Chapter 4

THE STRAIGHT LINE

| : RECTANGULAR COORDINATES |

46. To find the equation to a straight line which s
parallel to one of the coordinate awxes,

Let CL be any line parallel to the axis of v and passing
through a point €' on the axis of  such that 0C=ec.

Let P be any point on this line whose coordinates are
x and .

Then the abscissa of the point P is vy L
always ¢, so that P

This being true for every point on ¢ c X
the line CL (produced indefinitely both
ways), and for no other point, is, by
Art, 42, the equation to the line.

Tt will be noted that the equation does not contain the
coordinate j.

Similarly the equation to a straight line parallel to the
axis of @ is v =d.

Cor. The equation to the axis of & 1s =0,
The equation to the axis of y is =0,

47. To find the equation to a straight line which culs
off a given intercept on the axis of y and s inclined al a
gwen angle to the axs of w.

Let the given intercept be ¢ and let the given angle bea.
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Let € be a point on the axis of y such that OC is e
Through € draw a straight
line LC L/ inclined at an angle
a (= tan~'m) to the axis of =,
so that tan a =m.

The straight line LOL' is
therefore the straight line
required, and we have to
find the relation between the
coordinates of any point £ lying on it.

Draw PM perpendicular to OX to meet in & a line

through € parallel to 0.X,

Let the coordinates of P be x and y, so that OM =
and MP =y,

Then MP=NP+ MN =CNtana+ 0C=m.z +¢,

2.0, y=mx+cC.

This relation being true for emy point on the given
straight line is, by Art. 42, the equation to the straight
line. '

[In this, and other similar eases, it could be shewn,
conversely, that the equation is only true for poeints lying
on the given straight line.]

Cor. The equation to any straight line passing through
the origin, 4.e. which cuts off a zero intercept from the axis
of y, is found by putting ¢=0 and hence is y = mu,

48. The angle @ which is used in the previous article is the
angle through which a straight line, originally parallel to OX, would
have to turn in order to coincide with the given direction, the rotation
being always in the positive direction. Also m is always the tangent
of this angle, In the case of such a straight line as 4B, in the figure
of Art. 50, m is equal to the tangent of the angle XAP &_nﬂt of the
angle PA0). In this case therefore m, being the tangent of an obtuse
angle, is a negative quantity.

The student should verify the truth of the equation of the lasi
article for all points on the straight line LCL’, and also for straight
lines in other positions, e.g. for such a straight line as 4,B, in the
figure of Art. 59. In this latter case both m and ¢ are negative
quantities.

A careful consideration of all the possible cases of a few proposi-
tions will soon satisfy him that this verification is not always
neeessary, but that if is sufficient to consider the standard figure.
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49, Bx. The equation to the straight line culting off an
intercept 8 from the negative direction of the axis of y, and inclined
at 1207 to the axis of =z, is

y = tan 120°+ ( - 3),
i.e. y=—x./8-3,
i.e. y+z4/3+3=0.

50. To find the equation to the straight line which cuts
off given intercepts a and b from the awes.

Iet 4 and B be on OX and OY respectively, and be
such that 04 =a and OB =0b.

Join A8 and produce it in-
definitely both ways. Let F be
any point (z, y) on this straight
line, and draw P perpendicular

to 0X.

‘We require the relation that
always holds between x and 7, so
long as P lies on 45,
By Fue. VI. 4, we have
oM PB MP AP
04 =~ AR’ and OB~ AB"
oM MP PB+ AP
04T 0B~ 4B "
: X,y
MR E + E =1.

This is therefore the required equation; for it is the
relation that holds between the coordinates of any point
lying on the given straight line.

51. The equation in the preceding article may be also obtained

by expressing the fact that the sum of the areas of the triangles OPA
and OPB is equal to 04 B, so that

taxy+ibxa=4axd,

and hence . + y_ 1.
a b

52. Bx. 1. Find the equation to the straight line passing
through the point (3, —4) and eutting off intercepts, egual but af
opposite signs, from the two axes,

Let the intercepts cut off from the two axes be of lengths a and
-,
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The equation to the straight line is then

._.] .Emj_
=l
i.L, —y=a., TN, = o

Since, in addition, the stlmght lma is tn go t'hrnugh the point
(8, —4), these coordinates must satisty (1), so that

3-(-4)=a,
and therefore a="T.
The required equation is therefore
r—-y=T.

Bx. 2. Find the equation to the straight line which passes through
the point (— 5, 4) and is such that the portion of it between the axves is
divided by the point in the ratio of 1 : 2

Let the required straight line be E + %: 1. This meets the axes

in the points whose coordinates are (@, 0) and (0, b).

The coordinates of the point dividing the line joining these
points in the ratio 1 :2, are (Art. 22)
ﬂa+1ﬂ 2.041.0 . 2a ]
2+1 and —'Tz-:l-:-]?'—, 1.#.? and 3°
If this be the point (-5, 4) we liave

—52% and 4:%,

3
go that a=—21% and »=12.
The required straight line iz therefore
@ I
Y * 19 L
i.e. oy — 8z =60.

53. To find the equation fo a straight line in lerms of
the perpendicular let jfull wpon it from the origin and the
angle that this perpendiculor makes with the awxis of w.

Let O be the perpendicular from O and let its length
be p.

Let o be the angle that OR makes E
with 04X,

Let P be any point, whose co-
ordinates are x and ¥, lying on 4.8 ;
draw the ordinate PM, and also ML
perpendicular to OF and PN perpen- 5
dicular to ML,
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Then OL = O 6088 .. vcviinervonsonivsnens (1),
and LR=NP=MPsin NWP.
But t NMP=90"—t NMO =+ MOL =a.
L =M PRI e i G (2).

Hence, adding (1) and (2), we have
OMcos a+ MPsina= 0L+ LE=0R=p,
Bt Xcosd+ysin a=np.
This is the required equation.
54. In Arts, 47-—535 we have found that the correspond-

ing equations are only of the first degree in @ and y. We
shall now prove that

Any equation of the first degree in x and y always repre-
sents o straight line.
For the most general form of such an equation is
Ax+ By+C=0...ccoeviiiiiininn (1),

where A, B, and ¢ are constants, 7.e. quantities which do
not contain @ and » and which remain the same for all
points on the locus.

Let (21, 1), (24, ), and (x5, ¥;) be any three points on

the locus of the equation (1).

Since the point (w,, ) lies on the locus, its coordinates
when substituted for « and » in (1) must satisfy it.

Hence Ao+ By, +C=0 oveininn.. (2).
So Azy+ By, + C=0 ...ooiveiieinnnnn (3),
and Aay + By + 0=0 ...vvcnrensinnnn (4).

Since these three equations hold between the three quanti-
ties 4, B, and (!, we can, as in Art, 12, eliminate them.

The result is

Xy Yy 1
L T N B =1 ; S (5).
Xyy Yy 1

But, by Art, 25, the relation (5) states that the area of the
triangle whose vertices are (x;, v,), (2, %), and (x;, v,) is
Zero,

Also these are any three points on the locus,



CHAPTER 4: THE STRAIGHT LINE 45

The locus must therefore be a straight line ; for a curved
line could not be such that the triangle obtained by joining
any three points on it should be zero,

55. The proposition of the preceding article may also be deduced
from Art, 47. For the equation

Az +By+C=0
; A c
may be written y=-gF%- 5
and this is the same as the straight line
Yy =mr+¢,
2 A G
if m=—1 and c._—E.

But in Art. 47 it wag shewn that y=mr+c¢ was the equation to
a straight line cufting off an intercept ¢ from the axis of y and
inclined at an angle tan—'m to the axis of =z.

The equation Az+ By+C=0
therefore represents a straight line cutting off an intercept —g from

the axis of ¥ and inclined at an angle tan™? (— i{}) to the axis of .

56. We can reduce the general equation of the first
degree AedBys =i (1)
to the form of Art. 53.

For, if p be the perpendicular from the origin on (1)
and a the angle it makes with the axis, the equation to the
straight line must be

gcosa+ysina=p=0.......c....0.. (2).
This equation must therefore be the same as (1).
cosa siuo.= —p
Hence — B G
” p_cosa sina Jeos? @ + sin® a - 1
“CT AT =BT JfB VTP
Hence
cosg = ——— 4 sing= — L nd —.—G
o= — = ==y H = — .
NA 4+ B N4y B b=

The equation (1) may therefore be reduced to the form (2)
by dividing it by «/4®+ B* and arranging it so that the
constant term is negative.
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57. Ex. Reduce to the perpendicular form the equation

.'1':-1-:!;\/1;-&—'?:{] .............................. (1).
Here N AT Bi= /14 38=,/4=2.
Dividing (1) by 2, we have

3
yety N2 4p=0,

.. £(-9+9(-2F)-4=0,
i.e. x cos 240° 4y sin 240° ~ =0,

58. To trace the straight line given by an equation of
the first degree.
Let the equation be
Ax+ By +C=0......c........ s (1).

(a) This can be written in the form

g Y
— 1‘
“oTT
A B
Comparing this with the result of Art, 50, we see that it

represents a straight line which cuts off’ intercepts —g and
—g from the axes. Its position is therefore known.

If ¢ be zero, the equation (1) reduces to the form
A

Y=—7,

B
and thus (by Art. 47, Cor.) represents a straight line

; — _ A
passing through the origin inclined at an angle tan™ ( fﬁ)
to the axis of . Its position is therefore known.

(8) The straight line may also be traced by finding
the coordinates of any two points on it,

If we put =0 in (1) we have m=—-:{§. The point

(._ g . 0) therefore lies on it.
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If we put =0, we have y=- E’ so that the point
(0, — %) lies on it.

Hence, as before, we have the position of the straight
line.

59. Ex. Trace the straight lines

(1) Bx—4y+T=0; (2) To+8y+9=0;
(3) By=zx; (4) 2=2; (b) y=-2.

Tl
B
(4)
() //E;
(3)
(2) BQ\
<
(5) Vi B
(1) Putting y=0, we have z= ~
and putting =0, we have y=1.
Measuring 04, (= —%) along the axis of x we have one point on
the line.

Measuring OB, (=1%) along the axiz of ¥ we have another point.
Hence A,B,, produced both ways, is the required line,

(2) Putting in succession y a.ud T equal to zero, we have the
intercepts on the axes equal to — § and -

If then O4,=-# and OB,=~§, we hmre A,B, the required line.

(3) The pnint- (0, 0) satisfies the equation so that the origin is on
the line.

Also the point (3, 1), i.e. €y, lies on it. The reguired line is
therefore 0C,.

(4) Theline =2 is, by Art. 46, parallel to the axis of y and passes
throungh the point 4, on the axis of & such that 04,=2.

(5) The line y = — 2 is parallel to the axis of x and passes through_
the point By on the axis of y, such that OB;= - 2.

60. Straight Line at Infinity. We have seen
that the equation da + By + €' =0 represents a straight line
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; : ¢ C
which euts off intercepts —— and — - from the axes of

A B

coordinates.

If A vanish, but not B or €, the intercept on the axis
of  is infinitely great. The equation of the straight line
then reduces to the form y = constant, and hence, as in
Art. 46, represents a straight line parallel to O

So if B vanish, but not 4 or () the straight line meets
the axis of ¥ at an infinite distance and is therefore parallel
to it

If 4 and B both vanish, but not €, these two in-
tercepts are both infinite and therefore the straight line
0.2+0.y+C=0 is altogether at infinity.

61. The multiplication of an equation by a constant
does not alter it. Thus the equations
22—-3y+5=0 and 10z-1by+25=0
represent the same straight line.

Conversely, if two equations of the first degree repre-
sent the same straight line, one equation must be equal to
the other multiplied by a constant quantity, so that the
ratios of the corresponding coeflicients must be the same.

For example, if the equations
@+ by+e,=0 and d,& + By+ C;=0
represent the same straight line, we must have
a, b ¢
4, B0
62. To find the equation to the straight line which
passes through the two given points (', y') and (2", y").
By Art. 47, the equation to any straight line is
TR o RO PP (1).

By properly determining the quantities m and ¢ we can
make (1) represent any straight line we please.

If (1) pass through the point (&, %), we have
& S B R R (2).
Substituting for ¢ from (2), the equation (1) becomes
SR g o O ) R PIp (3).
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This is the equation to the line going through («, ') making
an angle tan~'m with OX. TIfin addition (3) passes through
the point (z", v"), then

illllrJ' _yr = i1 (mfr i m;)}
e ¢
y' -y

olvIing m =" -
B b Al

Substituting this value in (3), we get as the required
equation
et i

Y=-y¥=%—% (x—x').

6838. Bx. Find the equation to the straight line which passes
through the points (-1, 8) and (4, -2).
Let the required equation be

Since (1) goes throngh the first point, we have

3= —m-tec, go that e=m--3.
Hence (1) becomes

T e T 1 B o S e P A (2).
If in addition the line goes through the second point, we have
—2=4m+m+5, so that m=-1.
Hence (2) becomes
Y=—a+2, t.e. v+y=2.

Or, again, using the result of the last article the equation iz

—-2-3
— = . =.-._,'_]_!
Tufs y-l-,z:.:z.

64. To fix definitely the pﬂsitinn of a straight line we
must have always two quantities given. Thus one point
on the straight line and the direction of the straight line
will determine it; or again two points lying on the straight
line will determine it.

Analytically, the general equation to a straight line
will contain two arbitrary constants, which will have to be
determined so that the general equation may represent any
particular straight line.

Thus, in Art. 47, the quantities m and ¢ which remain
the same, so long as we are considering the same straight
line, are the two constants for the straight line.
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Similarly, in Art. 50, the quantities @ and b are the
constants for the straight line.

65. In any equation to a locus the quantities a and y,
which are the coordinates of any point on the locus, are
called Current Coordinates ; the curve may be conceived as
traced out by a point which “runs” along the locus.

TFind the equation to the straight line

1. cutting off an intercept unity from the positive direction of the
axis of y and inclined at 45° to the axis of z.

2. cutting off an intercept — 5 from the axis of y and being equally
inclined to the axes.

3. cutting off an intercept 2 from the negative direction of the
axis of ¥ and inelined at 30° to OX.

4, cutting off an intercept — 3 from the axis of y and inclined at
an angle tan=1{ to the axis of a,

Find the equation to the straight line
5. cutting off intercepts 3 and 2 from the axes.
6. cutting off intercepts —5 and 6 from the axes.

7. Find the equation to the straight line which passes through the
point (5, 6) and has intercepts on the axes

(1) equal in magnitude and both positive,
(2) equal in magnitude but opposite in gign.

8, Find the equations to the straight lines which pass through
the point (1, — 2) and cut off equal distances from the two axes.

9. Find the equation to the straight line which passes through
the given point (2, y) and is such that the given point bisects the
part intereepted between the axes.

10. Find the equation to the straight line which passes through
the point ( — 4, 3) and is such that the portion of it between the axes
is divided by the point in the ratio 5 : 3.

Trace the straight lines whose equations are
11. 2+2y+38=0. 12, 6z —Ty -9=0.
13. 3c+Ty=0. 14, 2¢-38y+4=0,

Find the equations to the straight lines passing through the
following peirs of points.

15. (0, 0) and (2, -2). 16. (3, 4) and (5, 6).
17. (-1, 8) and (6, —17). 18. (0, —a) and (b, 0).
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19. (a,b) and (a+0b, a—b).
20. {ﬂ'tlﬁi ﬂa't]:' and {Ht‘zﬂr Eﬂ'tﬁ}- 21. (fl-f-lg ;i) and (ﬁtté, EI).

1 Ly
22. (acose¢,, asing;) and (@ cos ¢y, asin ¢,).
23. (acos¢y, bsing,) and (acos ¢y, bsin ¢a).
24. (asecqy, btan ¢;) and (@ see ¢y, b tan ¢,).

Find the eguations to the sides of the triangles the coordinates of
whose angular points are respectively

25‘- {1: 4:"I (2: _'3:]: H..Ild {_1! _'2}*
26, (0, 1), (2, 0), and (-1, -2).

27. Find the equations fo the diagonals of the rectangle the
equations of whose sides are a=a, #=a', y=5b, and y=

28. Find the equation to the straight line which bisects the
distanee between the points (a, D) and (a', &) and also hisects the
distance between the points (—a, b) and (a', - ).

29 Find the equations to the straight lines which go through the
ﬂrlgm and triseet the portion of the straight line 3z-+y =12 which
is intercepted between the axes of coordinates.

1. y=a+1. 2, x—-y-b=0. 3., z-ya3-23=0.
4, by-—3x+15=0. 5. 2w+ 3y=0. 6. 6x-5y4+30=0.
7. (1) z+y=11; (2) y-a=1 8, @+y+l=0; z-y=3.
9, xy +ay=2a"y. 10. 20y - 9x=96. 15, x+y=0.

16. y—=x=1. 17, Ty+10x=11.

18, ax—by=ab, 19, (a—2b)a—Dby+0%+2ab - a®=0.

20. ¥ (t;+1) — 2x=2at,t,. 21, titsy+a=a (t;+1,).

22. T“ﬂﬂ‘ﬂfﬁl""ﬁﬂ}"‘ﬂ sin%{¢l+¢2]_annsﬁ{¢l—¢2].

93 -:ms! ‘jfii‘i"if'n_'_ e B Pty ol Nk

3 = GOE 2

b
24, bmms{;{:ﬁl-— ) — ay sin g (g + o) =ab cos d (¢ + ).
25, x+3y+T7=0; y-3z=1; y+Tx=11,

26, 20-3y=4; y-8z=1; v+2y=2

27. yla'-a)—z(V -b)=ab—-al’; y(a'—a)+x (V' -Db)=a'd’ - ab.
28, 2ay-2Vz=ab-a't’, 29, y=6r; 2y=3a

.-f
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SOLUTIONS/HINTS

1. By Art. 47, we have y =2 + 1.

2. By Art. 47, since the line is inclined to the axis of
x at 45°, the equation is

Y=+x—=D>.
3. By Art. 47, we havey:iw—l
V3
4. By Art. 47, y=32-3. .. 3z — by = 15.
5. By Art. 50, g g:l; S 224 3y =6.
.Y

6. By Art. 50’:3+6 1; .. by—6x=230.

7. (1) Let the intercepts each — «.

> N & x g
. equation is S Ead,
a a

Since it passes through (5, O); %

Q|
+
QIS
Il
—
=)
|
—
—_—

". equation becomes xz+y=11.
(2) Let the intercepts be ¢ and — a.

". equation is P 1.

a a
Since it passes through (5, 6), .". —Z— g= 1 a=—1
" equation becomes y —ax=1.
8. Let the equation of the lines be z j-_% =
Since they pass through (1, —2),
X, ‘c-liig»fl s S a=—% or 3

Equations become 2 + y + 1 =0, and 2 —y = 3.
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9. It is easily seen from a figure that the intercepts
on the axes are 22, 2v/'.

. . . T ?/ » (A
. the equation is —2;,+§3;,=l, or xy +yx' =2’y

10. Let z+-’g=1 be the equation of the line. The

coordinates of the point dividing the line joining (@, 0) and
(0, b) in the ratio of 5 : 3 are (Art. 22),

3a Bb . 3a 5b
(5> 5). =~ 5=-4% 3=
7 a:—f%z-, b""gs'—i-
; Sy 3z
Hence the equation becomes 54 35 =1,
or 20y — 9z = 96.

11—14. See Art. 59. 15—19. See Art. 63.
20. By Art. 62, the equation is

2 (t,— ¢
y—2at, = (9 l)( —at’),
.e. (b +1,)y — 2at1 2at,t2_ 2 — 2at,?,
ne. _ (f + 1) y =22 + 2ai t,.
.2
21. By Art. 62, the equation is y — —; = tz—i‘ (x— at,),
1 - R |

1. €. tltg(y—;>+x—-a61=0, .. &+ bty =a (b +1,).
1

22. See Number 23, and put b =a.

23. Let loz +my = 1, be the equation.
Then we have lacos ¢, + mb sin ¢, =1,
and la cos ¢y + mb sin ¢, = 1.

". lasin (¢, — ¢,) = sin ¢, —sin ¢p,.
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AR o O ek, WSS L D T

2 g o B S T
V= = Similarly, m =5, ————.
o 0084’1;4’2 cm¢l;¢2

The equation becomes

x ¢, + ba Y . ditds_ hr—
a-OOS'* 9 +b8m 9 = CO0S 9 .

24. By Art. 62, the equation is

y—btan ¢, b (tan ¢,—tan ;) _ bsin (dy—¢b)
x—asecd, a(secd,— secd,) @cos(p—dy)

b cos P17 2
aosmqb‘z‘#’

% bxcos‘f";"”—aysin?l_;if
=absec¢1{cosi’1._¢= sin¢,sin¢"’2"¢‘}
~abseo b, foos 13 L cos PLoPe ] con BB EI

%absemﬁl{osff’l__‘f’ﬁ+cos3¢x__2+;_¢z}=abcos¢_ﬁ%¢_,.

25, 26. See Art. 63.

27. The four corners are (, b); (', b); (@, 6); (a o).
Let lz+my =1 be the equation of the line joining (a, ) and

(@) &).

Then la +mb=1, and la’+mb'=1.
b-bt a—a
Wh8n08 l= m, ’ and m ——a',b‘:-ab,

and the equation becomes (b —b) z + (¢ — @)y = a'b —ab',
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Similarly we may obtain the equation of the line
joining (¢, &) and (a, ).

28. The line passes through the point a_-%—g 3 Iié :

2
a—-a b=0
3 * 2
Let its equation be Iz + my = 1.
Then (@ + a') L+ (b+b')m =2, and (&' —a) L+ (b—-b")m =2.
20 2a
s Rl o
. the equation becomes 2ay — 2b'z = ab— a'¥’.

29. The coordinates of the points which trisect the
line joining (4, 0) and (0, 12) are (Art. 22),
2.0+1.4 2.12+1.0 1.0+2.4 1.12+2.0
( 251 *  3=] )“"d( 148 ° 1‘1“”2”)’
that is- (3, 8) and (3, 4)-

". the required equations are

and also through the point (

Whence =

iy =8z and $y=4x, that is y = 6z and 2y =3z
]
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Angles between straight lines.

66. T find the angle between two grven straight lines.

Let the two straight lines be 4L, and AL,, meeting the
axis of # in L, and L,.

Y
A
Cq
T
,_,-""fLR /L| D }{
I. Let their equations be
y=mx+ ¢, and ¥ = ma®+Cariennn.., (1).

By Art. 47 we therefore have
tan AL, X =m,, and tan AL, X =m,.
Now L L ALy=r AL X—¢ AL X.
tan Z, ALy =tan [AL, X — AL, X]
tan AL X —tan AL, X My — M,

“1+tan AL X . tan ALX ™ 1+mm,’

Hence the required angle = . L, 4/,

=tan-1—=1=M2 L L(2)
14 mym,

[In any numerical example, if the quantity (2) be a positive quan-
tity it is the tangent of the acute angle between the lines; if negative,
it is the tangent of the obtuse angle.]

II. Tet the equations of the straight lines be
Ao+ Biy+C, =0,
and A+ By + Cy=0.

By dividing the equations by B, and B,, they may be
written
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g g1
= Bl g -Hl H
C
e o
and 4= B, x B
Comparing these with the equations of (I.), we see that
my=——", and m _--"fd—-
"1 Bli 8 Eg'
Hence the required angle
s (_ :‘-‘_ﬂ)
e i WU
Comm, ™ ) 0
By B,
= —1 BIAB T—--—Al—JBZ .................. {3)
‘AIAE e 'BIBE

ITI. If the equations be given in the form
weogo+ysina—p, =0 and xecosf+ysin - p,=0,
the perpendiculars from the origin make angles a and 8

with the axis of =

Now that angle between two straight lines, in which
the origin lies, is the supplement of the angle between the

perpendiculars, and the angle between these perpendiculars
15 8 —a.

[For, if OR,; and OR, be the perpendiculars from the origin upon
the two lines, then the points O, R,, R,, and 4 lie on a eircle, and
hence the angles R,OR, and R,4 R, are either equal or supplementary.]

67. o find the condition that two straight lines may
be parallel,

Two straight lines are parallel when the angle between
them is zero and therefore the tangent of this angle is zero.

The equation (2) of the last article then gives
ml = mg-
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Two straight lines whose equations are given in the
“m” form are therefore parallel when their “m’s” are the
same, or, in other words, if their equations differ only in
the constant term,

The straight line Ax4+By+ =0 iz any straight line which is

parallel to the straight line dxz+ By+ C=0. For the “m's" of the
two equations are the same,

Again the equation A4 (x —2')+ B (y —#')=0 clearly represents the
straight line which passes through the point (2, %) and is parallel to
Az + By 4+ C=0,

The result (3) of the last article gives, as the condition
for parallel lines,
BIAE - Alﬂs =0,
4, 4,
BB,
68. Ex. IMad the equation to the straight line, which passds
through the point (4, —5), and which is parallel to the straight line

Br+4dy+5=0 . ..o {1}

Any straight line which is parallel to (1) has its equation of the
form

2.6

BeddyF Cealnnmmanranssivaas (2).
[For the ““m” of both (1) and (2) is the same.]
This straight line will pass through the point (4, — 5} if
3x4+4x(—5)+0=0,

t.e. if 0=20-12=8,
The equation (2) then becomes
ax +4y’+3:ﬂ.

69. 1o find the condition that two straight lines, whose
equations are given, may be perpendicular.
Let the straight lines be
Y=mx+ey,y
and Y =My + €.
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If @ be the angle between them we have, by Art. 66,

If the lines be perpendicular, then #=90°, and therefore
tan =0 .

The right-hand member of equation (1) must therefore
be infinite, and this can only happen when its denominator
is zero.

The condition of perpendicularity is therefore that
1 + '?nl'?ﬂ-.g — {}’ i;gu mlmz P 1-

The straight line y = myx + ¢, is therefore perpendicular
1

to y=mm+e, if My =—
)

It follows that the straight lines
Ayw+By+C =0 and 4,z + By + C,=0,

. A A . .
for which fm,1=—§I and mg=— Fﬁ , are at right angles if
2

1
(4 (8-
By B,
i.e. if A A, +BB,=0.

70. From the preceding article it follows that the two
straight lines

Alm+ﬂly+cl__ﬂ .................. (1),
and Ba—Ady+0C,=0 .ocoivinin.. (2),
are at right angles ; for the product of their m’s

— Al 'Bl —

=— E’l 4 Fl 3 1.

Also (2) is derived from (1) by interchanging the coeflicients
of z and ¥, changing the sign of one of them, and changing
the constant into any other constant.

Ex. The straight line through (2, 3') perpendicular to (1) is (2)
WhEII'E BlmJ—Alyr'i' Gﬂ={], 850 ﬂl&t C'tﬂ:Alyf-Bl-'rr-
This straight line is therefore
By (e o) - 4, (y-y)=0.
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71. Ex. 1. Find the equation to the straight line which passes
through the point (4, — 8) and is perpendicular to the straight line
B +4y+5=0.ciiiiiiiiiiiiiiiniiinni. (1).
First Method. Any straight line perpendieular fo (1) is by the
last article
A2 —BY+ C=00reveriririiirrerenrernrenni(2)s
[We ghould expect an arbitrary constant in (2) because there are
an infinite number of straight lines perpendicular fo (1).]
The straight line (2) passes through the point (4, - 5) if
dx4-8x(-5)+0=0,

.. if OC=-16-156= - 31.
The required equation is therefore
4z — 3y=3L,

Second Method. Any straight line passing through the given
point is
y = {—5)=m(z-4).
This straight line is perpendicular to (1) if the product of their
m's is -1,

i.e. if mx(—~f)= -1,
i.e, if m=4,
The required equation is therefore
y+b=§(x-4),
i.e. 4o — 8y =31,

Third Method. Any straight line is y =ma +e¢. It passes through
the point (4, — 6), if
i L TP ————— | X
It is perpendicular to (1) if
(1 L PRI, | | 3
Hence m =% and then (3) gives e=-4.
The required equation is therefore y=4x - %2,
i.e. 4x—3y=3L

[In the firet method, we start with any straight line which is
perpendicular to the given straight line and pick out that particular
gtraight line which goes through the given point.

In the second method, we start with any straight line passing
through the given point and pick out that particular one which is
pe.q]::endic:ular to the given straight line.

n the third method, we start with any straight line whatever and
determine its constants, so that it may satisfy the two given

conditions.
The student ghould illustrate by figures, ]

Bx. 2. Find the equation to the straight line which passes through
the point (z', y') and is perpendicular to the given straight line
yy' =2a (v+a').
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The given straight line is
yy' —2ax — 2az’=0,
Any straight line perpendicular to it is (Art. 70)
ay+ay’ + C=0.,..ccicii s ririninn (1).

This will pass through the point (2, %) and therefore will be the
gtraight line required if the coordinates ' and y' satisfy it,

.. if 2ay’' +a'y'+C=0,
i.e. if C=—2ay -y
Substituting in (1) for ¢ the required equation is therefore
2a(y —y') +y (@—2)=0.

72. To find the equations to the straight lines which
pass through a given pownt (', ') and make @ given angle o
with the given straight line y =ma + c.

Let P be the given point and let the given straight line

be LMY, making an angle 6
with the axis of @ such that v

P
tan @ = m. 4

)

r~

In general (i.e. except when
a is a right angle or zero) there B X
are two straight lines PMEand o L H\ 5\ %
PNS making an angle a with
the given line.

Let these lines meet the axis of # in K and & and let
them make angles ¢ and ¢’ with the positive direction of
the axis of .

The equations to the two required straight lines are
therefore (by Art. 62)

Y- =tan R {E — &) voieesnsiinis (1),
and y—y =tan @' x (®—2)..cciiiiiiriiinn. (2).
Now b= LMBE+ L RLM =a + 6,
and ¢ =L LNS+ L SLN=(180° —a) + 4.

Hence 3
tan a + tan tan a +m
tenp=tonia.+ &)=1—mnmt&ﬁ@= 1-—mtana’
and tan ¢’ = tan (180° + 6 — o)
tan § —tan a m— tan a

= tan (6 —

a)= i+tanftane l+mtana
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On substituting these values in (1) and (2), we have as
the required equations
, m+tana ,

e e e e
m — tan o
and y=y'= 1+mtan-}.{ @—ef),

| EXAMPLES VI |
~ Find the angles between the pairs of straight lines

1. #—y./3=5 and /3z+y=T.

9, z-4y=3 and 6x-y=11. 3. y=3x+7 and 3y —a=8.

4, y=(2-,/3)x+5 and y=(24+,/8)z-".

(m? —mn)y = (mn+n?) 2+n° and (mn+m?) y= (mn—n*) x4 wd
§, TFind the tangent of the angle between the lines whose inter-
cepts on the axes are respectively a, -0 and b, —a.

7. Prove that the points (2, —1), (0, 2), (2, 8), and (4, 0) are the
coordinates of the angular points of a parallelogram and find the
angle between its diagonals.

Find the equation to the straight line

8. passing through the point (2, 3) and perpendieular to the
gtraight line 4« —3y=10.
0, passing through the point (-6, 10) and perpendicular to the
straight line Tz 8y=
10. passing through the point (2, —3) and perpendicular to the
straight line joining the points (5, 7) and (- 6, 3).
11, passing through the point (-4, —3) and perpendicular o the
straight line joining (1, 3) and (2, 7).
12. Find the Bquatfon to the straight line drawn af right angles to

the atraigﬁt line {—Z B ‘%:1 through the point where it meets the axis

of .

13. Find the equatfun to t;he straight line which bisects, and is
perpendicular to, the straight line joining the points (e, ¥) and
(a’y V).

14, Prove that the equation to the straight line which passes
through the point (aecos®#, asin®g) and is perpendicular to the
straight line x sec § 4y cosec #=a is « cos & — y sin ¢ =a cos 20,

15. Find the equations to the straight lines passing through (=, ')
and respectively perpendicular to the straight lines

x4y =ad,
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zx' yy'
@ Tpr=h
and z'y +xy’ = al.

16. Find the equations to the straight lines which divide, internally
and externally, the line joining (-3, 7) to (5, —4) in the ratio of 4 : 7
and which are perpendicular to this line.

17. Through the peint (5, 4) are drawn two straight lines each
inclined at 45° to the straight line & ~y=2. Find their equations
and find also the area included by the three lines.

.18. ‘SBhew that the equations fo the sfraight lines passing through
the point (3, — 2) and ineclined at 60° to the line

NBzx+y=1 are y+2=0 and y—,./8x+243,/3=0.

19, Find the equations to the straight lines which pass through
the origin and are inclined at 75° to the straight line

r+y+a/3(y—-2)=a.

20, Find the eguations to the straight lines which pass through
the point (#, k) and are inclined at an angle tan~!m to the straight
line Y =Mz + €.

21, Find the angle between the two straight lines 8z=4y +7 and
5y=12z+6 and also the equations to the two straight lines which

pass through the point (4, 5) and make equal angles with the two
given lines.

1- Bnﬂ" gl tﬂ.]l-]' %% " 3| t‘ﬂ-ﬂ._ L ;;1'1." 41 ﬁﬂﬂ'
dmin? a®—[?
oy SR -1 -1
5. tan = e 6, tan 52 " 7. tan—1(2).
8, 4y+3x=18. 9, Ty-8xz=118, 10. 4y+11x=10.
11, z+4y+16=0. 12, ar+by=a®

13, 2w(a—-a)+2y (b-V)=a®—a"?+02- 1",

15, ya' —ay'=0; alzy’ - Vx'y=(a*-0*)a'y’; ax’—~yy' =" - y2
16. 121y - 88x=3T1; 33y - 24x=1043.

17. z=3; y=4; 4%, 19, «=0; y+./8x=0.
20, y=k; {1—?’!12} (y — k)=2m (- It).

921, tan™123; 9a-Ty=1; Tx+9y=T3.
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37N
; i By Art. 66, the angle = tan =1 = i
1-—../3
NG
=tan™! oD = 90°
6 — 23
2. The angle=tan™' 1:—% = tan™! 10"
3. Th le = tan—? 3—% ——ta,n‘lé
" e angle = tan 1+3.%_ g
2+ .J3)—-(2- J3)
i o — 1Y
4. The angle=tan 1+ (=3)
— tuu”l J3= 60'.
mn + n2 _1""_”'_”’2
5. The angle=tan! m*—amn  mn + me
gle=1¢ i

1+7l(‘wz.+ n) n(m—n)
m (m—n) " m(n+m)

b ey 4m*n®
. . . mit—nt’
6. The equations of the lines are (Art. 50)
L O a ¥ _
P b = l a.nd z e~ a-—-— ].
a b
. b a 2 __ 2
. The angle = tan-! M oy, Sl
8 Aan m A 9ab "
b a

7. The middle point of each diagonal is (2, 1). The
equations of the diagonals are (Art. 62)

#—2=0, and y=2— 12,
. the angle =tan~' (- }) — 90° = tan-1 2,
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8. The equation of any line perpendicular to 4z — 3y = 10
18 3w+ 4y=¢. Since it passes through (2, 3),

6+12=c; .. ¢=18. The equation becomes 3z + 4y =18,

9. The equation of any line perpendicular to 7z + 8y =5
18 82— Ty=ec. Since it passes through (-6, 10),
—48-70=¢; .. ¢=-118.
»*» the equation becomes 7y — 82 =118.
10. The “m” of the line joining (5, 7) and (- 6, 3)
7T-3 4 7

=58 I required equation is
Y+3=—21(x-2), or 4y + 112=10.

11. The “m?” of the line joining (1, 3) and (2, 7) is
7-3

- 4. .. required equation is
y+3=—1(x+4), or x+4y+16=0.
12. Any line at right angles to S —%: lisax + by =e.

TIf it passes through (a, 0), then ¢ = a®
Hence the equation becomes ax + by =a”.
13. The “m?” of the line joining (&, b) and (&', &) is

b-0 2 i e
==pe s required equation is
b+b& a-ad a+a
¥=—3 “'b-b'(x" 2 )
or 2(@-a)x+20-0)y=a*—a®+b*—b"

14. Any line perpendicular to 2 sec @ + y cosec f = a is
zcosl —ysin f=ec.
Since it passes through (a cos®, a sin® ),
" acos*@—asin*f=c. .. c=acos26.
.. the equation becomes x cos § —y sin 6 = a cos 26.
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16. Let the equations be
ay —dy=c, Yr-bry=c, x'—yy =cs.
Since each passes through (', ¥/)
=0, c=(a"-)2y, e=a—y~
Substituting, we have the required equations.
16. The lines pass through the points
4.5-3.7 —4.4+7.7\ (4.5-0-3.7 -4.4-7.7
( 4+7 7 4 +7 )’ 4-7 47 )’
that is (—+%, 3) and (=%, %) and the “m” of the line
. e . 1+4 11
joining (— 3, 7) and (5, —4) 38— g Fe e
Hence the required equations are
Yy—3=yr(z+ k), and y—St = (v + 4,
or 121y — 88z = 371, and 33y — 24z = 1043,
17. The required equations are (Art. 72)
1+1 1-1
y—-4— l('c—3), and y— 4_71 (x— 3),

€. =3 and y=4.

From a figure it is easily seen that the area is a right-
angled isosceles triangle whose equal sides = 3 ;

. area =y = 4}.
18. The required equations are (Art. 72)

— N3+ ,/3
y+2—+:—“/—(m 3), and y + 2 J— “/3(51, -3),
or y+2=0 and y—+32+2+3 J3=0.

19. The required equations are (Art. 72)
o CVHr@r gy
1-(2-,/3)(2+ J3)
(2—-M3)-(2+3)
IR EICENATCE: B
or ; =0 and y+~/3x—0.

and
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20. The required equations are (Art. 72)

m + m m— m
y—lc:l—— (z—h), and y—k:l—m(a:—k),

— m*
or y=4k and (1 —-m®)(y—k)=2m (z—h).

3.
21. The angle =tan-! -5 - I tan-! 53

' 1 +32. % 56"
The angle @ which either line makes with the axis of z
is given by
tan 20 = tan (6, + 6,) = 15‘-14;%4 = @
g : 2)“1-1;_.§“16’

whence tanf =2 or —{,.

Hence the required equations are y—5=$ (z — 4), and
Yy—b=—F(x—4), or 92—Ty=1, and T+ 9y ="T3.
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73. To shew that the point (x/, y') is on one side or the
other of the straight line Adx+ By + C =0 according as the
quantity Az’ + By' + C is positive or negotive,

Let LM be the given straight line and P any point
(' ¥).

Through P draw P, parallel to
the axis of w, to meet the given
straight line in ¢, and let the co-
ordinates of ¢ be (x', y").

Since ¢ lies on the given line, we
have

Az + By + C=0,
so that sl OO, (1).

It is clear from the figure that P¢) is drawn parallel to
the positive or negative direction of the axis of y according
as P is on one side, or the other, of the straight line LM/,
v.e. according as " is > or < ¢/,
we. according as y" — ¥ is positive or negative,

Now, by (1),
' =y :_.:_el_m__j;_{lf —y = % |da’ + By + C].

The point («/, %) is therefore on one side or the other of
LM according as the quantity 42+ By + ' is negative or
positive.

Cor. The point («', ¥") and the origin are on the same
side of the given line if da'+ By +Cand 4 x0+ Bx0+C

have the same signs, v.e. if da’ + By’ + € has the same sign
as €,

If these two quantities have opposite signs, then the

origin and the point (x, ') are on opposite sides of the
given line.
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74. The condition that two points may Le on the
same or opposite sides of a given line may also be obtained
by considering the ratio in which the line joining the two
points is cut by the given line.

For let the equation to the given line be

o ¥ By - C= Do (1),
and let the coordinates of the two given points be (x, )
and (@, ¥,).

The coordinates of the point which divides in the ratio
m, : miy the line joining these points are, by Art. 22,

My + My - Wfa + My
My + Mg My -+ 17y
1 this point lie on the given line we have

My + My My + My

_ m,  Awx + By +C .
s0. that e Al B s (3).
If the point (2) be between the two given points (wx, )
and (z,, v,), 2.e. if these two points be on opposite sides of
the given line, the ratio m, : m, is positive.

In this case, by (3) the two quantities A« + By, +C
and A, + By, + C have opposite signs.

The two points («,, #,) and («y, 9,) therefore lie on the op-

posite (or the same) sides of the straight line 4« + By + C=0
according as the quantities dx, + By, + C and da, + By, + O
have opposite (or the same) signs.



