Chapter

Applications of Derivatives

Topic-1: Rate of Change of Quantities

Topic-2: Increasing & Decreasing Functions

MOQs with One Correct Answer

o

Let the function g:(—=. be given by

3 # 1 .

(b) odd and 1s strictly decreasing in (-, =)

(c) odd and is strictly increasing in (—2, )

(d) neither even nor odd, but is strictly increasing in (—oc, o0)
= _x(1-x) . ; T o ;

Iff(x)= Xe .thenf(x)is [2001S]

(a) increasing on [-1/2, 1] (b) decreasing on R

(c) increasingon R (d) decreasingon[—1/2,1]

Forall x €(0,1) [2000S)

(a) e*<1+x (b) log(1+x)<x

(c) sinx>x (d) log, x>x

[fthe normal to the curve y = f{x) at the point (3,4) makes an

-

)T‘: . a e . T
angle N with the positive x-axis, then f"'(3) = [20008]

3

4
1) = (el = (d) 1
4

3

Let f(x)= J-ex (x —1)(x — 2)dx . Then f decreases in the
[20008]

D) 2,-1) () (1,2 (d) (2,+ec)

Consider the following statmentsinSand R~ [20008]

S: Both sin x and cos x are decreasing functions in the

\

(a) —1

interval

(a) (=20,

T

1

1

IS
A

1 differentiable function decreases in an interval
en its derivative also decreases in (a. b).

f the following 1s true ?

10.

(a) Both S and R are wrong
(b) Both S and R are correct, but R is not the correct
explanation of S
(c) Siscorrect and R is the correct explanation for S
(d) Siscorrectand R is wrong
The function f{x) = sin* x + cos® x increases if
[1999 - 2 Marks]
(b) Md<x<3n8
(d) SmB<x<3m/4
The slope of the tangent to a curve y = f{x) at [x, f{x)] is
2x -+ 1. Ifthe curve passes through the point (1, 2), then the
area bounded by the curve, the x-axis and the linex =115

(a) O<x<m/8

(¢) 3n/8<x<5n

g 6 | {1995S]
5
o= by = 3y d) 6
(a) 6 (b) 5 I (c) p (d)
The function f(x) = AN T X&) -0 (19958
In (e + x)

(a) increasingon (0, =)

(b) decreasing on (0, =)

(c) increasing on (0, 7/e), decreasing on (e, o)
(d) decreasing on 0, m/e), increasing on (1t/e, «)
The function defined by fix)=(x+2) e " is
(a) decreasing for all x

(b) decreasingin (—oe,—1) and increasing in (-1, o)
(c) increasing for all x

(d) decreasing in (-1, ) and increasing in (o, —1)
[fa+ b +c=0, then the quadratic equation 3ax® + 2bx +¢=0
has [1983 - 1 Mark]
(a) atleast one rootin [0, 1]

(b) onerootin [2, 3] and the otherin [ -2, —1]

(c) imaginaryroots

(d) none of these

[1994]
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Applications of Derivatives

1 Let the function f: R — R be defined by

I

2023
s (% +2024x+2025)

e” {x2 =%4-3)

+

S(x)

18,
5 (x2 +2024x+2025)

e (x* =x+3)

Then the number of solutions of fx)=0 in R is
[Adv. 2024]

13. A vertical line passing through the point (h, 0) intersects

2 2

the ellipse i4_+i3_:1 at the points P and Q. Let the 19.

tangents to the ellipse at P and Q meet at the point R. If

A(h) = area of the triangle PQR, A = TAX A(h) anda,

= min A(h),
1/2<h<l

[Ady. 2013]

8
then ﬁAl_gAZ =

14. Theset ofall x for which In(1 +x) < xisequal to...............
[1987 -2 Marks|

15. Thefunction y = 2x* —In | x| is monotonicallyincreasing

for values of x(# 0) satisfying the inequalities ....... and
monotonically decreasing for values of x satisfying the 44
inequalities................... [1983 -2 Marks|

16, Ifx—risa factor ofthe polynomial f(x)=a,x* +...+ay,

repeated m times (1 <m < n), then ris a root of f'(x) =0
[1983-1Mark] 33

repeated m times.

x2-3x—6
17. Let f : IR — R be defined by fix)= m
+2ix+

Then which of the following statements is (are) TRUE ?
[Adv, 2021]

B35

(a) fisdecreasing in the interval (-2,—1)
(b) fisincreasing in the interval (1,2)
(c) fisonto

3
(d) Rangeoffis {_5’2}

Iff: R — Ris a differentiable function such that f'(x) > 2f{x)
forallx € R, and f{0) =1, then [Adv. 2017]
(a) fix)isincreasing in (0,%0)

(b) fix)isdecreasing in (0, =)

(¢) fix)>e™in(0,x)

(d) f'(x)<e**in (0, )

1
For the function, f(x)=x cos o ik 1, [2009]

(a) foratleastonexintheinterval[1,qc ), f(x+2)—f(x)<2
(b) lim f'(x)=1

X—»o0
(c) forallxintheinterval [1,a0),f(x+2)—f(x)>2
(d) f'(x)isstrictly decreasing in the interval [1, o0 )
Let (x) = fix) — (fix))* + (fix))* for every real number x.
Then [1998 - 2 Marks]
(a) hisincreasing whenever fis increasing
(b) & is increasing whenever f'is decreasing
(c) h is decreasing whenever f'is decreasing
(d) nothing can be said in general.

3x2+12x-1, -1<x<2
37—y 2 < y<3 them
[1993 - 2 Marks]

If f(x)={

(a) f(x)isincreasingon[-1,2]

(b) fix)iscontinues on [—1, 3]

(c) f'(2) does not exist

(d) f(x)has the maximum valueatx=2

Let fand g be increasing and decreasing functions,
respectively from [0, o ) to [0, oo ). Let A(x) = f(g(x)). If
h(0)= 0, then A(x)— A (1)1s [1987 - 2 Marks]
(a) always zero

(b) always negative

(c) always positive

(d) strictly increasing

(e) None of these.



RS IRN (&,

(Qs. 23-25) : By appropriately matching the information given in the three columns of the following table.

Let fix)=x +log, x—x log, x, x € (0,=)

Column 1 contains information about zeros of fix), "(x) and f"(x).
Column 2 contains information about the limiting behaviour of f(x), f'(x) and f"(x) at infinity.
Column 3 contains information about increasing/decreasing nature of f(x) and f '(x) .

Column 1 Column 2 Column 3
@ fx)=0forsomex e (1.&%) @ Imf(x)=0 (P) fisincreasing in (0, 1)
(M f'(x)=0forsomex &(l,e) (ii) ‘hf,n, f(x)=—= (Q) fisincreasing in (e, &%)
() f'(x)=0for somex < (0, 1) G) Imfi(x)=-c ®) /' isincreasingin (0, 1)
@V) f(x)=0for somex < (1. ¢) (v) Jlimf7(x)=0 (S) /" is decreasing in (e, e2)
23. Which ofthe following options is the only correct combination? [Adv. 2017]
(@ MEOHP) (b) (IDGN(Q) (c) (i) (R) (d) (IV)()(S)
24.  Which of the following options is the only correct combination? [Ady.2017|
(@ @MaR®) (b) (I (i) (S) (c) (I Gv) (P) (@ @V)D(O)
25.  Which of the following options is the only incorrect combination? [Ady. 2017]

@ M) P) (b) (HEV(Q

26. In this questions there are entries in columns I and I1. Each
entryin column [ is related to exactly one entry in column
11. Write the correct letter from column Il against the entry
number in column [ in your answer book.

Let the functions defined in column I have domain

-£3)

[1992 - 2 Marks|

Column I Column I1
(A) x+smnx (p) increasing
(B) secx (q) decreasing

(r) neither increasing nor
decreasing
R ——

27. IfP(1)=0and %(x)} P(x) forall x =1 then prove that

P(x)=0forallx>1. [2003 -4 Marks]
28. Ifthe functionf: [0,4] — R is differentiable then show that
(i) Fora,b e (0.4), (fi4)) - (0))2 =87 (a)fb)
4
@ [ /(0d=20af(a?)+p(BHIY 0<a.p<2
0

[2003 - 4 Marks]
29, Using the relation 2(1 — cos x) <x%, x = 0 or otherwise,

prove that sin (tanx) > x, ¥ x e{o, ﬂ [2003 - 4 Marks]

31.

32.

33.

34.

35,

(© (MDHEHR) (d) (I (iii) (P)

Let —1 < p < 1. Show that the equation 4x3 — 3x — p
=0 has a unique root in the interval[1/2, 1] and identify

it [2001 -5 Marks]
Suppose p(x) = ag + ax+ ax? +..... + ax" If
\p(x)| < ex_l—l‘ forall x>0, prove that

|a) +2ay +.....+ nay | <1. [2000 - 5 Marks]

e X =0

LCt =
fx) x +ax? —x3,x>0

Where a s a positive constant. Find the interval in which

[1996 -3 Marks]

S (x)is increasing.

3, 00 =b+b-1)
(b +3b+2)
2x-3,

TS - o O=x<]

1€£x<3
[1993 - 5 Marks]|
Find all possible real values of b such that f{x) has the
smallest valueat x=1.
n
Showthat 2sinx + tan x > 3x where 0 < x< 3
{1990 - 4 Marks]|

Show that 1+ x In(x+vx? +1) > \1+x? forall x>0
[1983 - 2 Marks]
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% Topic-3: Tangents & Normals
&1 1 . (© f(x)=xlx
: 23y d f(x)=|d
1.  Let P(6, 3) be a pomt on the hyperbola ?—b—3=1.lfﬁle :
normal at the point Pintersects the x-axis at (9, 0), thenthe '~ 1N€POInt(s) onthe curve)= + 3x? = 12y where the tangent
eccentricity of the hyperbola is " 2011] is vertical, is (are) [20028]
= 4 11
5 3 Aule 1
() \/5 (b) \g (a) (i e 2} ®) (i\/; 4]
© 2 (d) 4
2 4 © (0,0) @ (i—’zj
2. Consider the twocurves C; : 2 =4x, C, :x2+32—6x+1=0, NE]
Then, [2008]

(a) C, and C, touch each other only at one point.
(b) C, and C, touch each other exactly at two points

(c) C, and G, intersect (but do not touch) at exactly two
points

(d) C, and C, neither intersect nor touch each other

3.  Thetangent to the curve y = ¢* drawn at the point (c, e“)
intersects the line joining the points (¢ — 1, ') and
(c+1,e&%Y) [2007 -3 marks]

(b) ontherightofx=c¢
(d) atall points

(a) ontheleftofx=c
(c) atno point

4. If P(x) is a polynomial of degree less than or equal to 2
and § is the set of all such polynomials so that P(0) =0,

P(l)=1and P(x)>0 ¥ x [0, 1], then [20055]
(a) $=¢

(b) S=ax+(1-a)x> wa<(0,2)

©) S=ax+(1-a)x* v a<(0, x)

(d) S=ax+(1—-a)x* v a=(0.1)
5. Hf(x)=x"logxand f(0)=10, then the value of a for which

Rolle’s theorem can be applied in [0, 1] is [20045]
(@) 2 (®) -1 © 0 (d) 12
6. In[0,1] Lagranges Mean Value theorem is NOT applicable
to [20038]
1 1
——x x<=
2 2
@ f(x)= (1 5 :
— 5
\2 x] -5 2
‘sinx
® fixy=4{ x e
L x=0

8.  The triangle formed by the tangent to the curve
flx)=x2+ bx — bat the point (1, 1) and the coordinate axes,
lies in the first quadrant. Ifits area is 2, then the value of b

is [2001S]
@ -1 ®) 3
© 3 d) 1

9. Which one of the following curves cut the parabola

y? = dax at right angles? [1994]
(a) xi +y2 =42 fb} y= e~/2a
(c) y=ax (d) x*=4ay

10. The normal to the curve x = a (cos 6 + 6 sin 8),
y=a(sin 8 -6 cos ) at any point ‘0’ is such that

[1983 - 1 Mark]
(a) it makes a constant angle with the x—axis
(b) it passes through the origin
(c) itisata constant distance from the origin

(d) none of these

11. The slope ofthe tangent to the curve (v —x°)2 = x(1 + x2)
[Adv.2014]

at the point (1, 3) is

12. Let Cbethe curvey® —3xy+2=0. If H is the set of points
on the curve C where the tangent is horizontal and Vis the
set of the point on the curve C where the tangent is vertical

[1994 - 2 Marks]

13. Letf g:[-1,2] — R be continuous functions which are
twice differentiable on the interval (=1, 2). Let the values of f
andg at the points—1, 0and 2 be as given in the following table:



B38

Il
(S}

x=0|x
6
1

x=-1

(==l

Sf(x)| 3
gx)| 0
In each of the intervals (-1, 0) and (0, 2) the function

(f— 3g)" never vanishes. Then the correct statement(s)
is(are) [Adv. 2015}

(a) f'(x)—3g'(x)=0 has exactly three solutions in (-1, 0)
w(0,2)

(b) f'(x)-3¢g'(x)=0 hasexactly one solution in (-1, 0)

(©) f'(x)—3g'(x)=0 has exactly one solution in (0. 2)

(d) f'(x)—3g'(x) =0 has exactly two solutions in (-1, 0)
and exactly two solutions in (0, 2)

14. Ifthe line ax+ by + ¢ =0 isa normal to the curvexy =1, then
[1986-2 Marks]

-1

(@) a>0,6>0 (b) a=0,h<0
(¢) a<0,b>0 (d) a<0,b<0
(e) none of these.

If a continuous function f defined on the real line R, assumes
positive and negative values in R then the equation f{x) = 0 has
aroot in R. For example, ifit is known that a continuous function

fon R is positive at some point and its minimum value is negative
then the equation f{x) =0 hasa rootin R. [2007 - 4 marks]
Consider f{x) = ke* —x for all real x where k is a real constant.
15. Theliney=xmeetsy=ke'fork < Oat

(a) no point (b) one point

(c) two points (d) more than two points

16. The positive value of k for which ke* —x= 0 has only one
root is

@ 1
e

17. For k>0, the set of all values of k for which ke* —x =0 has
two distinct roots is

@ [o,l] ) [1,1] © [l,m] @ (©.1)
e £ e

(b) 1 © e (d) log,2

)

=
18.

19.

22,

26.

27.

Topic-4: Approximations,

@Y v

If}f{.xl) “f(-‘-'g)i = (x1 = xz)zs
equation of tangent to the cuve y = f(x) at the point (1, 2).
[2005 - 2 Marks]|
Using Rolle’s theorem, prove that there is at least one
root in (45190, 46) of the polynomial
P(x)=51x"01 - 2323(x)100 — 455 + 1035. [2004 - 2 Marks]
Tangent is drawn to parabola y* —2y—dx + 5=0at a point
P which cuts the directrix at the point Q. A point R is such
that it divides QP externally in the ratio 1/2 : 1. Find the
locus of point R. {2004 - 4 Marks]
A curve C has the property that if the tangent drawn at
any point P on C meets the co-ordinate axes at A and B,
then P is the mid-point of 4B. The curve passes through
the point (1, 1). Determine the equation of the curve.
[1998 - 8 Marks]
The curve y = ax3 + bx? + ¢x + 5, touches the x-axis at
P(-2, 0) and cuts the y axis at a point O, where its gradient
is3. Finda, b, c. [1994 - 5 Marks|
Find the equation of the normal to the curve

y=(01+x) +sin”(sin® x)atx=0  [1993-3 Marks]

What normal to the curve y =x2 forms the shortest chord?
[1992 - 6 Marks|

Find all the tangents to the curve

y=cos(x+y). —2m < x < 2w, that are parallel to the

[1985 - 5 Marks]|

x
Find the coordinates of the point on the curve ¥ = 3

linex+ 2y=0.

where the tangent to the curve has the greatest slope.

{1984 - 4 Marks]|
Find the shortest distance of the point (0, ¢) from the
parabolay=x2 where 0< c<5. {1982 - 2 Marks]
If f{x) and g(x) are differentiable function for (< x <1
such that {0)=2, g(0)=0, f{1)=6;g(1)=2, then show that
there exist c satisfying 0<c <1 and " (¢) =2g' (¢).

[1982 - 2 Marks]

Maxima & Minima

1.  Consider all rectangles lying in the region
i(x._r} eRxR:0<x Sg and 0< y < 25in(2x)}>

and having one side on the x-axis, The area of the rectangle
which has the maximum perimeter among all such
rectangles, is [Ady. 2020}

3n i T:\s
(a) 5 (b) n (©) 293 (d) S

Iff: R — R is a twice differentiable function such tha:
f" (x)>0forallx e R, and f[%] :% ,f(1)=1, then
[Ady. 2017]

@ f'(1)<0 () 0<f=s
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th

10.

B
() 5<f)=l d f'(I)>1

PP |
The least valueof a £ R forwhich4ax~+—21, forall x>0,
X
is [Ady. 2016]
1
® & 2 gts0-0) 55
The total number of local maxima and local minima of the

2+x), -3<x<-1 ;

function f(x)= o is
X , —l<x<2

[2008]

(a) 0 (b) 1 ) 2 (d) 3
Iff(x)=x°+ bx* + cx + dand 0 < b? < ¢, then in (—o0, o)
{a) f(x)isastrictlyincreasing function [2004S]
(b) f(x)has alocal maxima

(c) f(x)isastrictly decreasing function

(d) f(x) is bounded

Tangent is drawn to ellipse

2
%"‘)’2 =1 at [3~/§cosﬁ,sin9) (where 8 (0, 7/2)).
Then the value of @ such that sum of intercepts on axes
made by this tangent is minimum, is [2003S]
(a) 3 (b) w6 (c) mB (d) n4

The length of a longest interval in which the function

3 sin x — 4 sin’x is increasing, is [200258]
5 2 B
@7 OF B
Let flx) = (1 + b*)x%+ 2bx + 1 and let m(b) be the minimum
value of fix). As b varies, the range of m(b)is  [20015]
@@ [0,1] (@ 0,12] (0 [V2,1] (d) (0.1]
|, fe <

Let f{x}:{!)"’ BE 0=} 52 then at x =0, fhas

i for' % =10

[2000S5]
(a) alocal maximum (b) nolocal maximum
(c) alocal minimum (d) noextremum

On the interval [0, 1] the function x°>(1 — x)”° takes its

maximum value at the point [19958]

1 1 1
@ 0 g (c) 5 @ 3
Ify=alnx + bx? +x has its extremum values at x=—1 and
x =2, then [1983 - 1 Mark|

1
@) a=2,b=-1 (b) a=2,b=~5
|

(c) a=-2,b= 3 (d) none of these

AB is a diameter of a circle and C is any point on the
circumference of the circle. Then [1983 - 1 Mark]
(a) thearea of A ABC is maximum when it is isosceles
(b) the area of A 4BC is minimum when it is isosceles
(c) the perimeter of A 4ABC is minimum when it is isosceles
(d) none of these

14,

[—
n

16.

o

18.

20.

B39

[Adv. 2022

o~ Z sin** [E] z
k=1 6

Tct o [0, l] — IR be the function defined by

()= 2% 240
Then, which of the following statements is/are TRUE ?

(a) Theminimum value of g(x) is 2%

(b) The maximum value of g(x)is 1 + D %

(c) The function g(x) attains its maximum at more than
one point

(d) The function g(x) attains its minimum at more than
one point

A cylindrical container is to be made from certain solid

material with the following constraints: It has a fixed inner

volume of ”’mm?, has a 2 mm thick solid wall and is open at

the top. The bottom of the container is a solid circular disc

ofthickness 2 mm and is of radius equal to the outer radius

of the container.

Ifthe volume of the material used to make the container is

minimum when the inner radius of the container is 10 mm,

i Adv. 2015
250 1S [Ady. 2015]

Let p(x) be a real polynomial of least degree which has a
local maximum at x = 1 and a local minimum at x = 3. If
p(1)=6and p(3)=2, then p’(0) is [2012]

then the value of

letf: IR — IR bedefined as f(x) = | x| +| x> =1|. The total
number of points at which f‘attains either a local maximum
or alocal minimum is [2012]
Let fbe a function defined on R (the set of all real numbers)
such that f'(x) = 2010 (x-2009) (x-2010)? (x-2011)3
(x-2012)* forall x eR.

If g is a function defined on R with values in the interval
(0, o) such that f(x) =1/n ( g (x)), for all x € R then the
number of points in R at which g has a local maximum is

{2010]
Let fbe a real-valued differentiable function on R (the set
of all real numbers) such that f{1) = 1. Ifthe y-intercept of
the tangent at any point P(x, y) on the curve y = flx) is

equal to the cube of the abscissa of P, then find the value
of f(-3) [2010]
Let p(x) be a polynomial of degree 4 having extremum at

x=1,2and lim[1+—-—p{x}] =2,
x—l) xz
Then the value of p (2) is
The maximum value of the function
F(x)=2x>—15x% + 36x— 48 on the set

[2009]



A= {x| x2+20 < 9x}is

22,

26.

For 0 <a <x,

[2009]
Jall ":z

Let the function f: (0, ) — & be defined by

£(8)=(sin @ + cos B)* + (sin B — cos B)*.

Suppose the function /has a local minimum at 8 precisely
when® e {A m, .., A n},where0<i,<.. <A <1.Thenthe

value of A, +... T 1 is [Ady. 2020]
1T b ARSI T
+  Fillin e R
2 2
Let P be a variable point on the ellipse x_z i Y_z =1 with
=il

foci F)and F, . If 4 is the area of the triangle PF| F), then
the maximum valueof A is ............. [1994 - 2 Marks]

The larger of cos ( In 6 ) and In (cos 0) if e ™2 <<l is

[1983 - 1 Mark]

{he minimum value of the ﬁmctwn

log, x+log, a is2. {1984 -1 Mark]

]
Let f(x)= x>0
Letx; <x,< x3 ..... <x,<.... be all the points of local
maximumoffand y; <y, <y;<....<y,<..... be all the

points of local minimum of /.
Then which of the following options is/are correct?
[Ady.2019]

(a) 'rn+I
1
(b)y *» € (2’%2” +§] for every n

—x,>2

(©) kx,—y,|>1foreveryn
(d) x; <y

Define the collections {E}, E,, Ej, ...... + of ellipses and

{R|, Ry, R;, .....} of rectangles as follows :
L)

B+ =1,
gy

R, : rectangle of largest area, with sides parallel to the
axes, inscribed in E;
B by
, - ellipse x_+ b4 ;=1 of largest area inscribedin R, _,,

?131, n n

R, : rectangle of largest area, with sides parallel to the

axes, inscribed in £,, n> 1.

Then which of the following options is/are correct?
[Adv.2019]

(a) The eccentricities of E| 4 and E g are NOT equal

1
(b) The length of latus rectum of £ is 7

N
(c) Z (area of R ) < 24, for each positive integer N
n=l

30.

31.

32

33.

34.

(d) The distance of a focus from the centre in Ej is 3—;

cos(2x) cos(2x) sin(2x)
Iffilx)=|—-cosx cosx —sinx|,then [Adv.2017]
sin x sinx cosX

(a) f'(x)=0 atexactly three points in (-, 1)

(b) f'(x)=0 atmore than three points in (-, 1)

(c) fix)attains its maximumatx =0

(d) f{x)attains its minimum atx=20

Letf: R - (0,=)andg: R — R betwicedifferentiable
functions such that f' and g" are continuous functions

on R. Supposef'(2)=g(2)=0,f'(2) #0andg'(2) # 0.1f

n e _
S E(xglx)
(a) f hasalocal minimum at x=2
(b) f hasalocal maximum at x=2
© ">
(d) f(x)—f"(x)=0 for at least onex € R
A rectangular sheet of fixed perimeter with sides having
their lengths in the ratio 8 : 15 is converted into an open
rectangular box by folding after removing squares of equal
area from all four corners. If the total area of removed
squares is 100, the resulting box has maximum volume.
Then the lengths of the sides of the rectangular sheet are

then [Adv. 2016]

[Adv.2013]
(a) 24 (b) 32 (c) 45 (d) 60
Iff[x):_l';cetz (t=2)(t-3)dt forallx € (0,:0), then
[2012]

(a) f hasalocal maximum atx=2

(b) f isdecreasing on (2, 3)

(c) there exists somec € (0, 0), such thatf"(c)=0

(d) f hasa local minimum atx=3

f(x) is cubic polynomial with fi2) =18 and f{1) =—1. Also
filx) has local maxima at x=—1 and f'(x) has local minima at
x=0, then [2006 -5M, 1]
(a) thedistance between (-1, 2) and (a fla)), where x=a is

the point of local minima is 2.5
(b) fix)is increasing forx € [1,2+/5 ]
(c) flx)has local minima atx=1

(d) the value of f0)=15
The number of values of x where the function

flx)=cosx+ cos( J2x ) attains its maximum is
[1998 - 2 Marks]

(@ 0 (b) 1 (c) 2 (d) infinite
-1 ]

Iffix)= T for every real number x, then the minimum
X<+

value of f [1998 - 2 Marks]

(a) does not exist because fis unbounded

(b) is not attained even though f'is bounded

(c) isequaltol

(d) isequal to-1

The smallest positive root of the equation, tan x —x =0 lies
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36.

in [1987 -2 Marks]

8
3x
© ("~ ?J

(e) None of these

Let P(x)= aoﬁ‘-ai.r: ﬂ'-cz_-:.z:4 o

in areal varizble x with

0< @y < gy < a; <.....< a, . The function P(x) has
[1986 - 2 Marks]

(a) naither a maximumnora minineen

(b) onlyone maximum

(c) onlyone mnimum

(d) onlyone maximum and only cne minimum

(e) none of thess.

AhneL y=mx+3 meets y —axis at E{0, 3) and the arcof

the parabola y* = 16x, 0<y<63tlhepuﬂﬂxo,t°).'lbc
tangent to the parabola at Flx, y,) intersects the y-axs at
G(0, y,). TheslopemofthelmeL is chosen such that the
areaotjthe triangle EFG hasa local maximum. [Ady. 2013
Match List I with List II and select the correct answer
using the code given below the lists :

ListI 11

m= 1.

P

Q. Maximum area of AEFGis
R. p—

S.

R = 5
oW on

Let f [0 1] — ]R (the set of all real numbers) be a function.
Suppose the function fis twice differentiable, f{0)=f{1)=0and

satisfies f"(x) - 2f'(x) + f(x) 2. &%, x € [0, 1].
37.

38.

[Adv. 2013]
Which of the following is true for 0 <x< 1?

(@ 0< f(x)<= (b) —E<f(x)<5

1
) =2 <Hm=l (@ -wo<f(x)<0
Ifthe function €™ f{x) assumes its minimum in the interval

1
[0,1]at x= 2’ which of the following is true?
[Adv. 2013]

841
1 3 1
(@) _!‘[x)-:f(x},:q-x«:;(b) )"‘[x]:\-f{'_t'),(.'l-cx.cZ

(©) f‘l.r)-:f{x),o-cxc%{d) f'(x)-cf(x)%cx(l

S S——

39.

41

5

45.

46.

47.

For a twice differentiable function f(x). g(x) is defined as
g)=(F&F -G fx)ma.el ffora<b<c<d<e,
F(@)=0,£(8)=2.f(c)=-1.7(d)=2. f() = 0 then find the
minimum number of zeros of gix). [2006-6M]
If p{x) be a polynomial of degree 3 satisfying p(—1) = 10,
p(1) = —6 and pfx) has maxima at x = — | and p'(x) has
munima at x = |. Find the distance between the local maxima
and local minima of the curve. [2005 - 4 Marks]

3x(x+1)
x

Prmetha.tﬁxxe[ﬂ,%], sinx+2x2> - Explain

the identity ifany used in the proof.  [2004 - 4 Marks|

Find a point on the curve x* + 237 = 6 whose distance from
theinex+y=7. sminimum. [2003 - 2 Marks]

Find the co-ordimates of all the pomnts P on the ellipse

> -

X ¥
—3+—;3=1.ﬁ-ﬁi&cmoﬁh:u'iangleP0Nis
a

maximum. where O denotes the origin and N, the foot of
the perpendicular from O'to the tangent at P.

[1999 - 10 Marks]|

Suppose fix) is a function satisfying the following
conditions [1998 - 8 Marks|

@ AO=2A1=1,
(b) fhas a minimum value at x= 32, and

(c) forallx.
2ax 2ax-1 2ax+b+1
Flx)= b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b

where a, b are some constants. Determine the constants a,
b and the function f{x).

Determine the points of maxima and minima ofthe function
1
f(x)=§ fnx-bx+x? x>0, where b > 0 is a constant.

[1996 - 5 Marks]
Let (h, k) be a fixed point, where 2> 0, k> 0. A straight line
passing through this point cuts the positive direction of
the coordinate axes at the points Pand Q. Find the minimum
area of the triangle OPQ, O being the origin.

[1995 - 5 Marks]
The circle x* + )2 = | cuts the x-axis at Pand Q. Another
circle with centre at O and variable radius intersects the
first circle at R above the x-axis and the line segment PQ at
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S. Find the maximum area of the triangle OSR. . =
[1994-5Marks] S1- Let f(x)=sin’ x+Asin’x, — <x = Find the
48. A window of perimeter P (including the base of the arch) is intervals in which 2 should lie in order that f(x) has exactly
in the form of a rectangle surmounded by a semi circle. The one minimum and exactly one maximum. [1985-5 Marks|
semi-circular portion is fitted with coloured glass while the ey
rectangular part is fitted with clear glass transmitsthreetimes ~ 52.  If ax™ +— 2 ¢ forall positive x where @> 0 and 5> 0 show
as much light per square meter as the coloured glass does. xj ]
that 7 ; 1982 -2 Marks
What is the ratio for the sides of the rectangle so that the ey I atha]
window transmits the maximum light ?  [1991- 4 Marks] 53 e the function £(x)= ¥ ,x>0. 10 determine the bigger
49. A point Pis given on the circumference ofa circle of radius 2 e :
r. Chord OR is parallel to the tangent at P, Determine the of the two numbers ¢™ and = [1981-4 Marks]
maximum possible area of the triangle POR. 54. Letxandy be tworeal variables such thatx>0 and xy=1.
[19940 - 4 Marks| Find the minimum value of x+y. [1981 - 2 Marks|
5 : ; PRI S e 2l (o 2
50. Findthe pointonthe curve 4x° +4°y" =da°, 4<a” <8 55. Prove that the minimum value of —~7{a t i)
that is farthest from the point(0,—-2). [1987 -4 Marks] (e ex)
ab>c,x>-cis (Na—c+ b—c)z. [1979]
@swer Key
Topic-1 : Rate of Change of Quantities
Topic-2 : Increasing & Decreasing Functions
1. (o 2. (@ 3. (b 4. (d) 5 (o) 6. (d) 7. (b) 8 (a) 9. () 10. (d)
-1 1 -1 1
11. (a) 12.-(00) 22 13, -0 14. x>0 15. xe [?0] U[E,w); (—00, PZ_] U[O’E) 16. (False)17.(a,b)
18. (a,c) 19. (b,c,d)20. (a,b,c) 21. (ac) 22. (@ 23. (b 24. (b) 25 (¢ 26. (A)—>P.L.B)—=@)
Topic=3 : Tangenis & Normails
1. (b) 2. Wby 3. @ 4. b 5 (@ 6. (a) 7. (@ 8 (0 9. (d 10. (c)
11. (8) 12. o, {(1, 1)} 13. (b.c) 14. (b,c) 15. (b) 16. (a) 17. (a)
Topic-4 : Approximations, Maxima & Minima
1. ) 2. (@ 3. (© 4. (o) 5 @ 6. (c) 7. (a) 8 (@ 9. (d 10. (b)
11 s R 13, faborld: @) 15 ) 16 05) 51741 18. 9 19. © 20. (7
21. (05 22. (abe) 23. cos(InB)24. (False) 25. (a,b,c) 26. (b,c) 27. (b,c)28. (a.d)
29. (a,c) 30. (a,b,c,d) SEibcl 32 (b)) 3% (d) 84 (8 35 © 36. (a) 37. (d)
38. (¢




Hints & Solutions

~="]
“—_ Topic-2: Increasing & Decreasing Functions

| ]
—

7 e

1 (¢) Given: g(u)= 2tan (e Sy
- -1 u T -1 1 T
o(-u)= 2tan" (e " )—— = 2tan — | ==
2 (’.“ )
- 1o u i ] T | _E
= 2cot (e 1—7 = _[—‘)—tan (err] 5

=1s..1 : . .
—2tan” ‘(e ) =_ g(u), .. g is an odd function.

| A

M

. 2e
Also g'(H)=— Sl 0, Vu e(-w,o)
1+e&°
g is strictly increasing on (—20,00) .
2. (@) f(x)=xe '
= fi@=P+(1-)xe =9 0x+1)(x-1)

1
Critical point are x= —— and |
< = t >
2 1

Hence, ['(x) is i[‘lCI’EEiF:iT]g on [-1/2, 1].
3. () Let f(x)=¢&"-1-x

= f'(x)=¢€" -1>0 for x €(0,1)
f(x) is an increasing function,
f(x)> f(0),¥xe(0,1)

= ¢ —l—-x>0=¢">14x%
(a) is not correct.
(b) L.etgn (x)= lngc (1+x)—x

X
-1=——<0,¥Vx (0,1)
1+ x 1+x
Hence, g (x) is decreasing on (0, 1)
= g(x)<g(0)
= log (1 +x)—x<0 = log (1 +x)<x
(b) 1s correct.
Similarly it can be shown that (¢) and (d) do not correct.

= g'(x)=

4. (d) Slope of tangent y = £(x) is E;E:\_!"{x){lm
ax
1 1

Slope of normal = — e

oy 10

Now —— = tan| EJ (given)
f'(3) \ 4

= LI s @
'3 \2" 4,

n

(¢) flx)= J-e" (x—=1)(x—2)dx

For decreasing function, ['(x) <0

= Sfx-1DNEx-2)<0 =2Ex-1)x-2)<0

== [<y<?2 B e >0Vxe R]

6.

(d) From graph it is clear that both sin x and cos x in the interval

(m / 2, m) are decreasing function.
§ 1s correct.
V Y

= > 5 T'3\i >
= i

Consider f'(x) =sinx on (0,7/2) = ['(x)=cosx

From graph 1t is clear that f (x) is increasing on (0, n/2) but

/' (x) 1s decreasing on (0, ©/2)
R is wrong.

(b) Given : f(x) =sin* x + cos* x

=  f'(x)=4sin’ xcosx—4cos’ xsinx
=—2. 8in 2x cos 2x = — sin 4x

Now for f (x) to be increasing function
f(x)>0= —sindx>0=sindx <0

n T
= n<dx<2n = s XL
Hence. f(x) increasing on (n/4,7/2)
5 T 4n = In
Now, —Si
2 8 8
S (x) will be increasing on (nt/4,3n/8).
(a) Given that slope of tangent at (x, f(x)) is 2x + 1
= '@=2x+1 = flx)=x2+x+¢
Since the curve passes through (1, 2), .. f(l y=2
= 2=l+l+ec=e=0, Lflx)=x"+x

The graph of f (x) is an upward parabola, which touches the x-

axis the origin.

1
Required area =j (x2 +x)dx
0

n 1
a3 2 n
(b) Given : f(x):M
]I‘l(e+x}
L_l Ln(e‘+x)—( = Jll’l{‘.l'r+_1')
' m+Xx/ S
= f’(.{‘): (’
[In(e+ x)]*

_ (et x)In(e+ x)— (m+x)In(m + x)

(e+x)(n +x) (In(e + x))° S

On (0,00) since l <e<mn
o f(x) decreases on (0, o).
(d) Given:f(x)=(x+2)e*
f)=-(x+2)e F+te*=—(x+)e*
Putf'(x)=0 = x=-1
For x e(—o0,—1), f'(x) >0
and for x e(—L0), f'(x)<0
~. f(x) is increasing on (—oo, —1) and decreasing on (-1, —).
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1. (a) Consider the function f (x) = ax® + bx® + cx on [0, 1] Since /' 14.

(x) is a polynomial. .. f (x) is continuous on [0, 1] and hence,
differentiable on (0, 1)

Now f(0)=f(1)=0 [vatbh+c=0]

. By Rolle's theorem there exists x € (0, 1) such that

F(x)=0=3ax® + 2bx+c=0
Hence, equation 3ax” + 2bx + ¢= 0 has at least one root in [0,1].
(01) x)=0

X8 4 2024x + 2025 [sinx 3 2}
=4 =0
(2 -x+3) &
[sin x+2, €™, x?—x+3 can never be equal to zero ab
always + ve]
= x2023 +2024x + 2025 =0
Let g(x) =x2023 + 2024x + 2025
2(x)=2023x202+2024>0 wy e R
g(x) is an increasing function
.. J(x) =0 has only one solution

12,

20k T2
P o
13.  (9) Vertical line x = h, meets the ellipse T+L3—=l at

P{h,—‘?—\/él—hz] and Q[h,:;@\/‘i—hz]

By symmetry, tangents at P and Q will meet each other at x-axis,
J!

Jr ?

1P

A
! i(ﬁ.[}

RNy
!Q
V.
Tangent at P is %‘]+'y6—3\4’4—h2 =1

which meets x-axis at R(%, 0]

Area of APQR = %xﬁdzl—hz x[%—h)

_323/2
ie, A(h)= ”—g%}—

dA Va-n? (h% +2)
=3 =L g
dh W2

= A(h) is a decreasing function.

1
Hence, %Shsl = Apa =A —) and A . = A(l)

13,.-’2
4
\/37[ 4] 45
A= SN Tl e
s 1 8\[‘
2
NEE N
e

8
HCHCC, EA] ‘—SAZ =45-36=9

16.

17.

18.

Mathematics

Letf(x)=log(l +x)—x forx>—1
1 -x
i =—=1=

/') 1+ x 1+x
Now f'(x)>0if—1<x<0and f'(x)<0ifx>0
Hence, fincreases in (— 1, 0) and decreases in (0, o0 ).
Now, f(0)=logl-0=0, .. x20= f(x) < fF(0)
= log(l+x)-x<0=>log(l+x)<x
Hence, log (1+x)<x,¥Vx20
y=2x"-In|x|

dy I (2x+1)(2x-1)
— =4x—— =—_" &
dx x x

Critical points are 1/2 and —1/2

=0

Clearly f (x) is increasing on (—%,O)U(%,w] and

decreasing on [—oo,~l)u(0, l) ;
2 2

(False)
If (x - r) is a factor of £ (x) repeated m times then f'(x)isa
polynomial with (x — r) as factor repeated (m — 1) times.
= ris aroot of /'(x) repeated (m — 1) times.
The given statement is false.

x2 -3x-6

XX +2x+4

= (2 +2x+4)2x-3)- (6% —3x—6)(2x+2)
(x% +2x +4)?

(a,b)  Given that f(x)=

Flay= Sx(x+4)
(xz +2x+ 4)2
+ - +
16 |

|
I |
-4 0
Options (a) and (b) are ture.

11 3
-4 T, 0 Sy
f(=4) 5 £(0) 3
Also f(x) is maximum at — 4 and minimum at 0.
311
Range: _E’? , clearly f(x) is into
(a, ¢) Given, f: R — R is a differential function such that
fO)>2fx)¥VxeR
o _fﬁ o 2
S(x)
Integrating both sides, we get

f(x)
=———dx>|2dx
I f(x) ‘[

= log (flx))+ C > 2x

= flx) +C> &

Since, f{0) = 1
=>A0)+C>=¢c>0

= flx) > &>

.. (c) is correct

Since, &~ increases in (0, «)

Thus fx) will increase in (0, o)
Hence options (a) and (c) are correct.
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From (i) and (ii), we get 4 (x)=0, ¥V x>0
Hence, A (x)—h(1)=0-0=0¥ x>0
(For questions 23-25) : fix)=x + log,x— xlog x, x € (0, )

19. (b, c.d) Given: _f{:c):xcosl, x21
x

if )= cosl«flsin—

e A ) i
lim f'(x) =1 = f'x= ;—Iogex and f'(x)=_x—2
o - 1 ﬂl)=l;ﬂandf(ez)=e:2+2_232=2_el<g
Also f"(y)=—cos— = f{x)=0forsomex e (I,
f"(x) S cosx<0, Y xe[l, ) S s c(l, )

= f'(x) is strictly decreasing in [1, )

1
f(x+2}—f(x)>] f'(1)=1>0andf (e)=;—1<o

f'(-f)>x1;ﬂ::°f'(1) = = f'(x)=0 for somex e (1, )

(x+2)-x Hence, (II) is true.
= flx+2)-f(x)>2 1
20. (8. C) h('x] =f{x) = {f(x})z * {f(x})s v :. €R Ifxe (U, l), — >0 and loge x<0
h'(x) = [ =2/ () +3(f (x))°] .
g 3f'{x)[(f(x))2 —Ef(x)-rl] = £109= = - logx>0.=> fis increasing on (0, 1)
3 3 — f'(x)#_ﬂforsomexe(t},l)
=3 @)L (x) _1}3}2 +2/9] Hence, (1) tslfalse. i :
Here /'(x) < 0 whenever f'(x) < 0 and A'(x) > 0 whenever Ifx Ef(,,l":)’ f %") <0 = f'is decreasing on (1, ¢)
1) > 0. ? %}fﬂfaol;somexe(l,c)
Hence h(x) increases (decreases) whenever f (x) increases e“'x‘.{ ) is ;
(decreases). Also }1_{!@10 fix)= lim x+ (1 -x) logx =— oo
S {3x2 $l2e-1. —Jgx<) Therefore, (i) is false and (lii) i true.
I =% 2<xs<3 Elﬂ f'{x)= Eim_ ;m]ogex=~ou
Hence on [-1,2], f'(x)=6x+12 Hence, (i) is true
For ~1<x<2,-6<6x<12 _ o sl
= 6<6x+12<24 = f'(x)>0,Vx €[-1,2] M eg=in =iy
. fisincreasing on [ 1, 2] Hence, (iv) is true. )
Also £ (x) being polynomial for x €[~1,2)U(2,3] f is increasing on (0, 1) already discussed.

f(x) is cont. on [- 1, 3] except possibly at x = 2 Hence, (F) i tnie.

At x=2,

1
) Ifxe(e,ez)thenf'(x}=——krgex-cﬂ
LHL. = lm f(2-h)=lim3(2-h)" +12(2-h)-1=35 X
h—0 h—=0

ﬁ fis d;:crcasing in (e, %)

= =iy == ol ence, (Q) is true.

RHL. *,}_“:},f(“h}‘jf“m” (2+h)=35 Hes o (1 P 2o e it . 1)
and f(2)=322+122-1=35 Hence, R is false.

Thus, LH.L.=RH.L. =f(2) = f(x) is continuous at x = 2 Ec;;:' ((;'i E)!nft: (x) <0 = f" decreasing in (¢, ¢*)

Hence, /(x) is continuous on [~ 1, 3] 23. () The only corect combination is (II), (ii), (Q)
Again at x = 2 e i; (b) The on;y correct combination is (II), (iii), (S)
N 24h) - f(2 . 37-(2+h)-35 - () The only incorrect combination is (IIT), (i), (R).
- i SO TGRS R TR e (m, G, (®)
h—0 h—0 h (A) f(x)=x+sinxon (-2, W2)=f'(x)=1+cosx
LD = lim L=k Since 0 <cosx<1forx € (-2, n2)
>0 h ae}nce. [1(x)>0o0n (-2, ©/2)
-
P 35-3(2-h)2 ~12(2-h)+1 o ®) f(x)i WG LIRS o ar
oy h Clearly /' (x) < 0 in (-2, 0) and /" (x) > 0 in (0, 7/2)
Thus, LD # RD = f'(2) does not exist. T T
Hence, /'(x) can not have maximum value at x = 2. * On ‘5 r? S (x) is neither increasing nor decreasing,

22. (a) Since g is decreasing in [0, ®)
For x2 ,g(x) < g(») i
Ao g, £0) € [0, =) and f's increasing from [0,) ©[0,9). 27, Given: &) 5 pry vox 21 and P(1)=0
Now, g (x), g () €[0,0) and g(x)< g(») o (g’ﬂ

= f(g(x) < f(g(»), where x>y, .. h(x) < h(y) = ——-P(x)>0
= h is decreasing function from [0, %) to [0, ) dx

h(x)< h(0), ¥ x 20 But k (0) = 0(given)
h(x)<0Y x>0 (i) e i’;%l—e“ P®)>0 = %[e_xP(x):r >0

Also i(x) 20V x20 [as h (x) €[0,0)] ...(ii) => € P(x) is an increasing function.

Multiplying by e on both sides, we get
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Vx>1,e*P(x)>e 'P(1)=0 [~ P(1)=0] 30.

=% e_xP(x) >0,Vx>1

e*>0 o PX)>0,Vx>1

28. (1} From Lagrange s mean value theorem

S®-70)

=t = f\W)®racs@Edy £ 0 Lo ()

Also from Intermediate mean value theorem

S+ /)
2

=fbfwbe04d) 0 (ii)

From (i) and (i), we get

(f(4)* - (f(0))*

- = fYa)f(b) fora. be(0,4)

4 2
© I f()de=2 j xf () t = 52
0 0

1 2
* fof(rz )ax +2Ixf(12)dx =20, +2 (say) .. 3L

0 1
x

Let £ (x)= [ )0 < x <1

G

and F (x) = [of (@t 1<x<2

1
F,(x) and F,(x) are differentiable on [0, 2]
By Langranges mean value theorem 3 =(0,1)
and B = (1, 2) such that

F(o)=
R, (B)=

Since F,(0) =0, F.

A -F/(©0) _ 2
= af(a”)
F(2)- Fz(ll

2
(l) 0,

=B/(B%)

we get |, = o fla*} and I, = BAB?)

- From 3, f sodi=2[af @)+ B 6%

L]
29, Given:2(l-cosx)<x2, x#=0

32.

To prove sin (tan x) = x, x €[0,t/4).
Let us consider f(x) = sin (tan x) —

= f'(x)=cos(tanx)sec’ x—1 =

cos(tan x) — cos? x

0092 X
2

Asgiven2 (1 —cosx)<x?, x =0 :>cosx>l-x?

Similary, cos (tan x)> 1 — ta"z £
oy 1
lﬂlta.nzx—coszx sm x[l— 2 ]
o f'(x)> 2 - < 2cos” x
COs™ X coszx
- 2
=W>0N;e[o,m4)
2cos x

f'(x)>0=> f(x) isan increasing function.
For x €[0,n/4), x20= f(x)= f(0)

= sin(anx)— x >sin (tan 0) -0
= sin(tanx)— x >0 = sin (tan x) = x (proved)

Mathematics

Given that —1< p<1,
Consider f(x)=4x* - 3x—p =10

f(l/2)=%—%-p=—l—p£0 as (1= p)

and f(1)=4-3-p=1- p20as (p<])

= f{x) has at least one real root between [1/2, 1].

Also f'(x)=12x2=3>0 on[1/2,1]

= f isincreasing on [1/2, 1]

—=> [ has only one real root between [1/2, 1]

To find the root, we observe f (x) contains 4x° — 3x which is

mu]npe angle formula of cos 30 if we put x = cos 6.
the required root be cos 6, then 4 cos?0 —3 cos 6 —p =0

= cos3B=p = 30=cos'p = B:lcos_ (p)

Root is cos(%cos_l(p)),
Given: p(x)=a,ta,x+a, % +...tax" ..()
p@|S|e!-1,Vx20 (1]

To prove that |a; +2a3 +...+na, |[<1
It can be clearly seen that in order to prove the result it is sufficient

to prove that | 2'(1)|=1

and

We know that | 2'(1) |= hm|w‘

< iy 2D PO
| A
2 S PR
But | p(1)|<| € —1] [using equation (ii) for x = 1]
= |p(D)}<0
But being absolute value, | p(1)[20
Thus we must have | p(1)|=0
Now | p(1+h)|<|€" =1]
le" -1
= =
P = }!J_I:b Al 1
of |[P'DIS1 = |, +2a,+.....

xe™, x<0

(using egn. (ii) forx= 1+ k)

+na"| <1

Given that, f(x)=
x+axrl-x 3
Differentiating both sides, we have

fo=1""

l+2ax—3x2, x>0

Again differentiating both sides, we have

Frx)= 2ae™ +a* xe®™; x<0
2a-6x;

For critical points, we put f"(x)=0

x>0

™ x=0

x>0

—-%,ifxsﬁ
a
== =
3, if x>0
15 e
« } .
= ~2/a al3 oo
It is clear from number line that
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Applications of Derivatives 8159
2 a) ic-3:
£ is+ve on [_; EJ ﬁ Topic-3: Tangents & Normals
a 3 =)
= f’(x) increases on r_: E) =y
43 1. () Given hyperbola is —2—Ez—=l
a
¢ ot ey 2% 2 S
ek S, B
f&=4 b% +3b+2 a® b dx dx g’y
(2%-3, 1<x<3 1 3a°
. f)=2(1)=3=—1 . Slope of normal at P (6, 3) = — 73 = Py
Also f(x) is increasing on [1, 3], /" (x) being 2 > 0. (—)
: f(l)——lisl.hesmallestvalueoff(x) dx (6.3)
Now f " (x) == 3x* for x € [0, 1] such that /" (x) < 0 y-3 342
= fl(x) is decreasing on [0, 1] : : i
*. For fixed value of b, its smallest occur when x — 1 -~ Equation of normal is x—6 6b2
32 = As it intersects x-axis at (9, 0)
. Jim 10 | 14+ £ 20201 ey
h—0 h—0 b% +3b+2 S IO = a® =2b° i
2 ) A1)
b —b? +b-1 96! g
i e o o Now for hyperbola, b° = a? (& — 1)
_ b* +3b+2 = =20 (-1) [using (i)]
As given that the smallest value of f(x) occur at x = 1
" Any other smallest value > /(1) 3
b -t +b-1 b2 +b-1 R RS For 5
g OB SO 5 g e b L, 2. (b) Given curvesare C, : x ...(0)
b% +3b+2 b2 +3b+2 and C,:x+)? —6x+ 1 = o (i)
=GB-1D)B+1)0B+2) 20 Onsoﬁmg(l}a.nd(u), we get
= + .- x=landy=2o0r-2
5 ; | : < .. Points of intersection of the two curves are (1, 2) and (1,-2).
- T | 1 = dy 2
-2 -1 For oy == —
b e(-2,-1)u(l,x). dt‘i\f ¥
Let fix)=2sinx+tanx-3xon 0<x<mw/2 [—}] =1=m, and [—y-) =1 =mys
=, [ =2 conx+sects—3 dx’ (1,2) (1,-2)
and f"(x)=-2 sin x+ 2 sec’ x tan x = 2 sin x [sec’ x— 1] dy 3-x
for0<x<m/2, f"(x)=0 ForCz,‘d'_x=_‘*
= f'(x)is an increasing functionon 0 Sx<m /2. Y d
Hence, forx 20, f'(x) 2 '(0) [ﬂ) =1=m, and [l] ==l=my
f(x)20for0sx<n/2 dx) 4 5, : dx/ (1,-2)
= f(x)is an increasing functionon 0 <x<gx/2 m, =m,and m'=m,'
Hence, forx 2 0, f(x)= f(0) C, and C, touch each other at two points.
= 2sinx+tanx-3x20, 0<x<m/2 3 dy
= 2sinx+tanx23x, 0<x<m/2 (proved) S8 ) Gebom cnevyp = et:‘&-;_ej

35,

Toshow: 1 +xIn(x+Vx2 +1)2V1+x> for ¥ x>0
Cons1derf(x)——]+xh1(x+\|'x +1)— 1+ 52

Now, f'(x)= 111(x+'\4'x +I}+————
x+Vx? +1

x X
I+ |-
x2+l} 1+x2

=In(x+Vx* +1)
Since x+v'x2+l >1forxz1
= InE+Vx>+1)20 = f(x)20,Yx20

Therefore, f (x) is increasing function.
Now for x2 0= f(x)2 f(0)

= 1+.r1n(.r+\fx2+l}—\)'l+x220
= 1---.'(!.11{.7r+\4'.7r2+l.)2\4’l+Jc2

Slope of the tangent to the given curve at (c, &) = &

The equation of tangent to the curve y = & at (¢, &) is
y-e =e(x-¢c) ..0)

Now. equation of line joining (c -1, &) and (c +1, &) is

= er:+1_ec—1
a1 e l=____ o
T T
oo 1
= y—e"*ze(e;e—)[x—cﬂ] (i)

Subtracting equation (i) from (ii), we get

-1
¢ el pe. le=e "=24
g —e e(xc)[ 3 j|+eL2J

I:l—e'l—-(e_e_l\
L : J=2—e—¢fl

= x-c=
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9.
== x—-c<0 = x<c¢

Hence, the two lines meet on the left of line x = c. 10.

(b) Let the polynominal be P (x) = ax’ + bx + ¢

Given P(0)=0and P(1)=1

= c¢=0anda+ b=1 = a=1-5b
P@)=(1-b)x2+bx, = P(x) =2(1-b)x+bh

Given P'(x)>0,Vxe[0,1] = 2(1-b)x+b>0

= Whenx=0,b>0andwhenx=1,b<2 = 0<h<2

Fleace, § = {(1 ~a)2* +ax,a £(0,2)]
(d) Given:f(x)=x"logxandf(0)=0

For Rolle's theorem in [a, b]
f@=f),In[0,1] = f(0)=/(1)=0

Since, the function has te be continuous i [0, 1]

S(@)= lim f(x)= 0=>lunx logx=0
x=0"

log x l"-‘

-0 = lm———=0

x—0 —ar_a_l

= lim
x=0 x ¢
= lim—=0=a>0
x>0 o
(a) There is only one function in option (a) whose critical pomt

(L Rule]

1
—e(0,1). For rest of the parts critical point 0 £

(0, 1). It can be easily seen that functions in options (b}, (c) and

(d) are continuous on [0, 1] and differentiable m (0, 1). 11.

1
——X .

Now for f(x) = ( -

Xx=1l2

Zz
] - x21f2
2

)

Here f‘[;J:—I and f{%]=..2[l_l) 0 12

23
(1\

"5

Thus f'is not differentiable at 1/2 € (0,1)

Hence, LMV is not applicable for this function in [0, 1]
(d) Given curve : ¥+32=12y

dy dy dy 2x
3% +6 12— =
= 3y p == e dx 4—y2

For vertical tangents ifi=-1—=>4—y2=0=> V=2
de 0
5 4
piy=g 28 10 staue
3 g NE)
—24+8

Fory=-2, x* = = —ve (not possible)

Hence, required. points are (+4/~/3 »2) .
(c) Equation of tangentto y = x> + bx— b at (1, 1) is

2
b+!

b+2

2

Its x-intercept = and y-intercept = — (b + 1)

+1 x+1
- =x'-l+b[‘—) b= (b+Dx—y=b+1 13.

Mathematics

Given area (A) =2 = —I-[b ]{ —-(b+1)]=2

2\b+2
= (B43P=0= b=—3
(d} For ) = 4ax, y-axis is tangent at (0, 0), while for x2 = 4ay, x-
axis is tangent at (0, 0). Hence, the two curves 17 = 4ax and x2 =
4ay cut each other at right angles.
(¢) Given: x= a(cos B + 0 sin 0)
and y = a(sin 8 — 0 cos 0)

dx
Ty = a(—sinB+sin0+0cos0) = abcosH

and %:a{cosﬁ~cosﬁ+95in9) =a0Bsin@
Dividing (2) by (1), we get
dy
dv_de
dx
P
Slope of normal =—cot 6 ..,

Now, = tan 6 = Slope of tangent

Equation of normal is

209 % L aioes0s 05 0))
1
= xcosB+ysinB=a =
As 8 varies inclination of normal is not constant.
. (a) is not correct.
Clearly the normal does not pass through (0, 0).
* (b) is not correct.

yv—a(smB-0cosh) =—

a
Distance of normal from origin = > 2 =a
which is constant .. (c) is correct. cos” O+sin" 0
®) (y-x) =x(1+x%)?
dy
2()‘—.t5)-[z—5.r4] =(1+x°)* +2x(1+x%)-2x
At point (1, 3)
o)
2(3-1) —-5 L+1)" +2(1+1).2 ——-—8
(-0 Z-s)-e1f r2041)2 5 &
Given curveis C:y* —3xy+2=0
On differentiating it with respect to x, we get
d d;
3}'2—},-—3.:—}:—3y=0 — _@_=L
dx dx _x+yz
Slope of tangent to C at point (x,, y,) is
dy_  n
& 2

d  —x+y
For horizontal tangent, gx:ﬂ:;yl =0
For;, 0 in C, we get no value of x

'}'here is no point on C at which tangent is horizontal.

H=¢
dv 1

For vertical tangent dxyza = —x|+y12 =0= x =yt?'
From C, 37 =3)7 +2=0 = y, =1 = x =1

.. There is only one point (1, 1) on C at wl'uch vertical tangent
can bc drawn

S F=A(, 1)}

b, 0 Lot i) = fix) - 3g(x)

h(=1)=h(0)=h(2)=3

“. By Rolle’s theorem h'(x) = 0 has atleast one solution = !
0) and atleast one solution in (0, 2) But 4”'(x) never vanishes = -
1, 0) and (0, 2) therefore A'(x) = 0 should have exactly one sohusen
in each of the two intervals (-1, 0) and (0, 2}
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14.

15.

16.

17.

18.

19.

(b, ¢) Let the line ax + by + ¢ =0 be normal to the curve

xy =1 at the point (x’, y), then xy" = 1 (i)
On differentiating the curve xy = 1 w.rt. x, we get
d
y+ .\'ﬂ T el
dx dx x
—pt s
= Eﬁ’.) o) , - Slope of normal =—
(x5 x! F
ax + by + ¢ = 0 be also the normal, therefore slope of normal
—a x! a 1)
e e T (i
b P 8

From eq. (i), x'y">0=>x', y" are of same sign.

x* a a
= —=tve—o-——=+tve—>—=-ve

. b b
=> a and b are of opposite sign.
—> Eithera<0andb>0o0ra >0andb<0.
(b) For k=0, line y=x meets y = 0, i.e., x-axis only at one pomt.
For k < 0, y = ke* meets y = x only once as shown in the graph.
¥4

A
/
F oK
v
A
D

Vv
(8) Letf(x)=
Now for f (x) = 0 to have only one root means the line
¥ = x must be tangential to the curve y = ke".
Leit tBS)ﬂ(\' ), then

Ce
dx “\dx
Also »n= ke™ and y, = x,

==l = =k = k=le
(a) Fory = x to be tangent to the curve
v=keé*, k= 1lle
For ¥ = ke to meet y = x at two points we should have

1
= e‘t|=_

=1 =ke™ p

curvel curve 2

k<l:>k E[D,—I‘J as k> 0.
e e

Given: |f(x)-f(x) | <(x,—x)% X,X; €R
Letx, =x+ handx,=x
fx+h)—fH)| <k = |f(x+h)-f@x)|<|hP
fE+R-1)
h
Taking limit as # — 0 on both sides, we get

f(x+h) fx)

< & (asmall +ve number)
ﬁ-ﬂ}

= [ f(D|<é = f'@=0

= f(x) is a constant function. Let f(x) = kie.,y =k

Since f'(x) passes through (1, 2), .. y =

Hence, equation of tangent at(1,2)is

y=2=0(x—1)ie. y=

Given : P(x) =51x'? —2323.‘::“]'D 45x + 1035

To show that at least one root of P (x) lies in (45"1%, 46), using
Rolle's theorem, we consider antiderivative of P (x) i.e.

X121 agoniiaigeyd
2 101

F(x)= +1035x

20.

= A== -h) = (h-1) (k-

8161
Since F(x) a polynominal function, F(x) is continuous and
differentiable.
102 101
I.DO 100
Niows. F(45|;100] (45) 2323(45)
2 101
2
7 1
_45.(45)\®

+1035(45)100
i
45, o =
= ?{45) —23345(45)]&)

1

100 il
B | 103545)100 = ¢
102 - 101 2
And F(46} (46; 3231(:;5) 45(46) + 1035(46)
=23 (46)'" — 23 (46)'%! — 23 x 45 x 46 + 1035 x 46 =0

1
F(4519%0) = F(46)=0
Rolle's theorem is applicable.
Hence, there must exist at least one root of F'(x)=0

1
ie. P(x)=0 in the interval (45'00,46J

Given eguation of parabola is

y-2y—4&x+5=0 .(1)

= @=-1F=4x-1)

Any parametric point on this parabola is P (# +1,2t+ 1)
On differentiating equation (i) w.r. to x, we get

dy _dy a2
2% 2% 4.0 L AP
Y . derry—t
Slope of tangent to parabola (i) at P (7 + 1, 2¢ + 1) is

_2 1
2 1
Equation of tangentat P (2 + 1,2t + 1) is
1
y—(2t+1) =;(x—r2—l)
= p-2P—-t=x—F£=1
= x—pt+(P+1-1)=0 (i)
Now directrix of given parabolais (x - 1)=-1=>x=0

T 2, . ( r2+:—1\'
angent (ii) meets directix at QLU,—! J

Low let point R be (A, k).

1
Since R divides the line segment joining O and P in the ratio > 3

ie., 1 : 2 externally.
(10+2)-0 1+26% 22
(h, k) =L 1 3
= <f

= h=-(1+t)and k=¥:>:’-=—1—handr=l—2}c—

~2t+2)

2
On eliminating , we get [ﬁ] =-1-h

1P +4=0
Locus of R (4, k) is (x— 1) (y— 12+ 4 =0
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21.

22,

23.

24,

Equation of the tangent at point (x, y) on the curve is

Y- y=dyldx(X—x)

This meets axes in A(x — y dx/dy, 0) and B(0, y — x dy/dx) mid
point of AB is

-2

dr) l( dy]
Given —(x— —|=xand —| y—x—| =
ya’y > y e y
xd

B eI

dx ¥ x

Integrating, we get logy=—logx+a
Puttingx=1, y = 1 we get

lngl =—logl+ta=a=0
]o§0y+logx 0=log(x)=0

wiuch is a rectangular hyperbola.
Given that y = aﬂbﬂer 5 touches the x-axis at P (-2, 0)
= [E{X) = 0 and P(-2,0) lies on curve

dx x=-2

= 3a12+2bx+c] 2=0=12a-4b+tc=0 (1)

and —8a+4b— 2c+5 0 (i)

Also the curve cuts the y-axis at @

Now, forx=0,y=5 .. 0(0,5)

At Q gradient of the curve is 3

=
dx

= c=3

On solving (i), (ii) and (iii), we get

=-1/2,b=-34andc=3

The given curve is y = (1+ x)" + sin~! (sin? x)

Hereatx=0,y=(1+0) +sin”! (0)= y=1
Point at Whlch normal has been drawn is (0, 1).

For slope of normal we need to find dy/dx, and for that we

=3 = 3ax’+2bx+ giierE

x=0
...(iif)

consider the curveas y=u + v = &r-y.-—£+ﬂ

dx dx
where u = (1 + x}“ (1)
and v=sin"! (sin’ x) L(it)

On taking log on both sides of (i) we get
log u=ylog (1+x)

1 iy
ude l+x dx

= % =(1+x) [ﬁ+ log(1 +x)%]

Now, v = sin"!(sin’x)

L - 2sinxcos x e
dx 1-sin® x V1+sin® x
o SPPIRES R RN S L N
dx 1+x dx Seisin: x
= 2sinx
y(1+x)” g el
B V1+sin’ x
dx  1=-(1+x)” log(14x)
d_y =1, .. Slope of normal=-1
dxlo)
Equation of normal to given curve at (0, 1) is
y-1=-1x-0)=x+y=1

The given curve is y = (i)
Consider any point 4 (f, %) on (i) at which normal chord drawn is
shortest.

Then eq. of normal to (i) at 4 (r, A)is

25.

Mathematics

1
y—t*=- [dy) (x=1)
ax/ 2

1
i y—t2=—z(x~f) = x+2y=1+28 ..ii)

This normal meets the curve again at point B which can be obtained
by solving (i) and (ii) as follows :
On putting y = »? in (ii), we get
2::;2 +x—(t+28)=0,
=] +8r(r+2 )=1 "+ 82 + 166 = (1+ 4#)

N4 144r" —1-1-4 1
X= ={‘———I
2t

]

4t 4t
2,r2 +L2+l
4¢

Hence, B(—:— 1. iy +L+ 1]
ot 4¢*
Length of normal chord

5 o e e
AB = (ZH—] +[—-~+l]
2t 442

2 2
Consider Z = AB? = [2:+L] +[L+}]
2t 42

y=+4

1
= Z= —4+i2+3+4r
161" 4t

dZ
For shortest chord, Z should be minimum and for that E=0

a3 _LS_%J,S;:O = 2R 1)(16/+82+1)=0
4 2t

o tz—ltleaving—vevahlesofﬂ:b t= el

2 s fo "

Pz 5 9

B v iy it

dt 4 2t

d*z d*z

== —+vealso—2— =+ve

dr” | _ 1 dt
;]

1
Zis minimum at f =——= or———
N2 % 2

For £ = ——, notinal chord i [fromn )] ¥+ /3y = /2
V2
For ¢ = L% , normal chord is [from (ii)] x— /2y = —/2
Given, y = cos (x + y)
dy : dy
:[Ex_] = —sin(x+ y).(l +;!;J i
Since, tangent is parallel to x + 2y = 0,
1

then slope — =——

en slope X >

From Eq. (i), -% = —sin(x+ y).(l——%]

= sin (x + y) = 1, which shows cos (x + ) = 0.
=0
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26.

217,

28.

; s 3n g 3=
= X .'.--20 2 = .1:——2 >
f - \ f 3-:

Thus, required points are ;:01 and - -0;

.. Equation of tangents are

y—0 1
x-m/2 2
y—=0 1 x
and ——— === 2y=—x4=
x+3n/2 2 2
3: n
TV = = = r+2y=—
and 2V X B . y 3
3n
and x+2y=——

5
are the required equation of tangenets.

X

Equation of the curve s y = =
1+x
dy _ 1+x2 -x("r) 1-x°
dx (1+x%)? (1+x)?
Now let f(x) __i'._zl—_x_
d“' (l+x )'
(1+ 372 (=2x) - (1= x)2(1+ x*)(2x)
(1+xH)*
_ +x° N=2x)—(1 —x*)2.2x A x[2x2 —6)
(1+x%)> (1+x%)°
For the greatest value of slope, we have
2
(1+x*)
122*(3-x%) 6(1-x%)
a+x2* +3x2)3
f’f[0)=_6 and f"(tﬁ)=‘1'—6'
Thus, second order derivative at x = 0 is negative and second

order derivative at X = i\.@ is positive.

Therefore, the tangent to the curve has maximum slope at (0, 0).
A parabola, y = x*, a point (0, ¢),0< ¢ <5 .

Any point on parabola is (x, ¥%)

Distance between (x, x2) and (0, 1) is

D=qx* +(x*-c)?
To minimum D we consider

= e

S(x)=

Now, f"(x)=

2
21 1
D2=.1A—(2(‘—1}1'1—-02=[12—‘-2—] =

2C—1=0 e Iz =2C—1

which is minimum when x2 -

1

4

Given : f(x) and g (x) are differentiable for x €[0,1] such that f
0)=2;7(1)=6, g(0)=0;g(1)=2

To show that there exists ¢ € (0, 1) such that f'(c)=2g'(c)
Let us consider / (x) = f(x) — 2g (x) ~

Then 4 (x) is continuous on [0, 1] and

differentiable on (0, 1)

=

Now, & (0)=£(0)-2g (01=2 x0=2
and A(1)=f(1)-2g(1)=6- 2=
Hence, & (0) =k (1)

B163

All the condibions of Rolle’s theorem are satisfied for h(x)

oa [0, 1]

Therefore, there exists ¢ (0, 1) such that A'(c)=0

= fe)-2g'(c)=0 = f'(c)=2g"(c)

=) Maxima & Minima

Topic-4: Approximations,

()

2sin 2x

0 ‘ 5

E
2
anermﬂcrofmcmg’i:bel’(t]thcn
Pix)= i\%—"x‘—-lsm..x*-: 4x + 4 sin 2x

dP
Now, — =0-4+8cos2x
dx

2
ﬁ:{) xzi;df):—lﬁsinb:
dx 6 %
3
q =—16sin <)
e o e
o
6

m
x= E is point of local maxima

. n
Max. length of one side of rectangle = 28in 25 = ﬁ

T
Length of other side = g

Hence, required area of rectangle = 'J'

1 l
d f"x>=>0v R, f(—] ==, f(I)=
(x) X e > 5

f'(x) is an increasing function on R.

ﬁy Lagrange's Me: ]Val'uc theorem.
f(l)-—f‘f“—
1
f'(a)= ,forsomeue[—, ]
1 2
O e
2
= f'(a)=1forsomeae[%,] P i - |
2.1 !
(¢) Letf(x)= 4ox +; = f'(x) = 8ax - ;3

Putf'(x)=0= x =

2{11!3
Forx >0
i 113
fm.m=l:>4u( m] +2a 1

2f

1
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»

Q2+x)?, -3<x<-1

(¢) Given function : f(x)=
xm, -l<x<2

Y

N
4
Q
oL

:

The graph of ¥ = f (%) is as shown in the figure. From graph,

clearly, there is one local maximum at x = —1 and one local

minima at x=0

.. Total number of local maxima or minima = 2.

(a) f)=x+bl+cex+d,0<b<c

= fr(x)=3x*+2bx+c

Its discriminant = 45 - 12¢ = 4 (b* —
f'(x)>0¥ xeR

Hence, f(x) is strictly increasing ¥ x €R

3¢)<0

(c) Equation of tangent to the ellipse _2—';'-+y2 =] at

W3 0 ;
(Mcosﬁ,sinﬁ),ﬁe(ﬂ,nm} is Jﬂx—;oswylsmB:l
Intercept on x-axis = and
\f_cose
Intercept on y-axis =
sm@
Sum of intercepts, § = 3'\/5 sec B+ cosec©
For minimum value of §, EE: 0
do
=5 3\6 sec 0 tan 0 — cosec B cot =0 .
|
= Bﬁsm 0-cos’0=0 = tan> 0 = —(—)
1 33 \B
= tanb=—==0=x/6
V3

(@) 3 sin x — 4 sin’ x = sin 3x which increases for

3xr~:—[£n]$ E( ﬂ—] h hi i
2'2 6’6 whose lengt Bg‘
(d) f= +bz)xz+2bx+l
It is a quadratic expression with coefficent of 2=1+58>0.
. f(x) represents an upward parabola whose minimum value

i

4a
m(b)=—

Here D is being the discreminant.
40° -41+8%) _ 1
41+ %) 1+ 5%

1
>0 and b2 > 0= 1+b% 21
1+5b

1 5 <1.Hence m (b)=(0,1]

Now,

=]

1+b
(d) Itis clear from figure that at x = 0, f(x) is not differentiable.
y

~

10.

11.

12.

13.

14.

=> f(x) has neither maximum nor minimum at x = 0.

(b) Lety=x"(1~

= % =25x(1-2)"° - 75xP 1 - x)™
=25 (1 -x)™ (1 - 4x)

Put Q:O =x=0,1,1/4
dx

Now x=1/4 €(0,1)
Alsoatx=0,y=0,atx=1,y=0,andatx=1/4,y> 0
Maxunum value of y occurs at x = 1/4

b) y=alnx+b+x

has its extremum valuesat x=— 1 and 2

B ooase—1maz
dx

=5 E+2b:fc+l=l.') or2bx*+x+a=0has—1 and 2 as its
x

roots.
S 2b-1+a=0and 8b+2+a=0
On solving the above two equanons, wegeta=2,b=—1/2.
(a) In the figure, let 4B is the diameter of length ‘d’. Also
suppose AC=x, BC =yand ZABC = a.

2

1 . 2
Area of AABC =Exdcosaxdsma=—-£-sm2a

Area of AABC will be maximum
C

N
s

whensin2a=1 ie. a=45"
. AABC is an isosceles triangle.

% 2k k
1 SOl R 1
(n,b.c)a:Z(EJ =Z[Z) B [ sin— 2i|

k=1 k=1 1_%
Hence, g(x) = 23 + 2(1-0)3
1 -x 2x/3 1/3
| 22" —2"3)
Now,g'(@)= 23 219353 jpp= 222 =)
g'x) 3 3 n 3253

1
. =0 —
2'(x) atx 2

And, g'(x) changes sign from negative to positive at

1

1
x= 3 hence x = E is point of local minimum as well as absolute

minimum of g(x) for x € [0, 1]. Hence, minimum value of g(x) =
g[%) =216 4+ 316 = 276 = Qption (a) is correct
Maximum value of g(x) i is etther equal to g(0) or g(1).
g0)=1+213:g(1)=213

Hence (b) and (c) are also com:ct

(4) Let r be the internal radius, R be the external radius and 4 be
the internal height of the cylinder.

V
Now, V=m?h = h= _11 )
r
Also Vol. of material = M = n[(r + 2)* — PJh + m(r + 2 % 2
vV

=4n(r+1).—5 +2n(r+2)
r



Applications of Derivatives

15.

16.

17.

18.

R
=47~ F 5| + +
= M 4VL r;} 2m(r + 2¥

M [-1 2
= ——41[ 2‘_ +4n(r+2)
r Jd
For min. value of M, put — =0
dr
-4V
=> T3 (rt2)+4n(r+2)=
r
4V 3 V V
=4 =— =1000=>—— =4
= 3 mor = =% 350m

(L)) S:ncc p(x) has alocal maximum at x= | and a local minimum
at x = 3 and p(x) is a real polynomial of least degree
Hence, letp/(x) =k (x — 1)(x— 3 ) = k(x> — 4x + 3)

3
= plx)= k[%—2x2+3x)+c
Now, p(1)=6and p(3) =2
4
= 3k+C=ﬁ and0+C=2 = k =3
pPx)=3x-1x-3)=p0)=9

—x+x2 -1, x<-1
—x—x2 +1, -1=x<0

6) f)=|x|+|2-1|=
i x=x2+1, 0<x<l1
x2+x—!, xz1
2x-1 , x<-1
wn | 2x=1 , —1<x<0
F®=1 5541 , O<x<l
2x+1 x>1

1 -1
Critical points are — — —]. 0 and 1.
2598 5y

Yo e Ve tve -ve ive

—l -l D 1 1
We observe at five points f '(3 changes its sign
.. There are 5 points at which either local maximum or local
minimum.

(1) Let g(x)=e/® wxeR
= g'®)=¢/® fi(x)

= f'(x) changes its sign from positive to negative in the
neighbourhood of x = 2009

= f(x) has local maxima at x = 2009,

So, the number of local maximum is one.

(9) The equation of tangent to the curve

y =/ (x) at the point P(x, y) is

dy

dy dy
il i Y_ == X_._._ it
x) ; ¥-y ;

dx

d
Its y-intercept= y—x—y=x3 5 d—y_l= —x?
x

j l dx dx
——dx

Y=x—-y

1
LF. =€ T
X

) | 2 2
Since, f(1)=1 = At x=1,y=1

2 el
o [l e
X X

19.

20.

* 3

1=?]+c::c=3/2, )=—5£— "35{
27 9
Atx=-3, y=—-=—=9, . f(-3)=9
= f=3)

(0) Let p(x)=ax‘1 +b +cx? +dx+e
Now lim[n"’(") Lo & pm 29

x—0 xz x—0 IZ

= p0)=0= e=0
On applying L*Hospital rule to eqn. (i), we get

im 2% _) = p©)=0=4d=0
x>0 2x
Again on applying L ‘H rule, we get

p"(x)
2

s py=ax*+ b + 22

= p(x) =dax® + 3bx% + 2x

As p(x) has extremum at x = | and 2
. p'(1)=0 and p'(2)=0

= 4a+3b+2=0

and Ba+3b+1=0

lim
x—=0

=1= p"(0)=2= c=1

1
On solving (i) and (ii), we get a = Z and b=-1

4—x3+.¥ ' .

. p)=0
(7) Given f(x)=2x"—15x% +36x—-48
and A={x|x*+20<9x}

= A={x;x2—9x+2osn}

= A={x|(x-4)(x-5)<0} = A=[4,5)

p(x)= ix

B165

.(1)

(1)
(i)

Also f*(x) = 6x% — 30x + 36 = 6(x — 5x + 6) = 6(x - 2)(x — 3)

Clearly Vx e 4, f'(x)>0
. fis stnctly increasing function on A.
Maximum value of /" on 4 =f(5)
=2x5_15x52436x5-48=7
(0.50) 18) = (sin® + cosB)* + (sinB — cosB)*
=(1 + sin28) + (1 - sin20)*
fi8) = sin’28 — sin20 + 2

f(8) = 2(sin26).(2c0s20) — 2c0s20 = 2c0s26(2sin26-1) = 0

cos20 = 0::’6—153—?t
4 4
T Sm
sin26 = —:.»B— —_
212
et + = 4 =
L 1 L L L 1
1 Ll T T i L]
Do K I K
12 4 12 4

A6) is minimum at 6 =, >~
50, 1S minimum ]2,12

. ll+12=_.l_+_5_.=£=l
- 1254205120
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2 ]
22, Let P(acos0,bsinB) be any point on the ellipse I—,,+ “’T =1
a b

with foci F| (ae, 0) and F, (-ae, 0)
4
P (acosB, bsind)

acos® bsin® 1

Now,amae.)f:&PF'IP;2 ie,A =% ae 0 1
—ae 0 1
= 4 =%i—bsin9(ae+ae)|=abe|sin9|
A =abe [+ |sinB|<1]
w2

23. Given e <0<n/2 = —E<1n9<lnm’2
2

= oosg-nf.?) < cos (In 0) < cos (In ©/2)

= cos(ln9)> -(1)
Now, -1 <cosB€1 v e

'. —1£h1(c089)50‘d0<c0s9£l

;& llil(cosdﬂ]_:s 0 i . (i)
> s
= ﬂr_c;rﬂel)) and (ii) we get, cos (In 0) (cos 0)
Given:0<a<x
Let f(x)=log, x+log, a=log, x+ =9
log, x

But equality holds for log_ x = |

= x = a which is not possib]e
Jx)>2, . fin cannotbe 2.
The given statement is false.

5. (@,b0) f(x) =™ x50
For points of local max:’mm, put f'(x)=

oe? cosmux — 2x sin mx
= 2 =0

cos 7ox ( 7ox — 2 tan 7x)
= =
x3

0

57
= cosmx=0=>x= EE
be solved by drawing the graphs

2
2

mlv—l

and mx— 2tan 7 = ( which can
of y = nx and y = 2 tan m, as follows
Y

h y= X

26.

Plotting the stationary points on number line and finding the
sign of f '(x) in different intervals we observe

0 1 2 3 -

[ BN

1

TR o

Le.x . ,—x, >2 foreveryn
|

xne{2n,2n+j; for every n

s

1%

n — Vu | >1 foreveryn

X, >y
¥
Hence (a), (b), (c) are correct, but option (d) is incorrect.

7] 2
V'
-—--+'_:1

(b, c) E, )
R, : rectangle ABCD with largest area.

E,

/ 2 R,
\ 0(—3—7 =

C B

Areaof R, = A=2xx 2y

= A=4xx§\d|9—.¥2 =§x\1'9—x2
2
P

dx 9-x?
8| 9-247 3 gl g 2
S | KR S
= ForE;: a= _3_ b= i
T A
Similarly for E; : a = - b= £ and so on.
2" W2
Now eccentricity depends on % which is same for all E ,
therefore eccentricity for all the E, 's will remain l—g 2?.
(a) is incorrect.
3 2
ForE :a= (JE)B'b—(JE}S .
= Length of latus rectum = —2%2-2% = ‘;‘
Hence (b) is correct. 16
Area of R, =4 x —3— — = E
2 -
Area of R, =4 x L = ‘%"I.'
(JE)2 G2y - 2




27.

Applications of Derivatives B167
3 2 2 § g gl .2
Al'ﬁlDfR._:‘“ =2 x — = - ad soon = 3&:——]!-:*:5=0=»xﬁ3.
' ~2Y 2) 2) For x = 3, sides are 45 and 24.
i g oA, 282 q
area o e B e - =24 2
£ . 2 — . @b.ed f(x)= [ -2)-3dr
2 0
N o= & (i =2x =
; = = Ax=2)x-3)
of R 24 for exch N
. Zi(m a) <24 foe posEne EStgeT Put f()=0 = r=2.3
2 2
Hence, () & copnc y @)= e 2x(x* —5x+6)+e* (2x-5)
3 7 'S f"(2)=-veand f"(3)=+ve
FoE a= RPN Rl ~.x=2isapoint of local maxima.
(v2y (~2) and x = 3 is a point of local minima.
e ) Also for xe(2, 3), f'(x)<0
¥ of = fis decreasing on (2, 3).
Thus, focus = (ae. 0) = | 32" | Also we observe /"(0)<0and f"(1)>0
. g & . There exists some C (0, 1) such that /(C) =0
w5 Hmallﬂleopnmsaremnect
Hence, distance of focus from ceotre = 1 3l. M.oletf(x)=a’+bl+cx+d
(d) is incorrect. Now,f(2)=18 = 8Ba+4b+2c+d=18.. (i}
3 A = a1 andf(l)=—1= a+b+c+d=-1 - (i)
COSSX- 0P8 X5 <SS ) fix) has localmax_atx=-|
(b,¢) fix)= |-Ccosx cosx —sinx’ da-2b+c=0 .. (i)
. : Also f'(x) has local min. at x=0 - .. (V)
= gy cos'x | On sobvng (1), (1), (i) and (iv), we get
’0 cos2x  sin2x | . 17
= rera iﬁzmx I fu}=z(19x3—57x+34) “fO==
10 sin x cosx 57 ,
ic 3£,-CJ Also f(x}:T(x -1)>0,vx>1
=% 11:(:() _2202}3‘&_0353:1’(;1“0954: cns...l and f'(x)=0= x=1,-1
f (x) == 4 sin 4x - 2 sin 2x = - 2sin 2x [4 cos 2x ~ 1] Now, f"(-1)<0, f"(1)> 0= x =-1 isapoint of local max.
X -1 and x =1 is a point of local min.
f'(xX)=0 = sin2x=0 or cos2x= — :
- Distance between (— 1,2) and (1, £(1), ie. (1,~ 1)is V13 # 25
S x= = 0.~ ¢ inhicha s B e 2 32. (b) The maximum value of f(x) = cos x + cos (V2x) is2 which
2 occurs at x = 0. Also, there is no other value of x for which this

28.

29.

f'(x}=0mmorethanthreepuhtsiu{—?:,z}

f(x)a(x) _
lim —————~ f
Gl xl—)mz f'(x)g’ {x) G 33.
Y f'(x)g(x)+f(x)g (x)
x—2f"(x)g'(x)+f'(x)g"(x)
(2
L QD) r)-p(2)
f"(2)g'(2)
fix) — £"(x) = 0 for atleast one x € R.
Range of f(x) is ( 0,00)
s f(x)>0,%xeR
= fi2)>0=1"(2)>0
f has a local minimum at x =2
(a, ¢) Let length and breadth of rectangular sheet be 8x, and 15x
respectively. Also let y be the length of square cut off from each
corner.

Volume of box = (8x—
= V=120%-46x97

dv
— = 12002 - 92xy + 12)%
dy

Now, 4% =

=1 [LH Rule]

34.

)5} (15x—2y)y

100 = y=35

dv _
Put E = 0 for maximum value of ¥,

value will be attained again.
{.r +1) 2ilevi72

=1
241 P2y x +1

x—l

@ flx)=

For f(x) to be minimum should be maximum, which is so

x°+1
if x2 + 1 is minimum. And x* + 1 is minimum at x = 0.
0=l
. =-]
Jain = 0+1
© 7

k.':=3m’2

o |
(e}
=

/]

J v v Jr

-y'
It is clear from the graph, curves y = tan x and y = x intersect at P
in (n,3m/2).
Hence, smallest positive root of tan x — x = 0 lies in (m,3m/2) .



B168

35.

36.

Xy

38.

+apl+aph+ ..+ ax"
o W e i e

P(x)=0=>x=0

P"(x) = 2a; +12a,x° +...+2n(2n —D)a,x
P"(0)>0as a;> 0

o, P (x) has only one minimum at x = 0.

(a) Equation of tangent to y* = 16x at F (Xgs ¥p) is

2n-2

8%g
W, =8(x+x) = G| 0,—
Yo
1
Area of AEFG, A= Ex(3-yl)xxﬂ
= A:ixo{?)—gx“\
3
2 16 2 32 2
da_1[o 3
= a3 2 5
=0 =4= =1 E 3
= dydxl Yo Xp ©, 3)
s pEESSad
ot G0,y P<F o)

Also y, = mx, +3

. 4=m+3 orm=1

.. Maximum area of AEFG

3
X Apat G4
32 3

1 1
=—[48-32]==

2l =2
@) 7(x)— 2£"(x) +ix) > e

= [f"(x)- ()]~ [£'x) - £(x)] 2 €*
i [e-"f"(x)-e-*f'(x)]—[e"f'(x)—e'*f(xﬂz1

N %[e“‘f'(x)]—%[e"‘f(x)]zi
= %[e"‘f*(x)—e_‘f(x)]i_?l

= —i—[i(e”xf(x))]zl

Let g(x)=e™*f(x)
g (x)21>0
= g is concave upward.
Alsog(0) =g(1)=0 = g(x)<0,¥ x € (0, 1)
=e*f(x)<0= f(x)<0,Vxe(01)
(c) g(x)=e™f(x)
= gx)=e7f"(x) - ef(x) = ™ (f'(x) - f(x))

Since, x = i- is point of local minima in [0, 1]
1
s gx)<0for x €| 0, Z
1
and g'(x) >0 for X € Z, 1

. g1(x)<0
f(x)<0= f'(x)<f(x)

Hence, In [O,l
4

= e*(f'(x)—

39.

40.

41.

Mathematics

d
g@=("WP+f"@f )= E(f (x)f'(x)
Let ;! M=) S x)

(x) = 0 has four roots namely a, a, B, e; where
b<a<candc<[3<d
And f' (x) = 0 at three points k,, k,, k;; where
a<k<o,0a<k<B,B<k <e
[Smce betwcen any two roots of a polynomial function
f(x) =0, there lies atleast one root of f' (x) = 0]
Hence, there are atleast 7 roots of f (x) . f'(x) =

Therefore, there are atleast 6 roots of %( fx)f(x)=0 ie

of g (x) =

Lelp(r)—axj+bxz+cx+d

o pED=10,.—a+b-ct+d=10 .--(1)
Also, p (1)=-6, .'.a+b+c+d=—6 (1)
p(x)has max. atx=—1, ~. p'(-1)=0

= 3a-2b+e=0
p'(x) hasmin. atx=1, .. p"(1)=0
= 6a+2b=0
On solving (i), (ii), (iii) and (iv), we get
From (iv), b = - 3a
From (iii), 3a +6a + ¢ =0 = ¢=-9a
From (i),a-3¢-9a +d=-6=d=1la-6
From (i),—-a—-3a+9 +11la—6=10
= a=1=b=-3,¢=-9,d=5
. P@=x-37-9%+5Sputp(x)=0
= x*-6x-9=0= 3I(x+1)(x-3)=0
= x=-1is a point of max, (given)
and x = 3 is a point of min.
*,» max. and min. occur alternatively]

.. points of local max. is (- 1, 10) and local min. is (3, — 22).
And distance between them

=465

= {B-(-12]+(-22-10)?
Ix(x+1)

n

..(1i1)
..(iv)

Let f(x) =sinx+2x—

= f'(x)=cosx+2——3—(2x+1)
T

- f"(x):-sinx—-ﬁ-f:O,Vx e[0,m/2]
T

Hence, /' (x) is a decreasing function. il b b

Ao f'(0)=3-250 (i)
n

3 3
and f'(n/2)=2-=(n+1)=-1-—<0 (i)
From equations (i), (‘{E) and (iii), lhcrenexists a certain value of
x €[0,m/2] for which f(x) = 0 and this point must be a point
of maximum for f(x) because the sign of f* (x) changes from +ve

to —ve.
Also we can see that f (0) = 0 and

T (= Tt 1
B nat-2iE i S
f[z) e 2(2”] W

Let x = p be the point at which the max. of £ (x) occurs.
There will be only one max. point in [0, 7/2] because
S (x) = 0 is only once in the interval.

Consider, x €[0, p]

= f'(x)>0 = f(x)is an increasing function.

= fO<f(x)[as0<x] = f(x)=20 (V)
Also for x €[p, n/2]

= f'(x)<0 = f(x)is decreasing function.

= forx<a2,f(x)>f(n2)>0 sz v)




Applications of Derivatives

42.

43.

44.

A

y=fx)

Dec.
Inc.

i i
O x=p x=nll

> T

Hence from (iv) and (v), f(x)=0, Vx €[0,%/2]
2y
The given curve ?4—? =1 is an ellipse.
Any parametric point on it is P(\/goosﬂ,\ﬁsinel ;
Its distance from line x + y = 7 is given by
V6 cos0++/3sin0-7

V2

For min. value of D, put d—g =0

D=

= —J65in0+vV3cos0=0 = tanO=1/2

= cogﬁ:ﬂ and sinBz-l—

V3 V3

Hence, required point P is (2, 1)
(a,d) Let P(arz ,2at) be any point on the parabola

y? =4ax.

X
Tangent to the parabola at P is y=?+ar ;

which meets the axis of parabola i.¢ x-axis at
T (- af, 0).

Also normal to parabola at Pis tx+ y = 2at +at®
which meets the axis of parabola at N(2a + 912,0)
Let G (x. y) be the centriod of A PTN, then

at® —at® +2a +at* 2at
x= and y=——
3 3
2a+at® i _ 2at

= . (1) and y= 3 - (1)

3
Eliminating ¢ from (i) and (ii), we get the locus of centriod G as
2
3I=2a+a[3_y] = y2=i1.£[x_£a},
2a 3 3

which is a parabola with vertex (23—3, 0] , directrix as

x—2—a= e 3 x:—q, latus rectum as ﬂgandfocus as(a,0).
3 3 3 3
2ax 2ax-1 2ax+b+1
fix)= b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b
2ax 2ax—1 2ax+b+1
fi(x)=| b b+1 -1 [R,—R,~R,~2R,]
0 0 1

45,

46.

8169
. 2ax 2ax-1 2ax -1
s hi b 1| [G2G-C)]
f(x)=2ax+b

Integrating, we get f(x) = ax® + bx + ¢
where ¢ 1s an arbitrary constant. Since f has a maximum at
x=35/2,

f'(5/2)=0=5a+b=0 s k1)
Alsof(0)=2 = C=2
andf(1)=1= a+b+c=1

i bl ..(i)
Solving (i) and (i), we get, a = 1/4, b=— 5/4
f(x)= %xz -%x+2.
]
f(x}=§£nx—b.r+x2,x>0,b20
= f'(x)=—81——b+2x (i)

X
Put f*(x) = 0 (for max. or min. = 16> - 8bx+1=0
x:%[bi\/bz -I] (i)

Above will give real values of xif b> ~ 1> 0 ie. p> ] or h< —1.
But b is given to be +ve. Hence we choose p > |

1
If b =1 then x=z;lfb}lthcn x=%|:bi\|'b2—l]

P 1 16x> -1
SR =——g+2=——

8x 8x
Its sign will depend on 16x* — 1 as 8x? is +ve. We shall consider

its sign for x=% and x=—‘l;[bi-\fb2+l}

£(x)=0 atx=1/4

Hence, neither max. nor min. as f"(x)=0

N7 of f"(x) =162~ 1 = [b+Vb% =1 -1

=+veforb>1 .. Minima
or N7of f(x)=(b—Vb*~1)2~1
=—veforb>1 .. Maxima

Let the given line be £+§=1, so that it makes an intercept
a

of a units on x-axis and b units on y-axis. As it passes through the
fixed point (h, k), therefore

h
= E= l-— = b= ax
a a-h

(i)

(B, k)

L > X
j— g &
4

e A

Now Area of AOPQ = A = %ab

2
AR
2la-h

[using (i)]
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47.

Mathematics

For min. value of 4, éﬁ’-:(}
da
2
f: a“ =2ah ik
2{ (a—h)?
Also,

d*4 _ k[ (2a-2h)a-h)* - 2a—h)(-1)a’ ~2ah) |
da® 2 (a-h)* '

da® nt
= Aismin. whena=2h

2
Hence, 4., = %I:ﬂ-—] =2kh 48.

2 3
a’4 =£[gu_+m]=§>m.,,,ml
a=2h

h

The given circle is x* + y? = 1, which intersect x-axis at
P(-1,0)and O (1, 0). )
Let radius of circle with centre at Q (1, 0) be r, where r is
variable.

Then equation of this circle is (x — 1)* + 3 = r* (i)
v

¥
On subtracting (i) from (ii), we get

2
x-12-2=0-1) = x=l—%

On substituting this value of x in (ii), we get

4
/<432 2
RL] —— rfl— _,J point being above x-axis,
2 4

1
= Areaof AQRS, 4 =5.S'Qx ordinate of point R

2
= A=lxr><r1‘1—r—
2 4

A will be max. if 42 is max.

( Y\ 4 .6
Now, A2="- 1_i W 2 il
4L 4J 4 16
| 3
Differentiating 42 w.r. to 7, we get —— =r°> — =7~
dr R
2
ForAztobemax.,ﬂ_=0
dr \/‘
3f. 3 2) 242 8
1-= = = — ’2=_
= ’( 8!‘ 0=r 5 3

dr- 8
2223
= d {'f )| =3 §L£,¢E"_=_v€
dr- |28 5 B8
b
22

Hence, A and hence 4 is max. when r = T
3

e T

al 3 16l B
SR .
Ry Urgp 0 VT
Let KLMONK be the window as )
shown in the figure and KL = x m
and LM =ym
Then its perimeter including the base N o
NM of arch,
p=[2x+2y+%}
K L
=[2+£]x+2y .
2 (1)

Now, area of rectangle KLMN = xy

T X %
and area of arch NMON = E[E]

Let A be the light transmitted by coloured glass per sq. m. Then 3\
will be the light transmitted by clear glass per sq. m.
Hence the amount of light transmitted,

2 2

On substituting the value of y from (i) in (ii), we get
2
A=3)3e P—[‘”"]x Bl
2 2 8

_a| 3% _3@+m) 2 mx”
2 4 8

2

ﬁﬂ[?f_mnﬁ]
% ha | 2 4

For 4 to be maximum, E =0

3P
2 6P
= ¥=———%& = oo
ﬂ+(12+3n)) 5n+24
4 2

2
Re. d A=l[—3(4+n)+3|:_ “0
dx? 2 4
6Py m+6

=%
5n+24 x 6
Hence, required ratio = (6 + m) : 6

Hence, A is maximum when X =




Applications of Derivatives

49. Here OR || XY and diameter through P is perpendicular OR.

0 s R
e r
o
r
8
= P Y

et ZOPS=0, then Z005=28
Now arca of APQR is given by 4 = %QRSP
Here OR =2.05 = 2rsin 28 .
and PS=0S+OP=rcos28+r
A= jl;..?rsinfiﬂ.{r-'— rcos28)
7. 2sinBcos.2cos’ 8 =47 sinBcos’
dA

For max. value of area, put — =0

48
= 4 [cos*0 -3 sin’ B cos’ 6] =0
= cos’B(cos’B-3sin*@)=0

s tanB:; = B=30°

V3
2
Now, 2 =4r2[—4005385in9-65in6c0539
db
+6sin’ Bcos0]
= 4,2 [-10 sin B cos* 8 + 6 sin® 9 cos 6]
2
1 +/3
% =4rzl:—10%.%+6.§.%}
do 8=30°
(-123)
=4r2L !Z\EJ{O
8
Hence area (4) is maximum at § = 30°

3J3
Now A, =4 sin 30° cos® 30° = Tv/_r?'

50. Givencurve4x®+ay2=4a%,4<a*<8

2 2
X
= —2+i—=1,4<a2<8
a
Hence, the curve is an ellipse.
v
~
P (acosB, 2sinB)
< /_ — X
!‘ @0)
(0, -2)

Let us consider a point P (‘c; cos 6, 2 sin 0) on the ellipse.
Let the distance of P (a cos 8, 2 sin 8) from (0, — 2) is L.
.. [*=(acosB®—0)+(2sin0+2)

si.

52.

B171
L) _ cos[-242 sin0+8sin0+8]
do
Formax ormm valueof L, _a'{L") =0

= ocws8[-2-snB+8smb -8]=0
= Emhercos®=0or (-2 )smO+8=0

Sicea’ <8 = at-4<4

= 8:5 or sinf=—
2 a -4

>1 = sm 8> | which is not possible

3

a -4
d* ()

Also =
de~

= cosB[—2a" cos8+ 8cosH)
+(-smB)[-22'smB+8sin B +8]

()

a8°

]

D d

=0-[16-24"]=2(a’ -8) <0

ra |

asg<8®

. L s max 2t 8 = =72 and the farthest point is (0, 2).

So=so’x+ism’rfor-w2< x <wl
f&x)=3sm xcosx+2hsmxcosx

= l's.iJ:l 2x(3sinx+24)

5
Nowputf'(x) =0=x=0
L3
of A= ——sinx
2

3.
Also, /" (x) = cos 2x (3 sin x + 21) +Esm 2xc08 X

-3
Now for A = —sin x, we have

f"(x)=13 sin x cos® x = — 2k cos® x

When, if 0 <x < n/2, then —3/2 <A <0 and hence /" (x) > 0.
= f(x) has one minimum for this value of A.

Now for x =0, we have /" (0) =24 < 0.

Hence, f(x) has a maximum atx =0

Again if - /2 < x <0, then 0 < L < 3/2 and hence

ST (@)=-2hcos’x<0.

2. f(x) has a maximum.

Now forx=0, /" (@) = 21 > 0 so that f(x) has a minimum.

Hence, for exactly one maximum and minimum value of f(x), A

must lie in the interval

-32<A<00r0<Ak<32ie,ke (-3/2,000 (0, 3/2)

‘ +£2c Vx>0,a>0,b>0
x

To show : 27 ab” >4c>.
Let us consider the function f(x) = ax® + b/x

Given : ax

then f'(x)=2ax—i2
X
Put f'(x) =0
= P*=bR2a = x=(b2a)"® Now, f"(x)=2a+2;
x
( 1/3)
= f" [i] =2a+-2£><20=6a>0
L 2a b

1/3
Hence, fis minimum at x = [—)
2a
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53.

g V2 thematics |

b
Since, ax®+ — 2cistrue ¥ x
x

B 1/3
Hence for x = (—)
2a

[5]2!3 b
= al—| +——=2c
2a (5/2a)"

a[i]hb
2a 3b( 2a)""°
— -—-ﬁzc g = 2
(b/2a) 215
Since a, b are +ve, hence on cubing both sides we get
276° 2a
8 b
f@=x""* x>0

3

2¢" = 27ab* 24  (proved)

Let y= x''% = 10gy=llogx
x

Differentiating w.rt. x we get

ldy_%"""""gx dy _ y(1-logx)
TN
Formaxfminvah.lcputﬁ=0
dx
= &_lﬁﬂ)—ﬂ):ﬂogx:l:x:e
x
o dzy_[%(:-fogx)—%y)xz—mﬂ-bgn
dx? <4
L =
dx’ priet # x=e
[ d—y=0,1~logx=0arx=e]
dx
_elfe
STz =-V¢ D yismaxatx=e

-
HCTIOC, fmu =plle — ylix = eh’el v x

— 1':”“(8”8
= Raising to the power ne on both sides we get

= [(W'e<[e’]= n® <e” or " > ¢

54,  Given that x and y are two real variables such that x> 0 and xy =
1.
To find the minimum value of x + y.

Let S=x+y = S:x-g——!— fas

xy=1)
E
ds 1
= ——=fet
dx ¥2
- ds
For minimum value of §, put — — @
dx
|
= 1- — =0 = x=+1
“
Butx > 0,
2
x=1 Now _d S=i
dxz xJ
d’s
= — =2=4ve
de

x=1
Hence, § is minimum whenx=1 .-, S =1+%=2

(a+x)(b+x)

5. f(x)= ,ab>c,x>—c
(c+x)
% (a—c+x+c)(b—c+x+c)
b iy of 54
= (i-i}(b—-c—)+{x+ c)+(a—c)+(b-c)
x+¢
> fip)=2-900)

(x+c)?
Put, f'(x)=0=>x=—-ct,/(a—-c)(b-c)

= .r=—c+,f(a-c)(b—c) [+ve sign is taken " x > —¢

2(a-c)b-c)

Now, f"(x) = 35— >0 fora,b>candx>-¢
(x+¢)
= f(x)isleastatx=—¢ +y/(a-c)(b-c)

_ (a=c)b-0)

H A e o el e R g = =

ence, f. mhl(u e)b-c)
+a-c)+(b—-0)

=(@-c)+(b-c)+2J(a-c)b-c) = (Va—c+b-c)?
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