Chapter 13

THE HYPERBOLA

295. Tae hyperhnla 15 a Conic Section in which the
eccentricity e is greater than unity.

To find the equation to « hyperbola.

Let ZK be the directrix, 8 the focus, and let SZ he
perpendicular to the directrix.

There will be a point 4 on 4Z, such that
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Since ¢ > 1, there will be another point 4, on §Z pro-
duced, such that
B = B ivvivivinwmaiiiinn (2).

Let the length 44" be called 2a, and let C' be the middle
point of 44",

Subtracting (1) from (2), we have
Qa=AA'=e. A'Z—~e. AZ
=¢[0d"+ CZ]|-e[CA-CZ]=¢.204,

(44

i.e. = (3).

Adding (1) and (2), we have
e(dZ + A'Z) = 84"+ 84 =208,
7.6 e, A4'=2,0CS8,
and hence O =B cciivivsvsinaasavinvins wais (4).

Let C be the origin, CSX the axis of #, and a straight
line C'Y, through ' perpendicular to C.X, the axis of .

Let P be any point on the curve, whose coordinates are
a and y, and let P be the perpendicular upon the directrix,
and PN the perpendicular on 44",

The focus § is the point (ae, 0).
The relation SPP=¢*. PM*=¢e*. ZN* then gives

(m—ae)*+f-—=ezl: —%T,

©.6, 2 — Daex + a’e® + i = e*%® — Daex + o,
Hence a (= 1)-y*=a (- 1),

. a? i

2.E. E - ﬁ.T{:}E:_i} =5 N (5)
Since, in the case of the hyperbola, e> 1, the quantity

@’ (¢ — 1) is positive. Let it be called 6% so that the equa-
tion (5) becomes

x2 y?2
S = Lo (6),
where B=a2—a?=082—~C4°..ccocccunin... (1),

and therefore O82=a2+b% .oreierininnnn (8).
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296. The equation (6) may be written

2 2

. g o —a (w—a)(x+a)
AR T a? !
4 PN* AN.N4A
i.e. e e
so that PNy AN NA" o b el
If we put =0 in equation (6), we have 3°=—10&%

shewing that the curve meets the axis CY in imaginary
polnts.

Def. The points 4 and 4" are called the vertices of the
hyperbola, €' is the centre, 44’ is the transverse axis of the
curve, whilst the line BB’ is called the conjugate axis,
where B and B’ are two points on the axis of ¥ equidistant
from () as in the figure of Art. 315, and such that

BC=CB=5.
297. Since S is the point (ae, 0), the equation referred to the

foeus as origin is, by Art. 128,
(z+acP® y*

2 Il_ﬂ=1,
. 2t _ew Yy
i.8. E-f-ﬂ?—ag*]'ﬁg—l:ﬂ.

Similarly, the equations, referred to the vertex 4 and foot of the
direetrix Z respeetively ag origins, will be found to be

a* y? 2

2" rTg="
2 2 2z 1
ad a-ptg=ta

The equation to the hyperbola, whose focus, directrix, and eccen-
tricity are any given guantities, may be written down as in the case
of the ellipse (Art. 249).

298. There exist a second foous and a second directria
to the curve.
On SC produced take a point S', such that
SC=C8" =ae,
and another point Z', such that

zv=af=§.
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Draw Z'M’ perpendicular to 44", and let PM be pro-
duced to meet it in M".

The equation (5) of Art. 295 may be written in the
form
1’ + 2aex + a’e® + y* = % + 2aex + o,

; 5 2_ 2 o e
T.8. (a2 + ae)® + o = (E-{-IL),
iie. S'PP =2 (Z'C + ONY =&, PM"™.

Hence any point P of the curve is such that its distance
from S’ is e times its distance from Z'K’, so that we should
have obtained the same curve if we had started with §' as
focus, Z'K" as directrix, and the same eccentricity e.

299. The difference of the focal distances of any pont
on the hyperbola vs equal to the transverse awxis.

For (Fig., Art 295) we have
SP—¢.PM, and §'P=e¢.PM'

Hence S'P—SP=e¢(PM' —PM)=e. MM’

=¢. 24 =2 .07 =2a
= the transverse axis 44",

Also SP=¢,. P =¢.ZN=e.CN—-e.CZ=ex’'—a,
and S'P=e¢e.PM =¢. Z'N=e.CON+e.Z'(=ex"+a,
where @' is the abscissa of the point P referred to the centre
as origin.

300. Latus-rectum of the Hyperbola.

Let LSL' be the latus-rectum, <.e. the double ordinate
of the curve drawn through S.

By the definition of the curve, the semi-latus-rectum SZ
= ¢ times the distance of I from the directrix

=e.8Z=e(08=CZ%)
=€-GS_€CZZEE-€2'——£E:E;;,
by equations (3), (4), and (7) of Art. 295.
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801. 7o trace the curve

m'i! yﬂ
5= L vinie e (1).
The equation may be written in either of the forms
3
greibed o f o Tomasie (2),

yﬂ
or m:*a'\/5'“+1 .................. (3).

From (2), it follows that, if a* < a* z.e. if « lie between a
and — a, then g is impossible. There is therefore no part
of the curve between 4 and 4'.

For all values of »*> a® the equation (2) shews that
there are two equal and opposite values of 7, so that the
curve is symmetrical with respect to the axis of = Also,
as the value of x increases, the corresponding values of y
increase, until, corresponding to an infinite value of x, we
have an infinite value of .

For all values of 7, the equation (3) gives two equal
and opposite values to », so that the curve is symmetrical
with respect to the axis of 3.

If a number of values in succession be given to x, and
the corresponding values of y be determined, we shall
obtain a series of points, which will all be found to lie on a
curve of the shape given in the figure of Art, 295.

The curve consists of two portions, one of which extends
in an infinite direction towards the positive direction of
the axis of @, and the other in an infinite direction towards
the negative end of this axis.

e ol ) -
302. The quantity g 1 s positwwe, zero, or

b
negaiive, according as the poini (', y') lies within, upon,
or without, the curve.

Let @ be the point («, ¥'), and let the ordinate QN
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through @ meet the curve in P, so that, by equation (6) of
Art. 295,
£ PN

i
PN® g

and hence i a; .
b* a’

If ¢ be within the curve then ', i.e. @, is less than
y? PN? o'

PN, so that m<—E Me<—g- 1
a® oy
Hence, in this case, it R 0, @.e. is positive.
Similarly, if € be without the curve, then y' = PN, and
mFE i .
we have — = %—2 — 1 negative.
th

303. To find the length of any central radius drawn in
a given direction,

The equation (6) of Art. 295, when transferred to polar
coordinates, becomes

- (caﬂﬁ i, 3 gin? G) T

al b*
1 cos?@ sin®@ cos®l

: o g
.6 — = - T (&Tx — tan 3) ...... (1).

T a®

This is the equation giving the value of any central
radius of the curve drawn at an inclination # to the trans-

verse axis.
o

So long as tan? f < et the equation (1) gives two equal

and opposite values of » corresponding to any value of 6.
2
For values of tan® 19::?'% the corresponding values of

27
: ti d th di 1 f r imagi
& are negative, and the corresponding values of # lmaginary.

. N b
Any radius drawn at a greater inclination than tﬂ.—‘ﬂ_]E
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does not therefore meet the curve in any real points, so
that all the curve is included within two straight lines

drawn through €' and inclined at an angle = tan™? gtn CX.

‘Writing (1) in the form
B

b* :
cos® f (E — tan® ﬂ)

2=

we see that r is least when the denominator is greatest, %.e,
when #=0. The radius vector C'4 is therefore the least.

b RN
Also, when tan ﬁ:ia , the value of » is infinite.

b ;
For values of # between 0 and tan™ = the corresponding

positive values of 7 give the portion 4R of the curve (Fig,
Art. 295) and the corresponding negative values give the
portion A'R’.

For values of § between 0 and —tan™ 2, the positive
values of I give the portion AR,, and the negative values
give the portion A'R/".

The ellipse and the hyperbola since they both have a

centre (/, such that all chords of the conic passing through
it are bisected at it, are together called Central Conics.

304. In the hyperbola any ordinate of the curve does
not meet the circle on A4’ as diameter in real points.
There is therefore no real eccentric angle as in the case of
the ellipse.

‘When it is desirable to express the coordinates of any
point of the curve in terms of one variable, the substitutions

Xx=asec@ and y=btan ¢

may be used; for these substitutions clearly satisfy the
equation (6) of Art. 295.

The angle ¢ can be easily defined geometrically.
On 44" deseribe the auxiliary circle, (Fig., Art. 306)
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and from the foot IV of any ordinate NP of the curve draw
a tangent NU to this circle, and join CU. Then

CU= ONGGSNCIU,

7.6 a=C0N=asec NCU.
The angle NCOU is therefore the angle ¢.
Also NU=CU tan ¢ = a tan ¢,

so that NP:NU::b:a

The ordinate of the hyperbola is therefore in a constant
ratio to the length of the tangent drawn from its foot to
the auxiliary circle,

This angle ¢ is not so important an angle for the
hyperbola as the eccentric angle is for the ellipse.

305. Since the fundamental equation to the hyper-
bola only differs from that to the ellipse in having — 5?
instead of 0% it will be found that many propositions for
the hyperbola are derived from those for the ellipse by
changing the sign of 0%

Thus, as in Art. 260, the straight line y = ma + ¢ meets
the hyperbola in points which are real, coincident, or
imaginary, according as

6 = = < a®m? - b
Ag in Art. 262, the equation to the tangent at («, ¢/') is

wr'  yy’
@ "t
As in Art, 263, the straight line
1y = mae + N aPm? — b
is always a tangent.
The straight line
xeos a4 ysina=gp
is a tangent, if  p'=da*cos’a - [*sin®a,
The straight line  le+my=n
is a tangent, if 7n? = a?® — b*m’. | Art. 264.]
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The normal at the point (2, ") is, as in Art. 266,
-z Y=y
= |

r

w i
e —®

306. With some modifications the properties of Arts.
269 and 270 are true for the hyperbola also, if the
corresponding figure he drawn,

In the case of the hyperbola the tangent hisects the

interior, and the normal the exterior, angle between the
focal distances SP and S'P,

It follows that, if an ellipse and a hyperbola have the
same foci & and 5, they cut at right angles at any common
point £. For the tangents in the two cases are respec-
tively the internal and external bisectors of the angle §PS",
and are therefore at right angles.

307. The equation to the straight lines joining the
points (asec¢, btan¢) and (wsecq’, btand') can be
shewn to be

xz -4 y

— cos L —2dn
@ 2 b 2 2
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Hence, by putting ¢’ = ¢, it follows that the tangent at
the point (@ sec ¢, b tan ¢) is
Y Yin ¢ = COS ¢b.

a b
It could easily be shewn that the equation to the

normal 1s
azx sin ¢ + by = (@ + %) tan ¢.

308. The proposition of Art. 272 is true also for the
hyperbola.

As in Art. 273, the chord of contact of tangents
from (x,, v,) is

EE_ Y _q
ﬂ.ﬁ b‘l
As in Art. 274, the polar of any peint (x,, ¥,) is
i S SO
@ B

Ag in Arts. 279 and 281, the locus of the middle
points of chords, which are parallel to the diameter y =ma,
is the diameter y = m», where

bﬂ
ey = &é .

The proposition of Art. 278 is true for the hyperbola

also, if we replace 0* by — 62

309. Director circle., The locus of the intersection
of tangents which are at right angles is, as in Art. 271,
found to be the circle @*+ y*=a*— 0% 4.e. a circle whose
centre is the origin and whose radius is ,,/ o — Bt

Tf % < &% this cirvele is real.

If b*=a?, the radius of the circle is zero, and it reduces
to a point circle at the origin. In this case the centre is
the only point from which tangents at right angles can be
drawn to the curve.

If 0® > & the radius of the circle is imaginary, so that
there is no such circle, and so no tangents at right angles
can be drawn to the curve.
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310. Equilateral, or Rectangular, Hyperbola.

The particular kind of hyperbola in which the lengths
of the transverse and conjugate axes are equal is called an
equilateral, or rectangular, hyperbola. The reason for the
name “rectangular” will be seen in Art. 318,

Since, in this case, b = a, the equation to the equilateral
hyperbola, referred to its centre and axes, is a® — y* =a’.

The eccentricity of the rectamgular hyperbola is /2.
For, by Art. 295, we have, in this case,
N

ke @& @ %
so that e= /2.
811. Ex. The perpendiculars from the centre upon the tangent
and normal at any point of the hyperbola :—: - g;-::l meet them in Q

and R. Find the loci of @ and R.
Agin Art, 308, the straight line
zeosa-tysina=p
is a tangent, if pP=a?eos® a — b gin? a.
But p and « ave the polar coordinates of @, the foot of the perpen-
dicular on this sfraight line from C.
The polar equation to the locus of ) is therefore
r®=a*cos® 0 - b* gin? @,
i.e., in Cartesian coordinates,
(224 y2)2=a®? - by~
If the hyperbola be rectangular, we have a=>b, and the polar
equation is
r*=a® (cos? f! — sin® §) = a® cos 26.
Again, by Art. 307, any normal is
arsinp+by={(a*+ %) tan¢........coceneennni(2).
The equation fo the perpendicular on it from the origin is
br—aysin =0 .....covvvviiininnnnnn.. (2).
If we eliminate ¢, we shall have the locus of R,
. b
From (2), we have smgﬁ.:ﬂ—y,
Bin ¢ .
o= s g Ja b
Substituting in (1) the locus is
(%4 y%)® (a®y* — b2®) = (a® + b7)* ay®.

and then
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Find the equation to the hyperbola, referred to its axes as axes of
coordinates,

1. whose transverse and conjugate axes are respectively 3 and 4,

9. whose conjugate axis is 5 and the distance between whose foei
is 13,

3. whose conjugate axis ig 7 and which passes through the point
[3: -E}:

4, the distance between whose foei is 16 and whose eccentricity
is /2.

5, In the hyperbola 42*—9y*=36, find the axes, the coordinates
of the foci, the eccentricity, and the latus rectum.

B. Find the equation to the hyperbola of given transverse axis
whose vertex bisects the distance between the eentre and the focus.

7. Find the equation to the hyperbola, whose eccentricity is &,
whose focus is (a, 0), and whose direetrix is 4z — 3y =a.

Find also the coordinates of the centre and the equation to the
other directrix,

8, Find the points common to the hyperbola 25x2-9y?=225
and the straight line 25z -+ 12y - 45=0.

9, Tind the equation of the tangent to the hyperbola 422 - 9y*=1
which is parallel to the line 4y =5z + 7.

10. Prove that a cirele can be drawn through the foei of a
hyperbola and the points in which any tangent meets the tangents at
the vertices.

11. An ellipse and a hyperbola have the same principal axes.
Shew that the polar of any point on either curve with respect to the
other touches the first curve.

12. In both an ellipse and a hyperbola, prove that the foeal
distance of any point and the perpendieular from the centre upon the
tangent at it meet on a circle whose centre iz the focus and whose
radius is the semi-transverse axis.

IR

- & ¥t
=m and b = always

13. Prove that the straight lines
meet on the hyperbola.

14, Find the equation to, and the length of, the common tangent
2 z 2 3
to the two hyperbolas 2_3 - 3;—2 =1and g’iz - %:1.
15. In the hyperbola 16z*-9y*=144, find the equation to the
diameter which is conjugate to the diameter whose equation iz x=2y.

=
o

L
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16. Find the equation to the chord of the hyperbola
25x* — 16y* =400
which is bisected at the point (5, 3).
17. In a reetangular hyperbola, prove that
SP.SP=CPF:,

18. the distance of any point from the centre varies inversely as
the perpendicular from the centre upon its polar,

19, if thenormalat P meet the axes in G and g, then PG =Pg=PC.

20. the angle subtended by any chord at the centre is the
supplement of the angle between the tangents at the ends of the
chord.

91, the angles subtended at its vertices by any chord which is
parallel to its conjugate axis are supplementary.
2 0
22. The normal to the hyperbola % - %:1 meets the axes in M
and N, and lines MP and NP are drawn at right angles to the axes;
prove that the locus of P is the hyperbola

a%a? - b= (a+ 122
23. If one axis of a varying central conic be fixed in magnitude

and position, prove that the locus of the point of contact of a tangent
drawn to it from a fixed point on the other axis is a parabola.

94, If the ordinate MP of a hyperbola be produced to @, so that
M() is equal to either of the focal distances of P, prove that the locus
of @ is one or other of a pair of parallel straight lines.

05. Shew that the locus of the centre of a circle which touches
externally two given cireles is a hyperbola.

26. On a level plain the crack of the rifle and the thud of the ball
gtriking the target are heard at the same instant; prove that the
locug of the hearer is a hyperbola.

2%. Given the base of a triangle and the ratio of the tangents of
half the base angles, prove that the vertex moves on a hyperbola
whose foei are the extremities of the base.

28, Prove that the locus of the poles of normal chords with
2 2
rezpect to the hyperbola Eﬂ - %:1 is the eurve
ygaﬁ - xﬂhﬁ: [ﬁz + bﬂ}ﬂ :-L-Eyﬂ'

29, TFind the locus of the pole of a chord of the hyperbola which
gubtends a right angle at (1) the centre, (2) the vertex, and (3) the
foeus of the curve.

30. Shew that the locus of poles with respect to the parabola
y*=4az of tangents to the hyperbola u*-y*=a* is the ellipse
4%+ y?=4a?
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31. Prove that the locus of the pole with respect to the hyperbola

3 g0
E-z gg_l of any tangent to the cirele, whose diameter is the line
[/

he elli 22 1
joining the foei, is the ellipse AtE= =S

39, Prove that the loeus of the intersection of tangents to a
hyperbola, which meet at a constant angle 3, is the curve

(a2 4+ %+ 82— a®)®=4 cot? B (a®y® - bPx® 4 a®b?).

33. TFrom points on the cirele z*+y*=a® tangents are drawn to
the hyperbola x® — y*=a?; prove that the locus of the middle points of
the ehords of contact is the curve

(22 - ) =l (o2 +72)

84. Chords of a hyperbola are drawn, all passing through the
fixed point (h, k); prove that the locus of their middle points is a

hyperbola whose centre is the point (g i) , and which is similar to
either the hyperbola or its conjugate.

1. 1627 -9y?=30. 2. 25x% - 14492 =900,
3, Gba* - BhyP=441, 4, =*—y*=32,
5. 6,4, (*z/13, 0), 23. 6. Bx?-—y?=3a%
7. Ty?4-24ay — 24ax — Gay + 15a*=0; ( - ;—E, r:i-) i 122 — 9y +20a =0,
8. (5, —3&4). 0, 24y-—30x==,/161.
s a9
14, y=xo2Ja =0 (@+0) N/ 53

15. 9y =32, 16, 1252 - 48y=481.
12} L a 1‘.'!-2 A bﬂ
29, (1) W4 ady?=al?(0*-a?); () s=a. 50
(8) a2 (a®+20%) — a®y? - 2afex+ a® (a® - 1*)=0.

SOLUTIONS/HINTS

L (lll)'-’- e 'Z; =1 or 16a*— 9y* = 36.

2. b=3, and @*+b6*=2182; ., ¢*=36 and a=6
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W
3—6—(%‘-)3-—1, etc.

-

Hence the equation is

£ at » i
3.1 = C)’—W: 1 passes through (3, —2),
9 4 s Ix49
then e (_—3—9—3_ 1, whence a* = 65

and the equation becomes 6522 — 364 = 441.
4. a’d=a"+0°=8%; .. a*=9L=33

. §*= 32, and the equation is a® — 3* = 32.

2"

5. 37

- %- =1. Hence the transverse axis = 6, and the
conjugate axis = 4,

. a+b 9+4 13

. B=e— = g g e e=4%,/13;

a?

2
.". the foci are (+ /13, 0), and the latus rectum = 2; = g ‘
6. If 2a=ae, ¢=2, and §* = a*¢®*— a® = 3a’.
Hence the required equation is 3a2® — 4* = 342

5 25 (4w — 3y — a\?

T @-afryi=to(’ ;]ETB“T) , ete.

Let S be the focus (@, 0). Then the equation of the
axis SX (viz. the line through (@, 0) perpendicular to the
directrix) is 3 + 4y = 3a. ,

13 9a
%, 2—5) ... The
coordinates of the centre C' (which divides SX externally
so that CX : OS=1:¢=16 . 25) are [Art. 22]
16a - 13a 0—9a @
65 and 16=325 °F (-3, a).
Also, if (A, k) be the coordinates of .Y,
A 13a 2a Ya

SO (O ke
+ 35 = 3,andlc+25 a,

Solving, the coordinates of X are <
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89a 4la
whence h='—'—7—5' and k=%—s
also the equation of the line through this point parallel to
the directrix is

4(x 89“)-3<y- ‘““):0, or 12— 9y + 2940,

* 75, 25
8. The abscissae are given by
5 — 9F 7 2 e 'F" N\ 2
95a® — (4" 4“57) — 925, or xs_(g 4”’) =9,

i.e. «*—10xz+ 25 =0, which has equal roots, each 5, and
_45-25z 20
¥ =" " 8"

9. The intersections of the line 4y = bz +¢ with the
hyperbola, are given by

2
4039 (5“": °) =1, or 16127+ 90cz + 96+ 16 =0,
which has equal roots if (45¢)?= 161 (9¢*+ 16) ;
whence e=+ ‘/(1361 , ete.

10. Putting #=a and z=-a in the equation of a
tangent in Art. 307, the points in which it cuts the
tangents at the vertices are

(a, btang) and (—a, — b cot g)

2
The locus of points equidistant from (ae, 0) and
¢
: $\*
s (emap+(y-btand) = @—aef +y

or (ue-a)(2:c—a-¢w)=bband)(?.y-btan?),

2 2
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and similarly the points equidistant from (—eae, 0) and
(- & = ook ;;'i‘) lie on the line

(ae—u)(23:+a+ae):bcot%<2y+bcob%).

Each of these lines cuts the axis of % in the same point,

viz. where y:ﬁ(t&n%—oot%).
Also this point is equidistant from the two foci and

thus from all four points. Hence, etc.
11 The polar of (asec ¢, btan ¢) with respect to the

elhpse 3 + 32 =1is asec b+ g tanqb = 1, which touches the
2 )
hyperbola. = b—,— 1 at the point —¢. [Art. 307.]

Simila,rly - cos ¢>—5 sin ¢ =1, which is the polar of a

point (@ cos ¢, bsin¢p) on the ellipse with respect to the
hyperbola, touches the ellipse at the peint whose eccentric
angle is — ¢.
12. The equation of the line joining the points
(asec ¢, btan ¢) and (ae 0),

s w—ae oy
asecp—ae btang’

b sing g

or Y=—i—————(T—@E), ceeruirrreen.n. (1)

and the equation of the perpendicular from the centre

x . .
upon (—‘—%sm¢=oos¢, 18

Sin¢=—--liq ..................... (ll)

ax
aex — b

Substituting for sin ¢ in (1), we have cos ¢ = ‘
ax -

", the required locus is
(aex — b*) + by = a®a*, or (z— ae) + y*=a’.
Similarly for the ellipse.
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xﬂ
2 Bt

14. The line bz —ay sin ¢= ab cos ¢, which, by Art. 307,
is any tangent to the first hyperbola, will touch the second
if [Art. 305]

13. Multiplying, we have

2
a*b? cos® ¢ = a*sin® ¢ — b4, whence tan’«#:agi T
[.3_ J2
% sin¢=i§, and cos ¢ =+ aa v :

Substituting, the equation becomes y =+ 2 F a/a® = b°.
1f ¢<g , we take the upper sign for sin ¢ and cos ¢,

and the equation to the common tangent is y =z — v/a*—°.
Solving with the second hyperbola, the point of contact

" b2 aﬂ \
18 R IO STV, (O
( @—-b Ja’—b’)’
and the point of contact with the first hyperbola is

(G 7o)
N — 0 -/
Hence the length of the common tangent

. 2
= ((l2 + b’) ag—‘—bé .
15. The line is y =ma, where m .3 =18, [Art. 308].
.- m = '3”92‘.

16. The required equation is [Art. 280]
5
+ (-5)— —?—(y— 3)=0, or 1252 — 48y = 48]1.
35 16

17. If P be the point ¢ ; then, since e= ,/2,

SP.S'P = {ea sec ¢ —a} {easec ¢ + a} = 2a’ sec® p— a®
=a’(2sec’p — 1) =a’sec® b + a’tan? == O P,
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18. The perpendicular from (0, 0) upon the polar of
(A, k) with respect to the hyperbola a* —%*=a?,
2

i.e. the line wh—yk=a?, is ﬁ“+ =

19. The equation of the normal (Art. 307) becomes
(when a =5) xsin ¢ +y = 2a tan ¢,
Hence CG = 2asec ¢, and Cy = 2a tan ¢.
S PG*=a*sec® ¢ + b*tan® p = Pg* = PC*

20. Let the two points 7 and @ be (asec ¢, atan ¢)
and (a sec 0, « tan 6).

The angle PéQ = tan~! (sin ¢) — tan~* (sin 6)
sin ¢ — sin 6
1 +singsing’
The angle between the tangents at 2 and ¢
= tan~! (cosec ¢) — tan~ (cosec ¢) [Art. 307]

Hence, ete.

= tan—!

~tap-i SG-snp
o el réQ.
" atan ¢ _ sing
21. TanPAN-cbsec¢—a_1—cos¢’
T YL e
asecp+a 1+cosd
Ime
“. tan PAN . tan PA'N= 0% _3.
1 —cos’¢p

S LPAN and L PA'N are complementary.
So L P’AN and . PA'N are complementary. Hence, etc.
22. The coordinates (#, 7') of P are found by putting
@ and y =0 in the equation of the normal in Art. 307,
2 2 2 2
o = a{i sec ¢, and ¥ = (-z-%-—b tan ¢.
Eliminating ¢, we have
@t -0y = (a*+ 8% . ete.
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. 23. Let the transverse axis be fixed. Putting =0
in the equation of the tangent in Art. 307,

b cot ¢ = cons. = ¢,

and xz=asec ¢, y=>btan ¢.
Eliminating ¢ and b,
Y et :
;2—;=sec¢—ta,n¢>=l,

which is a parabola. Similarly for the ellipse.

24. The coordinates of @, if 7 is the point
(asec d, btan ¢)
are z=asec ¢, y= + e sec ¢+ a, whence y = ex+ a.

25. Let @ and b be the radii of the given circles whose
centres are § and S’; P the centre of the variable circle,
and 7 its radius.

Then PS~PS" =(a+r)~(b+7)=a~b.

.. the locus of 2 is a hyperbola whose foci are 5 and S
[Art. 299].

26. Let S be the target, S’ the firing-point, and £ the
hearer. Iet » and ¢" be the velocities of the bullet and
sound respectively. Then since the time of sound from S’
to P

=time of bullet from §” to § + time of sound from S to P,
. & 8. 8F
oo —= + =5
v v v
‘. N'P-SP=2. 8§ = constant.

.". the locus of 2 is a hyperbola [Art. 299].
27. Tet ABC be the A ; since

7 C g
tan o= —, and tan 5 = —,
2 8-> 2 s8s—-c¢
. s—b a+ec—0b
. —— =constant. .. —— = constant.
8—¢C 4D —B
- a .
‘3 — constant, .. b—e¢ = constant.
-¢

.. the locus of . is a hyperbola whose foci are 2 and C.
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28. The lines ax sin ¢ + by = (a* + 0*) tan ¢, and
bah - a*yk = a®b?,
which is the polar of (A, k), are identical if
asing b (a*+b)tangp

“Vh T @k a*b* 2
3 2 2
A cosec4>=-g;£, and cot¢=—(iib,%&‘.

AR — O = (aF + &) R, ete.
29. (1) The lines joining the origin to the common
points of the line b%zh — a*yk = @’b* and the hyperbola are
(b2xh — a®yk)? = a®t? (b*a* — a®y°).
If they are at right angles, then
bh? + a'l? = a’b* (1* - ).

(2) Removing the origin to the point (a, 0) the
equation to the hyperbola becomes :—:— ?bi: = 2;, and the
polar of (k, k) becomes d*xh — a*yk = a*b* — ab’h.

The equation of the lines joining the origin to their
common points is
(ah? — ab*h) (b2 — a*y®) = = 2ab%z (bwh — a’yk),
or (a— k) (b** — a®*) = — 2x (D*wh — @yk).
They are at right angles if
(a —h) (b* —a*)=—26°h, or h(b*+a*) = a (a* - b°).
3) On moving the origin to the point (ae, 0), the
equations to the ellipse and the polar of (%, k) become
b*a® — a*y? + 2aebz + b4 =0, ............... (i)
and Vah — a*yk=b'a (@ —ek), ............... (ii)
and the equation of the lines joining the origin to their
common points is .
@ (Ba* = a*y*) (a — eh)? + 2a’exc (@ — eh) (b*xh — aPyk)
+ (Pxh — a*yk)? = 0.
These are at right angles if
a® (B — a®) (a — el ) + 2a*b%h (@ — el) + bW* + a'k® = 0,
which reduces to 2? (a® + 20%) — a*k® — 2a’ch + o* (@* - b*) = 0.
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30. The lines 2ax—yk + 2ah =0, and
& —ysin¢—acos ¢ =0,
B\ A
sing  cosg’
Eliminating ¢, we have %* + 4A* = 4a?

31. The lines zcos 6 + y sin 0 = ae, and
b’zh — a*yk = a*b®
cos)  ginf ae
bh ok b
LA R B 1 1
Eliminating 6, we have‘?-i-b—‘:&;é—,j—ﬁbs.

32. Take equation (2) of Art. 272 and change 4* into
~&%.  Then if tan 6, and tan 6, are the roots,

are coincident if 2a =

are coincident if

2 3
tan 4, + tan 6, mixi?/;_, and tan , tan 09=§’;:-2j_'—2,-;
- 4oy, — 4 (y,° + 0%) (2% = @)
" (tan 6, —tan 6,)? = 1= (mlﬂl_ a*)?
_ 4 (i~ B+ a%)
i (a:,’ = a,”)" >
T IRl L e Vst TR

(tan 6, —tan 6,)° ~ 4 (a®y,® - b%z® + a'h?)
33. The equation of Art. 280, on putting 4*=— a2,
becomes Az — Ly = A* — >
If this is coincident with xcos@— ysinf =a, i.e. the

polar of any point (@cos6, asin 6) on the circle with
respect to the hyperbola, then

cosf sinf a
h kB
Eliminating 6, we have (A* = &%) = a® (h* + ).

34. The chord whose middle point is (2, 7,) passes
through the point (4, %) if

Bk-y)=2 (h—a) ... [f. Art. 280]

((,2
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which is equivalent to

h\2 kN2
(’"“ﬁ) (””ﬁ) 1 (At k’}

a® B 4l B
e . (h Kk :
This is a hyperbola, whose centre is <§, §> , and which

is similar to the given hyperbola or its conjugate according

2

24
-

. (2 . " .
as the right-hand member, -, — .-, is positive or negative.
@

b2’

312. Asymptote. Def. An asymptote is a straight
line, which meets the conic in two points both of which are
situated at an infinite distance, but which is itself not alto-
gether at infinity.

313. 7o find the asymptotes of the hyperboln

mﬂ yﬂ
S m= 1.

As in Art. 260, the straight line

meets the hyperbola in points, whose abscissae are given by
the equation

@ (b — aPm?) — 2a*mex — a® (P + D7) =0 ..., (2).

If the straight line (1) be an asymptote, both roots of (2)
must be infinite.

Hence (C. Smith’s Algebra, Art, 123), the eoeflicients of
@® and @ in it must both be zero.

We therefore have

b0 —a*m*=0, and a*me=0.
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b
Hence m=*, and ¢=0.

Substituting these values in (1), we have, as the re-
quired equation,

There are therefore two asymptotes both passing
through the centre and equally inclined to the axis of e,
the inclination being

tan™t—.
a@

The equation to the asymptotes, written as one equa-
tion, i=

Cor. For all values of ¢ one root of equation (2) is
infinite if m-_—dzgi. Hence any straight line, which is
%
parallel to an asymptote, meets the curve in one point at
infinity and in one finite point,

314. That the agymptote passes through two coincident points
at infinity, i.e. touches the eurve at infinity, may be seen by finding
the equations to the tangents to the curve which pass through any

; b i

point (a:l, Eml) on the asymptote y:é xs

Ag in Art. 305 the equation to either tangent through this point is

Yy =maz + Jﬂ.gmg — 1",
where gmlzmml + Nf a*m? — b,
i.¢. on clearing of surds,
b, b*
m® (x,2 — a?) - 2m = 2,*+ (7,2 + a?) E‘T:ﬂ'
One root of this equation is m= % , 80 that ome tangent through

the given point is y = ?‘ &, i.e. the agymptote itself.
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815. (Geomelrical construction for the asympiotes.

Let 4’4 be the transverse axis, and along the conju-
gate axis measure off CF and (B, each equal to b,
Through B and B’ draw parallels to the transverse axis
and through 4 and A’ parallels to the conjugate axis, and
let these meet respectively in K, K,, K,, and K, as in the
figure.

flearly the equations of K,C K, and K,0K, are
y=_ and y=—_%
and these are therefore the equations of the asymptotes.

816. Let any double ordinate PNVI' of the hyperbola
be produced both ways to meet the asymptotes in ¢ and
and let the abscissa OV be o,

Since P lies on the curve, we have, by Art, 302,

yp=LJrE—a.
1]
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Since € is on the asymptote whose equation is y =§w,
we have NG = é i
a

Hence PQ=NQ— NP - ( — N2 a?),
and PQ=— (9:' + A\fa:’”___ﬂﬁ
Therefore PQ. P'Q=— { — (2" = a®)} =%

Hence, if from any pmnt on an asymptote a straight
line be drawn perpendicular to the transverse axis, the
product of the segments of this line, intercepted between
the point and the curve, is always equal to the square on
the semi-conjugate axis.

Again,

b
PR (@ N =2 __ @
& a o + NJa? — o
B ab
o 4Nt —at

P@) is therefore always positive, and therefore the
part of the curve, for which the coordinates are positive,
is altogether between the asymptote and the transverse
axis.

Also as o' increases, 2.e. as the point P is taken further
and further from the centre (', it is clear that P con-
tinually decreases; finally, when 2 is infinitely great, P
is infinitely small.

The curve therefore continually approaches the asymp-

tote but never actually reaches it, although, at a very great
distance, the curve would not be distinguishable from the

asymptote.
This property is sometimes taken as the definition of an
asymptote.

317. If SF be the perpendicular from S upon an
asymptote, the point # lies on the auxiliary circle. This
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follows from the fact that the asymptote is a tangent,
whose point of contact happens to lie at infinity, or it may
be proved directly.

For
. CA s a
OF = C8cos FOS =08 . = Na®+ N
Also Z being the foot of the directrix, we have
C42=C8. 0Z, (Art. 295)

and hence CI*=(0CS8.0Z, 2.e. CS: CF :: CF : CZ.

By Eue. VL. 6, it follows that : CZF = + CFS =a right
angle, and hence that # lies on the directrix.

Hence the perpendiculars from the foct on either asymptote
meet b in the same points as the corresponding dirvectriz,
and the common points of intersection lie on the aumiliary
circle.

318. Equilateral or Rectangular Hyperbola.
In this curve (Art. 310) the quantities @ and b are equal.
The equations to the asymptotes are therefore y==a, i.e.
they are inclined at angles == 45° to the axis of &, and hence
they are at right angles. Hence the hyperbola is generally
called a rectangular hyperbola.

319. Conjugate Hyperbola. The h}rpm‘hn]a which
has BB' as its transverse axis, and A4’ as its conjugate
axis, is said to be the cm]_]urrate hyperbola of the hyperbola

whose transverse and conjugate axeg are respectively 4.4’
and BB’

Thus the hyperbola

e | G (1),
is conjugate to the hyperbola
e
S gE = L (2).
Just as in Art. 313, the equation to the asymptotes of
B 2
(1) is ¥ T

b o
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which, by the same article, is the equation to the asymp-
totes of (2).

Thus a hyperbola and its conjugate have the same
asymptotes.

The conjugate hyperbola is the dotted curve in the
figure of Art. 323.

320. [utersections of o hyperbola with a pair of con-
Jugate diameters.

The straight line y =m,x intersects the hyperbola
ﬂ:E Efg

at b

=1

in points whose abscisse are given by
1 m,
@)1
a’b*
.e. by the equation &= —— .
el ¢ 4 b — a*m?
The points are therefore real or imaginary, according as

a’m,® is < or > D%
i.e. according as

. : b
m, i3 numerically < or > PIRRITETIIN (1),

i.e. according as the inclination of the straight line to the
axis of @ is less or greater than the inclination of the
asymptotes,

Now, by Art. 308, the straight lines y =mz and y=m,
are conjugate diameters if

Hence one of the quantities m, and m, must be less

than % and the other greater than T

Let m, be < %, so that, by (1), the straight line y=mx

meets the hyperbola in real points.
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Then, by (2), m, must be > g, so that, by (1), the straight

line y = myx will meet the hyperbola in imaginary points.

1t follows therefore that only one of a pair of conjugate
diameters meets a hyperbola in real points.

321. If a pair of diameters be conjugate with respect
to a hyperbola, they will be conjugate with respect to its con-
gugate hyperbola.

For the straight lines y = mx and y = myx are conjugate
with respect to the hyperbola

if Tlly = — e (2).

Now the equation to the conjugate hyperbola only
differs from (1) in having — «® instead of a* and — #* instead
of 4% so that the above pair of straight lines will be con-
jugate with respect to it, if

-0
mlmﬂ = ZE = f_i,é ................... (3)-
But the relation (3) is the same as (2).
Hence the proposition,

322. If a pair of diameters be conjugate with respect
to a hyperbola, one of them meets the hyperbola in real points
and the other meets the conjugate hyperbola in real points.

Let the diameters be y = m,x and ¢ =m,z, so that
52

As in Art. 320 let m, {%, and hence m, > %, so that the

straight line ¥ = m» meets the hyperbola in real points.
Also the straight line y=m,x meets the conjugate

2
hyperbola ?;—:— g—é =1 in points whose absciss® are given by
; my? 1 ; a*b’?
the equation «* (? = a?) =1, d.e by :ﬁ‘nmﬂg 2
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: b ,
Since m, > —, these abscisse are real,
a

Hence the proposition,

323. [fapairof conjugate diameters meet the hyperbola
and its conjugate in P and D, then (1) CP° - CD®=a" -V,
and (2) the tangents at P, D and the other ends of the
diameters passing through them form a parallelogram whose
vertices lie on the asymptotes and whose arew s constant.

4

= 1 whose

2
Let P be any point on the hyperbola ﬁ_z‘ )

coordinates ave (@ sec ¢, b tan b).

The equation to the diameter ¢'F is therefore

By Art. 308, the equation to the straight line, which
is conjugate to C'P, is
b
el
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This straight line meets the conjugate hyperbola
P oa

Booar !

in the points (a tan ¢, bsec ¢), and (-« tan ¢, —bsec ¢) so
that D is the point (@ tan ¢, b sec ¢).

‘We therefore have
CFP® = a® sec® ¢ + b tan* ¢,
and CD*=a® tan® ¢ + b* sec” ¢b.
Hence
CP*— (CD*=(a’—0") (sec® p — tan® @) = a” — I~

Again, the tangents at 7> and D to the hyperbola and
the conjugate hyperbola are easily seen to be

@ .
a—%sunﬁ:cm L N (1),
and z—;; - % SiN h=cosch. ......... (2).
These meet at the point
x Yy  cosdg

a b 1—sing’
This point lies on the asymptote C'L.
Similarly, the intersection of the tangents at P and D’
lies on C'L,, that of tangents at D’ and £’ on CL/, and
those at D and P’ on ('L,.

If tangents be therefore drawn at the points where a
pair of conjugate diameters meet a hyperbola and its
conjugate, they form a parallelogram whose angular points
are on the asymptotes.

Again, the perpendicular from €' on the straight line (1)

B COs ¢ ~ abcos ¢
T 1., Prasne
,/ o + F_,sm o
ab ab  ab

= Vst grattanig CD  PE’
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so that PX x perpendicular from €' on PXK = ab,

1.€. arvea of the parallelogram CPKD = ab.

Also the areas of the parallelograms CPKD, C DK, I,
CP' K'D’, and CD'K,'P are all equal.

The area KK, K'K/ therefore = 4ab,

Cor. PK=(D=1'C=XK'P,so that the portion of a

tangent to a hyperbola intercepted between the asymptotes
is bisected at the point of contact.

324. Relation between the equation to the hyperbola,
the equation to its asymplotes, and the equation to the conju-
gate hyperbola,

The equations to the hyperbola, the asymptotes, and the
conjugate hyperbola are respectively

A L —— (1),
m‘l 2

- % S (@),
3 2

and mﬁ %2"— Ly (3)

‘We notice that the equation (2) differs from equation (}1}
by a constant, and that the equation (3) differs from (2) by
exactly the same quantity that (2) differs from (1).

If now we transform the equations in any way we
please—by changing the origin and directions of the axes—
by the most general substitutions of Art. 132 and by
multiplying the equations by any—the same—constant,
we shall alter the left-hand members of (1), (2), and (3) in
exactly the same way, and the right-hand constants in the

equations will still be constants, and differ in the same way
as before.

Hence, whatever be the form of the equation to a
hyperbola, the equation to the asymptotes only differs from
it by a constant, and the equation to the conjugate
hyperbola differs from that to the asymptotes by the same
constant.
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325, As an example of the foregoing article, let it be required
to find the asymptotes of the hyperbola

a2 —bay - 2924+ 5+ 1ly - 8=0.....cc0iinvinnnn(1)s

Since the equation to the asymptotes only differs from it by a
constant, it must be of the form

303 —Bxy — 292+ 52+ 11y + e=0..ccoeenrnnn..(2)-

Since (2) represents the asymptotes it must represent two straight
lines. The condition for this is (Art. 116)

3(-2)e+2.5.5 (-5 -3(4)-(-2) (§)*—c(-3P=0,

i.e. c=-12

The equation to the asymptotes is therefore

Ba? — by — 2y + 6 4+ 11y - 12=0,
and the equation to the conjugate hyperbola is
— by — 2y* 4+ Sx+ 11y - 16=0.

326. Agr another example we see that the equation to any

hyperbola whose asymptotes are the straight lines
Adx+By+C=0 and 4,2+ Byy+C,=0,

is (dz+By+C) (dx+Byy+C)=N ..o (1),
where X is any constant.

For (1) only differs by a constant from the equation to the
agymptotes, which is

(de+By+C) (4@ +By+C)=0 ...cccoeveinees (2).

If in (1) we substitute —\* for A\* we shall have the equation to its
conjugate hyperbola.

It follows that any equation of the form
(dz+ By +C) (4, + By + C;)=»
repregents a hyperbola whose asymptotes are
Az 4By +0=0, and 4,2+ Byy+C;=0.

Thus the equation x(z+y)=a* represents a hyperbola whose
asymptotes are x=0 and x+y=0.

Again, the equation x*+ 2xy cot 2a — y*=n",
i.e. (@ cot @ —y) (x tan a+y) = a?,
represents a hyperbola whose asymptotes are
zeota—y=0, and ztana+y=0.
327. It would follow from the preceding articles that the

equation to any hyperbola whose asympietes are =0 and y=0 is
a3 = const.
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The constant could be easily determined in terms of the semi-
transverse and semi-conjugate axes.

In Art. 828 we ghall obtain this equation by direct transformation
from the equation referred to the principal axes.

1. Through the positive vertex of the hyperbola a tangent is
drawn; where does it meet the conjugate hyperbola?

9. Ifeande' bethe eccentricities of a hyperbola and its conjugate,
1 1
prove that at I’ﬁzl'
3. Prove that chords of a hyperbola, which touch the conjugate
hyperbola, are bisected at the point of contact.

4. Shew that the echord, which joing the points in which a pair of
conjugate diameters meets the hyperbola and its conjugate, iz parallel
to one asymptote and is bisested by the other.

5. Tangents are drawn to a hyperbola from any point on one of
the branches of the eonjugate hyperbola; shew that their chord of
contact will touch the other branch of the conjugate hyperbola,

B. A straight line is drawn parallel to the conjugate axis of a
hyperbola to meet it and the conjugate hyperbola in the points P and
@) shew that the tangents at P and ¢ meet on the curve

& & 2 B
e Sy, Ej- and that the normals meet on the axis of 2.
AL At a*’

7. From a point G on the transverse axis GL is drawn perpen-
dicular to the asymptote, and GP a normal to the curve at P. Prove
that LP is parallel to the conjugate axis.

8., Find the asymptotes of the curve 227+ Szy 4 2y + 4o + 5y =0,
and find the general eguation of all hyperbolas having the game
asymptotes.

9. Yind the equation to the hyperbola, whose agymptotes are the

straight lines z+2y+3=0, and 3z+4y+5=0, and which passes
through the point (1, —1).

‘Write down also the equation to the conjugate hyperbola.

10. In a rectangular hyperbola, prove that CP and C'D are equal,
and are inclined to the axis at angles which are complementary.

R
11. ¢ is the cenfre of the hyperbola % - %.3=1 and the tangent at

any point P meets the asympiotes in the points ) and RE. Prove that
the equation to the loeus of the centre of the circle circumscribing
the triangle CQR is 4 (a®z®— 0*?) = (a4 D¥)=
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12, A series of hyperbolas is drawn having a common fransverse
axis of length 2a. Prove that the locus of a point P on each hyper-
bola, such that ifs distance from the fransverse axiz i3 equal to its
distance from an asymptote, is the ecurve (2?—9*)%=4a? (2" - a?).

1. At the points (a, =b./2).
8 (r+y+2)(x+2y+1)=0, (22 +y +2) (v +2y 4 1)=const.
G, 32?4 10xy 4 892+ 14w+ 22y 4-T=0;

322 + 10zy + 8y + 14z + 22y 4 23 = 0.

SOLUTIONS/HINTS

1. The line 2 =a cuts the hyperbola
o 3
a® b

3 a’+ b 2+ bn

=—1, whereJ +56./2.

2. e b"'

3. The tangent at the point (@ tand, bsec ¢) to the
conjugate hyperbola is

=—-—, and &
pr

%. sec¢»—:—ctun ¢ =1 =sec’ ¢ — tan® ¢,
or i d’ (y —bsec )= ot r"’ (z—a tan ),

f) f)

which is the chord of the hyperbola ;é"gé: 1, which is
bisected at the point (a tan ¢, bsec ). [Cf. Art. 280.]
4. By Art. 323, the coordinates of P and D are

(asec ¢, b tan ¢p), and (a tan ¢, bsec ¢),

’. the “m” of PD= —é . Also the middle point of ¢
viz. {1a(sec ¢+ t«ﬂl ¢), 40 (sec b + tan )}
lies on the asymptote bz —ay.
5. The polar of the point (« tan ¢, bsec¢p) with
respect to the original hyperbola is ztan b —%’sec ¢=1,
which is a tangent to the conjugate hyperbola at the point

(— a tan ¢, — bsec ).
6. The line # = a sec ¢ meets the conjugate hyperbola
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where y = b /1 + sec? ¢.
Hence the equations of the two tangents are
g—%’sincﬁzcos(b, and S— %JT+ cos? ¢p = — cos ¢

Where these meet we therefore have

——cos¢=%sin<f> .................. (i)
and £+ COB ¢ = % N S, L (i)
Square and add. coq2¢=%: - c%:
: i ain L gl oD yvox oy y: o
Substitute in (ii) - Rl 7 1+7)—2_Z{""

On rationalizing, this equation becomes
AR
b 162 __a7’} e

The equations to the normals are

ax sin ¢ + by = (a® + 5°) tan ¢,
and aa N/ T+ cos® ¢ + by = (a® + b%) (V1 + sec™ ),
2 2
which meet on the axis of @ where z = 0 sec ¢.
7. 1If P be the point (nsec ¢, btan ), then, by the
2 2
last example, C6' = et sec .
a

. the equation of the line through & perpendicular to
b — ay =0 is ax + by = (@ + b%) sec ¢.
Solving, x = a sec ¢, giving the abscissa of L.
.'. PL is perpendicular to the transverse axis.

8. The equation 2a®+ bay + 2y*+4x+5y+c=0 re-
presents two straight lines if

4o +25-38—8B-c25=0, [Art. 116]
whence ¢= 2, etc. See Art. 326.
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9. The hyperbola (z+ 2y + 3) (3= + 4y + 5) = A" passes
through the point (1, — 1) if A*=2. 4 =8. Hence etc.

The equation of the conjugate hyperbola is
(z+ 2y + 3) (Bw+4y + 5)=—8. [See Art. 324.]
10. CP*=CD*=a*(sec®* ¢ + tan®cp). [Art. 323.]

The “m” of CP is sin ¢, and the “m” of C'D= .1 =
sin ¢

Hence the inclinations of CP and (/D to the transverse
axis are complementary.

11. Solving z - % sin ¢ = cos ¢, [ Art. 307] with B

a b’
acos¢p bceosd . :
e ¢> for the coordinates of @,

acosp  beosd
1+sing’ 1+sing

— (

and, similarly, ( ) for the coordinates

of R.
The required point is the intersection of the lines

34 2 _ewﬁy (_£®W’
“’*3"<“’ —smng/ "\ T—sing/’
, a4 gt _ﬁ@&y (¢E@é3
it a,+y-_(sc 1 +sing T\ T T+sing/’
or 2 (ax + by) (1 - sin $) = (a* + %) cos ¢,
and 2 (ax—by) (1 + sin ¢) = (a® + %) cos .

Multiplying, we have 4 (a*2* — Boy?) - (a® + B

12. Let 5°%®— a®®=a® be the equation of
: one of the
hyperbolas. Then, if (A, k) be the coordinates of P

bh — ak Qahk
We haV(' T e — - a
Jar g k, whence b—h’ —7
Also b2 — o2 = a?Bt.

4a*hP 2

]&ﬁk:")’ (/1,3 _.a,ﬁ) = a,2]c'£, or 4}2 (kﬁ_ a"‘) == (/‘2 = kz)g
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328. 7o find the equation to a hyperbola referred to uts
asymptotes.

Let P be any point on the hyperbola, whose equation
referred to its axes is

Draw PH parallel to one asymptote CL to meet the
other CK' in H, and let CH and HP be % and % respec-
tively. Then % and k are the coordinates of P referred to
the asymptotes.

Let a be the semi-angle between the asymptotes, so that,
by Art. 313, tan r:v,-:—zi,
a
sina  cosa I
RN P
Draw HN perpendicular to the transverse axis, and HE
parallel to the transverse axis, to meet the ordinate PM of

the point P in A.

and hence
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Then, since PP/ and HR are parallel respectively to UL
and CM, we have . PHR = LOM = a.

Hence OM =CN+ HE=CH cosa+ HP cos a
=(h+Ek)-

and MP=RP-HN=HPsinoa—CHsina
=(k=h)——

Jm —H}3

,Ja o

Therefore, since M and MP satisfy the equation (1),
we have -
(h+kyp (k=R . . P AP+ b
- i el Rl o

Hence, since (k, &) is any point on the hyperbola, the
required equation is
a2 4 b?

4

This is often written in the form ay=c* where 4¢

equals the sum of the squares of the semiaxes of the
hyperbola.

Similarly, the equation to the conjugate hyperbola is,
when referred to the asymptotes,

a* + b*
2 = =g

329. 7o find the equation to the tangent of any point
of the hyperbola my = ¢%

Let (2, ') be any point P on the hyperbola, and
(x", ¥") a point @ on it, so that we have

ey s b st s (1),
and ) e RS (2).
The equation to the line P is then
§ = ' .
y—y:.x,,_m,(m—m} ............... (3)
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But, by (1) and (2), we have

¢ &
yu . yr F T :F e m! e S.U” e
ol — o = a — o = PR = 2 it

Hence the equation (3) becomes

3

’ ¢ i
y_y;—-m?(m—m) ............... (4).

Let now the point ¢) be taken indefinitely near to P, so
that o =2" ultimately, and therefore, by Art. 149, P
becomes the tangent at P,

Then (4) becomes

2 ’
Y=y = —-ET.;;(.L x') = —%(m '), by (1)
The required equation is therefore
ay +a'y=2xy=2¢%...........nnnn (5).
The equation (5) may also be written in the form
E oY _q
=i 7 (6)

330. I'le tangent at any point of a hyperbola cuts off a triangle
of constant area from the asymptotes, and the portion of it intercepted
between the asymptotes iz bisected at the point of contact.

Take the asymptotes as axes and let the equation to the hyperbola
be zy =2,

The tangent at any point P is % + ;{,:E.

This meets the axes in the points (2z', 0) and (0, 2y).

If these points be L and I/, and the centre be C, we have

CL=2z', and CL'=2y".
If 2a be the angle between the asympiotes, the area of the triangle
2 g

LCIL'=4CL ., CL' sin 2a=2x"y'sin 2n=a_—;£ . 2 5in a cos a=ab.

(Art. 328.)

Also, since I, i the point (2z%, 0) and L' iz (0, 2y’), the middle
point of LL' is (2, /), 1.e. the point of contact P.
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331. As in Art. 274, the polar of any point (z,, ¥,)
with respect to the curve can be shewn to be

i, + ayy = 26,

Since, in general, the point (w,, ¥,) does not lie on the
curve the equation to the polar cannot be put into the form

(6) of Art. 320.

332. The equation to the normal at the point (z, ¥')
is ¥ -1y =m(xz—a"), where m is chosen so that this line is
perpendicular to the tangent

r 0,2
1 il

y =_"irm - —
& &

If o be the angle between the asymptotes we then
obtain, by Art, 93,
B ol
3!.l" _ m.-' COoS ® ¥

T =

so that the required equation to the normal is
y (' —a' cos w) —x (' —y' cos w)=9y"—a"
a® - b
[Also cos w=co8 2o =08’ a—sin’ o= —5— {I .
'+ b
If the hyperbola be rectangular, then w=90°, and the
equation to the normal becomes wa' —yy' =a® — 4"

333, Equation referred to the asymptotes.
One Variable.

The equation wy =¢” is clearly satisfied by the substitu-

tion x=c¢t and yzg.

Hence, for all values of ¢, the point whose coordinates

AN . s
are (f;#, E) lies on the curve, and it may be called the point

;;tﬂ

The tangent at the point “¢” is by Art. 320

HH
E +y:‘:=2r§.
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Also the normal is, by the last article,

9 (1 — 12 cos o) — (£ — cos w) :g (1 -9,

or, when the hyperbola is rectangular,
P o
y—oli=> (1—12%).

The equations to the tangents at the points “¢,” and “¢,”
are
& &
= +yty=2¢, and -+ yly= 2,
gl tg

and hence the tangents meet at the point

(25, 2
£+t tl+£2)'
The line joining “#,” and “4,,” which is the polar of this
point, is therefore, by Art. 331,
2+ ytis=c (1, + L),
This form also follows by writing down the equation
to the straight line joining the points

i L&
(Cf»“ ‘t_'l) arnd. (’Gtg, t_ﬂ) .

834. EBx. 1. Ifarectangular hyperbola circumseribe a triangle,
it also passes through the orthocentre of the triangle.

Let the equation to the eurve referred to its asymptotes he
[ E= RO . i 1 B
Let the angular points of the friangle be P, @, and R, and let their

coordinates be
(ctl,f), (ct._,, E) , and (-::ts, i)
tl t’% 'FJ
respectively.

Ag in the last article, the equation to QR is
ﬂ:'l"ytg;s:ﬂ {ta"f'ts}

The equation to the ptraight line, through P perpendicular to QR,
ig therefore

[H
Y= r3 =tyts[7— ety],
1

o
) L A A e B e 21.
L.e Y Aclylgly Jd[ +113333] (2)
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Similarly, the equation to the straight line through ¢ perpendicular

to RP is
¢
i o Tota =11 |::.-.+—--t;:] ..................... (8).
¥ ohlety=1lsh i,
The ecommon point of (2) and (3) is clearly
¢

and this is thevefore the orthocentre.
But the ecoordinates (4) satisfy (1). Hence the proposition.

Also if (::14, ;) be the orthoeentre of the points *¢,,” *¢,,” and

4
“t.,” we have ttytet,= — 1.

Bx. 2. If a circle and the rectangular hyperbola xy=c* meet in
”ipgjbﬂ-'i"jﬂﬂi?ﬂs I:I.I__t’ﬂ pi.tmﬂ i 53.,,“ and “t'”” PT{-?'UE th-lf!?t

(1) ttatst,=1,

(2) the centre of mean position of the four points bisects the
distance between the centres of the two eurves,

and (3) the eentre of the cirele through the points “t,,” 1., “t," i3

{% (:1+t3+:3+££$12—g—3) , % 3—11+ :ﬁg +- :—H+t1.f.2:3)} :
Let the equation to the circle be
2?4 y? 22 -2y + k=0,
go that its centre is the point (g, f).

Any point on the hyperbola is (ct, tE) . If this lie on the circle,
i A e
we have r---t“+t—u—ﬂgct— Efi + k=0,

so that 4~ 25_’13+’%ﬁ_2—f¢+1=0 eveerrennen e (L),
'Y [ o

If t;, t,, ty, and £, be the roots of this equation, we have, by Art. 2,
tilatats=L...csirerrrineiirierneeneeneans (2

2y
tl ‘j‘tg"l‘ t‘3+t4=?!!!n-1--d--n Fraa At ““..-(3},
af
a.nd leaité'{‘ Iﬂ-t4tl + t'it].rEFE- tltzt-sz F ................... {4]-

Dividing (4) by (2), we have
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The eentre of the mean position of the four points,

: 1
i.2. the point E{tl+tq+$3+t‘},f --|-£+l+]_') :
4 * PR

sty
is therefore the point ('; , 'g , and this is the middle point of the line
joining (0, 0) and (g, f).
Also, since ¢ =.i‘1::3E.$ , we have

r—-':i | U SRS SN 1— and o 1+1 }-Ilttl
=3\ h 2+3"t,_tﬂf3’ J'—ﬂ ti i; i, 1taby |-

Again, since ¢ofst,; =1, we have product of the abscissae of the
fonr points=produet of their ordinates=¢*

25 52
1. Prove that the foei of the hyperbola my:t-;--ii are given by
24 72
T=1= + l‘l;;:l_

9., Shew that two coneentrie rectangunlar hyperbolas, whose axes
meet at an angle of 45%, cut orthogonally.

3. A straight line always passes throngh a fixed point; prove
that the locus of the middle point of the portion of if, which is
intercepted between two given straight lines, is a hyperbola whose
asymptotes are parallel to the given lines.

4, If the ordinate NP at any point P of an ellipse be produced to
0, so that N is equal to the subtangent at P, prove that the locus of
¢) iz a hyperbola.

5. From a point P perpendiculars PM and PN are drawn to two
straight lines OM and ON, If the area OMPN be constant, prove
that the locus of P is a hyperbola.

6. A variable line has its ends on two lines given in position and
passes through a given point; prove that the locus of a point which
divides it in any given ratio is a hyperbola.

7. The coordinates of a point are @ tan (f+a) and bian (64 3),
where 6 is variable; prove that the loeus of the point is a hyperbola.

8, A series of eircles touch a given straight line at a given point.
Prove that the loens of the pole of a given straight line with regard to
these cireles is a hyperbola whose asymptotes are respectively a
parallel to the first given straight line and a perpendicular to the
second.
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9, If a right-angled triangle be inseribed in a reectangular hyper-
bola, prove that the tangent at the right angle is the perpendicular
upon the hypothenuse,

10. In a rectangular hyperbola, prove that all straight lines, which
subtend a right angle at a point P on the curve, are parallel to the
normal at P.

11. Chords of a reetangular hyperbola are af right angles, and
they subtend a right angle at a fixed point O; prove that they infer-
sect on the polar of O,

12. Prove that any chord of a reetangular hyperbola subtends
angles which are equal or supplementary (1) at the ends of a perpen-
dicular chord, and (2) at the ends of any diameter.

13. In a rectangular hyperbola, shew that the angle between a
chord P and the tangent at P is equal to the angle which Pg
subtends at the other end of the diameter through P.

14. Show that the normal to the rectangular hyperbola ay=c¢* at
the point *1” meets the eurve again at a point **¢'"” such that

i3 =-1,

15. If P,, P,, and P, be three points on the rectangular hyperbola
ay=c2%, whose absciss® are x), x,, and x,, prove that the avea of the
triangle P,P,P, is

¢* (g — 2g) (23— 2y) (21— 79)
2 &y 85Ty -
and that the tangents at these points form a triangle whose avea is
o (3= 25) (X3 —y) (2, —,)
(@g+ay) (wg+ ) (@) +g)”

16. Find the coordinates of the points of confact of common

tangents to the two hyperbolas

2% —y2=38a% and ay=2a%

17. The transverse axis of a reetangular hyperbola iz 2¢ and the
agymptotes are the axes of coordinates; shew that the equation of the
chord which is bisected at the point (2e, 8¢) is 8a + 2y=12¢.

18. Prove that the portions of any line which are intercepted
between the asymptotes and the curve are equal

10. Shew that the straight lines drawn from a variable point on
the eurve to any two fixed points on it intercept a constant distance on
either asymptote.

20. Shew that the equation to the director circle of the conie
wy =c? i8 a% 4 2uy cos w+ Y2 =4¢? cos w.

21, Prove that the asymptotes of the hyperbola ay=rhr+ky are
w=F and y="1.
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92, Shew that the straight line y =mx 4 2¢ ./ — m always touches the
¢ .
hyperbola xy=¢?, and that its point of contaet is ( i i) en — m) -

23. Prove that the locus of the foot of the perpendicular let fall
from the centre upon chords of the rectangular hyperbola ay=c®
which subtend half a right angle at the origin is the curve

g D22 gin B =4,

24, A tangent to the parabola z®=4ay meets the hyperbola xy = F*
in two points P and @. Prove that the middle point of P@ lies on a
parabola,

95, If a hyperbola be rectangular, and its equation be zy=e?
prove that the locus of the middle points of chords of constant length

2d is (22 4?) (g — ) =Pay.

26. Shew that the pole of any tangent to the rectangular hyper-
bola xy =c?, with respect to the circle 24 y*=a® lies on a concentrie
and similarly placed rectangular hyperbola.

97. Prove that the loens of the poles of all normal chords of the
rectangular hyperbola xy =c? is the curve

(22 — y?)? 4 de2my =0,
28, Any t;;ng@nt to the rectangular hyperbola 4wy =ab meets the
ellipze z—z—i— %ﬂ: 1 in the points P and Q; prove that the normals af P
and ¢ to the ellipse meet on a fixed diameter of the ellipze,

99, Prove that triangles can be inseribed in the hyperbola ay=¢?
whose sides touch the parabola y®=4ax.

80. A point moves on the given straight line y=ma; prove that

the locus of the foot of the perpendicular let fall from the centre upon
2 42

ita polar with respect to the ellipse’ %+§,§=1 is a rectangular

hyperbola, one of whose agymptotes is the diameter of the ellipse
which is conjugate to the given straight line.

81, A quadrilateral cirenmscribes a hyperbola; prove that the
gtraight line joining the middle points of its diagonals passes through
the centre of the curve.

32. A, B, C, and D are the points of intersection of a circle and a
rectangular hyperbola, If 4B pass through the centre of the hyper-
bola, prove that CD passes through the centre of the circle.

33, If a circle and a rectangular hyperbola meet in four points P,
Q, R, and S, shew that the orthocentres of the friangles QRS, RSP,
SP(Q, and PQR also lie on a cirele,

Prove also that the tangents to the hyperbola at R and S meet
in a point which lies on the diameter of the hyperbola which is at
right angles to PQ.
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34, A series of hypérbolag is drawn, having for asymptotes the
rincipal axes of an ellipse; shew that the common chords of the
yperbolas and the ellipse are all parallel to one of the conjugate

diameters of the ellipse.

35. A circle, passing throngh the centre of a rectangnlar hyperbola,
cuts the curve in the points 4, B, €, and D ; prove that the cireum-
eircle of the triangle formed by the tangents at 4, B, and C goes
through the eentre of the hyperbola, and has its centre at the point
of the hyperbola which is diametrically opposite to D,

36, Given five points on a circle of radius a; prove that the
centres of the rectangular hyperbolas, each passing through four of
these points, all lie on a circle of radius g .

37. If arectangular hyperbola eircumseribe a triangle, shew that
it meets the circle circumscribing the triangle in a fourth point, which

is at the other end of the diameter of the hyperbola which passes
through the orthocenire of the triangle.

Henee prove that the locus of the eentre of a rectangular hyper-
bola which cirenmseribes a triangle is the nine-point cirele of the
triangle.

38. Two rectangular hyperbolas are such that the asymptoies of
one are parallel to the axes of the other and the centre of each lies on
the other. If any circle through the cenire of one cut the other again
in the points P, @, and R, prove that PQR is a triangle such that each
side is the polar of the opposite vertex with respect to the first
hyperbola.

16, (£§uf6a, wiaf0a); (=F\/0a, 4 6a),

SOLUTIONS/HINTS

1.. If SH', parallel to CL (Fig., Art. 328), meets

CK' in H', and (%, y) be the coordinates of S, we have
by symmetry CH' = H'S, and

CH'cosa=H'S cos a=}CS.

2xcosa = 2y cosa = Jai + b2
2. 78 B : a
Jo B=Y= M since, by Art. 328, cosa = —, .-

2a R as—fﬁ :
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2. Since the asymptotes of each are the axes of the
other, let 2*— 4= a? ...(1) and xy = 5? ...(ii) be the equations
of the two rectangular hyperbolas.

The tangents at the point (a sec ¢, @ tan ¢) are
. 25
@ —ysin ¢=acos ¢, and y + asin ¢ = i Cos ¢,
a

which are clearly at right angles. [Art. 69.]
3. BSee Ex. x1, No. 15.

4. TLet P be the point “ ¢ ” of the ellipse
2 B
Then if (x, y) are the coordinates of @,
a* — a® cos® ¢p

@=acos ¢, and y = - o [Art. 269]
@’ 8in® ¢
" acosd
a2y = a*sin® ¢.

Eliminating ¢, 2* + 2y =a® which is a hyperbola. See
Art. 326.

5. See Art. 103.

We have PM . OM + PN . ON = constant.
Jo (h+kcos ) ksin o + (k+ 4 cos w) b sin o= constant,
. 2hk+ (I* + k?) cos o = constant = ¢* say.
*. the required equation to the locus of P is
a* + y* + 2ay sec v = ¢* sec o,
which is a hyperbola. [Art. 326.]

6. Taking the two given lines as axes, let.g +2=1 be

the equation of the variable line. Since it passes through

the fixed point (%, k), .. g + §= 1
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If (=, ) be a point dividing it in the ratio m : m,

m = 7
r= > = — .
min' P Y “man?

Eliminating p and ¢, we have %’L 4 -3—/—=m +n,
or (m + n)xy =mhy + nkzx, which is a hyperbola.
7. Ifz=atan(0+a) and y=>tan (6 + B),
P ta.n“§=0+a and ta.n"%=0+/3.
& =
8 ta.n“a—ta.n ‘%za—ﬁ.

<P
a b

e tan(a—B)-——l - ‘f:’_{
ab

"+ wy + ab=(bx —ay) cot (a— B),

which is a hyperbola.
8. Let o*+ 3*=2\x for different values of A be the
equation to the circles.
The equation to the polar of (4, &) is
xh + yk = A (z + /).
This is identical with a given straight line ax + by =¢ if
h—-N k M
a b ¢’
.k _h(A-N)+N W
b ah+c  ah+c’
.". the equation to the locus of (4, &) is ba" — «wy = ey,
which is a hyperbola, whose asymptotes are parallel to
=0, and bx—ay=0.
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9. Let “¢,” “4,” and “¢,” be the angular points of
the triangle, the angle at “#,” being a right angle.

The “m’s” of the chords joining “¢,” and = t,,” and
“¢,” and “t,” are

1 1

and — == [Art. 333].
‘1‘: 22

. it +1=0. [Art. 69.]

The “us” of the tangent at “#,” and the chord joining
1

1
113 ” 13 » e S i
5,” and ““¢,” are T and it
Hence these lines are perpendicular by the above
condition.

10. See the previous example,

11. By Art. 331, the equation to the polar of (4, &)
with respect to the curve ay =¢? is kz + hy = 2¢%

If we remove the origin to the point (%, &) we see that
the polar of the origin with respect to the curve

(@+h) (W +E)=T2 ...c.cc000nireraenen (1)
is k(z+h)+h(y+ k)= 26,
or kx+hy=2 (c®— hk)=2C say. ......... (ii)

Let lz+my =p and ma —ly=q be two perpendicular
chords of (i). The equations of the two pairs of lines
joining the origin to the extremities of these chords are

[Art, 122]

ayp* + (ke + hy) (lo +my) p=C' (le + my)’,
and ayq® + (kx+ hy) (max — ly) g = C' (ma — ly)*.
Since each pair are at right angles,
. p (lk+mh)=C(F+m?), and q(mk—lh)=C (P+m?).
Adding, we have
k(pl +qm) + h (pm— ql) =2C (I + m?),
which is the condition that the point of intersection of the

chords, viz. (2’;5:3::’ - TZZ ”lq> should Tie on the line (ii).
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12. (1) Let P, @, R, S, the extremities of the chords
be the points ¢,, &, t;, ¢, respectively.

1 1
The m’s of PQ and SQ are —— and — —.
il i s
LE
P(?S = tan—?! .. e tan—! (6 — t,‘) :
£ e o) 1+ £,8.%,
thtst
1
;+ by
= tan~1 = 3
ts—t
since ittt =—1. [Art. 334.]
. 21- + Eitoly
Similarly PRS =tan-'\ + ]t : 2
» TR

N PéS and PRS are either equal or supplementary.

(2) Let ¢ and ¢, be the extremities of the chord PQ,
and ¢ and — ¢ the extremities of the diameter RR".

5y 278 o t(l.,'-—t) . 1
Then 7 ﬁ(,) = tan~? 1'4-725]&;’ as in (1) and

D = (t ~1 )
PRO=tan"Y——32_K )
Q T+ i, Hence ete.
13. Let PQ be the points ¢, and £,. Then the angle
between P@Q and the tangent at P [Art. 333]

1.2
-1 tls by = tan-1 ¢ (tl G ts)

— t ———

B 1+_l 1+2%,"°
4ty

and the angle which 2@ subtends at the point — ¢, is found

by putting ¢ =¢, in the expression for PI?'Q in the previous
Ex. Hence etc.
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14. The normal at ¢4 and the chord 44, viz.
Y-l = % (1-24),
and yt\t, +x=c (4, +t,), [Art. 333], are identical if
it SN - SO, )

16. (1) See Ex. 11, No. 9.
(2) The equations to the tangents are
L
y=—x‘]—2$+ 'a':l-,, ete.
Substitute in the result of Ex. x, No. 18.
16. The tangent at the point “a” to the hyperbola
@ —y* == 3a® viz. z—ysina=/3.acosa, [Art. 307], will
be a tangent to zy = 24, if the equation
Y(ysina+ /3. acosa) =24 ............ (i)
has equal roots ; the condition for which is
3cos’a +8sina=0, or 3sin®a— 8sina—3=0,
: : 2./2
whence sina=—21 and .. cosa=+ —g—
The equation (1) becomes 32 + 24/6 . ay + 6a*=0.
PR T J6.a, and .. z= +3./6a.
3.6 6

Also ,/3a sec a = + - % and ,/3a tana =% ~-a.

17. The equation of the polar of the point (2¢, 3¢) is,
[Art. 331], 32 + 2y =2¢, and the line parallel to this and
passing through (2¢, 3¢) is

3(@—2c)+2(y—3¢)=0, or 3z +2y= 12

18. The chord which is bisected at (A, k) is the line
through this point parallel to the polar of (4, %), and is
therefore & (x — L)+ h (y - k) =0, or kx + hy = 2hk.

This cuts the asymptotes in the points (24, 0) and
(0, 2k). Hence (k, k) is also the middle point of the
portion of the line intercepted between the asymptotes.
Hence ete.
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19. TLet “¢,” and “#,” be the fixed points, and “¢”
the variable point. The equations of the chords joining
“t” to “!1 ” and “tg” are

Z+yth=c(t+1,), and x+ytly=c(t+t). [Art 333.]

Therefore the intercept on the axis of z=c (¢, —,), and

that on t-hea.xisofy:c(;-l—{l;).

20. The tangents at the points “#,” and “¢,” are

Loy =Bl i rined (1)

and e T R R (2)
These are at right angles, by Art. 93, Cor. 2, if

B — (2 + t)ecosw+1=0. ............ (3)

Between (1), (2) and (3) we must eliminate ¢ and ¢,.
On solving (1) and (2), we easily have

2¢ x
h+t,=— and ti,=-.
1+ b v b, y

Substituting in (3), we have
ai: - I:‘_iﬁ; -2 i] cosw+ 1 =0. Hence ete.
¥ LY Y. :

21. The equation may be written (z—£%)(y —£) = hk.
Hence the asymptotes are
x—k=0,and y—h=0 [Art. 326]

22. The common points of xy=c* and the line
y=ma + @ are given by (mx + a) @ = ¢* or
M + a8 — P =0, .i.iiiiiesivisss (1)
which has equal roots if a® + 4¢*m = 0, so that @ = 2¢4/ — m,
and the equation (1) becomes
" —mat— 2 —mz+e2=0, or {—m.x—c}*=0.

‘ p=——— and .. y =/ —me.

T
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23. The lines joining the origin to the common points
of 2y =¢* and the line 2 cos a + y sin a = p are (Art. 122),
PPy =c* (« cos a + ¥ sin a)’
If these are inclined at 45°,
3\ 2 *
2 \/<03008asina—1—)-) —cicos’asin®a

2
- =1 [Art. 110].

S pt—2c%?sin 2a=¢'. Hence ete.

24. The chord of the hyperbola which is bisected at
the point (p, ¢) is by Ex. 18 gz + py = 2pq.
. The points in which this cuts the parabola a?=4ay are
given by
Pz’ = 4a (2pq — qz), or pa’+ 4agx — Bapg =0,
which has equal roots if 44’ + Sap®y = 0,

ne. if aq + 2p* = 0.
Hence (p, q) lies on the parabola 22 + ay = 0.
=
25. Let T:os 5 ::‘:;’in ;c =7 be the equation of any line

through the point (&, k). The points in which this line
cuts the hyperbola ay = ¢* are given hy
(% + 7 cos 6) (k + r sin 6) =c*,
or  y*cosf.sin@+ 7 (kcos+/hsinb) + bk — = 0.
If (A, %) is the middle point of this chord,

keos @+ AR 0 =0, .i.uivvisvorniona (i)
¢t =k "
and d“:m ..................... (ii)
¢®— hk) (h*+ k2 ’
- —)lf/c ). ............ by (i)

.. the equai;ion to the required locus is
by =(wy =) (@ +y)
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26. The common points of the line
SR TR ocnsommmssessensnis (1)
and the hyperbola zy =¢* are given by ky* —a’y + he*=0.
Hence (1) is a tangent if this equation has equal roots,
the condition for which is

hk =
Also (h, k) is the pole of (1) with respect to the given

circle. Hence etc.

B

27. The lines ay, +ay =2, and y—af=2(1-¢)

%@ 2ct

are identical if - e

Eliminating ?, -
Y Y
(1-2)-soyE.
or (22 — %) + 4z, =0. Hence ete.

28. Let y=m,:c+;n(1;, etc., be the equations of any

three tangents to the parabola. If two of their points of
intersection lie on the hyperbola ay = ¢? then

1 1
- & St + —} — 62 --------------- 1
@ { Wy Teg, ( )
1 1
all(i “2 {—- -+ ;)‘— = 027"'3"‘3- [Al‘t. 234.] (2)

Whence, subtracting,

a®=— ¢ mym,m,.
Substituting for m, in (1), we have
S
a? {E + ’;1} = c*mym,,
which is the condition that the third point of intersection
of the tangents should also lie on the hyperbola.
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29. The equation of the line through the point (%, mk),
and perpendicular to
xh  ymh
@ —b’— a

is Y- mh_ (:z: k).

I,

Eliminating %, we have
(0% — @*ma) (V' + a*my) + ma*b? (a2 —b%) = 0.
Hence etc.

80. Two diameters of the rectangular hyperbola
a? — y’~a’ are conjugate, by Art. 321, if the product of
their “m’s ” is unity.

The conjugate diameters are therefore

y=mz....... (1) mol et oo )

T
Let the fixed point on the hyperbola be
(@ sec ¢, atan o).
The perpendicular from it on (1) is

y—a tan¢=—a(w-—(osec¢).

This meets (1) at the point
, ™ tan ¢ + sec am (m tan ¢ + sec ¢)] (4)
l+m* ° 1 +m? "
Similarly the foot of the perpendicular upon (2) is

m(ta.n<[>+msec¢) @ (tan ¢ + m sec ¢)’

T +mt ) W J....(5)
The “m” of the line joining (4) and (5)
_a(tane + msec ¢) — am (m tand +secd) tan ¢ o

am(tan¢+msec¢)—-a(mtan¢+ sec ¢b) P secd
and is independent of the two conjugate diameters selected.
Hence, ete.
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3l. Let ;—:+ yt, = 2¢, ete. be the equations of the sides

1
of the quadrilateral. Then if (z;, %) and (z,, ¥,) be the
coordinates of the middle points of the diagonals, we have

ol bk, BGY . ) DekE
o, °{z,+z2+¢,+z,}“’(zlu,,)'(z,,u‘) (Art. 333),

1 1 >+ 3
&nd = et el 1y PO I iy e A e it
L c{h+tz+ty+h} ‘Crh+rt)
L Sl _wy
¥ oS similarly.
Hence, ete,
32. See Art. 334, Ex. 2.

If the line joining ““#,” and ““#,” passes through the centre
of the hyperbola, then ¢ +#,=0; and equations (3) and
29 ona L f
(9) become #; + ¢, == and - + — = 2 whence
c i t, ¢
g +Sfhti=c(ts+ 2,),
which is the condition that the chord joining “¢,” and “¢,”
should pass through the point (g, £).

33. Let “¢” “¢”, 4" and “¢” be the four points
P, Q, R, § so that by Art. 354, Ex. 2: we have A
WAL =1 ool

By Art. 334, Ex. 1, the orthocentre of the triangle
PQR is

c , ¢
(—m, —ctltgts) y we., by (1), (— cty, _E;) ;

The four orthocentres are thus

(et =) (=) (oo =) (-t =2).

The product of their “#'s” =(-1¢,) (—&) (— &) (=) =1,
by (1).

Hence, by Art. 334, Ex. 2, the four orthocentres are
the intersections of the hyperbola and a circle.
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The point of intersection of the tangents at & and §'is
Det,t, 2¢
(ts‘*'tc, ta'*‘tn)’
the diameter through which is @ =yt t,, v.e. y =ut,l,, by (1).

This is perpendicular to the straight line joining #,
and 2.

84. The equation - —2 ‘/2 —1 + 2\ (zy — ¢*) =0, repre-
sents any conic through the intersection of the ellipse

= -+ %:— =1 and the hyperbola xy = ¢

It will represent two straight lines if A? - (;:—-—b,_,. (Art.

116.)
Hence the common chords are parallel to ‘zi %’: 0, and

these are the same for all values of ¢, ¢.e. whatever be the
hyperbola chosen.

35. See Art. 334, Ex. 2.
If & = 0, then 3¢t,¢,=0,

ne. bito+ bty + Uity + —— (G +8+8)=0. ......... (1)
tl 2‘4

Now if (z, y) be the coordinates of a vertex of the

triangle formed by the tangents,
_ 2etyty 2¢

61+&;’ and 1 /—t,+t.2'

Substitute in (1) ; .. o®+y*+ 2etz + %—cy=0,
4

(Art. 333.)

which is the equation of a circle passing through the origin

and whose centre is the point <—- ct,, — ;) :
4
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36. Let (acosa,, asina,) ete., be the coordinates of
the five points.

Now the centre of mean position (z/, &) of any four of
the points is the middle point of the line joining (0, 0) to
the centre of the corresponding hyperbola. [Art. 334, Ex. 2.]
Hence, if (,7/) be the centre of the hyperbola through the
first four points,

y R . :
@ =§(2008a1—008a5), and y =§(}.sma.1—-sma5).

2 g 2
(x’—gEGOS%) + <y' _gz sin 0-1> = ‘—Z—;
so for the other four centres.

Hence their locus is the circle
2 2 4
(m—g Ecos.m,) + (y—gzsin a1> =%— ;

37. 1If ¢, i, t; be the angular points of the triangle,

then by Art. 334, Ex. 1, — is the orthocentre, and by

1%2%3

Art. 334, Ex. 2, _51

2%3
bola meets the circumecircle. The centre of the hyperbola
is thus midway between these two points.

is the fourth point in which the hyper-

Also it is well known from Plane Geometry that the
middle point of the straight line joining the orthocentre of
a triangle to any point on its circumcircle lies on the nine-
point circle of the triangle.



