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FUNDAMENTAL DUTIES

It shall be the duty of every citizen of India

A)

(B)

©

(D)

(E)

(F)

(&)

(H)

)
)

)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do so;

to promote harmony and the spirit of common brotherhood
amongst all the people of India transcending religious, linguistic
and regional or sectional diversities; to renounce practices
derogatory to the dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life, and to have compassion for living

creatures;

to develop the scientific temper, humanism and the spirit of inquiry

and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

to provide opportunities for education by the parent or the guardian,
to his child or a ward between the age of 6-14 years as the case may
be.
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CHAPTER 10 I

QUADRILATERALS
B

10.1 Introduction
We have learnt about triangles in the previous chapter using the terminology of
the set theory. Now we shall study about quadrilaterals using the same terminology.

10.2 Plane Quadrilateral

We know that a triangle is the union of three line-segments determined by three
non-collinear points.

Quadrilateral : A quadrilateral is the union of four line-segments
determined by four distinct coplanar points of which no three are collinear and
the line-segments intersect only at end points.

It is clear from the definition of a quadrilateral that for distinct coplanar points
P, Q, R, S the following three conditions are essential to construct a quadrilateral :

S (i) P, Q, R and S are distinct and coplanar points.
P (i) No three of points P, Q, R and S are
collinear.
(i) Line-segments ﬁ, @, RS and SP intersect
at their end points only. Then the union of PQ,
Q R @, RS and SP is the quadrilateral PQRS.
We denote quadrilateral PQRS by O PQRS.

Figure 10.1
. OPQRS=PQ U QR U RS U SP
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Now we see why above three conditions are essential :

P P S P
P
Q
R
g8 «Q R Q
() (i) (iii) (iv)

Figure 10.2

If all the four points are collinear, we obtain line-segments as given in figure 10.2 (i).
If three out of four points are collinear, we may get a triangle as given in figure 10.2 (ii).
If no three points out of four points are collinear, we obtain a closed figure with
four sides given in figure 10.2 (iii) and 10.2 (iv).
In our study, we will consider only quadrilaterals of type as in figure 10.2 (iii).
Convex quadrilateral : If in a quadrilateral, no side intersects the line
containing its opposite side, then the quadrilateral is called a convex
quadrilateral. The diagonals of a convex quadrilateral intersect each other.
We will refer to convex quadrilaterals as quadrilaterals in the rest of the chapter.
Quaderilaterals of type given in figure 10.2 (iv) are called concave quadrilaterals.
10.3 Parts of a Quadrilateral
In the O PQRS,
(i) Points P, Q, R, S are called the

S vertices of [0 PQRS.
P (i) PQ, QR, RS, SP are called sides of
OPQRS.

(iii) ZSPQ, ZPQR, ZQRS, ZRSP are
R called the angles of [0 PQRS.

If there is no confusion, we denote
Figure 10.3 these angles as £ZP, ZQ, ZR and ZS
respectively.
(iv) PR and @ are diagonals of OO PQRS.
It is clear that the diagonals of a convex quadrilateral intersect each other.
A quadralateral has 10 parts namely four sides, four angles and two diagonals.
Now we will learn about special pair of sides and angles of a quadrilateral.
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(1) Two sides of a quadrilateral intersecting in a
vertex are called adjacent sides. S
As shown in figure 10.4, PS and SR have a

common end point S. So, PS and SR are adjacent

sides.

m, @; @, RS and ﬁ, PS are other pairs
of adjacent sides of O PQRS. 0
Figure 10.4
(2) The sides of a quadrilateral with no common end point are called opposite
sides. The intersection of opposite sides is §.
Sides PQ and SR of O0PQRS have no common end point, so PQ and SR are
opposite sides of OO PQRS. PS and Q_R is also another pair of opposite sides.
(3) If two angles of a quadrilateral intersect
in a side of the quadrilateral, then
S these angles are called adjacent angles.
In figure 10.5, Q_R is the intersection
of ZQ and ZR. Hence ZQ and ZR are
adjacent angles of the quadrilateral. In this
ﬁ”’”’ way, ZQ and ZR, ZR and £S, ZS and
Q £P, /P and ZQ are four pairs of the
Figure 10.5 adjacent angles of OO PQRS.

(4) If the intersection of two angles of a b ) As

quadrilateral is not a side of the

quadrilateral, then the two angles are

called opposite angles. Two angles are R

opposite if and only if they are not

adjacent. Intersection of two opposite

angles consists of two vertices only. Figure 10.6

The intersection of two angles ZP and ZR does not contain any common side of
the quadrilateral but consists of only two vertices Q and S. Hence ZP and ZR are
opposite angles of the 0 PQRS. Thus (i) ZP and ZR (ii) ZQ and £S are two pairs of
opposite angles in O PQRS.
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Now, with reference to O PQRS it is clear from the above information that

(1)

Every vertex of a quadrilateral is the common end point of two adjacent

sides of the quadrilateral.

As in the figure 10.6, PQ M QR ={Q}, QR M RS = {R}, SR M SP = {S},

SP N PQ = {P}

2)

&)

C))

)

(6)

The union of the sides (line-segments) is a quadrilateral but the region

enclosed by those line-segments is not a quadrilateral. (figure 10.6)

OPQRS=PQ U QR U RS U SP

All the vertices and sides of a S ¢
quadrilateral are in the same plane. Thus a | p
quadrilateral is a plane figure lying in a
plane.
As shown in the figure 10.7, vertices P, Q, | Q R

R, S are in the plane O and therefore %,
@, RS and SP are also in plane O Thus Figure 10.7
O PQRS is a plane figure lying in the plane CL.
The sides and set of vertices of a quadrilateral are subsets of the
quadrilateral.

In the figure 10.7, PQ < OPQRS, QR C OPQRS, RS C OPQRS,
SP — OPQRS and {P, Q, R, S} — OPQRS.
Angles and diagonals of a quadrilateral are not subsets of the
quadrilateral.

In figure 10.7, ZP & OPQRS, ZQ & OPQRS, ZR & O PQRS,
/S @O PQRS, PR & O PQRS, QS & O PQRS.
The plane containing a quadrilateral is partitioned into three mutually
disjoint sets by the quadrilateral : (1) the quadrilateral (2) the interior of

the quadrilateral (3) the exterior of the quadrilateral.

We get more clarity about naming of a quadrilateral

D
from following examples :
(1) Name the quadrilateral with diagonals AC and BD :
In the figure 10.8, the quadrilateral with diagonals AC and
C

BD is O ABCD. It can also be called 0 ADCB. B
Figure 10.8
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2

“4)

Of which quadrilateral will DE and GE be the opposite D F

sides and DE a diagonal ?
If DF and GE are the opposite sides of a
quadrilateral and DE is the diagonal, then the
quadrilateral is 0 DGEF or O DFEG. G Figure 10.9

A, PR PR
(3) If A~O-B and C-O-D and AB N CD = {O},

then which quadrilateral will be formed by A, B, C
and D ?
If A-O-B and C-O-D and AB M CD = {O},

then O ADBC or O ACBD is formed.
Figure 10.10 H

Is OEFGH = O HGFE ? Give reasons. E
Yes, O EFGH = O HGFE,
because
OEFGH = EF U FG U GH U HE
= HG U GF U FE U EH . &
OHGFE as HG = GH, EF = FE etc. Figure 10.11
Thus, O EFGH, OHGFE, OFGHE, O GFEH, O GHEF, O FEHG and 0 EHGF

represent the same quadrilateral.
10.4 The Sum of the Measures of the Angles of a Quadrilateral

We know that the sum of the measures of

all the angles of a triangle is 180. What should 7
be sum of measures of all the angles of a <
quadrilateral ?
Drawing the diagonal AC of OABCD,
we get A ABC and A ACD. Vertex C is in the
interior of ZDAB.
mZDAC + mZCAB = mZDAB. (i) B
Similarly vertex A is in the interior of ZBCD. A
. mZBCA + mZACD = mZBCD (i) Figure 10.12
In AABC, mZCAB + mZABC + mZBCA = 180 (iii)

In AACD, mZACD + mZCDA + mZDAC = 180 (iv)
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From (iii) and (iv),
mZCAB + mZABC + mZBCA + mZACD + mZCDA + mZDAC = 360
From (i) and (ii),
. mZDAB + mZABC + m£BCD + mZADC = 360
Thus, the sum of the measures of the angles of a quadrilateral is 360.
Example 1 : In OABCD, the measures of ZA, ZB, ZC and ZD are in proportion
2 :4:5: 4. Find the measure of each angle.
Solution : The measures of ZA, ZB, ZC and £D of 0 ABCD are in proportion
2:4:5:4.
Let mZA = 2x, mZB = 4x, mZC = 5x and mZD = 4x.
But in O ABCD, mZA + mZB + mZC + mZD = 360

Se2x +4x + S5x + 4x = 360
. 15x =360

360
X=75 = 24

mZA =2x=48, mZB =4x =96
mZC =5x =120, mZD = 4x =96

EXERCISE 10.1

1.  Describe the following for 0 XYZW shown in the figure 10.13 :

(1) the sides (2) the angles (3) the diagonals X

(4) pairs of adjacent sides

(5) pairs of opposite sides

(6) pairs of adjacent angles

(7) pairs of opposite angles

®) XW N YZ (9 YX N XW K

Is OPQRS = OPSQR ? Give reasons for your answer. Figure 10.13

Solve the following :

(1) If in OPQRS, mZP = 2x, mZQ = 3x, mZR = 4x and mZS = 6x, then
find the measure of each angle of O PQRS.

(2) InOABCD, if mZA = mZB =70, mZC = 100, find the measure of ZD.

(3) In OABCD, the measures of LA, ZB, ZC and £D are in the proportion
2 :5:6: 7. Find the measure of each angle of 0 ABCD.

(4) In OABCD, the measure of LA, ZB, ZC and £D are in proportion of
10:7:12:7. Find measure of each angle of 0 ABCD.
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4. For each of the following statements, state whether it is true or false :
(1)  The angle of a quadrilateral is a subset of the quadrilateral.
(2) ZA and ZB are adjacent angles of 0 ABCD.
(3) GD is a subset of O DEFG.
(4) AB and CD are opposite sides of 0 ABCD.
(5 AC isa diagonal of 0 ABCD.
(6) If no three of E, F, G, H are collinear, then
EF U FG U GH U HE = OEFGH.

(7 ML and LN are adjacent sides and 10 is a diagonal, then
MLON is a quadrilateral .

10.5 Types of Quadrilateral
We study different quadrilaterals given below :

D C S R u |_Z
O
P Q0 X Y
(1) (ii) (iif)
H G A
D C
Ep— ; b
[ ] []
E F A B
. C.
(iv) v) (vi)
Figure 10.14

In figure 10.14 (i), in O ABCD sides in only one pair of opposite sides AB
and CD are parallel.

If in a quadrilateral, sides in only one pair of opposite sides are parallel
to each other, then the quadrilateral is called a trapezium.

. OABCD is trapezium.

Sides in both the pairs of opposite sides are parallel in figure 10.14 (ii), (iii), (iv)
and (v). Such quadrilaterals are called parallelograms.

Now let us get more information about each figure 10.14 (ii) to (v).
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S R In a quadrilateral, if opposite sides are

parallel to each other, then the quadrilateral

is called a parallelogram.
In OPQRS, SP || RQ and SR || PQ. Hence it

P _ Q is a parallelogram and it is denoted by
Figure 10.15
07 PQRS. W_I . z
In OXYZW, XW || ZY and XY || WZ.
So O XYZW is parallelogram, but also T T
msLX =mLY =mLZ =mLW = 90. 1
X " Y

O" XYZW is known as a rectangle.
Figure 10.16

If all the angles of a parallelogram are right
angles, then the parallelogram is called a rectangle.

H g Here, we need to observe following facts :

(1) Each rectangle is parallelogram.
(2) All the four angles of a rectangle are congruent.
In OEFGH, HE || GF- HG || EF. OEFGH is a
E F parallelogram. But in 0" EFGH, all sides are congruent.
Figure 10.17 O EFGH is known as a rhombus.

If all the sides of a parallelogram are congruent, then it is called a rhombus.

Here we note the following facts :

(1) Each rhombus is a parallelogram. D_I

(2) All the four sides of a rhombus are congruent.

In O ABCD, since AD || BC and AB || CD. O ABCD is
parallelogram. But here, nZA = mZB =mZC=mZD=90and also  [] N
all the sides of 0 ABCD are congruent. So, O ABCD is known as a

Figure 10.18
square.

This O"ABCD is also a rectangle and 0 ABCD is a rhombus also.

If all the side of a rectangle are congruent, then it is called a square.
We observe,

(1) A square is a parallelogram.

(2) Since all the four sides of a square are congruent, it is a rhombus too.

(3) Since each angle of a square is a right angle, a square is also a rectangle.
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A

In figure 10.19, O ABCD, AB = AD and
BC = CD. So adjacent sides are congruent, but B D
O ABCD is not parallelogram. O ABCD is
known as a Kkite.

Note : Diagonals of a kite are not
congruent but intersect each other at right C
angles. Figure 10.19

Example 2 : In a trapezium PQRS, if PS || QR, mZP : mZQ = 7 : 3 and

mZR = 99, then find the measures of all the remaining angles.

P S e —
Solution : In OPQRS, QR || PS and /P
and ZQ are the in(t_e)rior angles on one side of
the transversal PQ. Let mZP = 7x and
R ZQ =3x.
Q Figure 10.20 meQ x
- mZP+mZQ =180
. Tx+3x =180
s 10x =180
Sox=18

. mZP =Tx=7(18) = 126
" mZQ=3x=3(18) = 54

Now, in OPQRS, mZR + mZS = 180 (?s) I RHQ)
99 + mZS =180 (m4LR = 99)
mZS =180 — 99 = 81

. mZS =281

EXERCISE 10.2

1. In a trapezium ABCD, AB || CD . If m£B = 60 and m£D = 100, then find the
measures of ZA and ZC.

2. Inatrapezium ABCD, AB || DC.If mZA=mZB = 60, then find m£C and m£D.

3. In a trapezium PQRS, PQ || SR . If m£P = 50 and mZR = 110, then find
mZQ and m/S.

4. In a trapezium PQRS, if PQ || RS, mZS : mZP =5 : 4 and mZQ = 72, then
find mZR, mZS, mZP.
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5. In O ABCD, the measures of the angles are in proportion 6 : 7 : 11 : 12. Find
the measure of each angle of 00 ABCD.
6. For each of the following statements, state whether it is true or false :
(1)  Every square is a rectangle.
(2)  Every rectangle is a parallelogram.
(3)  Every rhombus is a square.
(4)  Every trapezium is a parallelogram.
(5)  Every rectangle is a trapezium.
(6) Every square is a rhombus.
(7)  Every rhombus is a parallelogram.
(8)  Every parallelogram is a rectangle.
(9)  Every rectangle is a square.
*
10.6 Properties of Parallelograms

We have learnt about types of quadrilaterals. We have seen that a rectangle, a

square, a rhombus are special types of parallelograms. A parallelogram is an important

quadrilateral. Now we study some properties of parallelograms. We begin with proving

following theorem asserting the congruence of triangles formed by each of its diagonals.

Theorem 10.1 : Two triangles formed by any diagonal of a parallelogram

are congruent.

Data : A SPR and A QRP are formed by diagonal PR of O PQRS.

To Prove : ASPR = AQRP > T 3

Proof : O PQRS is parallelogram.

. PS || QR and SR || PQ

oo <

PS || QR and PR is their transversal. = 5

<. ZSPR = ZQRP (alternate angles) (i) Figure 10.21

“ > “

SR |l PQ and PR is their transversal.

ZSRP = ZQPR (alternate angles) (ii)

For correspondence SPR <= QRP

ZSPR = ZQRP (by ()
ZSRP = ZQPR (by (ii))

PR = P
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.. The correspondence SPR <> QRP is a congruence by ASA.

. A SPR = A QRP

We know that if a correspondence between two triangles is a congruence, then
corresponding sides and angles are congruent. Since two triangles formed by any one
diagonal of a parallelogram are congruent; then it is obvious that opposite sides of the
parallelogram are congruent. We accept this theorem without proof.

Theorem 10.2 : Opposite sides in a parallelogram S , R

are congruent.
In O PQRS in figure 10.22, PR is diagonal.
. ASPR = A QRP ; 3
<+ SR = QP and SP = QR Figure 10.22

Now if we construct a quadrilateral such that its opposite sides are congruent,

la)

then we get a parallelogram. This is the converse of the above theorem. We accept
this theorem without proof. S . R

Theorem 10.3 : If the sides in each pair of opposite
sides in a quadrilateral are congruent, the quadrilateral is

a parallelogram.

In figure 10.23, Sp = @ and m = SR. P I Q
Figure 10.23

So OO PQRS is a parallelogram.
Example 3 : In O0”% ABCD, AB = 10 ¢m and AD = 6 cm. Find the perimeter of
O ABCD. D C
Soultion : In 07 ABCD, AB = DC and AD = CB
AB =DC =10 cm, AD =BC =6 cm
.. The perimeter of 0 ABCD
=AB + BC + CD + AD
=10+6+10+6=32cm

We construct a parallelogram and measure the opposite angles. We will find that
they are congruent. We accept this theorem without proof.

Figure 10.24

Theorem 10.4 : Opposite angles in a parallelogram are congruent.
D C  In figure 10.25, 0 ABCD is a parallelogram.
S LB=4LD, LA=LC

If the opposite angles of a quadrilateral are

congruent, then the quadrilateral is a parallelogram.

Figure 10.25 We accept this theorem without proof.
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Theorm 10.5 : If in a quadrilateral, both ]? xC
the angles in each pair of opposite angles
are congruent, then the quadrilateral is a
parallelogram. % .

As shown in figure 10.26, for O ABCD, A Figure 10.26 B

ZA = ZC and £B = £D. So O ABCD is a parallelogram.
In a O”"PQRS, diagonals % and PR intersect each other at O. If we
measure SO, m and OR, PO then we see that SO = OQ and PO = OR. So O is

the midpoint of both % and PR . So diagonals bisect each other at O. We accept

this theorem without proof.
Theorem 10.6 : Diagonals of a parallelogram S R

bisect each other.

In figure 10.27, O PQRS is parallelogram. The
diagonals PR and % bisect each other at O.

PO = OR and SO = 0Q P Q

Converse of this theorem is also true. We Figure 10.27

accept this theorem without proof.
Theorem 10.7 If the diagonals of a quadrilateral bisect each other, then
the quadrilateral is a parallelogram.
S R In the figure 10.28, the diagonals

PR and SQ bisect each other at O. So

(0]
PO = OR and SO = OQ.OPQRS is a
parallelogram.
p Q
Figure 10.28
Example 4 : In 0" ABCD, mZA = 75 and mZDBC = 60. Find mZCDB and
mZADC. b c
Solution : O ABCD is a parallelogram.
_— . .
AD || BC and BD is their transversal.
~. ZADB = ZDBC (alternate angles)
60,
But m£DBC = 60 &
A B
. mZADB = 60

Figure 10.29
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In AABD, mZA + mZADB + mZDBA = 180
75 + 60 + mZDBA = 180

<. mZDBA = 180 — 135 =45

—_— — > . .

CD || AB and BD is their transversal.

ZDBA = ZCDB (alternate angles)
<. m£LDBA = mZCDB
. mZCDB = 45

<o mZLADC = mZADB + mZCDB = 60 + 45 = 105

Example 5 : If an angle of a parallelogram is a right angle, then prove that the
parallelogram is a rectangle. S R
Solution : In O0” PQRS, mZP =90
The opposite angles of a parallelogram are congruent.
SomZLR =mZP =90 P Q
AN PARN Figure 10.30
PQ || SR and SP is their transversal.
<. ZP and £S are the interior angles on the same side of the transversal SP.
mALP 4+ mZS =180
But mZP = 90. So mZS =90
Hence mZQ =90 (opposite angles in a parallelogram)
mZP =mZQ =mLR=mLS =90
0 PQRS is a rectangle.

An Important result (1) : Show that the diagonals of a rhombus are

perpendicular to each other. Diagonals bisect the angles at the vertices.
Solution : 0 ABCD is a rhombus.

So. AB = BC = CD = DA. - g
O ABCD is also a parallelogram.

.. Diagonals AC and BD bisect each other at O. 0

AO= OC, DO = OB ()

Now for the correspondence AOD <= COD of

AAOD and ACOD. A B

F) = E Figure 10.31

oD = OD (by (1)
AD = CD (given)
Thus, the correspondence AOD <= COD is a congruence. (SSS)
. A AOD = A COD (i)

ZAOD = /COD (iii)
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But mZAOD + mZCOD = 180 (linear pair of angles)

S 2mZAOD = 180 (by (iii))

"~ mZAOD =90

<. mZCOD =90

-« Diagonals of a rhombus bisect each other at right angles.

Also ZODA = Z0DC (by (ii))

but D-O-B.

<. ZBDA = ZBDC

. Diagonal BD bisects ZD.

Similarly we can prove that BD bisects /B, diagonal AC bisects ZA and ZC
An Important result (2) : Prove that the diagonals of a square are congruent

and perpendicular to each other.

Solution : For the correspondence ADB <> BCA D C
of AADB and ABCA.

AD = BC (given)

ZBAD = /ABC (right angles) O

and AB = BA

-+ The correspondence ADB <= BCA is a congruence. (SAS) ¢ B

~. A ADB = A BCA Figure 10.32

“ DB =CA

.. Diagonals are congruent.
Note : For the rest of the proof refer to previous result (1).

EXERCISE 10.3

In 07 PQRS, mZP : mZQ =5 : 4. Find the measure of each angle.

In O DEFG, if mZDFG = 60, then find mZFDE.

In Om ABCD, mZA — mZB = 30. Find mZC and mZD.

In O” PQRS, mZP = 3x and mZQ = 6x. Find the measures of all the angles.

Prove that in [0 ABCD, the bisectors of ZC and ZD intersect each other at

right angles.

6.  The diagonals of a rectangle PQRS intersect at O. If mZPOS = 54, find
the measure of ZOPS.

7.  OABCD is a square. Find the measure of ZDCA.

O ABCD is a rectangle. If m£BAC = 30, find the measure of ZDBC.

9. ODEFG is a rhombus. mZDFE = 50. Find the measures of ZDFG and ZDGE.

10. OABCD is square. AC and BD intersect at O. Find the measure of ZAOB.

*

N B W N =

o
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10.7 Another Condition for a Quadrilateral to be a Parallelogram
If we construct a quadrilateral in such a way that the sides in only one pair of
opposite sides are congruent and parallel, then the quadrilateral is also a parallelogram.
We accept this theorem stated below without proof :
Theorem 10.8 : If in a quadrilateral, one pair of opposite sides consists of
congruent and parallel line-segments, then the quadrilateral is a parallelogram.
InOABCD, AB = CD and AB || CD.
<. OABCD is a parallelogram.
Now, we shall apply above theorem to an illustration.
Example 6 : AB and CD are the sides of 0ABCD and their midpoint are P and R
respectively. AR intersect DP in the point S and BR intersects CP in the
point Q. Prove that 0 PQRS is a parallelogram. D R C

Solution : O ABCD is a parallelogram.
S+ AB=CD
P and R are midpoints of AB and CD respectively.

1 1 P B
AP = 2 AB and CR = 35 CD Figure 10.33
AP = CR (AB = CD) (i)
Also, AB || CD.A-P-BandC—R-D
- AP I TR i
From (i) and (ii), AP = CR and AP || CR
O APCR is a parallelogram.
“ AR Il PC
_— — 2 2
<+ SR || PQ (S€ AR and Q € PC) (iii)
Similarly it can be proved that 0 DRBP is a parallelogram.
“ BR | DP
_ — e 2
* RQ | SP (Q€ BR and S€ PD) (iv)

From (iii) and (iv), in 0 PQRS, SR || PQ and RQ || SP
<. OPQRS is a parallelogram.
An Important result : If the diagonals of a parallelogram are perpendicular to
each other, then it is a rhombus.
Solution : In 00 ABCD diagonals bisect each other at O.
<. OA=0C
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Now for the correspondence AOD <> COD D c
of AAOD and ACOD.

OA = OC 0

ZAOD = ZCOD (right angles)
oD = OD

~. By SAS, the correspondence AOD <> COD
is a congruence.

s A AOD = A COD

S AD=CD

but O ABCD is parallelogram.

AD = BC and CD = AB

AD = BC =CD = AB

0" ABCD is a rhombus.

An Important result : If the diagonals of a parallelogram are congruent

Figure 10.34

and intersect at right angles, then the parallelogram is a square.

Solution : For correspondence AOB <> AOD D C
of AAOB and AAOD,

AO = AO 9
ZAOB = ZAOD (right angles)

OB = OD

A B
-+ By SAS, the correspondence AOB <> AOD is congruence.  pioyre 10.35

S AB=AD
But AB = CD and AD = BC

" AB=AD = CD = BC (@)
For the correspondence ABD <> BAC of AABD and ABAC,

AB = BA

AD = BC
and BD = AC (given)

By SSS, the correspondence ABD <> BAC is a congruence.
- ZDAB = ZCBA

. mZDAB = mZCBA
o d

<« &
But AD || BC and AB is a transeversal.
mZDAB + mZCBA = 180 (interior angles on one side)
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mZDAB = mZ/CBA = 90 (ii)
From (i) and (ii) in O”ABCD, all the sides are congruent and all the angles are

right angles.
0™ ABCD is a square.

EXERCISE 10.4

1. Two sides of a rectangle have lengths 6 cm and 8 cm. Verity that the measures
of the diagonals of the rectangle are same.

The perimeter of rectangle PQRS is 70 cm. If PQ : QR = 3 : 4, then find QR.

In rhombus ABCD, if AC = 10 ¢m and BD = 24 ¢m, then find the perimeter of

rhombus ABCD.

4. [O7"ABCD is neither a square nor a rhombus. Then prove that bisectors of its
angles form a rectangle.
5. In O"ABCD, AP and E are perpendicular from vertices A and C

respectively to diagonal BD. Prove that AP = E

If the diagonals of a parallelogram are congruent, then prove that it is a rectangle.

O XYZW is a rectangle. If XY + YZ =7 and XZ + YW = 10, then find XY.

*
10.8 The Mid-point Theorem

We studied the properties of a parallelogram. Using them we shall study some
properties of triangles and parallel lines.

In A ABC, E and F are the midpoints of the sides AB and AC respectively. If
we measure EF and BC, then we see that EF = %BC. We accept the theorem
stated below without proof. A

Theorm 10.9 : The line-segment joining the /\
midpoints of two sides of a triangle is parallel to the /E {

third side and its measure is half the measure of the

. . B
third side. Figure 10.36

In A ABC, E and F are the midpoints of the sides AB and AC respectively.
(i) BF || BC (ii) EF = 3 BC.
We accept the following theorem without proof.

Theorem 10.10 A line passing through the midpoint of the one side and

parallel to another side of a triangle bisects the third side of the triangle.
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In A ABC, E is the midpoint of AB. / is the line
passing through E and parallel to BC. [ bisects AC. E /\F ,

The following examples will help us in / \
understanding the concept.

B

Figure 10.37

f ' \ Example 7 : [, [, and /5 are three parallel
A D lines intersected by transversal p

and ¢ such that /,, /, and /; cut off
] /\G \E q B} 3

Y

-~
E.8

h < > congruent intercepts AB and BC
Lo C P on p. Show that /;, /, and /5 cut off
3% L — —
/ \ congruent intercepts DE and EF
on ¢ also.
P Figure 10.38 d

Solution : We have AB = BC. (given)
Let AF intersect [, at G.
In A ACF, it is given that B is the midpoint of AC and BG || CF (| 1y
. G is the midpoint of AF
We apply the same theorem to A AFD. G is the midpoint of AF. GE | AD
and so by the theorem, E is the midpoint of DF.
. DE = EF
In other words /;, /, and /5 cut off congruent intercepts on g also.
Example 8 : A ABC is an isosceles triangle with AB = AC and Let D, E and F be
the midpoints of BC, CA and AB respectively. Show that AD L EF and
AD bisects EF. A
Solution : In A ABC, D is the midpoint of BC

and E is the midpoint of AC.
& e :
. d DE =+ AB i
DE || AB an 3 () e/ o .
Also AF = 3 AB. (i)
From (i) and (i), DE = AF and DE || AF.  (A-F-B)
. O AFDE is a parallelogram.
. AD bisects EF. (i) B D c

F and E are midpoints of AB and AC respectively. Figure 10.39
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AFzéABandAEzéAC

But AB = AC (given)
. AE = AF (iv)
From (iii) and (iv), 0 AFDE is a rhombus.

.. AD L EF

Example 9 : A ABC is a triangle right angled at B and P is the midpoint of AC
PQ || BC and Q € AB. Prove that (i) PQ L AB (ii) Q is the midpoint of
AB (iii) PB = PA = 3 AC
Solution : P is the midpoint of AC (given)
Also PG || BC
E intersects AB at Q.

ZAQP = /ABC.

But m/ABC = 90 (given)
. mZAQP =90 A
. PQ L AB

In AABC, P is the midpoint of AC and

% [ BC. So Q is the midpoint of AB .

s AQ =BQ

Now in AAPQ and ABPQ, consider
the correspondence APQ <> BPQ,

AQ = BQ B Figure 10.40 ¢

ZAQP = /BQP (right angles)

PQ = PQ
.. The correspondence APQ <> BPQ is a congruence by SAS.

.. AAPQ = ABPQ
.. PA = PB
But P is the midpoint of AC .

. PA=PB = 2AC .

Example 10 : In A ABC, AD is the median. E is the midpoint of AD. BE

intersects AC in F. Prove that AF = %AC.
Solution : Let DK | BF and K € AC.In A ADK, E is the midpoint of AD

and EF I DK .
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*. F is the midpoint of AK .

. AF =FK (i)

In A BCF, D is the midpoint of BC and DK | BF A
.. K is the midpoint of FC.

.. FK=KC (ii)

From (i) and (ii), we have

AF = FK = KC K
.. AC = AF + FK + KC

. AC = AF + AF + AF

1
SO AF = 3 AC B D C
10.9 An Important Result Figure 10.41

In a trapezium ABCD, AB || CD- E and F are the midpoints of Ap and BC
respectively. Prove that EF || AB and EF = % (AB + CD).
— —
Solution : DF and AB intersect at P, so that A-B—P and D-F-P.

Figure 10.42
In the correspondence BPF <> CDF of ABPF and ACDF.
ZBFP = ZCFD (Vertically opposite angles)
B = FC

“— o
and ZFBP = ZFCD (alternate angles made by transversal BC with DC || BC)

Thus, the correspondence BPF < CDF is a congruence (ASA Theorem)

So, BP = CD and PF = DF. So, BP = CD and PF = DF.

So F is the midpoint of DP. Now in A DAP, E is the midpoint of DA and F is
the midpoint of DP.

" EF || AP and EF = 3 AP

. EF | AB (A-B-P)

" EF = 2AP = 3 (AB + BP)

. EF = 3 (AB + CD) (BP = CD)
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Example 11:Ina trapezmm PQRS, PQ || SR and PQ > SR. X and Y are midpoints

10.

11.

12.

13.

14.

of SP and RQ respectively. If SR = 12 S 12 R
and XY = 14.5, find PQ.
. 1

Solution : XY = 5 (SR + PQ) N 145 v

L 145 = (12 + PQ) / \
. 29=12+PQ
. _ P Q
- PQ=17 Figure 10.43

EXERCISE 10.5
In A ABC, the points E and F are the midpoints of AB and AC. If EF = 6.5,
then find BC.
In A DEF, the points X and Y are the midpoints of DE and DF respectively. If
EF = 20, then find XY.
The perimeter of A XYZ is 25. P, Q and R are the midpoints of ﬁ, YZ and
ZX respectively. Find perimeter of A PQR.
In A ABC, D, E and F are the mid points of AB, BC and CA respectively. If
AB =9, BC = 12, CA = 18, find the perimeters of 0 DBCF and A CFE.
In a trapezium ABCD, AB | CD, AB > DC. P and Q are the midpoints of
AD and CB respectively. If AB = 15 and DC = 7, find PQ.
In a trapezmm PQRS, PQ | SR, PQ > SR. X and Y are the midpoints of
SP and QR respectively. If XY = 7.5 and PQ = 12, then find RS.
In A ABC the points P and Q are on AB and AC such that AP = —AB and
AQ = —AC Prove that PQ = = BC.
In an equllateral A ABC, M and N are the midpoints of AB and AC
respectively. If MN = 4.5, find the perimeter of A ABC.
In A ABC, E, F and G are the midpoints of AB, BC and AC respectively. If
EF + EG = 14 and AB = 7, find the perimeter of A ABC.
In APQR, A, B and C are the midpoints of PQ QR RP respectively. If
AB : BC : CA =3:4:5and QR = 20, find perimeter of A PQR.
In AABC, D, E and F are the midpoints of AB. BC and CA respectively.
Prove that A ADF and A DBE, and A EFD and A FEC are congruent.

In AABC, D, E and F are the midpoints of BC, CA and AB respectively.
Prove that AD and EF bisect each other.

In O ABCD, the midpoints of the sides AB, BC, CD and DA are P, Q, R and
S respectively. Prove that [0 PQRS is a parallelogram.

If A, B, C, D are the midpoints of the sides %, Q_R, RS and SP of a
rectangle PQRS, then prove that 0 ABCD is a rhombus.
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15.

In an equilateral A ABC, P, Q and R are the midpoints of ‘AB, BC and CA.
Prove that A PQR is equilateral.

EXERCISE 10

Solve the following :

(1) OPQRS is a thombus. If mZQRS = 60 and QS = 15, find the perimeter
of the rhombus.

(2) ODEFG is a rhombus. If DF = 30 and EG = 16, find the perimeter of
O DEFG.

(3) OPQRS is a rectangle. If its diagonals intersect each other at O and
mZPOS = 120, find the mZQPO.

(4) In a trapezium PQRS, PS || Q_R, QR > PS and X and Y are the
midpoints of PQ and SR . If PS = 18, XY = 20, find QR.

(5) In a triangle PQR, m£P = 75, mZQ = 60, m£R = 45. Find the measures
of the angles of the triangle formed by joining the midpoints of the sides
of this triangle.

In O PQRS, A is a point on PS such that AP = %PS and B is a point on Q_R

such that RB = %QR, prove that 0 APBR is a parallelogram.

Show that the quadrilateral, formed by joining the midpoints of the sides of a
square in order is also a square.

The diagonals of a OPQRS are perpendicular to each other. Show that the
quadrilateral formed by joining the midpoints of its sides is a rectangle.

O PQRS is a rhombus and A, B, C and D are the midpoints of m, @, RS
and SP respectively. Prove that 00 ABCD is a rectangle. p

In figure 10.44, in A PQR, PA is the median of

APQR and AB || PQ. Prove that QB is a B
median A PQR.

Q A R
Figure 10.44

Select proper option (a), (b), (c) or (d) and write in the box given on the right
so that the statement becomes correct :

(1) InO"ABCD, if mZA : m£B = 2 : 3, then mZD is ...... ) [ ]
(a) 72 (b) 108 (©) 60 () 90

(2) InO7"ABCD, if m£B — mZC = 40, then mZA is ...... [ ]
(a) 70 (b) 110 (©) 55 () 35

(3) InO"ABCD, mZA : m£B =1 : 3, then mZC is ...... ]

(a) 90 (b) 120 (c) 45 (d) 135
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4

)

(6)

(7

®)

©

(10)

(11)

(12)

(13)

(14)

If the diagonals of quadrilateral are not congruent and bisect each other at

right angles, then the quadrilateral is a ...... ]
(a) square (b) rectangle (¢c) trapezium (d) rhombus

The diagonals of a quadrilateral are congruent and bisect each other but
not at right angles. Then the quadrilateral is a ...... ]
(a) rectangle (b) rhombus (c) square (d) parallelogram
All the four sides of a quadrilateral are congruent but all the four angles
are not congruent. Then the quadrilateral is a ...... . ]
(a) rhombus (b) square (c) rectangle (d) parallelogram
All the four angles of a quadrilateral are congruent but all the four sides
are not congurent. Then the quadrilateral is a ...... ]
(a) rhombus (b) square (c) rectangle (d) trapezium

A figure is formed by joining the midpoints of the sides of a
quadrilateral. It is a ...... ]
(a) square (b) rhombus (c) rectangle (d) parallelogram
In rhombus PQRS if the diagonal PR = 8 and diagonal QS = 6, then
perimeter of rhombus is ...... ]
(a) 10 (b) 40 ()5 (d) 20

The perimeter of rectangle ABCD is 36. If AB : BC = 4 : 5, then the
length of BC is ...... ]
(a) 8 (b) 16 (c) 10 (d)9

In AABC, D, E and F are the midpoints of AB, BC and CA
respectively. If the perimeter of A DEF is 12, then the perimeter of
AABC s ...... . ]
(a) 24 (b) 6 (c) 36 (d) 48

A ABC is an equilateral triangle. AB = 6. The points P, Q and R are
midpoints of AB, BC and CA respectively. The perimeter of [0 PBCR
is ... []
(a) 18 (b) 15 (©) 9 (d) 12

In trapezium ABCD, AD || BC, BC > AD. Points P and Q are
midpoints of AB and CD. If AD = 6 and BC = 8, then the measure of
PQ is ... ]
(a) 14 (b) 7 (c) 4 (d)3

In trapezium PQRS, PS || Q_R, QR > PS and points M and N are the
midpoints of ﬁ and SR . If QR = 16 and MN = 14, then the measure

of PS is ...... [ ]
(a) 44 (b) 9 (c) 12 (d) 4
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(15) In O™ PQRS the bisectors of ZP and Z£Q intersect at X. If m£P = 70,
then mZPXQ is ...... ]
(a) 90 (b) 35 (c) 55 (d) 110

(16) P and Q are the midpoints of AB and AC of A ABC. OPBCQ is
a ... ]
(a) square (b) rhombus (c) trapezium (d) rectangle

(17) O ABCD is a rhombus. If the diagonals AC and BD intersect at M, then
mZAMB is ...... ]
(a) 60 (b) 45 (c) 30 (d) 90

(18) DO PQRS is a square. If PQ = 5, then QS is ...... ]
(a) 10 (b) 50 (c) 542 (d) 15

(19) Perimeter of rhombus PQRS is 96, then PQ is ...... ]
(a) 24 (b) 48 (c) 12 (d)6

Summary

In this chapter, we have learnt following points :

1.

n K W N

Plane quadrilateral and its parts

The sum of the measures of the angles of a quadrilateral

Types of quadrilateral

Properties of parallelograms and its theorems

Rhombus and its important result

(i) Diagonals of a rhombus are perpendicular to each other and vice-versa
(i) Diagonals bisect the angle at vertices and vice-versa

Square and its properties

Diagonals of a square are congruent and perpendicular to each other and

vice-versa.

The midpoint theorems for a triangle and vice-versa

For trapezium ABCD, AB || CD and E and F are midpoints of AD and BC

then EF = L(AB + CD).
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AREAS OF PARALLELOGRAMS AND TRIANGLES
B

11.1 Introduction
We have learnt earlier about areas of closed figures like triangles, quadrilaterals
and circles. We know that area is the 'measure' of the region enclosed by a
closed figure in a plane. We know about units of area also.
11.2 Interior of Triangle
We have learnt about interior of
a triangle. The intersection of the
interiors of all the three angles of a
triangle is called the interior of the
triangle. We also know that if we take

the intersection of the interiors of any
two angles of a triangle, then also we
get the interior of the triangle.

Figure 11.1
11.3 Triangular Region

For any APQR, APQR and interior of APQR are two mutually disjoint sets.
The union of these two sets is called the
triangular region associated with APQR. P
Triangular region : The union of

P

a triangle and its interior is called the

triangular region associated with the

given triangle. We denote the triangular

region associated with the APQR by Q R Q R
A*PQR. Figure 11.2 (i) Figure 11.2 (ii)
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APQR is shown in figure 11.2(i) and triangular region A*PQR as coloured region
in figure 11.2(ii). A*PQR = (APQR) U (interior of APQR).
11.4 Interior of a Quadrilateral S
We have the concept of
S the interior of a triangle.
P R In figure 11.3 (i), we have a
M M O PQRS and PR is its diagonal.
Then the interior of 0 PQRS is the
union of (1) The interior of A PSR
(2) The interior of A PQR (3) The
(i) ? ((i)i) set of all the points M, such that
Figure 11.3 P-M-R.
In figure 11.3 (ii), we have O PQRS and S_Q is its diagonal.

Then, the interior of OO PQRS is the union of (1) The interior of A PQS (2) The
interior of A QRS (3) The set of all point M such that S-M-Q.
The intersection of the interiors of all the four angles of a quadrilateral is the

interior of the quadrilateral.
If we take the intersection of the interiors of two opposite angles, then also we
will get the interior of the quadrilateral.

As in figure 11.4, let us denote
interior of ZP by I, the interior of Q by
L,, the interior of R by I, the interior of S
by I, and the interior of 00 PQRS by L

Then, I= 1, nL,nI;NI,

In OPQRS, ZP and ZR are
opposite angles. ZQ and ZS are opposite

angles.
Figure 1.4 Then, I=1, "L, =1, N1,
11.5 Quadrilateral Region
A quadrilateral and the interior of P S , S

the quadrilateral are two mutually
disjoint sets. The union of these two
sets is called the quadrilateral region.

Figure 11.5 (i) shows OO PQRS and the Q R Q
coloured region in figure 11.5 (ii) shows the (@
quadrilateral region of O PQRS.

(ii)
Figure 11.5
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Quadrilateral region : The union of a quadrilateral and its interior is
called the quadrilateral region associated with the given quadrilateral.

The quadrilateral region associated with O PQRS contains all the points of
OPQRS as well as all the interior points of O PQRS. The quadrilateral region
associated with OO PQRS is denoted by O0* PQRS.

Thus, O* PQRS = (O PQRS) v (interior of 0 PQRS)

11.6 Postulates for Area
We know that area is a positive number and areas of congruent figures are
equal. We shall take these natural ideas as postulates :
(1) The Postulate for Area : Corresponding to every triangular region,
there is a unique positive number associated with it and it is called
the area of the triangular region. A

(2) Postulate for the Area of Congruent triangles : If
two triangles are congruent, then the areas of
their triangular regions are equal.

(3) Postulate for Addition of Areas : In
A ABC, If B-D-C, then
area of A*ABC = area of A*ABD + area of A*ADC

(Note that in the figure 11.6 interiors of A ABD and A ADC are mutually
disjoint sets.)

If A* ABC is a union of several triangular regions, triangles having mutually
disjoint interiors, then the area of A*ABC is the sum of the areas of these triangular
regions. From now onwards, we shall denote the area of A*ABC by simply ABC and
area of 0 *PQRS by PQRS.

11.7 Area of a Rectangle
We know the formula to find the area of a rectangle.
Area of rectangle = length X breadth
We shall accept this idea in the form of a postulate.

B D C
Figure 11.6

Postulate for the area of a rectangle : The area of any rectangular region is

the product of the lengths of any two adjacent sides of the rectangle.
As shown in the figure 11.7, O PQRS is a
PJ |_S rectangle. Taking its adjacent sides ﬁ and Q_R, we
have, area of the rectangle PQRS, PQRS = PQ X QR.
Note : For the sake of simplicity, we shall use

triangle for ‘triangular region’, the words rectangle

(;' [ for ‘rectangular region’ and side for the 'length of a

Figure 11.7 side' and similary quadrilateral for ‘quadrilateral

region’.
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Example 1 : The length of one side of a rectangle is thrice the length of its adjacent side.
If the perimeter of the rectangle is 80 cm, find the area of the rectangle.
Solution : Let DE and EF be two adjacent sides of the rectangle DEFG.
If the length of DE is x cm, then the length of EF is 3x cm. The perimeter of
rectangle = 80 cm

) _ D G
S 2(x+3x)=80 T O
. 8x =180
Sox=10cm
S 3x=30cm

1 ]
. DEFG = DE X EF E F

= 10 X 30 = 300 cm? Figure 11.8

.. The area of the rectangle is 300 cm?
11.8 The Area of a Right Triangle

The area of a right triangle is half the product of its sides forming the
right angle.

In the figure 11.9, O PQRS is a rectangle and PR is diagonal.

A PQR is a right triangle with base QR and PQ is its altitude.

But since A PQR = A RSP, PQR = RSP

P S
Also APQR and ARSP have disjoint interiors.
- PQRS = PQR + RSP = PQR + PQR = 2 PQR
- PQR = % PQRS

) R
Now, PQRS = PQ X QR Figure 11.9

Hence, PQR =

| —

X QR X PQ

Hence, PQR = % base X altitude

Example 2 : In a right triangle, the measure of one side is 12 ¢m and that of the
hypotenuse is 13 c¢m. Find the area of the right triangle.
Solution : Let ZB be the right angle in A ABC.

BC =12 ¢m and AC = 13 cm.

A
In right triangle A ABC
3, AC? = AB2 + BC2
77
. AB%Z = AC2 - BC?
= (13)? — (12)?
B 2 om C =169 — 144
=25
Figure 11.10

. AB =5cm
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. Area of right triangle ABC = = X AB X BC

| —

X 5% 12 =30 cm?

| —

. The area of the right triangle is 30 cm?.
11.9 Area of Triangle

The area of a triangle is one half the product of length of its altitude and the
base corresponding to the altitude.

A
A
1
B D C D B C
() (ii)
Figure 11.11

In figure 11.11 (i) AD is an altitude of A ABC, BC the corresponding base
and B-D—C. Also AABC and AABD have disjoint interiors.

ABC = ABD + ADC (postulate for addition of area)
= 2 AD X BD + 3 AD X DC
= 3 AD (BD + DC)

.'.ABC:%XADXBC B-D - C)

In figure 11.11 (ii), AD is the altitude to B(_)C and it intersects BHC in D such
that D-B—C. BC is the base corresponding to the altitude AD .

AABC and AADB have disjoint interiors.

. ADC = ADB + ABC

ABC = ADC - ADB (postulate for addition of area)

:%ADXDC—%ADXDB

= 2 AD (DC - DB)

=%AD><BC M -B-0)

Every triangle has three altitudes and three corresponding bases so the formula
for area gives the area of the same triangle in three different ways. However, for
the same triangle, we get the same area by using any of these pairs of base and altitude.
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11.10 Area of Parallelogram

A line-segment drawn from any vertex of a parallelogram and perpendicular to
the line containing a side of the parallelogram which does not pass through that vertex,
is called an altitude of the parallelogram and the side is called the base corresponding
to the altitude.

In figure 11.12, sides Q_R and SR of 00" PQRS do not pass through vertex P.
& P
Line-segment Ppp| passes through P and is perpendicular to QR . So QR is the

corresponding base and PM is the altitude.

J— P S

PR is a diagonal of [0J”PQRS. Hence,
APQR = ARSP. Also APQR and ARSP have
disjoint interiors. Thus area of OO0 PQRS is twice

N
the area of A PQR. »
Q M R
PQRS =2 (PQR)
=2 (%pM X QR) = PM x QR Figure 11.12

Hence, PQRS = altitude X corresponding base. Similarly, in figure 11.12, SR is
also a side <1>vhich does not pass through P. PN is the perpendicular line-segment
from P to SR . It is an altitude of [0 PQRS. Its corresponding base is SR .

Since PR is the diagonal of [ PQRS, ARSP = A PQR. Hence the area of
O PQRS is twice of A RSP.

As before PQRS = PN X SR

Thus, the area of a parallelogram is the product of any of its altitude and
its corresponding base.

Note : Henceforth we will not mention about disjoint interiors, if it is obvious.
Example 3 : EM and EN are altitudes of [0 DEFG. Their corresponding bases are

DG and GF respectively. If DG = 10 ¢m, EM = 8 cm, EN = 16 cm, find GF.

Solution : DEFG = EM X DG = EN X GF

. EM X DG = EN X GF D M G
i N
. 8% 10=16 X GF
8x10
.GF = ——= =5
. GF=5cm
E

Figure 11.13
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An Important Result : The area of a rhombus is half the product of its
diagonals. A , D
As shown in the figure 11.14, OO ABCD is a

rhombus. Its diagonals AC and BD bisect each other M

at right angles at point M.
Hence BM and MD are altitudes to base AC

in A ABC and A ACD respectively. B ’ c
Now ABCD = ABC + ACD Figure 11.14

- %ACXBM—F%ACXMD

= % AC (BM + MD)

= 2 AC X BD (B-M - D)

Example 4 : OO0 PQRS is a rhombus. The length of each side is 10 c¢m. If QS = 16 cm,
find the area of OO PQRS.
Solution : O PQRS is rhombus. Diagonals % and PR bisect each other at
M at right angles. P . S
QS = 16 cm and M is the midpoint of @
QM =8 cm
Now in right A PMQ,
PM?2 = PQ? — QM2 = (10)? — (8)2 = 100 — 64 = 36
S PM=6cm Q
PR =12 cm Figure 11.15
PQRS = % X PR X QS = % X 12 X 16 = 96 cm?

/
T

R

. The area of the rhombus is 96 cm?.
EXERCISE 11.1

1. State whether the following statements are true or false.
(1) A triangle and its triangular region are two disjoint sets.
(2) The intersection of a triangle and its interior is the empty set.
(3) IfD, E and F are the midpoints of the sides of A PQR, then
A* DEF U A* PQR = A* PQR.
(4) Every triangle is a subset of its triangular region.
(5) Interior of a triangle is a subset of its triangular region.
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2. (1) In O"ABCD, CE L AB and AE L BC.If A D
AB =18 cm, AE =10 cm and CF =12 ¢m, find AD.
(2) If AD =12 c¢m, CF = 20 ¢m and AE = 16 cm,
find AB.

3. Let O0" ABCD be a parallelogram having area B E C
250 cm?. If E and F are the mid points of sides AB Figure 11.16
and CD respectively, then find the area of 0 AEFD.

4. In AABC, AD is the altitude corresponding to base BC. BE is the altitude
corresponding to base AC. If AD = 14, BC = 24 and AC = 35, find BE.

5. In AABC, BF is the altitude to AC and AE is the altitude to BC. If
AC =45 ¢m, BC = 15 em and ABC = 225 ¢m?, find BF and AE.

6. In O ABCD, AM and BN are altitudes and their corresponding bases are
BC and CD respectively. If AM = 18, AB = 24, BC = 30, find BN.

7. A ABC is an equilateral triangle. If BC = 8, find ABC

8. In AABC, P, Q and R are the midpoints of AB, BC and AC respectively. If
ABC = 64 cm?. Find PQR, PQCR and PBCR.

9. In AABC mz/B = 90, AB = 18 c¢cm, BC = 24 cm, find ABC. Also find the
measure of the altitude corresponding to AC .

10. OABCD is a rhombus. If AB = 25 and AC = 48, find ABCD.

*

11.11 Quadrilaterals on the Same Base and Between Two Parallel Lines

Let us observe the following figures 11.17 :

Figure 11.17
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In figure 11.17 (i) AABC and A DBC have a common (same) base BC. In
figure 11.17 (ii) 0" ABCD and AEBC have the same base BC. In figure 11.17 (iii)
0" ABCD and 0" PBCQ have the same base BC. In figure 11.17 (iv) trapezium
ABCD with AD || BC and 00" PBCQ have the same base BC.

Now look at the following figure 11.18 :

A D A D E._
B Q) C B

(i) ©

. /. 1/\/:

(iii) Figure 11.18 (iv)

In figure 11.18(i), we observee)that AAgC and ADBC are on same base BC
and lie between two parallel lines BC and AD. Vertices A and D of AABC and of
ADBC are on the same side of the line containing the base BC.

In figure 11.18(ii), Dﬁ)ABCD(_)and AEBC are on same base BC and lie
between two parallel lines BC gd AD . Vertices A and D of 0" ABCD and vertex
E of AEBC are on same line AE and are on the same side of the line containing
the base BC.

In figure 11.18(iii), D(i”)ABCD(_)and 0" PBCQ are on same base BC and lie
between two parallel lines BC and AQ. V&rtices A and D of 0" ABCD and vertices
P and Q of O PBCQ are on same line AQ and are on the same side of the line
containing the base BC.

In figure 11.18(iv), trapezHium ABgD and [ PBCQ are on same base BC and
lie between two parallel lines BC and AQ. Vertic(e_s) A and D of trapezium ABCD and
vertices A and Q of 0 ABCQ are on same line AQ and are on the same side of the
line containing the base BC.

We observed that a triangle and a quadrilateral, two figures have same base and
are between two parallel lines and the vertices (or vertex) lie on a line parallel to the

base. What can we say about the areas of such figures ?
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We shall study some theorems regarding the areas of figures lying between a
pair of parallel lines.

Theorem 11.1 : Parallelograms having the same base and lying between
a pair of parallel lines, have the same area.

Data : 0" ABCD and 0" ABEF

have the same base AB and lie < E

between a pair of parallel lines / and m.
To prove : ABCD = ABEF

Proof : Let M and N be the feet

of the perpendiculars from A and B < Foure 11,19 o
respectively to /. We have /|| m.

AM and BN are perpendicular distances between / and m.

.. AM = BN

Now ABCD = AM X CD

~. ABCD = BN X CD (AM = BN and AB = CD)

Also ABEF = BN X EF = BN X CD (EF = AB)

~. ABCD = ABEF
11.12 Triangles on the same Base and between a pair of Parallel Lines

A ABC and A PBC are on same base BC and lie between two parallel lines
/ and m.

Let us draw cp || AB and let D € 1. Let CQ || Bp and let Q € L

- We get 0" ABCD and O PBCQ.

AC is diagonal of 0" ABCD. PC is
diagonal of O0" PBCQ.

». ABC = £ ABCD and

1

PBC = = PBCQ.
C 2 €Q Figure 11.20

But ABCD = PBCQ

k4
~

v
3

(on same base BC and between the pair of parallel lines / and m)
». 5 ABCD = 7 PBCQ
. ABC = PBC
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We accept the theorem given below without proof.

Theorem 11.2 : Two triangles on the same base (or congruent bases)
and lying between pair of parallel lines have same area.

The converse of theorem is also true and we accept the theorem without proof.

Theorem 11.3 : Two triangles having the same base (or congruent
bases) and having their vertices (other than the base vertices) in the same
half plane of the line containing the base (or congruent bases) and having
equal areas lie between a pair of parallel lines.

Example 5 : Show that a median of a triangle divides a triangular region into two
triangular regions with equal areas.
Solution : In A ABC, AD is the median.
~. BD =DC
Let AM L BC
ABC = % AM X BD

ADC:%AMXCD B b M C

Figure 11.21

A

but BD = DC

. ABD = ADC
Example 6 : D, E and F are the midpoints of the sides AB, BC and CA

respectively of AABC. Prove that O BEFD, OECFD and OEFAD have the

same area.

Solution : In AABC, D and F are the midpoints of the sides AB and AC
respectively. _ A

.'.DF:%BCandﬁ:”B_C

E is the midpoint of BC.

- BE=EC = LBC =
- BE = EC = BC = DF S : .

- InOBEFD, BE = DF and BE || DF (B—E-C) Figure 11.22

~. OBEFD is parallelogram.

Similarly, 0 ECFD is also parallelogram.

Now 0" BEFD and 0" ECFD have the same base Fp and lie between the

pair of parallel lines DF and BC.
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-. BEFD = ECFD

Similarly, it can be proved that

EFAD = ECFD

-. BEFD = ECFD = EFAD

An Important Result : In a trapezium ABCD, AB || DC. M is the foot of
perpendicular from D to AB and A — M — B. D C g

Then ABCD = %(AB + CD) X DM

Solution : In trapezium ABCD, AB || DC.

I
. . — M B
M is the foot of the perpendicular from D to AB Figure 11,23
and A—- M - B.
. >
Let N be the foot of the perpendicular form B to DC.
. . . H H
. DM and BN are perpendicular distances between parallel lines AB and DC.
. DM = BN
Now, DM is the altitude of A ABD and AB is the corresponding base.
* ABD = = AB X DM
Similarly, BN is the altitude and CD the corresponding base in A BCD.
» BCD = 3 CD X BN
» BCD = 3 CD X DM (DM = BN)

Now ABCD = ABD + BCD

1
AB X DM + 7 CD x DM
(AB + CD) x DM

ABCD =

= = =

(AB + CD) x DM

Example 7 : If a triangle and a parallelogram are on the same base and lie between
a pair of two parallel lines, then prove that the area of the triangle is equal to
half the area of the parallelogram.

Solution : Let A PAB and " DABC have same base AR and lie between
R —
parallel lines PC and AB.



AREAS OF PARALLELOGRAMS AND TRIANGLES 37

- — = o
Draw QB || PA and let BQ intersect PC at Q.

PA || QB and AB || PQ P D Q C

)
£

W

~. OPABQ is parallelogram.
0 ABCD and 0" ABQP are on the same

v

base AB and lie between parallel lines g Figure 11.24

and %
. ABCD = ABQP (i)
In O” ABQP, PB is a diagonal.
- PAB = % ABQP

PAB = % ABCD. (from (i)

EXERCISE 11.2

1. In a trapezium ABCD, AD || BC and M and N are the midpoints of AB
and CD respectively. AE L BC such that B-E-C. If BC = 16 ¢m and
MN = 10 ¢m and AE = 6 c¢m, find ABCD.

2. In figure 11.25, / || m. A, B, C, D, E and F are distinct points such that
A, B emand C, D, E, F € /. The perpendicular distance between the lines
land m is 5 cm and AB = 10 cm. Answer the following :

(1)  Find the area of A ABD.

[ < > (2) Which other triangle has the same
area as A ABD ? Why ?
(3) Find the area of 0" AFEB.
(4)  Which other parallelogram has the
m < > same area as (1" AFEB ? Why ?

(5) Do AADF and A BDF have the
same area ? Why ?
(6) If DF = 3 cm, find the area of A ADF.

Figure 11.25

3.  In AABC, D is the midpoint of BC and E is the midpoint of AD . Prove that
BED = - ABC.
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4.  Compute the area of the quadrilateral PQRS, where measures of sides are given
in figure 11.26. ¢ 17 em
R
S
[o)}
&
Cb()
P Q
Figure 11.26
D 24 C
5. Compute the area of the s
trapezium ABCD using
measures of sides given in = 1
A B
figure 11.27. 2 M o
Figure 11.27
6. In the trapezium ABCD, AB = 14 cm,
D M N C AD = BC = 10 ¢m, DC = x ¢m and
% 8 cm 8 em QO@ distance between AB and DC is 8 cm.
= N Find the value of x and area of the
A 14 cm B

trapezium ABCD given in figure 11.28.
Figure 11.28

EXERCISE 11
1. IfE, F, G and H are respectively the midpoints of the sides of a 0" PQRS,
show that EFGH = % (PQRS).

2. In figure 11.29, X is a point in the interior P S
of a 0" PQRS. Show that,

(i) PXS + QXR = £ (PQRS) X
(i) PXQ + SXR = 7 (PQRS)

Q R

(Hint : Draw a line through X Figure 11.29

T
parallel to QR )
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10.

P S 3. In figure 11.30, diagonals PR and @
0 intersect at O such that PO = OR. If
SR = PQ, then show that (i) POQ = SOR

— &
R (i) POR = SQR (iii)) PS ||QR and
Figure 11.30 O PQRS is parallelogram .

(Hint : Draw perpendicular to QS from P and R)

" PQRS and rectangle PQAB are on the same base PQ and have equal area.

Show that the perimeter of the parallelogram is greater than that of the rectangle.

S is the midpoint of Q_R in APQR and X is the midpoint of @ If Y is the

midpoint of PX, prove that QYX = % (PQR)

Prove that the area of an equilateral triangle is equal to gﬂ, where / is the

length of a side of the triangle.

A and B are any two points lying on the side PS and % respectively of a

0" PQRS. Show that AQR = BSR.

A ABC is equilateral triangle. If BC = 12 ¢m, find ABC

In ABC, P, Q, R are the midpoints of sides of AB. BC and AC respectively.

If ABC = 120 c¢m?, find PQR, PQCR and PBCR.

Select proper option (a), (b), (¢) or (d) and write in the box given on the right

so that the statement becomes correct :

(1) In O"ABCD, let AM be the altitude corresponding to the base BC
and CN the altitude corresponding to the base AB- If AB = 10 cm,

AM = 6 cm and CN = 12 c¢m, then BC = ...... cm ]
(a) 20 (b) 10 © 12 @) 5

(2) InOABCD, AD || BC, AM L BC such that B—M — C. If AD = 8 cm,
BC = 12 ¢m and AM = 10 ¢m. ABCD = ...... cm?. ]
(a) 100 (b) 50 (c) 200 (d) 400

(3) AD and BE are the altitudes of A ABC. If AD = 6 cm, BC = 16 cm,
BE = 8 ¢m, then CA = ...... cm. []
(a) 12 (b) 18 (c) 24 (d) 22

(4) BE and CF are the altitudes of A ABC. If BE = 10 ¢m, CA = 8 cm,
AB = 16 c¢m, then CF = ...... cm. [ ]

(a) 2.5 )5 (©) 10 (d) 6.4
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(5) In O"ABCD, BC is the base corresponding to the altitude AM . If

BC = 8 cm AM = 5 cm, then ABCD = ...... cm?. ]
(a) 40 (b) 20 (c) 80 (d) 10

(6) InaOABCD, AB || CD> DM is the altitude on AB. If AB = 15 cm,
CD =25 ¢m and DM = 10 ¢m, then ABCD = ...... cm?. ]
(a) 400 (b) 250 (c) 100 (d) 200

(7) OABCD is rthombus. If AC = 12 ¢cm and BD = 15 c¢m, then the area of
the rhombus ABCD = ...... cm?. ]
(a) 90 (b) 180 (c) 45 (d) 360

(8) OABCD is a rhombus If ABCD = 80 cm’? and AC = 8 cm, then
BD = ... cm. [ ]
(@5 (b) 10 (c) 20 (d) 40

(9) If for 0" ABCD, ABCD = 48 cm?, then ABC = ...... cm?. ]
(a) 12 (b) 24 (c) 96 (d)6

(10) In A ABC, P, Q and R are the midpoints of AB, BC and CA respectively.
If ABC = 60 cm?, then PBCR = ...... cm?. ]
(a) 15 (b) 30 (c) 45 (d) 75

Summary

In this chapter we have studied the following points :

1.

2.

w

A

10.

11.

12.

Area of a figure is a number (in some units) associated with some part of the
plane enclosed by that figure.

Two congruent figures have equal areas but the converse need not be true.

If a planer region formed by a figure T is made up of two non - overlaping planer
regions formed by figures P and Q, then area of T = area of P + area of Q.
Area of a rectangle, area of a right triangle.

Area of a triangle is half the product of it base and the corresponding altitude.
Area of a parallelogram is product of its base and the corresponding altitude.
Parallelograms on a same base (or congruent bases) and lying between two parallel
lines have equal area.

Parallelograms on the same base (or congruent bases) having equal areas lie between
two parallel lines.

. Triangles on the same base (or congruent bases) and lying between two parallel lines

have equal area.
Triangles on the same base (or congruent bases) and having third vertex in the same
semi plane of the line containing the base and having equal areas lie
between the two parallel lines.
If a parallelogram and a triangle are on the same base and lie between a pair of
parallel lines, then the area of the triangle is half the area of the parallelogram.
A median of a triangle divides it into two triangles of equal areas.

L]
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CIRCLE
B

12.1 Introduction

Let us imagine about a routine scene of a village. A goat is tied up with a rope and
the rope is fixed with a nail at some point on the ground. Now, think about the area that the
goat can graze ! The boundary of that area and the fixed (nail) point gives us the idea of
a circle. The length of the rope is radius and the nail where the rope is fixed is the centre.

We have already studied about a circle in earlier classes. Let us observe some
circular objects in our neighbourhood. A circle is the edge of a wheel, edge of a button
of a shirt, boundary of some coins, edge of full moon, etc.

Figure 12.1

12.2 Circle and its Related Terms

We can draw a circle by the use of a
compass. Fix pointer at some fixed point O
on a paper and fix the other end (where the
pencil is inserted) at some distance and
rotate this end through one revolution. The
closed figure traced on the paper is a circle
(figure 12.2). We have kept one point O
fixed and that point is the centre of the
circle. The circle is the arc traced by the

Figure 12.2
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pencil. The distance of any boundary point P from the fixed point O is called radius of
the circle. Now, we define a circle.

Circle : The set of points lying in a plane at a
fixed positive distance from a fixed point in the
plane is called a circle (figure 12.3).

If we denote the fixed point of the plane o, as O
and fixed distance r > 0, then in the set form a circle
can be defined as {P | OP=r,r >0, P € a}.

Figure 12.3 Radius : The line-segment whose one end
point is the centre and other end point is any of the points of the circle is called
a radius of the circle. Its measure is also called radius and is denoted by r.

If O is the centre and r is the radius of a circle, then we denote the circle by
@O, r).
A circle divides plane into three parts,
Exterior (i) Interior : The set of points whose
of the distance from the centre of the circle is
Interior circle less than its radius is called the

of the
circle

interior of the circle.
(ii) Circle : points on the circle.
(iii) Exterior : The set of points whose
distance from the centre of the circle is
Figure 12.4 greater than its radius is called the
exterior of the circle.

Circl¢

Circular region : Union of the set of the points of circle and its interior
is called the circular region.

Chord : The line-segment both of
whose end points are the elements of the Q
circle is called a chord of the given
circle. In figure 12.5, P, Q € ®(O, r). So

ﬁ is a chord of @ (O, r). P
Figure 12.5
B Diameter : If a chord of a circle passes

through its centre, it is called a diameter of the
circle (figure 12.6). AB is a diameter. A diameter
is the longest chord of the circle and has the
A length twice of its radius. Length of the diameter

is al 11 iameter.
Figure 12.6 s also called a diamete
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Arc : The set of points of a circle lying in each closed semi plane of a line
passing through two distinct points of the circle is called an arc of the circle.
The chord joining these two points is called the chord corresponding to the
arc. The arc PQ, is denoted by T)-Q\ (figure 12.7 and 12.8)

-

PR
Figure 12.7 Figure 12.8
Minor arc : The set of points of a circle lying in the closed semi plane of

the line containing a chord m and not containing the centre of the circle is

called a minor arc of the circle (figure 12.7). We denote it by minor PQ.
Major arc : The set of points of a circle lying in the closed semi plane of
the line containing a chord PQ and containing the centre of the circle is called

a major arc (figure 12.8). m is not a diameter. We denote it by major PQ.

If a chord is a diameter of a circle, then arc corresponding to the chord
is called a semi-circle arc.
We accept the following results about the length of an arc :

(i) If the measure of the angle subtended at the centre by minor AB of
@ (0, r) i.e. m£ZAOB is a, then the length of minor AB is %g.

(i) The length of a semi circle arc of ®(O, ) is wr. we know 'length' of

® (O, r) i.e. its circumference is 27r.

(iii) If AB is the chord corresponding to major AB of ©®(0, ) and if
mZAOB = o, then the length of major AB is 21 — T

Segment : The union of an arc and its corresponding chord of the circle is
called a segment of the circle.

There are three types of segments : Minor segment, Major segment and
Semi-circle segment.

Semi-circle
segment

O
A .-
Semi-circle
segment

Major segment

(i (i) (i)

Figure 12.9
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(i) Minor segment : If an AR is a minor arc, then AR U AB is called a
minor segment (figure 12.9 (i)).

(i) Major segment : If an AB is a major arc, then AB U AB is called a
major segment (see figure 12.9 (ii)).

(iii)) Semi circle segment : If an AB is a semi circle arc then AB U AB is
called a semi-circle segment (figure 12.9(iii)).

Sector : For the distinct points A and B of ® (O, r), AB U OA U OB is called
a sector of the circle with centre O. As in case of a triangle, sector region OAB*
is the corresponding region of sector OAB.

Minor sector, Major sector and Semi-circle sector.

Semi-circle
sector

Major
sector

(1) (ii) (iii)
Figure 12.10
Congruent circles : Two or more than
two circles having congruent radii and
different centres are called congruent
circles. (figure 12.11) Figure 12.11

Concentric circles : If two or more than
two circles in the same plane have the same
centre and different radii, then they are called
concentric circles. (figure 12.12)

EXERCISE 12.1

. Figure 12.12
1. Answer the following :

(1) If two circles having centres P and Q are concentric, then what can you say
about P and Q ?

(2) If two circles having centres P and Q are congruent, then what can you say
about their radii ?

(3) If P is in the interior and Q is in the exterior of the circle with centre O,
which is larger between OP and OQ ?

2. State whether following statements are true or false. Give reasons for your answer.

(1) A line-segment joining the centre to any point of the circle is a diameter of

the circle.
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(2) An arc is a semi-circle arc, if its endpoints are the endpoints of a diameter.
(3) The set of points equidistant from a fixed point is called a circle.

(4) Union of two radii of a circle is a diameter of the circle.
*

12.3 Angle Subtended by a Chord at a Point
¢ Angle subtended by a line
segment : If the end points A and B of AB

are joined to a third point C not lying on X)B,
then ZACB is called the angle subtended
A B by, AB atC (figure 12.13).

Figure 12.13 The angle subtended by a chord (not a
diameter) at the centre of the circle is called the angle subtended by the chord at the
centre. If A and B lie on a circle (O, r) then LAOB is called the angle subtended by
chord AB at the centre O.

C
O« O=
A B Al B
A s \/ \/
C
(i) (ii) (iii)
Figure 12.14

In figure 12.14 (i), ZAOB is the angle subtended by the chord AB at the centre O.
The angle subtended by a chord at any point of the arc is called the angle
subtended by the chord on the arc.

In figure 12.14 (ii), ZACB is the angle subtended by the chord AB on the minor AB.

In figure 12.14 (iii), LACB is the angle
subtended by the chord AB on major AB.

Activity : Draw a circle of desired radius
on the plane paper.

Draw congruent chords in the circle. Measure
angles subtended by them at the centre.

What can we say about the measures of

such angles ? In fact, they are congruent angles.

Let us prove this result as a theorem.

Figure 12.15
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Theorem 12.1 : Congruent chords of a circle subtend congruent angles
at the centre of the circle.
Data : Let O be the centre of the

given circle and chords AB = CD-

To prove : ZAOB = ZCOD D
Proof : Consider the correspondence X
AOB < COD, for AAOB and ACOD, A
AB = CD (given)
0A=0C (radii of the same circle) 5 C
OB = OD (radii of the same circle) Figure 12.16
.. The correspondence AOB <> COD is a congruence. (SSS)
- ZAOB = ZCOD.
Activity : Draw a circle with
centre O. Draw congruent angles
ZAOB and ZCOD, where AB and
CD are chords.
A T D . Now, cut regions enclosed by
minor segments formed by AB and
A D CD. Place one segment on the

other segment. Observe the result.
They cover each other completely.
B C So, the length of the chords have to
be the same. This leads to the next
theorem; the converse of theorem
12.1.
Theorem 12.2 : If the angles subtended by two chords at the centre of a

B
Figure 12.17

circle are congruent, then the chords are congruent.
We accept this theorem without proof.
We note that theorms 12.1 and 12.2 are true for congruent circles also.

EXERCISE 12.2
1. Study figure 12.18 and answer the following questions :
(1) If m£OCD=25, then find mZCOD.
(2) If the diameter of the circle is 10 c¢m and
mZCOD=90, then find CD.

Figure 12.18
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12.4 Perpendicular drawn from the Centre to a Chord

I
I
|
I
I
|
I
o

(0]

A

Figure 12.19

Activity : Draw a circle with centre O. Draw a
chord AB. Now fold the paper along the line
through the centre O in such way that the portions
of AB coincide with each other (i.e. point B falls
on the point A). Let us cut AB at point M along the
crease.

Observe that B coincides with A. What can you
say about M ? Measure AM and BM. We can see that
AM = MB. So M is the midpoint of AB. This fact

leads to the following theorem.

Theorem 12.3 : If a perpendicular is drawn to a chord from the centre of

a circle, then it bisects the chord.

Data : Let O be the centre of the given
circle. ABis a chord and OM L AB and M € AB.

To prove : AM = BM.

Proof : Consider corrsepondence AOM < BOM V—\—\

for AAOM and ABOM.
OA = OB
OM = OM
ZAMO = ZBMO

AQ/B
(radii) Figure 12.20

(common segment)

(right angles)

*. The correspondence AOM <> BOM is congruence. (RHS theorem)
“ AM = BM
.. AM = BM

. M is the midpoint of AB.

. OM bisects chord AB.

The converse of the theorem 12.3 is the theorem 12.4.
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Theorem 12.4 : If a line from the centre of a

circle bisects the chord, then it is perpendicular to /

the chord. T o
Data : Let O be the centre of the circle and / be the

line through O bisectin_g the chord AB i.e. AM = BM. A/H M\B
To prove : [ L AB
Proof : In consider correspondence AOM <> BOM |

for AAOM and A BOM. Figure 12.21
AO = BO (radii)
AM = BM (given)
OM = OM (common)
The correspondence AOM <> BOM is a congruence. (SSS rule)

-~ ZAMO = ZBMO

But mZAMO + mZBMO = 180 as ZAMO and ZBMO form a linear pair.

. mZAMO = mZBMO = 90.

. OM L AB

~ 1L AB
12.5 Circle Through Three Distinct Points

We know that two distinct points are sufficient to determine unique line. A question
arises that, how many points are sufficient to determine a unique circle ?

If one point is given, then how many circles can be drawn through this point ?
Obviously, infinitely many circles can be drawn through a given point A, (see figure 12.22).

Now if two distinct points are given, then how many circles can be drawn passing
through both the points ? Here also infinitely many circles can be drawn through the given
points A and B, (see figure 12.23). Take two distinct points A and B and draw the
perpendicular bisector / of AB. Now the points on / are equidistant from A and B. So
taking distinct points on / as the centres and distances of them from A or B as radii we
can draw infinitely many circles passing through A and B (see figure 12.24).

Considering above fact if one point A is given, then taking B anywhere in the
same plane, we can draw infinitely many circles passing through A.

If we take three distinct points, then we have to think about two cases.
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Figure 12.22

(i) collinear points and

(ii) non-collinear points.

If the points are collinear, the
circle will not pass through all the three
points. It will pass through two points
and the remaining point lies in the
interior or the exterior of the circle
(figure 12.25 and 12.26).

Now we take three distinct
non-collinear points and we will try to
draw a circle passing through them.

Let P, Q, R be three non-collinear
points. To get a circle through P, Q, R,
let us think in this way. Obviously, ﬁ

w0l
| O . \
- & ‘\ X
T aam
I y
2
Figure 12.27

Figure 12.23

Figure 12.24

AN___“B
Figure 12.25

Figure 12.26

and Q_R are going to be chords of the
assumed circle. As we have learnt that the
perpendicular bisector of a chord passes
through the centre of the circle, perpendicular
bisectors of PQ and QR both must pass
through the centre of that assumed circle.
Hence, the point of intersection of
perpendicular bisectors of ﬁ and Q_R must
be the centre of that assumed circle.

Draw perpendicular bisectors /; and /,
of PQ and QR respectively. They intersect
at a point say O. (figure 12.27). Here
OP =0Q =OR.

i.e. O is equidistant from P, Q, R.
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Now draw a circle with center O and radius OP. The circle passes through all
the points P, Q and R.

Now take O'e [, O'# 0. Can we draw another circle passing through all the
three points P, Q and R ? Obviously, our answer is no. Here O' is on the
perpendicular bisector of E but not on the perpendicular bisector of Q_R So O' is
equidistant from P and Q and so our circle, will pass through P and Q while
O'R # O'P (or # 0O'Q), so it will not pass through R. Thus, we observed that one and
only one (unique) circle passes through three distinct non-collinear points.

The above discussion leads us to the following theorem. We accept it without
proof.

Theorem 12.5 : There is a unique circle passing through three distinct
non-collinear points.

A triangle has three vertices and they are non-collinear points, so from the above
theorem we have a unique circle passing through the vertices of a triangle.

— Circumcircle : A circle passing

Circumradius ="

Rl N BN through the vertices of a triangle is called

S circumcircle of the triangle.
‘ Circumcentre : The centre of the
x 3 circumcircle of a triangle is called the

‘ circumcentre of the triangle.
N _ Circumradius : The radius of the
x circumcircle of a triangle is called the
Circumeircle  Circumeenter circumradius of the triangle. It is usually

Figure 12.28 denoted by R.

Example 1 : Draw the circle whose arc is given.
Solution : AB is given. Let C € AB. Join
AC and BC, Draw perpendicular bisectors of
AC and BC. They intersect at O.
Draw a circle with center O and radius

OA. AB is an arc of this Circle. Figure 12.29
EXERCISE 12.3

1. Discuss the possible number of points of
intersection of two distinct circles.
2. Explain how to find the centre of the

circle of figure 12.30.
Figure 12.30
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12.6 Congruent Chords and their Distances from the Centre

Now we will make an observation about the distance

of congruent chords from the centre of a circle. AI:" 0 e

Activity : Draw a circle with centre O and having e
arbitrary radius. Draw two congruent chords AB and M N ]
CD. Also draw OM. ON perpendiculars to AB and B D
CD respectively (figure 12.31). Figure 12.31

Now fold the figure in such a way that O will be on the crease, and C coincides
with A, and D coincides with B. Now, where does N coincide ? Obviously, N
coincides with M, i.e. OM = ON.

This activity leads us to the following theorem, which we accept without
giving proof.

Theorem 12.6 : Congruent chords of a circle (or congruent chords of
congruent circles) are equidistant from the centre of the of the circle (or centres).
Converse of this theorem is also true; we will do one activity to understand it. L

Activity : Draw a circle with centre O. Draw two congruent segments OM
and ON inside the circle. L

Draw chords AB and CD perpendicular to OM and ON respectively
(figure 12.31). Measure AB and CD. We will observe that they are congruent.

Now we will state the converse of theorem 12.6, which we will accept without
giving proof.

Theorem 12.7 : Chords equidistant from the centre of a circle (or centres
of congruent circles) are congruent.

Example 2 : If two intersecting chords of a circle make congruent angles with the
diameter passing through their point of intersection, then prove that chords are
congruent.

B Solution : Take chords PQ and RS of a
circle with centre O. Let AB be the diameter
passing through T, the point of intersection of the
given chords. Draw OM and ON perpendicular
to PQ and RS respectively. We are given that

ZPTB = ZSTB,
i.e. ZMTO = ZNTO
(1Tl>)=ﬁ/land"ﬁ>3=T_(>)) >i)
Now, consider the correspondance
MTO < NTO for AMTO and ANTO.
ZOMT = ZONT (right angles)
ZMTO = ZNTO (given)

TO = TO

Figure 12.32
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*. The correspondence MTO <> NTO is a congruence. (AAS)
~ OM = ON

* OM = ON

- PQ = RS

Example 3 : Find the length of the chord of ® (O, 13) at distance 5 from the centre.
Solution : Let OM be perpendicular from centre O to chord AB. M is the
foot of perpendicular. Hence M is the midpoint of AB.
OA =13 and OM =5 > 0. Hence O # M,

for A OAM,

. OAZ = OM2 + AM2 o

- 169 = 25 + AM2

o AM2 =144

~AM =12 A w B
Also, AM = MB = %AB

. AB = 2AM = 24 Figure 12.33

- The length of the chord AB is 24.
Example 4 : Lengths of two parallel chords of ®(0O,13) are 24 and 10. According as
these chords are in different semi-planes or same semi-plane of the line

containing the diameter parallel to these chords, find the distance between them.

Figure 12.34 Figure 12.35

Solution : Let CD and EF be parallel chords. AB s the diameter parallel to
them. CD =24, EF = 10.
Perpendicular from O to CD is also perpendicular to EF as CD || EF.



CIRCLE 53

Let M and N be respectively the feet of perpendiculars from O to CD and EF.
M is the midpoint of CD and N is the midpoint of EF.

- CM = % CD =12, EN = % EF = 5. Also radius » = 13.

For AOCM, OC? = OM? + CM?
~ OM2=0C2-CM?2 =169 — 144

- OM? =25

S OM=5

Similarly, from A EON,
o 169 =25 + ON2

- ON2 = 144

s ON =12

Now according to figure 12.34, CD and EF are on opposite sides of diameter
and hence M—O-N.

S MN=OM+ON=5+12=17

And according to figure 12.35, both the chords are on the same side of diameter
and hence N -M - O. (CD > EF)
.. OM + MN = ON

S5+ MN =12

s MN=7

- If CD and EF are in different semi-planes of diameter AB, then MN = 17

and if they are in the same semi-plane of diameter E, then MN = 7.

EXERCISE 12.4

Two congruent chords AB and CD which are not diameters, intersect at right
angle in P. O is the centre of the circle. If M and N are the midpoints of AB
and CD respectively, then prove that 0 OMPN is a square.

AB and AC are congruent chords of a circle with centre O. Feet of

perpendiculars from O to AB and AC are D and E respectively. Prove A ADE

is an isosceles triangle.
AB and CD are chords of a circle with radius ». AB = 2CD and the
perpendicular distance of CD from the centre is twice perpendicular distance of

AB from the centre. Prove that r = g CD.
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.0 4. A line intersects two concentric
A v D circles at A, B, C and D. O is the
centre, prove that AB = CD

Figure 12.36 (see figure 12.36).

5. If parallel chords AB and CD are in the same half-plane of a line containing
a diameter parallel to them and AB = 8, CD = 6 and perpendicular distance

between them is 1. Find the length of the diameter of the circle.
*

12.7 Angle Subtended by an Arc of a Circle
A chord other than diameter of a circle divides the circle into two subsets namely
minor arc and major arc. If chords of the same circle are congruent, then their

coresponding arcs are also congruent. (Here we will consider minor arc only).

Activity : Draw a circle with centre O on a piece of a paper. ‘
— — Q
Draw two congruent chords PQ and RS. Cut minor ly

PQ and place it on the minor RS. What do you observe ?

R
N — N — S
PQ will be exactly cover RS. This shows that PQ and RS '

are also congruent. This leads to the following result. Figure 12.37

If two chords of a circle are congruent, then their corresponding arcs are
also congruent and conversely, if two arcs of a circle are congruent then their
corresponding chords are congruent.

We define the angle subtended by an arc of a circle at
the centre as the angle subtended by the corresponding
chord of the arc at the centre. Here in figure 12.38, the angle
subtended by the minor AB is ZAOB. In the same way, we
define the angle subtended by an arc at any point on the

A B circle as the angle subtended by the corresponding chord
of the arc at that point.

From the property, congruent chords of a circle subtend
congruent angles at the centre, we can state that the congruent arcs also
subtend congruent angles at the centre.

Theorem 12.8 : The measure of the angle subtended by a minor arc of
a circle at the centre is twice the measure of the angle subtended by the arc
at any point on the remaining part of the circle.

Figure 12.38
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Data : Minor AB subtends ZAOB at the centre O of a circle and subtends
ZAPB at the remaining part of the circle.
To prove : mZAOB = 2 mZAPB

Proof: Select a point C on ?) , which is not on PO . We consider three alternatives :
(i) O is in the interior of ZAPB.

(i) O is in the exterior of ZAPB

(iii) O is on ZAPB.

O] (i) (iii)
Figure 12.39
Let us consider alternatives (i) and (ii) to begin with.
For A AOP, ZAOC is an exterior angle.
mZAOC = mZOPA + mZOAP
But OA = OP,
.. mZOPA = mZOAP
- mZAOC = 2m/OPA
Similarly, from consideration of A OPB, m ZBOC = 2mZOPB.
According to alternative (i) (figure 12.39 (i)). O is in the interior of ZAPB and
C is also in the interior of ZAOB.
o mZAOB = mZAOC + mZBOC (C is in the interior of ZAOB.)
=2mZOPA + 2mZ0OPB
=2 (m£OPA + m£ZOPB)
=2m LAPB (O is in the interior of ZAPB.)
Similarly, if we consider alternative (ii) (see figure 12.39 (ii)), A is in the interior
of ZBOC and ZOPB.
. m£ZBOC = mZAOB + m£ZAOC
. mZAOB = m/ZBOC — m£ZAOC
=2mZOPB - 2m £ZOPA
=2 (m£OPB — mZOPA)

Now A is an interior point of ZOPB.
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mZOPA + mZAPB = mZOPB

. mZAPB = mZOPB — mZOPA

. mZAOB = 2mZAPB
As in alternative (iii) (see figure 12.39 (iii)). O is on an arm of ZAPB.
. mZAOB = mZOPA + mZOAP.

= 2mZAPB.
Hence in all the alternatives, mZAOB = 2m/APB.
If AB is a diameter and P is a point on semi circle 7\@, other than A or B,
then ZAPB is called an angle inscribed in semi-circle.

Corrollary : An angle inscribed in a semi-circle is a right angle.
Try to proove it !

Theorem 12.9 : Angles in the same segment of a circle are congruent.
We will accept this theorem without proof.

Theorem 12.10 : If a line segment joining two distinct points A and B
subtends congruent angles at two other points in the same semi plane of the
line containing the line-segment, then all the four points lie on a circle whoes
chord is AB. (i.e. those four points are concyclic.)

Data : C and D are in the same semi plane of g and ZACB = ZADB.

To prove : A, B, C, D lie on a circle or A, B, C, D are concyclic.

DAQ Proof : As A, B, C are non-collinear, there
is a unique circle passing through A, B, C.
This circle may pass or may not pass
through D.
If the circle passes through D, then nothing
remains to prove.

If the circle does not pass through D, draw

A_]>) such that circle intersects A_]>) at P or

Q.(Qe H), Qe AD) (figure 12.40)
Figure 12.40 Also ZACB = ZADB. (given)

.. LZACB=ZAPB (angle in the same segment of a circle)
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So ZAPB = ZADB.

o P=D. P e A_[>) )

Similarly we can prove that Q = D.

~. D is on the circle.

- A, B, C, D are concyclic.

12.8 Cyclic Quadrilateral

If all the vertices of a quadrilateral lie
on a circle, then that quadrilateral is called a
cyclic quadrilateral.

Draw several circles of different radii
and inscribe quadrilateral PQRS in each circle.
Measuring the angles of the quadrilateral, can we
observe some relation in their measures ? We

can see that sum of the measures of opposite
angles is 180. i.e. opposite angles are

Figure 12.41

supplementary. This result is reflected in the next
theorem which we accept without proof.

Theorem 12.11 : Opposite angles of a cyclic quadrilateral are
supplementary.

The converse of this theorem is also true.

Theorem 12.12 : If the opposite angles of a quadrilateral are
supplementary, then the quadrilateral is cyclic.

We will accept above theorem also without proof.
Example 5 : If the non-parallel sides of a trapezium are congruent, then prove that
the trapezium is cyclic.
Solution : In trapezium ABCD, AB || CD and AD = BC, AB > DC.
Draw DM L AB and aLE and M e E,Ne AB.
Consider the correspondence AMD <> BNC for for A AMD and A BNC.

AD = BC (given) D C

ZAMD = ZBNC  (right angles)

DM = CN (AB || CD)

The correspondence AMD <> BNC iy [1—\/1 I\? 3

is a congruence. (RHS) Figure 12.42
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- ZMAD = ZNBC
ZDCB and ZABC are supplementary.

(interior angles on the same side of the transversal)
%

- ZDCB and ZNBC are supplementary. (N € BA)
- ZDCB and ZBAD are supplementary. (£ZBAD = ZMAD as A?S = A_l\)/l)
Similarly, ZADC and ZABC are supplementary.

.. The trapezium ABCD is cyclic.

Example 6 : AC and BD are different diameters of A

a circle. Prove O ABCD is a rectangle.
Solution : Diagonals AC and BD are different
diameters of a circle.
ZABC and ZADC are inscribed in a semi-circle
arc whose diameter is AC.
. mZABC = mZADC = 90 D ¢
Similarly m ZBAD = mZBCD = 90
~. OABCD is a rectangle.
(Note : Diagonals of O ABCD bisect each other and are congruent. Hence
O ABCD is a rectangle.)
Example 7 : In figure 12.44, AB is a diameter. m/PAB = 50. p
Find mZAQP. P %
Solution : mZAPB = 90, as AB is a diameter. ' y B
Also mZPAB = 50 V. |
mZABP =90 — 50 = 40 AR
Being angles of same segment, AP U AP .
ZAQP = ZABP. s 1?0
. mZAQP =40 Figure 12.44

Figure 12.43

Example 8 : Prove that the quadrilateral formed (if possible) by the angle bisectors of
P S

any quadrilateral is cyclic.

Solution : PQRS is a quadrilateral in B
= =
which the angle bisectors PD, QB, RB and ’
SD of angles ZP, Z£Q, ZR and ZS D

respectively form a quadrilateral ABCD. (see

figure 12.45) Q Figure 12.45 R
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Now, m£ZBAD = mZPAQ = 180 — m£LAPQ — m£LAQP
=180 — % (mZSPQ + m/PQR)
Similarly mZBCD = mZRCS = 180 — % (m£LQRS + m£RSP)

Therefore, mZBAD + mZBCD

= 180 - 3 (m ZSPQ + m ZPQR) + 180 — 5 (m ZQRS + m ZRSP)
=360 — 3 (m ZSPQ +m ZPQR + m ZQRS + m ZRSP)

=360 — + (360) = 360 — 180 = 180

Hence, a pair of opposite angles of 0 ABCD is supplementary.
. OABCD is cyclic.

EXERCISE 12.5 A

1. If D is on the major AB of the circle with
center O and mZADB = 45, then find the

B 49 _ 51 C
measure of ZAOB. u/
2. If msZABC = 49, mZACB = 51, find

mZBDC. (Refer figure 12.46) Figure 12.46

3. A chord of a circle is congruent to the radius of the circle. Find the measure of
the angle subtended by the chord at a point on the minor arc and also at a point
on the major arc.

4. A, B, C and D are four points on a

circle. AC and BD intersect at a point
E such that mZBEC = 100 and m£ZECD
= 25. Find mZBAC. (see figure 12.47).

5. OPQRS is a cyclic quadrilateral
whose diagonals intersect at the point
E. If m£SQR = 70, m£ZQPR = 30, find
mZQRS. Further, if PQ = PR, find
mZERS.

Figure 12.47
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6. Bisector of ZA intersects circumcircle of A ABC ’,,A,H‘
at D. If mZBCD = 50, then find mZBAC. P \\ B ™
(figure 12.48). Fx/ ,/f \ \\,\

7. ZABC is an angle inscribed in a semi-circle arc of ( // \ !
@ (O, r). A ABC is isosceles and AB = 342 . Find H\ / \\. /
area of the circle. B\_\ ﬁ///c

8. Prove that a cyclic parallelogram is a rectangle. \‘“u_D_J::—':’/

9. In a cyclic quadrilateral ABCD, AB || CD . Prove
that E - E Figure 12.48

10. If in a cyclic D ABCD, AD = BC. prove AB || CD .

EXERCISE 12

1. Congruent parallel chords AB and CD have mid points M and N respectively
and the centre is O. 1\?\1 intersects the circle in P and Q. Prove that PM = QN.
In A ABC, bisector of ZA passes through its circumcentre. Prove that AB = AC.
AB and CD are two parallel chords of a circle and AB =24 cm and
CD =10 ¢m. If the perpendicular distance between them is 7 c¢m, then find the
radius of the circle. Chords are in the same semiplane of the line containing the
diameter parallel to them.

4. Chords AB and CD are parallel and they lie in the same semi plane of the line
containing the diameter parallel to them. AB = 8 ¢m, CD = 6 c¢m and radius of the
circle is 5 ¢m. Find the perpendicular distance between them.

5. AC and BD are different diameters of a circle. Prove that 0 ABCD is a
rectangle.

6. AD and BE are altitudes of A ABC. D e B_C, E € AC. Prove that ZA, /B,
£D, ZE are angles of the same segment of a circle.

7. AB and CD are two parallel chords of a circle with centre O. If AB = 10,
CD = 24 and distance between them is 17, then find its radius. (Chords are in
different semi planes of the line containing the diameter parallel to them.)

8. Prove that the perpendicular bisector of a chord of a circle is the bisector of the
corresponding arc of the circle.

9. If congruent chords of a circle with centre O are given, prove that B?) is the

bisector of ZABC, where AB = CB.
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10. AABC is inscribed in a circle with centre O. If
mZBAC=30, then prove that A OBC is an equilateral m
triangle. AR___//D
11. In the figure 12.49, AD = 12, BC = 8. Find AB, CD, U
AC and BD. (Here two circles are concentric.) Figure 12.49
12. Select proper option (a), (b), (c) or (d) and write in the box given on the right so

that the statement becomes correct :

(M

2

G)

4)

)

(6)

(7

®)

The centre of a circle lies ...... ) ]
(a) in the interior of the circle. (b) in the exterior of the circle.

(c) on the circle. (d) anywhere in the plane.

A point whose distance from the centre of a circle is less than its radius
lies... []
(a) in the interior of the circle. (b) in the exterior of the circle.

(c) on the circle (d) anywhere in the plane.

The longest chord of a circle is...... ]

(a) a line segment joining the centre and any point on the circle

(b) a chord joining the end points of a minor arc.

(c) a chord joining the end points of the major arc.

(d) a chord joining the end points of the semi circle arc.

Line-segment joining the centre to any point on the circle is
called ...... : []
(a) a diameter  (b) a chord (c) aline  (d) a radius

If a chord AB subtends an angle with measure 60 at the centre O, then

AOAB is ...... . ]
(a) a right angled triangle (b) an obtuse angled triangle

(c) an equilateral triangle (d) an isosceles right angled triangle
If a line-segment AB is a chord of a circle with centre O, then A OAB
is always ...... ) ]
(a) acute angled triangle (b) equilateral triangle

(c) obtuse angled triangle (d) isosceles triangle

If the circle is a union of four disjoint congruent arcs, then the angle
subtended by one of these arcs at the centre of the circle has measure ......

(a) 30 (b) 45 (c) 60 (d) 90
The measure of the angle subtended by a chord of length equal to radius
has measure ...... ]

(a) 30 (b) 45 (c) 60 (d) 90
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(9)  If the measure of the angle between two radii of a circle is 50, then the region
formed by these radii and the arc corresponding to this angle is ...... ]
(a) a semi circle (b) a minor sector
(c) a major sector (d) the interior of the circle

(10) The perpendicular bisector of the chord of a circle passes through ...... ]
(a) an end-point of the diameter (b) the mid-point of the diameter
(¢) an end-point of the given chord (d) an end-point of an arc

(11) If the chord is at distance 3 ¢m from the centre of a circle having radius

5 c¢m, then the length of the chord is ...... ]
(a) 4 cm (b) 6 cm (c) 8 cm (d) 10 cm

(12) The chord of the length 12 c¢m is at a distance 3 c¢m from the centre of
a circle whose radius is ...... cm. [ ]
(@) 245 (b) 35 (©) 45 (d) 645

(13) Number of circle / circles passing through three distinct non-collinear
points is / are ...... ]
(a) zero (b) one (c) three (d) infinite

(14) Number of circles passing through a single given point are ...... [ ]
(a) two (b) four (c) three (d) infinite

(15) A, B, C are three distinct non-collinear points. The point of intersection of
the perpendicular bisectors of AB and BC is ...... ]

(a) the centre of a circle passing through only B.

(b) the centre of a circle passing through only A.

(c) the centre of the circle passing through all A, B, C.

(d) the centre of a circle passing through none of A, B, C.

(16) A line passing through the centres of two circles intersecting in two
distinct points is not ...... ]

(a) a line bisecting the common chord.

(b) a line perpendicular to the common chord.

(c) a line which is the perpendicular bisector of the common chord.

(d) a line passing through one of the end points of the common chord.

(17) If 50 and 100 are the measures of the angles of a cyclic quadrilateral,

then the remaining angles are of measure ...... and ...... . ]
(a) 130, 80 (b) 100, 50 (c) 100, 130 (d) 80, 50

(18) OPQRS is a cyclic quadrilateral in which mZSQR = 65 and
mZQPR = 30, then mZQRS = ...... ) [ ]

(a) 85 (b) 95 () 115 (d) 150
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(19) In a cyclic quadrilateral ABCD, mZCAB=45 and mZABC=100, then

mZADB = ...... . [
(a) 55 (b) 105 (c) 80 (d) 35

(20) If AB is a diameter of the circle and P is on the semi-circle, and if
mZPAB = 40, then m£ZPBA is ...... . ]
(a) 30 (b) 40 (c) 50 (d) 90

(21) A circle passes through the vertices of an equilateral AABC. The
measure of the angle subtended by the side AB at the centre of the circle
has measure ...... ) ]
(a) 30 (b) 60 (c) 90 (d) 120

*

Summary

In this chapter we have studied the following points :

1.

10.
11.

12.

We have defined a circle, its centre and radius, different terms related to the circle
and congruent circles.

Congruent chords of a circle subtend congruent angles at the centre of the circle
and its converse is true.

The perpendicular drawn from the centre of the circle to a chord bisects the chord
and its converse is true.

A unique circle passes through three non-collinear distinct points.

Congruent chords of a circle are equidistant from the centre of circle and its
converse is true.

If two arcs are congruent, then their corresponding chords are also congruent and
conversely.

Congruent arcs of a circle subtend congruent angles at the centre of the circle.
The angle subtended by an arc at the centre has measure twice the measure of
the angle subtended by it at any point on the remaining part of the circle.
Angles in the same segment of a circle are congruent.

Angle in a semicircle is a right angle.

If a line-segment joining two points subtends congruent angles at two other points
lying on the same side of the line containing the line-segment, the four points lie
on a circle.

The pair of opposite angles of a cyclic quadrilateral are supplementary and its
converse is also true.



CHAPTER 13 I

CONSTRUCTIONS
B

13.1 Introduction

In earlier chapters, the necessary rough diagrams drawn were just sufficient to
represent the given situation. There was no precision required in the drawing of different
figures. But in different walks of life, precise drawing is essential. For example in
furniture design, fashion design, machine drawing, constructions of buildings etc, the
geometrical figures must be in the precise form and with accurate measure. So, we shall
learn some constructions with the help of a straight edge and compass only. Here we shall
also see the mathematical justification for the procedure adopted for the constructions,
which will also use the ideas discussed in the earlier chapters. Also such constructions will
help us to develop the skill of correctness in our mathematical understanding.
13.2 Basic Constructions

We have learnt how to construct a circle, the perpendicular bisector of a
line-segment, the bisector of a given angle and also the angles of measure 30, 45, 60,
90 and 120 with the help of straight edge and compass only. The justification of these
constructions was not discussed there. In this chapter, mathematical justifiction is also
given at the end of each constructions. It will justify the validity and correctness of the
steps taken for the constructions.

Construction 1 : To construct the bisector of a given angle.

Data : ZABC is given.

To construct : To construct the bisector of ZABC.

Steps of Construction :

(1) Taking B as a centre and an arbitrary radius, draw an arc intersecting

— —
both the arms BA and BC of ZABC at D and E respectively.

(2)  Draw arcs having equal radius with length more than % DE by taking D and E
as a centres.
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These arcs intersect each other at some point P.

%
(3) Draw BP. [see figure 13.1 (ii)]
A

() Figure 13.1

Thus 5 is the required bisector of ZABC.

Now we justify our method of construction.

Draw PD and PE.

For the correspondence BEP <> BDP of ABEP and ABDP.

BE = BD (radii of the same circle)
EP = DP (congruent radii)
BP = BP (common line-segment)
". The correspondence BEP <» BDP is a congruence. (SSS)
A
- ZEBP = ZDBP
%
. BP is the bisector of ZABC. \/
Construction 2 : To construct the p

perpendicular bisector of a given line-segment.
Data : AB is given.
To construct : The perpendicular bisector of AB.

Steps of Construction :

(1) Draw arcs with equal radius having T ] i
1 , AT M1 B
length more than 3 AB taking as

centres A and B in upper and lower

half-planes of AB.
(2) Let these arcs intersect, each other
at points P and Q. \
, Q

(3) Draw PQ, which intersects AB at point say M.
b

> —
Thus PQ is the perpendicular bisector of AB.
Figure 13.2
Now, we justify our method of constructions.
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Join A and B with both P and Q to form AP, A_Q, BP and %
For correspondence PAQ < PBQ of APAQ and APBQ.

AP = BP (radii of the congruent circles)

A_Q = % (radii of the cogruent circles)

ﬁ = % (common line-segment)
. The correspondence PAQ <> PBQ is a congruence. (SSS)
s ZAPQ = ZBPQ

Hence ZAPM = ZBPM as P-M—Q
Now for correspondence PMA <> PMB of APMA and APMB

AP = BP (radii of the congruent circles)
ZAPM = ZBPM (proved)
PM = PM (common line-segment)
.. The correspondence PMA <> PMB is a congruence. (SAS)
. AM = BM and ZAMP = /BMP (i)

As ZAMP and ZBMP form a linear pair of angles, they are supplementary
angles and they are congruent also.
s mZLAMP = mZBMP = 90 (i)
&~ —
From (i) and (ii), we can say that PQ is the perpendicular bisector of AB.
Construction 3 : To construct an angle having measure 60 at the initial
oint of a given ray.
p g BN Y
Data : BC with initial point B is given.
(figure 13.3(i))

v

() (ii)
Figure 13.3

%
To construct : To construct BA such that mZABC = 60.

Steps of Construction :
D D_r?w an arc with B as centre and arbitrary radius. Let this arc intersect
BC at P.

(2) With centre at P and keeping the same radius as before, draw an arc to
intersect the previous arc at a point, say Q.
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%
(3) Draw BA passing through the point Q. (see figure 13.3 (ii))

Thus, we have ZABC of measure 60.
Now, we justify our method of constructions.

Draw PQ.
In ABPQ, BP = BQ = PQ (radii of the same circle or congruent circles)

ABPQ is an equilateral triangle and hence it is an equiangular triangle.
— —
mZQBP = 60 and hence m£ZABC = 60 (Qe BA and P € BC)

One can construct any angle having measure which is a multiple of 15 using
constructions 1 and 3. Of course we remember that measure of an angle lies between
0 and 180 ! /

+ Example 1 : Draw A ABC where BC = 4 cm,
Z v mZB = 60, m£C = 90
Data : In AABC, BC = 4 c¢cm, mZB = 60,
mZC = 90

To construct : To construct A ABC having
A given measures for side and angles.
Steps of Construction :

)< (1) Draw 1;)(

(2) Construct an angle of measure 60 at
point B. (see construction 3) such that

mZYBX = 60
3) Mgrk points C and D on
BX such that BC = 4 cm
and CD = 4 cm.
\ (4) Draw LBCZQ)uch that
D mZBCZ=90. CZ intersects
- > —
B | /C X BY at A.
Then A ABC with given
G 4O iy s A O iy measure is constructed.
Figure 13.4 EXERCISE 13.1
&~

1. Draw AB having length 10 c¢m. Construct its perpendiculer bisector PQ, which
intersects AB at M. Measure AM and BM .

2. Construct an angle having measure 120 by using a pair of compass and a
straight edge only.
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3. Construct an angle having measure 30 by using a pair of compass and a

straight edge only.
4. Construct an angle having measure (1) 15 (2) 90 (3) 150 by using a pair of

compass and a straight edge only.
5. Construct an equilateral triangle having length of each side 6 cm by using a

pair of compass and a straight edge only.
6. Construct A PQR, where mZ£Q = 60, mZR = 90 and QR = 5 ¢m by using a

pair of compass and a straight edge only.
7. Construct A XYZ, where YZ = 4 cm, mzX = 60, m£Z = 90.

*

13.3 Some Constructions related to Triangles

Now we will construct triangles using the constructions learnt in our earlier
classes and in this chapter.

We know that a triangle has six parts i.e. three sides and three angles. Because of
the postulates and theorems of congruence of triangles, some definite three parts of a
triangle determine the triangle completely. We shall now see how to construct a triangle
when some definite relations among measures of angles and measures of sides are
given. You may have noted that at least three parts of a triangle have to be given for
the constructions of a triangle, but not all combinations of three parts are sufficient for
our purpose. For example, if two sides and not included angle are given, then it is not
possible to construct such a triangle. When we are given the measure of an angle for
such constructions, we shall construct the angle with the help of a compass. We shall not
use a protractor.

Construction 4 : To construct a triangle, given the base, one base angle
and the sum of measures of two sides.

Data : Base QR, mZPRQ and PQ + PR are given.

To construct : To construct APQR with given measures.

e

(3 . R Q .
(@ Figure 13.5 o
Steps of Construction :

(1) %W QR having given measure.

(2) RX can be constructed such that mZQRX is equal to the given mZPRQ.
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(3) Select S on IS)( such that RS = PQ + PR.

(4) Draw QS .

(5) Now to get P on RS such that PQ = PS, construct the perpendicular bisector
of QS, which intersects RS at PE§e Figure 13 g (1)] or Draw ZSQY, whose

measure is equal to mZRSQ. Let QY intersect RX at P (see figure 13.5 (ii)).
Then APQR is the required triangle with given measures.
Now we justify our method of constructions.

In APQS, PQ = PS. (by construction)
Then PR = RS — PS = RS —PQ
PR + PQ = RS

[if m£PSQ = mZPQS, then also PQ = PS]
Example 2 : Construct A ABC such that BC = 3 ¢m, m £ BCA = 75 and
AB + AC = 8 cm. '
Data : In AABC, BC =3 cm, mZBCA =75 X
and AB + AC = 8 cm.
To construct : To construct A ABC with
given measures.

D

Steps of Construction :
(1) Draw BC such that BC = 3 cm.

(2) Draw C—)>( such that m£ZBCX = 75
[using constructions 3 gd 1]. A
(3) Take a point D on CX such that
CD = 8 cm.
(4) Draw BD.

(5) Draw the perpendicular bisector of

T

—_ 75
BD which intersects CD at A. B 13em ¢

v

(6) Draw BA . Figure 13.6

Then A ABC is the required triangle with given measures.

Construction 5 : To construct a triangle given its base, a base angle and
the difference of the other two sides

Data : In A ABC, BC, m£ZABC and AB-AC or AC—AB are given.

To construct : To construct A ABC with given measures.

Steps of Construction :

Case (1) Let AB > AC and AB-AC be given,

(1) Draw BC of given measure.



70 MATHEMATICS
%
(2) Construct BX such that mZCBX equal to X
A
given m ZABC.
%

(3) Select D on BX such that BD = AB — AC.
(4) Draw CD.

(5) Draw the perpendicular bisector of CD, which
%

intersects BX at the point A. B
(6) Draw AC. (see Figure 13.7)
Then AABC is the required triangle with given measures.
Case (2) : Let AC > AB, AC — AB be given.

(1) Draw BC of given measure.

%
(2) Construct BX such that mZCBX equal to

given m ZABC.

— ) —
(3) Draw BY, opposite ray of BX.

(4) Select D e ]?Y such that BD = AC — AB.

(5) Draw CD.

(6) Draw the perpengular bisector of CD
which intersects BX at the point A.

(7) Draw AC. (see figure 13.8)

Now we justify our method of construction.

Case (1) BC and ZB of given measures are drawn

- AD = AC, as A is on the perpendicular bisector of CD.
Now AD = AB — BD

.. AC=AB-BD

~. BD=AB - AC

Thus BD representes AB — AC.

Case (2) AC = AD as A is on the perpendicular bisector of CD.

. AC=AB+ BD
.. BD=AC - AB
~ BD represents AC — AB

7

Figure 13.7

Figure 13.8

Select the point D in such a way that, if the base angle ZB is given and the side
whose one of the end point is B is greater side (AB) then A—D-B, if that side (AB) is
less, then A—B-D.

Then A ABC is the required triangle with given measures.
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Example 3 : Construct APQR, where QR = 6 cm. mZPRQ = 30, PQ —PR = 3 cm.
Data : In APQR, QR = 6 cm. mZPRQ = 30, PQ — PR = 3 cm.
To construct : To construct APQR with given measures.
Steps of Construction :

Figure 13.9

(1) Draw Q_Rof length 6 cm.
%
(2) Draw RX such that mZQRX = 30 (Construction of an angle of measure 30)
%
(3) Take a point A on the ray opposite to RX such that RA = 3 c¢m. (Why ?)
(4) Draw a
. . . . . %
(5) Draw the perpendicular bisector of QA , which intersects RX at P
(6) Draw R)
Thus APQR with given conditions is constructed.

Example 4 : Construct ADEF such that EF = 5 ¢cm, mZDFE = 30, DF —DE = 2 c¢m

Data : In ADEF, EF = 5 cm, mZDFE = 30, DF — DE = 2 cm.
Construction 5 : To construct ADEF with given measures.
Steps of Construction :

(1) Draw EF of length 5 cm.



72

MATHEMATICS

with given conditions.

—
(2) Draw FX such that mZEFX = 30.

(Construction of an angle % measure 30) XD
(3) Take a point C on FX such that
FC =2 cm. C
(4) Draw EC. g
(5) Draw the perpendicular bisector of N
EC w}ﬂl intersects I;g at D. : st 3
(6) Draw DE.
Then ADEF is constructed in accordance AXX

Figure 13.10

Construction 6 : To construct a triangle, given its perimeter and its two

base angles.

Data : In APQR, m£Q, mZR and PQ + QR + RP are given.

To construct : To construct APQR with given conditions.

Steps of Construction :

(1) Draw XY such that XY = PQ + QR + RP.

(2) Construct ZAXY and «ZBYX such that mZAXY = mZQ and
msZBYX = m£R.

(3) Draw bisectors of ZAXY and ZBYX, and they intersect at P.

A
l, +B
12
P
s
Al
."; ) \K
.';“
Q
i

/R Y

Figure 13.11
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(4) Draw the perpendicular bisector, /; and /, of PX and PY respectively
intersecting Xy at Q and R respectively.
(5) Draw W) and PR.
Thus, APQR with given conditions is constructed.
Now, we justify our method of construction
m/PYR = 4+ mLR and mZPXQ = 1 mLQ
Line /g is the perpendicular bisector of PX.
. PQ= XQ and similarly PR = RY
- PQ= QX and PR =RY
- mZPXQ = mZQPX = l mZPQR
.~ mZPQR = 2 m/PXQ = mLAXQ mZAXY
Slmllarly mZPRQ = m/BYR = m£ZBYX
Also XY = XQ + QR + RY = PQ + QR + PR
Example 5 : Construct APQR Such that m£Q = 60, mZR = 90 and
PQ+ QR + RP= 12 cm.
Data : In APQR, mZ£Q = 60, mZR = 90 and PQ + QR + RP = 12 cm
To construct : To construct APQR with given conditions.

45

a

I' 12 cm

Figure. 13.12 ’I
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Steps of Construction :

(1) Draw AB of length 12 cm.

(2) Construct APAB with mZA = 30, mZB = 45 whose arms intersect at P.

(3) Construct the perpendicular bisectors of AP and BP which intersect AB at
Q and R respectively.

(4) Draw W) and PR .

Thus, APQR of given measures is constructed.

EXERCICE 13

Construct AABC such that BC = 6 cm. m£ZB = 60, AB + CA = 9 cm. Write the
steps of the constuction.

Construct APQR where PQ = 7 ecm. mZP = 30, RP — QR = 3 cm. Write the
steps of the construction.

Construct AABC in which mZB = 30 and mZC = 30, AB + BC + CA= 12 cm.
Also write the steps of the construction.

Construct and write the steps of the construction for APQR in which QR = 8 c¢m
mZQ = 45 and PR — PQ = 2 cm.

*

Summary

In this chapter we have done the following constructions with the help of straight edge
(ruler) and compass only :

1.

N & W N

To bisect a given angle.

To draw the perpendicular bisector of a line segment.

To draw an angle with measure 60.

To draw an angle having measure a multiple of 15.

To draw a triangle, whose base, a base angle and sum of other two sides are
given.

To draw a triangle, whose base, a base angle and difference of other two sides
are given.

To draw a triangle, given its two base angles and perimeter.



CHAPTER 14 I

HERON'S FORMULA
B

14.1 Introduction

In the previous classes, we have studied about the figures of different shapes
such as a triangle, a square, a rectangle, a rhombus, a trapezium etc. Moreover, we
had found out the areas of regions enclosed by the figures and also calculated the
perimeters of them. For example, if we want to find out the perimeter of any floor of
a room of our school or home, it is obvious that we walk around the boundary of that
room. The total distance covered by us is considered as perimeter of that room and
the floor of that room will have an area also.

So if the floor of our room is rectangular and its length is / and breath is b, then
total distance covered will be 2(/+b) i.e. its perimeter and its area is /b.

How can we find the area of a triangle ? We know the following result about area.

Area = % X base X altitude (i)

For a right angled triangle we can use the above formula directly because an
altitude from the vertex to the base of the triangle will be a side of the triangle. For
A example, in the right angled A ABC,
mZB = 90, AB = 3 e¢m, BC = 4 cm,
length of the hypotenuse AC = 5 cm.
3 5 Then the area of the triangle is given by

% x AB x BC where AB is the altitude

[ and BC is the base of the triangle.
B 4 C | i
Figure 14.1 Area =5 x4 x3 =6cm



76 MATHEMATICS

Let us find out the area of an isosceles

A triangle with the help of the above formula.
In A ABC, let AB = AC. Now draw the
perpendicular from the vertex A to the
base BC which intersects BC at D.
Thus, A*ABC is divided into two triangular
B rl; C regions, A*ABD and A*ACD.
Figure 14.2 mZADB = mZADC = 90

Now if AB = 5 ¢m, then AC is also 5 ¢m and let BC = 6 c¢m. Altitude from A

divides BC in two congruent line-segments BD and DC. Thus BD + DC = BC,
so that BD = DC = 3 cm (figure 14.2)

Now, apply Pythagoras' theorem to the right angled A ADB

AB2=BD2 + AD?

. 52=3)2 + AD?

. 25-9=AD?

. AD2=16

*. AD = 4 cm = length of the altitude

*. By (i), area of the isosceles A ABC = % X 6 x4=12cm?

Similarly, we want to find the area of an
equilateral A ABC, where the length of each
side is 12 c¢m. For this triangle, if we draw a
perpendicular from the vertex A to the base BC
which intersects BC at D, then AD is an altitude
of AABC. Here D is the midpoint of BC.

Thus, BD = DC = 6 c¢m (figure 14.3) .

For right angled AADB, AB2 = BD2 + AD? Figure 14.3

s (12)2 = AD2? + (6)2

. ADZ= 144 — 36

. AD2=108

- AD=6+/3 cm

.. The area of equilateral A ABC is given by, % xAD x BC = % x 6-/3 x 12
. The area of AABC = 36+/3 cm?
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14.2 Heron's Formula

Heron (10AD - 75 AD)

Heron was born in about 10 A.D. possibly in
Alexandria in Egypt. He worked in applied mathematics.
His work on mathematical and physical subjects are so
numerous and varied that he is considered to be an
encyclopedic writer in these fields. His geometrical
works deal largely with problems on mensuration written
in three books. Book I deals with the area of squares,
rectangles, triangles, trapezoids (trapezia), various other
specialised quadrilaterals, the regular polygons, circles,
surfaces of cylinders, cones, spheres etc. In this book,
Heron has derived the famous formula for the area of a
triangle in terms of its three sides.

12 n

g cm

Figure 14.4

Area of a triangle =

For an isosceles, equilateral and right
angled triangle, we can draw the
perpendiculars from the vertex to the base
and we can find their lengths. Then we

can find the area of the triangle by using

wo )

the formula % x base x altitude. But if
we have a scalene triangle, then we do not
have any clue to find the length of an
altitude (i.e. perpendicular from a vertex to
the base of the triangle).

c For an example, in A ABC, Let
AB =12 cm, BC = 8 ¢m and AC = 10 cm.
Now there is a problem as to how can we
calculate the area of this triangle ? For this,
a formula is given by Heron, which is known

as Heron's formula. It is as follows :

\/s(s—a)(s—b)(s—c) (ii)

Here a, b, c are the lengths of the sides of the triangle and s is semiperimeter

of the triangle.
Thus, perimeter = a +

__a+b+c
2

b+c=2s
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So, if the length of the altitude is not given and it is not easy to find it, then this

formula (ii) will be helpful to find the area of the triangle. So for the above example,

12+10+8
§= —— = 15 cm

Area of A ABC = \/s(s—a Y(s=b)(s—c)
= J15(15-12) (15-10) (15 - 8)

= [153)5)(7) =157 cm?

Let us solve following examples to understand the application of Heron's formula.

Example 1 : Find the area of the triangle whose sides have lengths 15, 15, 12 cm.

42
Solution : Here, s = atbte _ 1315+ _ 7 =21 cm

.. The area of 2A ABC \/2s (s—a)(s=b)(s—c)
J21(21-15) (21-15) (21-12)

J2TX6X6%9

1821 cm?

(Do you have any other alternative method ?)

Example 2 : The lengths of the sides of a triangular park are in proportion 3 : 5 : 7
and its perimeter is 450 metre, then find out the area of this park. Also find the
cost of fencing it with barbed wire at the rate of ¥ 25 per metre by leaving a
space of 5 metre wide for a gate on all the sides.

Solution : The sides are in the proportion 3 : 5 : 7. Suppose the lengths of the

sides of the triangular park are 3x, 5x and 7x. (x > 0).

Now, perimeter of triangular park = 450 metre
o 3x + 5x + 7x =450
s 15x =450

. x = 30 metre

KEEP THE PARK
GREEN AND CLEAN

C 210 m A

Figure 14.5
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Thus, for A ABC, AB = ¢ = 3x metre = 3(30) = 90 metre
BC = a = 5x metre = 5(30) = 150 metre

AC = b = 7x metre = 7(30) = 210 metre

_a+b+c _ 904150+ 210 _ 450
NOW,S— 2 = ) =

. The area of A ABC = /225(225- 90)(225-150)(225-210)
= /225(135)(75)(15)

JI5X15x15%9%25%3x15

= 225 metre

JA5)4x(5)2x(3) 2x3
(152 x 5 x3 x./3
33753 m2

Now, for the fencing, 5 metre space is left on each side of the triangular park. Then

total space left will be 5 x 3 = 15 m. Hence the total length for the fencing = length
of the wire needed for fencing = Permeter of the triangular park — length of the gates
= 450 metre — 15 metre = 435 metre
.. Total cost of fencing = 435 x 25
= ¥ 10875
Example 3 : Find the area of the triangle AABC where AB = 5 ¢m, BC = 8 c¢m and
AC =9 cm . Find the length of the perpendicular drawn from A to BC

a+b+c B 5+8+9
2 2

.". The area of A ABC = \/s (s—a)(s=b)(s—c)

Solution : Here, s = =11 cm

JIL11-8)(11-9)(11-5)
JTTX3x2%6
7

= 6\/ﬁcm2

Here, AD-L BC (see figure 14.6)

O”z

5 cm

D B 8 cm C Now we have, area of AABC

x base x altitude of A ABC

Figure 14.6

=)=

x 8 x AD
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6\/ﬁ =4 AD
.'.AD:@ :%\/ﬁ cm

.". The length of the perpendicular from A to base BC = %«/ﬁ cm

EXERCISE 14.1

1. Find the area of the equilateral triangle having length of each side 6 units.

2. Find the area of the right angled triangle whose hypotenuse has the length 17 ¢m
and has length of its base 15 cm.

3. Find the area of the triangle with the length of the sides 36 cm, 48 cm and 60 cm.

4. If the lengths of the sides of a triangle are in proportion 3 : 4 : 5 and the
perimeter of the triangle is 120 metre, then find the area of the triangle.

5. An isosceles triangle has perimeter 30 c¢m and length of its congruent sides is
12 c¢m. Find the area of the triangle.

6. The triangular side walls of a flyover have been used for advertisements. The
sides of the walls have lengths 100m, 35m and 105m. The rent per year for the
advertisements is ¥ 4000 per m2. A company hired one of its walls for 2 months.
How much rent did it pay ? (34 =5.83)

7. Find the area of the triangle with the lengths of the sides 5 ¢m, 7 ¢m and 10 cm.
Also find the length of the altitude drawn from the vertex to the side whose length
is 10 cm.

%
14.3 Application of Heron's Formula in Finding Area of Quadrilaterals
For a quadrilateral ABCD, if we join two opposite vertices, then we get a

diagonal and if we draw the perpendiculars from remaining two vertices to the
diagonals, then we have a formula to find the area of the quatrilateral as

Area of the quadrilateral = % (length of a diagonal) (sum of the length of
perpendiculars drawn to the diagonal from other two vertices)

But it is a difficult and tedious process. So instead of it, if we draw a diagonal
then quadrilateral region can be divided into two triangular regions and then we can
use the fact that area of the quadrilateral = sum of the areas of both triangles. Both

these cases are shown in the figure 14.7.
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A A

(i) Figure 14.7 (i)

In figure 14.7 (i) we have the diagonal BD and the altitudes are AE and CF.

So by finding their lengths (i.e. AE and CF) we can use the result. In figure

14.7 (ii) by a single diagonal we get two triangles and by Heron's formula we can find

the area of both the triangles and then take the sum of them. Thus we get the area of
the quadrilateral. It will be easier to find the area of a quadrilateral in this manner.

Let us understand this discussion by the following examples.

Example 4 :In quadrilateral ABCD, AB = 3 ¢m, BC = 4 ¢cm, CD = 6 ¢m and

DA = 5 ¢m and the length of the diagonal AC is 5 ¢m. Find the area of
OABCD.
Solution : Here diagonal AC partitions [1* ABCD in two triangular regions :

A*ACD and A*ABC. For AACD, \ 5
A

AD+DC+AC 5+6+5
s = > = > =8 cm

Now the area of AACD = /8(8-5)(8-6)(8-5)

V8(3)(2)(3) > > 4

= 12 cm?
For AABC, s= w
D 6 C
_ 3+445 6
o 2 =bom Figure 14.8
Now the area of AABC = \/6(6—3)(6—4)(6—5)

= J/6(3)2)(1) =6 cm?
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. Area of D ABCD = Area of A ACD + Area of A ABC
= 12+6
= 18 cm?
See that AABC is a right angled triangle. AADC is an isosceles triangle. So
there is no need to use of Heron's formula. Do it by yourself.
Example 5 : A park is in the shape of a quadrilateral ABCD, where m ZC = 90.

Lengths of the sides are AB = 11 m; BC = 3 m, CD = 4 m, AD = 8 m. Then find
the area of the park.

Solution : Here, for the quadrilateral ABCD, m ZC = 90, and BD = diagonal.
(figure 14.9). Thus for right angled A BCD, see that we BD is the hypotenuse.

- BD2=CD2+BCZ=(4)2+(3)2=25

~. BD = 5 = length of the diagonal

Now the area of quadrilateral ABCD

= The area of A BCD + The area of A ABD -

. The area of A BCD AR R A

-

= — x base x altitude
x BC x CD

=2 x3x4

=6 m?

Now, for the area of A ABD, Figure 14.9

|

AB+BD+AD 11+5+8
s = > = > =12m

\/12(12—5)(12—8)(12—11)
- ZxTxaxl

- fax3xTxa

421 m?

- Area of quadrilateral ABCD = 6 + 4./21 m?

- Area of A ABD

EXERCISE 14.2

1. Find the area of the quadrilateral ABCD where AB = 7cm, BC = 6 cm,
CD = 12 e¢m and AD = 15 ¢m and the length of the diagonal AC is 11 cm.

2. Find the area of the quadrilateral ABCD where AB = 8m, BC = 15 m and
CD = 13 m, DA = 12 m, mZB = 90.
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3. If the perimeter of a quadrilateral ABCD is 92 m and the perimeter of A ABD is
90 m, then find the length of the diagonal BD. Also find the area of the
quadrilateral ABCD where AB = 40 m, BC = 15 m, CD = 28 m, DA =9 m.

4. If the lengths of the diagonals of a quadrilateral field are 40 m and 24 m and they
bisect each other at right angles, then find its area.

5. If the lengths of the sides of a parallelogram are 13 ¢m and 10 c¢m and the length
of one of its diagonal is 9 ¢m, then find its area.

%k

EXERCISE 14 A 3

1. Find the area of regular hexagon ABCDEF
(figure 14.10) where the length of each side is
4 ¢m and O is the midpoint of the diagonals

E, DA and BE and their lengths are 8 cm.

2. Find the area of the quadrilateral ABCD,
where AB = 9 ¢m, BC = 10 ¢cm, CD = 12 cm, C D
> ~ .
DA =11 cmand AB || CD. Figure 14.10

3. A bulk of triangular tiles of the length 3 ¢m, 4 cm and 5 cm is to be used for the
flooring of a room with area 216 cm?. Find how many tiles should be used for the
flooring. Find the total cost of polishing the tiles at the rate of ¥ 2.75 per cm?.

4. An umbrella is to be made by stitching 8 triangular pieces of cloth with lengths
17 em, 17 ¢cm and 16 c¢m. Find how much cloth is required for the umbrella.

5. Find the area of the triangle whose length of the sides are 6 c¢m, 8 cm and 10 cm.

6. If the length of the sides of a triangle are in proportion 25 : 17 : 12 and its

perimeter is 540 m, then find the lengths of the largest and smallest altitudes.
7. Infigure 14.11, BC =5 cm, CD =3 cm,

CF = 6 cm. Find the area occupied by
the prism on the prism table.
8.  The base of a triangular field is twice to
its altitude and the cost of cultivating
the field is ¥ 30 per hectre and the total
cost is ¥ 480. Find the length of the
base and altitude of that trianguler field. B
(10000 m? = 1 Hector)

Scm C
Figure 14.11
9. If the length of the side of a square is 5 m and it is converted into a thombus
whose major diagonal has length 8 m, then, find the length of the other diagonal
and also find the area of the rhombus.
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10.

11.

12.

If the area of a rhombus is 100 cm? and the length of one of its digonal is 8 cm,
then find the length of the other diagonal.

Both of the parallel sides of a trapezium are 8 ¢m and 16 cm. Non-parallel sides
are congruent, each being 10 ¢m. Then find the area of the trapezium

Select proper option (a), (b), (c) or (d) and write in the box given on the right so
that the statement becomes correct :

(1) For the A ABC, semiperimeter is ...... where AB = 8 c¢cm, BC = 6 cm,

AC =10 cm. [ ]
(a) 24 (b) 20 (c) 12 (d) 16
4 > > >

(2) Fora O"ABCD, AB || CD and BC || DA.If AB = 8 cm and BC = 10 cm
the perimeter of the 0" ABCD is ...... cm ]
(a) 18 (b) 20 (c) 36 (d) 56

(3) If the perimeter of a trapezium is 50 ¢m and the lengths of non-parallel sides
are equal to 12 cm, then the sum of parallel sides is ...... . ]
(a) 13 cm (b) 26 cm (c) 28 cm (d) 30 cm

(4) If the area of a rhombus is 54 c¢m? and the lengths of one of its diagonal is
9 cm, then the length of its other diagonal is ...... cm. [ ]
(@9 (b) 12 (c) 27 (d) 90

(5) If the lengths of the sides of a triangle are in proportion 3 : 4 : 5 then the
area of the triangle is ...... sq units where perimeter of the triangle is 144. [ ]
(a) 64 (b) 364 (c) 564 (d) 864

(6) If the base of an isosceles triangle has length 10 ¢m and its perimeter is
28 ¢m, then the length of each congruent side is ...... cm. ]
(a) 38 (b) 18 (©)9 (d) 19

(7) If the lengths of the sides of a triangle are 8 c¢m, 11 cm and 13 cm, then
area of the triangle is ....... (cm)?. ]
(a) 44 (b) 43 (c) 42.82 (d) 8430

(8) If the length of the base of a triangle is 12 cm and the length of the altitude
to that base is 8 cm, then the area of the triangle is ...... (cm)?. ]
(a) 12 (b) 24 (c) 36 (d) 48

(9) If the area of an equilateral triangle is 243 cm?2, then the length of each
side of the triangle is ...... cm. []

@ 2 (b) 243 (© 242 (d) 3.2



HERrON'S ForMULA 85

(10) In a A ABC, CD is the altitude of A ABC where AD = 4 c¢m, CD =5 cm

and BD = 5 cm. Also the area of a square is the same as the area of

A ABC. Then length of each side of the square is ...... cm. ]
W2 3 3710 35
(a) =3 (b) > (c) —‘/2_ (d) _‘2/_

(11) In a square ABCD, length of each side is 7 ¢m. Then length of its diagonal is

...... cm ]

() V2 (b) 7 © 742 (d) 247
(12) In quadrilateral ABCD, the lengths of each side is shown in the figure
14.12 then the length of the diagonal AC is ... m. ]
A 20 m D
&
£ <
(o)
B 40 m C
Figure 14.12
(a) 40 (b) 9 (c) 49 (d) 41
*
Summary

In this chapter we have studied the following points :

1. If the lengths of the sides of a triangle are a, b and ¢, then the perimeter of
a+b+c
—

2. The area of a triangle is given by Heron's formula and it is

\/s(s—a)(s—b)(s—c).

3. To find the area of a quadrilateral whose sides and one diagonal are given. By a

A ABC is a + b + ¢ = 2s and its semiperimeter is s =

diagonal the quadrilateral region is partitioned into two triangular regions and then
by Heron's formula we can find the area of each of the triangles. The sum of
areas of both triangles gives us the area of quadrilateral.



CHAPTER 15 I

SURFACE AREA AND VOLUME
B

15.1 Introduction

We have learnt about plane figures like a rectangle, a square, a circle etc. We have
also studied how to find out their perimeters and area in earlier classes. Now, we will
learn about congruent figures made by cutting from cardboard sheet and stacking them
up in a vertical pile. By this process we shall obtain a ‘solid’. We have already studied
in earlier classes about cuboid, cube etc. We will now learn here about solids in detail.
15.2 Introduction of a Cuboid and a Cube

We know about a rectangle and a square and formulae to find their areas and

perimeters.
D C b S
b A D
/ Q R
A B
0 |
(i) Area =[x b Perimeter = 2(/ + b) (i)

Figure 15.1

Cuboid : A cuboid is a solid bounded by six rectangular plane regions.

Figure 15.1 (ii) represents a cuboid. We will study some solids.

In figure 15.1 (ii) 0 ABCD, OO PQRS; OO SRCD, (0 PQBA; OPADS, [JQBCR
are six faces of the cuboid. Each face is a rectangle. [ PADS and [JQBCR are top
and bottom faces respectively. Also they are opposite faces. Similarly (1 PQBA and
O SRCD; O ABCD and [0 PQRS are pairs of opposite faces. (] PQBA and [ ABCD
are adjacent faces. Can you name another pair of adjacent faces from the figure ?
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E, BC, CD, DA; %, Q_R, ﬁ, ﬁ; ﬁ, @, RC, SD are twelve edges
of the cuboid. Adjacent faces intersect in an edge in one side of a rectangle only. Since
opposite sides of a rectangle are congruent, BC = AD = QR = PS, AB = DC = SR = PQ,
QB =PA =CR = SD. P S

A, B, C,D, P, Q, R and S are vertices of
cuboid. A

We can take any face of a cuboid as base

of the cuboid. In this case, the four faces which Q
meet the base are called the lateral faces of b ;
cuboid. In our cuboid type of classroom, four B ) ¢
walls are faces of cuboid. Figure 15.2

When we take, a rectangle, a face of a cuboid, as the base, then its length and

breadth are known as the length and breadth of the cuboid. Any two lateral faces
intersect in a line-segment called height of the cuboid. In figure 15.2 the rectangle
QBCR is a base of cube. BC is the length / and QB is the breadth b. Intersection of
faces CJABCD and CJPQBA is AB. Its length AB is the height of the cuboid.

The length, breadth and height of the cuboid are denoted by [, b and #
respectively.

Cube : A cuboid whose length, breadth and height are equal is called a cube.
15.3 Surface Area of a Cuboid and Cube

We take a bundle of
many congruent rectangular
sheets of paper. The shape of \ \
this bundle is a cuboid. It is
also called a rectangular

parallelopiped.
Figure 15.3
Activity (1) :
M b N First, we take an
Ak B ®) FhH b | empty chalk-box.
b Open all the sides of
ol o el @ / the chalk-box carefully
and arrange all the
N b faces of the chalk-box
! Dhacl (6 [ERG b 1 on the table as given
@ K b L in the figure 15.4.

(i) Name all the faces.
Figure 15.4
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Area of the face ABCD = Area of the face FEGH =/ x A
Area of the face BCEF = Area of the face HGJI=17x b
Area of the face CKLE = Area of the face BMNF= b X A
Total surface area of a cuboid = Sum of the areas of all its six faces
=2(UXh)+2UXb)+2(bxh
=2 (Ib + bh + h])
Note : To find out the surface area of a cuboid, the length, breadth and height
must be expressed in the same units.
Example 1 : If the dimensions of a cuboid are 20 cm X 15 c¢m X 10 c¢m, find its total
surface area.
Solution : Total surface area =2 (/b + bh + hl)
=220x 15+ 15x 10+ 10 x 20)
=2 (300 + 150 + 200)
=2 (650)
= 1300 cm?

Surface Area of a Cube : For a cube, we have / = b = h.

All the six faces of a cube are squares of the same size.
Total surface area of a cube =2 (I X[+ IxXI[+[IX])

=2P+P2+P) |/
= 6/ l
= 6 (length of cube)? Figure 15.5

15.4 Lateral Surface Area of Cuboid and Cube :
Now we find the sum of the areas of the four faces of a cuboid excluding top
and bottom faces. This sum is called the lateral surface area of the cuboid or the cube.
Lateral surface area of a cuboid H G
Area of the face ABCD + Area of the face FBCG + b c
Area of the face EFGH + Area of the face EADH. . p I
IXh+hXb+IXh+bxh b
=2(Uxh)+2(hxb) A / B
2h I +Db)=h-2( + b) Figure 15.6
Height X Perimeter of base

Cube : Lateral surface area of a cube )
=P+P+P+P 7
= 42 Figure 15.7
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Example 2 : A cubical box has each edge having length 12 c¢m and another cuboidal
box has edges 15 c¢m long, 12 ¢m wide and 8 c¢m high. (i) Which box has the
smaller total surface area and by how much amount ? (ii) Which box has the
greater lateral surface area and by how much amount ?

Solution : (i) Let the total surface areas of the cubical and cuboidal boxes be S, and S,.
S, =6 ())? =6 (12)> =6 (144) = 864 cm?
S, = 2(lb + bh + hl)

=2(15x 12+ 12x8 +8x15)

=2 (180 + 96 + 120)

=2 (396)

=792 cm?

S;—S, =864 — 792 =72 cm?

The cuboidal box has smaller surface area and is smaller by 72 cm?

(i) Let the lateral surface areas of the cubical and cuboid boxes be L; and L,.

L, =4 () L, =2h(l+b)
=4 (12)2 =2x8(15+ 12)
=4 (144) = 432 cm?
=576 cm? L, - L, =576 —432
= 144 cm?

Thus, the cubical box has greater lateral surface area and is greater by 144 cm?.
Example 3 : Kanjibhai had built closed cubical water tank with lid for his factory. The

length, breadth and height of the tank are 2.5 m, 1.5 m and 1 m respectively. He
wants to cover outer surface of the tank (excluding the base) with square tiles of
side 25 ¢m. Find out the number of tiles and total cost, if the rate of the tiles is
T 480 per dozen.

(1 dozen = 12 units)
Solution : First we should find out

total surface area of five outer faces of
tank.
Length of the tank = 2.5 m = 250 cm
Breadth of the tank = 1.5 m = 150 cm
Height of the tank = 1 m = 100 cm
Surface Area (excluding base) =/ x b + 2(b X h) + 2 (h x ])
=250 x 150 + 2 (150 x 100) + 2 (100 x 250)]
= (37500 + 30000 + 50000)
= 117500 cm?

Figure 15.8
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Area of each square tile = (25 x 25) cm?

area of the tank 117500

. Number of tiles required = rea of one file —~ 25%25 188 tiles
. . . . 480188
Since cost of 12 tiles is & 480, cost of 188 tiles = T = Z 7520

.. Number of tiles required is 188 and total cost is ¥ 7520.

250

Note : In fact 55 X = tiles are required for top.

.. Total numbers of tiles required for top = 10 X 6 = 60

Similarly total numbers of tiles required for sides

= ({150 + 100 , 250\, 100
_2(25X25+25X25)

=2(6 x4 +10x 4) =128

.. Total number of tiles required is 128 + 60 = 188.
If / or b or & is not a multiple of 25 then tiles would have to be broken ! Not a

practical solution.

Example 4 : A hall for prayer in a school is 10 m long, 8 m wide and 5 m high. It has

two doors each measuring (3 x 1.5) m? and Four windows, each measuring

(2 x 2) m?. Find the total expense for whitewashing the interior walls. The rate

of whitewashing is ¥ 6 per m?.

Solution : Area of four walls = (Lateral surface area of cuboidal hall)
=2h(l+Db)
=2x5(10+8)
= 180 m?

Area of two doors =2 (3 X 1.5) = 9 m?

Area of four windows =4 (2 x2) = 16 m?
Area to be whitewashed = (Area of four walls with door and windows) —
(Area of doors + Area of windows)
= (180 — (9 + 16)) = 155 m?
The rate of whitewashing is ¥ 6 per m?.
*. cost of whitewashing = (155 x 6)
= 7 930
. The cost of whitewashing is ¥ 930.
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EXERCISE 15.1

1. Fill in the blanks in each row in the following table from given information :
No.| length breadth height lateral Total
surface area | surface area
(D) 18 cm 10 cm Sem | ...l em? | cm?
2) 3m 3m 3m | m* | m?
3) 1 m 75 cm S0cm | ... em? | cm?
2. A small indoor green house (herberium) is made entirely of glass panes (including

base) held together with tape. It is 40 c¢m long, 30 ¢m wide and 25 cm high.

(1)  What is the area of the glass panes used ?
(2) Find the cost of glass painting of four walls of the green-house. The rate
of glass-painting is ¥ 500 per m?.

3.  Find the area of the four walls and ceiling of a room, whose length is 10 m,
breadth is 8 m and height is 5 m. Also find the cost of whitewashing the walls
and ceiling, at the rate of ¥ 15 per m?.

4. The floor of a rectangular hall has a perimeter of 300 m. Its height is 10 m.
There are two doors of 5 m X 3 m and four windows of 3 m x 1.5 m. Find the
cost of painting of its four walls at the rate of 30 per m?2.

5. A cubical box is 15 ¢m long and another cuboidal box is 25 c¢m long, 20 cm wide
and 10 c¢m high.
(1)  Which box has the smaller lateral area and by how much ?
(2)  Which box has the greater total surface area and by how much ?

*
15.5 Surface Area of a Right Circular Cylinder

We know about a cylinder

A b B QX]EG;% and formula to find its area.
Activity (1) : A cylinder is
generated by the revolution of a
/ L=k rectangle about one of its sides.
This cylinder is called a right
: circular cylinder.
A 4 C@D for Top and bottom of a right
circular cylinder are parallel
Figure 15.9 circular region.
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In figure 15.9, breadth of the rectangle CD namely (b) becomes the
circumference of the base. The radius of the base is the radius of the cylinder. The
length of the rectangle (/) becomes the height (%) of the cylinder.
The line-segment joining the two centres of circular
ends is perpendicular to base. This is the height (/) of
cylinder. If the line-segment is not perpendicular to base,
then what is the situation ? Let us see.

>

. One coin of No. of coins of
five rupees and stack them vertically up, then we get a 5 rupee 5 rupees

right circular cylinder (figure 15.10). Figure 15.10

Activity (2) : If we take a number of coins of

Keep in mind that stack of coins has been kept at
right angle to the base and the base is circular.

Figure 15.11 does not represent right circular cylinder.

Note : In our study, a cylinder would mean a right

circular cylinder.

Activity (3) : Now, we take a sufficiently large

o .
Figure 15.11 coloured rectangular paper, whose length is just enough

to go round the cylinder and whose breadth is equal to the height of the cylinder (see
figure 15.12).
The rectangular region

A b= B QAW ABDC gives us curved
surface of the cylinder. The
breadth () of the rectangle

[=h h is equal to the circumference
of the circular base of the
P cylinder which is equal to
C D e ! 2nr. The length (/) of the
b rectangle is the height (%) of
Figure 15.12 the cylinder.
.. Curved surface area of the cylinder = Area of the rectangle

= length X breadth

= perimeter of the base of the cylinder
% height of the cylinder

= 2mr x h= 2xrh

. Curved surface area of the cylinder = 2nrh



