External Equilibrium of Structures

5.1 Equations of Equilibrium

Aslructure may be in rest or mation, Géneraily all Civil Engineering structures like, bridges, bulldings or
dam etc. are in rest so it may be said to be in static equilibrium.

The squations of equilibrium are based on Nevdon's Law's of motion. The equations of equilibrium may
be writlen as,

IF =0. If,=0 IF,=0 A

M, =0 zMr=0 IM, =0 (0}

For ptane structure, it all forces lies in the plane of struclure than only three equalions are suflicient for
equilibrium. .

IF =0, IF,=0 (i)

M =0, ) ‘ (i}

i

5.2 Free Body Diagram

Free body diagram is a pictorial representation of all forces acling on a sructural component or whole
structure, I @ structure is in static equilibrium then all the camponents will also Be in stalic equilibtium, Honce
equations of equilibrium are also applicable tor each component or efernent of structure.

The iree body diagram of any compgnant or whole struclure can be drawn by isalating the structure from
its support and showing the suppar reactions and toading acted upon thal componerit of structure.
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Fig, 5.2 Comresponding Free Body Diagram
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Fig.5.1 Actwal Struaiue

Example 5.1 ° Asimply supported beam of 8 m span is loaded as,vshvow:};'\» l:gu-re}nr;c-ikll_\;_
support reactions for beam. ' i
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IF =0 )
= H,=0 i)
Also, EF,‘ =0
= R+ Ag-30-12x4=0
= A+ Ag=T8 ..Lii)
Also, IM,=0
= M, =0 (taking moment of all forces about B}
= A x9-30x7-12x4x2=0
= 9R,=Wx7+12x4x2
Ry = 3kN{(T)
From equation (if), we have
Ry=78-A,
= Ra=73—34=44kN(T)

m Find the suppori reaclions for beam shown In figure,
SOKN
A /mﬂ

V5O KN-m l
Ay c

D,) 8
farmes BT e § rimedee 2 ——tefe— 2m o]

20 kNm
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Solution: :
£ 50 kN
g 150 KN-m
Hy A So N\ 8
£
R;? ¢ V-/ RﬂT
fo—— M e w2 e 2 ]
_ £F, =0
= . H.=0 . i)
Also, IFY: 0 '
= _ R,1+Rs—[~l-x3,vlzo]-so =0
= R, + Ag= BOKN i
Also, ¥M, =0

= (‘%xssz]"g"B“i‘D-Ra>«6+50x8=0

= 60+ 150+ 400-6R, =0
= ERE?: G10
= A, = 101.67kN(T)

From equation {if}, we have
R, = 80 - Ay=80- 10167
R, =-21.67kN (4

" From equation (i), we have

m Find the suppori rgactions for the rigid Jointed lrame shown in the figure.
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Solution: 204N
IF =0
= 10-Hy=0 L § o————Y g
= Hg = 10&N{<) .0 . E
Also, IF,=0 o
= R,+Ry,-20=0 1 5 R
= R+ A= {1 I T e f
~ Alsp, IM, =0 Ry R,
= Ryx32+10x12-20x32=0 16 m—at 3zm -

Ry = 16.25KN(T)

A, = 20 - Ry =20~ 16.25
= R, = 3.75kN (T)

Calculate supper reactions far the following frames shown In figures.
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Solution: i B 20ktim o
i (3 7
('3 YF =0 I oo 1=
1] = E
= H,+Hg = 100 gy "‘1‘5 100kN
L'Fv =0 l EI
- , Ay + Ay = 205 6= 120 .{i) ”‘““ﬁr" He—>
l M. =0 R 3 m— 3 m—r,

= A,x6-20x6x3-100x1 =20 i




= 6A, = 480
= R, = 7687kN(T
From eq. (i), we gel, ‘R = 120-76.:67 = 43.33kN(T)
Alspathinge C, - T = 0
(Taking momenl of all the forces from Ihe left side of Ringe C)
= RAxS—HAx2-20x3x1,5 =0
=3 7667 x3-2H,-90 = O
= Hy = 70KN(-) !

Fromeq, (i), we got
Hy = 100-70 = 30 kN {—)

(i)
£ =0
= H =0
Also, EFY =0 '
= A+ A+ Ay = (A%6)+{4%3) b &m =3 m—efe—3 m-s|
= A+ Ra+ R, = 3% LA
There is a hinge at £ Hence BM al C will be zaro, Free badydiagiam
o M= 0 {From left)
= A, x84+ RA;x3-4x6x6=0
= SR, +3A, = 14 {if)
M;=0 {From right)
= Ayx3-4x3x15 =0
= Ry = BKN(T)
Subslituling value of R, in equation {§), we gal
Rg+ A, =0 i)
Solving equation (i} and {iii}, we got
R, = SkN(T)
Ay = 21kN{T)

[

Determine all the reaction components al supports A (fixed) and 8 (hinged),

Joint C and D ara hinged. Effsc! of axlal forces in various beams parts AC, CO, D8 nead not ta bs
considered,
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Sohution:
IF, =0
= Ho=H, )
Also. SFy =0
= R o+ Ay= 10x1+20+%x3x5
= R+ Fy=315 i)
Since Dis hinge, hence M, = O{lram figh side)
= —R9x2+10>¢‘1xi,5=0
- Ay = 7.5KN(T)

From eq. (if), we gel
R,=375-75=30kN(T)

Also, M. = 0 {From right sidle)
= -Apx4+10x1x35+20x2-H,x2=0
= 4 x75+35+40-2H, =0
Hy = 22.5kN ()
From eq. (i) H, = 225N (=)
Also, M, = Q(from left hand side)
- Aax3-My-x3x5x2x3 =0
2 3
= _ 0x3-M,-15=0
= M, = 75kNm{_})
Thus reactions are
R, = 30kn{T) Ry=T75kN(T)
H, =225 KN (=) Hy=22.5 kN (—)

M, = T5KkNm(\_s)

A portal [rame ABCD as \ a o4

shown in the figure has hinged end at Aand fixed end - '3z krf : {’A\ T
a1 0. Vartical lag AB = 4 m, horizontal 8C=7m. JointC e \f\ - 2m
and mid-point £of inclined leg CDare acling as hinges. ) S 3
Aand Oare al same level. Calculate the component of 2m
raactions al A and 2 whan a horizontal force of 12 kN A \"—}_

is applied at joint 8.

[ 7m + am—
Sofution:
Lel vertical reaclions at Aand Dbe A Tyand R, (T)respecively. Also et horizental reactions at A and
Dhe H, () and Hy {«-} respeclively. Also, lol the reactive mament at Obe M,
Lei, ZCOA =0

q
lanl = =
3




IF =0 J:]

= Ho+Hy= 12 ) 1zeN |
AISD, IF’, =0
= Ry+Fp=0 (i)
Also, . EM, =0
= (R x10)-(12% &)~ 8M_ = 0 4
= 10R,-My=4d8 . (i) Ap—
Since, Cis a hinge, therelore moments about € RT
either trom right or left will be zero. )

M. = 0 (From lelty
= Ayx7+H x4 =0
= AH,+7R,=0 i)
Since, Eis hinge, (herefore moments about £ ejther from tight or 18(L vill be zero )

Me=0 . {Fromright)
= Roxt—é%—Hsz—Mo =0
S Ap X—2m ~2Hy <My = 0
. 4/3

= 15R;-2Hy~My=0 (U]

Sub’slitulingy values of Hy, R, and M, Iram equation (i). (if) and (i) respactively in {v), wé gel
= L5(-R)-2(12- H)~ (10 R,-48) = 0

= -LSRA~24+2HA~1OHD+4B=O
= w1.594-10(-&‘)+2HA+24=0
= 85K, +2H,=-2 i)
Solving, equalion (iv)and (i), we gel
H, = 8.4kN A, = -48kN
Ay=-A =-{-48)=48kN Hy=12-H,=12-84=36kN
My=10H,-48 = 10x4.8-48 =0 kN'-m
Thus the reaclions are
Hy = B kN (=) R, = 4BkN{{)
Hy = 3.6 kN () - B, =48KkN(D
M, = OkN-m :

Summary * Theequalions of equilibrium are based on Newlon's Law of motign.

» Forspace slructure, the equations ol static equilibrium are

@ EF,=0, IF,= 0, =0 AD
’ and  IM =0, M, =0, M. =0 i)
¢+ Farplane structure, Ihe three equations of slatic equilibrivm are enough
r:F_ =0, If,=0
and IM,=0

* Freebody diagram is a pictorial reprasentation of alt forces acling ona structural component
or whole slruclure.

* Thefree body diagram of any component or whole sliuclure can be drawn Dy isolating the
Structure from ils support and showing suppon reaclions and loading acted upon that
caomgonant of structure.,

'

Dbjiiva iralr Teasers

Q.1 What are the support reaclions al the fixed end
of the canlitever beamn shown in the figure below?

[l
k4 11 [ e ol

A - I g
4 ;

Im d
(3) 120kN, 120kN-m

(b} 120kN, 240kN-m

{c} 2d0kN, 120kN-m

(d) 120kN, BOkN-m

Q.2 The beam shown in the figure given below is
subjected lo concentraled load ang clockwise
couple. What is the vartical reaction at A7

50 ki
: el CA
as owm e’ o
e 4N e 2 ) 2 T e
(a) 10kN {t) 40kN
(c) 50kN {dy 30kN
Q.3 Forihe [rame shown below, what s ihe horizonial
thrust at A?
20%N
,1, Hingo
2m|
I Em
8
L
@ 2KN (h) 4kN
(€} 5kN {d} zem

Q.4 Inthe beam shownin the given ligure, the verticat
reaclions at Band Crespeclively are

A RN
A' (/?4)««7
pr2

(‘c‘t 29-m
=4

- 0.5m~ 4m 3
{a) 2kN, 2kN {b) 4 kN, OkN
{c} 3KN, 1kN {d) 1kN,3kN

Q.5 Aframe ABCDis supponied by rollerat Aand is
on a hinge al C as shown in he ligure. The
reaclion at the roller end A is given by

I

Oy

Nafr~
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e~

@) P b} 2P
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Q.6 Forthe propped cantilever shown in figure, the
vertical reaction at the lixed end is
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Q.7 The reaction al support '8 of the statically
delermine beam shown below is

10kN
o5m
A 0.5m| 8
i
b 2m + 2m {
{a) 3.75kN (b} 4.25kN
{c} 5. 75kN {d} 6.25kN

Q.8 A cantilever beam A8 as shown in figure is
clamped at 8 and supporied through ahinge by
a partially submerged (in waler) platform at /.
The beam has llexural rigidity Efand length L.t
Is foaded by a verlical concentraled force Fat
A. {Neglect the weight of plaiform).

F L 4
AY 6!
i
A i cro lonnl aran A,
Watar = % = unat wolght of water
The reaction developed al Ais
R i
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Answers
1.(8) 2.{a) 3.(c) 4 (B) 5.(d)
8. () 7.(0) 8. (¢)

Hintsand Explanations:
1. (a}
Verticat reaction at &,
=F, =0
=A,-120kN =0

= R, =120kN(T)
The cenlroid of the foad is at 1 m trom the support.
Therefore the moment al support will be

= 1@ x1

=120kN-m (Clockwise)
Hence, reactive moment at support

M, = 120kNm {Anticlockwise)

(a)
Let A, be the verlical reaction ot A.
Taking, IMy=0
= R, xB8-50x4+120=0
= A, = 30%@ = 10N
(b)

20N

Hingo
Zm 2m
Hy—r
s,
<y
&

2:‘; =0 .
= Ry + Ay = 20kN i)

3,20
= Hy=Hy=H (Say)
= =0 (From left)
=  Ax2-Hx4=0
= A=2H i)
Alse, M. =0 {From tight)
=  ~Ayx2+Hx6=0
= Ay =3H i)

Subslituting value of R, and A iromequation (i)
and {iii} into (), we get

= 2H+3H=20
= S5H=
= H=AkN

(<) 7.

LetAjand i, be the vertical reaclions at Band C
respectively.

M. =0
= dx45+4+2+ Ayxd =0
= 4R, =12
= By = 3RN(T)
Also, IFY=O
= RB’*HC’:d
= HC:A—HA
=4-3=1kN

)]

Lel H, and H, be the horizontal reactions at
Suppars A and 8 raspeclively. Also lel vertical
reaglion at Cbe A,

P . A
. ﬂ[ l ?““"c
R‘ . B-

A ",
—_t——— —te—— L2
M, =0

= M xt—Px-L+Px-L =0
2 2

A o

»2) 1

T,

RA
[ SR ) L |
v E T E 1 5 1
IM, =0 (Fromright)

-R, K% =0

. =0

Also =0

RA + Rg =P

R+0=pP

A.=sP

{a)
IF, = R, + Ay= 10 )
IMg=0R, x4 4+5-10% 2=0
10kN
as5m
A 0.5m 8
L
K 2m | 2m —
10KN
IS
Ry 2m ——fb—— 2m R
R,x4=15
R, - lji =375 k(1)
From {r} Hﬂ=10'RA= 10-3.75
Rg =6.25KN(T)
(c)
F L {
Mo gl
1
Cross-sechonal ai0a A,
Wa!or'--}hf 7 ok weightof vater

Reaclion developed a1 A = Force of buoyancy =
weight of the liuid displaced = Al

R‘.‘ =yAh
Here h =deplh of immersion
ILis also equal to defleclion of support at A.
Now Nel lorce al

A =(F - /,h) downward

Compalitiility condition at 4,

12
F-R ) =
( “351 h

h
= F-Y%!!:SE[F

= h= F
()
A
New, R, =y L

3! i
(MG + 3-) L 9‘5‘
. 3 1Ay



