PERT and CPM

2.1 Programme Evaluation and Review Technique (PERT)

e PERT stands for “Project/Programme Evaluation and Review Technigue”.
e  PERT involves uncertainty into the project completion time.

e ltisanumerical technigue usedinthe prOJects in which time can not be estimated accurately such
as research and devebpment projects. It isan event onen: d ! etwork Cost is assumed to be
directly pfoportxonaf to tlme

Three time est/mates are made m

1. ty can be completed under
2. Pessimistic nme(ff

' pOSS!ble Condmons
3.

Its value lies between r 'énd to: Itis near to‘the expected txme

The most uKeqy ume ( ) is Ddseu orr-*,Xp‘erienc"‘"é‘nd"ud

: Thts ttme &gmﬁes the moot frequenﬂy»oécumng time it'

‘ ,s:a.sutuatloh thmg »_~are' as
" usual, nothing exciting”. ;

2.2 Mean Time, Standard Deviation and Variance of an Activity
22.1 Mean Time or Expected Time or Average Time

e In PERT each activity is assumed to follow B-distribution curve of time.

e Thisis calculated from B-distribution curve of time at which probability of activity is just 50%. Time
taken by various activities follow p-distribution.



Hence value of expected time is calculated by weighted

average as, - - 50% area of curve
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2.2.2 Standard Deviation of An activity (o) T \
e This is the measurement of uncertainty, which is

approximately one sixth of time range i.e.,

Fig. 2.1 B-curve with skewness to the left

s ltcanbe seen abovethat'c’is affected by relative distance from the most optimistic estimate to the
most pessimistic estimate,
e Therefore, wide range in time estimates represents greater uncertainly.

Ina limiting case, certainty of an activity duration occurs only when the three time estimates
coincide, so that the standard deviation and the variance both vanish, Consequently the activity
duration becomes certam which is the case of CPM. Hence, a PERT is.a general case whereas
CPMis the pamcular case of PERT.

2.2.3 Variance of an Activiiy (62)

¢ Square of standard deviation is variance of an activity. It is to be noted that higher the uncertainty
about a proce'ss, greaier is the standard deviation and hence greater is the variance of a project.

A beta d:smbuqon the one which is not symmetrical about its apex. Figure below shows two

i _u‘uof cu 4es one havmg skew to the feﬁ (Beta dxsmbutlon for opt;mlstlc estamator)
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(a) Optimistic Estimation (b) Pessimistic Estimation

Fig. 2.2 Two different forms of -distribution curves

2.3 Central Limit Theorem

The theorem states that a project consists of a large number of activities, where each activity has its own
mean time (t,), standard deviation (o), variance (62) and also its own B-distribution curve. The distribution of time
for the project as a whole will approximately be a normal distribution, i.e. mean time or expected time of a
project is



o=ty Flop Hlog o along critical path and the variance is,

along critical path. Hence standard deviation of the project
asawhole '

along critical path.

Critical path: The time wise longest path is the critical path.
In this path, any type of delay in any event will cause delay in the
project. These are shown by double lines or dark lines in a network.

= 67 +05+05+........

o= \/012+G§+o§+ ........

1-2-3-4 is the critical path of following net work. Fig. 2.3 Critical path

Time computation of Events:

1.

Earliest Expected Occurrence Time (EOT): The time at which an event is expected to occur
earliest.

¢ The time atwhich an event can be expected to occur earliest.
e Anevent oooursfwhejh‘ail the activities leading to it are completed.
o Itis generally denoted by T, Itis calculated by forward path.

= Ti+t, ..(when there is only one path)

Tg' = (T 1) e ..(when there are more than one path)
Here, i 7 ‘
- T = EOTofeventj .~ .
WL EOTofeventi .

t

It

Expected time of activity j-f

Latest Allowable Occurrence Time (LCT): The Iatest aHovvab[e time at which an event must occur
to keep the project on schiedule. e

It is generally denoted by 7,. This is calculated through backward path.

T/ = TJ- L ..{when there is only one path)

T = (T =) ...when there are more than one path)
Where T/ = LOT of event

T/ = LOTof event |

£,

j expected time of activity i~

il

NOTE: The latest allowable occurrence tlme of the finish event is equal to the schedu!e completion time of the

project.

L]

Slack : Slackis defined as the difference between latest allowable time (7,) and earliest expected
time (T) of anevent, '

Slack foranyevent j= T] - TL
Slack for anyevent i = T, - T]



Slack may be positive, zero or negative.

When “Slack is greater than zero”. It indicates project is ahead of schedule and availability of
excess resources. Such events are sub critical.

If slack is zero, itindicates work is on schedule and events are critical. Resources are just adequate.

If slackis negative, it indicates work is behind schedule and may cause delay in project completion.
Events are super critical. Extra resources are required.

The path having minimum or zero slack value is the “critical path” which is also time wise longest
path.

Probability of a project to be completed in schéduie’ time

]

Probability of a project to get complete in expected time (Té)j 0% and probability of completion
increases or decreases with an increase or decrease of 'séhe‘duied me respectively.

As the probability distribution curve for the entlre prOJect is normal..

distribution curve. i | Valueofz | Probability (%)
e Probability can be calculated by using prob’ébiﬁty tactor (Z)w ich 0 50.00
is defined as, =~ . +1 84.13
s +2 97.72
o Enar | 3 99.87
- o | -1 15.87
It should be noted th 7 | 2.28
1. AtZ=0,T,=T andprobability = 50% P 0.13
Z<0,Tg<T, probability < 50% and vice versa.
2. For mtermedlate value of Z, mterpola’uon is requxred
3. Thetimeand probabmty distribution for project ‘
- as a whole is a normal distribution, 4
4. Area under the curve is equal to unity. = .
£ 1
5. 68% of the area lies within 't,~ ¢’ and 'f, + ¢ % E
range. Thisis called probable range. o § | ;
6. Area bounded by {, + 20 and t, - 26 is about : } }
7. Area bounded by t, - 30 and t,+ 30 is about ol : : : . :
o/ ; ! I ! { < ¢
99.7% which is approximately equal to area tt-3s t~2s t-s e fts f*2s f»f43s
bounded by t and t,, which is maximum
probable range. Fig. 2.4 Probability Distribution Curve
tp - to




2.4 Critical Path Method (CPM)

This is based on deterministic approach in which only one time estimate is made for activity completion.
Network diagram in CPM is activity oriented. :

e |tis activity oriented network.
e |tisused for repetitive type of work and has deterministic approach.

2.5 Comparison between PERT and CPM

PERT

1. ltis event oriented.

2. It has probabilistic approach. The probability
distribution is of the type of B distribution

e estimated on the basis of

t:: is derived.

~ 'Reiative Frequency

4, Costis dlrectEy proportlonai to tlme Hence eﬁortsf :
aremade to mm; S
minimum cost,

o

5. ltis suitable for nev
not been perfor
assessment of ti
Examples: Resear

CPM
1. etwork.
2. ithas deterministic approach. Probability value approaches to one here. / \
3. Onlyone timeis calmﬂated ls.e,.,aotiv.iiv duration't’
4. Time and cost are el by the fc n iven, From this ¢ / ! \,\,
optimum time is derived which results in the minimum oost
5. ltis suitable for repetmve type of work where timeand
cost can be evaluated with fair degree of accuracy. Cost Total cost
Examples:
e Construction work, Minimum == o e i
e Maintenance work, |
e  Civilengineering projects. o Optimum Time
event Times in CPM Fig. 2.5 Time-cost Relationship

1. Earliest occurrence time (T,): Time at which an event may occur as early as possible.

2. Latest allowable time (T,): Time at which event may occur as late as possible without delaying the
overall project completion time.

These are similar to PERT and are calculated in the same fashion.



Activity Times in CPM

1. Earliest start time (EST) : It is the earliest possible time at which an activity can be started.
For an activity /- J earliest event time of event /, i.e. T/

is EST of activity i~ | t,
| , , 0
2. Earliest finish time (EFT) : It is the earliest possible : o
, " Te| T : T .
time by which an activity can be completed. .. Te T
For an activity /- J Fig.2.6 EST and EFT
EFT = EST + ;= T+ L
f; = Activity duration

3. Latest start time (LST) : This Is the latest possible time at which an activity can be started without
delaying the overall project
LST = LFT - Activity duration

LST = T/ -t
:“LFT = Latest finish time of activity /- j= T/

4. Latestfinish time (LFT) Th;s 18 the latest time by which an operation or activity must be completed
without delaying the proj eot :

For an activity 1—}, iatest allowabie time of head event ;, i.e. T is LFT of activity 7—j.

NOTE° LST of an activity | s to be caicula’ted onthe bas;s of !atest occurrencet
on the brass of latest ocourrence ’nme of nts taii event

Float

events in PERT.

° It is the range within which start or finish time of an activity may fluctuate without affecting the
project compleﬂon t!me ;

e [loats are of foilowmg fypes

1. Total float: The time span by which starting or finishing of an activity can be delayed without
delaying the completion of the project.

It is the maximum available time in excess of the activity completion time.
Total float is given by F;

Fr= (1] =Tg) -4, .
Total float is given by F; rece itt;g “ﬁﬁﬁfy‘”g

Fr=(T)=(Td+1)

FT = (TL/) - (TEJ + Z‘U) 8 = Tail event

= Head event
Fr= LFT - EFT
= JotN_ T

) ANl Fig. 2.7 Total float

Fr= LST-EST

¢ Total float of an activity affects total float of succeeding as well as preceding activities.



2. Free float (Fp) : The delay which can be made without delaying succeeding activities. It affects
only preceding activities. It is denoted by Fq. It is assumed that all activities start as early as

possible.
Free float is given by

Fo= (TI-T)-t,
= FF = FT_' S/
where Sj is head event slack.

ost time and hence total float of
; ,‘can start at its earhest start

In free float, preceding activity is not anowed o ocour at
preceding activity is affected. However the sucoeedm J actiy
time and hence its total ﬂoat is not aﬁ‘ected

Iable time which exists without affecting

At

in CPM analysis, ine pam EOng Whrty

imum.is called as critical path. All
activities on this path are critical. There can be more than one crmca' paths

Subcritical Path: It is the path jommg all subcritical activities. For a subcritical activity total float is
greater than zeroi.e.,

Fr>0
Supercritical Path: It is the path joining all super critical activities. For a supercritical activities total float
is less than zero i.e.,
Fr< Q.

2.6 CPM Systems

Mainly two systems are used in CPM analysis:
1. A-O-A system (Activity on arrow system)
An activity is graphically represented by an arrow.

The tail end and head end of arrow represent start and finish of an activity respectively.



‘k,:k‘f,mieshave been used to representtheconstramtand consequentmterdependenoe But '
imi f,:must be mmt ":ﬁ'for an efficient network. .

2. A-O-N System (Activity on node system or precedence diagram). Activity is represented by a circle
or a node. Events have no places. Arrows are used only to show the dependency relationship
between activity nodes.

J Whgﬁ two or more activities stgrt para?lely then an cor DeAsCot;;/;;tiyon cer
activity called DEBUT (D) is provided at the et —-——»—E:-{—»
beginning. Like wise a finish activity () is provided j fﬁ
at the end when more than one activities finish '
parallely. Activities D & Fhas zero duration. Duration Activity Number

2.6.1 Advantages of A-O-N System over A-O-A System Fig. 2.6 Debut Activity

1. A-O-Nsystem eliminates the use of dummy activities.
It is more helpful for projects having more overlapping activities. ’

It is a self sufficient and self -explanatory. All activity times (EST, EFT LST, LFT) are represented on
the diagram.

4. Revision and modmoat;ons are easuer ;
5  Pre- operatlons and post- operaﬁoyns of activities under consideration are distinctly visible.

Examples:

= A«O A system A~O—N sys’tém
' ,

‘Example 2 1 Consider the network as shown below with expected time of completion of each
activity (tp) (in days) is shown on arrows. Calculate the earliest expected time of the network for the
completion of work.



Solution:
Here event 7 is approached by two paths viz. pathalong1 -2 54 —->7and1—-3-5—- 7.
Forpath1 —>2 >4 -7,

teforevent7 =7+ 11 + 12 = 30 days
Forpath1—3—5-7, '

f.forevent7 =8+ 12 + 15 = 35 days
Thus event 7 cannot be considered to occur until all aoti’,,\j/jgﬁi‘es‘{)f path 1 — 3 - 5 - 7 have completed
i.e., event 7 cannot occur prior to 35 days. Thus earliest expected time for event 7 is 35 days.

In this network, event 9 sfs;th_ektermihal‘ event which is preceded by path 7 - 9and 3 -6 — 8 = 9.
Forpath7 — 9,
T forevent9 = 35 + 5 = 40 days
Forpath3— 6 — 8 -~>9 B
-
Thus earliest expected t

9=8+7+12+11=38days
event 9

= Earliest expected time for completion of wo
= 40 days (larger of two values viz. 40 days and 38 days)

Computethe ,éafl'iesi’t‘i'efxpected time of éonfféletiokﬁ?bfféﬁ?bject whose network is

Solution:
The network commences from event 1 and culminates at event 9.
Thus earliest expected time of completion of event 1 (TE1) =1



Earliest expeofed time for event

2ATA) = T + t:2 =0 + 5 = 5 weeks
Similarly earliest expected time for event

T3 = T+ t.%=0 + 3 = 3 weeks

Event 4 is approached by paths 1 - 4and 1 — 2 — 4.

For these two paths, T =T +1t4=0+ 3 = 3 weeks (forpath 1 — 4)

TA=T2+12=5+6=11weeks (forpath 1 — 2 — 4)
Thus, TE4 = 11 weeks (Larger of 3 weeks and 11 weeks)
Thus, T =0

T2 = 5 weeks

T2 = 3weeks

T+t =546 =11weeks
T+t =043 =3 weeks

TE=T2+t5=5+9=14

TE4 =11 weeks

TE=TR+t0=3+7=1
[P =407 V=21kweeks
E T+t =11+ 8 =19 week
T = ' = 21 weeks
Now, TEB -
[T =t re g weeks
9= = WEEKS
o L T +t."° = 30+ 14 = 44 weeks

So, earliest expected time of completion of project = 44 weeks

In Question No. 2.2 above, compute the latest allowable occurrence time for




Solution:

Here since the schedule time of completion of project (T,) is not given and thus it is usual to assume
that To=T,.

Commencing from the last event i.e., event 9 and moving backwards, the latest allowable occurrence
times (7,) are as computed below:

For event 9, 7% = T2 = 44 weeks
Forevent 8, T8 =T°-12%=44-14 = 30 weeks
For event 6, 7,6 =T8-15=30-4=26weeks

7,5 1. =26+7 =19 weeks
=19 weeks

3
For event 3, T T° -1.® =30+10 = 20 weeks

It

For event 7, 77 =T9-1/9=44-18 = 26 weeks

TP -t.¥ =30+ 16 =14 weeks
Forevent 5, 7.5 = , 5 : =14 weeks
[T, —t =26+7=19 weeks

For event 4, TA=T7- tE47 26 -8 =18 weeks

) , 7.° —~t2°~14+9 5 weeks -
Forevent 2, T2 = 5 =5 weeks
- ﬁTL =l u=18+6=-~12 Weeks ' o

R R ?3*19+3—16weeks
For event 1, = TL2~ —5+5 O

o)
the pessimistic time (in dg.ys ara shown on the arrows. Gom
latest allowable occurrence times of various events.
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Solution:
The expected time of an actlivity is given by,
i iy
i = TL+41‘L +1,
= 6



Te=37.17

T, =37.17

Activity i L

Successor | Predecessor toij tL" t,,” tEi]' TE’ T,_’

eventj: eventi

10 9 4 7
9 8 2 4
9 7 6 10
8 B 5 9
8 LBl 3 5
7 5 0 0
7 3 1 13
6 5 0 0 » .
6 2 8 10 14 10.33 17.5 17.5
5 4 4 10 12 9.33 17.5 17.5
4 2 2 4 5 383 | 817 | 817
4 1 6 8 11 847 | 8AT | 847
3 1 4 6 6 6 7.5
2 1 1 3 5 3 3 4.34

the critical path of the network.

Solution:
Slack of an event is the difference of latest allowable occurrence time (7,) and the earliest expected
time (77)i.e.,

Slack = T, - T



The computation of slack of various events is tabulated below:

10 9 7 | 10 7 | 3717 | 3747 0
9 8 4 6 4 | 3017 | 3047 0
9 7 10 12 9.67 | 30.17 | 3017 0
8 6 9 11 867 | 2617 | 2617 0
8 5 5 7 5 | 2617 | 2617 0
7 5 0 0 0 19 | 205 15
7 3 13 15 13 19 | 205 15
6 5 0 0 0| 175 | 175 0
6 2 10 1411033 | 175 | 175 0
5 4 10 12 933 | 175 | 175 0
4 2 4 5 383 | 817 | 847 0
4 1 8 11 847 | 847 | 817 0
3 1 6 8 | 6| 8| 15 15
2 g 3 5 | 31 3| 434 1.34
Critical path is the one having zero or the medium slack. Thus in the network given, critical path is
1-4-5-6-8-9-10,

1-4-5-6-8-9-10 is also the

"l‘,Exa:r‘ﬁp'i'e'_z;6;.§ Fo ritical path. The duration of

each activity in days) i

Solution:

Along the critical path, slack =0 i.e., I, =Tz=0
Thus T, and T for each event needs to be computed and the same is shown in the network.



_ Latest occurrence time

e
% i : T
1 3 3 6 4 9 | 9
L ’ 7 5 5 7 7
! 5 5 5 6 | 6 | 6
R
: 1 s 4 S | |1
: 2 I 8 4 | 18 | 18
& 3 h 9 5 | 2 | 22
8 5 27 — — 27 | 27

= Critical path is 1-3-5-6-7-8-9, which is also the longest path time wise.

A network is shcwh below with activity times (in days) marked on the arrows.
Compute the various floats.

Solution: RO S , ,
The earliest start time (EST) and latest finish time (LFT) of each eventis computed and is shown in the
network.




1-2 5 0 5 | 1 16 11 0 0
13 10 0 10 0 10 0 0 0
25 7 5 12 16 23 11 1 0
2-7 9 5 14 29 38 24 24 13
3-4 6 10 16 10 16 0 0 0
3-6 4 10 14 29 33 19 19 19
4-5 7 16 23 16 23 0 0 0
5-6 10 23 33 23 33 0 0 0
57 8 23 31 30 38 7 7 7
6-7 5 33 38 33 38 0 0 0
7-8 4 38 42 38 42 0. | 0. 0

Critical path will have total float as zero for each activity,
. Criticalpathis 1 -84 555657 -8

‘NOTE  ©° Slackcondition gives only necessary condition while flo:
~ ‘ and su?ﬁcxont condition. »
e Asin above exampte event (5) and (6) havmg zer

r the network shown

the project completion time
beiow. The actnvnty dura :

Solution:
The network can be redrawn as shewn below:
Te=7
T 5 =T 7
€% 3 T.=14
7, =0\ "3 @ Tf

o

i

S



"

.. Project completion time = 14 days.
Critical is the one which is having zero total floats i.e., path 1 — 2 - 3 — 4 is critical.

‘,.‘;_E;Xar_,hb_le' 29 { Determine the project completion time and idéntify the critical path for a project
with the following activities.

Actty ' I Remarks

1-2 and 1-3 are astartin'giéycﬁvities and
can be taken up simultaneously.
Dummy activity
{27 succeeds 1-2 . ..
| 1-3preceeds both 3-5 and 3-6.

- | 3-5and 3-6 can be taken up
_simultanecusly

4-7 succeeds 1-2

Solution:
N Te=3
TE— TL= 15

Te

T

(Activity durations are in days)




With the network data given the question, the network can be drawn as shown below:

12 3 0 3 10 13 10
1-3 5 0 5 0 5 0
2-4 0 3 3 15 15 12
27 7 3 10 13 20 10
3-5 4 5 9 12 3
3-6 6 5 1 5 11
4.7 5 3 8 15 20 12
5.7 '8 9 17 12 20
6-7 9 11 20 11 20 0
- Project completion time = 20 days.
Critical pathis 1 —»3-6—7.

Q.1 The optimistic, likely and pessimistic time Q.3 The area under the B-distribution curve is divided
estimates for the PERT network of a project are ,_imo{wQequal halves by vertical ordinate through
shown in the given figl xpected duration (a) expe: ’
of the project is

AT TS AT {c) most likely tim
Al (B /\CU /Qb (d) pessimistic time
3.4.8) “.6.8 : .(?,’ 7 9 Q.4 Considerthe following statements of network:
(a) 14 days {b) 17 days - "Ok"‘r‘ﬁy one tirfie estimate is required for each
(c) 17.83days (d) 18.67 days activity.

Q.2 The flow net of activities of a project is shown in 2. Three time estimates for each activity.
the below figure. The duration of the activities 3. Time and costare both controlling factors.
are written along the arrows; 4. ltis built-up of event-oriented diagram.

Which of the above statements are correctly
applicable to CPM network?
(@ 1and3 (b) tand2
() 2and4 (d) 3and 4
Q.5 In PERT, slack is computed as the difference

The critical path of the activities is along

(@) 1-2-4-5-7-8
(©) 1-23-6-7-8

(b) 1-23-5-7-8
(d) 1-2-4-5-3-6-7-8

between which one of the following?

(a) Latest allowable time and the pessimistic
time

(b) Earliestexpected time and latest allowable
time




Q.6

Q.7

Q.8

(c) Earliest expected time and the pessimistic
time

(d) Latest allowable time and the earliest
feasible time

Inthe PERT analysis, which one of the following
is followed by the time estimates of activities
and probability of their occurrence?

(@) Normal distribution

(b) Poisson’s distribution

(c) PB-distribution

(d) Binomial distribution

What does higher standard deviation imply in
cost analysis?

(a) rligher uncertainty

(b) Lower uncertainty

(c) Nothing to do with uncertainty

(d) Extracostsare hke!y

What does the critical path in PERT represent?

1. The shortest path for the earhest oompletlon .

of the project.

2. The longest path. ’éf the network from they

initial to final event

Select the correct answer using the code given
below:

(@ tonly

(c) Both1and?2

(b) 2only
(d) Neither 1 nor 2

In a PERT network, the activity durations are
given as t, (optimistic time), L, (pessimistic time)
and t, (most likely time). What is the variance of
the act@vity?

tO +4tm + tp tp Mto
@ 2 nte <b>( - )

(d) None of these

af{é"‘ ‘ff,or each activity are required
. PERT is built up of event



