Exercise 13.1

Answer 1E.
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Answer 2E.
The given vector function 1z

NOE Efﬂmz FHn(9-£)k

Then domain of vector function 12 the domain in which the component functions
are defined.

Mow the component functions are:
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Answer 3E.
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Answer 4E.
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Answer 5E.
Consider the expression

1+, 1-e™
lim —.tan" 1,
e \ |- [

Recall that,

If the vector valued function is of the form r (f) = ()i + g(f)j + )k, then its limit is given by
limr(r) = [Iim f{r]]i + [Iimg(l)]j + [Iimh{r]]k.

provided the limits of the functions f(¢),g(r),and k(r) exists.



Here the functions,

+r
- g(r) = tan™'r, and j(r) = :"

flr) =
Determine the limits of the functions £ (r),g(r),and h(r)

Tofind lim f(r)

tm (1) = tim| 15
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e

Therefore,

lim f(¢)=—-1] (1)
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To find the limit lim g(7)
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To find the limit lim h(r)

2
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Answer 6E.
Consider the expression

Recall that,
If the vector valued function is of the form r (f) = it + g(f)j + H(f)k, then its limit is given by

limr(r) = ['Iiﬂ f(r)]i . [!i_ﬂ g(.l'}] j+ [mh(:}]k_

r—=+a

provided the limits of the functions f(r),g(r),and h(r) exists.



Here the functions,
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To find the limit lim h(z)
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Answer 7E.

Consider the vector equation:
r(r)={sint,r)
The parametric equations for the curve are x{r)zsin{f), and _}-[r) =f.
Eliminate the parameter ¢ form parametric equations, the equation for the curve is x=sin y .
The equation represents a sinusoidal wave moving upward direction.

That is, depend on variable y(r). x{r) is moving upward direction.



Sketch the vector function r(r) = {sin m) .

1&




Verification:

Use the maple software to plot the parametric equations:
Load with (plots) package:

Enter the Maple input command:

Plot ([sin (i), t, t=2"Pi___2"Pi1])

Maple output:

plot([sin(r), 1,1 =-2*Pi . 2*Pi])

Answer SE.

Consider the following vector equation:
r(r)= (;’1 rf)

The objective is to sketch the given vector equation and indicate the direction.



The equation to convert to parametric form is as follows:

If r(r)= ( flt).g [:]) then the parameterization of it is

x=7(1)y=2(0)
Compare r{r}:(rj,rz} with r{l]:{f(.r},g{r)}._ to get:

x(1)=>r,y(1)=r

The graph of the given parametric curves is shown below:
5‘.’_{\'(1‘}

4+

A+
Here, the value of t increases as the function goes to the right.

Answer 9E.
Consider the following vector equation:

r(r)={12-1,2)
The objective is to sketch the curve of the given vector equation.
So the parametric equations of the vector function are:

x(r)=1¢

y(t)=2-1

z(t)=21



The vector equation can be written as follows:
r(r)={0,2,0)+(1,-1,2)
Recollect that the vector equation of a line passing through a and paralleltobis r=a+1tb.

Therefore, the given vector equation represents the equation of a line that passes through the
point (0,2,0) and is parallel to the vector (1,-1,2).

Now, find the point where the xz-plane occurs.

On the xz-plane, y=0.

Thus, the corresponding point is,
r(2)=(2,0,4).
The direction of the line is upwards as ¢ increases.

Sketch of the vector function r(r)=(r,2-1,2r)

Zr(r) ={t.2-1.21)




Answer 10E.

Consider the vector equation of the curve:
r(r)=(sinzt, t,cos zt).

The parametric equations of the curve:
x=sinal, y=1, z=cosxl.

Since

x* +z° =sin’ &t +cos’ at
=1
The curve must lie on the circular cylinder 2 4 -? =1.
The point {_r, }:} lies directly above the point which moves counterclockwise around the
circie ,? 4 -? =] inthe xz-plane.

(The projection of the curve onto the az —plane has vector equation r{f}:(sin ot 1,cos ;rf)}.

Since y =1, then the curve spirals right around the cylinder as ¢ increases.

Sketch the curve of the vector function r{r}:(s;in a, r,msm)_

(1) =(si11 at.1,cos :H)




Answer 11E.
Consider the vector. r(r) =(l,cos,2sinr)

The vector equation is equivalent to the parametric equations x=1, y =cost,z = 2sin/
The curve is an ellipse on the plane y =] . because
¥y =cosl,z =2sinf

y= cosl.— =sint
2

> = ¥ -
y +—=cos’ t+sin’ ¢
4
=]

This an ellipse paraliel to yz — plane, this is shown below

AZ




The sketch of curve represented by the vector, r[r] ={],ms.nlsin r:) is shown below.

Answer 12E.
Sketch the curve with the given vector equation. Indicate with an arrow the direction in

which ¢ increases.
Ft)=17+5+2k

The cotresponding parametric equations are x ={-. y=1,and z =2. By substitution,
xX= yz, which 1s the equation of a parabola on the xy-plane.

But since z = 2, the given vector equation actually describes a parabola that lies on the
plane z=2.

As t increases, so does y. The arrows shown indicate this.




Answer 13E.
Consider the vector equation of a curve is r{f): fi+r'j+r'k.

Compare r(r) = (;ﬂr‘.,;")with r(r)= (_r(l),y(!},, z(r]) . to get the following equations.
x=i’2,_}' =.f’,z=fﬁ

The parametric equations are x=¢*,y=r*,z=¢°.

Substitute y = 2in y ={F ]3 to get
y=r

Substitute x = ?in z=(r*)'to get
z=x

Since y= x*. the curve must lie on parabola.

The projection on to the xy— plane will travel along the curve y = x? in the first quadrant.
=1 -_—{;1 )3 Or --* means it is always positive in the =z - direction, goes to ¢ and geis
large quickly.

Sketch the graph of the curve r(t)=#"i+r'j+1°k is shown below:




Answer 14E.
Consider the vector function,
r(r)= (af cos3r.bsin’ 1.ccos’ r) .
Find the derivative of the vector function.
The derivative of each component individually to obtain

r'(1)= %(m‘ cos 3. bsin’ 1.ccos’ r)

d . dy, o3y, d
=E{arms3t}|+a{bsm J)I+E(ccos’r)k
= (acos3r—3arsin3¢)i+(3bcosrsin’ t) j—(3csinscos’ 1)k

Therefore, the derivative of r{f}is.

r'(r) =(acos3r—3arsin3r)i+3bcostsin® fj—3csinrcos” 1k |-

Answer 15E.

Consider the curve r(r)={t,sin¢,2cosr)

The projections of the curve on the three coordinate planes

In order to sketch the projection of r (f) in the xy-plane we set h{r}z 0.

Then. r(r) = (1, sinr).

Similarly, the projection of r (f) in the xz-plane by setting g(r)=0.

Then, r(r) = (1, 2cost)-

Ik
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Now, set f(r)=0 and sketch the projection on yz-plane.

Then. r(r) = (sint, 2cosr)

i

2

Let us sketch the curve represented by the given vector.

Answer 16E.

Consider the following vector equation:

r(t)=(t.e.r?)
The objective is to draw the projections of the curve on the three coordinate planes and use
these projections to help sketch the curve.



The given vector equation is, r(r)= {r,r,a‘:)

Compare the given vector equation with r(r)= ( (1), g[r},h{f})

where f(r)=1,g(r)=1, and h(t)=1"

To sketch the projection of r(f) in the xy-plane the z- coordinate is equals to zero.
Thatis h(1)=0-

Then, the vector equation is r(t) = (r, 1,0).

Draw the following space curve:

:-_"'"“--___ o——

‘:T-I‘FT-"I"‘Tl'



To sketch the projection of r(f) in the xz-plane the y- coordinate is equals to zero.
Thatis g(1)=0.
Then, the vector equation is r(r) = (.g I.']._.r:).

Draw the following space curves:

37 \\—J\x
=
=
o
s
_%__I__r—r " 1 _I4

To sketch the projection of r(f) in the yz-plane the x- coordinate is equals to zero.
Thatis f(r)=0.
Then, the vector equation is r{f} = (ﬂ,r,tt}.

Draw the following space curves:

Pt

IIIITLLIL?III‘lquII?lILI

Now sketch the vector function use the above projections on three coordinate planes.
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Therefore. the skeiched ver

tor functionis r(r) = {1, 1,1*)
Answer 17E.

The two point vector form of a line that passes through the points 15 given by
r={l-fimg+in, 0 =¢ = 1.

Let Fbe coordinates of rp and O be that of 1. Then, mp=Ziand r =61+ 2 - 2k

mubstitute the values in r= (1 — £irg + i and sunplify.
r=[(1-)(2)i] + [(£)(6)i + (£)(2)i + () (-2)k]
=(2-2t+6)i+(2)j+ (—2)k
= (24421 + 24 - 2tk

Thus, the vector value function of the line segment joining PO 15
rif=2+4i+24-2tk, 0 =¢ = 1.

The required set of parametric equations is |7. =2+df, y=2f andz=-2¢ 0 = ¢ = 1.

Answer 18E.

The two point vector form of a line that passes through the points 1z given by
r=(1-£i0+irn,0=: =1

Let P be coordinates of rp and O be that of r. Then, =1+ 2 — 2k and
n=-:i+i+k



substitute the values in r=1(1—-£) 0 +¢r] and simplifjr
=[(0-EDi+(1-4(2)i + (- ) (=2)k ]+ [ (3)i + () (5)3 + (£) (1 ]
= [(-1+8)i+(2- 260 + (-2 + 2 1-:] +[ =34 + 5 +sl-:]
= (-1-2Zi+(2+30)+(-2+ 3k

Thus, the vector value function of the line segment joining PE s

)= (-1 -20i+ 2+ 3j+ (2 +30k 0 ¢ =1

The required set of parametric equations isfx =—1-2¢, y =2+ 3¢, and z = —2 + 3¢,
0=¢=1

Answer 19E.

The two point vector form of a line that passes through the points 15 given by
r={1-+ir, 0 =¢ =1

Let Fbe coordinates of rg and (Y be that of v, Then, ;p=0i—j +k

andr1=1i+lj+lk.
2 2 4

mubstitute the values in r=1({1 —£) 0 + ¢r; and sumplify.

=[(1=£3(0)i +(1- )(-1)j + (1 - £3()k] + [ [] :)[%Jj+(;)[%]ki|

[Gi+(-1+8j+(1-£)k |+ [ A+ = z]+$:k}

Yavlar+%)i+(1- 2
2 3 4

Thus, the vector value function of the line segment joining PO 15

1 4 3
rit) = 5ﬁ+[—1+§z]j+(l—4—ka, 0=¢ =l

. . : . 3
The required set of parametric equations 1z |[x = —£, ¥y = -1+ gﬁ, and z =1- Zﬁ,

2

0 =¢ =1



Answer 20E.
The two point vector form of a line that passes through the points 15 given by
r=(1—-fimg+tir, 0 =¢ =1

Let P be coordinates of rp and (J be that of ry. Then, rp =ai + &) + ck and
r =ui+vj+wlk

substitute the values i r= (1 — £)rg + fr) and simplifj.r

=[(1-2)(@)i + (1= ()i + (1 - )e)k ]+ [(£) ()i + (D)3 + () )k ]

= [a—az+uz)i+(b—bz+vz)]+[c—cz+w.z)1-:

Thus, the vector value function of the line segment joining PO 15
rif)=(a—attwini+b-—bit+tvijg+ic—ci+wik, 0 =¢ = 1.

The required set of parametric equations is fx = , and

}z =c—ci+ w.t|.
Answer 21E.
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Here, y =1 represents the curve spirals around the y-axis as f increases

i



The sketch of the parametric equations (1) by using maple software is shown below.
Maple input: > with{ plots);

-> spacecurve([-cos(r). £, -sin(r) ], 1 = 0..20-Pi, numpoints = 500, aves = normal);

Maple output:

This figure is matched with the figure mentioned in option II.
Hence, the parametric equation (1) is matched with the figure Il

Answer 22E.

Consider the parametric equations x =coss, y =sinf,z=

+

Match the parametric equations with the graphs

X +y =cos’t+sin’ ¢

X*+y'=lisaciiceand z= independent of both x and y.

5

1+¢
Let y=( then z takes 1
Whether f is positive or negative, follow that x* +y* =1and z>]

This is a path on the cylinder of radius 1 lies above z=1.

Let == lies between 0 and 1.

1+1°



As fincreases from 0 to infinity

So circular behavior on the xy plane and our vertical behavior stops a finite amount so namely
1.

Or In other words

Since the equation z = looking for a graph whose zvalue is always decreasing, never

=

1+¢
negative, and never quite reaches zero.

Since x= cns{r}and y= sin{r)are the equations of a circle, looking for a graph whose

projection onto the - =() plane is just a circle.

Putting these two facts together, looking for a graph that features circles getting closer and
closer to the plane > =).

S0 our answer must be )

The graph of the curve is




Answer 23E.
Consider the parametric equations

14677

The surface determined by these curves can be followed as

x=Ly

. !
A v
I

We know that y = I always lies in the positive axis of y.
+

The function ytakes a maximum of 1 when f=0.

Also, for the positive or negative values of f, we follow that y is positive.
Therefore, the surface lies in the positive side of the xz —plane. _____ (1)
Also, for the posiiive or negative values of {, we follow that ,* — -is positive.
Therefore, the surface lies on the positive part of z axis.

In other words, the surface lies in the positive side of xy - plane. _____ (2)

The shape ;= y?is the parabola in xz plane. ... (3)

Putting the above three observations together, we get the parabolic path on both sides of x -
axis and on the positive sides of y and z.

Sketch the graph of the parametric equation x =,y =

1.5




Hence the graph of the parametric equation matches with option _

Answer 24E.
Consider the following parametric equations:

x=cosf,y=sint,z =cost

The objective is to match the parametric equations with these graphs and give reasons for your
choice.

The parametric equations are,
x=cosl,y=sint,z =cos2t
The projection on the xy -plane is {msr,sin r,l[l}
Since,
x*+ )" =cos’r+sin’1
=]
The projection is a circle in the xy -plane.
The projection on to the xz -plane is traced by the curve {msr,l},msl.r}.
Therefore, x=cost, y=sinf
Now express z interms of x.
z=cos2t
=2cos’ -1
=2x" -1
The projection on to the xz -plane is parabola.
The projection on to the »z -plane is traced by the curve (ﬂ,sin !,cos!r}.
Therefore, y=sinf,z=cos2s
Now express z intermsof y.
z=cos2t
=1-2sin’r

=1-2)°



The projection on to the yz -plane is again parabola.
Observe that when s=0 then x=1, and y=0
So ztake maximum at § =().

Sketch the following graph:

—1

Therefore, the given parametric equations match the figure m

Answer 25E.

Consider the parametric equations
x=cos8l, y=smn8i z= e .1z0

Determine the surface upon which the position function of the particle is given by these
parametric equations.

Consider
x* +y* =(cos8) +(sin8)

=cos” 8¢ +sin’ &
=1



The equation »? +_],-: = | represents a circle with center at origin and radius 1.
And z(r)=¢"™ travels independent of both x and .

Observe that, when t = 0, z takes 1

Whether 1 is positive, x* + y* =1, and z(1)>1

Clearly, this is a path on the cylinder of radius 1 lies above z = 1.

So, this is a cylindrical path above the plane z =] or the plane parallel to xy - plane.

As tincreases from 0 to infinity, the function == E‘”’ increases rapidly.

Sketch of the parametric equation x =cos8/, y =sin8f,z ="

x=cos8t. v =sin8t.z=e""

Hence the graph of the parametric equation matches with the graph .



Answer 26E.

Consider the parametric equations
x=cos f,y=sin"t,z=t

Observe that
X+ y=cos f+sin’f

=1

So the equation of the surface obtained by the parametric equation is

x+y=Lz=t

As f varies the sum of the coefficients of x and y varies as the sine or cosine curve
perpendicular to xy — plane.

So, the path is an oscillating path perpendicular to xy — plane.

Sketch of the graph of the parametric equation x=cos’t, y=sin’t,z=1 15

Hence the graph of the parametric equation matches with graph @



Answer 27E.

Consider the following parametric equations:
x=tcost,y=1sint,z=1.
The objective is to show that the curve with parametric equations lies on the curve
F=x'+ yl.
Consider,
x* +y* =(rcost) +(tsint)’
= cos’ 1+ sin’
=1 {cusz f+sin’ r]
=f
= zz
So. x¥*+y* =2
Thus, the curve with parametric equations x =fcost, y =fsinf and z =rlies on the cone

2 _ .2, 32
Zr=x"+y.



Use the Maple sofiware and upload the following package.

> with( plots);

Maple Input:
Ac=spacecurve([t'cos(t),t"sin(t).t].t=-2..Pi..2"Pi,color=red’)

> A = spacecurve(| t-cos(1), t-sin(1), t], t ==2-Pi .2-Pi, color ="red’)
PLOT3D(...)

Maple input
B:=spacecurve([z*2=x"2+y"2 x=-5_5 y=5_5,2z=-5_5 color=blue)
> B := implicitplot3d(# = ¥ + y*,x=-5.5,y=-5_.5,2=-5_5, color = blue)
PLOT3D(_..)

display({A.B}):

Maple output

> displav{{A, B});




Answer 28E.
The parameitric equations of the curve ( are,

x=sinf, y=cost, z=sin’¢
The objective is to show ( is the curve of intersection of the circular cylinder
x* + y* =1and the parabolic cylinder ; = y2.
Consider the expression,
X+ _}':' =sin’r+cos’r Since x =sint, y = cost
=1
And
z=sin"1
=(sin r}:
= Il

Therefore, ( is the intersection of the surfaces x* + y* =l]and ; = 2.

Again substitute 2 — - in the equation x* 4+ y* =1.
z +_r: =L.
This equation represents a parabola.

Therefore, the curve ( represents a parabola.

The graph of intersection of the surfaces - — ,? and e +_1-= =] is shown below:




Answer 29E.
Consider the vector function r(¢)=# + (l.r — )Ir. and the paraboloid z = x* + y*.
To determine the point of intersection of the curve r{r) and the paraboloid, find the point such
that, the point lies on a line as well on the plane.

Let any point on curve be P =[r,l],1.' —rz}_

-

Substitute the point (¢,0,2¢—r* }in paraboloid z = x* + y*.

2u-1 =(1)
2t-2 =0
2(1-1)=0
Use the zero product rule, gh=0thena=0or b=0.
Then,

t=0orl-r=0
t=0ort=1

To find the point of intersection of the curve and paraboloid, substitute y=( in (r,ﬂ,l.f - rz)_
R =((0).0.2(0)~(0)’)
= {ﬂ, ﬂ,ﬂ]
Clearly, the point (0,0,0)is on curve for ¢ = 0.

To check the point {{],ﬂ.{]) is the point of intersection a curve and the paraboloid, substitute
the point on (0,0,0) in z=x*+ .

(0)=(0)" +(0)
0=0 True
Therefore, the point (0,0,0)satisfies the paraboloid. z = x* + ”.

Hence, one of the points of intersection is {D,ﬂ,l]) i




To find the point of intersection of the curve and paraboloid, substitute ;=1 in {:,n,z: —rz)_
2
P.=((1.0.2(1)-(1)’)
={l.ﬂ,l]
Clearly, the point (1,0,1)is on curve for s =0.

To check the point (I,ﬂ_l] is the point of intersection a curve and the paraboloid, substitute the
pointon (1,0,1) in z=x"+)".

(1)=(1) +(0)
1
Therefore, the point (1,0,1)satisfies the paraboloid. z = x* + )"

I -+

1 True

Hence, one of the points of intersection is {I,{LI) "

Therefore, the curve r(r}=ﬁ+(21 —:I)I: intersects the paraboloid z = x* + y*at the points
(0.0.0) and (1.0.1)|.

Answer 30E.
Substitute the expressions for x, y, and z from the parametric equations (3) into the equation

(2):
v+ y’ + 27 = 5 Write the equation of the sphere (2)
(sin r)I +(cusf}z 4+ =5.Put x=sint, y = cost,z =t from (3)
Solve this equation for f as follows:
(sint)* +(cost) +1* =5
sin“f4+cos’r+° =35
{Sini.f-l'-msz.f)-h"z =5

1+ =5

=4
i=+2.

Hence, the point of intersection occurs when the parameter value is y =42



Substitute the parameter value; ;= 2, into the parametric eguations (3). and simplify as
follows:

x=sin#, y=cosf, z =t Wile the equation (1)
x=sin2, y=cos2, z=2 Subsfituie =2
x=091, y=-042, z=2. Evaluate values

So, the point of intersection is about |(0.91,-0.42,2)|.

Substitute the parameter value; y=_-2, into the parametric equations (3), and simplify as
follows:

x =sinf{, ¥ =COsf, z =¢ Write the equation (1)
x=sin(-2), y=cos(-2), z=-2 Substitute ;s =-2

x=-091, y=-042, z =-2_ Evaluate values

So, the point of intersection is about [(-0.91,-0.42,-2)|

Therefore, the points, at which the helix (1) intersects the sphere (2), are |(0.91,-0.42,2)

(-0.91,-0.42,-2)|.

and



Answer 31E.
Consider the curve. r(r)=(cossin 21,sintsin 2r,cos 2r).
The objective is to sketch the graph of the curve.
The parametric equations are,
X =costsin 2t
y=sintsin2r
z=cost
To graph this, use maple software.
Maple input:
with(plots);
spacecurve([cos(t)"sin(2"1), sin(t)"sin(2°t), cos(2*t)]. t = -2*Pi .. 2", color = red);
Maple output:

spacecurve( [ cos(t) -sin(2-¢), sin(1) -sin{2-¢), cos(2- 1) ], t ==2-Pi .2-Pi, color = red)




Answer 32E.
Consider the following vector equation:
r(r)= (t’.ln{r},r}
Use the maple commands to graph the curve with the vector equation.
Use the computer to plot the curve with parametric equations , — 2. y= ]n{!}anﬂ z=1I.
Domain is g~ ().

The result is shown in below figure, but it’s hard to see the true nature of the curve from that

graph alone. Most three-dimensional computer graphing programs allow the user to enclose a
curve or surface in a box instead of displaying the coordinate axes.

Use the following input and output maple command to draw the curve with the given vecior
equation:

Input command:

With (plots);

Output command:

with{ plots):

| animare, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d,
conformal, conformal3d, contourplot, contourplot3d, coordplot, coordplot3d, densitvplot,
display, dualaxisplon, fieldplot. fieldplor3d, gradplot, gradploi3d, implicitplor,
implicitplot3d, inegual, interactive, interactiveparams, imterseciplot, listconiplot,
listcontplot3d, lisidensityplot, lisiplot, listiploi3d, loglogplot, logplot, matrixplot, multiple,
odeplot, pareio, plotcompare, poiniplot, poiniploi3d, polarplot, polvgonplot, polygonplot3d,
polyhedra_supporied, polyhedraplot, rootlocus, semilogplot, setcolors, setoptions,
setoptions3d, spacecurve, sparsematrixplot, surfdata, texiplor, textplot3d. tubeplot)

Input command:

spacecurve ([t*2, In (t). t]. =1 __10)
Output command:

spatmnf{ [F, In(r), I],l =1 Jl]]




When you look at the same curve in a box in below figure, you have a much clearer picture of
the curve. You can see that it cimbs from a lower comer of the box to the upper corner nearest
us, and it twists as it climbs.

Output command:

spacecurve( [ £, In(1),t).=1.10)

The true nature of the curve and it is correct view of the curve.

Answer 33E.
Consider the curves
r(t)=(.r,r) and r,(1)={sint,sin2s,r)
Suppose that, the two curves are intersect at the origin.
It is needed to find the angle of intersection correct to the nearest degree.

Recall that, the angle between two curves is equal to the angle between their tangents at the
point of intersection.

The vector r'(r) is called the tangent vector to the curve defined by rat the point p,
provided that r’(r)exists and r’(r)= 0 and unit tangent vector to curve r(r)is given by

N0




As r,(f)=(n0, 7). x(r)=(1,203)
And then r/(0)=(1,2(0).3(0)")
=(1.0,0)

And [r/(0)| =P +0° + 07

=1

Unit tangent vector at origin to the curve r,(r)is given by

r(0)
T,(0)= M(GH

_{1,0,0)

=(1,0,0) _...(1)

As r,(r)=(sint,sin2¢,1). r)(r)=(cost,2cos2s,1)
And then rz'[{]]z{ms[ﬂ}‘lcosz(l}).l}

=(1.2(1).1)
={L,2,1)

And |.-; (u] =JE+2°+1°

=6

Unit tangent vector at origin to the curve r, (r)is given by
r; (“)
0)=

_ 0.2
J6



Let g be the angle between tangents (1)and (2)

T.(1)-T.(1)
T (T )

2 1
G

mh ]2

Then, cos@ =

v6) \Je6
1 2 1
(l 0, ﬂ}-{T N T}
{”Jﬁ+6+6

Thus. cos@=1/\6

And then @=cos™ (lfJE) =

Hence, angle between two given curves is |g6° |-

Answer 34E.
Consider the curves

r(f)=1-1,3+7) and r,(s)=(3-5,5-2,5")
It is needed to find the intersection point of the two curves.
Parametric equations of the given curves are

x=f,y=1—f,z=3+r= and x=3—s,y=s—2,z=32



If the given two curves intersect, then they have a common point.
This means that for some value of sand 1.
t=3-5
l-t=5-2
3+ =5
As f=3—gand 34, = ¢*. we have
?‘p+{3|—:1:)I =5
3+49+5 —65=5"
1245 —6s=5"
12-6s=0
. L
Substitute ¢=2In y=3—5, to get
1=3-2
=1
Thus, weget ¢=2 and =]
These values satisfy equation | —f=5-2 as well
So, the two curves intersect and we can get the point of intersection of the curves by replacing
t=1inx(r)(on) s=2in r(s).

Point of intersection of the curves is
{r,l-:,3+F}=(|,1-i,3+[1)*) Replace 7 by 1

=(1,0,4)

Thus, Point of intersection of the curves is (1,0,4] ;s

As the two curves are intersecting at the point (],ﬂ,d), it is needed to find the angle of
intersection correct to the nearest degree.

Recall that, the angle between two curves is equal to the angle between their tangents at the
point of intersection.

The vector ¢’(r) is called the tangent vecior to the curve defined by rat the point p.
provided that r’(s)exists and r’(r) =0 and unit tangent vector to curve r(t)is given by

_r()
T(r)= |"'(fl



Asx (1)=(r,1-1,3+r"). x(r)={1,-1,20)
And then r/(1)=(1,-1,2(1))

=(1,-1,2)

And [er(0)] = {1 +(-1)" +(2)

=+1+1+4

=6

Unit tangent vector at the point (1,0,4) to the curve r, (r)is given by
_n UJ

T, (1

=<l,-1,z}
J6

Asr,(s)=(-s55-2,5"). n(s)=(-112s)
And then r;(2)=(-1,1,2(2))

={-1L14)

ANd e (2)) = (1) +(1) +(4)
= Jl+|+]ﬁ
=18

Unit tangent vector at the point (1,0,4) to the curve r, (s)is given by
r {3}
2)=

& 1)




Let @ be the angle between tangents (1)and (2)

T,[:I}-T:(Z)
rf-(')lrfz(z)l
1 1 4

Ja’Ja'Ja” J_s iz Jis’

Jl 1 41 1 16
—+—+— | —+—+—
6 6 6VI8 18 18

Then, cosf =

L A L4
_J6'Je'J6' ' 18’13’18
6 [18
6 VI8
S o1 1 2 4
V6 iz J6 V18 V6 18
6 [18
6 V18

Continuation to the above

2 8
——+.__
cosg 0363
1-1
-6
633
B

Thus. cos@=1/\3
And then 8= cos™ (1/3/3)=54.73561" = 55°

Since the angle between curves is equal to the angle between tangents at the point of
intersection, so the angle between given curves is _



Answer 35E.
Consider the vector equation

r(1)=(cos2r,cos31,cos 4r)
Use the maple commands to sketch the vector equation.
To draw the vector equation, first load vector calculus package in maple.
> with(VectorCalculus);
> pv: = PositionVector ([cos(2t),cos(3t),cos(4t);
> PlotPositionVector (pv, t =-3..3);

Input the commands individually and observe the DUtpU[S
> with{ VectorCalculus);

[dx, ™*, "+, - 1L <. >, <| >, About, AddCoordinates, ArcLength,
BasisFormat, Binormal, Compatibility, ConvertVector,
CrossProduct, Curl, Curvature, D, Del, Directional Diff,
Divergence, DotProduct, Flux, GetCoordinateParameters,
GetCoordinates, GetNames, GetPVDescription, GetRootPoint,
GetSpace, Gradient, Hessian, IsPositionVector, IsRootedVector,
IsVectorField, Jacobian, Laplacian, Linelnt, MapToBasis, Nabla,
Norm, Normalize, Pathini, PloiPositionVecior, PloiVecior,
PositionVector, PrincipalNormal, RadiusOfCurvature,
RootedVector, ScalarPoteniial, SeiCoordinateParameters,
SerCoordinates, SpaceCurve, Surfacelnt, TNBFrame, Tangent,
TangentLine, TangentPlane, TangentVector, Torsion, Vector,
VectorField, VectorPotential, VectorSpace, Wronskian, diff, eval,
evalVF, in1, limit, series)

> pv = PositionVector( [cos(21). cos(3 1), cos(41) |. cartesian|x, y.z] ):

cos(21)
pv:=| cos(3r)
cos(4r)

> PlotPositionVector{ pv,t =-3 _3);



Hence sketch of the graph of the vector equation r [r} = (cns 2t,cos 31.cos 4:)

Answer 36E.
Let us start by sketching r[i) = {sin.ﬁ, ity 28, n::os4£>.




In order to sketch the projection of rif) in the xyv-plane we setz =0, Then,
r[i) = (sinf,, sinEf,}.

similarly, the projection of ri£) in the xz-plane 1z obtained by setting w»= 0.




From the projections of the curve, we can say that the top wiew of the curve shows a
butterfly curve. The projection of the curve on the yz-plane, shows that the front view of
the curve 15 a parabola



Answer 37E.

Consider the following parametric equations;
x=(1+cosl6r)cost
y=(1+cosl6¢)sins
z=1+cosl6s

The objective is to graph the curve and then to show that the curve lies on a cone.

Eliminate the variable { from the above parametric equations to obtain the equation to the
surface in rectangular coordinates.

Let us square, all the three equations, we get

x* =(1+cosl6r) cos’s ... (1)
' =(1+cosl6r)'sin’r ... (2)
Z=(l+cosler)’ . (3)

Add (1) and (2)=

¥+ 32 =(1+cosl6r) cos’ 1+(1+cos16r) sin’ 1
={l+cuslﬁ.\‘}3{ms2!+sin*r]
=(1+cos16¢)’

= z=
Therefore the equation in rectangular coordinates is x* + y* = 2*

Hence, this equation represents the cone.



The graph of the surface can be obtained using the following maple command.
Input:
with(plots);

implicitplot3d(x"2+y*2 =22, x=-10 _10,y=-10 __ 10, z =0 __ 10, style = surface, color =
cyan, axes = normal);

Output:

From the above diagram it can be said the space curve obtained from the given parametric
equations lies inside this cone.



Use the following maple command to plot the space curve with the parametric equations:
x=(1+cosl6t)cost, y =(1+cosl6r)cost,z =1+cos16r -

Input:

spacecurve([(1+cos(16°t))"cos(t), (1+cos(16™t))"sin(t), 1+cos(16*t)]. t = 0 .. 4*Pi. color = blue,
axes = normal);

Output:




Answer 38E.
Consider the following definite integral

1
4 - -
I ( —j+ 2’2 k]dt
5 1+ 1+1
Use the following identity to evaluate the integral:

[[/(x)+ g (x) ke =[ £ (x)dr+ [g(x)dr

The integral can be written as follows:

o[ 4 2 - ]
=| | —— 1
J‘(HI:J"‘[H:’:]‘# ( I+rdl]'f+[!l+l ] i

Use the following identity to evaluate the second integral:

—d’r tan”'(1)+C
1+1

Therefore, the second integral can be written as follows:

J- —di = I—dﬂ Letl y=14¢*. hen du = 2udr
1+

= loglu

=log|l+¢|+C

Now, equation (1) can be written as follows:

4 -~ 2 -
] k |di
J‘(1+.|':!“'+1+1'2 ] y

o

=(i,:,= d’]'h[j:i* ‘#]E

—4tan™ r]:] j+ In(l +f1}]:)f{
=4[tan" (1)~ tan" (0) |7 +[In(2)~In(1)]

:4(5]}4[::[2];: Since In(1)=0 and mn"(lanf?}=ﬂ.%{ 9{%

=:r_}+]112§

Therefore,

]
j( e TN h,k]df=xj+ln2k.
AN E S SR




Answer 39E.
Consider the following parametric equations of the curve:

r=r:.y=|~—3.r,z=l+.r3-
Suppose that the curve passes through the point [1,4,(}). Then, equate the parametric
equations x=¢* y=1-3r,z=1+r 10 {],4,0).

="

4=1-3¢

0=1+r
All these equations are have unigue solution, §=—].

Therefore, the curve passes through the point {1,4,0}.

Now, suppose that the curve passes through the point (9,-8,28). Then, equate the
parametric equations x=¢*, y=1-3r ,z=1+r to (9,-8,28).
9=7
-8=1-3¢
28=1+¢
All these equations are have unique solution, =3.

Therefore, the curve passes through the point ('}*—8,28]‘

Suppose the curve passes through the point (4,?,—.5]_ Then, equate the parametric
equations: x=r y=1-3r,z=1+7 1o (4,7,-6).
4=r
T=1-3¢
—6=1+r
From the equation. ;2 -4 . r=+2. But, ;=42 does not satisfies the equation _g=14 /.
So, these equations do not have unigue solution.
Therefore, the curve does not pass through the point {4,?,—6}‘
Hence, it is shown that the indicated curve passes through the points ( 1,4,0] and {9,-3123}__
but not through the point (4,7,-6).



Answer 40E.
Consider the two surfaces, the cylinder x* 4+ y* =4 and the surface z=xy

It is needed to find a vector function that represents the curve of the intersection of the two
surfaces.

The following figure shows how the plane and the cylinder intersect and it shows the curve of
intersection which is a circle.

The projection of C onto the xy—planeisthecircle x*+y* =4,z=0

Therefore, the parametric equations for this projection (circle) are
x=2cost y=2sint (<¢<2yg Here risaparameter

From the equation of the plane z=xy, we have
z=(2cost)(2sins)
=2(2sinzcost) Use the trigonometric identity sin 2¢ = 2sin7cost
=2sin2s

Therefore, the parametric equations for ( are
x=2cost y=2sinf z=2sin2t 0<1<2x

Hence, the corresponding vector equation (parametrization) of Cis
r(r)=(2cost)i+(2sinr)j+(2sin2r)k 0<r<2x



Answer 41E.
The equations of two surfaces are the cone, - - \."I-": +y* andihe plane z=1+y .
The objective is to find vector function for curve of intersection of two surfaces.

The curve of intersection will be obtained by eguating the equations.

]

Fevi=l+y
Square it on both sides.
@4y =(1+y)
=1+2yp+y
=142y

e |
V=
i 2

It represents the equation of parabola.

The curve of intersection of surfaces is shown below:




e mi kS v =1
SUDSIUE x=7 1IN V=
2
=1
'|_'=
= oF |
L i
Finally subsfitute = =1+
- i
=1
z=1+
5
r+1
2
The vecior function that represents curve of intersection of two surfaces is
r=xi+yj+:zk
7 3 jY { .2
. [F=1). ([ +]
=fi+ j+ k
¥ ] 2 ]
"'\ = r b = &
.2 \. .7 |
_ _ i : rF—=11. |r+l'
herefore, required vector function is r=f+] — |j+ K|
2 { l 2 f
W, r %, y

Answer 42E.
The two given surfaces are:

Paraboloid:  z =4z" +3°
Parabolic cylinder: y = x°

Take x =¢

Then y=¢*

And z =4(8)’ +[.a53]2
= 4¢% 44

Therefore the wector function of intersection of the given curve 13
cx.y.z == <t, £, 4+t =
Or  |r(t)=t +£27 + [4+z:‘:|£?‘
Answer 43E.
Wehave z =2 -y and 2* +y° =1,

From x*4y* =1, we get the parametric equations for x as cost and y as sin ¢,
where 0 = ¢ = 2.

Also, we have z=rcos*f—sin®f or z=rcos2t.
Therefore, the vector function that represents the curve of intersection is

r [ﬁ) =cosfi+an f+oos 2ik|.




Answer 44E.
Wehave * +y° +4z° =4 and x* +z% =1

From x° +z% =1, we get the parametric equations for x as cos f and z as sin £, where

0=:=—.
2
Substitute the known values in x° 4+ +4z° = 4 and solve fory.

4

[cos£)2+}fz+4[sin£)2
yi=4- cos'f — dsin’
‘=3 - 3sin’s

e 3(1::{:'525)

¥ = q@cosﬁ

Therefore, the vector function that represents the curve of intersection 1s
r[i): cosfl++/3cosf+sintk
Answer 45E.

=
Il

g e i

ollowing formula;

r[f]zfr'[.f}df
= [(24i+ 37+ Jik )

B :'\-\,
). ., |. 2 :
=2 —li+3 — j+=r’k+c
kzz' 2 ) 3
Here c¢ is a constant of integration

; 3. 2 =
r[f}:r'i+r'j+§£-’k+'{' —----- (1



Now, substitute r(1)=i+j in (1) we get

i+j={l}:i+{l}jj+§(])32 k+c

2
c=——k
3
The substitute this value in (1). we get

2o 3. 20 3 2
= += k-=k
r(r)=ri+rj 3{: ) 3

e 3 Zean
=rt+f’j+§{:3 ~1)k

Hence. the result is |r(r) = r:i+:;j+§(r’ 2 _|)]; .

Answer 46E.
Consider the vectors ¢'(f)=ri+€'j+te'’k. and r(0)=i+j+k

Find the position vector r(r).
Juﬁznv—jvdu
Then,
r{:}z]r'[!}di
=I(fi+e'j+fe'k)df
=%i+e’j+l:e'kdr
= %i +€j +(rfe'd: ~[(ey Ue'dr)dr]k (Method of by parts)
=;i+e*j+(le' —Ue’d.r)}k

=%i+e‘j+(re’ —e']liﬂr

r(t)= %i+e*j+(;e’ —é ]k +e (1)



Now, plugin r(0)=i+j+kin(1

i+j+k= ﬂ%i*i"'j+{ﬂt’" e’ )k +e

i—-—j-e—k:j—k-i-(’
c=i+2k

' ~ im *hic B —
LIy IN LEEEy LA

£, o
l'l_fl=:i*-c"j+{rr' - )k+i+2k

e

Thus. [r(r) =| §+l i+ej+(re —¢ +2)k|.
' /

s

Answer 47E.
The trajectories of two particles are given by:

nlel= <, 7112, »
And  n(t)= <d4-3 £ 5 -6>
Then the parametric equations are:
x=£ y="t-12, z=1"
And  x=d-3, y=£, z=5t-6
Let us suppose the two particles collide. Then for some walue of 'z,
=43
Tt-12=¢
And £ =5%-6
Answer 48E.
Ale)= <68 »
And R ()= <142¢ 1462, 1414 =
The particle collide when? (£) =7, (£)

ie <t i 8 =142, 146, 1414 »
1LE. F=14+72¢

£ =146

F=1+14¢

The first of these equations gives £ = - 1 which does not satisfy the other
equations. Therefore we can say that the two particles do not collide.

For the paths to intersect, 7 (¢) =7, (5]

ie. <i it 8 n=w 1425, 1465, 1+1ds >
1Le F=14+25
2 =1+6s

£ =1+14s



. . 1
On solwing first two equations s=0, —andf =12

Clearly these two pairs satisfy the third equation
Thus the paths intersect twice at:

[1,1,1),fc::urs=[] i=1

And [2,4,8:} fore=—,2

1
2’
Answer 49E.

Let  wlt)=<A(e) g le). ()=

ey
Consider lim [ (ﬁ) +v[.ﬁ):|

=a

=lim[<Al0) & (). h() >+ <A (). 2a (). 1)
=lm[ < A(e)+ 5 (2). & (£)+ 2 (2) Ay (2] + 2y (2) > ]
=<lim[ A (1) +7, () | lim[ g (¢)+ s (2) ] lim [ 2o, () + 2y (1) ]
=<lim A (£) +lim f; (¢) lim g (¢) + lim g, (2),
Lim Jy (£)+1im Jz (£]

=<lim /() lim g (¢).lim & (£) >

+<lim £, (£) lim g, (£) lim, (£) >
=lim <7 (2). & () Ale) >

Him < 7 (¢), g2 (£).7 (¢) =
=1ri_:}xi§[z)+1!i_:}1;;[z)

Hence 11111[ [£)+v[ )]:lim§[£)+lim;[ﬁ)

t—=a t—=a =a



(B)

Consider lim-:z:[.i:l

=a

=limc< fi(t).2.(¢). 2 (t) >
=lim <c /i(¢),c & (£).ch(e) »
=<lime 7 (£).lime g, (¢).lime/y (2) >

:-::climfl[z) cl1mg1[ 1, clILIEEz (£) =
=c -::111_}12_;’1[5) 1mgl[ i, 11m£2 10
— clim < (0).8.(0). ()
=clti_}r{:u|:.ﬁ)

Hence lti_}nicu (£) =clri_>n§u (]

(<) L
TAPIORIG]

o

=lm| </ (t).&(2).2(8) > < £, (). g (£). 2 (£) »]
)

).g 2 (2)

=lim[ < 4(£) £ (2), g (e) gy (£) 2y () (£) =]
(£)
1,1

f—=a )
=<lim fi(2) /() dim & () g, (¢) dim Ay (2) 2y (2) =
) 1

¢ 11mf3[ I, 11m g (¢ 11mg;,[

=-::1imf1

im g (¢)lim &y (£) >

(2] e
_-::lrﬂfl[z:l 11mg1[:l 11_1}1;531()?' <lim £, £, lrl_}ﬂigzt) 1:,1_1&}32()
_lﬂ{,ﬁ() (£). 2 (8] > lim < £, (£) ga (2) 2y (2)

=limn u [z).hm v[z)

f—a I-sa

Hence lim [ (¢) v(£) |=limu (£) lim v(z)

1aa ta t=a



i)
Consider lim [ [.ﬁ) xv[.ﬁ:]:l

=a

=lim[ < A(t). 2. (). (2) >x < £y (8] g (£). 2 () ]
| “E DR -R (e (). £ ()A(e) - A1), Al) e (1)
e £ -
=<lim g, (¢)4, () ~lim &, () g5 (2)  lim £ (£) &,
lim £ (2) g5 (¢) —lim £ (¢) & (£) >
= <lim g (¢£)lim %, (¢) —lim 2y (£)lim g (2).
lim £ (£)lim & ()= lim £ (¢)lim &, (&),

t—=a

1!1_}11;”;‘"1[ )111’:1 g, (8] - lti_}mfgl:.ﬁjlim g (£) >
<l (0) i (0. () > <l 4 () T, () fim ()
s < ()0 (6) A (6) > <lim <, (). 25 (6). s (1) >

= lirn u (¢ )xlimv(£)

—=a —=a
Hence 1!1_}11;[ [z:lxv[ )}z%ﬂu(ﬁ)xlti_}niv[.ﬁ)





