]+t —': =x-—2x (1)
(21 -2 N W e X< 41
X
Therefore, | ——dx= x-—’z— dx
e log 2l x4 +C [t=x+4) J'x +1 -[{ 1}
2921 7 [21-x -4 I [
=| xdx- dx
2
common] ERR(DR TR1CK X" 41
Some students make errors in simplifying the f: (x)
expression before integration. j' ﬂdx =log | f(x)|+C
X
8.
= . :dex—l —z—zx dx
Tlp 27 x4
2
Learn all the special integrals thoroughtly. = XT -%Lug I x2+1]+C
RUE Lo B Fom dt =sec” de 11. By partlal fraction,
I sec? x dx I X +1 _ﬁ+ B
Ntan? x + 4 ‘J4+t2 x(1-2x) x  1-2x
=jm = (x+1)=A(1-2x) + Bx
x+1=(-2A+8B)x+A
TRICK ? ing th l(lk ) f t
n comparing the Uke powers of x, we ge
|
52 mng |l | J -2A+B=1 and A=l
-2x1+B8=1 = 0O=3
wloglt+y22+£2 |+ C - x+1 1 3
=logltanx++4+tanx |+ C x(1-2x) " x " 1-2x

Sometimes students attempt some other methods of

3
integration and could not reach the proper result. ~WE X - R -2X ] T

common] ERRQR » J B =i -

L

L L o s s o



12. By partial fraction,
(x+1) A A B
(x+2)(x+3) (x+2) (x+3)
= x+1=A(x+3)+B(x+2)
= x+1=(A+B)x + (3A + 2B)
On camparing the like powers of x, we get
A+B=1and 3A+2B=1
3A+2(1-A)=1 = 3A+2-2A=1

= A=-1 and E:]—(—1)=1+1=2
x+1 _ -l . 2
(x+2)(x+3) (x+2) (x+3)
X +1
j(x+2 (x+3])d I

50;

X+2 2'[x+3

=-log|x+2|+2loglx+31+C
=log (x +3)*-log|x+2|+C
(x+3)?

+C
[ x+21

5= I.Dg

-[x x2+3x+2 j(x+1)(x+2)dx

By partial fraction,
X _A N B
(x+N)(x+2) x+1 x4+2

13.

= x=A(x+2)+B(x+1)
= x =(A+B)x+(2A+B)
On camparing the Uke powers of x, we get
A+B=1 and 2A+B8=0
On solving, we get
2A+1-A=0
= A+l=0 = A=-]

and -1+8=1 = B=2
X _ =1 i 2
(x+)(x+2) (x+1) (x+2)

From eq. (1),

. L T

(x+1)(x+2) X+1 X +2
=-log|x+1/+2loglx +2|+C
=log (x+2)*-logIx +11+C

14. Putsinx =t then, cos x dx = dt

()

=j{ﬁ_(2—lﬁ]dr

[Canverting into partlal fraction)
=log 1+ tl-log |2 +tl

|1+t| |1+5Inx|
=L =1 C
o6 +t o8 +slnx+
COMMON ERR@R o

Many students apply incorrect substitution and find it
difficult to reduce in partial fraction.

15. Ilogxdx: I]-Logx dx

TR!ICK

Integral by parts,
J.t;' ndx:u_fvrix I{—ujvdx}

where u and v are the functions of x.

=logx-‘[1dx-_[(£(—l0g x) (f]dx)dx

=(log x)- —‘[—-'xdx
gxlogx—x+6:x(l0gx—1)+f
16. Let _MSEX
(1+l0gx)
Put t=T+logx=log x =t-1
=5 dt =—dx
=Ir—;]-e"‘dr
1.[ef €
s [ s Ll
e-[{t ?Z}
1T T d1¢
=~|~| e'dt- e'dtydt |—— dt
(HE e L
. E—r+jefdt -ljerdt
et (a el t?
1e 1¢é 1¢é'
:ve—-T-I-Ej?i'df—— Fdf
t=1
=E—+C= : +C
t 1+ log x
log x 3 dx dx
17. = -3
Iugx j(logx)a j(logx)“
J‘e'dt Jv dx
t3 (log x)*

(Let t = log x=>dt = gxﬁ::.dx = e'dt)

@-TiP:

put it as t'and reduce into partial fraction.

Tff the denominator has the derivative in numerator, then

=£§Ie‘dt—j{ j'e'dr}dt 3]““

=f;_j:?.e'dr—3j—;dt

1
-Imeg e

| oS x i
(1+sinx) (2 +sinx)

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

-—;+3j - 3]-3-dr
X

- C
(logx)

L
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18. Let/=[e* (tan"x+ 1 2) dx
T+ x

r Use the carrect formula in the right place.

TR!CK <
[eX [f(x)+ f (x)] dx =e* f(x) +C

1
1+ x

Here f(x)=tan™ x and f’(x) = 5

| = je" {tan" X + Ed; (tan™! x)}dx
=e*tan”' x+C

ERRQDR - ]

Some students use the formula for integration by
parts and make it lengthy.

19. Putt=cosx = dt=-sinx dx=sinx dx =-dt
~. [sinx-log cos x dx = [log cos x-sin x dx

;Ilngr(-dr).—, —I]-lﬂg t(dt)
Il |

TR!CK

Integral by parts
d
urvdx su|vdx = | =—(u)| vdx ¢ dx
Jyrvar =uf e~ [{ o) o]
where u and v are the functions of x.
d
=-lngt-_|'1dt+D{Elogr‘[1dt}dt]

= (log r)t+f%-tdt

=-tlogt+|ldt=-tlogt+t+C
=t(1-logt)+ C=cosx (1-logcos x) +C

20. Leti‘-_[ lugg[ ]dx
+ X

and f(x) = loga(z );)

o (222) g 222]
_—loga( ] —f(x)

So, f(x)is an odd function.

. 0, iff(x) Is odd function
f(x)dx =
I»u (x) 2'[°f(x)dx. if f(x) Is even function

!-I lgo( ]dx-:
21 Put2x=r::2dx=dt::.~adx=%dr

TR!CK

Integral by parts

jz;r-'.lrldx = U vdx-j{;ixuj‘vdx} dx

where u and v are the functions of x.

Let I=[sin™! (2x) dx = Jsm"t B

y || d . .
=E_5In 'rj]dr-[{asm 'tf]dt}dr}

(Integral by parts])
(sin"'t)-t IU_ ra‘tJ
L PoLI J_dr
 tsin 2-[ —

Againput.z? =1-t?=2zdz=-2tdt

= tdt=-zdz

A= ltsm"t——f —2d2 lrsln‘1r+lj'£dz
2 29:Z

Ism" r 1dt

5]n"t+-jld2=—5in“t+lz+C
2 2 2
sin™' ;\h—terC
In"‘(2x)+~— 1-(2x%)° +€
_xsln"(2x)+ W+C
22. Let_[_lz\/S-ékx-—x = .J-{x +4x+4—4—5)dx

= J (x +2)2dx

[-z=41-17)

[ I= 2)(]

Putt=x+2 = dt=dx
UL=3andLL =0

= @) -t

3
= E 9—t2+gsln"[£]
2 2 EVAN

=0+2sin (E)-EI 9E.il'l"([])
2 3
9 9 =« O
= %) =% D i — [ i e
xSin () 2)( 2x2 Z
23, Latl= [21%] 4
- X

Here, integrand f(x) can be redefine In following

manner.
=X, ex<n
O e
;; O<x <2 1 D<x<2
TR!CK

[€ fxyoe =" fxy i + [ fx) dix,

where a <b <c.

T jj (=1) dx + j: (1) dx

e[ ) sl Pabjuslviel

L

L L o s s o



24. Leti=]] 7;%{: dx

Then.

Ja—x

| =
J.” Ja- x+-Ja—c.'+x

= = J.E' a- x+3x

dx

TR!CK
( [ fx)ydx =[] fla -x) dx

Adding egs. (1) and (2).
ax+a-x a
2l = dx=|_Tldx
0 Jo—x +x 5 jﬂ

=  2=(x)2=(0-0) = !=%

25. Let/= I_““(T— x?)sin x cos? x dx

Glven; F[Z|=Z
() [4] z
= ltana —tan—4-—+C='ZT
= 1(1)3—1+C=D =, Cma
3 )
From eq. (1), we get
3
] F(x)= tar; X—tanx+x+§
sin2x

2. Letl=
I05052 x +bsin? x

Puta cos?x + bsin? x =t

= {2a cos x (-sin x)
+2bsinx-cos x} dx = dt

= (b-a)-2sinx-cos x dx =dt

TR!CK =>5In2xdx=-thﬂ
’ 1 dt 1 dt
JL, Ry o o o e
= 2];)‘(") dx, if f(-x) = f(x)i.e., f(x)is even. =ﬁloglr|+c
0, if f(=x) ==f(x)i.e.,f(x)is odd. 1

Here, Integrand f(x) = (1- x?)sin x .cos? x

f(-x) = (1= x*)sin (-x)-cos? (-x)

le., f(x)Is odd function.
/=0

=Itan° xdx+C=Itan2x-tan2xdx+C
- _[ tan® x(sec? x =1)dx + C

=Itan2xsec2xdx—f tan? x dx + C

J.tzdt—j(seczx—l)dx+c
3

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

=-(1-x?) sIn x-cos? x = —f(x)

(Let t=tan x = dt =sec? xdx)

=%—(tan x—x)+C=%tanax—tanx+x+C

TiP:

Practice more problems based on substitution.

26. _[ (3sin x =2)%dx Let =J' ?:2 =I ax
x (x47) 7 s (1+L]
=_|‘ (9sIn? x + 4 -12sIn x)dx ’*
= =512
a ZJO f(x) dx:if f(x) Is an even function =j =y X
[ f(x)ax={"Jo : ' T+ x
- 0; if f(x) Is an odd functlon PUtt =14 x=2
=2[7(9sin? x)dx + 4x2 [} 1dx =12 x0 mdt:-gx‘s"zdx
5 r
9, (1-cos2x) dx +B(x) §-0 "“J‘ﬁdf“"g $_-—Loglt|+c
n
=9[x_5'"2x] +a(n_n)=9{n_5'”2”-u}+ Br ”
2 lo 2 =_§L0g|1+x" [+ C
9
=9q—= - H d.
I 2xD+Erc 17n ence prove COMMON ERR@R .
Short Answer Type-Il Questions Mostly stludents find difficulty in finding the correct
substitution.
d sec® x
1. Glven, —F(x) = —F—
dx () cosec” x 4. Letl=| g I il
— 1 " V3-2x=x% 7= (x?+2x~3)
= F(x):]’m x+C=Imxsln xdx+C i

Eh ey

Putte x +1=dt =dx

TR!CK
IJ—

dx msin~ (£)+ G

(1) 172)2_”5‘” [ )+Cmsin [ﬁzi-]-]u:

L

L L o s s o



_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

5. Now. let | = ( sec? 2x ; (Zsec 22x

Qi\“‘ Tip ) cot x —tan x cot2x)
. o _—Jseczzx lftan22x-sec22x dx
r Practice mare problems based on substitution. cot”2x 4
i e Putt=tan2x= 2sec 2xdx=dr:>sec22xdx=%
LEt I= —]
un2+xva jxua (1+ x V&) y ——jtz dt jfz dt
Put xPot = x=t° (2 1
= dx =6t3dt =§[3] C—Ztan 2x+C
_J‘ 6t°dt _ GI t3dt
T (st) st B. sin® x —cos? x =(sin® x +cos” x) (sin* x —cos® x)
4 (3 +) =(sin® x +cos® x + 2sin? x cos® x —2sin x cos? x)
= Gj (t+1) (sin? x + cos? x) (sin? x —cos? x)
6 £ +4 [-a* -b* =(a? + b?) (a? -b?))
= .[H] .[ t+1 =((sin® x + cos? x)* -2 sin? x cos? x)-1-(-cos 2x)

TR!CK TR!CKS
[;3+b3=(a+b)(az—ab+b2) J o 5in20+cos?0=1,v0 e R
o 0520 = 5in%0 = cos 20

ER{F =il
=-6loglt+11+6 dt
. j (t+1) =(1-25sin* xcos® x) (-cos2x)
2
=—6L0g!r+1|+6j(r -t+1)dt sin? x —cos”® x Y
(3 g2 1-25sin? xcos? x
==6log|t+ 1| +6{——-—+1t3+C
B {3 > } ,[ sin® x —cos? x =-—_[c052xdx
1-2sin’ xcos’ x
=-6logl1+x"®|+6 X2 X2, & -sin2x
=D 1+ X & --3'—---2—~+X + - L
=2XU2—3xU3+5XU6—6ng|]+ XUG|+C =_s|nx,ccsx+c
common] ERR(DR - 9, Putt:[agx:dt:ldx
X
Mostly students find difficulty in finding the correct J- 1 J-
substitution. (log x - ])(togx+1) x (t- 1)(r+1)

+C

o* =j ! dt = —.log | — .
6. Lett:jvﬁdx P 2x t+1
a-de’-e TR!CK

Put e* =t = e*dx=dt

ax 1 X=a
l"_[ dt J’ > EEEIOQ e +C
= -a
J5-4t-t2 A
—I - 1 log x -1
2 =—lo ziis, bRy i
\/-(t +4t+4)+5+4 5 g log x +1
=I dt
:;32 t+2)2 10. Let/= = sec” x dx
1)L+2( #2) I]+3cns X Isec X+3
-1
aSIN™ =—— 4 C TR!CKS
ae 42 e 1 +tan’0 =sec’0
wSiN™ —— 4+ C dx 1 X
'j — =—tan'l(—)+c
cosx sinx cos?x-sin?x a+x a a

7. cotx-fanx =

- =
sinx cosx sin x.cos x
2

TR!CKS - [SEEX gy

20 20 = sjn20 4+ tan® x
i LRl Put t = tan x = dt = sec? x dx
e 5/in 20 = 25/n0 - cosO

dt 1 f t
| = =—t —|+C
j(z)hr’-’ 7 [2]+

2 (cos? x —sin? x) _2cos2x

= =2cot2x
2sin x.cos x sin2x

L L o s s o
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12.

13.

TR 1
RN
X3 x?
1 2 3
X
= _-~—-(r2 ) =tdt
d« 2( t
B X 3[t5+1)
10 2t ]
z lsl-= dt
J 3[r’+1]x\/r;
i 2
== [——=dt=-Stant+C
3j(t +1) ER

2 1
=——tan” =1]+C
3 [\JF ]

Alternate Method

[x VX
I ﬁd)(:j"ﬁ——rz)fdx

[Putt:xm =5 dt=2&dx =5 '\/;dX=§df:‘

__j___.=—5In r+C=35In"‘(x3"2)+C
VI-t2 3
2
Leti= x2-] = [ — e
xx4 + x2 41 xz‘jx2+1+11-
X
X
=| = dx
x+—] -1
X
1 1
Put tex+—=dt= l-— dx
X x4
= _tog|t+\ft - |+C
o)
slog|x+—+ | x+—| =1|+C
b's X
We have,

2x+1=Ai(2x2+x-3)+8
dx
= 2x+1=A(4x+1)+B
= 2x+1=(4A)x+(A+B)
On comparing the coefficlents of like power of x.
4A=2 = A=% and A+B=1

1 1
= =+8a] B==
= =+ = 5

—(4x+1)+—
2% +1
Let | = dx = 2d
¢ I‘J2x +x-3 I'\,ZX +x-3 )
=—I 4x +1 d o I dx
:}2x + X = :}2x2+x—3

Put 2x?+x-3= tE:’(Adex 2t dt
1¢2f

=_j'_-dr ij
|m J]dr+2rj\j(x2+i+1—]—l—3

1_[ dx

=t+
232 [ 1)2 25
X+

=f4+ ] I
2B 2 2
R
TR!CKS
ff("’dx = 2J(7) +C

.j’ =log | x +Vx? +a? |+C
'JXZ-HJ
bl x+1+ (x+])2 (5]2 +C
BT I &) \a) |
1 4x +1 x 3
=t+—=log|—== 1’ o=+ C
+2Jfog 4+><+22+,
1 4x4+1 1
=t+ lo + 2x2+x-3|+C
7 ] v 1
e log|Ax 4142 4x%+2x -6 oC
242 4 '
:r+ﬁz-loglé|x+l+2w/4x2+2x-6l
1
- log4+C
PN B 1

=V2x%+x-3 +ﬁz-tog |4x+1+21/4x2+2x—6 l+C
Where.[c = C,-%—lﬂg 4:‘

14. _fx +Xd _jxfagdx+’[xaxgdx

X
ﬁ _gl : I (x2-3)(x%+3) o

(Lett = x? = dt =2xdx)
1 4 dt
@ —| =9t = | ——
4 uglx | (r 3)(t+3)

1 1
=nglx 9+ { 6(t-3) s(r+3)}dt

(By partlal fraction)
1 " 1
- ng Ix —9| L {log|t -3|-log |t +3}+ C

m—l—h}g Ix“ —9|+%log +C

=l—[ng |x‘° —9|+%L0g +C



x2

) |- T [ — = dt=2xdx
j.()(2+1)(Elx2+£|)

dx Lett = x?

By partial fraction,
et s 5 e
(t+)(3t+4) t+1 3t+4
= t=A(Ct+4)+B(t+1)
= t=(3A+B)t+(4A+B)
On comparing the like powers of t. we get
3A+B=1 and 4A+B8=0

On solving both equations, we get
3A- L:A_1 = A=-1and B=4

o 4
ax = [{—~—+=——dx
'f (x*+7) 3x +4) J’{x +1 3x +4}

dx 1
= + = =—tan™ x
J-:n<2+1 3IX2+(4J
3
+i>< ] tan™ ( X J+C
3724 :E) \_15
=-tan~ x+-—-tan‘1{£ +C
2

)

16. Let] X g4
(x* =1)+1
(x=1)(x*+1)

)
)
|
)
)
)
|
)
)
)
)
|
)
)
)
|
)
| f x=Dx+D+1)
)
|
)
)
)
)
|
)
)
)
|
)
)
)
|
)

1
J(;4-1)(><’~’+1) o

(x=1)(x*+1)

=[(x +1)dx+fmd

Using partial fraction In second Integrand,
1 A Bx +C

) -0 (e

= 1= A(x2+10)+(Bx+C)(x=-1)

= 1=(A+B)x*+(-B+C)x+(A-C) (1)
On comparing the coefficients of like pawers of x,
A+B=0-B+C=0and A-C=1

:;«A:LE!:—lam:IC:—l
2 2 2

Put these values In eq. (1) we get

I=I(x+1)dx+f 2(x1—1)+ (iz 2 dx

1 1 1 X 1 1
=J‘(x+1)dx+ifﬁdx—ijX2+]dx—ijx2+1dx

L f(x)
[ Fix )dx Lnglf(x)l+C]

= x—2+x +]—lo Ix—ll—llo Ix2+1|—itan"‘x+c
"2 2 z 98 3

2

X 1 x -1 1 5
_[?+x]+ilog —Etan x+C

X% +1

17.

18.

P

We have, jmm

By partial fraction,

¥% 4] __A B ., C
(x+12 (x+2) (x+1) (x+12 x4+2
= x2 4+ x+1= A(x +1)(x+2)+B(x + 2) + C(x +1)?
=>x2+x+1=(A+C)x2+(3A+B+2C)x+2A+2B+C
On comparing the coefficlents of like powers of x,
A+C=13A+B+2C=1and2A+2B8+C =1
= A=-2B8=landC=3

L XPax4l =2 L1 3
Tl x+2) (x4 e+D?F [x42)
X+ x+1
-[(x+1)2(x+2) X
2 3
N _mdx+-[(x+ )2 +j(x+2)dx

=—2toglx+1l—ﬁ+3loglx+2|+C

2C0osx

Let/= x
J.(] sin x) (1+ sin x)

Put t =slnx = dt =cos x dx

=;2ﬁdf- (1)
-0 0+ )
By partial fraction.
1 A, Bt+C

-0+ (-0 146
= 1=A(1+t2) + (1-t) (Bt +C)
= 1=A+At?+Bt+C-Bt*-Ct
= 1=(A+C)+ (B-C)t+(A-B)t?

On comparing the coefficlent of Uke powers of t, we
get

A Curl (2)
B-C=0 = B=C ..(3)
and A-B=0 = A=B .(4)
From egs. (3) and (4), we get
A=C ..(5)
From egs. (2) and (5), we get
A+A=1
1 1
= A=— andC=—=8
2 2
1 1
1 1 5t

0-00+9) 20-0 1+0
From eq. (1), we get

2dt 11 t4]
I(1 00+t j{2(1-r)+5'1+r2}dt




TR!CKS
j zdx _Er (a)+c

a +X
=log | f(x)1+C

'[f()

——log 1t +tan"t+-;—lngll+ t24C

T4 12
1-t

1+ sin? x

1-sinx

=log +tant+C [ t=sinx)

=log +tan™ (sinx) + C

e dt
B el ~{)

(Put t=e* = dt=e’dx]
By partial fraction,
1 A B C

tr2) () +2) =) [t
= 1=A(t=12+B(t+2)(t-10)+C(t+2)
= 1=A(t*-2t+D+B(t?+t-2)+C(t+2)
= 1=(A-2B+2C)+(-2A+B+C)t+(A+B)t?
On comparing coefficients of the like powers of t, we

get
A-2B+2C=1 w2
-2A+B+C=0 (3)
and A+B=0 = A=-B (4)

Put the value of A from eq. (4) In egs. (2) and (3). we

get
-36+2C=1and3B+C=0

1
=1 C==
=b = 3

Put the value of C In eq. (2), we get
A-2BE2 =] =5 A-2Bem .(5)
3 3

From eqs. (4) and (5). we get
T
3

= E:-l and A=l
9 9

1 1 1 1
(t+2) (=12 9(t+2) 9(t-1) 3(t-1
From eq. (1).

dt 1 1 1
j(:Jrz)(r.qf=I{9(t+2)"9(r 1)+3(r—1)2}dt
1 dt Idt 3It 1'20‘:

9 Ttz g9
=261
=—log|t+2|——loglt 1|+1£’—2]%—+c
—{loglt+2|—lnglr—1|}—m+c
r+2 1

l E

= ol iy o

1 er +2 1
=—lo - +C v t=e”
5 8| e 1| 3@ ) [ )

x x
i e v e [ o g
Put t=e* = dt e*dx
J'(2+ t) (4 +t2) L)
By partial fractian,
1 A Bt+C
(2+!‘)(4§+t2)=2+t‘+4+t2
= 1=A(4+t2)+(Bt+C)(2+t)
= 1=4A+At2+2Bt+2C +Bt2 + Ct
= 1=(4A+2C)+(2B+C)t+(A+B)t?

On comparing the coefficlent of like powers of t. we
get

4A+2C =1 «42)
28+C=0 .(3)

and A+B=0 ..(4)
Fram egs. (3) and (4). we get

-2A+C=0
= C=2A
From eq. (2). we get

4A+4A=1
= BA=1

= A:landC:l
8 4

From eq. (4), we get B= --é

g i
1 1 ‘E‘LZ
R+0)(4+t) BR+0) (4+8)
From eq. (1),
| dt
TR )@+ )
1pdt 1 2t 1¢ dt
g o v e
TR!CKS
of?(())dx log | f(x)| + C
1 1 1 x
.IGE,M: dX:a—tﬂn I(E]+C

1 1 1 1 t
=—logl2+tl-—logl4+t2|+ —x=tan='=+C
g e 6 B 4 2 2

X
=;—lugl2+e"I—%logl4+e7"l+atan [2]+C

[-:I%%Y)dx =log | f(x)|+ C]

(- t=e)

=—lng|2+e I——luglw}lwe I+—tan (2]+C

X X
Chd +ltan"[%]+f
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2% dt
2l | ————=dx= | ———= =0
J’(x2+])(xz+2)2 J'(t+'l)(£‘+2)2 M
[Let.x?=t = 2x dx=dt]
By partial fraction,
1 A B @

22,

() ee2? @) [+ (c+2)
= 1=A({t+22+B(t+)(t+2)+C(t+1)
= 1=A(t2+4+4t)+B(t?+3t+2)+C(t+1)
= 1=(4A+2B+C)+(4A+3B+C)t+(A+B)t2
On comparing the coefficient of like powers of 't, we
get

4A+2B4+C=1 (2)
4A+368+C=0 (3
A+B=0 = B=-A (4)
Subtract eq. (2) from eq. (3), we get
B=-1
So, A=1 (fromeg. (4))

From eq. (2), we get
4(M+2(-N+C=1
4-24C =1

C=-1
1 1 1 1

() (427 (t+0) (t+2) (t+2)
From eq. (1). we get

4y

dt 1 1 1
lter =j{(r+1)—(t+2)_(r+2)2}dr

=1Z%-j“ijr—ta-j(r+2)'zdt
(t+2)2!

T

=loglt+T1l-loglt+2]-

t+1+ 1 +C
t+2 t+2

2
1 1
=log | Z==|+ +C
g{x2+2] x% 42

=log

[ b= XZ]

2x243
x¥(x?+9)
By partlal fraction,
2x%+3 _Ax+B Cx+D
x*(x*+9) x* x*+9
= 2x2+3=(Ax+B)(x?+9)+(Cx +D)x?
= 2x?+3=(A+C)x®+(B+D)x?+9Ax +98
On comparing the coefficlent of ke powers of x, we
get
A+C=0B+D=29A=0and9B =3

= A=D.B=l.C=Dand D:-E
3 3

Lett:j

. 2x*+3 1 5
" XAxT49) 3x2 3(x2+9)
1 5
| = dx + = —z—d
j_r 37 x+9
—3l+§x%tan"[§]+c
=——1—+-5—tan"(f-)+c
3x 3

@-TiP:

Reduce the given expression in proper rational function
using substitution method and then apply partial
fraction methaod.

23, j sin@

8]
(4 +cos?0) (2 —sin? 0)

TR!CK

-J sin®

7 (4+cos’ 0) {2~ (1-cos” 0))
sin@

=] (4 +cos® ) (1+ cos® ) ’

lett=cos0 = dt=-sinBdo
dt

de [-sin?B8+cos?6=1

f:— s ]
(4+t29)(1+t9) ®
By partial fraction,
1 At+B Ct+D

G+ )0+ 4+62 a2
= 1=(At+B)(1+t%) + (Ct+D) (4 +t*)
= 1= At+B+ At? + Bt? + 4Ct + 4D + Ct? + Dt?
= 1=(B+4D)+(A+4C)t+(B+D)t*+(A+C) L3
On comparing the coefficient of like powers of t, we

get
B+4D=1 = B=1-4D (2)
ASUC=0 = A ==lC (3)
B+D=0 = B=-D (4)
and A+C=0 = A=-C .(8)
From egs. (3) and (5). we get
A=0andC=0
From egs. (2) and (4), we get
-D=1-4D = 3ID=1 = D:%
B
3
1 D--l D+l
= 3 —3
(4+t5)(0+t%) (4+t%) (1+t7)
From eq. (1).
dt 1 1
’='J(4+:E)(1+r?)=“1{'3(4+r?)*a(nrz)}dt

T, dt 1, dt 1 1. 4t 1. .
=— - =—x—fan™ ———tan™' t+C
3I22+r2 et i

I zdx = ==lmn'l(i)+C
a’ + Xx a a

1 a1 1 -1
Etan (zcose) EItan (cos8)+C

Several students commit the mistake of ignoring the
constant of integration and use of partial fraction.

ERRODR « ]

L

L L o s s o



cos @

24, ade
J’(4 +sin? 0) (5 -4 cos® 0)

coséo
g (4 +5in” 6) {(5 - 4(1-sin 6)) &

[ sin?0+cos? =1

_.[ coso
(4 +sin” 8) (1+ 4sin” )
Putt=sinb= dt =cos06do
dt
(4+t%)(1+ 4t?)
By partial fraction,
1 - At+B & Ct+D
(4+t2)(1+4t2) 4+t2 1+4t2
= 1=(At+B)(1+4t%)+(Ct+D) (4 +t?)
= 1=At+B+4At> + 4Bt + 4Ct + 4D + Ct? + D
= 1=(4A+C) 2 +(4B+D) t?+(A+4C) t+(B+4D)
On comparing the coefficlent of like powers of t. we
get

4A+C=0 = C=-4A (])
48+D=0 = D=-4B wil2)
A+4C=0 = A=-4C w(3)
and B+4D=1 .(4)

From egs. (1) and (3), we get

C=-4(-4C) > C=16C = C=0 and A=0

From egs. (2) and (4). we get

B+4(-4B)=1 = B-168=1 = -158=1 = B:-%

and D=-4 [—]—]E'Jz%
1 CJ-l EI+i

1 4
- I{-15(4”2)+ 1501+ 4t2)}dt

-l¢ dt 4 at
= — + —_—
1514+r2 1SI1+4r2
TR!CK
I zdx zziran'liﬂf
a” +x a a

25, Let::j

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7

1 dt 1 dt
J J

=—— AE
15 2 p] 2
(2)%+t2 715 (l] P2
2
=_l.l. "1£ l.L.tan“L-;.C
15 2 2 15 1/2 1/2

- tan™ Lsing) + 2 tan™ (2sin0)+C
30 2 15

(3sinx -2)cos x
13-cos? x-7sinx
=,[ (3sinx -2)cos x
13-(1-sin* x)-7sin x
'—"I (35lnx2—2)cnsx dx
12 +sin“ x =7sin x

dx

dx [ sin®x +cos’x =)

26.

Putt =sinx = dt=cosx dx
(3t-2) 3t-2
;=jt2 dr:jtz

-7t+12 -4t -3t+12
3t-2
= | er——ft k]
J.(t—3)(t—4) U
3t-2 A B
B tial fraction, =
y partial fraction ) —
= 3t-2=A(t-4)+B(t-3)
=5 3t-2=(A+B)t+(-4A-3B)

On comparing the coefficient of Uke powers of 't an
both sides.

A+B=3 = B=3-A (2)
and -4A-3B=-2 = 4A+3B=2 .(3)
From eqgs. (2) and (3). we get

4A+3(3-A)=2
= 4A+9-3A=2
= A=-7
From eq. (2). we getB=3-(-7)=3+7=10
3t-2 -7 10

(t-3)(t-4) -3 t-4
From eq. (1), we get

3t-2 -7 10
I(r-a)(r—é)dtgj{r-a B t-4}dr

d dt
=-7jﬁ+1ujr_—4

=-T7loglt-3|+10loglt-4|+C
[ t=sinx)
=-T7loglsinx-3|+10log Isinx =4 |+ C
j 3x+5
x2+3x-18

Numeratar = A " (Denominatar) + B
x
d .2
= Ix+5=A—(x*+3x-1B)+8B
dx

= 3x+5=A(2x+3)+B
=5 3x+5=2Ax+(3A+B)

On comparing the coefficlent of like powers of x and
constant terms, we get

3
2A=3 A==
= e
and 3JA+B=h
- W L
2 2 2
3 1
Ix 4B —-(2x+3)+—d
N> P X = X
X“+3x =18 x“+3Ix=-18
EJ 2x+3 dx+lj dx
2 x2+3x—18 2 x2+3x—1EI
d, >
Elja(x +3x—1B)d : dx
| A p—— O g 9
% x“+3x-18 2 x2+3x+__.__]E
4 4

dx

3 1
w=log lx?+3x =18+ = | ———
2 ZI(,HE]Z_E
2 5

L

L L o s s o



TR!CKS
: jde =log [f(x) |+ C

J- dx =Llog X -a
=g Io

+C

X+a

e . 1 dt
-z—lng[x +3x—1EII+EIle .
G

[Putt=x+§:>dt=dx]

; 9
iluglx +3x = 1E|+—-x 19 -log _g +C
2 2 Jx= e

2 2
3 8
3 X+=—=
==log|x*+3x-18|+—log 2 21.C
2 3 8
X+=+=
2 2
_3 -3
= 18 —L C
oglx +3x-181+—log s

27. Letl= jl:us" xdx = jcos" x1dx

TR!CK

Integration by parts,

jt{-ﬁdx =UJ'V dx—j.{diufvdx} dx

X

where u and v are the functions of x.

=cos™' x[1dx --[{di cos™! xI] : dx}dx
X
(Using Integration by parts)

- x-cos"x—jﬁ-x dx
-X
= xCos™ x+j7]x—dx
x2
= XC0S" x+—jm_dx
X

Putt=l-x2=dt=-2xdx

-l 1dt fr(x)
| = xcos X_EIUF [ I dx =2./f(x +C]

i)

= xcus"x—zl-ZJf+C=xcos"x—\h-x2+C

T+ x4+ x2
28. Let/=[en'x ———|dx=]e"™ "[1+—7) dx
j ['I+x ] '[ 1

-1
- je“‘“"" dx +J‘[E;‘%X-]-x dx

TR!CK

Integratfon by parts,
d
ILIJH dx =ufv d"'f{a”[" dx} dx

where u and v are the functions of x.

—Je"‘“ "r:b<+[xj1+)f dx — J(i-x)

1

1+ x
J=Je”‘"_“ fJ‘)<+[x-E'””"-ix —J]-em"4‘dx]

-1 1
Put t = tan X:>d[‘=1—2-dx

57

l‘

(1)

(2)

e[m x
2] sdx=[e'dt=e' ="
1+ x?
—xe x4 C
29. Let/= jz =
-2 14+
= I= I_zﬁgdx [ j:f(x)dx=I: f(a +b—x)dx]
2 5%(x?)
i I2 14+ 5%
Adding eqgs. (1) and (2), we get
(1+5%)x* )x
2=
.[ 2 1 5){

= 2.'=J._2x X

Xa -
= 2=2(2*-(-2P)=5(6+8)

= .f~‘--l><16=E
6 3

/2 o2 1-sin2x
30. Let/= j (m]dx

w2 f]-ZsInxcosx!
=J' e 5 dx
w4 2sin” x

2
_ [ V2o (lcoseczx —cat x) dx
w4 5

w2
- -J' e (cot X - lcuseczx) dx
W 2

Put2x =t = 2dx=dt
ULe=randLL=n/2

1¢er 1 2. T
=_EIM2 (cut—-—cosec ]dt

272 2
TR!CK

[ef () + £ ()t =e' f(2)

Let f(t)= cnt( ):» f'(t) = ——t:l:bt:ﬂ?‘:2 ;

[e cot— ]
[e"cat——e cot — ]
(e

"(@)-e"*(1)

m|_. Nl = N —

=—e
2
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L Letl= Inﬂlog (sin® x-cos® x) dx
= ju"“(mg sin? x + log cos* x) dx
= BJ;ZLDg sinx dx + 4];’2 log cos x dx

= 3{_2—“Lng 2}+ 4 {_?'Tlng 2}

Note: Refer solutlon of LLA. Q-1B.

(w2 _ (w2 _-n
; J.n Lagslnxdx_Ju logcos x dx = = log 2

Tn
=——|og 2
> g
32, Let)=[V® _€O52X
-4 14 cos2x
cos2x
iy P i
(X) 14+cos2x
= f(-x):.&z(:i)._
1+cos2 (-x)
052X _py
1+cos2x
which Is even function.
¢ i C052X
0 l+cos2x
4
ZJ-a/ (cos? x -sin’ x)d
2C05° X

I 1tanxdx
I 2 ser.x

= [2x - tan x)§¢

i

NIA

33. Let f:_[ﬁalx—lldx

The glven integrand can be redefine as below:

[¥=1]a ~(x-1;0<x <1
(x=-M1sx <4

|= L‘—(x -1)dx + J‘:(x -1)dx

= —=x| +|=—=-x
I F

34. Let f(x)=|xsInn x| Redefine the given function in the
limits.
f(}():{xslnrrx:-l:l. forD<x <1
-xslnrx <0, forl<x<3/2

a2
So. .[u | x sinmx | dx

= J'[: xsln nx dx + Lm(—x sinnx)dx  ...(1)

TR!CK
[€ fixydx =7 fix)de + [ f(x) dx

where,a <b <c

Let I= I x sinmx dx
TR!CK
Integration by parts

x;r-\lf'dx =ujvdx-j{%uj'v (ix} dx,

where u and v are the functions of x.

= x_[sinrtx dx—j{dix stinrcx dx}dx

=X{-miﬁx}‘f1'{‘minx}dx

X COS X

1
+ —-Icos mx dx

s

1 slnrcx X 1
u——cosmx =——£05r:x+—§-slnnx
T

T T T

From eq. (1), we get

1
312 X 1
jﬂ Ixslnnxldx.—.[-—cusmxwu—slnmx}

19 It2 0

5 a2
—| = =€05 nx + —~sIn X
[ T 2 ].

1 1 0 1
=4—-—C0SK+ —SINr+—-c0s0-—sinO
{ o l1d 1' I p ? }

—{—ﬂcusar SR e L cosm— L slnn}
s 2 ‘_f 2 T _2-
1
={-;(-1)+?x0+g(1)_?xo}
_{‘3/2 xc|+-17(-1)+l(-1)--17x0}
L8 e FLS m

1 | .
-+0+0-0+0 0
{ﬂ+ + + +—:-+ -+ }

35, Let

T 4
dx LE Jcos x d  .(1)

I= =
jﬂr"51+q'tanx W6 .fcos X + «fslin x
ms(LE_x]

6 3 dx

cus(£+5—x]+ sin(5+£—x)
6 3 6 3

[-.-J':f(x) dx = j:f (a+b-x)dx)

Ncl‘.mr,:'-=_|'gﬁEl

cos| =-x
" 5-9
B G 18 1 18 dx
JEOS[E_XJ + \js n(i-—x)
wa  fElnx

= dx w2
6 J5In x + Jcos X (2)

L
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Adding egs. (1) and (2) we get
J- COS X + smx
w6 JCos x

J'w'% dx =(x]
cosx + x_)slnx

T T
- -
= (3 5] 6

’_J’ﬂa dx

T

“lael+ftanx T 12

Hence,

AJfsinx

36. Let I= N

dx =(F)
0 Jcc}s X + Jsinx

sin {-;-—x}
dx

Then 1=]"

FETE)

TR!CK

[0 fxdx =] fla=-x) ax J

Jcos x )
Jcos x +Jsinx

or I=J'u'l2

Adding egs. (1) and (2). we get
21_;:::2 sin x + cosx 4

Jsin X + Jcos X

o2
=.[ﬂ 1dx=[x]0“’2

= 2""‘%"0=% = i wi(3)

Jcos x de= X
Jsinx + Jcos X

Hence proved.
37. Let I= jﬂ “e (1)

2 dx
.[D ]+e-ulnx

J-r:!:? Jsinx g-[vlz

J5in x + :/cos X

Now, I= jo de:
[-.-I:f(x)dx =J:f(a— x)dx]

sin x

‘[;“——fmx—dx ail2)
Adding egs. (1) and (2). we get
Z1n j”'L‘:;fx—d = [ X1dx = (x)* =2r-0
=5 l=—=x

38. Let/= jnw Nsin x cos® x dx
2
- J'onj Jsinx(1-sin? x)? cas x dx

Putsinx =t = cosxdx =dt
UL =1andLL =0

= [ JE1-t)?dt
,,,J'{:JE(H t4 ~2t2)dt
< V2 2 252 gt

2 2 $7/2 1
- + -2
3/2 N/2 7/2 "

r
|
|
|
)
)
|
|
|
|
)
|
|
|
)
|
)
| From egs. (1). (2) and (3), we get
|
)
|
)
)
|
|
)
|
|
|
|
|
|
)
|
)

=[£r3;z+£th_itm]!

3 n 7 I
2 2 4

w2+ S0 -2 ()<
2()+2()-40)

_154+42-132 _ 64
231 231

(e
x* He

39. Letl= Lﬂ

_Iua(_z_]]

put 1=t = —-—-—dx:d[
x? x3

UL=0andLL =8

- ) 2
o 2 21 4/3 .
[ [F(x)dx =-I:f(x)dx]

3

2843 _01=3x16 =
=568 -0]=3x16=6

40. Letl= [ {Ix-1+Ix-2l}dx

Let f(x)=lx=1+]x=2|

={(x-1)-(x-2).
(x =1)+(x-2),

1 1sx <2
={2x-3. 2<x<3

: ,I=Jl7—ldx+j:(2x—3)dx= [x]f+[-2—)2-(-2-—3x:}

=[2 =1+ [9=9={4=B))
=l42=3

Long Answer Type Questions

Tsx <2
2<x<3

3

2

2

LT+ x+x2 4 x3= (14 %)+ x2 (1+ x) = (1+ x) (1+ x?)
1

T+ x+ X2+ (14 x)(1+ x9)

1 A  Bx+C
et ('I+x)(1+x2) 1+x+(1+x2) A1
= 1= A(1+ x2) + (Bx +C) (1+ x)
= 1=(A+C)+(A+B) x* +(B+C) x .(2)

Comparing coefficients of x2 x and constant terms
on both sides, we get
A+C=1
A+B=0
B+C=0
Adding eqs. (3). (4) and (5), we get
2(A+B+C)=1 = A+B+(=l/2 ..(B)
From eqs. (3) and (6). we get
1+B=1/2 =
From eqgs. (4) and (6). we get
0+C=1/2 = C=1/2
From egs. (5) and (6), we get
A+0=1/2 = A=1/2

.(3)
.(4)
5)

e

B=-1/2

L
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11 1x
et +x® 20xx) 2{01+2%)

1 1 1 1 1-x
—__..._._-.dx=—- —dX+-— dX
I1+x+x2+x3 201+ x ZJ-1+>c2

TR!CK
'[az+x a n'1(§}+c
T lim 2%

1 1 1
=—logll+ x|+ = | —sdt——x= | —
2 & x+2'[1+x 2x2 14+ x

Therefare,

=chngI1+ xl+ltan"x—llugll+le+c

9. Jf% I X+2x+ i
_exle® —1) (2x+1) dx
_I (x*-1)
2x+1
I
=J'xdx+jzx};i]1dx

x 1 %
Let t =tan— dt =—sec“=d
z = =

2
TR!CK
Praduct of extreme terms 2 x 2 = 4
4=2x2=4x1

Here we will take 4 and 1 as a factors of 4.
So, middle term becomes,5 =4 + 1.

J- dx _1£o X =a +C
x:=g? 2a INx+a
2
X 2t L _1
2+l0g|x 1I+ Lug = +C
2
X 1 2 ]
=—+—=log(x lo _—
e g(x* =%+ g [t
2
X 1 5 (x =1
_2+2lc|g (x2 =% G ])
2
X 1 2 2 (X ])
==+ =log|(x=1)° (x+1
2 2 B b1 LA TE (x+1)
—X—z o I(x +1)(x =13+ C
Rgrege
3.
TR!CK
0
2tan —
sinBwm 29
1 +tant—
2
dx
Let 1= =
4+55Inx 2tan£
4+5
1+tanzi
2
(1+tan2%]
a X de
2
4 + 4 tan 2+1IIlt.-:m2
secz X
= 2 dx [-:Htanzﬂmseczﬁ}
2 2

X X
4tan’ =+10tan=+4
2 2

_ s m—e—e—-——————r——_—-—-r—_-r-:G—--_-Gr-:r-_-—-—|,:r-r-—rGr—-—:-—-r-—-rr-—-—-—r—-:—r-.-_,,-—-—----—-—--— "7
]

fortt i ® gy
202 45t+2 202+ 4t +t42 (2t +0)(t+2)

2 1
[3(2“_1) ‘3(“_2)} dt (By partial fraction)

dt _l dt
2t+1 31 t+2

l
Sy

I

x—;-lug |2t+1l—%lﬂg|t+2l+lug[

Wl— Ww|N WlN

o
go

Ztan%ﬂ —%lug +logC

tani+2
2

X
2tan—+1
-

1l

| —
—
o
gu

= +logC
tan—+2
2

4. Let n':'[{log (log x) + @-} dx

_I[Og lOgX dX+IW
TR!CK
Integration by parts,

uwvdxsu vdx—j{iufv dx} dx
[ dx

where u and v are the functions of x.

=log (log x) j]dx —J{% log (log x) I ] dx}dx
dx

(log X)°

[Using integratlon by parts)

T 1 dx
= xlog (log X)—I{thX-;‘X}d}{-FJ’(tUg—X)z

dx g j dx
(log x) " (log x)?

j{%(m;—x)pdx}

N JL
(log x)’
(Again using integration by parts)

= x log (log x)—I

:
= x log (l -——|1d
x log (log x) logx-[ X +

X X 1 dx
= xl L e e ey e T
Hlog g #) log x -[ (log x)? x '[ (log x)?
X
= X log (l -
¥log (log x) log x '[ log x)2 j(Ln:n

= x| e L
x log (log x) logx+

L
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& -

o
5. Let =[x | e 1 || B ’ 3+tanD\
Put x2 =r.then2xdx=dt:>xdx=%dr J3 = tan— V3 -tanO

- L2 -
When x=0thent=04=0 1 l \EH B
When x=1thent=12 =1 B 0g -.E 3

1ox fi=-F -
=3 lo Vit ® 1 g (52 J§+1] 1]

A R 1 st BLAE
2l Vvt ot 2l o WFL
TR!CK T[mg 3.1 ]_U}
dx , _1[)()
—=sin"| = [+C 1 i | 3142 1 4423
( I a? —x? a =El0g|:#ﬁi|=ﬁlgg[ = ]
=l,[nl 1 dt_l o dt . log (2 ++/3) Hence proved.
LU - LN e B
1 11 -t
==[sin” ] + -I dt w4 sin x + cos x
0 f 2 7. Leti= —————dx
- 270 1=t Jo 16 + 9sin2x
Put 1-t?=u? = —tdt=udu
= l(5In"'1—5|n"[3)+ lja Y du TR !CK
2 ! Vu_z (=sin x + cos x)? = sinx + cos?x = 2sin x - cos x
1[r 1/0u =1-5in2x
=—|=-0]+=|, —du
2|2 29" u ( )2
n 10 T sin2x =1-(-sinx +cos x
*Z+§'J‘1 Lo Gl _ "'"jm sin x + cos x dx
B L gy & 1, 82 ' 0 16+9 (1-(-sinx +cos x)?)
o Ly e
42 dx *IW sin x 4+ Cos x
8 Letf=_[ﬂ 1+ 2Cos x ) 0 25-9(sinx -cosx)?
w2
=1 —XX Put t =—slnx+cosx = dt=-(cos x +slnx)dx
2
y | TN 2 £ Ule DandeLmn
1+tan?= . I - dt .[U
2 ' T
TR!CK 25 - 9r 25 -9t
1-tan? X 0 0 =§J.0
COSXE—?', 1 +tan? —=sec’ = (—) -
1+tan* = 2 2 o
[ [P(x)dx = - [°F (x) ]
1+ tan2 X
[ 2 TR!CK
? Tt Sadsitant s f dx =ia‘og gL lac
2 a? q
2 X
J2 SECC= ‘
3—tan23 1 1 g g*t
= o— K =]
Put t tani = E lgeczi J 2x-5- E_
2 dx 2 2 3 3 o
i o2 2dt ZJ-ru’E dt 5 5
3_t2 0 (7'3)!_r2 =Llu —+1 i =+0
P 30|\ 55|75,
=2 x log i 3 (3
2v3| °|B-tl,
72 {log( ]—tog(l)}z— log 4-0
1 J§+tan—- : ]
- log -—%— == x2(0g2=—Ilog2
,ﬁ_[anf 3[:' 15
o

L
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o TiP:

6. 1= [T+ o) e {2 +J‘;?:;]dx

Jsinx+c05x j sinx+cnsx

Jcos x sin x :/2 sin x cos x

Islnx+c05x

35|n2x

[ Learn to substitute and simplify trigonometric equation.

sin x + cos x
_J_j dx
JT sin x - msx2

TRICK :
(sin x = cos x)2 = sinx + cos?x - 2sin x - cos x
= (sin x - cos x)2 =1 - sin2x
= sin 2x = 1= (sin x = cos x)2

L

Put sin x —cos x = t= (cos x +sin x) dx =dt
= dt s dX = wl _'X“
I_JEI V-t { J.\/uz—x2 = (U]+C_
=2sin"t+C
=2 sIn"!(sin x —=cos x) + C
A J-:“ (vtan x + J/cot x) dx
= (2 sIn"! (sin x —cos x))g*
= Ji[sln“‘{sln (E) -C0% (E)}
—sin™! {sin (0) - cos (0)))

w/_[sln (T_T) sin™! (U—l)]
=+2 (sin"'0-sin™' (-1))
(

=2 (0+sin"'1)=+/2 % —_‘ﬁ

ERRQR »

Sometimes students make errors in substitution and
simplification which leads errors in further simplification.

w2
9. Letl:Jmcoszlr-Lngs:nx dx
= f:[logslnxjcnst dx] J."ﬂ{ logsinx

f cos2x dx) dx
(Using Integral by parts)

=[lngslnx-zlsln2x] - “2___ cosx

wa " ¥isinx

1
—sin2x dx
53

sin2 0 =2sin0 - cos 0, cos2 0 =2cos20 -1

[—TR!CK ]

w2 1

1 a2
= =[sIn2x logsl o [
2[sn x logsin x )i Iﬂ!ﬂsinx

1
XxC0S X xE x2sln x.cas x dx

2 n/2 ]

1
=5[5In2x-k0g5lnx]ga i3 -(2 cos? x) dx

1 of2 1 a2
E[SInZX-Logsinx]mm —E‘[un(hcos?_x)dx

1 1 1 /2
= —[sln2x log slnx]IILM ——| x+—=sin2x
2l 2 -
— [slnn log sin = —sin =-log sin m]
2 &= 3 esNg

1[x 1 gl | b3
) e s [ ) SO )
212 2 4 2 2

[D log (1)-1-log (%]]

N[—»

2LZ2 2 4 2
1(=n r 1
= lop 7 Ve Sq ot us
(0-log )2[2+ 42)

10. Here, integrand f(x) =1 x? = x| = x(x?=1)|
=|x(x=N(x+), -1<x <2
The glven integrand can be redefined as below:
x(x=N(x+1), -1<x<0
f(x)={-x(x=1)(x+1).0<x <1
x(x=1)(x+10). T<x <2

2 0 1 2
j_‘|x3-x|dx=_[ f(x)dx+jnf(x)dx+j f(x)dx
=" (x2- 3 -
.._|'_1 x)dx+j (x=x )dx+j X )dx

¢ 2 [x2 % [x0 %2
e RE
4 21,12 4 o 4 2],
=u_{lml}+{lul}au+{E“i}u{l_l}
45 2712 4 4 2/ & 2
={~.l]+[l]+(a_2)_[__]]=l+l l+2=l1_
4) 4 4) 4 4 4 4
1. Here, integrand f(x) =1x?-3x?+2x|,-1< x <2
=1x (x?=3x+2)|
=|x(x=1)(x=2)I
The glven integrand can be redefined as below:
=x(x-N(x-2), -1<x<0

f(x) ={ x(x-1)(x-2), D<x<I
=x(x=1)(x=2), 1<x<2

jf]lx3—3x2+2x|dx
mj_ni—x(x =1)(x=2)dx +Ju]x (x=1)(x-2)dx
+L2—x (x-1)(x-2)dx
.-_-.J'f‘(—x3+3x2—2x)dx +Ic:(xa—3x2+2x)dx

-a-'[lz(—xEI +3x%=2x) dx

L
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=u_[ = T R )} [Z-m u}

|22+ P - @R |- 211
4 4

Ij;z (sin|x]+cos|¥) dx = _[G (sin(-x)+ cos(-x)) dx

+j (sin(x) + cos(x)) dx
=J-L2(—Slﬂx+cosx)dx+ju (sin x + cos x) dx

=(cos x +sin x)%3 + [~ cos x +sin xJ§’2

= [cos0 +5sin0) -[cos[_?n) + Sil‘{— %H

e P | 5
+ [-c055+sln—2-:‘ —[-cos0+sin0)

=(1+0)-(-0-1)+(-0+1)-(-1+0)
=1+1+1+1=4

13. Let x=a+b~-t thendx =-dt
When x=athena+b-t=a=t=b
When x=bthena+b-t=b=t=a

LHS =j:f(x)dx=j:f(a +b-t)(~dt)
=-_|'§f(a+b-t)dt
=Ibf(a+b~r)dr
I f(a+b-x)dx=RHS Hence proved.

Now, let I_I tan” x dx (1)

—_—
W8 tan‘ x +cot“ x
tan? (3“ UL xJ dx
,=J.zma 8 8
" tan2[38 L B x|+ cotz[3m 4 Eoy
B B8 B B

TR!CK
( [f(@+b=x)dx = [ flx) ax ]
;_Ia"m tan? (%—x] dx

/B
tan? (%— x] +cot? [-%— x]

cot” x + tan® x
Adding egs. (1) and (2),

- (i
SRS CE BES
tan® x d .
Hence Lﬂ E‘% g—
14. Let I=I;1+;nxdx ()
Now, J=j;%
['.‘j:f(x)dx = I:f(a -x) dx]
- jm:si:;)cdx ~(2)

Adding egs. (1) and (2). we get

2.':]’ 2
07+sinx
= | =— dX
JU 1% 2tanx/2
1+ tan’ x/2
= |_E k 1+ta;| x/2 xdx
20 tan2 X i 2tanX
2 2
2
" J:EJ'“ sec x/22dx
[+5en)
3 an2
Let r=1+tani
2
1 X
dt = =58C =dx
= zse S
UL =swandL.L=1
’:E mz—czft=E)<2[_—]]
2002 727 )
==g[0=T=n
15. Let b i (1)
0 sinx+cosx
Now, | = j i (r/2-x) dx

0 sin(n/2-x)+cos(x/2-x)

G-
[V A2 ) 4 -(2)
0 cosx+sinx

[oft) dx =7 fla=x) dx

Adding eqs. (1) and (2), we get

TR!CK }

X+|==x|dx
2!:]”2 2 =EJ”2 dx
0 sinx+cosx 270 sinx+cosx
. /2 dx
240

Jf(sinx-ﬂi+cosx-715]

L
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__=n Jaﬂ dx
ﬁ . {cosx-c055+sinx-sin5}
4 4
TR!CK
[—cos(A-B):cosA-cosB+s;'nA-sinB J

T rel2 dx ( ?’t)
=__J' — J' sec | dx

2427 cos[x 4] ‘j_ﬂ 4

TR!CK

Isecx dx =log

tan | =+ —
2 4
. 02

=— log tan{1(x—£) E}

2% | 4 "

. w2
T

- log |t

N a" ]H

=2K2 glug tan( ] —log | tan (D+§J ”
tan—
LS B
= lo
2|0 tan =
i B
[ tan%:ﬁ-]and tan%‘-_»ﬁﬂjl
T i Jf+1 R log «Eﬂxﬁﬂ
3 B 3 a 32 =1 «_}2 +1
(J"+1) "_log 2+1+242
:/. T2
=m.mg (3+2J2‘)
w2  sin®x
16. LEtf:Jﬂ mdx (])
3 sin? [ E-x
=% I=I dx

)
: sln(i—x)+cos(g—x)
[+ [ f(x) dx = [ F(a-x) dx)
2

_Iﬂz cos’x )
0 cosx+sinx

Adding egs. (1) and (2), we get
e J-nIZSIn X+COS" X

sin x +cos x Jﬂ 5]nx+c05x

[+ sin®0+cos?0=1)
Note: Refer soLution of L A.Q-15.

JD 5Inx+cosx Tlﬂg(3+2ﬂ
=72.log(\/f -1-12+2«,/2_)=|72.lc1g(.\/'2-+1)2
- log (42 +)

From eq. (1).

21:725103(«/211)

Hence proved.

= I= 712-[03 (+2 +1)

17. Let x = tant. then dx = (sec?t) dt
When x =0 then t =0, when x =1then t=%

1log (1+ x) w4 log (1+ tant) 2
Let I= —-ﬂ—- -(sec” t)dt
0 (1+x<) 0 J+tan‘t ( )
=j-uufn log (1+ tan t)‘(secz ) dt
sect
TR!CK e
1 +tan’0 =sec’0,tan (A -B) = i (T
1 +tanA-tanB

=J';Q (log (1+ tant)) dt
I lug1+tanx]dx[ j f(t) dt_J f(x) dx]

_szﬂ log (Slnx+msx) dx
o CoS X

orl= j;m (log (1+ tan x)) dx

=‘|"d{J log [H tan{i—x}] dx
0 4

[ J:f(x) dx = J;f(a -x) dx]
=J:al0g [l+ 1-tanx]dx

1+ tan x

-_—Jdalog [1+tanx+1—-tanx]dx

1+ tan x

I
-J (1+tanx) i

= JD (log 2 -log (1+ tan x)) dx

[ log [E] =log m-log n]
n

=log 2]‘;’{J dx - J'O"m log (1+ tan x) dx

= I=log2 (x)§°-1I

= 2!:[032[%-0] = l=-§log2 Hence proved.

18. Let l=fnwzlogslnx dx (1)
/2 e
=/, logsin (3- x] dx
= | = jumlngcosx dx -(2)
TR!CK

Here integrand f(x) = log sin x
Now f (n = x) = log sin (n = x) = log sIn x = f (x)
fx) is an even function.

Adding egs. (1) and (2), we get
2l= J‘:z(lng sin x +log cos x) dx

- J‘Druzlog (sin x cos x) dx

0 2
- J'Dwz(lug sin2x -log 2) dx

= I rMlt::g (sinzx) dx [+ sin20=2sIn0cos0)

- J'nr“log sin2x dx - J'DM2 log 2dx

L
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In first Integral. let 2x = t then dx =%dt
Whenx=CI.then[‘=Dandwhenx=%'thenr=n
A 2f=lj'nlagslntdt—lugZJ’dzldx
__j"[ngslnxdx——-ln 2 [ jf(r)dr_J’ f(x ]
=%x2jn lngsinxdx——-lugE
-.-J;nf(x)dx 2[ °f(x) dx.if f(20 - x) = f(x)
0. if f(20-x) =f(x)
a/2 s
=.[n lugsinxdx—ilagZ
~ 2=1-Zlog2 = I1=-Z(log2
Slog2 = I=-2(log2)
Therefare, _[nwlog sinx dx = Jﬂﬂ log cos x dx
= -—E(log 2) Hence proved.

19. Leta‘._J' ?sin2x tan™(sIn x) dx

= IU 2sin x cos x tan™(sIn x) dx

Putsinx =t = cosxdx=dt
When x =0, thent =sin0=0

When x = = then t =sin= =1
2 2

. 1-9f! -l
=2 trantdt

=2/ tan tftdt -J{%(tan" t)] rdr}dry

0

r 2 2 1
=2| (tan"! t)r—-I ] xt—dt]
2 0

i 1462 2
[#% e By
22| Etane-d —rdr

_2 o j ]0

1 ]
=|t*tan™ t - [dt + [ —dt
l: '[ +J-.|+[' ]u

=[t?tan™ t -t + tan™ £}
=[1? tan"'()) -1+ tan™'(1) -0+ 0 -tan"'0)

T RN ) U RN
[ 2§ ] A S

20. Let x =tant, thendx =sec?t dt
When x =0thentant=0=t=0

Whenxmoothentanr.:m:::hzﬂ

2 LHSmJDmlog‘:x+li|-]ﬁz
X

+X
I log[tanu—]w
tant]| 1+tan?t

W2 [ sint cnst] (sec?t)dt
=I lo + » 5
0 cost sint sec“t

+tan? @ = sec2 0,520 +cos2 0= 1

ETR!CK ]

21

=/2 sin? t + cos? t
=IG Lug[ cost-sint :‘dr
o2 1
=I” og [sint-cosr:‘ it
= —f " {log (sint-cost)™) dt
= _j;u {log (sint-cost)}dt [ logm” =nlogm)
= —jum(log sint + logcost) dt
. _jnm(log sint) dt —J:Z(lag cost)dt

=_j ?(logsint) dt — J [mgcos{i—t}]dr
[’.‘Iof(x) dx = [F(a-x) dx]

j *(logsint) dt - j *(logsint) dt
(- cos(90° - 0) =sing)
——ZI (logsin x) dx
s /2 19
=-—2[—E-log2] ["'J‘n logslnxdxs—zlogZ]
=nlog2=RHS Hence proved.
X
Let i dx (1
y '[” 0 cos? x+b25in X M
q I (n-x)
an jﬂ a*cos? (n-x)+b*sin® (x - x)
[ Inf(x) dx=J0f(0—x)dx]
3= X)
d (2
IU a%cos® x + b?sin® x g @
Adding egs. (1) and (2),
2l = : dx
jﬂ a®cos? x + b?sin? x
TR!CK

fo fx)dx = [21 *f(x) dx, if £(20 =x) = f()
0 g if f(20 = x) ==f(x)

— I=E2J‘ dX
2 0 a2cos? x+b%sin? x

(- flr—x) = f(x))

E-EC2 X

= TIU —:—dx
E:-+tan X

jmﬂz dt
"B (a] +t2
b

[Lett = tan x=> dt = sec” dx)

=i2[( Tl {%ﬂ: 2

i ] (Etan x] "
b2 a a 5
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T ] b n = | b
b[ (a tanz]—tan (a tanDH
T

ab

=— (tan™" () - tan"(D)]:ib(’-—D)

2
X T
= dx = ——Hence proved.
IG 0%cos? x + b%sin? x 2ab F
22. Let/=["—X __dx ~(1)
'[ 0 14+ cos? x
m—X
Then! = dx
——
I 0 1+ cos“(r-x)

3 =X o m—=X
or I=| ————dx=| ———dx (2
J-U 1+ (~cos x)? ID 1+ cos? x (2

Adding egs. (1) and (2). we get
PT L SO ( = Y

0 14+c0s? x 0 1+c052
.[H X+n—-X .[
0 7+ cos? x x 0 T4+ cos? x x
~TR!CK "
Here, integrand f(x) =;2
1+cos“x
Now,f(n—x):i—
1+cos® (m=x)
1 1
= - = —= f(x)
1+(=cosx)” 1+cos"x
L A
n/2 1
=2 ﬁ—dx
*Tlo 14+€0s° x

af2 1

= bl o™
Izaf(x)dx= ZI:f(x) dx.if f(2a - x) = f(x)
° Q. if f(2a - x) = —f(x)

1
dx
JU (sin” x +cos? x) + cos* x
[-sin? 0+cos? 0 =1)
—rtJ'ﬂ 1 it J-z.rz sec? x 5%
0 tan’x+2

0 sin? x+2c0s’ x
(Divide numerator and denominator by cos? x]
Let tan x = t. then (sec? x) dx = dt
When x=0thent=tan0=0

When x=—thent=—=w
2 2

1 nJ-rdZ sec? x
tan +2

rz.[[;o r—2+—(1-ﬁ—)-fdr
)

(tan™ @ —tan™'0)

Hence proved.
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& Chapter Test

Multiple Choice Questions

Q1. Evaluate j 2727 2% dx.

1 224 1 ¥
3, g 2% 4L D, s 2% 4 C
(log2) (log 2)
1 2% 1 221
C 27 %G d—2° 4+(C
(log2)’ (log2)*
Q 2. The value of 1'1/2 o is equal to:
-n/I ginx
+1
a. 0 b. 1
T 119
c. —E d. E

Assertion and Reason Type Questions

Directions (Q. Nos. 3-4): In the following questions, each

question contains Assertion (A) and Reason (R). Each question
has 4 choices (a), (b), (c) and (d) out of which only one s
correct. The cholces are:

a. Both Assertion (A) and Reason (R) are true and
Reason (R) Is the correct explanation of
Assertlon (A)

b. Both Assertion (A) and Reason (R) are true but
Reason (R) is not the correct explanation of
Assertlon (A)

c. Assertlon (A) is true and Reason (R) Is false
d. Assertion (A) Is false and Reason (R) Is true

in ) V2
(sin x) .}

Q 3. Assertion (A): Jnfﬁ(san x)‘r +(C°5")f e

f(x) T
Reason (R): —_— dx=—
b flx)+ /(-—x) 12

Q 4. Assertion (A): j Ismxldx =2

Reason (R):
I:f(x)dx =[* flx)dx +L"f(x)dx,wherec e (@, b).

Case Study Based Questions

Q 6. Case Study 1
For a function f (x),1f /(=x) = f(x),then f(x)
is an even function and f'(—x)=—/(x), then
/(x)is an odd function. Again, we have

If(\)dt if f(x)iseven
0. if /(x)isodd

[© rxe

L
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Q6.

Based on the given information, solve the

Sfollowing questions:

(i) Show that f(x) = xZ sin x is an odd function.

(i) Find: [ * f(x)dx.
(iii) If g (x) = x sin x, then find [ _ X sin x dx.

Or

Find j“’; sin’ x db.

Case Study 2
If f(x) is a continuous function defined on
[0, a], then

[Crxyax=["f(a=-x)dx.
Based on the above information, give the
answer of the following questions:
a  flx)
O fx)+fla=x)

(ii) If f(x) =—DX~COSX_ then find 1(5-;().
1+sinxcosx 2

(i) Evaluate _[

(iii) If g (x) = log (1+ tan x), then find g(g—x}

Very Short Answer Type Questions

when x >a.

Q7. Evaluatej' dx

XZCI'

i %
QB. EvaluateJ' ——dx.
0/ 2
1+x

Short Answer Type-I Questions

dx
1+sinx

0 9. Evaluate j 1-sinx

or Evaluate j >
cos” x

cos x
cos (x —a)

Q10. Evaluate _[ dx.

Short Answer Type-Il Questions

&3
in® x-cos x
Q 11. Evaluate _[ e dx.
a—-sin? x -\a+sin? x
=]
Xtan " x
dx.

TET G

Q 12. Evaluate I

Long Answer Type Questions

Q 13. Evaluate _[_12 | x3=x|dx

zxz}dx.
1+x

Q 14. Evaluate j:sin‘l[

dx.



