Chapter 13

Limits and Derivatives

Miscellaneous Exercise

Question 1: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): (X + a)

Answer 1:
Let f(x) =x + a. Accordingly, f(x + h) =x+ h+a
By first principle,

1N pis FOFR)=F(0)
f'(x) = lim -

-

=1

Question 2: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers): (px + q) (g + S)

Answer 2:

Let, f(x) = (px + q) (g + s)

fr) =@x+q) (s+s)+(5+s) px+q)




=(px+q(rx 1 +5)+ (2 + s) (p)
= (px + (-rx2) + (S +5)p

“x ) () + (G rs)p

Question 3: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers)

Answer 3:
Let, f(x) = (ax + b)(cx + d)?
By product rule,

f'(0) = (ax + b) == (cx + d)? + (cx + d)? (ax + b)

= (ax + b)% (c?x? + 2cdx + d?) + (cx + d?) % (ax + b)

B d , 5 d d ;o ,[d d
= (ax + b) [E(C X )+a(2cdx)+ad ]+(cx+d) [aaxab]

= (ax + b)(2x%x + 2cd) + (cx + d)?a
=2c(ax + b)(cx + d) + a(cx + d)?

Question 4: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
ax+b

m and n are integers):
g ) cx+d

Answer 4:

Let f(x) =

ax+b
cx+d




(cx+d)%(ax+b)—(ax+ b)%(cx+d)
(cx+d)?

fix) =

_ (cx+d)(a)—(ax+b)(c)
(cx+d)?

__acx+ad—acx—bc
(cx+d)?

__ad-bc
(cx+d)?

Question 5: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
1

m and n are integers): 1—’1‘

X

Answer 5:

1+= 1
Let,f(x)=1 < = =2 Wherex # 0
X

x—1
By quotient rule,

(x—1)%(x+ 1)—(x+1)d%(x—1)

fix) = oD x #0,1

_ (-1 (@)-(x+1)(1)
(x-1)2 ’

x+ 0,1

Question 6: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers): ————
g ) ax?2+bx+c

Answer 6:




1
ax?+bx+c

Let f(x) =
By quotient rule,

2 4 =)L (ax?
(ax?+bx+c) (1)~ (D) (ax?+bx+c)
(ax2+bx+c)?

flex) =

_ (ax?+bx+c)(0)—-(1)(2ax+b)
B (ax?+bx+c)?

_ —(2ax+b)
(ax2+bx+c)?

Question 7: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

. ax+b
m and n are integers): ————
pxX%+qx+r

Answer 7:

Let, f(x) =

ax+b
px2+qx+r

By quotient rule,

2 a _ A (12
DX +qx+r)dx(ax+b) (ax+b)dx(px +qx+1)

e =

(px2+qx+7r)?

::(pxz+qx+r)@0—(ax+bﬂ2px+q)
(px?+qx+1)?

__apx?+aqx+ar—2apx?—aqx—2bpx—bq
(px2+qx+1)2

_ —apx?-2bpx+ar-bq
(px2+qx+7r)?

Question 8: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
px?+qx+r

m and n are integers): p—

Answer &:




px%+qx+r
ax+b

Let, f(x) =
By quotient rule,

() = (ax+b)%(px2+qx+r)—(px2+qx+r)%(ax+b)
f X) = (ax+b)?

_ (ax+b)(—px+q)—(px?+qx+7)(a)
B (ax+b)?

_ 2apx?+aqx+2bpx+bq—apx?-aqx—ar
(ax+b)?

__apx?+2bpx+bq-ar
(ax+b)?

Question 9:Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

. a b
m and n are integers): — — — + cosx
X X
Answer 9:

b
Let, f(x) = % — — T cosx

0= () -4 () + Ao

N N N U N2
—adx(x ) bdx(x )+dx(cosx)

=a(—4x"%) — b(—=2x73) + (—sinx)

d d
[— (x™) = nx™ tand — (cosx) = —Sinxl
dx dx

—4a  2b .
=5 + 73 Sinx
Question 10: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers): 4v/x — 2




Answer 10:
Let, f(x) = 4Vx — 2
1) = = (4vx - 2) = = (4Vx) - = (2)

REIC R

() -3

Question 11: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

a+bsinx

m and n are integers):
ct+dcosx

Answer 11:

Let, f(x) =

By quotient rule,

a+bsinx
c+dcosx

(c+dcosx)%(a+ bsinx)—(a+bsinx)%(c+dcosx)

F1G0) =

__(c+dcosx)(bcosx)—(a+bsinx)(—dsinx)
(c+dcosx)?

(c+dcosx)?

__ cbcosx+bdcos?x+adsinx—bdsin?x
(c+dcosx)?

_ bccosx+adsinx+bd(cos?x+sin?x)
(c+dcosx)?

__bccosx+ad sinx+bd
(c+d cosx)?

Question 12: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): x4 (5 sin X — 3 cos X)

Answer 12:




Let f(x) = x4 (5 sin x — 3 cos x)
By product rule,

F(x) = x‘*% (5sinx — 3cosx) + (5sinx — 3cosx) % (x*)

d ., . d . d
=x* [5 — (sinx) —3— (cosx)] + [5sinx — 3cosx] - (x®)

= x*[5cosx — 3(—sinx)] + (5sinx — 3cosx) (4x3)
= x3[5xcosx + 3xsinx + 20sinx — 12cosx]

Question 13: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): (x2 + 1) cos x

Answer 13:
Let f(x) = (x2+ 1) cos x
By product rule,

"(x) = (x? 4 a2
f'(x) = (x* + 1) —(cosx)cosx — (x* + 1)
= (x? + 1)(—sinx) + cosx(2x)
= —x?sinx — sinx + 2xcosx

Question 14: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and
m and n are integers): (ax2 + sin X) (p + q cos Xx)

Answer 14:

Let f(x) = (ax2 + sin X) (p + q cos X)

By product rule,

f'(x) = (ax? + sinx) % (p + gcosx) + (p + qcosx) % (ax? + sinx)

= (ax? + sinx)(—gsinx) + (p + qcosx)(2ax + cosx)




= —gsinx(ax? + sinx) + (p + qcosx)(2ax + cosx)

Question 15: Find the derivative of the following functions (it is to be

understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

4x+5sinx

m and n are integers):
3x+7cosx

Answer 15:

Let f(x) =

By quotient rule,

4x+5sinx
3x+7cosx

(3x+ 7cosx)%(4x+53inx)—(4x+ Ssinx)d%c(3x+ 7C0SX)

f100 =

(3x+7cosx)?

d d, . . d d
_ (3x+7cosx)[4a(x)+sa(smx)]—(4x+ 5sinx) [3ax+ 7acosx]

(3x+7cosx)?

_ (3x+7cosx)(4+5cosx)—(4x+5sinx)(3—7sinx)
(3x+7cosx)?

_ 12x+15xcosx+28cosx+35cos2x—12x+28xsinx—15sinx+35sin’x
(3x+7 cos x)?

_ 15xcosx+28cosx+28xsinx—15sinx+35(cos?x+sin?x)
(3x+7cosx)?

35+15xcosx+28cosx+28xsinx—15sinx
(3x+7cosx)?

Question 16: Find the derivative of the following functions (it is to be
understood that a, b, c, d, p, q, r and s are fixed non-zero constants and

. xzcos(%)
m and n are integers): ——=

sinx

Answer 16:

Let o) = 2coB)

sinx

By quotient rule,




sin?x

dyoy od, .
sinxo—(x*)-x dx(smx)]

f'(x) = cos%.[

T [sinx.2x—x2%cosx
COS— —
sin?x

xcos%[Zsinx—xcosx]

sin?x
Question 17: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers):
1+tanx

Answer 17:
Let f(x) =

d d
(1+tanx)a(x)—xa(1+tanx)

f (x) - (1+tanx)?

X
1+tanx

(1+tanx)—x.%(1+tanx)

f,(x) - (1+tanx)? - (1)

Let, g (x) =1 + tan x, accordingly, g (x + #) =1 + tan (x + h)

By first principle,

b N i 9 (XHR)—g(x)
g’ ()= lim -
m [1+tan(x+h)—1—tanx]
h

1 [sin(x+h) sinx]
h Lcos(x+h) cosx

1 'sin(x+h)cosx—sinccos(x+h)]
cos(x+h)cosx

1[ sin(x+h—-x)

h Lcos(x+h)cosx




— lim [ sinh ]
h—>0h cos(x+h)cosx

. Sinh
=Jlim .1 lim
h—0 h h—0 cos(x+h)cosx

1
= 1X —— = sec?x
cos“x

= ;—x(l + tanx) = sec®x ... (2)

From (i) and (i1), we obtain

2

:f,( ) _ 1+tanx—xsec“x

(1+tanx)?

Question 18: Find the derivative of the following functions (it is to be
understood that a, b, ¢, d, p, q, r and s are fixed non-zero constants and

m and n are integers): Z
g " sin"x

Answer 18:
Let f(x) =

By quotient rule,

sin"x

da d
sin™ x—x x——sin"x

HOE &

smznx

: d . e
It can be easily shown that — sin™x = nsin™ lxcosx

Therefore,

d d
sin™ x—x x——sin"x

HOE &

smznx

_sin™1-x(nsin™ 1xcosx)

sin?Xx

_ sin™ x(sinx—nxcosx)

sin?Myx




__sinx—nxcosx

sint1y




