Chapter 7. Integrals

1 Mark Ouest|ons

1. Fing | SX=COSx,

Sin“xcos” x Delhi 2014C

. 2

sin” X Cos X

Let/= | S g |
SN~ X COS X SIN” XCOS™ X

= J sec’ dx -I cosec?x dx

=tanx + cotx +C (1)
2. Find J ﬂ—xd
COS X All India 2014C
sin® x
Let/ = j dx = J tan® x sec’ x dx
cos’ X
Put tanx =t
= sec’ xdx = dt
7
t tan’ x
l_jt dt =— +C= cC (1
7 4
3. dx
Evaluate_{
sin? xcosZx

Delhi 2014C; Foreign 2014

'%) Flrstly, dlwde numerator and denom:nator by
% cos*x and use sec’x=1+tan’x then put

. tanx=t and integrate,

dx
Let |= j T A
sin” cos” X
On dividing the numerator and denominator
by cos® x, we get

sec? x - sec’® x
| = J = dx
tan® x

1+ tan? x) - sec? x
!=J( g ;2 dx
tan” x
Put tanx=t = sec? xdx = dt

=

1417 1
| = tz :j1dt +Jt—£dt
=5 I:t—%+C

= |=tanx — cotx+ C (1)



I
4, Evaluatej cos ™ (sinx)dx Delhi 2014C

Let | = j cos (sin x) dx

= [ cos™ [cos (g - x)] dx

g _[ (g-— x) dx [ cos™'(cos 6) = 6]
jrc.d J‘xdx—Ex-—f—+C
‘EJX 27

5. Write the anti-derivative of (3\/;+ -71_—]
Vv X
Delhi 2014

Anti-derivative of [3\/; + —\;—;)
_J(3J;+&)dx-3jfdx+j—~dx
:3{ K241 }+' xoV2+1 jl-+-C

1/2+1) |-1/2+1
=202 +x"H+C (1
6. Evaluatej(l—x)fdx

HOTS Delhl 2012

f ? F:rstly, muitlply the two func‘tnons and then use

n+1
Ix dx = x
n+1

Let /= [ (1= Vx dx -—j &-xﬂdx

=I(X:x2 /%) dx = 2 xzxz = 5’2+C

+C,n#~-1

xn+1
[ J x"dx = n#z-1(1)
n+1
7. Given, J.e"' (tanx + 1)sec xdx = e” f(x) + C. Write

f(x) satisfying above.
All India 2012; Foreign 2011




) Use the relation [ ¢ [ + F/ (] dx=¢" f(x)+C

Given that, j e*(tanx+1)secxdx=e*-f(x) +C
= j e*(secx + secxtanx)dx =e* f(x) + C

= e¥ - secx+C=e"f(x)+C
j e {f () + f ()} dx = e* f(x) |

d
and — (secx) = secx tan x

: dx |
On comparing both sides, we get
f(x) = secx (1)
8. Evaluatej—dx.
1+cos2x Foreign 2012
ot fe [t
Y 1+ cos2x
2 2
= 5 dx [ cos20 =2 cos” 6 —1]
© 2Ccos’x
= | sec’? xdx = tanx+C (1)
9. Write the value of j X+C056X dx.
3x°+siN6X All India 2012C
Letfzj x;—COSE»x o
3x° +sinb6Xx
Put 3x’+sinbx=t
= 6X+6C0os6x = g£ = (x+ cos6x)dx = @
dx 6
dt 1 1
A= ==—log|t|+C | —dx = log|x
o= gloalt+C [ [ Lax= togix|
— [ log|3x* + 5in6x)|] +C (M

10. Write the value ofj " )
+16 Delhi 2011



Let/ =
Ix +16 I
:1tan_‘—+C
4 4
d |
[j = =_ta T}‘}(1)
X+ a a a
11. Write the value ofj sec’ X —dx.
cosec? x

Delhi 2012C, 2011

sec’ x U:OS2 X
Let/ = dx = j & MR AT
_ J- sin? x dx

2 (1
sin? x
cos? x

cosec” x
=J.tan X dx =I(sec2x—1)dx
[+ tan? x + 1= sec? x]
=Isec2xdx¢J1dx=tanx—x+C

["Iseczxdx= tan x] (1)
2-3sinx

12. Write the value of j— dx.
Cos™ x Delhi 2011
Let ;42_:1;’15@:;[ 8 e 35';**)dx
COS™ X COS X COS X

= _[(2 sec? x — 3 sec x tan X)dx

=2J‘ sec? x dx — 3 secx tan x dx
=2tanx—3secx+C (1)

sec’ x dx = tan x

and | sec x tan x dx = sec x



dx

Jr -  AllIndia 2011
j\f_ Im—sin'1x+C
[ I,__-s;m3 (1)

2
14. Evaluatej gx)

All Indla 2011

) The dlfferentlatlon oflog xisin denominator So, ;

firstly put logx=t and adjust the integral in |
terms of t and then integrate. |

Let 1= (log 0”
X
Put log x =t =>ldx=dt
X
(log x)* =
[= dx=1| t“dt
J= J
3 3
Uil 0 g
3 3
n_:L X
15. Evaluate j > dx. All India 2011
T2
etan" X d
Let l= X
J T4x"
Put tan 'x=t = dx dt
1+ x°
tan”!
e
| = dx=|e'dt
'[ 1+ x? j
=e' +C [‘.'Jex dx = e’]
tanqx
=e +C (1)

3
16. Evaluate j(0X+b) dx. All India 2011



Let [z J (ax + b)? dx

Put t=ax+b
= g 9'£=d>c:
ax a
3 4
Izjt—dt:l-E—+C
a a 4
4
=(ax+b) e (1)
4a
2
1%7. Evaluate J(l +log x dx.

X
Foreign 2011; Delhi 2009

2
I;J£T+I0g)9_dx

Let
X

"1 "
Put 1+logx=t = —dx=dt
X .
2 3
;:j“”og") dx:Jtht=L+C
3

X

3
-8 ¢ 3

e?x . ev-Zx
18. Evaluate jﬁ dx.
e +e Foreign 2011



2x -
g — £
Let lzjmdx

Put e + e X =t

= (e¥-2e ) dx=dt ['o'ditea*):ae&x]

X
sy o™ =g ™) (J’Jr::g
2
L pe¥-e™ i dt
- ’_jez"dt-e_3 24
1
=—logl|t|+C
 log ¢
=%Iog| e +e ™ |+C (1)
19. Evaluate_[ s\/_
Foreign 2011
COS v’;
let [= s
175
Put Vx =t
= dx=dt = —dx—Zdt
2( Jx
I—ICOS( x:2jc05tdt
=251nz+C:25inJ§+C (1)
20. Evaluatej cosxdxl
sin’ x
All India 2011C, 2009, 2008
Let | = gC{zsxd;fz_[2(:c;sec::xc«;»txdx
sin” x
= — 2cosecx+C (1)

fur I cosec x cot xdx = —cosec x|



3.2,
21. Ew::luatej'\f = W 1dx.

x=1 Delhi 2011C

) Firstly, factorise numerator and cancel out
common from numerator and denominator and -
then integrate.

x3—x2+x—‘l

Letf:j

_—J-x (x—1)+1 —1)dx

(e +n(—u-—)dx=-[[x2+1)dx
X =1
3
=2 R (1)
3
22. Write the value of_[—_—SIM dx.

cos  x All India 2011C

=Jsec2x dx—_[secx tan x dx
=tan x - secx + C (1)

23. EwaluatejZCOSJif ;
3sin? x All India 2011C




2 COs X

Let 1~j " dx
Sln X
et sinx =t = cosxdx = dt
gl B il
32 372 3 (=1)
= = (sinx) '+ C = —2— +C (1)
3 3sinx
Alternate Method '
1
3sin” x " 3 5inx sinx

= % I cosec x cot x dx

o —(-cosecx) +C = i +C (1)
3 3sinx
x> —
24. Evaiuatej —— dx.
X Delhi 2010C
X ] X
Let ! = e d}( = .. . dx
'[ X’ j NER
1 B ]
:deX —J.-;i—d}(—?———:?+c
= £ + 1 + C (1)
2 X

25. Evaluate Isecz (7 — &4x) dx.

Delhi 2010; All India 2010
let /= J sec’ (7 — 4x) dx

_ tan (7 — 4x) L C
-4
[ j- sec? axdx = ..td'jf_ﬂ
: d
__ ftan (74-— 4x) L C -

26. Evaluate jloﬂ dx.
X All India 2010C



Let !=I Lok dx
X

1
Put logx=t = —dx=dt
X

, H= | 'ngdx:j t dt =52i+c

X
2
_UoBH o )
2
27. Evaluate IZ" dx. All India 2010C
Let/ = IZde
=2 -+ C '-'Jaxdx=—§——
log 2 log a
Alternate Method
Let 1= [2%x
Again, let 2" =t
On taking log both sides, we get
xlog2 = Iogt

= Iog2dx=—dt — W dt

t tlog2

= J- tdt L 1 jdt
tlog2 log2
LN, PR T R
log 2 log2
log (sin x)

dx.

28. Evaluate
J tan x HOTS; All India 2009C



) The differentiation of log (sinx) is tan x, which i
exists as denominator. So, solve it by
substitution method.

Let I:_l.lgg (st dx
tan x
Put log (sin x} =t
= bl cosxdx=dt = cotxdx=dt
Sin X
= —dx=dt [ cot x = ! ]
tan x tan x
log (sin x)
f= — dx t dt
'[ tan x J
2 2
il o (log sin x)© L C 1)
2 2

2 X
29. Evaluatej(cosec x — cot x) e* dx. Delhi 2009C

Let ] = '[(coseczx — cot x) e dx
= — I (cot x — cosec’x) e* dx
= — J. [ cot x + (- cosec’x)] e* dx

=—e"cotx+C
[\ j eXf(X) + f (N} dx=e*-f(x] (1)

2
30. Evaluatejsec vx dx.
Jx All India 2009

Do same as Que 19. [Ans. 2 tanv/x + C]

sin \/_

31. Evaluate_[

All India 2009

Do same as Que 19. [Ans. — 2 cos+/x + C]
. :
sec” X .

32. Evaluate
'[ 3+ tan X Delhi 2009



SE‘CZ X

Let I'= | ——

o 5
3 + tan® x

Put tanx=t = sec‘?xdxzdt

e e ST d}(:
J‘3+tanx 3+t I(G
1 af I dx T, 41X
= —— fah +C =—tan” =
V3 (\6) [ a’+x? a a]
i o (tan x]
= — tan —— C (1)
v 3 \/E
33. Evaluate_[
' Delhi 2009
2
Let f=j dx
Tip X
Put1+ x> =t = 3x? dx = dt
= xzdng-
3
x? 1 ¢ dt
I=| ——dx=-~ | —
'[H X’ 3‘[ t
==log|t|+C [ %—logIXI]
X
1 3
=§Iogi1+x\+C (1)
¢ 3
34. Evaluatejsm xdx. HOTS: All India 2009
Let l'=JsinBde=I3smx_5m3de
4
1 ) )
:—I35|ndx—ljS|n3xdx
4
1
= ( 3 cos x+—-£]+C (1)
4 3

4 Mark Questions



35. Evaluatej e (X,
1+cos2x All India 2009
rT“——‘ . 2 3
Let!=_[ !{————] COSZX = [ | 2SI X
\;H— Cos2X 2 cos? x

[ =2cos’6 -1
—_»jtanxdx=log(secx)+C (1

f cos20=1-2 5in28:|

2
36. Evaluatej (x —3) \/X +3x — 18 dx. Delhi 2014

. "D Here, integral is of the form |
L] Il'—._
(px—q)Vax® + bx+ ¢, so firstly write x—3 as

x—3=Ad£(x2 +3x~18)+B and find A and B.
X i

_The__n__,__integrate by using suitable method.

Let !=J (x—-3)\/x2+3x—18 dx
Here, we can write (x — 3) as
x—3=A-(—j——(x2+3x—18)+B
dx

= x-3=A2x+3)+8B

On equating the coefficients of x and constant
term from both sides, we get

2A:1and3A+B#—-3

= =—1-and3><l+8=—3
2 . |

= AzlandB=—i—v3
2 2

= & = il B = (1)
2 2

Thus, the given integral reduces in the
following form

I=J{%(2x+3)—--2-} Jx? +3x - 18 dx

Ll




= I=5'I(2x+3}\fx2+3x—18dx

—%j\/x2+3x—18 dx

1.9
=— I~ = ()
27 9"

where, |, =I(2x+3) \/xz +3x - 18 dx

Put x> +3x-18 =t
= 2x+3)dx =dt
I1=jt”2 dt=%t3"2 +C, (1)

=—§—(x2 +3x =182 + C,

~and lzzj\/x2+3x—18'dx




[x+3)
X+
= 2 A\[X2+3X""18

~ —log [x+-23-]+\/x2+3x—181+(32

\ |
‘[ Vx? - a2 dx:i‘(-\/xz—az
"
2
—-§2—Iog|x+x}x2—az|

=2x:3\ﬂ(2+3x——18

_81,, |2x+3

g o

+\/x +3x—18 |+C2

|
q))
On putting the values of /; and /, in Eq. (i), we
get .

| = F: (x* +3x =182 + Q]

L
2 (3

2
|2x+3

9[2"+3\;’x2+3x—18

-.__..1

8

+\/x +3x~-18 |+C]

= |= %(f +3x—18)7"2

—3(2“3) Jx?+3x—-18

5 2o l‘M+3+\/><r"+3><—18|+C
16 | |
(1)
where, C =&—9-C—2
2
3. Evaluatef ket dx.
\/ X“+5x+6 All India 2014



Here, (x + 2) can be written as
x+2=Aﬁ4ﬁ+5x+@+B
dx
= ‘x+2=A2x+5)+8B
On equating the coefficients of x and constant
term from both sides, we get
2A=1and 5A+B =2

= A:-]—andthenBzwl (1)
2 2
{2](2x+5]*]}

-‘=~‘j 2 dx
Jx2+5x+6
:__i.. ) 2X+5 s

2 \/x2+5x+6
1

_EJ '\/x2+5x+6
1 1

= J=— k- <[ .0
3t g

dx

2X+5

'[ \/x +5x+6

Put X>+5x+6=t

where, |, = dx

= (2x + 5)dx = dt
11_IJ_dt:2JE+C1
=2 X2 +5x+6 +Cy ...(ii) (1)
]
and k= dx
J-\/x2+5x+6

1




£ 7

\/x2+2x”’xx+6—ff-+
2 4 4

dx

X+ Vx? - a?

e

=>lz=10g| x+g+xx2+5x+6|+C2 L)

(1)

On putting the values of I, and I, from Egs. (ii)
and (iii) in Eq. (i), we get

1:21{2 VX2 +5x+6 +Cjl

) |

o \/x2+5x+6 +%

_%[|Qg|x+-§+\/x2+5x+6|+C2:|

x+§+\/x2+5x+6 ’—E—z—
2 2

_llog
2

= lz\/x2+5x+6

—%Iog x+—g—+\/x2+5x+6 +C (1)

where, C = 6. 5
2 2



38. Evaluate J (3x - 2) \/,xz + x + 1 dx.
Foreign 2014
Lml=fﬂh—2hh2+x+uﬂ

Here, (3x —2) can be written as

3x—2=Adi(x2+x+1)+B=A(2x+1)+B
X

On equating the coefficients of x and constant
term from both sides, we get 2A =3,
A+ B = -2, then

= A=EandB=-— (1)
2 2

!=~231-[(2x+1)\fx2 + x + 1dx
~§7J‘\1x2+x+1dx

= f=t, =1, N0
where, I =-2?1_[(2x+1)x}x2 + x + 1dx

Put X2+ x+1=t

=> 2x+1=g-t-

=32 =()n’2 +x+1)3"’2 + C,

(1

and Izz—zzjxfxﬁz+x+1dx'

=—ZJJ(XZ+X+1]+§dx
2 4 -




2
1 1Y (3
logdlx+ — |+, X+ |5 +C,
. 2 2 2
=i[2x+1\}x2+x+1+
2 4
3 2x+1 2
gIog 5 +Vx +x+ 13|+ C,
=_?7{2x+1)\/x2+x;-
%Iog2x2+1+\/x2+x+1
{'.’j\/x2+a2dx=%\!x2+az
x+x2 +

On putting the values of i and I, in Eq. (i), we
get

=2+ x+ 1 —§(2x+1)\/x2+x+1
2161

-—lo
6

where, C =C, +C, (1
39. Find [ (x+3)y3 - 4x—x? dx

+C,

+ C] (1)

+a’log

+C

Delhi 2014 C



Let/ = [ (x+ 33 - 4x - x’dx
Here, (x + 3) can be written as
(x+3)=A-i(3-4x-x2)+B
dx
= (x+3)=A-4-2x+8B (1)

On comparing the coefficients of x and
constant term, we get

2A=1land-4A+B=3

> A=:—1and~4xﬂ+8=3
2 2
= A=—landB=1
2
(x+3):—-;—(-~4—-2x)+1 (1

Then, lzj'{—l(—4~2x)+1} 3 — 4x — x°dx

———J(4 2x)\/3 4x - x*dx
+J.\E 4x—x

=——;-J\/Edt+j\f7—(4x+x + 4) dx
(1)
[put 3 - ax — x> =t]
= | — XU '\/7 +22d
(5 xe ] + [ 77— x+ 27
=j(3—4x—x2)3f2+E{x+2)\/3—-4x—x2

3

7 X+ 2

+Esin_1[ T ]+C

a

(1

40. Find | PI=E ~dx.
1+2x+3x Delhi 2014C; Delhi 2013



Let

'*_[ 5x—2 00

1+2x+3x

Here, (5x —2) can be written as

5x—-2:Ai(1+2x+3x2)+B
dx

[ numerator = A - -j— (denominator) + B]
X

— 5x-2=AQ2+6Xx +B

On comparing the coefficients of x and
constant terms, we get

5=06A =>A:~5—
6
and _2=2A+B = B=-2A-2

:—5—2 :——‘I—! '.'A:E}
2 3 6

Then, from Eq. (i), we get

5 11

(2 +6X) (3)

= -0 _dx — [ —=—dx (1)
1+ 2x+ 3x 14+ 2x+ 3x




where, [ = ——_[ 6 dx

14+ 2x + 3x2

Put 14+2x+3x* =t = (2 +6xdx=dt

IT=E gi:£lnt+C1
t 6

:E)—In]]+2x+3x2|+(f1 (1)

~and lzz—u ox

3937 +2x+1
_1 dx

[making a pérfect square in denominator]
11 dx

11

1
sEY | &

K3
1 1 X
l: I ; dx=—tan (—)]
X +a d d

11 an (%_ﬂ)f+cz (1)

3J_

On putting the values of I, and /, in Eq. (ii), we
get

3 3 ._1(3X+1]
[=—=In{1+2x+3x -v--—t + C
Rl | 342 V2
whereC =C, + C, (1)
.
41. Fmd_[ dx.

x4 +3x2+2 All India 2014C



? iﬁ) Flrst!y, putx =t and use partfal fractlon to write
- * Integral and in simplest form, then integrate by
. using suitable formula.

Let | = 2 dx
J x? +3%% 4 2
Put x? =t
dt m
= 2x=—=dx= 1
dx 2x (H
1 tdt
= Ejt2 +3t+2

—f dt
29 t+ 20 +1)

2["t+2 t+1 (1%2)
[by partial fraction]

1

5[2Iog[t+2|—log|t+1|]+c

x* 4

e ]

-—-IogH—2 +C =log e

vt +1

(1%)
xcos ™ x

1-x?
All India 2014C; Foreign 2014

dx.

42. Evaluatej



Let

Put cos 'x =t
On differentiating both sides w.r.t. x, we get

-1
dx =dt
V1—x?

:=-jzcostdt (1)

Applying integration by parts, we get

= —[t_[ costdt — j(% (t)J cost dt) dt}

= —[tsint -—_[sintdtlz —t sint — cost + C

(1%)

Substituting the value of t, we get

I'= - cos™" xy/1— cos?(cos™' )

—cos(cos ' x) + C

[ sint = V1- cos?t }

= {1- cos(cos™" )

=>I=—(wh-x2 ]cos*‘x+C

sin5+c056xdx
sinxcos’x  Delhi2014C

(1%)

43. Evaluatej



b /

£ "p Ftrstly, use a + b3 (a+ b) —3ab(;: b) to
- write numerator of integrand in simplest form |
__andthen integrate by using suitable method

sin® x + cos® x
Let lzj — %
sin‘ x cos® x
(sin® x)® + (cos? x)®
= l:‘[ - : dx
sin‘ x cos® x
(sin® x + cos? x)°
¢ |=3sin® x cos® x (sin® x + cos? x)
_j . dx (1)

sin’ x cos? x

[va’+b>=(a+b)® - 3ab(a + b)]
2
""J (1> —35m X Ccos” X o

sin? x cos” x
[+ sin? x + cos® x =1] (1%)

_ I 1 dx _3J- sin® x cos” X dx

- 2
Siﬂ2 X COS2 X

SinN=ix cos2 X

: 9 2
¢ sin®x+cos”x x~—3j1d><
sin? x cos” X

2 2
[ sinx ;:os x2 o
Jlsin? x cos® x  sin® x cos” x
—3I1dx
. j (sec? x + _coseczx) dx — 3 J' 1dx
=Jsec2xdx+Jcoseczxdx—3j1dx
=tanx— cotx —3x+C (1‘/&)

44, Eva!uatej (35|nx2—2)cosx dx.
5—-cos” x—=4sinx Delhi 2013C




(3sinx — 2) COS X dx

Let | =
'[S—Coszx—4sinx

_j- (3sinx — 2) COS X

1-—sm x) — 4sinx

Put sinx=t=> cosxdx=dt
3t -2

(1

= : dt
2 5 (1—t} At
_ I3t—
BT (t-2)2
_ 6+4d j3{t-——

t—2)2

zj(t—z)dHI(t—z) o

‘4(t _ )-2+T

=3log|t -2
o L s e

{ | xdx =

=3logl|t — 2| — 4C
glt-2- 75
4
=3log |sinx = 2| —————
gl P | (sinx —2)

4)

fCc

Xn+1
,n#=1
n+1

+C

[putt = sinxj (1)

45. Evaluate [e® (1_5'2_2.5..)(1,(,

—COS2X

) Flrstly, use tngonome’cnc formulae

Delhi 2013C

l sin 20 = 2sinBcos® and cos20=1- 2sin’ 6 to
; write integral and in simple form, then apply

integration by parts to Integrate.



Llet I= J er[J;M] dx
1—- cos2x

-Jez"( -2 smxcosx)dx )

2 sin“ X
ot = cos2x =2 sin? x
and sin2x = 2 sin X COS X
- j eX(cosec ?x — 2 cotx)dx  (1%)
=— j e cosec 2y dx — .[ e2X cot x dx

=E[-—e "cotx+_[2ez" cot xdx]+ C

_j e cot xdx

e2x
=—-~—c0tx+je?‘" cot xdx

-—J e cotxdx + C

2x

=—§2—cotx+C (1%)

16. Evaluate_[( 333:(1 3)dx.
X+ X +.

Dethi 2013C



Let/= 3"‘;1 dx
(x+1)3x+3)
Again, let 3x2+1
(x +1)*(x+3)
A B L

= + + cuald
x+1) (x+1)? ((x+3) !

= 3x+1-A(x+1)x+3)+B(x+3)
+C(x+1)

—  3x4+1=AKX* + 4x+3) +Blx+3)
+Cx% +1+2%
— 3x+1=(A+O)x* +(4A+ B +20)x
+3A+3B+C (1)
On comparing like powers of x from both sides,
we get
A+C=0
4A +B+2C =3

and 3A+3B+C =1
On solving, we get
A=2B=-1landC =-2 (1)

. Eq. (i) becomes
3x +1 Lk 1 2

= - (1)
x+1)2x+3 x+1) x+1)? (x+3)

On integrating both sides, we get

3
I:j x2+1 o
(X +1)(x + 3)

_'[(x+1 B~ -[

= 2log|x +1- X*
(=2 +1)

1x+1' 1
=x+3| (x +1)

2
dx—
X+1 jx+3]dx

]) —2+1

—2log|x+3[+C

= 2 log

+C

['-"08”? logn = log }(1}



47, EvaluateISInx a) dx

sin(x+a) Delhi 2013
Let l — J. Md}(
sin(x + a)

Put x+a=t
= x=t—-a = dx=dt
I:J-sm(t‘—Za)dt
sint

(1

dt (1)

’_.[ sint cos2a — cost sin2a
sint
[ sin(x —y) = sinx cosy — cosx siny]

sint cos 2
ad J‘cost5|n2.a

- IZI sint

sint
= cosZaj dt — sinZaJ' cottdt (1)

=tcos2a —sin2aln|sint|+ C

=(x+ a)cos2a—-sin2aln

|sin(x+a)|+ C (1)
2

48. Evaiuatej

(x% +4) (x? +9) * Delhi 2013
2 |
Let I=_f ; 8 dx
(x* + 4)(x* + 9)
1¢2x°+4+9-4-9
- 5 5 dx
29 (x*+4(x°+9)

dx

x*+ 4 1 x> +9
> > dx+-J. 2
Y (X2 +4)(x2+9) (x +4)(x2+9)

N =

-—j dx (1)

x +4(x +9)

1 dx 1 dx
_2Ix2+9 2Jx2+4
1 13
—— dx
'[(x2+4)(x2+9)




_J_E 1 ! dx (1)
x2+4) (x*+9)

I a et tan”' X and apply partial
a a

fractions in third term

—Etan_1 (5} + - tan™" [5]+c (1)
20 2 30 3
='[an”(EJ(~I+E]+L&1W1(i (1_2 +C
3/)\6 30 2/\4 20
=tan™" (i) (5 Ll 3) +tan™! [—{) [15—:-1—3-) +C
3 30 2 20

s
=, 10 ¢ '1(—{)+—?‘— tan™’ i)-1~C
30 3) 20 \
h'
. —— (f)j—tan" (3‘- 'Y M
5 3] 5 2
49, EvaluateJ. gx Bl dx. |
(x*+4) Delhi 2013



2x° +1
Let/ = J. YN dx
X (x*+4)
Put x? =t and then using partial fraction, we
get

2t +1 é B
' tt+4 t t+4
=5 2t+1=A(t+4) + Bt (1/2)

On comparing the coefficients of t and
constant terms, we get "

2=A+B and 1=4A= A=

A=

I P (1)
4 4

2x* +1 1 7
Then, = . T
X“(x“+4) 4x 4(x- + 4)

dx
= 4'[ _‘[x +4 =

50. Evaluatej

(T8 2+25) Delhi 2013



2
Leti = [ =21 dx
(x“+4)(x°+25)
X2 +1 A B
Again, let 2 =——+—
x>+ (x*+25) x“+4 x°+25

[by partial fraction] (1)

Aiw=0, D]
4 25 100
= 25A+4B =1 LD (1)
At x =1, - é ﬁ-—
5x26 5 26
. A B 1'
=> —
5 26 65
=5 13A+%B=1
= 26A+5B=2 Wi (1)
On solving Egs. (i) and (ii), we get
A=-1 g=3
7 7/

1_[ dx +§ dx
x>+4 77 x*+25

= - l~-1—tan"' (x]+§-ltan" (i]-%c
Fa. 2 7 5 5
[ J 2= tan” (3‘-]] (1)
| a‘+x° a a
Wl tan”(i) p 2 tan”(‘x) +C
14 2 35 5

_cos?
51. Evaluate | COSeX—C08e0l 4

COsx—Cos All India 2013




Lt = -cost—cosZadx

COS X — COSOL
- (2 cos’ x—1)—(2 cos’ o —1) dy
. COS X — COS
[ cos20 =2 cos?0 —1] (1)
2., 2
_ I 2 {cos” x — cos 0:_1 i
(COs x — cosO)
_ _[ 2 (cos x — cos o) (Cos x + cos o) dx

(cos x — cosol)
[-a?-b?=(a+b)a—-b] (D)

= _[ 2(cos x + cos o) dx
= Z[J cosx dx + cosocj dx]

= [ =2(sinx+xcosa)+C (2)

X+2
52. Eva!uatej dx.
X2 +2x+3 All India 2013




X+2

Let 1= dx

T K +2x+3
— =1 cinl dx+_[ s

T +2x+3 X2 +2x+3
= =l £l (i) (1)
where, I, = by 1 dx

) \/x7+2x+3

- t
=|-dt=|dt=t+C
Jode=[dt=t+C

putt2 = x2 +2x+3=2tdt = 2x+2)dx
=t dt = (x+1dx

:Jx2+2x+3+C1 (1)

dx dx
and |, = = —
i J.\/x‘?+2;<+3 I@H)Z—H&)z

—log {(x+1) + {x2 +2x+3}+C,
[ j —d}—(——— = log(x + Vx* + az)} (1
Jx? + a2
On putting the values of | and/, in Eq. (i), we

get
I=+/x* +2x+3 +C,

+log {(x+1) + X2 +2x+3} + C,

=Jx2+2x+3

+log{[x+‘l) + \fx2+2x+3} +C Q1)

“where, C =C,+C,

dx
5

53. Evaluate '
j x(x>+3) HOTS:; All India 2013



4
Let lzj__QL_ B0 il L

x (x> +3) x° (x° +3)

[ multiplying numerator and
denominator by x*]

Put t=x" = dt =5x*dx

= 1
JSt(t+3) M
5731t t+3

=i[log|ti-log|r+3\]+c (1)
—iog o +C (1)
15 t+3

XS
—Iog +C [put t =x](1)
15 x> +3

54. Evaluate j
x(x +1) All India 2013



dx

let /= [——
X0 +1)
dx
| =
XX+ (x2=x+1)
[ra®+ b =(a+ b)a*+ b? -ab)]
Again, let
1 A B Cx+D
= + +

xx+ D2 —x+1) x x+1 x*-x+1

1= X+ =x+DA+Bx(x* —=x+1)
+Xx(x+ N {(Cx+D)

—x+1)A+B(x3—x2+><)
+(x* + X (Cx+D)

-_,*:1=(,*<3'—><2+><+>c2

= 1=AC +1D) +B( =Xx*+x)
+(Cx® +Dx% +Cx? +Dx)

= 1=(A+B+ O + (=B + D+ CO)x?

+B+D)x+ A1)

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C=0 (1)

~-B+D+C=0 (i)

B+D =0 (i)
and A=1 . (iv)
From Egs. (ii) and (iii), we get

C-2B=0 V)

From Egs. (i) and (iv), we get
B+C =-1 : Y}



From Egs. (v) and (vi), we get

B ). B el s o
3 3 3
[ _2x 1]
= [ jlﬂ L 3 3|d
(X +]) x 3x+1) x“—=x+1
5 ’:ng:’___ ax. _j 1-2x
X x+1 x+‘1
1 2x—1
=/=lo x—-—Io x+1|—-—-| — dx (1)
Bl x| 3 d | 37 x2—x+1
Put t=x"—Xx+1
=5 dt = (2x—1)dx
dt

» f=log|x ———Io x+1—— L2
g x| : gl x+1| Ak

= log| x| — %Iog]xﬂ\ —%I0g|t|+C

= log| x| —%Ioglxﬂ{—%log|x2—x+'1I+C
[putt = x* — x + 1]

= log| x| - %10g|(x+1)(x2—x+1)|+C
[-logm + logn = logmn]
=tog1x\-%|og|x3+1|+c
| ]
[ +1|" -

I: logm — logn = log _n_1] (1)
n

= log| x|~ log| x* +1] ">+ C = log

55. Evaluate ; -
I x(x* +8) All India 2013



Let lzj

x3+E? jx(x +23)

—j ...(i)

x(x+2)( 2x+4)

[ %+ a° =(x+ a)(x* + a? — ax)]

Now, for partial fraction method, write
1 _A B % Cxit1D

X(X+2) (x5 =2x+4) X x+2 x*-2x+4

= 1= AX+2)(x%~2x+4) +Bx(x* - 2x+4)
+(Cx+ D) (x> +2x)

= 1= A =2x*+4x+2x" - 4x +8)
+ B(x* =2x2 + 4x) + (C + 2Cx* + Dx? + 2Dx)
= 1= A(C +8)+ B —2x +4x)
+(OF +20x° +Dx* +2Dx) (1)

= 1=(A+B+0O)x +(-2B+2C +D)x’
+(4B + 2D)x + 8A

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C=0 soclI)
-2B+2C+D =0 ...(iii)
4AB+2D =0 (i)
and 8A=1
. il
8

From Egs. (iii) and (iv), we get
_2B+2C-2B=0 = -4B+2C=0

3 =B (V)

On putting the values of C and A in Eq. (ii),

we get
1

~4+B+2B=0
8
& )'3:——1-—andC:~l
24 12
and D‘-‘—l-- (1)

12



Now, substituting the values of A, B, C and L)
in the given integral, we get
1

x(x + D% =2x+ 4)-

—1 1

1_____1__+12 12__
8x 24(x+2) x° 2 _Jx+ 4
| (i.".+ 1 )7
1 1 _J_g_lZ_ cx

|=||—-— :
IBx 24(x+2) x*-=-2x+4

L

_dpde 1 g dx
84 x 247 x+2
1 -1
.
127 x“=2x+4
=-1-|0g|xlai10g\x+2\
8 24
1 22><*2 Y
247 x*=2x+4

:ll0g1x\—£;1!0g|x1+2l
—Eﬁiog|x2—2x+4l+C
flet X2 —2x + 4=t = (2x - 2)dx =d]
= llog[xiw-;zlog|(x+2}(x2—2x+4)1+t
i : logm + logn = logmn]
l0g|x|-5-— log|(x’ +8)|+C
[-(a+b)al—ab+b?)=2a +b]

{Ioglxl — 3-|0g|x3 +8|} +C

{log| x| - log|x* +8|"} + C

_ 1y

8

1 i X '

- + C 1
8 \ (1)



56. Evaluate Jsmx .sin2x-sin 3deHOTS; Delhi 2012

() Itisa product of three trigonometric functions. .
‘' So, firstly we take two functions at a time and
use the relation 2sinAsinB

= cos(A - B) — cos(A + B) and then integrate it. .

Let = j sinx sin2x sin3x dx
= %—jsinx (2 sin2x sin3x) dx

[multiplying numerator and denominator by 2]

= ;: J’ sinx[cos(2x — 3x) — cos(2x + 3x)] dx

[-2 sin A sinB = cos(A —B) — cos(A + B)] (1)

1
= — S' N (—" — CO 5 d
2'[ in x[cos(—x) — cos5x] ax
= %J. sin x (cos x — cos5x) dx [+ cos(—x) = cos X}

=ljsinx Cosxdx—-ljsinx cos5x dx §))
2 2

= lj2 sinx cosx dx — 1 j(2 sin x cos 5x) dx

4 4

[multiplying numerator and denominator by 2]
1¢ . 1 :

= ij. sin2x dx — 2 J {sin(x + 5x)

-+ 2 sinx cosx = sin2x and
2 sinA cosB =sin{A + B) + sin(A - B)

" l [ sin2xdx~ Z’,I [sin6x + sin(=4x]dx (1)

1 . 1 |
= EJ- 5|n2xdx——i j (sinbx — si-n 4x) dx
[ sin(—B) = — sin@)]
-1 cos2x 1 [- Ccos6x . cos4x] c
+C

—_— - —e

4 2 4 6 4
[...j Sinaxdx s = C0Os ax
a
—C0S2X cosbx cos4
- e . 3

8 24 16



2
dx.
5. Evaiuatej - )(1+ 2 ST

E4 Here denommator is a product oftwo a!gebralx.
- *  functions. So, firstly we use partial fraction
~method and then integrate it.

2
Let [_'[(1—x)(1+x2)dx
Again, let e A G
MI=x0+x7) 1-x 1+x?
(1)
_ 2 _A0+x) +Bx+C)(1-x)
1=x 1+ x%) (1= x) 1+ x°)
= 2=A0+x)+Bx+C)(1-x)
= 2=A+A® +Bx+C - Bx? - Cx
= 2=(A-Bx*+B-O)x+(A+0O)
(1

On comparing coefficients of x% x and
constant terms from both sides, we get

A-B=0 «4(ii)
B-C=0 (1D
and A+C=2 ..{iv)
On adding Egs. (ii) and (iii), we get
A-C=0 .. (V)
On adding Egs. (iv) and (v), we get
2A=2=A=1

On putting A =1in Eq. (ii), we get B=1.
On putting B = 1in Eq. (iii), we get C =1.

Hence, A=1B=1andC =1 (1)
Now, Eq. (i) becomes
2 _ 1, x+

1-=x0+x%) T1-x 1+x2

On integrating both sides w.r.t. x, we get



2 1 ]
L PR s

X) (1+ x%) 1+ x?
=—log{l— x|+ dx +
F | J.1+:~{ j1+x
= —log|1- x| + Iog’1+x‘+tan x+C
putl+x? =t
= 2xdx=dt = xdx=dt/2
dt 1 1
k3 d*— — =—log|t| = —log1 + x2
_I1+x 2% ¢t 28” 2g| '_
(1)
1+sinx | &
te e’dx.
58. Evaluate | [ +COSXJ All india 2012C
 Let I:j[Hsmx)e"dx
1+ cos x
‘H—2.c,in?--<-c053-<
=f | 2x 2 . e*dx (1)
2 cos® =
2
’_ sinm=2 sinE c:i:)sE
2 2
and 1+ cos m = 2 cos?
I %]
X
—-I( sec —+tan5)e dx §))
= J. e* (tan5 + 1 sec? E) dx (1)
2 2 2

On comparing it with
J e*[f(x) + f’(¥]dx = e* f(x), we get

f(x) = tani = f(x) = ls.e-cZi
2 2 2

I=e"tan§+C (1)




2

59. Evaluate I _ u > dx.
(xsinx+cosx) All India 2012C
2
Let !:J‘ X dx
(x sin X + Ccos x)*
X COS X
= [= -xsecxdx ...(i)(1)

(x sin x + cos x)*
Again, let  xsinx+ cosx =t
= (x cos x + sin x — sin x) dx = dt

= X Cos xdx = dt
i _,[ X Cos x dx |
| =

(xsinx + cos x)°
=J§_ﬂ_ =l
t> t  Xsinx+cosx

(1)

Now, integrating Eq. (i} by parts, we get

X COS X
lzjxsecx- . 2(1f><
1 (xsinx+ COSX)
I

(-1)

X Sin X + COS X

= Xsecx:-

| —dx
—j(1-secx+xsecxtanx)- . (1)
X sin X + COS X

—X sec X XSsin X dx
= — +jsecx 1+ -
X Sin X+ COS X cOs X ) Xsin X+ Cos X

—X seC X
o + J sec’ xdx

X Sin X + COS X

s X Z
s . T (1)

X Sin X + COS X

2x . -
60. Evaluate Je sin x dx. Foreign 2011



Let !—Ie smxdx

On taking sinx as | function and e as
Il function and integrating by parts, we get

[ =sinx J e dx — j {% (sin x) j ez"dx} dx (1)

2x

. 2x :
L pSMREC ROSEE g
2 2
2x &
= el Smx—ljez"cosxdx
2 2
X
- i:—e——sﬂf—lh RONe))
| 2
where, Il—je cosxdx

On integrating by parts again by taking cos x
as | function and e?* as Il function, we get

ll=c05xje dx

- J { (cos X) I ez"dx} dx

2x

cosx-e (—sinx)-e
=3 dx
2 2
2x
i ,
= 11:3—C9§—5+—Iez"smxdx
2 2
2x
[l g o ...(ii)

1
2 2
[ jez" sinxdx = l] &)



On putting the value of I; from Eq. (ii) in
Eq. (i), we get

eXsinx 1{eX¥cosx 1
| = —m — — =z +—1
2 2 2 2

eXsinx e*Xcosx 1 [

— —
2 4 4
il I+ll:egx(smx_cosx]
4 2 4
51 2 (2 sin x — COS x)
= —=e _
4 4
i lzﬂezx(lzsmx~cosx}
5 4
= 1=1/5 e® (2 sin x — oS X) (1)
61. Evaluatej ol dx.
\/x - 8x+7 Foreign 2011



Let I:I . L dx
\/x2 —-8x+7
Here, (3x + 5) can be written as

3x+5=A-i(x2—-8x+7)+B
dx

= 3x+5=A2x—-8)+B i)
=5 3x+5=2Ax+(B-8A) (1/2)

On comparing the coefficients of x and
constant terms from both sides, we get

2A=3 - skl
and -8A+B=5 (i)

From Eq. (ii), we get A = %

On putting A = —3— in Eq. (iii), we get

—8(?1)+B=5
, 2

= —12+B=5
= B=17 (1/2)

On putting the values of A and B in Eq. (i), we
get

3x+5=%(2x—8]+17 ...(1v)

Hence, the given integral can be written as

-3-‘(2x—8)+17
¥,

=j Jx2—8x+7

3 2x -8

dx  [using Eq. (iv]]

= [ = dx
2 \sz—8x+7
+17I dx
\/x2—8x+7
3

where, [, =

J‘ 2x -8 i
\/x —8x+ 7



Put X2 —8x+ 7=t

= 2x — 8) dx =dt
dt ~1/2
h=]—=| t7"~dt
SEN
172
= ,’_]z_t.._
1/2
= L =2t" = | =2t (1/2)
— !1=2\/x2—8x+7
and I2=~ dx
'\/x2—8x+7
dx
— I, =

T X2 —8x+7+16-16

dx
" Jx—2%-9
:I dx
Jix = 4% - (3)?

I =log|(x - 4 +(x— 4% - (32 |

j—1~—dx= log | x + w’xz - a%|[ ()
VX% = a?

Hence, putting the values of I, and /, in Eq.

(v), we get

1:%(2 x2 —8x + 7)

+17log|(x— 4 +/(x= 42 -9 |+ C

— 1=3Jx2—8x+7+17|og|(x~4)

+Jx=9% -9 |+C (1/2)
2
X“+ 4 e
x* +16 All India 2011C

62. Evaluatej



"“? Firstly, diwde numerator and denommator by x‘?

~* andreduce the integrand in 1standard form.

X"+ 4
Let I=J.X4+16dx

On dividing numerator and denominator by

xz, we get

4 4
-8),, [
—L—dx=J . dx (1)

=] 16 4\2
(X2 +;§') [x— ;) +8

Put x—ﬂ=t =3 [1+iz)dx=dt
X X
dt . dt
. Jas = (1)
jt2+8  $2.4.(2:2)2
1 s T )
Se——tan ' | —= |+ C
242 242
dx 1 _1(?()
=—tan | —
[ jaer::(Z d a]
( 4
1 1 x_;
= ——tan~
242 232
\
(2
X“ -4
~—tan' (2)
2( \Z\Fx]

luate ‘
beis v j T Delhi 2011C



2
+1
X dx

Lt—:-ti=-[x4_|_1

On dividing numerator and denominator by

2
1
[1 " X é_)
dx

X", we get

&

2

—— = dx=
1

Putx——lzt=>(1+i2]dx=dt (1)
X X

I | 1 " t
= = tan” ' | —= |+ C
Jtm@z Nk (@]*

] et (Y
A3 g% i3 &

( 1
x__.

>

= i tan™’ +C

V2 V2
\
(.2

1 = x° =1
I= — tan +C
% \X\/EJ

sin x — COS X

(1)

(1/2)

64. Evaluate | —————adx.
j \/Sin 2x HOTS; Delhi 2011C



) In this type of integral, first we make a term in
~* denominator such that whose differential
coefficient present in numerator and then
integrate it.

¢ SN X — COS X
Let /= it

L sin 2x

[ sinx-—cosx d )
- \/1+5m2x—l

SiN X — COS X

dx

I

4 = :
\sin 2 x + cos? x+2 sin x cos x—1
[ sin@ + cos’ 0 = 1]
Sin X — COs x
:I dx (1)

|
V(sin x + cos x)* — 1

Put SinX + cos x =t
= (cos x — sin x) dx = dt

I=J%=—iog(t+~,/t2—1)+c

ij=log(x+ x? - a?) (1)
\/;(2—&2

= I=-log|(sin x + cos x)

+\/(SinX+COSX)2 —T|+C
[ t = sin x + cos x]
= —log| (sin x + cos x) + 4/sin 2x | + C (1)

2X
5 dx.
x2 +1) (x* +3) Delhi 2011

65. Evaluate j(



Let I=J 22x2 dx
1+ x7) (x° + 3)
Put x* =t

= 2xdx =dt

"=j dt
t+1)3+0

Again, let ] e 4

t+1D3+1) (‘l+t)+3+t

= 1=AG+t)+B(1+1)

On putting t =-3, we get

1=—2B= .“3’:——l
2

Now, on puttingt = — 1, we get
1=2A4 = As=1f2

(1)

o1}

(1)

On putting A =2l and B = —% in Eqg. (i), we

get
1 _1/2+—1/2
+t) 3+t 1+t 3+t

On integrating both sides, we get
1 1 1 [ 1

-[(1+t](3+t) 271+t 273+t

1 1
=—log|1+t]——log|3 +t
~ log| 1+¢] - ~-log|3+¢]

dt=—|—dt-—|——dt

(1/2)

X

=—;~|og]1+x2|-21log[3+x2|~+~(:

[t = x?]

1+x2
3+ x?

1
l=—lo
2 g

+ C

[ log m - log n = log _n1:| (17%)
n



Delhi 2011; All India 2010
Do same as Que 37.

[Ans. 5x/x2 + 4x+10

—7log|x +2 + VX2 + 4x + 10| + C]

in2
6%7. Evaluate Jez" (Ej—s—l—n—j—)d ;
1 + cos 2x All India 2010C

Do same as Que 45. [Ans. % e tanx + C]

dx

(> +1) (x> +2) Delhi 2010C
Do same as Que 65.

[Ans. tan™' x — 715 tan”(:%) + C]

69. Evaluate I[Iog (log x) + E{;—x)—z] dx.

HOTS; Delhi 2010C

68. Evaluatej

) Use mtegratlon by parts i.e.

e de_“”d"“]{%“fvdx}dx} and also

remember ILATE whenever use it.

1
Let =] [log(logx) + d
J[Og - uogx)z] ”

—Ilog(logx 1dx+_[

dx (1/2)
(log x)



Using integration by parts in first integral, we
get

I =log (log x) I1dx - J.[g;— log (log x) j1dx:| dx

+j ! > dx + C (1/2)
(log x)
1 1
:!og(logx)—x—j . — - xdx
log x x
+ I dx + C
(|0gx
= x log (log x) — _[(1og x) " 1dx
T
+| dx+C (1)
(|0g x)?

Again, applying integration by parts in the
middle integral, we get
I = xlog (log x) — [(log )™ I1dx

—uj{ (log x)~ j1dx}dx] |

dx + C
(log x)*

(M
X 3 1

=xlog(logx}—|: — (log %) --xdx:l
log x X

+ j dx +C
(Iog x)?
= x log (log x) — = dx
R log x j(Iog x)?
e I ] dx + C
(log x)
= x log (log x) — +C (1)
log x
70. Evaluate I dir dx.
Jx=2 (x-3) All India 2010



Do same as Que 61.

(-5

4l 2%~ 3)[ + C]

[Ans. \/x2 -5x+6 + %Iog

2
1. Eva!uatej l-x dx.
x(1 — 2x) Delhi 2010
2 2
Let I=_[ X dxzj1 xzdx
X(1— 2x) X — 2X

Given integral can be rewritten as

;-
(=] |=+——2—|dx (1)
2 x(1-2x)

- -



di+

e jx j 1—2x) 0
(1—lx) A 5

VA S R i
x(1=2x) x 1=2x

e 1—%X:A(1—2x)+8x (i ()

On putting x =0 and x = % in Eq. (iii), we get

1-0=A(1-0})+0

s A=1
and 1———[1) A[1—2(1)]+5(1)
. %2 2
= ——1-—A[1-1) 1B
4 2
ig 2.5
A L2
=3 B=E (D
2

On putting the values of A and B in Eq (ii), we
get

1 ]x
*2 il 3/2

x(1—2x) X 1-2x
Then, from Eq. (i), we get

1 T2
=Ejdx+'{ dx+J.1_2x

}_log|1;2x|+c

[I ! dx-—-—llog1a—x|]
a-— X a

:%x+|og|x|—ilog]1—2x|+c (1)

_4
2. Evaluate Ie [ﬂ——) dx.

=lx+log|x\+
2

— COs 4X Delhi 2010



- ( 1 —
Let [=|¢" S |
¢\ 1-cos4x

( 1 i
L 25m2xc252x 4 di (1)
N 2 sin” 2x

(2 sin 2X COSs 2 X A 4 ]dx )

2 sin’ 2x 2 sin’ 2x

J e* (cot2x — 2 cosm:2 2x) dx

On comparing with
j e*[f(x) + f ()] dx = e*f(x) + C, we get

f(x) = cot 2x
= f’(x) = — 2 cosec? 2x
l=e*cot2x+C ' (2)

sin X + COS X
73. Evaluate I( . ) dx.
Jsin2X  HOTS; All India 2009C

Do same as Ques 64.

[Ans. sin~'(sinx — cos x) + C]

use j =sin” ' x

- Bx - X Delhi 2009C



(=I-4—2x—6lj1

:-—»J. —2_3.{_6 dX"‘J. =
J7-6x -« J7-6x—x2
where, I1=J 280
\/7—6x—x2
Put 7-6x—x°=
= (-6-2xdx=dt
dt ~1/2
!= m— t dt
o[
=2t =2y7-6x-x* (1)
And =[O
’ \/7—-6x—xz
_ dx
S -7 +6x+x2+9-9)
_ dx
P+ 32— 16]
dx
=% l5 = s
’ J\/(4)2—(:-<-+3)2
—1 X+3
=sir! | 2E2 4 1
sin ( 1 ) (1)



On putting the values of [; and /, in Eq. (i), we
get

= =247 - 6x—x2 —sin_’(igj)+(f (1)

5. Eva!uatej

dx
/5 - tx =247 All India 2009



) Firstly, make a perfect square in denominator
* partand then integrate it using suitable formula.

Let /=

dx
'[JS — 4x — 2%

= | g —
\/-2 [xz +2x - 2)

‘ - [ ———— -

\, x +2X — ----+1—1)
\/_j (1)
‘/ (x +2x+1) - 5—1]

2
\/ (x +1)° (§+1):|
. 2
et 0 1)
V’ _(x+1)2—5]
1 dx
7T
\/(\E] 4T
( \
1 1 X+ 1 O (1)




X

76. Evaluatej 3 dx.
\[5 Le" —e

HOTS; Delhi 2009
Firstly, put e* =t = e*dx =dt, Then, do same

as Que 75.
X
I:Ans. sini(e pik ] + le
3
X+ 3

7. Evaluate I—i—-— dx.

Xc=2x=D5 All India 2008C
Let ;_J =

X" —2X -0

Here (x + 3) can be written as

x+3:A+B§4H—2x—9
X

= X+3=A+B2x-2) (1)

On equating the coefficients of like terms
from both sides, we get

2B=1 = B=il/2

and A-2B=3
= A—2><1=3
_ 2
+—;-(2x—2)
[ = dx
'[ x2*2x—5
ey =4
jx - 2x -

+*_[ 22x_2 dx (1)
279 x7=2x-5

On putting x* —2x-5=t = 2x-2)dx=dt
in second integral, we get

1¢d
’*4jx~1-4 +“JJ

e

-4_[ 1)2 J_)z Iog| | +C

]



|x—1—J6|
sz |x—1+\r|

—Iog|x2—2x-5|+C
J‘ dx 1 |
o 3P gt
2~—~Io‘ _1_J~‘
J6 - ° | x=1++6 |

+Eiog|x2—2x—5|+C (1)

A | |
78. Evaluate [xsin™ xdx All India 2008C

> Use integratlon by parts -

freocfopocfiguon]



Let = J-x sin”! x dx

Taking x as 1st function and sin”' x as 2nd

function and using the rule of integration by
parts, we get

2 2
[=sin'x ~—~I L
Teik® 2
2 2
:x—sin_1x-—— e —dx + C (1)
1-x°
2 2
5 o= 1-x° -1
LI PR (o dx
< T
2 2
¥ 1 ¢ 1= 1 dx
=" sin'x+ — x—_-dx —J‘—_

5 LV i x] (1
2
J‘ dx e |
vl = =sin T x
1-x2
2

X at . _ix
andJ\/az—xzdx=—\Ja2—x2 35 . gt ’]

2 2 a
=%[x2 sin”! x+§-\;1—x2 ——21— sin”! x] + C

2
l:i-—sin_1x+i 1—x2—-1—5in”1x+C(1)
2 4 4

79. Evaluate jx log |(x + 1)|dx. Delhi 2008C



Let /= [ xlog|(x+1)|dx
11 |

Using integration by parts, we get
I=log |(x+1)| [ xdx

_j[i log|(x +1)] J.xdx]dx (1

= |o x+1)——~ —_— —dx
gl l Jx+1 2
X
=—log|(x+1)|-— | —dx
2 g' | ".x-i—*l
x2|og|(x+1)i 1]( 1+—)dx(1‘/)
e _—— - 2
2 | 2 X+ 1
_ d _
X+1) y2
X2 +x
_X'
—x—1
S g
1_

2

X 1
=" log|(x+1)| - —
= gl | 5

2
[L—x+log|(x+1)]]+c['-‘ £ |08|X|]
2 X |

2 2

X X X
= I=—log|(x+1)|- —+ —
2 8l | 4 2

—%|0g|(x+1)| +C

rzlj(x2~1)||og|(x+1)|_ﬁ+f+c (1%)
2 42

6 Mark Questions

80. Eva!uate_[ L

sin® x + sin® x cos? x + cos” X
All India 2014

dx.




? Firstly, d!wde numerator and denommator by
cos*x to convert integrand in terms of tanx and
then put tanx=t and convert integrand into |
standard form which can integrate easily.

-
let /= [——s—s — dx
Sin” X4 SIN” X COS™ X+ COS X

On dividing numerator and denominator by-

cos? x in RHS, we get

4
* seC

e : "‘2 dx (1)
“tan x+tan“x+1

) 2 2
_ (sec” x) (sec” x) dx )

” tan4x+tan2x+1

Put tan x =t = sec” x dx = dt and

sec’x=1+tan’ x=1+1t2 (1)
1
2 1+ 5
I8 L PO
t"+t°+1 t2+ '2+1
t
1+
2
= r:j t dt (1)



Again, put u=t--= [1'+ —2) dt =du
t

!__J-_ du
u® +(/3)?
= | = — tan™ —u—)+C (1)
NE] V3
( 1)
Y L i
= [=-—tan | —= |+ C u=t-—-
V3 NE) [ t:|
\ )
1 qft* -1
= |=—tan C
V3 s 3t)
1 1 (tan® x — 1
= |=—tan |—= +C [-t=tan x]
V3 \\[Btanx]

(1)

81. Evaluate j(ﬁ/cot X + /tan x) dx.

All India 2014; Delhi 2010 C



Let | = J [\/cot X + Jtan x] dx

= I Jtan x (1+ cot x) dx

Put tan x = t% = sec? x dx = 2t dt
2t
K i
[T+ tan’ x=sec? x = 1+t = sec? «]

] 2t
I=] t]T+ — dt

dt (M

(1)

or dx =

On dividing numerator and denominator by
t? in RHS, we get

gl
(=2 >l dt=2 L d )
(t +p‘) (—:) D

Again, putt—-%—yz:»(n )dt dy
: E

[=2
'[y ¥ (20
SN l=ﬁtan1% (1
o ] i
= /2 tan™! +C [ =t-—](1)
V2 4 t
\/_ (tz—'l
= /2 tan™ +C
kﬁt}
Ztan“(tanx_1 +C [t =tan]
U/2tan:~r '

(1)



1
. Evaluate dx.
83 jcosf+ X +sin” x All India 2014

1
. dx

Let/ =
J cos? x + sin? x

On dividing numerator and denominator by
cos” x in RHS, we get

(sec” x) (sec” X)

4
sec” x
[=| ——dx=>I= dx
J.1+tan4>< '[ 1+ (tan? x)*
7 2
N = _[ sec” x (1 +2tam2 X) e 1)
1+ (tan” x)
Put tanx=t = sec’xdx=dt
2
l=j1+t dt ()

1a™

Again, dividing numerator and denominator
by t* in RHS, we get

1 1
;=J' t dr=j " de (1)
.. 1\
t +‘-“2“+2—2 (t—”) +2
t t
Put t—J:u
t
=3 (1+—15)dt=du (1)
t
du
Then, =
.[UZ_I_(\/E)Z
(u
= I=— tan™ ——)+C
V2 V2
/
1 t“g 1
= J=—tan | —|+C |cu=t—-|(1)
2 J2 [ t]




BTE N, TR

1 1 tan® x — 1
= |=—tan ' | —=———|+C [t =tan ]
\/5 ﬁ tan x)
(m
2
83. Fmd dx.
jx +nu + 4) Delhi 2014C

Fwstly, put T and apply partiai fractlon to
* convert integrand into some standard form
wh:ch can integrate easﬂy

2

X
dx
Ju2+na2+m
Let x* =t, then

t A B )
— + ...(1)
t+nt+4 t+1 t+4
=5 t=Alt+49+Blt+1)
= t=(A+Bt+4A +B (1)

On comparing the coefficients of like powers
from both sides, we get

A+B=14A+B=0 (1)
On solving these equations, we get
A=—l and B=i (1
3 3
From Eq. (i), we get
1 4
A (1)
t+Nt+4 t+1 t+4
O P et P
(x* +D(x* + 4) X +1
. dx [-x2 =1 (1)
3Ix2+4
LIS Wy - Y
3 3 2
[,[ 1 z:lta = X]ﬂ)
“+a* a a
|
sin/x —cos V/x
84. Find dx,xe[0,1]
jSII’ll X +cos 2 +/x

All India 2014C



7 Firstly, use the identity sin™'0+ cos_lﬁﬂg to

convert integrand in terms of sin”" only. Then,
integrate by using substitution.

sin”' vx — cos™' Vx

- =T L
sin”'vx + cos ™ Vx
We know that, sin™" Jx + cos™' Vx =m/2

Let f=j

g T .
=  cos”! ng—sm’\/;
o T
sin”’ x—[-z——gn]\&)

=] /2 X




=Sjsin'1\&dx—]1dx=—i~jsin'1 Vxdx — x

VR . T GTR)
T

where, |, =Isin"1 Jx dx
Put x=tz = x=t> and dx=2tdt
= [sint2tdt=2]sin""t -t

2

' t2 1t
=2sin”'t-— ~ —dt| (1)

2 1-¢?
[using integration by parts]

2 2
[ b=t (OO g,
\/1—t2 1—t2

1

1-t2

dt (1)

=2 sin"t+j«jﬁdtmj

f 2
1 t\"‘l"“t 1 | ¢ -
i+ +— SNt —5n
2 2

[tz—;]sin]t+!r [ 4)

e

= %[(ZX —1)sin”' Vx + Vxy/1—x]
=~;—[(2x—1)sin_]\/—§+\m—x2] (1)

On putting the value of I, in Eq. (i), we get
J- sin”" vx — cos™'V/x s
sin”' vx + cos™'Vx

=—2—-[(2x—1)sin*1x&+ Vx = x*]=x+C (1)

1

1

=t sin” t

X2+ x+1

. Find dx.
o9. Fin J (x+ 1) (x+2) " Delhi 2014C




J~ X2+ x+1

: d
(x +1D(x + 2) g

2
The integrand i +2x+1 is a proper
i+ 0e+2)

rational function.
X2+ X+ 1 A B C

3 = + ek caeki)
(k& DX+2) X+l (41 X+2

(1)
= X2+ x+1=Alx+1Dx+2) + Blx+2)

+C(x + 1)?
o= x2+x+I:A{x2+3x+2)+B(x+2)
FCOZ +2% % 1)°

= x2+x+1=(A+O)x* + 3A + B+ 20)x
+2A +2B+C)(1)
On comparing the coefficients of like powers

from both sides, we get (1)
A+C=13A+B+2C=1and2A+2B+C =1
On solving these equations, we get (1)

A=-2,B=1andC =3

From Eq. (i), we get

2+ x+1 ~2 1 3
: - 4 2+ (1)
x+Dx+2) x+1 (x+1) X+ 2

2
) J X +2x+1 T de
(x+1(x+ 2) X+ 1

dx dx
+ +3
'[(x+1)2 '[(X+2)

=—2I0g|x+1|—i+3log|x+2|+C(1)
X+1

2 2
; Vx%+1(log(x” +1) —2logx)
. Find dx.
a6i; Fib j x* All India 2014C




Let =

Vx? +1flog(x* +1) — 2 log x]
:'J = dx

2
VX2 +1 Iog(fF ;H]
X

=j 4 dx

X

[ logm — alogn = log _n%] (1)
n

1 1
X |1+ : Iog[H ~2)
X X
dx (1

4

X
e Togfie 1)
_ _[ Vo X x? dx
x3
1 -2 dx dt
Putl+ — =t, then —dx=dt = —=——(1)
2 . 22

.
s I=——]A+tlogtdt
2jxfog

] £3/2 32 4
=——|logt x - R 4
2 losex G- [

3/2 3/2
[using integration by parts] (1)

=-—-;-[t3mlogt-_[\/fdt]-

3 3/2

= —ltm\ilogt - —2~] +C
3 3

3/2
1 1 1 2
LY PO [ 1% (TN I B
3(+x2] [og( 2) 3

1 5 £3/2
=-—|t"“logt —— |+ C (1

1 Delhi 2012



\? Firstly, put x=sint and then use integration by

- *  parts and simplify it. ;
o
Let [ = ad o LR
{=x?
Put sin"' x=t = x=sint
1
— S dx = dt (1%2)

[=|tsintdt
'[! I

Using integration by parts, taking t as the first
function and sint as the second function,
we get

!:tjsintdt-J-IZ% (t)-Jsintdt]dt (1%%)

= I=—tcost-_[{1><—cost}dt
:—tcost+jc05tdt
— |=—tcost+sint+C (112)

- Izﬂrwfl]—sinzt +sint+C
[ cos’t=1- sin?t = cost = V1— sin”t]
l=—sin‘1x\/l——_x5+x+C
[.o t=sin"' xand x=sint] (1%)
X2 +1

88. Evaluatej( i B)dx. Delhi 2012
X — X +




) o ngpam - st onsuchthat e
1 A B C
S - % %
(x—a)? (x+b) (x—a) (x-a)® (x+b)

and then integrate it to get the desired result.

Let *_[ X 2+1 dx
-1 (x+3)
Again, let
PR Wi = A + B__ + ¢ NOXe)
x-1)Kx+3 x-1 (x—T) X+3
x? +1
—

(x—l)2 (x + 3)

A= (x+3)+Bx+3)+CKx=17
- (x—1)2 (x +3)
= x> +1= Alx = 1)(x + 3) + B(x + 3) + C(x = 1)°
= x°+1=AX*+2x-3) +B(x +3)
+C(x2+1-2%
= x> +1=(A+C) x* +2A+B-20) x
+(-3A+ 3B+ ()

On comparing the coefficients of x?, x and
constant terms from both sides, we get

A+C=1 (i)
2A+B-2C =0 (i)
-3A+38+C=1 . Liv) (1)

On multiplying Eq. (iii) by 3 and subtracting it
from Eq. (iv), we get
-9A+7C =1 (V)
On multiplying Eq. (i) by 7 and subtracting it
from Eq. (v), we get
-16A=-6 -..(vi)
6 3

A=— == (1)
16 8

On putting A = g- in Eq. (ii), we get

i+‘Cz1 = (2—1—-3—:E
8 8 8

3 v B o



On putting A = g and C = E in Eq. (1), we get

1
é+B—E:O = B—3=0 = B=g=—
4 4 4 4 2

Thus, f‘-‘\:E,leandC=E (1)
8 2 8
Eq. (i) becomes
x2 +1 3/8 12 5/8
j— -+ +

x—-12(x+3 x-1 (x-1° x+3
On integrating both sides, we get
2
(x=-1"(x+3 874 x—-1

1¢  dx
+Ej(x1ﬂ 'djx+3 0

3 1{ -1
== ~1+=|— +—-Io x+3|+C
Bogix | 2( 1) 3 g | 1

1
2(x—1)

Hence, I=§Eog|x—1i—

+§Iog[x-+-3|+C(1)

ex+7 i
—5Hx— 4) All India 2011

89. Evaluatej \f(x

gx+ d e

) If the mtegral is of the form I
f\/ax +bx+ ¢

then we take gx + d=A-—:—(ax + bx+c)+8
X ;
~and then integrate it.

Letlz_[ F(6x+7 dx e j (6X + 7)dx
VJx=>5) (x \/x -9x+20
Here, (6x + 7) can be written as

6x+7=A.E4ﬁ-9x+xn+B
X

=> 6x+7=A2x-9)+B LD (1)

On comparing the coefficients of x and
constant terms from both sides, we get

2A=6 = A=3 and -9A+B=7



" -93)+B=7 Bp A= 3]
=% -27+B=7
B=34 (1)

On putting the values of A and B in Eq. (i),
weget 6x+7=302x-9) +34

. Given integral can be written as

f=_[ 32x-9)+ 34 ol
\fxz —9x + 20
$[=3I 2x—9 dx +34I d
\/x2~9x+20 \/x2—9x+20
= | =3I, + 34, (i) (1)
where, /, =J. X9 dx
VIXZ —9x + 20

Put x*-9x+20=t = 2x-9)dx=dt
dt ~1/2 12 I
L=|==1t dt =2t"° =24/t
‘ jﬁ J

=2 *=9x+20  _.(ii) (1)
and ’2 :I dx
Jx? = 9x + 20
dx

Jx2—9x+20+a]—i1



i ',2 - Iog

(92 -G o

g :
[ j \/ﬁ? =log|x +Vx* - azq (1)

On putting the values of /; and I, from Eqgs. (iii)
and (iv) in Eq. (ii), we get

[=32x? - 9x + 20)

+34[Iogi (X2J+V](xg)2_% i]+C
. I=64/x> —9x+20

| 2
+34log| X_2+J(X_%) —i |+C (1
| |

90. Evaluate J

2 +x+1

X.
(x+2)(x*+1) Al ndia 2009C



A ) FnrstEy use the method of partial fraction and
~© thenintegrate it.

2

Let I=J- x+x2+1 dx
x+2)(x*+1
2
Again, let —* ¥X*1 _ A | Bx+C

x+2)(x2 +1) x+2  x2+1

AR+ 1)+ (Bx+O) (x +2)

- (x +2) (X2 +1)
DX+ X+1= AN+ U +Bx T iix+2) ...()
=X+ Xx+1=(A+B)x> +(C +2B)x+ (A + 20)
On putting x = - 2 in Eq. (i), we get
4-2+1=A@+1)+0 =3=5A =A=3/5
2 and

On equating the coefficients of x
constant terms, we get
- A+B=t1 swi{H)

A+2C =1 o . (iii)



On putting A= % in Eq. (ii), we get

On putting A = % in Eq. (iii), we get
§+2C=1 = 2C=1—§
5 5
=y 2C=2/5 = C=1/5 (2)
2x+1--
3/5 b b g ()
xX+1
3 dx xdx
SJx+2 jx+1 w'[x+1
Put x> +1=t =>2xdx—dt
oy — | = ———~——(1)
'[x+2 t J.()wc) +(1)

1 11
=—Io x+2|+—loglt]|+—--tan” =+C
- log| g logd e+~

[ o log\Xland_[ ltanﬁ'(i)]
X El +X a da

=-§—log1x+2|+5ilog|x2+1|

+%tan"x+ C (1)

tan x + tan> x
91. Evaluatej dx.

3
1+1tan” X Yots; Delhi 2009C




) Firstly, simplify the given |ntegrand in m:tual Ieve!
and then apply the method of partial fractlon
after that integrate it and get the desired result. |

3
+
Letl=!tanx tan xdx
1+tan3x
tan x(1+ tan® x tan x sec?
_J- x(1+ tan? )d J‘ : X o
1+ tan’ x 1+ tan” x

[ 1+ tan® x = sec® x] (1)

Puttanx =t => sec® xdx =dt

o t dt
1+t
[ (a +bY) =(a+b) (@ —ab+b?)
=I tdtz 1)
A+ 0+t2 =t
Let t A 5 Bt + L

A+00+t2 -0 1+t t2—t+1

= t= A2 -t+D+Bt+CO)A+1)
= t=(A+B?+(-A+B+Ot+(A+C)

On putting t = -1, we get
“1=A1+1+1)+0
= A:j
3

On equating the coefficients of t? and
constant terms from both sides, we get
A+B=0

= :51-+B=0:>B:% and A+C=0

s cktell s Do (™)
3 3
L

_ 3073
[“j1+t j z+1dt

:___ at _J‘ t+1
1+t t2 t+1
1 2t—1+3

1+t ' t+‘l




1+t —t+1
‘ dt
+3’-j SN
g =il - =~
Let z=t"—t+1

=507 —( t— 1)dt in middle integral we get

el

2) 4
:>I:—1|og\1+t\+liogz
3 6
+1J Zdt 5 (1)
2 ( 1] V3
-k g | e=
2 2

—-3—log|1+tanx|+ log(t* —t +1)

t i
an”' 12 +C [ t=tanx]

=— %!ogh+tanx\ + %log‘tan2x~— tanx+1i

1
+ — tan

V3

92. Evaluate j dx.

1 (2 tanx — 1

CcQ
J§J+ W

x“ + X2 +1 HOTS Delhi 2008C

e A

1j;; + 14 x7 =1

= I=-= dx
x4+x2+1

2
X +1 xz-.'t
= I=- Ll LSt
2'[}( % %* +1 2'[x4+x2+1

1 1
= I==5L+-1 :
yht5h m(.') (M

where | = [#dx



v X XTH]

On dividing numerator and denominator by

x°, we get
- |
Y %
f = ax (1)
=) -
v % 3
T+ —15]
=3 ,’1:-[ A 1 dx
(2o )
X
()
(x— ]) +241
X
1+—TE-
— L=] — 2x dx (1)
[x— ‘) +(/3)?
X
Put X——=t = (1+l2)dx=dt
X X

On dividing numerator and denominator by
x%, we get

o) 1
. x5 P ; ¢ £2




Now, on putting the values of /; and /, in
Eq.(i), we get

1 1 -1 Xz—‘l\
|=—-—ta —
2 \/5 X‘\/E)
2_
+-1~-l|og ______x2 x+1I+C
2 2 | x“+x+1]
1 af 5 —1
l=— R
243 [x 3)
1 -
+ —log xz x+1|+C(1)
4 7| x*+x+1]

Note In this type of integral, we cannot use the
method nf nartial frartion diracth,



