CONTINUTY AND DIFFERENTIABILITY (XII, R. S. AGGARWAL)

EXERCISE 9A (Pg.No.: 345)

1.  Show that f(x)=x" is continuous at x=2.

Sol. f(x)=x’
Left hand limit at x=2,
=lim 7 (x) = lim £(2~h)=lim(2=h)" = lim h* ~4h +4=(0)" ~4(0) +4 =4
Right hand limit at x =2,
=lim 7 (x)= lim f (2+h) =lim (2+ h)’ = lim (4+5° +4h)=(4+(0)" +4(o))= 4
Value of function at x =2, f(2) = (2): =4
Since lirg_ f(xp= hm i (x) = f(Z) =4 . Hence, f(x) is continuous at x=2.
2. Showthat f(x)=(x’ +3x+4) is continuous at x =1.
Sol. f(x)=(x"+3x+4)
Left hand limit at x=1,
=lim £ (x) = lim (1-h)= lim {(1-h)’ +3(1-h)+4} =

= lim (#*~5h+8)=(0)"-5(0) +8=8

1im(1+h1-2h+3-3h+4)

h-»”

Right hand limitat x=1,
<lim £ (x)=lim f (1+4) = lim {(1+h)’ +3(1+h) +4}
:£i$(1+h- +2h+3+3h+4]:}i{nn_(h' +5h+8) =(0)" +5(0)+8=8
Value of function at x =1,
F()={r+3(1)+4}=(1+3+4)=8
Since lim f(x)=1lim f (x) = f(1)=8, Hence, f(x) is continuous at x=1
x— x-1"

Prove that :

(x*-x—6 —
3 fl)=y z-3 ™ WHEILX'= 3 s continuousat x=3.
5, when x =3
X -x-6
Sol. f(x)=<—_\——3 when x #3
S, when x=3
(x(x=3)+2(x-3 _a
ol J)+:(x 3), when x #3 w,when x#3
S (x)=3 (x-3) = f(x)=y (x-3)
15, when x=3 5, when x=3



(x+2), when x #3

7=

Now, left hand limitat x=3,
lim f(x)z}l,im (3-h+2)=1im(3-h+2)=1im (5-h)=(5-0)=5
0 h—s1” ey

x93

And, Right hand limitat x =3,
lim f(x):!im f(3+h)=lim {(3+h)+2} = lim (3+h+2) =)}im (S+h]=(5+0)=5
3" —0" 0" —"

= when x =3

h—0"

Value of function at x =3,
F(®)=5 = f(@)=5

Since lim f(x)=1lim f(x)=f(3)=5: Hence, f(x) is continuous at x=3.

[ -25
—_  when x#3 _ .
4.  f(x)=1(x-5) , is continuous at x =5,
|10, when x=5
(x) =) (x=5)(x+5)
— ~— 2 wh 5
Sol. f(x):< (th) , when x=5 5 f(x): (x—S) when x #
|10, when x=5 10, when x=5
.| (x+9), when x =5
f(x)_{lo, when x=35

Now, left hand limitat x=35,
lirgf(x)=j!ir(n_ f(S—h)zAi%}(5+h+5)=£irir}1(10-h)=(10-0):10.

And, Right hand limitat x =5,

lerlf(x)=’}1_&r|1 f(5+h)=il_g(5+h+5)=3:1;1}1_(10+h):(10+0)=10
Value of function at x=5, f(x)=10 = f(5)=10

lim f(x)= lim f(x)=f(5)=10. Hence, f(x) is continuous at x=5.

sin3x

. hen x#0 . A
5. f(xX)=1 & ° > , is discontinuous at x =0,
L when x=0
(sin3x
h #0
Sol. f(x)={ «x e
L when x=0
Left hand limit at x=0,
. . . . sin3(-h) _ sin3h . sin3h
Bre-ro-n-mi o, o, Bg

And, Right hand limit at x =0,

i (3)= i 7 (0+1)= lim 7 (4) = lim =5 < fim *2.33

Value of functionat x=0, f(x)=1 =5 9=

Since, llj{!;l f(x) = }2‘:}1 f(x) ;tf(O). Hence, f(x) is discontinuous at x=0.



Sol.

Sol.

Sol.

1~cosx when x =0
flx)={ & ° , s discontinuous at x=0.
1L when x=0
f(x) {I—c?s.r when x#0
— x_
L when x=0

Left hand limit at x=0,

1-cos(—#)
llme“llme h)=lim f(-h)=lim ————=
X0 ( ) ( ) B0 f( ) h—>0" (_h)”
. l-cosh . 2sin®h/2 .. 2sinh/2sinh/2
= lim —— = |lim - = lim -
B> h- h—0* h h-30" h
— lim 2(51n h!2)x(5m h;"Z)X_]_:_l_
h->0" hil2 hl2 4 2

And, Right hand limit at x=0,

. » an . l—cosh .. "2sin*h/2
i{ﬂmff(x)—llnl(0+h)—lln] o —5113 P

i (smh;’2) (smhiZ)
= lim
h—0 hil2 hl/2 4 2

Value of functionat x=0, f(x)=1 = f(0)=1

Since, liT_f(x): Iir(n__f(x);tf(o). Hence, /f (x) is discontinuous at x=0
f(x):{z—x’ W £ is discontinuous at x =2 .
2+x, when x>2
when x <2
f(x)= {
Left hand limitat x=2,
limf (x)=lim f(2-h)=lim {2—(2-h)} = lim (2-2+h) = lim h=0

h—0"

2+x, when x>2

And, Right hand limit at x=2,
lim f(x)=lim (2+h)— lim (2+2+h) = lim (4+h) =(4+0)=4

h07 0

Value of functionat x=2, f(x)=2+x= f(2)=2+2=71(2)=4
Since, lim f(x) # hm f(x) f(2) Hence, f(x) is discontinuous at x=2.

x—2

is discontinuous at x =07

3—x, when x<0
f(x)=
when x>0

3—x, when x<0
f(x)=1 , :
, when x>0

Left hand limit x=0,

lim f(x) = lim £ (0—h)=lim {3-(-h)} = lim (3+4) =(3+0) =3
And, Right hand limitat x=0,

llm f(:r)w llm f(0+h)— llm f(h) =1lim (h) =limh* =0

0" h—s0"



Value of functionat x=0,

f(x)=3-x = f(0)=3-0=1(0)=3

Since, lim f(x)=# lim f(x). Hence, f(x) is discontinuousat x=0.
x—0 x—0"
Sx—4, when 0<x<1 _ .
9. flx)=1 . is continuous at x =1
4x —-3x, whenl<x<2

5x—4, when 0<x <1

Sol. f(x):{

Left hand limit at x =1, ll.l;l;!f(x):}!l_zrl}f(l—h):llgl_ 5(1-h)-4

4x" -3x, whenl<x<2

= lim 5-5h—4= lim1-5h=1=5(0) =

h—0" ("
Right hand limit at x =1, !11)1[1 @)= kg{ f(1+h)= }‘151;1 4(1+h]3 -3(1+h)
= lim 4(1+4#* +2h)-3-3h=4-3=1
=)™
Value of functionat x=1, f(x)=5x—4 = f(1)=5-4=1
Since, hr{l f(x)= lim f(x)=f(1)=1.Hence, f(x) is continuous at x=1.

x—1. whenl<x<2 3
10. f(x)= is continuous at x =2.
2x—73, when 2<x<3

x—1, whenl<x<2
L =
Sk S {2):—3, when 2<x<3
Left hand limit at x =2, li:l}f(x)-——’l,i_ﬂf(2~h)=}i4rrr)|_(2—h)—l=3i_$2—h—l:1
Right hand limit at x=2, lim f(x}:Eirgf(2+h):}irq2(2+h)—3=}!ig} 442h-3=1
Valueof functionat x=2, f(x)=2x-3 = f(2)=2(2)-3 = f(2)=4-3 =f(2)=1
Since, lim f(x) = lirg f(x)zf(Z):l, Hence, f(x) is continuous at x=2.

cosx, whenx>0 . :
1. fi(x)= , is discontinuous at x=0 .
—cosx,when x <0
cosx, when x>0
Sel. f(x)={ =

Left hand limitat x=0,
o S ()i S (=g ()= T cos (gl =1

—cosx, when x <0

Right hand limit at x =0, in;n Fx)= lim f(o”'):,!.‘,,[“?— f(h) =11£2 cosh=1
Value of function at x=0, f(x)=cosx = f(0)=cos0 = f(0)=1
Since, lim f(x)# lim f(x)=f(0). Hence, f(x) is discontinuous at x =0

|x-a|
15 Fle)=t 3~n" whest x¢a, is discontinuous at x =0

1, when x=a



CONTINUTY AND DIFFERENTIABILITY (

]
Sol. f(x)={ x-a’ W enx::a, when x#0

1 when x=a

Left hand limit at x =0,

llmf(x)—llmf(a h)—jlm%:ymlzzl—gﬂfh— 1
la+h-al h

Right hand limit at x=a, llm f(x)— llm L f(0+A)=lim

w0 g+h—a h0 h
Value of functionat x=a, f(x)=1= f(a)=1

Since, lim f(x)# lim f(x)= f(a). Hence, f(x) is discontinuous at x=a.

(1
13. f(x)=45(x_lxl), when x =0

12, when x=0

is discontinuous at x =0 .

1
Sol. f(x)=45(x‘|x[), when x =0

12, when x=0

Left hand limitat x=0, nm 7 \x)= um \w—h)= lim (—h) = ]im l(—h—l —hD

= |ll‘l‘l—(-—h h)“ltm—x(~2h)*11m( h)—-—hmh 0

0" ) 2D h—30

Right hand limit at x=0, lim f(x)=lim f(0+/)= lim —(h |h|)- T

x—0" h-»0" " hat" 2

Value of function at x=0, f(x) =2 = f(O) E B
Since, lim f(x)=1lim f(x)# f(0). Hence, f(x) is discontinuous at x=0.

'sin—, when x#0 , ;
14. f(x)z‘[mx' WHER £7 T 1s discontinuous at x=0.

0, when x=0

Sol. Left hand limit at x=0, 11m f(x) = hm f(0-h)= l;m f( h)— llm sin [th —0

Right hand limit at x =0, IIT f(x) = llm f(O-i-h) —; llm f(h) = hrn sin (;I;Jz %0

Value of function at x =0, f(x) = = f(O) =0

Since, lim f(x)# lim f(x) :tf(O) . Hence, f(x) isdiscontinuousat x=0.
x>0 230"

2x, when x<2

15. f(x)=42, when x=2, isdiscontinuous at x=2.

Lx:, when x> 2

2x, when x<2
Sol. f(x)=42, whenx=2

(x", when x>2




Lett hand imit at x =2,
li:?f(x)=1§_m f(2—h)=1i4rﬁn' 2(2-h) = lim 4-2h=4-2(0)=4
Right hand limit at x =2,
llmf(x)—hmf(2+h)—hm(2+h) =lim4+h +4h= 4+(O) +4(0)=4

B h—0"
Value of functionat x=2, f(x)=2 = f(2)=2
Since, lim f(x)=lim f(x)# f(2). Hence, f(x) is discontinuousat x=2.

(—x, when x<0

p—
..

when x =0 is discontinuous at x=0.

16. f(x)=¢

X, when x>0

-x, when x<0
Sol. f(x)=<{L  whenx=0
|x, when x>0

Left hand limitat x =0, lim f(x)=lim f(0—h)= lim f(~h)=lim ~(<h)=lim h=0

=

Right hand limit at x =0, llm 1 f(x)=1lim f(0+Ah)=1limh=0

h—0 A"
Value of functionat x=0, f(x)=1 = f(0)=1
Since; lim 7 (x)=lim f(x)# f(0). Hence, f(x) is discontinuous at x =0
X X"

sin 2x

17. Find the value of & for which f(x): 5x Wi xiO’ is continuous at x=0 .
k. when x=0
sin 2x
Sol. f(x)= ——— when x20
k, when x=0
Left hand limit at x=0,
sin 2h
h L ———x7%h
lim /(x)=lim £ (0~h)= lim f (~h)= lim e = L P i)

sl 0" ( ) A" -—Sh h—0" Sh S
Value of tunction at x=0, f(x)=k = f(0)=

. ; ; 2 4
Smce,!gnﬂ_f(x)-kgqf(x)-f(k) = —=k. Hence, k==

)
18. Find the value of A for which f(x)={ x+1 whes xi_l, is continuous at x =—1.
H, when x=—1

¥ Px—3

—— . when x#-1
Sol. f(x)={ x+1

A, when x=-1

% - -3)+1(x-3
M, when x = -1 r(x )+ (x 3), when x = -1
= f(x)= x+1 = f(x)= x+1

A, when x = -1 A, when x=-1



19.

Sol.

20.

Sol.

21,

(X_B)(XJFI)‘ when x = -1 x—3, when x=-1
> f(9)={ el = 1(x)-
A when x=-1
A, when x=-1
Left hand limit at x=—1, lim f(x)=1lim f(-1-#)=lim-1-A-3=1lim-4-h=-4-0=—4

-1 B>t hosb* P

And value of function at x=-1, f(x)=1 = f(—l) =4

Since, lim f(x)= fim f(x)=7(-1) =>-4=2. Hence, 1=—4

For what value of £ is the following function continuous at x =2 ?
2x+1, x<2

f(x)= k, x=2

3x—-1 x>2

2x+1, <2

f(x)=1k, xz=2
3x-1, x>2
Left hand limitat x=2,
ilfnf(x): llglf(Z—h) =El_£‘é! 2(2-h)+1= 3131 4-2h+1= i]gl 5-2h=5-2(0)=5
Right hand limit at x =2,
lim £ (x)=lim f(2+h)=lim3(2+h)~1=lim 6+3h—1= lim 5+3h=5+3(0)=$
Value of function at x=2, f(x)=k=f(2)=k

* Left hand limit=right hand limit=value of function at x=2

Hence, this function is continuous at x=2. .. k=5
362;9 when x#3
For the what value of & is the function f(x)={ x-3~ . is continuous at x=3?
k, when x=3
X -9 (x) -G)
. wh #3 b Yt S 5
f(x)z - when x - f(x)z - when x#3
k, when x =3 k, when x =3
-3 3
f( ) (x()—(;;),when x#3 f( ) x+3, when x#3
=% flxr)= — = flx) =
. k, when x =3

k, when x=3
Left hand limit at x =3, lirgf(x)zli_rj;f(S—h):1523(3—h)+3=1i$6—h:6—0:6
Value of functionat x=3, f(x)=k, f(3)=k
Since, lim f(x)=lim f(x)=f(k) = 6=k. Hence, k=6
| | kcosx

Find the value of 4 for which the function f(x)=4% " 2x
3, if x=2
2

. T
, if x#—
is continuous at x=7/2




kcosx . T
s if x:twi-
Sol. f(x)=4"" X
3, i
2

Since, f(x) is continuous at x=7/2
Left hand limit at x=7/2,
[__hj i Keos(7/2-h) _ . ksinh k sinh _k

= lim — =

I =1 : -l
i 7= o' x—2(x/2-h) Tio 2k w02 h 2

x—r/2

Right hand limit at x=7/2,

kcos(z/2+h) _ i —kSinA_ K

. . . T
— I!gn- 7(x)= ’1!1_51:1 f[_2_+hj “ o Z—2(x/2+h) = —2sinh 2.

So, %:3 = k=6

- x’sin—, if x£0 . .
22. Show that the function f(x)= x , is continuous at x=0

0 if x=0

L

X sm1 if x#0

Sol. f(x)=
0, if x=0

Left hand limit at x=0,
1 . 5 1
lim f(x)= llm f(o= h)-— llm 1 f(—h) = hm L (=h) sm( h} = _’Eg(r; h”sin (_E] =0

x>l

Right hand limit at x=0,

lim f(x)= Ill‘l‘l | f(0+h)=lim f(h)=lim &’ sm(:J 0

x—0" h—0" h—0"

Value of functionat x=0 = f(x)=0

* left hand limit=right hand limit=value of function=0.
Hence this function is continuous at x=0.
x+1, if x=1 )
23. Showthat: f(x)=1 . ) is continuous at x =1
x +1, if x<l1
. Gfsr]
+1, if x<d

Sol. f(x)= {x

Left hand limitat x=1,

lim f(x)=lim £ (1~h)=lim (1=h)" +1 = lim /* ~2h+2=(0) ~2(0)+2=2
Right hand limit at x =1,

llmf(x = 11m f(1+h)—- lll‘l‘l 1+hA+1=lim2+h=2+0=2

h—0"
Value of functionat x=1, f(x)=x+1=f(1)=1+1= f(1)=2

* left hand limit=right hand limit=value of function=2 at x =1
Hence, this function is continuous at x =1.



¥ =3 ifx=s2 . .
24. Showthat: f(x)=4 | ' , is continuous at x =2
x+1, if x>2

¥—3 ifx<2
41 if x>2

Sol. f(x) ={

Left hand limit at x =2,

= T M S _3_:. c i S T S N, T, e

}l_’l’unf(x)—kfgl;lf(z h) 21{};}(2 h) -3 ll_g]Z K =3.2.h(2-h)-3=8-0-0-3=5
Right hand limit at x =2,

lim £ (x)=lim f(2+h) = lim (2+h)" +1

= lim 4+4* +4h+1=lim i +4h+5=(0) +4(0)+5=5
h—0" h—0"

Value of functionat x=2 = f(2)=(2)'-3= f(2)=8-3= f(2)=5
Since, left hand limit=right hand limit=value of function=5 at x=2.

Hence, this function is continuous at x =2 .
25. Find the values of a and b such that the following function is continuous

5, when x <2
f(x)=1{ax+b,when 2<x<10
21, when x>10
Sol. We note that domain of f=R.
As the given function is continuous, it is continuous for all xe R .
In particular, the function is continuous at x =2 and at x =10,
Continuity at x =2 : Here. f(2) =¥ ;13{ f(x)= i{,‘fvs =5 and xJ_Lf f(x) = xj_{,,{ (ax+b) =2a+&

As the function f is continuous at x =2,
‘Lg_f(x)= L{ f(x)=f(2) = 5=2a+b=5 =2a+b=5

Continuity at x=10 : Here, /(10)=21;
Lt f(x)= Lt (ax+b)=10a+band Lt f(x)= Lt 21=21
e x>0 x—-10"

x—5107

As the function f, is continuous at x =10,
Lt f(x)= L f(x)=f(10) =10a+b=21=21 =10a+b=21

-1y x-»10"
Solving (i) and (ii) simultaneously, we get a =2,b=1.

Hence, the given function f iscontinuousif a=2 and 6 =1.

26. Find the value of a for which the function f, defined as

asinE(JH-l), x<0

f(x)= ol is continuous at x =0
tanx—sinx
— x>0

3 ¥

X

Sol. Here f(O):asin%(OH) :asin%:axl:a =axl=a



sinx
tanx—sm:\‘: [f COSX

—sinx
and Lt = Lt

x—»0" x—0" x x=30" X

3

sinx(1-cosx) - sinx(l—cosx)x 1+cosx

Il

—

x—50" x3 cosX x—0" IS CcCOsSX l1+cosx

It sin x.sin” x *[I sinx)3 It 1 e
x—;ﬂ'x3cosx(l+cosx)_ 5200 x ) a0 cosx(1+cosx)_ 'l(l+l)_2

For the function / to be continuous at x =0, we musthave Lt f(x)= Lt f(x)=f(0)
X x>

1 1 1
= a=—=a =>a=—.Hence, a=—.
2 2 2

27. Prove that the function f givenby f(x)=|x—3|,x<R iscontinuous but not differentiable at x =3

5— <5
Sol. f(x):{x;;’ i;S Hence we have, f(5)=5-5=0

Now, Jll_glf(x):iu’? f(3+h) :;ELIE!(3+h_S):O

lim £ (x) = lim £ (3-h) = lim 3-(3-h) = lim h=0

h—0"

lil;l f(x) =lim f(x)= f(3). Thus, f is continuous at x =3.
x—3" =%

3+h)=f(3 =
Algg BPT5)=(RUD at x=3)=lim LCHIELQ) _ ;. 3+h—3-0_, & _,
[y h hs0" 0" h
3-h)-f(3 3—-(3-h)-0
Lf'(3):(LHDat x:3): Ilmf(-) ) f(')):]imgzhmi:—l
h>0 -h B0 —h 0" —f

Rf'(3)# Lf'(3). Hence. f isnot differentiable at x=3.
EXERCISE 9B (Pg. No.: 358)

Tx+5, when x>0 , :
1. Show that the function f(x)= {5 " " o isa continuous function.
—3x, when x<

Sol. Left hand limit at x=0,
ligf(x)zjﬁf(o—h) =lim 5+3h=5+3.0=5
Right hand limit at x =0,
lim £ (x)=lim £ (0+h)=lim Th+5=7%0+5=5
Value of functionat x=0, f(x)=7x+5, f(0)=7x0%5=5
= lim f(x):llf{r: f(x)=7(0)=5. This function is continuousat x =0.

i if x<0
2. Show that the function f(x)= {sm - l *=" is continuous
b7 if x=0
Sol. Left hand limitat x =0, lim f(x)= Eim' f(—h) = lin{ sin(—h)= —}Eim_ sinh=0

Right hand limit at x=0, lim f(x) = lim £(0+%) = lim /=0

Value of functionat x=0, f(x)=x, f(0)=0

= lim f(x)=1lim f(x)= f(0)=0. This function is continuous at x=0.
eyl 2l



x"—1
. - #1. .
3.  Show that the function f(x)={ x—1"~ wheie] is continuous.

n, when x=1

—h
Sol. Left hand limitat x=1, hm 1 f(x)= 11m f(1-h)= hm a )

1+h) 1" i
Right hand limitat x=1, l:m f(x)— fim f(l+h)— lim #_”(]) M it

(1+h)-1

(l)n 1

Value of functionat x=1, f(x)=n, f(1)=n
=5 Iin"n_ Flx)= Iin}m_ f(x)= f(1)=n. This function is continuous at x =n
4.  Show that secx is a continuous function.

Sol. Let f(x) =secx . Let x =c¢ be any real number.
lim f(x)= lim  f(c+h)= lim sec(c+h) =sec(c)

X—=C
Also, f(x)=sece .. 1\}4n3f(x) =¥{e)
f(x),ie, secx iscontinuous at x =c. But x=c is any real number.

. Secx is continuous,

5.  Show that cos| x| is a continuous function.

Sol. Let f(x)=|x| and g(x)=cosx, then (gof )(x)=g{/ (x)}=g{ x|} =cos| x|
Now, f and g being continuous it follows that their composite (gof) is continuous.
Hence, cosl xl is continuous.

sinx
; ——. when x=#0 ) .
6.  Show that the function f(x)=4 «x ; is continuous at each point except 0.

2, when x=0

—h
Sol. Left hand limit at x =0 = lim f(x)= lim f(=h)=lim ——= sin () =3

TR

smh=1

Right hand limitat x =0 = }lun;l f(x)= ‘El_lj‘l f(h)= }!1_{11)1
Value of functionat x=0, f(x)=2, f(0)=2
lim £ (x) = lim £ (x) = £(0)
7.  Discuss the continuity of f(r) - [x]

Sol. Let the integral value of x=n, nel

Let f(x)=[x], is continuous at x=n, ne/

At x=n, f(x) = [H] =n

LHL : !lﬂ] f(x) = il_’l‘li:l f(n—h) = Pgl [n—h] =n-1

RHL : lim f(x)= lim f(n+h)= Eim [7+h]=n
x—n' —07 —0"

So, LHL #RHL. Hence, f(x) is discontinuous at x=n, ne/.



(2:(—1), if x<2

8. Showthat f(x)= 1S continuous.
A EL o
2
Sol. Left hand limitat x=2 , lim f(x)zjl‘im_ f(2~h)=}lin}§ 2(2-h)-1

:Aim 4-2h-1=1lim3-2h=3-2x0=3
0"

0"
(2+h)_3(2+0)_6_3
3 &

Right hand limitat x=2, lim f(x)=lim f(2+A)=1im3
x—2" hal0” hai”

Value of function at x =2, f(x) =-32—x, F2)= %z 3

2 lim f(x) = lim f(x)=f(2)=3. This function is continuous at x =2

x, f x#00 . :
9. Showthat f(x)= { iy W continuous at each point except 0.
y o=

Sol. Let hand limitat x=0, Elg‘l f(x) = ‘!Ll‘(l;l f(~h) = ’Elgl (—h_) =0
Right hand limitat x=0, lim f(x)=lim f(h)=limh=0
x50 h—0" R0
Value of function at x=0, f(x)=1, f(0)=1
lim f(x)= lim f(x) & f(O)
o i x—-H)

This function is discontinuous at x=0. Again f(x)= {f ;i ij;
Left hand limit at x =1, lim _f[x):jl'i_r‘g(l—h)z lim (1=h)=1-0=1
Right hand limit at x =1, 1121 FiT)= llg}l f(1+h)= J!;_gn (1+0)=1
Value of functionat x =1, f(x)=x, f(1)=1
lim /(<) lim 7 (x) = /(1) =1
.. This function is continuous at x =1.
- +2x—2), if x=1

10. Locate the point of discontinuity of the function f(x)= {(x :
4, =4

Sol. The only doubtful point is x =1. Hence, we check the continuity at x=1
Left hand limitat x =1,

lim £ (x) = lim £ (1-h)= m(l—h)“—(l—h)’ +2(1-h) -2
:Eﬁ(l-h)"-(1-h)1+2(1-h)—2=(1—0)3-(1-0)3+2(1-0)-2:0
Right hand limit at x=1, lim /(x) = lim £ (1+A) = lim (1+h) ~(1+h)" +2(1+h)-2
=(1+0)’ —(1+0)" +2(1+0)-2=0
Value of functionat x=1, f(x)=4, f(1)=4

= Iinlq I{x)= lim f(x)= £(1). This function is discontinuous at x=0.



11. Discuss the continuity of the function f(x)=|x|+|x—1]| in the interval [-1, 2].
-x~¥—-1 ifx<s0
Sol. Given = f(x)={ x—x-1 if0<x<1.Hence, only doubtful point.

x+x—1 ifx>1

EXERCISE 9C (Pg.No.: 364)

1.  Show that f(x)=x", is continuous as well as differentiable at x=3.

Sol. Lefthand limit at x=3, lim f(x) = lim f(3~h)=lim (3-h)" =(3-0) =27
Right hand limit at x =3, llsn f(x)= lirgf(3+h) = llg (34-&:)3 =(3+0) =27
Value of functionat x =3, f(x)=x"=f£(3)=(3) =27

lim £ (x) = lim.f (x) = f(3) =27
Left hand derivative at x =3

iy i SV EB) _ . FB=H)-F(3) .. (3=h) (3
Lf (3)-11111 % = lim - hm——h

50" 0-h hs0"
3 3 2 o 2y 3 2
T (3) —(h) =3(3) .h+3(h) 3 27:lim W —27h+%h
A0 -h B0 —h

—h(W +27-9)
L )=(0)'+2?—9><0=27

= lim
h—0"

Right hand derivative at x =3
Rf’ =lim M -
x-3

x—>3"

lim
h—i"

FE+m=1G) . B+ -G)
h 50" h
e (3) ##* +3(3)" h+3(h)" 3-27
h=>0" h
K +2Th+9K . h(W +27+9)
= im —&=—=lim —-——~

150" h h0" h

=0+27+9%x0=27

= Lf'(3)=Rf'(3). Hence, the function is continuous as well as differentiable at-x =3.

2. Show that f(x)=(x-1)" isdifferentiable at x =1.
Sol. Left hand derivative at x =1

o lim LA T (W 17T o)
=T e Ay o2 X

(BP0 I

h>0" “h w0 B ko 3

Right hand derivative at x =1

f(x)=7(1) — im f(+h)-£(1) - (l+h—1)‘ 3 _(1_”.,3
x—1

Rf'(1)=1i
f ( ) i h—0" (l_i_h—l) h0" h

x5l



1/3 hl-‘}

. -0 .
= lim = lim =00
h—0" h h—0" h

Hence Lf'(1)# Rf'(1). This function is not differentiable at x=1.

3.  Show that a constant function is always differentiable.
Sol. Let the function f(x)=A, where 4 is constant

We will discuss differentiability at x=a.

fla=h)-f(a) 14

f'(a')zji.r){r}g ~-h ot —h =0
and f'(a‘)ﬁ!igl f(a+h) fla) ;,._,n %ﬂ)

. LHD=RHD. Hence, the function is always differentiable.
4.  Show that f(x)=|x—5| is continuous but not differentiable at x=>5.

Sol. Left hand limit at x =5, lim f(x)—hm (5- h)—I|m|5 h-5|=lim h=0

h—0"

Right hand limitat x =5, lim f(x)=1lim f(5+h)=lim|5+Ah-5|=lim|4|=0
x—5" h—0" h—0" h—0"
Value of functionat x =5, f(x)=|x-5|, f(5)=|5-5|=0
lim £ (x) = lim /()= £ (5) =0

Left hand derivative at x=5

f(f) f(5) L5 ’f) /) _ 1525155

A, Lf (5) .\I'I—rl? h—m }:—m —h
= hm |_ |— hm—:—l
>0 —h h—»0" --h
Right hand derivative at x=5
B7'(5) =lim L8 ) f(s) f(s”’) I0) _ iy [SHA=SIAS | _ g 7
x-53 h—ﬂ] h—m' h hs0" 30" h

Lf'(5) = Rf'(5) . Hence, the function is continuous but not differentiable at x=5.

(2=x), when x>1

. Show that f(x) is continuous but not differentiable at x =1.
when 0<x <1

5. Le& f(x)= {
Sol. Left hand limitat x =1, lim f(x)= lim f(l_h)z,ﬁﬂ‘._,_ (1-n)=(1-0)=1
Right hand limit at ¥ =1, lim /()= lim 7 (1+h) = lim 2=(1%/) = lim 1-h=1-0=1
Value of functionat x=1, f(x)=2-x orx, f(1)=2-1o0r1, f(1)=1
lim 7 (x) = lim / (x)=£(1) =1

Left hand derivative at x=1

Lf'(1) = lim ST g, B P 1B,

x-al” =] h—0° —h 0" —h 0" —h

=]

Right hand derivative at x =1

- L0 SODI0) g, LOPR) ()

ol h0* h->0" h 0" h




Lf'(1) = Rf'(1). Hence, the f(x) is continuous but not differentiable at x=1.
6. Show that f(x)=[x] is neither continuous nor deriviable at x=2.
Sol. LHL= lim f(x)= lim [x]= lim [2—A] = lim (1) =1

RHL= hm f(x)+ hm [x]- hm [2+h]‘ lim (2)

h—0"

Again left hand derivativeat x=2. .. hm flx)= llrn_ f(x)

1(=1(2)_ [ [y A2 122

=lim—=w
:-p X3 a—m 2—h-2 00 —h  hs0" h

Lf'(2)= lim
Lf'(2) does not exist.
Right hand derivative at x =2

Rf'(2) = lim () (2) g B, PHAIR 22

m
x2 x- of' x=2 0" 240 h—-2 vt h

Lf'(2)#Rf'(2) = f isnotderivableat x=2

Hence, the [ (x) is neither continuous nor derivable at x=2 .

(1-x), when x<1
is continuous but not ditterentiable at x=1.

7.  Show that the function f (x) {( ) h 1
¥ , when x =

Sol. Left hand limitat x =1, lirqf(x) = lim_ f(-h)= lirql (1-h)=limh=0

kB0

Right hand limit at x =1, llm f(x)— hm f(l+h}-hm (1+h) -1=0

Value of functionat x=1, f(x)=x>-1 f(1)= (1Y -1=0
im 7 (x) = lim / (9= (1) =0
Again, left hand derivative at x =1

Lf(l) - f() f(l) (1 h) f() lim{l—(IMh)}—{I-—l}

x> h— )ll h—0" —h

- ,Iiirn_ h_—h() - Eim i =—1 Right hand derivative at x =1

TE-10) _ g S041)=10) (R

Rf (l) - \[:I—? h—0" iz—m' h
142h+h =] h(2+h) 0(2+0
g & ) g +): e B
B0 h A0 h 0

Lf'(1) = Rf'(1). Hence the f(x) is continuous but not differentiable at x =1.

(2+x), if x>0 _ _
(s, el Show that f(x) is not derivableat x=0.
-x), i

Sol. Left hand derivative at x =0, fim 2 ) f ©) _ i LC ”) /(9)

x50~ .‘r -MI

~h)i=12-0 "

8. Let f(x):{




Sol.

10.

Sol.

Right hand derivative at x =0, hm _f_(i)__g@)
x= x_

o S)-F(0) _ . (2+h)-(2+0) . 2+4h-2 . h_
i h h=0° h k30" h h-»07 k

Lf'(0) = Rf'(0). Hence, the £ (x) is not derivable at x=0.
If f(x)=|x|, show that f'(2)=1.
Left hand derivative at x =2

=lim—=1

s h m —h rs0 —h 0" —h

Right hand derivative at x=2
& ()=t ) ) g Bh-2 .k
=t h

=lim—=1
Hence, Lf'(2)=Rf"'(2)=1

h0® h 0"

(J«t2 +3x+a), when x<1

(bx+2), when x> 1

Find the values of @ and b so that the function f(x)= { is differentiable at

each xe R.

Since f(x) is derivable tor every x:
f(x) is derivativeat x=1 = f is continuous at x=1

=% Ilm f(x) f(l)—hm f(x) — hm(r‘ +3x+a)—1+3+a—hm(bx+2)

x>l x>l

= 1+3+a=1+3+a=b+2 = 4+a=4+a=5b+2
= 4+a=b+2 = b=a+2 =i}

(Jr2 +3x+a)—(l+3 +a)

Now, Zf"(1)=lim (x) f O _,

x=3l7 x -)I'
=lim = (x+4)(x l)—llm(x+4]mhm (1-h+4)=5
xof" X -1 x—)i ( X— ) x> h—0"
(1) =1 f(x)—f(l) i bx+2—(1+3+a)
x—l X— x=1" x—1
= 1imﬂx__“__] (a+2)x—a 2 [Using (1)]
x»l" a—1 x=17 (x‘-— )

:lima(x_])+2(x_l) (a+2)(x l)_hm(a+2)*lxm(a+2) (a+2)

xol (X —-1) x--w (x ) x—1

SinceLf’(1):Rf'(l) 5 5=a+2, here b=a+2 .. b=3+2=5 Hence, a=3,b=5.



