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3.2 Trigonometry 

TRIGONOMETRIC EQUATIONS 
An equation involving one or more trigonornetrical ratios of unknown angle is called a trigonometric equation, 
e.g., cos2x- 4 situ= I . It is to be.noted that a trigonornetrical identity is satisfied for every value of the 
unknown angle, whereas a trigonometric equation is satisfied only for some values (finite or infinite in 
number) of unknown angle, e.g., sin2x + cos2x = I is a trigonometrical identity as it is satisfied for every value 
ofxe R. 

Solution or Root of a Trigonometric Equation 
The value of an unknown angle which satisfies the given trigonometric equation is called a solution or root of 
the equation. For example~ 2 sin 8= I, clearly 8= 30° and 8= I 50° satisfies the equation; therefore, 30° and 150° 
are solutions of the equation 2 sinO= 'I between oo and 360°. 

Principal Solution of a Trigonometric Equation 
The solutions of a trigonometric equation lie in the interval [0, 2n). For example, sin8= 1/2, then the two values 
of 9 between 0 and 21r are Trl6 and S1r/6. Thus, Trl6 and 5Trl6 arc the principal solutions of equation 
sin 9= 1/2. · 

General Solution of a Trigonometric Equation 
It is known that trigonometric ratios are periodic functions. In fact, sinx, cos.\', secx and cosecx arc periodic 
functions with a period 2n, and tanx and cot\' are periodic functions with a period 1r. Therefore, solutions of 
trigonometric equations can be generalized with the help of period of trigonometric functions. The solution 
consisting of all possible solutions of a trigonometric equation is called its general solution. 

Clearly, general solution of a trigonometric equation will involve integral n e Z. General solution of a 
trigonometric equation is also called a 'solution'. 

Here set of all integers is denoted by Z. n e Z means n = 0; ± I, ± 2, .... For example, genera) solution of 
the equation cosB= I is 9= 2nn. 

Some Important General Solutions of Equations 

Equation Solution 

sinB= 0 9= mr, ne Z 

cosB= 0 
1C 

9=(2n+l)-, ne Z 
2 

tan6= 0 9= mr. n e Z 

sinB= I 
1r 

9=(4n+ 1)2", ne Z 

sinB=-1 . 6 = ( 4n - J ) 1l' • 11 E Z 
2 
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Equation Solution 

cosO= 1 8= 2mr, n e Z 
cos9=-1 . 8= (2n + l)!C, 11 e Z 

cot8""' 0 
'1C 

9=(2n+ 1)- .ne Z 
2 ' 

I I Points to Remember I I 

J. While solving a trigonometric equation, squaring the equation at any step should be avoided as far 
as possible . .I f squaring is necessary, check the solution for extraneous va~ues. Also see Example 3.1 
for explanation. 

2. Never cancel terms containing unknown terms on the two sides which are in product. It may cause 
the loss of a genuine solution. 

3. The answer should not contain such values of angles which make any of the tenns undefined or 
infinite. Also see Example 3.2 for explanation. 

4. Domain should not change while simplifying the equation. I fit changes, necessary corrections must be 
made. 

5. Check that denominator is not zero at any stage while solving the equations. 

Example 3.1 Solve the equation sinx+ cosx= I. 

Sol. lfwe square we have (sin x +cos xi= l 
=> l + sin2x= I 
=> sin2x=O 

=> 2x = mr, n e Z 
=> x =nrc/2, ne Z 
But for n = 2, 6, J 0, ... 
sin x +cos+= - 1 which contradicts the given equation. 

Also for x=3, 7, II , ... 
sin x + cos x = -I 

Hence, the solution is x = 2n!C or x = ( 4n + 1) ~ : 

tan 3x -tan 2x 
Examp.lc3.2 Solve = 1. 

1 + tan 3x tan 2x 

Sol. tan (3x - 2x) = tanx = I . 
Therefore, x =me+ ('!C/4) but this values does not define tan 2x. Hence, there is no solution. 

Example 3.3 · 

1C 1t 51C 
8=- n --=-

6' 6 6 
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• 2 2 

Examplc3.4 Solve 16510 x + 16cos x = I 0, 0 ~X< ln. 

. 2 1 . 2 
Sol; 16sm x + 16 -sm x =: 1.0 

Jf16sin
2

x =t thent + 16 = 10 
' 1 

Then Eq. (i) becomes 

=> ?- - lOt+ 16=0' 

=> t=2, 8 

=> 

16sin2.x = 161/4 or 163/4 

. 1 .J3 
smx=±- -± -

2' 2 

. 1 n 5n 
Nowsnu: = - thenx = - -2 ' ' 6 ,. 6 

. 1 7n lin 
smx =-- thenx = - or-

2' 6 '6 

. .J3 smx = -
2 

n 2n 
=> x= - -

. 3 ' 3 

. ../3 4n 5;r 
smx= - - => · x=- -

2 ' . . 3 ) 3 

Hence, there will be eight solutions in al l. 

(i) 

' 

' > ' 

·Find · general value of 8 which satisfies both sin 8 = - 1/2 and tan8 · = 1/~ , 
simulta.neously. 

Sol. Here sinO< 0 and tane > 0, then .8 lies in the third quadrant. 

N . 8 l. owsm =-- => 8= 7C + n = 7n 
2 6 6 

Generalizing, we have 8= 2nn. + 7;r, n E Z. 
' . 6 

Example 3.6 : If sin A = sin Band cos A = cos B, then find the value of A in terms of B. 

Sol. sin A - sin B = 0 and cos A -cos B = 0 

. A - 8 A +B . A+B . 8 - A 
=> 2sm --cos--= Oand 2sm--sm--= 0 

2 2 2 2 

We observe that the common factor gives sin A -
8 

0 
2 

A-B 
=> = nn , nE Z 

2' 
=> A -B= 2nn, nE Z 
=> A = 2mr+ B, n E Z 
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Find the number of solutions ofsin2 x-sinx-.1 =0 in l-2n; lnl. 

Sol. sin2x- sinx- 1 = 0 

I ±..JS 
=> sinx=--

2 • 

1-..JS t+-!5 . = 
2 

[sinx = 
2

. > I not posstblc] 

=> x can attain two values in [0, 2tr) and two more values in [-2tr, 0). Thus, there are four solutions. 

E~a m pic 3.8 find the number of solutions ofthe equation esln.r - e-sln.r- 4 =0. 

Sol. Put esinr = 1 => 12 -41- 1 = 0 

Nowsinxe [-1, J] 

=> esin.r E [e-1, e1] and 2 ± .J5 E [e-1, e1] 

Hence, there does not exist any solution. 

Example 3.9 'If the equation a sin x +.cos 2x = 2a - 7 possesses a solution, then find the values of a. 

Sol. The given equation can be written as asin..\' + (1 -2 sin2x) = 2a -7 

~ 2 sin2x-asinx+2a....,..8=0 

• (I ± Ja2 -8 (2a -8) a± (a - 8) => SHU'= . = _.....;...._...:.. 
4 4 

=(a-4)12 
Equation has solution if- l ~(a- 4)/2 ~ J 
=> -2~(a-4)$2 

=> 2~a~6 

( ·: sin x = 2 is not possible) 

,------------4 Concept Application Exercise 3.1 }~-----------, 

1 
J. Solve sin28-cos&= 

4
, 0 S 8S 2n. 

2. Solve cos7x + sin4x- I in the interval (-n, n). 

3. Find the general solution of (I - 2 cosBf + {tan 8 + .J3 )2 = 0. 

4. Solvcsin36-sin9=4cos28-2. 

GENERAL SOLUTION OF SOME STANDARD EQUATIONS 

General Solution of the Equation sin 8 = sin a 
Given, sin 8= sin a => sin 8-sin a= 0 

8+·a . 6 - a 
=> 2cos--sm--=0 

2 2 
8+a . 9-a 

~ cos--=0 orsm--=0 
2 2 
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9+a 1C 8-a 
~ --=(2m+l)-,--. =mrr,meZ 

2 . 2 2 
~ 8=(2m+ l)1C-aor9=2nm+a ,me Z 
~ 8= (2m+ l)1C+ (-1)2m~la, me Z 

or 8=2m1l+(- 1l111a,me Z 

Combining Eqs. (i) and (ii), we have 

O=nn+(-1ra,ne z 

(i) 

(ii) 

·-----------· --·· ---,..- ·----..-- ·....-··- -------

N:i·: or general solution of the equal ion sin 6 = k, where·- 1 ,;; k ,;; 1. We have sin 6 = sin( sin -I J 
·---- -=-~-::-~.~~-(-l)'!~sin-1 ~~:-~.~-.. ~~ --.............. . . - . . ... • . .. ..... _ • ___ · --~· _j 

Solve 2 cos16+ 3 sinB= 0. 

Sol. We have 2 cos28+ 3 sin8= 0 

::::) 2(1 - sin28) + 3 sin8= 0 

~ 2 sin28-3 sin 8-2 = 0 

~ (sin8-2) (2 sin9+ 1) = 0 

~ 2sin8+1 = 0 

. ll 1 . (-1C) 
~ smu=- 2 =sm ""6 

"'" 6= mr+ (-i)" ( -;), n E Z 

( )n+tft Z =mr+ - 1 6 ,ne 

1·::\ampll' ~.11 Solve 4 cos 8 - 3 sec 6= tan 6. 

Sol. We have 4 cos 9 - 3 sec 8= tan 8 

3 sin8 = 4cos8- -- = --
cos8 cos8· 

~ 4 cos2 0 - 3 = sin 9 
::::) 4(1 - sin28)- 3 = sin 9 
~ 4 sin2 9+ sin 0- 1 = 0 

. 8 -I± 'i+i6 => sm = --"""-J T_1u 

8 

-l±ffi =---

-1-.Jii 
or= 

8 

[·: sin8;i:2] 



N . 0 ~l+Jl7 ow, sm = 
8 

· e · h · -I +.Jfi 
~ sm = sma, w ere sm a= ---

8 

. -t+M 
:::> 8= nn+ (-J)n a, where sm a= and n e Z . ·s . 

-l-Jl7 
and sine= . 

8 

. e . a h . /3 -1- .J17 = .sm = sm ,.,, w ere sm . = 
8 

-1-ffi 
=> O= mr+(- Jt /3, where sin {3= ---

8 

Examplr 3. 12 Solve sin3 8cos e- cos3 8sin ()c 1/4. 

Sol. si n3 0 cos 8- cos3 8 sin 0 = 1/4 

==> 4 sin 8cos 8(sin2 8- cos2 8) = 1 

:;::> 2 sin 28(-cos28)= I 

= -sin48= I 

~ sin 48=- 1 

Jr 
=> 48=2mr--

2 

= 8= (7rl2) + {-tr/8}, n E Z 

Concept Application Exercise 3.2 

I. Solve 2 sinO+ 1 = 0. 
2. Solve sin2 n8- sin2 (n- l) 8= sin29. 

General .Solution of Equation cosO= cosa 
Given, cos8 ==cos a 
~ -cos a- cosO= 0 

2
. a+O . 8-a 

0 = sm --sm--;;;:; 
2 2 

. a+() 
0 

. 8-a 
0 => sm--= orsm--= 

2 2 
a+O 8-a 

==> --=nrc or --=mr;ne Z 
2 2 

= ()=2mc-aor8=2ntr+a,ne Z 
=2nrc± a,ne Z 

Trigonometric Equations · 3.7 



3.8 Trigonometry 

Nnte: 
• For general solution of the equation sin 8::::: k, ·where -1 S k S I. We have cos 8= cos (cos-1k) 
~ 8= 2mr± (cos-• k), n E Z. . 

Exam plr 3.13 Solve ../3 scc29= 2~ 

Sol. We have .J3 sec 28= 2 

. J3 
=> cos28=-

2 

7r 
= cos-

6 

1C 
=> 28= 2nrc± - , ne Z 

. 6 

1C 
=> B=nn±- ne Z 

12 ' 

Example 3.14 Solve sin 28+ cos 9= 0. 

Sol. We have sin28+ cosO = 0 

=> cos8=- sin29 

~ 9;2nH (~ + ie )ne Z 

· Taking positive sign~ we have . 

1C 
8=2 nrc+- +29 

·2 

1C 
= 2nrc- - , n e Z. 

2 
Taking negative sign, we have 

2nn rc 
~ 9= -- -- ne Z 

3 6 ' 

Example 3.15 Soh·c cos8+ cos38- 2 cos28= 0. 

Sol. We have cosO+ cos38- 2 cos2B= 0 

=> 2 cos28cos8 - 2 cos29= 0 

=> 2 cos28(cos8- J) = O 
~ cos28= 0 or, cosO- I = 0 

n 
=> 28= (2n + I)- , n e Z or 8 = 2nm, m E Z 

2 

1C 
=> 8=(2n+ 1)- , ne Zor8=2mn, me Z 

4 



Example 3.1 (l Solve sec 40-scc 29= 2. 

Sol. 
9 

==2 
cos 4 cos 29 

~ cos 29-cos 48= 2 cos 29cos 48= cos 28+ cos 69 
~ cos 68+ cos 49= 0 
=> 2 cos 58 cos 6= 0 = cos58=0orcos 8=0 

= 59;; (2n +1)1r or8= (2n +1)1r ,ne Z 
2 2 

=>. e=(n+ ~t ore=(n+~)n.neZ 
Example 3.17 

·o 
Solve 5 cos 28+ 2 cos2 

- + 1 = 0, -n< 8< n. 
2 

Sol. Changing all the values in terms of cosO, we get 

5(2 cos28- 1) + (l + cos8) + I= 0 = I 0 cos28+ cos8-3 = 0 

= (5 cosO+ 3)(2 cos8-l) = 0 

~ = - -- cos -- =rc-cos -an -rc+cos -8 1C 1C -1 ( 3J -1 3. d - 1 3 
3' 3' 5 5 5 

EXClUlJliC 3.18 Solve cos x cos 2x cos 3x = l/4. 

Sol. cos x cos 2x cos 3x = I /4 

=> 2(2cos -~ cos 3x) cos 2x = I 

=> 2(cos4x+cos2x)cos2x= l 

=> 2(2cos2 2~-1 +cos 2x) cos 2x"'" 1 

=> 4cos3 2x + 2cos2 2x - 2cos 2x - 1 == 0 

=> (2cos2 2x- 1) (2cos 2x + 1) = 0 · 

=> cos 4x (2cos 2x + I) = 0 

=> cos 4x = 0 or cos 2x =-I /2 

1C .. 21r 
r> 4x= (2n+l)- or2x= 2nm±-. m,ne Z 

2 3 

1C 1C 
=> x= (2n+l)- orx ""' mrc±-

8 3 

Trigonometric Equations 3.9 

[ ·: _:.n<8<n] 

,....---------~Concept Application Exercise 3.3~--------......_· --. 

I. Solve cos 8= J/3 . 
2. Solve tan 8tan 48= I for 0 < 8< rc. 
3. Solve cot(x/2)- cosec(x/2) = cot x. 
4. Solve cot 8 + tan 8 = 2 cosec 8. 
5. So1ve sin 68= sin 48- sin 28. 
6. Solve cos 8 +cos 28 + cos3 8;;: 0. 
7. Solve cos 68+ cos 48+ cos28+ 1 = 0, 0 ~ 8 ~ rc. 



3.10 Trigonometry 
, j 

General Solutions of the Equation tan 6 = tan a 
Given, t~n 8= tan a. 

sin 9 sin a 
=> --=--

cos9 cos a 
=> sin 9cos a-cos 9sin a= 0 
=> sin (9- a.)= 0 
=> 9 - a=mr 
=> 9= mr+ a, where n e Z 

Note: 

• For general solution oft he equation tan 9= k, where k E R. We have tan 9 =tan (tan-1 k) 
=> 9 = mr + (tan - l k ), n E Z 

Solve tan 39=-1. 

Sol. tan38 = -1 

=> 38=nn+(-;),neZ 
111f TC 

=> 9=- - - ne Z 
3 12 ' 

Example 3.20· Solve 2 tan 9- cot 6=-1. 

Sol. 2 tan 8- cot 8=- 1 

. . 1 . 
=> 2 tan 8--- =-1 

tan() · 
= 2 tan2 8 + tan 9- 1 = 0 

=> (tan 8+ 1)(2 tan 9-l) = 0 

I 
=> tan 9=- I or tan 8= -

2 

=> tan 8= tan ( -:) or tan 8= tan (tan -• ~) 

=> 8= mr+ (-Jt) or 8 = mrc+ a. where m, n e ·z and tan a= ..!. 
4 . 2 

Example 3.21 Solve tan 58= cot 28. 

Sol. tan 58= cot29 =tan ( ~ - 28) 
=> 59 = nJt+n - 2() 

2 



1C 
=> 76= n n+-

2 

· Trigonometric Equations 3.11 

· nTC 1r 
::::> 0 = - +-,where n E Z, but n¢ 3, 10, 17, ... where tan 50 is not defined 

7 14 . 

Example 3.22 · SoJve tan8+ tan 28+ J3 tan6tan28 = .Ji 
Sol. tan 6+ tan 28+ J3 tan 8 tan 20 = J3 

=> tan 8+ tan 26= J3 (J- tan 8tan 28) 

=> . tan 8+ tan 26 = J3 
l - tan 6 tan 20 

~ tan 30= .J3 
1r 

=tan-
3 

nft TC 
=>0 = -+- n e Z 

3 9' 

Concept Application Exerci.se 3.4 

1. If tan a8- tan b8= 0, then prove that the values .of 8 fonns an A.P . 

. 2. Solve tan28 + 2 J3 tan8= I. 

3. Solve tan2 x + (I-J3) tanx- J3 = 0. 

4. Solve 3 cos29- 2.J3 sinO cosO- 3 sin29 = 0. 
S. Solve tan(}+ tan (9+ n:/3) + tan{8+ 2n:/3) = 3. 
6. Solve 2 sin3x = cosx. 

General Solutions of the Equation sin26 = sin2a or cos26 = cos2a 
Here the both given the equations are same as cos2 8 = cos2 a 
=> (l-sin28)-{l -sin2a)=O 

=> sin28= sin2a 
=> sin(8+ a) sin (8- a) = 0 

=> sin (9+ a)= 0 or sin (8- a)= 0 

=> 8+a=nTCor8-a=nn,ne Z 

=> 8= nn±a,ne Z 

General Solutions of the Equation tan28 = tan2a 
=> tan8=±tana ·=> tan8=tan(±a) 

~xarnpl(' J.2J Solve 7 cos18 + 3 sin28= 4. 

Sol. We have 7 cos28+ 3 sin28= 4 

=> 7(1- sin26) + 3 sin28= 4 

=> 0 = nn±a, n e Z 
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=> 4 sin28= 3 

;) sin'e= l = ( ~r 

=> 
Tr 

8=nn±- nE Z . 3 ' 

Example 3.24 Solve l sin2 .\· + sin2 2x = 2. 

Sol. We have 2 sin2 x + sin2 2x = 2 

=> 2 sin2x +.(2 sinx cosxi = 2 

=> 2 sin2x cos2x + sin2x = I 

;:::::> 2 sin2x cos2 x- (I - sin2x) = 0 

;:::::> 2 sin2x cos2x- cos2x = 0 

;:::::> cos2x (2sin2x- I)= 0 · 

::::) cos2x = 0 or sin2x = 2. 
2 

2 1t · 2 ·21r => x= ntr+- orsm x= sm· -
2 4 
1r TC • • 

=2mr+- orx=mtr±-, mE Z, where m, n E Z 
2 4 

Exainplc 3.25 Solve 4 cot 28 = cot
2 0- ta n

2 9. 

Sol. 
4 

=-
1
- - tan2 8 

tan 28 tan 2 8 

=> 
4 (I - tan 

2 9.) I - tan 
4 

9 I 2 tan 8 ] . 
put tan 28 = ... 

2 tan 8 tan 2 8 1--: tan ... 8 

=> ( I - tan29) [2 tan8- (1 + tan28)] = 0 

;:::::> (i - tan29) (tan29- 2 tan8+ D = 0 

=> (1-tan29) (tan8- 1)2 = 0 

=> tan8=± I 

=> 
7r 

8=ntr±- n E Z 
4' 

tx:tmplc 3.26 Find. the most gen~ral solution of 21 + l~s .rJ + c~1x + Jcos.rt' + ... "" = 4. 
. 2 f Sol. We have 21 +lcoui +cos x+ J~~ ... + ... oo =4 

=> 
I 

=> . 2 1-Jcos.ti =22 · 



~ 

j 
---=2 
1-1 cosx l 

I J 
~ lcos.xl =-or cosx = ±-

2 2 

1r 
=> x=mr±-,nEZ . 3 

Concept Application Exercise 3.5 

I. Solve tan20+ cot28= 2. 
2. Solve 3{sec28+ tan28) = 5. 

3. Solve 4 cos2x + 6 sin2x = 5. 

Solutions of Equations of the Form a cos6 + b sin8 = c 

Trigonometric Equations 3.13 

To solve equation, let us convert the equation to the fonn cos8 = cos a or sin8 = sin a, etc. 

a = rcos¢} {r=~a2+ b2 
For thts let us suppose that . => b and 

. b=rs•n¢ tan¢=-· 
a 

Substituting these values in the equation a cosO+ b sinO = c, we have 
r cos4J cosO+ r sin¢ sinO= c 

~ rcos(O- tf>) =c 

c c 
=> cos( 0- 4J) = - = = cos,B (suppose) 

r ~02 +b2 

~ 8- 4J=2n7r±{3 
=> 6 = 2n7r+ ¢± {3, n € Z 
Here¢ and f3 are known as a, band c are given. 
Hence, we can solve the equation of this type by putting 

a= r cos ¢and h = r sin ¢,provided c < I 
~02 +b2 -

[ ·: cos f31ies between - I and I] 

WORKING RULES for :mJ,,;,g suclt eq11ations 

J. First of a II check whether lei ~ J a2 + b2 or not. 

2. If lei > J a2 + b2 
, then the given equation has no real solution. 

3. lflcl ~ ~a2 +b2 
, then divide both sides of the equation by ~a2 +li . 
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--~------ -·---·-···~· .--~-~------ ~-----·---~· ~-----. 

4. Take cos a= ~ a and sin a= . b , then the given equation will become cos( 8- a) = coS JJ, 
a 2 +I? . ..Ja2 +b2 

· 

b c 
where tan a=- and cos /3= ~ , . 

a a2 +b-

We can also take sin a= ~02°+b2 , cos a= ~02b+b2 and sin /3 :" ~02c+b2 , then the given j 

' 
equation wi 11 reduce to the form sin (9+ a)= sin /3. 

"'. - · -- 0. - •. -- • - -· . • .. • . .. - --- . - --- -·--·- - _____ , _j 

Examplc-3.27 · Solve J3 cos 8+ sin 6= .J2 . 

Sol. We have .J3 .cos 9+ sin 9= .fi 
This is of the form a cos 8 + b sin 9 = c, where a = J3, b = J and c = .J2 
Let .J3 = r cos a and · I = r sin a 

1C 
~ a=-

6 

Substituting J3 = r cos a and I = r sin a in Eq. (i), it reduces tor cos a cos 8 + r sin 6 = .fi 
=> ,. cos (6- a) = .J2 

=> 2 cos ( 8-::) = .J2 

=> cos (8- :) =~=cos: 

1C tr 
=> 9-- =2ntt± - nE Z 

6 4 ' 

1C 1C . 
~ 0=2mc± -+- ne Z 

4 6 ' 

1C 1C 1C 1C 
= 2n1C+ -+-or fJ=2mc- -+-

4 6 ' . 4 6 

5JC . '1C 
=2nTr+ -or 8=2nrr- -. wherene Z 

12 ' 12 . 

Example 3.2N Solve J3 cos 9-3 sin 9 c: 4 sin 28cos 38. 

Sol. We have .J3 cos fJ - ·3sin9 = 2 (sin 56- sin 9) 

=> {.J3tz)cos 9 - (112) sin 8 =sin 58 

(i) 



~ cos (9 + tr/6) =sin 59=cos(n/2-58) . 
~ 0+ tr/6 = 2n7r± (rr/2 - 50) 

=> 8= nn/3 + tr/18 or 0=-nn/2 + n/6, 'V n E Z 
. . 

Trigonometric Equations 3.1 5 

Ex;unplc 3.29 Find the total number of integral values of11 so that sin x(sinx+ cosx) = n has at least one 
solution. 

Sol. s in x (s in x +cos x) = n 

~ sin2 x +sin x cos x""' n 

J -cos 2x sin 2x 
~ +--= n 

2 2 

~ sin 2x-cos 2x = 2n-l 

~ -..J2 $ 2n - I '5. .J2 
1-../2 . l+.Ji 

=> ~n:S--
2 2 

=> n=O, I 

Concept Application Exercise 3.6 

1. Solve cot 8 + cosec 8 = .J3 . 
2. Solve sin 8+ cos 8= J2 cos A. 

3. Solve .J2 sec 8 + tan 9 == 1. 

4. Find the number of integral values of k for which the equation 7 cos x + 5 sin x = 2k + I has at least 
one solution. 

PROBLEMS BASED ON EXTREME VALUES OF FUNCTIONS 

ExarnplcJ.JO If x,y E 10, 2nj, then find the total number of ordered pairs (x,y) satisfying the equation 
sinx cosy= 1. · 

Sol. sinx cosy= I 
=> sirt~ = J , cosy= I or sinx =-J ,cosy = -1 

lfsinx=1 ,cosy;;-J ~ x=TC!2,y= 0,2n 
lfsinx=-1, cosy=-1 => x=3TCI2,y= tc 

Thus, the possible ordered pairs are ( ~, 0). ( ~ , 21<) and e; , "J 
. Ex:unplc .3.31 Jf3 sin x + 4 cos ox= 7 has at least one solution, then find the possible values of a . 

Sol. We have 3 sin x + 4 cos ax= 7 which is possible only when sin x = 1 and cos ax= I 

Tr 
=> x=(4n + 1) - andax=2mn;m,ne Z 

2 

=> (4n+ I) rr = 2nrrr 
2 a 

4m 
=> a= - -

4n+ l 
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Example3.32 Solve cos50 x....:... sin 5° x = 1. 

Sol. cos5~ x- sin 5° x = l 
L.H.S. ~ 1 and R.H.S. ~ 1 

Hence, we must have cos50 x ~ I .+ sin 5° x = J ~ sinx = O ~ x =nn 

Example3.33 Solve sin2 x +cos 2 y = 2sec2 z for x,y and z. 
. 

S I L H. s - . 2 2 <2 o . . . . - sm x + cos y _ [ ·: sin2 x s; and cos2 y s; 1] 
- 2 ' R.H.S. - 2 sec z ~ 2 

' . 2 2 2 Hence, L.H.S·. = R.H.S. only when sm x = 1, cos y = 1 and 2sec z = 2 
::::} cos2 x = 0 sin2 y = 0 cos2 z = 1 

' ' 
::::} cos x = 0, siny = 0, sin z = 0 

x == (2m + 1) 7r , y = me and z = LTC, where m, nand tare integers. 
. 2 

Example 3.34 Solve 1 +sin x sin2 ~ =0. 
2 

S I I. . . 2 X 0 o. + smx sm - = 
2 

~ 2+2sinxsin2. x=O 
2 

~ 2 + sin x (I -cos x) = 0 

~ 4 + 2 sin x- sin 2x = 0 

::::} sin 2x = 2sin x + 4 

• I 

Above is not possible for any value ofx as L.H.S. has maximum value I and R.H.S. has minimum value 
2. 

Hence, there is no solution. 

·Example3.35. Solv·~ cos 48+ sin 5fJ= 2. 

· Sol. The equation cos 40 +.sin 5 fJ = 2 is valid only when cos 40 = 1 and sin 58= 1. 

::::} .48=2mrand58=2m7r+n/2,n, mE Z 

2mr 2mn n 
{) =:.--·-and8=--+- nm EZ 

4 5 lO' ' 

Putting n; m = 0, ± 1, ± 2, ... , the common value in [0, 2n] is 8= 1rl2. 

Therefore, the solution is 8= 2kn+ 1r/2, k E Z. 

.----------~·concept Application Exercis·e 3.7:1-------------, 
I. Show that x = 0 is the only solution satisfying the equation 1 + sin2 ax= cosx, where a is irrational. 

2. Solve sin4x = J + tan8x. 

3. Solve sin x( cos= - 2sin x )+(I +sin: - 2cos x) cos x = 0. 

4. Solve 12 sin :X+ 5 cos X= 2y- 8y + 21 ' to get the values of n andy. 



IN EQUALITIES 
Trigonometric Inequations 

Trigonometric Equations 3.17 

To solve the trigonometric inequation ofthc typeftx) !S; a, or f(x) ~a. whereftx) is some trigonometric ratio, the 
following steps should be taken: 

1. Draw the graph offtx) in an interval Jength equal to the fundamental period offtx). 
2. Draw the tiney= a. 
3. Take the portion of the graph for which the inequation is satisfied. 
4. To generalize, add nT (n e /)and take union over the set of integers, where Tis fundamental period of 

j{x). 

Solve sin x >-!. E~iuuple 3.36 
. . 2 

Sol. As the function sin x has least positive period 21r; therefore, it is sufficient to solve the inequality of the 
fom1 sin x > a, sin x ~a, sin x <a, and sin x Sa first on the interval of length 27r. Thet) get the solution set 
by adding numbers of the form 2n:n, n e z, to each of the solutions obtained on that interval. 

Thus, let us solve this inequality on the interval [-~, 3; J 

I -1t\ : 

-----l------ - -------~--~--- -I \ I / 
/ '-1-

/ : 
I ..,._ 
I 

y 

Fig. 3.1 

F F. 3 ) . 1 h 1r . 7Tr rom 1g .. , smx>-- , w en--< x <-
2 6 6 

Thus, on generalizing, the above solution is 2ntr- Tr < x < 2n7r + ?tr ; n e z. 
6 6 

Example 3.37 Solve 2 cos20+ sinO~ 2, wh~rc n/2 ~ 8~ 3n/2. 

Sol. 2 cos28+ sin 8~2 
=> 2(1 - sin29)+sin8~2 
~ -2 sin28+ sin 8~ 0 
=> 2 sin28-sinO~ 0 . 
~ sin ~2 sin8-l)~O 

= sin8(sin8-l/2)~0, 

which is possible if sin 8'5: 0 or sin 8 ~ J/2. 

·. 
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From the graph, 
Now sin OZ. 1/2 
and sin 8~ 0 

Trigonometry 

y 

I I 
- -········· .... .j_ •.. --· .•. --· ... l.. .... 

! ! 

0 . ~ 51t 

~ ~ I · --........ _____ .. +-·-· ................... ~ ...................... .. 
I I i 

y' 

=> n/2 ~ e~· 5n/6 
=> rr~'fJ~ 3n/2 

Fig. 3.2 

Hence, the r~quired values of 9 are given by 
Oe [n/2, S.1r/6] u (n, 3.?r/2] 

Example 3.38 Solve sin 8+ .Jj cosO;;:: I, -n< 8~ .n:. .. 
Sol. The given inequation is 

sin 8+ .J3 cos e~ 1,- n < () 5, n . 

1 ~- . 1' 
=> - sin 0+ - cos e~ -. 

2 .2 2 
y= COS X 

y' 
. Fig. 3.3 

=> cos (e -n J ~ !.. = cos rr 
. 6 2 3 

Example 3.39 Solve cos 2x > I sin xl, x E 
> 

Sol. Draw the graph ofy = cos 2x andy = I sin xl 

I 1 ., ............... 1-;.c·~-.. , _________ .. 

Fig. 3.4 

1C . 'It 
=> -- ~ 85: -

6 2 
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Let cos 2x = sin x 

2 ' 2 . I 0 . I I => sm x + sm x- = => stn x =- -
'2 

B 
. . I 

utsmx:;t-1 =>stnx=-
2 

Clearly from the graph, graphs ~fy = jsin xl andy= cos 2x intersect at x = ± 1t, S1r. 
6 6 

Thus, the solution set is X E (-=' ~ )ue:' 1r). 
Ex~mplc 3.40 Find the number of solutions of sin x = !.... . . 10 

Sol. Here, lct.ftx) =sin x and g(x) = ..::_.Also, we know that -1 ~sin x ~ 1. 
10 . 

X 
=> -1 ~-

10 
=> . -IO~x~ 10 

Thus, sketch both curves when x e [- I 0, 1 0]. 

y 

Fig. 3.5 

g(x) = x/10 

f(x) = sin x 

From Fig. 3.5,./tx)= sin x and g(x) =x/JO intersect at seven points. So, the number of solutions is 7 . 

.------------il Concept Application Exercise 3.al~--------....., 

J. Solve sin2 8 > cos28. 
2. Find the number of solutions of the equation sin x = x2 + x + I. 
3. Solve tan x < 2. 
4. Prove that the least positive value of x, satisfying tan x = x + I, lies in the interval (7r/4, 7r/2). 

EXERCISES 

Subject;ve Type Solutions on page 3.34 

J. Solve 3 tan 2x - 4 tan 3x = tan2 3x tan '2.x. 

2. For which values of a, does the equation 4 sin (x + 7r/3)-cos (x- 7r/6) = a2 + .J3 sin 2x- cos 2x have 
solutions? Find the solutions for a= 0, ·if exist. 
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3. Solve sin4 (x/3) + cos4 (x/3) > I /2. 
4. Solve sin x + s in.y =sin (x + y) and lxl + lYI = I . 

5. Solve the equation tan4 
X+ tan4 y + 2 coe X cot2 y = 3 + sin2 (x + y) for the values of X andy. 

6. Firid the smallest positive root ~fthe equation )sin(l - x) = .Jcos x . 

7. Solve the equation 2 sin x +cosy = 2 for the values ofx andy. 

8. Prove that the equation 2 sin x = lxl + a hl:\S no solution for a E (3.J3 - Tr . 001 .. 
3 ) 

(rc I 2 2 ) [5rr 7rr]. 10. Solvesinx + sin s"(1-cos2x) +sin 2x = O,xE 
2

, 
2 

11. Solve sin2x + .!._ sin2 3x =sin x .sin2 3x. 
4 -

Objective Type Solutions on page 3.38 

Each question has four choices a, b, c, and d;out ofwhicb only tme answer is correct. 

I. If sin () = .!_ and cos(} = - J3 , then the general va.lue of() is (n E Z) 
2 2 

5tr -rr 7n a. 2nrc + - b. 2mr + - c. 2mr.+ -
6 6 6 

2. The most general value for which tan(}=- 1, cos()= ~ is (n E Z) 

TC 
d. 2nn+ -

4 

a. nn+ ?n h mr+ (-1 t "In c. 2nn+ ?n d none of these 
4 4 4 

3. If cos p(}+ cos q(} = 0, then the different values of(} are in A.P. where the common difference is 

a. 1C b. _n_ c. ~ d. ~ 
p+q p -q . p+q p±q . 

4. If cos 6 +cos 76 +cos 39 +cos 56= 0, then (}is equal to (n E Z) 
a. nn b. nrc/2 c. nrc/4 

5. lf3 tan2 6 - 2 sin () = 0, then ()is equa l to (n E Z) 

2 1t • ) , n ( )" n a. nrc± - h mr + ~ - 1 - c. nn - - 1 -
4 6 6 

6. If sin 6, 1, cos 2 ()are in G.P., then ()is equal to (n E Z) 

a. nrc+(- ltrr hnrr+ (-l)n- ln c. 2mr 
2 . 2 

d. mr/8 

"Jr, 
dnn+ -

3 

d none of these 

7. The sum of all the solutions of the equation cos 9 cos (; + 9 )cos (; - 9) = : , 9 E [0, 61r] 

lOOn 
a. 15rc h 30n c.-- d none of these 

3 
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8 . .If sec 8- I = ( J2 - I) tan 8, then 8 is equal to (n e Z) 
1t 1( 

a. (2n- 1 )7r h 2mr+ - c. 2nn- -
4 4 

1C 
d 2nTr+-

3 
9. The total number of solution of sin4 x + cos4 x =sin x cos x in [0, 2n] is equal to 

a. 2 h 4 c. 6 d none of these 
I 0. Number of solutions of sin Sx + sin 3x + sin x = 0 for 0 :s;x:::; tr: is 

a. I h 2 c. 3 d none of these 
11. The sum of all the solution of cot 8 = sin 28, (8'¢-mr, n integer), 0 ~ 9~ tris 

a 37rl2 b. 1r c. 3m'4 d 2rr 
·12. The number of solutions of 12 cos3 x - 7 cos2 x + 4 cos.\·= 9 is 

a 0 b 2 c. infinite d none of these 

13. Which of the following is not the general soluti~n of 2co~ 2 .T + I =3.2-~in~ ,\"? 

a. mr, n E Z h ( n + ~ }r , n e Z c. ( n- ~ }r , n E Z _ d none of these 

I 4. The general solution of cos x cos 6x = - 1 is 
a x=(2n+ I) tr, ne Z h x=2mr,ne Z 
c. x ;::; m~. n e Z d none of these 

15. The equation cos x + sin x = 2 has 
a only one solution b two solutions 
c. no solution d infinite number of solutions 

16. J f 0 :::; x:::; 2tr, then the number of solutions of3{sin x +. cos x) - 2(sin3 x + cos3 x) = 8 is 
a 0 b. I c.2 d 4 

.17. Jf i sin 8, cos8, (an Bare in G.P., then 8 is equal to (n e Z) 

1C 1C 1C 
a. 2mr± - h 2mr± - c.mr+(- 1)"-

3 6 3 
18. The number of solutions of2 sin2 x + sin2 2x = 2, x e (0, 2tr] is 

a.4 b5 c.7 
19. General solution of sin2 x - 5 sin x cos \'-6 cos2 x = 0 is 

a. i = nTC- rr/4, n e Z only b mr+ tan-• 6, n e Z only 
c. both (a) and {b) · d none of these 

20. General solution oftan 0+ tan48+tan 78= tan Otan 48tan 78is 
a. 8= mr/12, where ne Z 
b. 8 = nrr/9, where n e Z · 
c. 8= nn+ ro'J 2, where n e Z 
d none of these 

21. The number of solutions of sec2 O+cosec2 8 + 2 coscc2 9 = 8, 0 :::; 8$ 7r/2 is 

7r: 
d mr+ -

3 

d6 

a.4 h3 c.O d2 
22. The total number of solutions of tan x +cot x = 2 cosec x in [- 2n, 2n] is 

a. 2 - h 4 c.6 d 8 

23. Whicnofthe following is true for z = (3 + 2i sin 0) I (1- 2 i sin 8), where i = .f.:i 
a z is purely real for 8= mr± Jr/3, n e Z 
b. 2 is purely ifnaginary for 0= me± m'2, n E Z 

c. .i is purely real for 8 = me, 1i e Z 

d none of these 
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24. 
: . JJ+l 

Number of roots ofcos2x+ 
2 

sin x - .J3 - I = 0. which lie in the in~erva] [-n,n] is 
4 . . 

a.2 b 4 . c. 6 d 8 

25. The complete solution of 7 cos2 x + sin x cos x- 3 = 0 is given by 

n n 
a. nn+ 2 (ne Z) b. me- 2 (n E Z) 

(3) 3 : (4)' . c. nn+ tan- ' 
4 

(n E Z) . d nn+ : , kn+ tan-' . '3 (k, n E Z) 

26. L_et BE [0, 4n] satisfy the equation (sin 8+ 2)(sin 8+ 3)(sin 8+ 4) = 6. If the sum ofa11 the values of 8 
is of the form kn, then the val~e of k is 

a.6 h 5 c.4 d2 

27. If the inequality sin2 x + a cos x + a2 > I+ cos x holds for any x E R, then the largest negative integral 
value of a is 

a. - 4 b - 3 c. - 2 d - 1 

28. The number of solution ofsin4 x - cos2 x sin x + 2 sin2 x +sin x .= 0 in 0 5x 5 3nis 
a. 3 b 4 c. 5 d 6 

29. 1f x, y E [0, 2n] and sin x + sin y = 2, then the value of x + y is 
a. n b 7d2 c. 37t d none of these 

30. For n E Z, the g~neral solution of ( .J3 - 1) sin e + ( ..[3 .+ 1) cos e = :i is (n E Z) 

n . n · 11 n ·n 
a. 8 =2nn:± - +- b. B=nn:+(- 1) - +-

4 12 4 12 

c.8=2nn±n: d8=nn+(- ltn _!!..... 
4 4 12 

31. If sin 69+ sin 48 + sin 28= 0, then e is equal ~o (n E Z) 

nn n 
a. - .- or nn± -

4 3 

nn · 1t 
h - ornn± -

4 6 
me n 

c. - or 2nn± -
4 6 

d none of these 

32. The value of cosy cos ( ~ - x) - cos (; - y) cos x + sin y cos ( ~ - x) + cos x sin ( ~ - y) is 

zero if 

a. x=O by=O c.x=y 
1! 

d nn+y- - (n E Z) 
4 

33. The number of solution of the equation tan x tan 4x = 1 for 0 < x < 7t is . 
a. 1 h2 ·c.5 d8 

34. One root of the equation cos x-x + .!_ = 0 I ies in the interval 
2 

a. ( 0, ~) 

35. tan ( ~") - cot ( q:) if(n E Z) 
. . 

a. p + q =. 0 b p + q = 2n + 1 c.p+q= 2n · d p + q = 2 (2n + 1) 
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36. The range of y such that the equation in x, y + cos x = sin x has a real solution is 

a.[-2,2) b.[-.fi,.J2] c.£~1,1] d[-1/2)1!2] 
37. One of the general solutions of 4 sin4 x + cos4 x = I is 

a. nn± a/2, a = cos-1
( I /5), "i/ n e Z b mr± a/2, a = cos-'(3/5), "i/ n e Z 

c. 2mr± a/2, a= cos-1(1/3), "i/ n e Z d none of these 
38. Number of roots of(l - tan 9)( I +sin 29) =I +tan 8for Be [0, 2n] is 

a. 3 h 4 c. 5 d none of these 
39. The number of solutions of sin x +sin 2t +sin 3x =cos x +cos 2x +cos 3x, 0 ~ x ~ 2n, is 

a.7 b.5 c.4 d6 
40. The number of values of 9which satisfy the equation sin 38- sin 9= 4 cos2 9-2, "i/ Be [0, 2n], is 

a.4 b.5 c.7 dO 
41. One ofthe general solutions of4 sin 8sin 28sin 49= sin 39is . 

a.(3n±l)nil2, "i/ neZ b.(4n±l)ni9,"i/neZ 
c. (3n± I) ni9, "i/ ne Z d (3n± 'I) 7rl3, "i/ ne Z 

42. The general solution of tan 8+ tan 28+ tan 39= 0 is 

a. 8=nni6, ne Z b. 9=nn±a,ne Z,wheretana= t/.J2 
c. Both a and b d none of these . 

43. The general solution of sin 3a = 4 sin a sin (x +a) sin (x- a) is 
a. mr± 7r/4, "i/ n e Z b. mr± ni3, "i/ n e Z 
c. mr± tt/9, "i/ n e Z d mr± 1Z'/12, "i/ n e Z 

44. One of the general solutions of .J3 cos 0- 3 sin 8 c 4 sin 29 cos 38 is 
a. mn+ 1Z'/18, mE Z b mn/2 + n/6, "i/ me Z 
c. m n/3 + m'18. me Z d none of these 

45. The equation si~4 x+cos4 x+ sin 2Y+a= 0 is solvable for 
a.-5/2~a~V2 b.-3~a~J · c.-312~a~V2 d-l~a~l 

46. Consider the system of linear equations in x,y and z: 
(sin 38}x-y+z= O 
(cos 28)x+4y+ 3z= 0 
2x+7y+7z=O 

then which of the following can be the values of Bfor which the system has a non-trivial solution 
a mr+(- 1r Td6, "i/ nE Z . b mr+(-l)n 1Ti3, "i/ ne Z 

c. mr+(-l)"Td9, "i/ne Z d none ofthese 
47. The smallest +vex satisfying the equati9n lo&osx sin x + Jo~inx cos x = 2 is . 

a. rd2 b tr/3 c. 1rl4 . d 7r/6 
48. Num~er of ordered pairs which satisfy the equation x2 + 2x sin (xy) + I = 0 are (wherey e [0, 2n]) · 

a.l b2 c.3 dO 
49. The general solution of the equation 8 cos x cos 2x cos 4x = sin 6x/sin x is 

a. X= (nn17) + (Jd2J ), \1 11 E l b. X= (21ri7) + (1TiJ4), "i/ n E Z 
c. x = (mr/7) + (trll4), \;/ n e Z d x= (mr)+ (1Til4), "i/ n e Z 

SO. lfcos 3x +sin( 2x-
1
:) = -2, thenx is equal to (kE. Z) 

1r 1t · n 
a. 3(6k+l) h 3(6k-l) c. 3(2k+'l) d none of these 
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51. lf(l -tanG) (1 + tan8) sec2 8 + 21a"
2 
e = 0, then the number of values of e in the interval ( -n/2, n/2) are. 

al h 2 ~3 ' d4 

52. Number of ~olutions of tan ( ~ sin II) ~ co{ ~ cos II J. II E ( 0 ." 6n ), is 

a. 5 h 7 - c. 4 d 5 

53. -~The total number of solutions of cos x = .J1- sin 2x in [0, 2n] is equal to 
a. 2 h3 c.S d none of these 

5 

54. The number of solutions of ,L cos r x .= 5 in ·the interval [0, 2n] is 
r=l 

a. 0 h2 c: 5 d 10 

55. The number of values ofx for which sin 2x + cos 4x = 2 is 
· a.O · hl . c.2 d infinite 

56. Let a and f3 be any two positive values of x for which 2 CO$ x, I cos x I and 1 - 3 cos2 x are in GP. The 
rninimu.m value ofl a-m is 

a 1! h 1! 

3 4 

• 1! 
c. 2 

57. The general solution of the equation sin 100 x - cos 100 x = 1 is 

n 
a. 2mr + - , n e I 

3 

1! 
h nn + - , n E 1 

2 ' 

1C 
c. nn + - , n e I 

4 

58. The total number of solutions of !cot xl = cot x + -.-
1
- , x e [0, 3n] is· equal to 

sm x 

d none of these 

TC 
d2nn-- nel 

3 ' 

a.1 h2 c. 3 dO 

59. Iftan (A - B) = 1 and sec (A+ B) = 2( .J3, then the smallest positive values Qf A and 8, respectively, are 

a 251! 191! . h 19n 25n c · 3ln 13n . d J3n 31n 
. 24 ' 24 24 ' 24 . 24 ' 24 24 ' 24 

60. lf3 tan (8- 15°)'= tan (8+ 15°), then 8is equal to (n e Z) 

'TC 
a. nn+-

4 

. 1! 
c. nn +-

3 
61. Iftan 38+ tan e;;;;; 2 tan 28, then 8is equal to (n E Z) 

a. nn h mr 
4 

c. 2mr 

62. The set of all x in ( ~;, ~) satisfying 14 s in x - I I < J5 is given by 

d none of these 

d none of these 

"- h~' ~~) h C~· ~~) ~ C~· ~~) d none of these 

63. sin x +cos x'= y2 - y +a has no value of x for any value ofy if a belongs to 

a. (0, .J3) h (-'-"3, 0) C. (- oo, - J3) d ( J3, oo) 
64. The solution of 4 sin2 x + tan2 x + cosec2 x + co~ x - 6 = 0 is 

TC 
a. mr;t -

4 

1C 
h 2nn±-

4 

1C 
c. nn+-

3 
1C 

d mr--
6 
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65. The number of solutions of (sin x +cos x] = 3 +[-sin x] +[-cos x] (where[.] denotes the greatest 
integer function), x e [0, 2n], is 

a. 0 b. 4 c. infinite d 1 
66. The equation cos8 x + b cos4 x + I = 0 will have a solution if h belongs to 

a. (-oo,2] b. (2,oo) c. (-oo,-2] d none ofthese 

67. The number of values ofy in [- 27r, 2rr] satisfying the equation lsin 2xl + Ieos 2xl == jsinyl is 
a.3 . b.4 c.S d6 

68. If both the distinct roots of the equation lsinxl2 + lsin xl + b = 0 in [0, n] arc real, then the values of bare 
a. [- 2, 0] b. (-2, 0) c. [- 2, 0) d none of these 

69. lfl2 sin 9-cosec 81 ~land 8i:- nn , n e /,then 
2 

a. cos 28~ 1/2 b. cos 28~ l/4 c. cos 26~ 1/2 d cos 29~ 1/4 
70. The number of solutions of the equation sin3 x cos x + sin2 x cos2 x + sin x . cos3 x = 1, in the interval 

[0, 2n], is 
a.4 b.2 ~I dO 

71. elsin.tj +e-Jsin .~ +4a = 0 will have exactly four different solutions in (0, 2n] if 

a. ·ae R b. ae -- -- c. ae · oo [ 
e I] [-l-c2 

] 
4' 4 4e ' 

d none of these 

72. The Iota I number of solutions of In !sin xl ~ -,-2 + 2x in [- ; , 
3
;] is equal to 

a. 1 · b. 2 c. 4 d none of these 

73. The total number of ordered p~irs (x, y) satisfying lxl +~·I~ 4, sin ( "~
2

) ~ I is. equal to 

74. 

75. 

a. 2 b. 3 . c. 4 d 6 
The total number of solutions of sin {x} =cos {x} (where{.} denotes the fractional part) in [0, 2n] is 
equal to 

a. 5 b. 6 c. 8 d none of these 
'If a, be [0, 2n] and the equation x2 + 4 + 3 sin (ax + b) - 2x = 0 has at least one solution, then the value 
of(a +b) can be 

a. 7tc b. 5n c • . 9rr 
2 ·2 2 

d none of these 

76. The equation tan4 x- 2 sec2 x +a= 0 will have at least on~ solution if 
a. 1 < a ~ 4 b. a-~ 2 c. a ~ 3 d none of. these 

77. Complete the set of values of x in (0, n) satisfying the equation 1 + log,2 sin x + log2 sin 3x ~ 0 is .. e: . 3: J h (;. 
2
;) ~ ( o. ; )uC;. ,. ) d (;. 

2
;) 

4 4 
78. The equation sin2 ·9- 3 :;;;; I - 3 has 

sin 6 - I sin () - :1 

a. no root b. one root c. two roots c. infinite roots 

79. The sum of all roots of sin( 1flog3 ( ~)) ~ 0 in (0, 21r) is 

a. 3f2 \ 4 ~ 912 d 13/3 
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80. The number of pairs of integer (x, y) that sat.isfy the following two equations 

{
cos (xy) :::; x . 

IS 
tan (..\y) = y 

a.1 b.2 c. 4 d 6 . 

· 81. Sum of all the sol~tions in [0, 4n:] of the equation tan x +cot x + I ~cos( x +:) is 

a. 37r b. in. c. 71fl2 d 47r 
82. Number ofsolution.s the equation cos( B)· cos (n8) = I has 

a. 0 b. 2 c. I d infinite 

83. ·The general value ofx satisfying the equation 2 cot2x + 2 .J3 cot x + 4 cosec. x + 8 = 0 is 

1r 1r 1r rc 
a. nn- -,n E Z b. mr+ -

6 
, nE Z c. 2nrc- -,nE Z d 2mr+ -,nE Z 

6 6 6 . 
84. Assume that 9 is a rational multiple of 1r such that cos 8 is a distinct rational. Number of values of 

cos 8 is · 
a. 3 . b. 4 c. 5 d 6 

85. Number of ordered pair(s)(a, b) for each of which the equality a (cosx- 1) + b2 =cos (ax +.b2)-1 holds 
· true for all x E Rare 

a. I b.2 c.3 d4 

~-- · - ~------· -·-·-~-~~- ·--- ~---) 

Multiple Correct Answers. Type Solutions on page 3.54 · 
~ . . . . ""' 

Each question has four choices a, b, c, and d, out of which tme or mor(! answers arc correct. . . . 

I. If 4 sin4 x + cos4 x = I , then x is equal to (n E Z) 

2 2nrc 
b. nn± sin-• · - ·c. --a. mr 

5 3 
2. If sin3 8 +sin 6 cos 8 + cos3 8 = 1, then 8 is equal to (n E Z) 

1r 
a. 2mr b. 2nn+ -

2 
3. A general solution oftan2 6+ cos 29= I is (n e Z) 

7r . 
a. nTC--

4 

1C 
b. 2nn+ -

4 . . 

4. If sin x + cOsx ~ J.v + 
1 

for x E [0, rr], then 
)' - . 

'TC 
c. 2nrc- -

2 

1t 
. c. nrc+ -

4 

1r 
d.2nrc±-

4 

d nrc 

d n1C 

a. x = tr/4 · b. y = 0 c. y = I d x = 3td4 

5. sin 8+ .J3 cos8 = 6x -~- II, 0 ~ (}::; 4n, x E R. holds for 
a no values of x and (J b. one value of x and two values of 8 
c. two values ofx and two values of 8 d two point of values of(x, fJ) 

·6. Jf sin2 x :.._ 2 sin x- 1 = 0 has exactly four different solutions in x E [0, n1r) , then value/values of n is/are 
{nE N) 

a. 5 b.3 c. 4 d 6 
7. For the smallest positive values of x and )1, the equation 2(sin x +sin j') - 2 cos (x ...;. y) = 3 has a solution, 

then which ofthe following is/are true? 
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x+y (x- y) 1 a. sin-
2

- = 1 h cos -
2

- = 
2 

c. number of ordered pairs (x,y) is 2 d numbeF of ordered pairs (x,y) is 3 
8. For the equation 1- 2x-x2 = tan2 (x + y) + cot2 (x + y) 

a. exactly one value ofx exists 
c. y= -I + ntr+ ro'4, n E Z 

b. exactly two values ofx exists 
dy= 1 +nn+ro'4, ne Z 

9. lfx + y= ro'4 and tan x + tany= I, then (n E Z) 

a. sin x = 0 always h when x =me+ ro'4 then y =-:-me· 
c. when x = mrtheny = ntt+ (1l14) d when x = mr+ 7r/4 then y = nn-{Jr14) 

I 0. lfx + y = 2ro'3 and sin x/siny = 2, then 

a. the number of values ofx e [0, 4n] are 4 h number of values ofx e [0, 4n] are 2 
c. number of values ofy e [0,4n] are 4 d number ofvalues ofy e [0, 4n] are 8 

IJ. Let tan x- t.an2 x > 0 and l2sin xl < I . Then the intersection of which of the following two sets satisfies 
. both the inequalities? 

a. x > nn, n E Z h x > me- 7r/6, n E Z 
c. x < nn-1Cf4, n e Z d .x <nn+ 1li"6, n E Z 

12. 1 f cos (x + Tr/3) + cos x = a has real solutions, then 
a. number of integral values of a are 3 
h sum of number of integral values of a is 0 
c. when a= I, number of solutions for x e [0, 21r] are 3 
d when a= J, number of solutions for x e [0, 2n] are 2 

13. for 0 ~ x $ 2n, then 2CMec
1

.'" _!_ /- y + :t ~ .J2 
2 

a. is satisfied by exactly one value ofy b ·is satisfied by exactly two value ofx 

c. is satisfied by x for which cos x = 0 d is satisfied by x for which sin x = 0 

14. ]f sin2 x- a sin x + b = 0 has only one solution in (0, 1l'), then which of the following statements are 
correct? 

a. ae (-oo, 1]u[2, oo) b.be (- oo,O]u[l,oo) c. a= I +b d none of these 

15. Jf(cosec2 6-4p-l +(cot 9+ .J3) x + cos2 3
1l' = 0 holds true for all real x, then the mos.t general values 
2 . 

of Bean be given by (n e Z) 

lin 5n 7n lln 
a. 2nrr+ - b. 2nrr+ ·- c. 2nrr± - d nn± -

6 6 6 6 
16. lf(sin a) .~-2x + b ~ 2 for all the real values ofx ~I and ae (0, 7r/2) u (ro'2, 1r), then the possible real 

values of b is/are 
a. 2 h 3 c.4 d 5 

.J3-I J3 + 1 ~ 
17. Thevalueofxin(O, n/2)satisfying . + =4v2 is 

smx cosx 

a. !!.... h 5n · c. 1tc 
12 12 24 

18. If cos 38= cos 3a, then the value of sin 8can be given by 

a±sina hsin(;_±;) c.sin( 2;:~-a) 
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19. Which of the following sets can be the subset of the general solution of I + cos 3x 
= 2 cos 2x (n E Z)? 

rr rr ~ 
a.nrr+ 3 b.mr+ 6 c. mt- 6" d.2mr 

20. In a right-angled triangle, the hypotenuse is 2.J2 times the perpendicular drawn from the opposite 
vertex. Then the other acute angles of the triangle are 

rr n 3n 
a.3 bs e.g-

.. 

rr 
d-

6 
.... . ' 

Reasoning Type.· Solutions on page 3.59 

Each question has four choices a, b, c, and d, out of which on(v one is correct. Each question contains 
STATEMENTJ andSTATEMENT2. . 

a. if both the statements are TRUE and STATEMENT2 is the correctexplanationofSTATEMENT I 
b. ifboth the statements are TRUE but STATEMENT2 is NOT the correct explanation ofSTATEMENT .I 
c. ifSTATEMENT I isTRUEandSTATEMENT2 is FALSE 
d ifSTATEMENT I is FALSE and STATEMENT2 is TRUE 

.1. Statement 1: The value of x for which (sin x +cos x)1 + sin2." = 2~ when 0 ~ x ~ 1r is n/4 only. 
Statement 2: The maximum value of sin x + cosx occurs when x = 1d4. 

2. Statement 1: The equation sin2x + cos2y = 2 sec2 z is solvable when only sin x = 1; cosy= 1 and 
secz = 1, wherex,y, z E R. 
Statement 2: The maximum value ofsin.x and cosy is 1 and minimum value of sec z is 1. 

3. Statement 1: Equation x sin x""' I has four roots for x e ( - 7t, n) . 
. Statement 2: The graph ofy = sinx andy= 1/x cuts exactly two times for x E (0, n). 

4. Statement I: sin x = a, where- I <a< 0, then for x E [0, mr] has 2(n- 1) solutions 'i/ n e N. 
Statement 2: sin x takes value a exactly two times when we take one complete rotation covering all the 
quadrant starting from x = 0 .. 

S. Statement J: Equation .J,...I--si_n_2_x =sin x has I solution for x E [0, 1d4]. 
Statemcnt2: cosx> sinxwhenxE [0, .n'/4]. 

6. Statement I: The number of solution ofthe equation !sin ,\i =f xI is only one. 
Statement 2: I sin xl >- 0 'V x E R. 

7. Statement I : General solution of tan 4x- tan 2x =l is x =·!!.!!.. + !!_, n e /. 
l + tan 4x tan2x 2 8 

Statement 2: General solution .of tan a= 1 is a= n1t+ n , n E 1. 
4 

8. Statcm_cnt 1: The equation sin (cos x) = cos (sinx) has no real solution. 

Statement 2: sin x ±cos x E [ -Ji, ~]. 
9. Statement 1: Equation sin x = £1 has infinite solutions. 

Statement 2: y = if is an unbounded function. 
J 0. Statement 1: Number of solution of n Isin xI= m I cos xI (where m, n E Z) in [0, 2n] is independent of 

m and n. 
Statement 2: Multiplying trigonometric functions by constant changes only range of the function but 
period remains same. · 
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linked Comprehension··rype Solutions on page 3.61 

Based upon eath paragraph~ three multiple choice questions have to be answered. Each question has four 
choices a, b, c, and d, out of which only rme is correct. 
For Problems I -3 

Consider the cubic equation 
x3 - (l +cos 8+ sin 8) x2 +(cos 8sin 8+ cos 8+ sin 6)x - sin 6cos 8= 0 
whose roots arc x1, x2 and x3. 

1. The va~ue of x~ +xi +xi equals 
a. I b 2 c. 2 cos 8 d sin O(sin 8+ cos 8) 

2. Number of values of 6 in [0, 2n] for which at Jeasnwo roots are equal 
a3 h4 c.5 ·d6 

3. Greatest possible difference between two of the roots if8E [0, 2n] is 

a 2 h I c. .Ji d 2 J2 
For Problems 4-6 

Consider the equation sec 9+ cosec 6= a, 8 e (0, 21r) - { rr/2, n, 3rr/2} 
4. If the equation has four real roots, then 

a Jal;;:: 2.fi b jaj < 2.Ji c. a~ - 2..fi d none of these 
S. If the equation has two real roots~ then 

a. jaj ~ 2.Ji h a< 2.J2 c. j.aj < 2.J2 d none of these 
6. J f the equation has no real roots, then 

a. lal ~ 2.J2 b a< 2..fi 
For Problems 7 - 9 

Consider the system of equations 
sin x cos 2y = (a2 -1)2 + 1, 
cosx sin 2y = a+ I 

c.Jaj < 2J2 

7. Number of values of a for which the system has a soluti<?n is 
a.l h2 c.3 

d none of these 

d infinite 
8. Number of values of x E [0, 2tr], when the system has solution for pem1issible values of a, is/are 

al b.2 c.3 d4 
9. Number of values ofy E [0, 2n], when the system has solution for permissible values of a, are 

a.2 b3 c.4 d5 
For ProbJems J 0 - 12 

Consider the equation J~r (12 -8t + 13)dt ""'x sin(a/x) 

10. The number of real values ofx for which the equation has solution is 
a. I b. 2 c. 3 d infinite 

J J. If x takes the values for which the equation h.as a solution, then the number of values of a e [0, 1 00] is 
a.2 b.l c.5 d3 

J 2. One of the soluti~ns of b' - cosaj < x, where x and a are values that satisfy the given equation, is 
a. yE [-5, 7] b. ye (-7, 5] c. ye [5, 7] d none of these 

For Problems J 3 - 15 
Consider the system of equations 
X cos3 y + 3x COSy sin2 y = ) 4 
xsin3y+3xcos2ysiny = 13 
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13. The value/values ofx is/are 

h ± .J5 ·c.± IIJ5 . d none of these 
14. The number of values ofy e [0, 6n] is 

a. 5 h 3 c. 4 d6 
15. The value of sin2y + 2cos2y is 

a. 4/5 h 9/5 c. 2 d none of these 

Mat~x-Match Type Solutions on page 3.64 

Each question contains statements given in two columns which have to be matchc<J. Statements (a, b, c, d) in 
column I have to be matched with statements (p, q, r, s) in column 11. If the correct match are a~ p, a~ s, b ~ q, 
c ~ p,c ~ q and d ~ s ;then the correctly bubbled 4 x 4 matrix should be as follows: 

I. 

2. 

Column 1 (F..quation) 

n. cos22Y + cos2x = 1 

h cn;x+jj sin x:;: j3 

c. I+ ../3 tan2 x ::;: (1 + J3) tanx 

d. tan 3x - tan 2x- tan x = 0 

Column I (F..quatlon) 

p q s 

a(V@80 
b0080 
c®0(0Q) 
d®@C)Q) 

Column 11 (Solution) 

p.x = {mr + :} u {mr + :} n e z 

111C 
q.x==-,neZ 

3 

1C 
r. x "" ( 211 -:-1) 6", n e Z 

(' 

Tr Tr 
s.x = 2nTr +- u 2nTC + 

6 
, ne Z 

2 

Column II (Number of solutions) 

a. x3 + x2 + 4x + 2 sin x = 0 in 0 :5,;xs;27t p.4 

b. sin fl cos fl' = 2""- 2 + 2 -..r- 2 q. I 

c. sin 2,· +cos 4x = 2 r. 2 

d. 30 [sinx[ = x in 0 $x$2TC s. 0 
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3. 

Column I (Equation) Column IT (Solution) 

a. max {5 sin 8 + 3 sin (9- a)} = 7 then the 
9eR 

p. 2111r+ 3m'4, n E Z 

set of possible values of a is . 

b. x * mr and (cos x )sin1 x-3 sin ·" + 2 = I 1C 
q. 2nTC ± -;11 E 2 

2 3 

c. JCsinx) +2114 cosx=O r. 2nTr+ COS- I ( 1/3), n E Z 

d. log5 tan x =(logs 4)(1og.. (3 sin x) s. no solution 

Solutions on page 3.66 

1. Number of values ofpforwhich equation sin3x+ I+ p3 -3 p sinx=O (p> 0) has a root is ___ __; 

2. Number of roots of the equation jsin x cos xl + ~2 + tan2 x + cot2 x = .J3, x E (0, 4n], are 

3. Number of roots of the equation (3 +cos x/ = 4-2 sin8x, x E (0, 5Tr] arc------' 

sin x sin 3x sin 9x (o rr) 
4. Number of solution(s) of the equation 

3 
+ + = 0 in the interval ~ -4 cos x · cos 9x cos 27x 

is ___ ___; 

5. Number of solution'S of the equation ( .J3 + 1 tx + ( ../3- 1 yx = 23x is ___ ___; 

6. Number of integral value(s) of m for the equation sin x - .J3 cos x 

X E (0, 27t) is-----' 

4m - 6 
--- has solutions 
4 - m 

3a a2 

7. The value of a for which system of equations sin2x + cos2y = 2 and cos2x + sin2y = 2 has a 

solution is 
---~ 

8. If cos 4x = a0 + a1~os2x + a2cos4x is true for all values of x E R, then the value of 5a0 + a 1 + a2 
is . . 

9. Number of integral values of a for which the equation cos2x- sin x +a = 0 has roots when x € (0, 1f12) 
is ----

10. The maximum integral value of a for which the equation a sin x +cos 2x = 2a- 7 has a solution is 

TI 
IJ. Number of roots the equation 21ru{x- ~) - 2(0.25) cos2x

4 

+ I = 0 is------' 

12. Number of solution of the equation sin" x- cos2 x sin x + 2 sin2 x + sin x = 0 in 0 ~ x ~ 3n is 
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Archives . . -- Solutions on page 3. 69! 
~ - - -~------"·- ···-- -- -· - , __ . . • . __; 

· Subjective 

1. Find the coordinates of the points of intersection of the curves y = cos x , y =sin 3x if- rc ~ x ~ n. 
2 2 

(JIT-JEE, 1982) 
2. Find all the solution of 4 cos2 x sin x - 2 sin2 x := 3 sin x. (JIT-JEE,.l983) 

3. Find the values of x e (- n, .1r) which satisfy the equation 8 (+Jcos xf+lco~
2 

xl+lc:o~3 xl+ ... ) = 43
. 

( ) 

{IIT..JEE, 1984) 
4. .Find all values of 8 in the interval -;, ; satisfying the equation 

(I - tan 8) (J +tan 8) sec2 8 +. 2Ul"28 = Q. (IIT..JEE, l~ 
S. Find the number of all possible value of 8, where 0 < 8 <n, for which the system of equations 

()1 + z) cos 38 = (xyz) sin 3 8 

. 
38 

2 cos 39 2 sin 39 
xsm = +---

)' z 
(xyz) sin 3 8"" ()1 + 2z) cos 3 8+ y sin3 e 

· have a solution (x0,y0, z0) withyot0 ~ 0. (JIT..JEE,2010) 

6. Find the number of values of 8 in the interval ( - rc , rc) such t~at 8 ~ nn for n = 0, ± I, ± 2 and 
2 2 5 

tan 8= cot 5.9as well as sin 28= cos 48. {11T-JEE,2010) 

Objective 
Fill in the blanks 

1. The solution set ofthe system of equations x + y = 21r , cos x +cosy"" ~ , where x andy are real, is 
3 2 

(IJT-JEE, 1986) 

2. The set of all x in the interval [0, n] for which 2 sin2 x-3 sin x + l ~ 0 is--· (IIT-:.JEE, 1987) 
3. General value of 8 satisfying the equation tant 8 +sec 2 (J"" I is (IJT-JEE, 1996) 
4. The real roots ofthe equation cos~ x + sin 4 x = 1 in the interval ( - rr, n) are _ _, __ and __ _ 

(llT-JEE, .1997) 
True or false 

J. There exists a value of 8between 0 and 2rrthat satisfies the equation sin4 8 - 2 sin2 8 - I = 0. 
. (IIT-JEE, 1984) 

Multiple choice que.ftion.f witiJ one correct an.~wer 

1. Theequation 2cos2 ~sin 2 x = x2 +x-2 · O<xs!! h~s 
2 . ' 2 

{IJT-JEE, 1980) 

a. no real solution 1\ ohe real solution 
c. more than one solution d none of these 

2. The general solution of the trigonometric equation sin x +cos x = ·1 is given by (liT -JEE, 1981) 

a. X= 2n~ n = 0, ± r, ± 2, .. . ll X= 2nrr+ Trl2; n = 0, ± I' ± 2, ... 
1r 1C . 

c. x = mr+ (-1)" - - - n=O,± 1,±2, .. . d none of these 
4 4 

3. The general solution of the equation sin x - 3 sin 2x +sin 3x = cos x- 3 cos 2x +cos 3x is (n e Z) 
(IIT-JEE, 1989) 
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1t nn 1t nn n 2 
a. nn+- h -+- c. (- lt-+- d 2mr+cos-•-

8 2 8 2 8 3 
4. The equation (cos p - 1 )x2 +(cos p)x +sin p = 0 in the variable x has real roots. Then p can take any 

value in the interval (IIT..JEE, 1990) 

a. (0, 21t) . h (-Jr, 0) c. (-; ' %) d (0, It) 

5. The number of solutions of the equation tan x +sec i = 2 cos x lying in the interval [0, 2n] is 
(IIT-JEE, .1993) 

a.O hl c.2 d3 
6. The general values of 8satisfying the equation 2 sin29- 3 sin 8-2 = 0 is (n e Z) (JIT..JEE, 1995) 

a. nn+(- Jt.nt6 b nn+(- l)"m'2 c. mr+(-trsm6 d nn+(-1r7m6 

sinx cosx 

7. Thenumberofdistinctrealrootsof cosx sinx 
cos~ . . n . 1C • 
cos = 0 m the mterval - - !S: x !S: - ts 
. 4 4 

cosx cosx smx 
(IIT-JEE,200J) 

a.O c. 1 d3 
8. The number of integral values of k for which the equation 7 cos x + 5 sin x = 2k + I has~ solution is 

a. 4 b 8 c. 10 d 12 (IIT-JEE,2002) 
9. cos( a-{3) = 1 and cos( a+ {3) = 1/e where a, /3 E [-n, n). Pairs of a, /3 which satisfy both the equations 

is/are (IIT~JEE,2005) 

a.O . hl c.2 d4 
10. The value of8e (0, 2n) for which the equation is 2 sin2 8-5 sin 8+ 2 > 0 is · (IJT-JE'E,2006) 

a (o TC) u (5n 2n) h (n 5n) c. (o n) u (n. 5n) · d (4ln n). 
, 6 6 . 8 ' 6 , 8 6 . 6 48 , 

11. The number of solutions of the pair of equations (JlT-JEE, 2007) 
2sin2 8-cos28=0 
2cos2 8-3sin8=0 
in the interval [0, 2n] is 

a.O h1 c.2 d4 

Multiple choice questions witll one o'r more than one correct answers 

1. The number of aiJ the possible triplets (a., a2, a,) such that a
1 
+ a

2 
cos(2x) + a

3 
sin2(x) = 0 for all xis 

(I.IT-JEE, 1987) 
a 0 h 1 c. 3 d infinite 

2. The values of 8 1ying between(}= 0 and 9= 812 and satisfying the equation 

1 +sin2 8 cos2 8 4sin 48 

sin2 8 l+cos2 8 4sin48 =0 are (JIT-JEE! 1988) 

sin2 8 cos2 8 1 +4sin 49 

a. 711124 h 51Z124 c. 11 nf24 d 1l1'24 

3. The number of values ofx in the interval (0, 5n] satisfying the equ'ation 3 sin2 x- 7 sin x + 2 = 0 is 
a. 0 b 5 c. 6 d · 10 (IIT-JEE, 1998) 

4. Let 2 sin2 x + 3 sin x-i> 0 and x2 - x ..;. 2 < 0 (x is measured in radians). Then x lies in the interval 

a(:. 5:) h (-1. 5:) c.(-1,2) d (:.2) 
(IIT-JEE, 1994) 
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. 4 4 1 
5. If~+ cos x =-,then 

2 . 3 5 
2 

a. tan2 x =-
3 

sin8 x cos8 x 
b --+ =-

8 27 125 

. I 
c. tan2 x =-

3 
d 

sin8 x cos~ x 
--+--

2 

8 27 125 
(JJT-JEE,2009) 

ANSWERS AND SOLUTIONS 

~~~--~--~·---·-, 

Subjective Type 
.. - o ·- - - _._.a __ , ___ ..._ •• ~ -·- •• • •- ----- o ' o • · -~ ... - ........ -·-•-•• o .. .. - . -·----- • - ~ 

1. We have 3 (tan 2x- tan 3x) =tan 3x (1 +tan Jx tan 2x) 
=> 3(tan ~-tan 3x)/( I+ tan 3x tan 2x) =tan 3x 
~ 3 tan (2x- 3x) = tan 3x 

=> 3 tan x + (3 tan x- tan3 x)l( I - 3 tan2 x) = 0 

=> tan x [3('1 - 3 tan2x) + 3- tan2 x] = 0 

=> tanx(6-l0tan2x) = O 

=> tan x = 0 or tan2 x = 3/5 
lftanx=O ~ x=nTC,ne.Z 

and iftan2 x = 3/5 => x=mtr± a= mn± tan-1 J3i5, me Z 

Hence,x=: nn, mn±tan-1 J3i5' v m, nE z. . 
2. The given equation can be rewritten as 2[sin (2x + 7r/6) +sin 7r12] = c? + .J3· sin 2x- cos 2x 

=> ·cos 2x.= (c? ..:. 2)/2 
=> 2 cos2 x = c?-12 or cos2 x = (a/2)2 · (i) 

=> a2 
:$; 4 ot - 2 ~ a :$; 2 (ii) 

For a= 0, the given equation is reduced to 

cosx = O,'i.e., x= ntr+ (1Ti2), n E Z (iii) 

3. sin4 (x/3) + cos4 (x/3) > 112 (n E Z) 
=>. 1-2 sin2 (x/3) cos2 (x/3) > 1 /2 

=> 1- .!. sin2 (2x/3) >.!. 
2 2 

=> sin2 (~/3) < I 
which is a1ways true except when sin2 (2x/3) = I 

This means 2x/3 =.nn± (7r/2) or x =:: (3nn/2) ± (3TC/4) , n E Z 
Hence, solution set of the inequality is R - (x : x = (3nTC /2) ± (31t /4), 11 E Z} . 

4. sin x +sin y = sin (x + y) . · ·' 

=> 2 sin x+ )'[cos x- y -cos x+ y] = 0 
2 . 2 2 . 

4 
. x+ y . x . y 

0 => sm --sm-sm- = 
2 2 2 

. x+y 
a.sm --=0 

2 
~ x+y=2nTC,nEZ => x+y=O(·:jxi+!yl=l=?-l~x.y~l) 



b 
. X 

.sm -=0 
2 

~ x=2m7r,mEZ 

. y 0 c. sm -= 
2 

~ y=2ptr,pE Z 

From ~ + lYI"" I 
Jfx = 0, then IYI = 'I 

lfy= 0, then lxl = 1 

~ y=± I 
::::::> x =± 1 

~ x=O 

::::::> y=O 

l . . I 
Jfy=-x, then !xlr+- 1-xl =2 ::::::> x=±- andy= =F-

2 2 
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Hence, solutions are (0, I), (0, - I), (I, 0), (-I , 0), G. -~)and ( -~. ~ J 
5. tan4 x + tan4 y + 2 cor2 x cot2 y = 3 + sin2 (x + y) 

~ tan4 x + tan4 y + 2 cot2 x co~ y - 2 =:= 1 + sin2 (x + y) 
::::::> (tan2 x- tan2 y)2 + 2(tan x tan y- cot x cot y)2 =- l + sin2 (x + y) 

NowL.H.S. ~Oand R.H.S. ~0 
~ L.H.S. = R.H.S. = 0 

::::::> tan2x "" tan2y and tan2x tan2y = 1 and sin2(x + y) = 0 
= tan2y = t and x + y = ntr, n E Z 

1C 1C 
::::::> x=mt± - ,ne Zandy=ntr;-,ne Z. 

4 4 
6. The given equation is possible if sin (I - x) ~ 0 and cos x ~ 0. 

On squaring, we get sin (1 - x) = cos x 
y 

=> cos(~ -(1 -x)) = cosx 

tr 
=> --I +X = 2ntr ±X , n E Z 

2 
1C 

2nn-- +J 
::::::> x= 2 ne Z 

2 ' 

y' 

Fig. 3.6 . 

For n = 2, x = ?n +..!_ which is the smaJJest positive root of the given equation. 
4 2 

7. 2sinx+cosy= 2 
::::::> cosy= 2(1 -sin x), we have cosy e l-1 , I] 

1 . 1 
::::::> -- ~ 1- SIO X ~-

2 2 
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Lett= sinx ~ x = sin-1(t), t E [112, 1] 

~ cosy= 2(1-t) ~ IE[l/2,1) 
y = 2n1tr ±cos - l 2(1- t) · ·} 

and x = n2n + ( -1)112 sin -l (t) 
. . 

8. sinx = .!_lx l+ a or2sinx = lxl+a.Considergraphsofy=2sirixandy = lxl. 
2 2 . . . 

y 

y' 

Fig.3.7 

Equation 2 sin x = I x I + a wiH have a solution so long as the line y = I xI + a intersects or at least touches 
the curve, y = 2sin x. In this case, we must have dyldx = 2cos x = 1 = the slope of the line 
~ x = Td3. 

H h 1 
. . 'f 1C . 2 . .1r j.J3 - 1t' 

ence, t e so utJOn ex1sts 1 - + a > sm - => a > ---
3 . ·3 3 

9. tan ( ~ cos 9) =cot (~sin 9) = tan ( ~ - ~ sin 9) 
1t' D 1! 1t'.D Z => - cos u = nn + - - - sm u n E 
2 2. 2 ' 

~ 1r (sin9 +cos B) = nn+ n = (n + !J 1r 
2 . 2 2 

~ sin 8+ cos 8= (2n + I) 

=> ,/2 sin ( 9 + :) = (2n + I) 

~ n = 0, - 1 are the only possibilities . 

So, sin ( 8+ :) = ± Ji = sin ( ± :) 

11: 1C 1r . 
~ 8+-=m-+- m EZ· 

4 2. 4' 
7r 

=> B=m- me Z 
2' 

·. 

However, for the values ofm = 2k, k E Z, the equation is not defined. 

1r 
Hence, 8 =(2k+ 1) - , where,kE Z. 

2 



Trigonometric Equations 3.37 

10. sinx +sin ( ~J(t -cos2x)
2 

+sin2 2x) = 0 

sin (; J(t -cos2x)
2 

+sin2 ,2x) = sin; .j2 -2 cos 2x = sin (:I sin x 1] 
Nowsinx+sin (: lsin xl) =0-

The equation has a solution only when sin x ~ 0. 
The graph off(x) =sin x ~ 0 is sho~ in Fig. 3.8. 

y t4 n 2n 

-1 f\=1 
'Fig. 3.8 

The graph y ~sin [ 7r/4lsin xi] is as shown in fig. 3.9. 
y 

r={ V1. 
Fig. 3.9 

Hence, Eq. (i) has general solution x = mr, n E Z. 

11 . 2 l . 2 3 . . 2 3 . sm x+ -sm x =smxsm · x 
4 

~ sin2 x- sin x sin2 3x + _!_ sin2 3x = 0 
4 

=> (sin x- ~ sin2 
3x )' + : sin2 

3x (1-sin2 3x) = 0 

=> (sin x- ~- sin
2 

3xJ + ~ sin
2 

3x cos
2 :ix =0 

~ (sin x-.!.sin2 3x)
2 

+-
1 

sin2 6x;;:: 0 
2 16 

0 ~ ~in x- ..!.. sin2 3x = 0 and sin 6x = 0 
2 

0 \ 

' 

=> 2 sin x = sin2 3x and sin 6x = 0 => from sin 6x = 0, x = k1d6, k E Z 
From here, we choose those values which satisfY the equation, 2 sin x = sin2 3x 

owsm 3 - =+sm - = N . 2 (k1r) . 2 k1r {1, if k is odd} 
' 0 6 2 ot if k is even 

=> sinx = Oor 1/2 · 

=> x=nnorx=mr+ ~ (-It, nE Z 

(i) 

·' 



3.38 · Trigonometry 

.. 
·Objective -Type 

- - --·--- -~----- .~ .. - --- ,---.. 1 

j·--·· · 

J. a. sin 6= 1/2 and cos()=- {3/2 
=> 8 lies in the second quadrant. 
~ sin 8 = sin 51d6~ cos 9= cos 51d6; 
:. 8= 2nn+ (5tr/6) 

2. c. Since tan 8 < 0 and cos 8> 0, 9lies in the fourth quadrant. Then 9= 71d4. 
Hence, the general value of 8 is 2ntr+ 71d4, n E Z. 

3. c. cos pfJ = - cos q8 =cos (tr- q8) 
:::::> p8=2mr±(n-q8) 

~ (p + q) 9=(2n± 1) 1r 

(2n ± 'l)1r 
=> 8 = (p =J: q) , 11 E 2 

rtr 
=> 8 = 

11 
± q , where r =-3, - I , 1 , 3, ... 

=> 8= ... -31r - 1r 1C 31l' ... 
' p±q' p ± q ' p±q' p±q' . 

21r 
· Shown above is an A. P.' of common difference - -. 

p±q 

4. d. (cos. 8 + cos 7 9) + (cos 3 8 + cos 58) = 0 
~ 2 cos 48(cos 39+ cos fJ)=O 
=> 4 cos 4 8cos 29cos 8= 0 

=> 4 x 3 
1
. (sin23 8} = 0 

2 sm8 

~ sin 89= 0 or() ;::: mc/8, n E Z 

sin2 8 . 
S.b. 3 2 -2sm8=0,cos8:.t:O 

cos 8 

=> 3sin2 8 ~ 2 sin8(1 - sin2 8) = 0 

=> sin 9(2 sin28+ 3 sin 8- 2) = 0 

=> sin 6(2sin 8- I) (sin 8+ 2) = 0 

=> sin 9= 0~ I 

=> 8= nn, 111r + ( -l)" (tr/6) , n e Z 

6. b. We have 12 =sin (}cos 28 

=> I - sin 8 (I - 2 sin2 8) = 0 

=> 2 sin3 8 - sin 9+ I =0 

=> (sin~+ I) (2 sin2 8- 2 .sin 8-i- 1) = 0 
=> sin 8 = - I 

I 
... -·-----·- ... ·" 

I 



The other factor gives imaginary roots. 

9 ( 1)11 ( TC) ( . 11 1t n-1 1C => =nrc+ - - 2 =mr- -I) 2 =mr+(-J) . 2 , nE Z. 

7. b. 2 cos 9[cos 120° +cos 28] = I 

8. b. 

9. a. 

=> · 2cos 9 (- ~ + 2cos2 9-l)= I 
==> 4 cos3 9- 3 cos 9- I = 0 
=> cos 3 8""' l "" cos 0 

2nn 
=> 38=2mror8=- ne Z · 

3 ' 
Given the values so that 2n does not exceed 18. 
.. n = 0, I, 2, 3, ... , 9 

2n L9 
2n 9(9+ I) 

Hence the sum=- n =-x = 30n. 
, 3 3 2 

1 

.' .I - cosO (.J2 -1) sinO 
sec 8- 1 = ( J2 - I ) tan 8 => = -=----..;__-

cos 8 cosO 

==> 2 sin2 ( B/2) = (· .J2 - 1) 2 sin ( 8/2) cos (B /2) 

~ sin ( 9/2)""' 0 or tan ( 0/2) = ( J2 - I)= tan (n:/8) 

=> 912 = nnorfJ/2 =nn+ (n/8), n e Z 
~ 8= 2mror B= 2nn+ (m'4), n E Z 
sin4 x + cos4 x =sin x cos x 
=> (sin2 x + cos2 x)2 - 2 sin2 x cos2 x =sin x cos x 

sin2 2x sin 2x => 1- :;:--
2 2 

~ sin2 2x + sin 2x- 2 = 0 
=> (sin 2x + 2)(sin 2x- 1) =0 
=> sin 2x= 1 

1C 
=> 2x = ( 4n + I) 2 , n E Z 

'1r 
=> x = ( 4n + l) 4 , n e Z 

n 5n · 
=- - <·: x e ro 21t]) 
. 4' 4 ' 

Thus, there are two solutions. 
10. c. sin 3x + (sin Sx + sin x) = 0 

==> sin 3x + (2sin3x cos 2x ) ""' 0 

. 
3 0 

2x 1 2rc => sm x= or cos ----=cos-
2 3 

==> x = fJir/3 or x =nrc± n:/3, n e Z . 
Then x = 0, n:/3, and 21d3, Hence, there are three solutions. 

Trigonometric Equations 3.39 



3.40 ~ Trigonometry 

11. a. From the given relation 
cos 9 = (2 sin 8cos 8) sin 8, sin 8;eO 

=> sin 8 = ± ~ or cos 8=0 
' ...;2 

rc 3rc rc 
'=> (:} = - - - (·: ·Be [0 n]) 

4 ' 4 ' 2 ' 

Then the sum of roots is 
3

rc . 
2 

12. C. Lhe given equation is (COS X - ) ) ( J2COS
2
X + 5COS X + 9) = 0 

=> cos x = 1 only as the other factor gives imaginary roots 
= 1 => x = 2nrc, n E Z 

Hence, it has infinite solutions as n e Z .. 

13. d. cos 2x = 1 -2 sin2 x and put 2_:_sin
2 

x = t 

=> 2COS2.x = 21-2s~n2 X =2( 2-sin2 
X r = 2f~ 

~ 2r - 3t + 1 =o 
=> t = l , l/2 · 

~ 2 ... sin
2 

X .=l = 20 

=> sin2 x = 0 or x = nrc, n e Z 

' . 2 1 1 
From 2-sm x = - = 2- we get 

2 ' 

sin2 x= 1 orx = nrc± rc nE Z 
2' 

14. a. cos x cos 6x = - 1 

~ 2cosxcos6x = -2 ~ cos1x + c9sSx =-2 => cos7x = -Iandcos5x = -l 
The value of x satisfYing these two equations simultaneously and lying between 0 and 2rc is rc. 

Therefore, the general so I uti on is x = 2nrc + n, n E _Z . . 

=> X = (2n + l) TC, n E Z 

15. c. This is possible only when sin ·x = cos x ;"= 1, which ·does not hold simu_ltaneously. 
Hence, there is no solution. 

16. a. The given equation is 3 (sin X+ cos x) - 2 (sin X+ cos x) (1 - sin X cos x) = 8 

=> (sinx+ cosx) [3 - 2 +2 sin~ cosx] = 8 
~ (sin x + cos x) [sin2 x + cos2 x + 2 sin x cos x] = 8 
·=> (s.in x + cosx)3 = 8 

=> sinx + cosx = 2 
Above solution is not possible. Hence, the given equation has no solution. 

17. a. cos2 6 ""' .!.. sin 8tan 8 
6 

=> 6 cos3 6 = I - cos2 8 

=> 6 cos3 8+ cos2 8- 1 = 0 
~ (2 cos 8- 1) (3 cos2 8 + 2 eos 8+ I)= 0 

/ 



) 1C 
=> cos 9 = - => 8 = 2nn ± - n E Z 

2 3 ' 
The other factor gives imaginary roots. 

18. d. ( 1- cos 2x) + ( l - cos2 2x) == 2 

=> cos 2x (cos 2x + 1) == 0 

=> cos 2x = 0 or cos 2x =- I 

=> 2x = (2n + 1) 1l'l2 or 2x := (2n ± 1) n, n e Z 

=> x == (2n+ J)ro'4orx=(2n± l)trl2, ne Z 
Hence, the solutions are Trl4, 3ni4, 5ni4, 1ni4, n/2, 3n12. 

Trigonometric Equations 3.41 

19. c. Dividing the given equation by cos2 x , as cos x = 0 does not satisfy the equation, we have 

tan2 x- 5 tan x - 6 = 0 
=> (tanx+ I)(tan·x - 6)=0 

=> tan x = - I or tan x = 6 . . . 
If tan x=- 1 ==tan(- Trl4), then x= mr- .ro'4, V n e Z 
and, iftanx=6 = tan a(say) 
=> a= tan-1 6, then x = nn+ a= nn+ tan-1 6, V n e Z 
Hence, x=mr-(.ro'4), nrr+tan-1 6,ne Z. 

. tan 9 + tan 48 
20. d. From the given equation, we have 

1 
l) l) =-tan 7 9 

=> tan (9+ 48) = - tan 19 
=> tan 58= tan (- 78) 

=> 58= nn-78 

- tan u tan 4u . 

=> (J c:: n.ro'l2, where n E Z, but n;t;6, 18, 30, ... 

I 2 . 
2t.d. Wehave + . 2 =8,sm8;t;O, cos8;t:O 

sin2 8 cos2 8 sm 8 

=> I + 2 cos2 8= 8 sin2 8cos2 8= 8 cos2 8(1 - cos28) 

~ 8 cos4 8-6 cos2 8+ l =0 

=> {4 cos2 8- I )(2 cos2 8- 1) = 0 

=> cos2 8= 1/4 == cos2 (m'3) or cos2 8 = 1/2 = cos2 (n/4) 

=> 8= nn± (7r/3) or 8= nn± (n/4), n E Z 

Hence, for 0 ~ 8 ~ tr/2, 8= n/3, 8= n/4 

22. b. tanx + cot x = 2cosec x 
sin x cos x 2 

=> - - +--=--
cosx sin x sin x 

1 2 
=> =--

sinxcosx sinx 

1 
=> cosx= -

2 



3.42 

23. c. 

24.b. 

.. ,, : Trigonometry 

n 5n 
=> x= ±- ±-3, 3 
Thus, there ·are four solutions. 

- 3+2isin9 - (3+2isi~9)(1+2isin8) _.(3 -4 sin
2 

8)+8isin9 
Let Z- 2 . . 8 - ( . ) ( ) - 2 1- r sm 1 - 2i sin 8 I + 2i sin 8 1 + 4 sin 8 . 

3 - 4 sin2 11 8s'n 9 
Therefore, the real part of z = 2 {1 and the imaginary part of z = . I . 2 

1 + 4 sin 8 1 + 4 sm 8 

· 8 sin8 . 
Z is real, if imaginary part = . 2 -o or sin 8= 0 or 8= nn, V n E I 

1 + 4 Stn 8 
Z is purely imaginary, if real part (3 -4 sin2 9)/(1 + 4·sin2 9) = 0 
or sin2 8= 314 =·sin2 (1Z'/3) or'8= n1r± rt/3, V n E 1 

. , J3+l . . .J3 
1 -sm-x+ smx-- - I =0 

2 - 4 

• 2 J3+1 . ' .J3 0 =>sm x- -smx +- = 
2 4 

=> 4 sin2 x- 2 .J3 sin x- 2 sin x + J3 = 0 

On solving, we get sin x = 1/2, J3 /2 
=>X= n/6, 51t/6; n/3, 2rrJ3 

25. d. Since, 7 cos2 x +sin x cos x- 3 = 0, 
Dividing the equation by cos2 x, we get 
7 + tan x -3 sec2 x = 0 
=> 7 + tan x- 3 ( I + tan2 x) = 0 
=> 3 tan2 x - tan x - 4 :::; 0 
=> (tanx+ 1)(3tanx-4)=0 

4 
=> tan x = - 1 or tan x = -

3 

=> x == nTC+ 
3

Tr orx=ktr+tan-• (
4

),where(k,neZ) 
4 . 3 

26. b. (sin 8+ 2) (sin 8+ 3) (sin 8+4) = 6 

L.H.S. > 6and R.H.S. 6 

Therefore~cqualityonlyholdsifsin 8::;: - 1 ~ 8=3n12, 77d2 
Therefore, sum= 5n=> k = 5 

27. b. sin2 x +a cos x + c? > J +cos x 
Puttingx = 0, we get 
=> a+if>2 
=> a2+ a-2> 0 

=> (a+ 2)(a-1) > 0 

=> a < - 2 or a> I 

+ + 

-2 1 

Fig. 3.10 

Therefore, we have the largest negative integral value of a =-3. 



Trigonometric Equations 3.43 

. 28.-b. sin4 x- cos2x sin x + 2 sin2x +sin x = 0 

... 

=> sin x [sin3 x- cos2 x + 2 sin x + l] == 0 
=> sinx[sin3x-l +sin2x+2sinx+ 1]=0 

=> sin x [sin3 x+ sin2 x +2 sinx] = 0 

~ sin2 x = 0 or sin2 x + sin x + 2 = 0 (not possible for r~al x) 

=> sinx=O 
Hence, the solutions are x = 0, n, 2n, 3n. 

29. a. Since, x ~ [0, 2n} andy E [0, 2n], 
and sin x + sin y = 2 
This is possible only, when sin x = 1 and sin y = 1 
=> x = .n12 andy= 1r/2 
Hence, x + y = Tr. 

30. a. ( J3 - 1 ) sin 8 + ( J3 + 1 ) cos 8 = 2 

(../3- 1) . 9 (fj + l.J n - I => ~ sm + ~ cos u- ~ 
2~~ 2~2 ~2 

• 1C • 1:) 1C L'l 7r => sm - sm u+ cos - cos u= cos -
12 12 4 

=> cos (e -.!!...) = cos ~ 
12 4 

=> 8- !!.... = 2mr± 1! • n e Z 
12 4 . 

. 1r 1r 
=2nn± -+-

4 12 
31. a. sin 68+ sin 48+ sin 28= 0 

=> (sin 68+ sin 28)'+ sin 4 8= 0 

=> 2 sin 48cos 28+ sin 48= 0 

~ sin48 (2cos28+ 1)=0 

=> sin 48= 0 or cos 28=- .!. =cos 
2

7r 
2 3 

21! 
=> 48= nnor 28= 2mr± -, n E Z 

3 

nn 1r 
=> 6= - or 9= mr± -

4 3 
32. d. The given expression cosy sin x- sin y cos x + sin y sin ~ + co~ x cosy is 

sin (x-y) +cos (x - y) 
:. sin (x-y)+cos (x-y)=O 

=> J2 ( ~ sin (x - y) + ~ cos (x - y)) o Q 

=> sin ( x - y + :) = 0 

\ 



... 

3.44 

33.c. 

Trigonometry 

1l 
=> - + x -)' = nrc n E Z 

4 ' . 
1l . 

=> x-y==mr-- )neZ 
4 

1r 
=> x=nn- - +ywherenE Z 

4 
tan x tan 4x = 1 
~ cos 4x cos x - sin 4x sin x = 0 
=>cos Sx:::: 0 

=> Sx = (n + !) 1r n E Z 2 ' . 

(2n + 1) 
=>x= 

10 
n:,O<x<n 

· rr 3rr Str 7rr 9rr 
;:::lo '1o'IO'IO'IO 

Thus, there are only five solutions. 

1 
34.a. Letf(x) = cosx-x+-

. 2 

/(0) = ] -+: ~ > 0 

t(~) ~o- ~ + ~ ~ 1 ~" <o 

Therefore, one r~o; lies in the interval ( 0,. ~} 

35. d. tan ( P: )= cot ( q:) = tan ( ~ - q:) 
pn rr qn · 
- =n1r+ - --
4 2 4 . 

" ·t q =:> - = n +---
4 2 4 

=> p + q = 2n + 1 
4 2 

=> p+q=2(2n+ l) 

36. b. y= sin x- cosx = J2 [ ~ sin -~ cos x] 

== J2 sin ( x - :) => - J2 '5:y 5: J2 
37. a. 4 sin4 x + cos4 x = I 

·~ (2sin2 x)2 + .! (2 c~s2 x)2 :::: I 
4 ~ 

~ <t- cos 2x)2 + .!o ~cos 2xi = i 
. 4 

=> S cos2 2x- 6 cos 2x + 1 = 0 

=> (cos 2x- I H 5 cos 2x- I) = 0 

=>' Range ofy is [- J2, J2] 



,(' 1, Trigonometric Equations 3.45 

~ cos2x= 1 orcos2x= 1/5 
=> 2x = 2mror 2x ::::: 2mr± a, where a = cos-1 (l/5), V n e Z 

38. c. (I -tan 8)[1 + 2 tan 810 +tan2 6)] =I+ tan 8 
~ ( I - tan 9) (I + tan 9)2 = ( I + tan 9) (l + tan2 6) 

=> (1 +tan 8) [(I - tan2 9)- (1 + tan2 9)] c 0 

~ -2 tan2 8= 0, (J +tan 9) = 0 
=> tan 9= 0, or tan 9=-1 · 

=> 8= mror mr-1fi4, V ne Z. for 8e [0, 2n] 8=0, n,2n, 3tr/4, 7tr/4 

39. d. We have (sin x +sin 3x) +sin 2x =(cos x +cos 3 x) +cos 2i 
~ 2 sin 2x cos x + sin 2x = 2 cos 2x cos x + cos 2x 
=> sin 2x (2 cos x + 1) = cos 2x (2 cos .x: + .1) 

~ (2cosx+ J)(sin2x-cos2x)=O 
=> cos x = - 1/2 or sin 2x- cos 2x = 0 

~ x = 2nn± (27T/3) or tan 2x - 1 - tan (7T/4) 

= 2nn± (27T/3) or x = ( 4n + I) 1fi8, n E Z 
But here 0 ~x~2tr 

Hence, x:;;;; rr/8, 51fi8, 2Td3, 9Td8, 4m'3, J 3:7r/8. 

40. b. 3 sin 8- 4sin3 9- sin 8 = 2(2cos2 e- ] ) 
=> 2 sin 8(1 -2 sin2 8) = 2cos 2 8 
=> 2cos29(sin 9-1)=0 
=> cos 28= 0 or sin 8= I 
=> 20= (2n + 1) 7T/2 or 8= 2mr+ tr/2, 'r/ n E Z 
=> 8= (2n + I) 7r/4, or 8 = ( 4n + 1) 7r/2, V n e Z 
Hence, 8= rd4, 3trf4, 51Z14, 7rd4, tr/2. 

4.1. c. We have 4 sin 8sin 28sin 48= 3 sin 8-4 sin3 8 
~ sin 8 [4 sin 28sin 48-3 + 4 sin2 8] = 0 
~ sin 8 (2 (cos 20- C<?S 69)- 3 + 2 (1 -cos 20)] = 0 
~ sin0(-2cos68-1)=0 
~ sin 8 = 0 or cos 68= -1/2 
~ 9= ntror69= 2ntr± 2Td3, V n E Z 

. = nnor 8=(3n± I) n"/9, V ne Z 
42. b.From the given equation, we have'tan 8+ tan 28+ tan (8+ 26) = 0 

· tan 8 + tan 28 · 
=> (tan 8 + tan 28) + 1-tan8tan 28 =O 

=> (tan 8 +tan28) [1 + 'I ] =0 
1 - tan 9 tan 29 

. => (tan 0+ tan 29) (2 - tan Otan 2 6)-= 0 
~ tan 6 =.tan(- 28) or 2- tan 0 [(2 tan 8)/( I - tan2 8)) = 0 
=> 8=nn- 28orl - 2tan2 8=0 

= nn"/3 or tan2 6= 1/2 == tan2 a(say) 

Therefore, (J = ntr± a, where tan a= tl.fi. 
43. b. We have sin 3 a= 4 sin a (sin2 x - sin2 a) · 

~ 3 sin a-4 sin3 a= 4 sin a-sin2 x- 4 sin3 a 
=> 3 sin·a- 4 sin asin2 

X or sin a= 0 

(·: 8e[0,2n]) 



3.46 Trigonometry 

1fsin a¢0, sin2 x = 3/4 = ( ../312.)2 = sin2 (n/3), therefore x = mr±n;/3, V. n e Z 
l f sin a= 0, i.e., a"" ntr, cquat ion beco~es an identity. 

44. c. We have J3 cos 0- 3sin 0 = 2 (sin 50- si~ 0) · 

=> {.J3t2}cos 8 - .(112) sin 8 =sin 58 

=> cos (9 + 1tl6) =sin 59=cos(1112 - 58) 

=> 9+ Td6 = 2n1C± (rr/2- 58) 
~ O=(mr/3)+(m'18)or8=(-nTd2)+(m'6), 'tine Z 

45. c. sin4 x + cos4 x +sin 2x +a= 0 
=> (sin2 x + cos2x)2 - 2sin2 x cos2x +sin 2x +a= 0 
=> sin2 2x- 2 sin 2x- 2 -2a= 0 
Let sin 2x = y. Then the given equation becomes y2

- 2y- 2(1 + a)= 0 where -I ~ y ~ 1, 
(': - 1 s; sin 2x s; I) 
For real, discriminant~ 0 

'3 
=> 3 +2a~O =>a~ --

2 

Also- J :Sy :S-1 => - 1 s; I - J3 + 2a ::;; 1 . 

. 1 3 1 
=> 3 + 2 as 4 => a::;; --:- . Thus- - s; a s; -

2 2 2 
46. a. Since the system has a no~-trivial solution, the determinant of coefficients ·= 0 

sin38 - 1 1 

=> cos29 4 3 =0 

2 7 7 

=> sin 38(28-21)-cos 28{ - 7 - 7) + 2(- 3 -4) = 0 
=> sin38+2cos20-2=0 
=> (3sin 8- 4sin3 8) + 2(1 -2 sin2 8) - 2 = 0 
=> 4 sin3 8+4 sin2 8-3 sin 9=0 
=> sin 8(2 sin 8- 1) (2 sin 9 + 3) "" 0 
=> sin.8=0orO=mr+(-J)nTd6,Vne Z 

47. c. Let lo&:os .~ sin x = 7, then the given equation is t +7 = 2 

=> (t-Ii = O => t = 1 => logcos.tsinx = l orsinx =cosx => tanx = I 
=> x = Td.4 

48. b. Given~ + 2-r sin(xy) + I "" 0 
=> [x +sin (xy)]2 + [I - sin2(.xy)] = 0 
=> x + sin (xy) = 0 and sin2 (xy) c: I 
sin2 (xy) = I gives sin (xy) = 1 or- l 
lfsin(xy) = l => x =- 1 => sin(-y) = l => siny = -I,then 
the ordered pair is (I, 37r/2). 
If sin (xy) =- I => X"" ·1 => siny=- 1 ~ (- 1, 3n/2) 

· Thus, there are two ordered pairs. 
49. c. The given equation is 8 sin x cos x cos 2x cos 4x = sin 6x (sin x *- 0) 

~ sin8x = sin6x- ~ 2cQs7xsinx=O 
As sin x * 0, cos 7x = 0 or 1x = n1t+ ;r/2, n E Z 
i.e., x = nn;/1 + nil4; n E Z 



SO. d. We have cos 3x + s1n(2x- ?n)= -2 
. 6 . . 

=> 1 +cos3x+ 1 +sin (2x- 7:)=0 
;=> (1 +cos 3x) + I -cos ( 2x-

2
; )= 0 

=> 2cos
2 3

; + 2sin
2

( x-; )= 0 

=> cos
3
; =0 and sin(x- ;)=o 

3x n 3n n · n 
=> -=-, - .... ,andx- -=0, Tr, 2n,... => x=-

2 2 2 3 3 

Trigonometric Equations 3.47 

· Therefore, the general solution of cos 
3
x = 0 and sin (x-!:) = 0 is x = 2kn+ 1C = 1t (6k + 1) where 

. 2 3 . 3 3 
kE l. 

Sl . b. Let tan2 8= 1 

=> 1-?+2'=0 
1t is clearly satisfied by t = 3. By inspection, we get tan2 8 = 3. 
Therefore, 8= ± tr/3 in the given interval. 

52. b. tan(~ sin 9 )=co{; cos 9 J 
. tan( 1t sin e)= tan(!!- 1r cos e) 
.. 2 2 2 

1C.8 1r., 8 · - sm = nn + - -- cos 
.. 2 2 2 
sin 8 + cos 8 = 2n + I 
==>sin 8+ cos 8= 1± I 
==> 1 +sin 28= 1 
==>sin 28= 0 
==> 8=ntc 

53. a. cos x = ../1- sin 2x ~ Is in x- cos xl 

(a)sinx<cosx =>' xe [o. :) v (
5
:. 21r] 

Then the given equation is cos x =cos x- sin x => sin x = 0 
=> x=2tc 

(b) sin x ~ cos x => xe 

=> COS X = sin X -COS X 

=> tanx= 2 
=> x= tan-1 

(
!!_ 5tr) 
4' 4 

Hence, there are two solutions_ 

(i) 

=> x = TC, 2tc 
[from Eq. (i)] 

(li) 
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( 

~ 

54. b. L cos r x = 5 
r a 1 

~ cos x + cos 2x +cos 3x + cos 4~ + cos 5x = 5 
which is possible only, when cos x =cos 2x;:; cos 3x;:; cos 4x = cos 5x = 1 and is satisfied by x = 0 and 
x=21t'. 

55. a. sin 2x + cos 4x = 2 
It is possible only, when sin 2x = 1 and cos 4x = l 
~ sin 2x = I and 1 - i sin2 2x = 1 
=> sin 2x = 1 and sin 2x = 0 
Hence, there is no solution. 

56. d. cos2 x = 2 cos x (I - 3 cos2 x) 
~ 6 cos3 x + cos2 x- 2 cos x = 0 

. . ] 2 
~ cosx=O, - --

2' 3 

~ x = ; , ~, cos-' (- ~) 
1r 1r 1r 

If a = - · n = - then we have I a- /31 = - · 2 , p 3 ' . 6 

57. b. We have sin100 x- cos100 x = I 

58. b. 

~ sin100 X=} + cos100 
X 

.Since the L.H.S. never exceeds 1, R.H.S. exceeds l unless cosx= 0 

·tt 
Then,x=ntt+-, n e I . 2 

. . l 
I cot xl =cot x + -.

smx 
. 1 

If cot x > 0 ~ cot x =cot x + -- = 0 
sinx 

~· - .-
1
- = 0 , which is not possible. 

smx 

If cotxSO 
I . 

=> -cotx=cotx+ -
sinx 

1 
=> - 2 cot x = -

sinx 
1 

=>cosx= --
2 

2tr 8tr 
=> x=--3 , 3 

59. a. tan(A - B) = 1 

1r 1r 37r 3tt 
~ A - B=n.lr+ 4 = 4' 4' .-4, ... 
. 2 1r 1r Iln . 
sec(A+B)= .J3. ~ A +B=2n2n:± '6 = 6", '6' ... 
For the least positive values of A and 8, 

(": a,{Jare+ve) 
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A+ B= lin .A - B= 1C => 8 = 19tr A= 25tr 
6 . 4 24 ' ' 24 

60. a. LetA= 9+ 1 5°~ 8 = 9- 15° 

61. a. 

=> A+ 8 =29 and A -8=30° 

tan A 3 
Now =-

tanB I 

tan A+ tan B 3 + I 
tan A_ tan B = 

3
_

1 
(applying componendo and dividendo rule) 

=> 
sin (A +B) =

2 
sin(A -B) 

=> sin 28=2 sin 30°= 1 

1C 1r 
=> 28=2ntr+- orO=nn+- neZ 

2 . 4 
tan 39+ tan B= 2 tan 28 
=> tan39-tan29=tan2B-tan 8 

sin (38- 28) sin (29- e) 
=> = 

cos39 cos 28 cos 28 cos 8 

=> sin 8(2sin8sin29) = 0 

=> sin 8= 0 or sin 28= 0 

. ~ 8= nTCor 29= nn, n E Z 

But 8= mr12 is rejected as when n is odd, tan8 is not defined and when n is even, i.e., 2r, then 8= r:rr. 

Then 9= ntr, n e I is the only solution. 

62. a. We have 14 sin x- I I < J5 
~ - J5 < 4 sin x- I < J5 . . 

• 1C • 1r 
=> - sm - < sm x < cos -

10 5 

. ( n) . . (n n) = sm -
10 

<smx <sm 2-5 

. ( n) . . 3n 
~ sm -- <smx<sm-

10 . 10 

~ XE (- !!_ 3tr) 
10. 10 

( 
1 )

2 
1 63. d. i-y+a= y- 2 +a-
4 

; 

Since- .J2 ~sin x +cos x ~ .fi , the given equation wi11 have no real value x for any y.if a:.... ·~ > J2 
. 4 
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( 
I ) I . 

i.e.,ae .fi + 
4

,oo = ae (./3,oo)(as .j2 + 
4 

< ./3) 

64. a. (2 sin x - cosec x)2 +(tan x- cot x)2 = 0 

= sin2 x = .!_ and tan2 x = I 
2 

7t 
=> x=nn±-,n E Z 

4 
65. a. [sin x +cos x] = 3·+ [- sln x] +[-cos x] 

Maximum value ofleft-hand side is I and minimum of right hand side is also 1 
..... . . 1C 

=> [sinx+cosx]=3+[- sinx]+(-cosx]= I => XE 7t±-
4 

=> [sin x +cos x] = I,[- sin x] = -1, [-cos x] = - 1 
which is not possible. 

66. C. COS
8 X+ b COS

4 X+ I = 0 

=> b r= - (cos
4 x+ 

1 
) 5-2'YxE R 

cos4 x 
=> . be (-oo,-2] 

67. b. Here I s; !sin 2xl + Ieos 2xl s; .J2 and !sin Yl S I 
so solution is possible only when I sin yl = I 

. I n 3TC => sm;1=± => y =± - ±-
2 ' 2 

68. b. ·Given that jsinxj2 + jsinxl + b = 0 · 

- 1 +.JI - 4b - I± JI - 4b 
=> lsinxl - - => os; < 1 => -2 <b <O 

2 2 
69. a. 12 sin 8- cosec 61 ~ 1 · 

=> 12 sin2 8- II~ jsin ~ 
=> Ieos 2~ ~!sin 61 
=> 2 cos2 2 8 ~ I - cos 2 8 
=> 2 cos2 28+ cos 28-·1 ~ 0 
=> (2 cos 2 8- I ) (cos 2 8 + 1 ) ~ 0 

l 
=> cos 28~ - . 

2 
70. d. The given equation can be written as 

sinxcosx [sin 2x+ sinxcosx+cos2 x] = I 
=> sin x cos x [1 ;+-sin x cos x] = J 
=> sin 2 x [2 +sin 2x] = 4 

- 2 ± 14 + 16 r; 
=> sin 2x = " =- 1 ± v 5 

2 
which is not possible. 

71. d. elsintl +'e-lsim1 + 4a = 0, let ( = J siruj 

=> tE [l,e] 

1 
=:::!i 1 + - + 4a = 0 

t 

[as cos 0~0~ i.e.; cos 28;t: - l] 
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~ r+4at+) = 0 
This quadratic ~xpression should have two distinct roots in (I, e) 
~ 16cl - 4>0,f(l)= I +4a+ I ~O,f(e)=e2 +4ae+ J ~0, I <-2a<e 

1 I -I- e2 e 1 
~ lal>- a~-- a~ - -<a<--

2 ' 2' 4e ' 2 2 
Clearly, there is no value of a satisfying the above inequalities simultaneously. 

72. b . 

Y y = 2x- x2 

y' 

Fig. 3.11 
lnlsinxl =-x(x-2) 

Graphs ofy = lnlsinxl andy=-x(x-2) meet exactly two times in [- 7r: , 
37r] . 

. 2 2 

73. c. lxl + M- 4, sin ( lfn = I 

. 7rX2 7r: 
=> !xl, IYI E (0, 4), -

3
- =(4n+ 1) 2 

~ x2 = ( 4n + 1)3 = l as I vi ~ 4 
2 2 ' . ~ 

{3 (3. 
~ lxl= v2, lyl =4- v2 
Thus, there are four ordered pairs. 

74. b. sin {x} =cos {x} 
tan {x} =I 
tan (7r14)= 1 < tan 1 

y 

y' 

Fig. 3.12 

Graphs ofy= tan {x} andy= 1 meet exactly six times in [0, 2n). 
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75.a. x2 +4-2x+3sin(ax+b)=O 
(x-1)2 +3 =-3 sin(ax+b) 
L.H.S. ~ 3 and R.H.S. ~ 3 
=> L.H.S = R.H.S = 3 
(x- 1 )2 + 3 + 3 sin (ax+ b)= 0 
=> x = l , sin.(ax+b)=-1 
=> sin (a+ b) =-1 

. lC 
=> a+ b = (4n-l) 2, n E 1 => 

76. c. tan4 x- 2 sec2 x + a c 0 

77. a. 

=> tan4 x- 2(1 + tan2 x) +a= 0 
=> tan 4 x - 2 tan2 x + I = 3 - a 

=> (tan2 x- I )2 = 3-a 

=> 3 - a2:0 ~ a~3 

1 + log2 sin x + log2 sin .3x 2: 0 
(where sin x, sin 3x > 0) 
=> log2 (2 sin x sin 3x) ;:= 0 
=> 2 sin x sin 3x ;:= I 
For sinx> 0 
=> XE (0, n) 
=> sin 3x> 0 
=> 3x e (0, tr) u (2n; 31r) · 

=> X E ( 0, ; ) V c;, Jr) 
For 2 sin x sin 3x ;:= I 
=> 2 sin2 ~(3 -4 sin2 x) 2: I 
=> 8sin4 x -6sin2 + I S O 
=> (2sin2 x- 1 )(4sin~x- J )~O 

1 . I 
=> 2ssmxS J2 

~ X E [;' : ] U [ 2; ' 3: l 
!hus, xE (

2
;, 

3
: l 

78. d. · sin2 9= I [sin 9~ I] 

7n 
a+b= -

2 

=>sin 9= - 1 ~ 6 = 2nn- (Trl2) =>infinite roots 

79. c. 1r log3(~) ~ ktc, k e 1 • 
.\ . 

Jog{ ~) =k~x = r' . 

The possible values of k arc- J, 0, 1, 2, 3, ... 
. . 
1 1 1 3 9 

S=3 + 1 + -+-+-+ .. ·oo =--=-
3 32 33 ] 2 1--

3 

(from the given options) 

• (i) 
(ii) 

(iii) 

[From Eqs. (i), (ii), (iii)] 



. sin (xy) 
80. a. :;;;; y 

cos(xy) 

~ sin(xy) = xy 

:::::) XJ'.:;: 0 
~x=·o ory~O 

But x = 0 is not possible 

: . y=O andx= 1, i.e., (1 , 0) 

81. c. tan x + cot x + 1 = cos( x + 1r) 
. . 4 

=> tanx +calx -co{x +:)-I 

· Now tanx+ cotx ,; - 2 and co{ x +:)- I ;,-2 · 

It implies that equality hoJds when both are -2. 

=> co{x+ :)--1 
Tl 

=> x + - =(2m+ 1 )n; m e Z 
4 . 

3n lln 
=>x=- or-

4 4 

. · . . 3n lin 1Tr 
Therefore, the sum of the solutions IS-+-=-. 

82. c. cos( B) cos ( 1rB) = I 
=> cos( B) = I and cos (nB) = 1 

or cos( 8) =-I and cos (nO)=-J 

4 4 2 

Trigonometric Equations 3.53 

(i) 

(ii) 

If cos( B)"" I => 8 = 2m1fand cos (1!8) = I => 8= 2nwhich is possible only when 8= 0. 

Equation (ii) is not possible for any 9 as for cos( 8) = -I, 8 should be odd multiple of 1C => irrational 

and for cos(n8) = - 1 :::::) 9 should be odd integer=> rational 

Both the conditions cannot be satisfied. 

Therefore, 9 = 0 is the only solution. 

83. c. (cotx + -/3)2 + cot2 x + 4cosecx + 5 = 0 

=> (cot x + .J3 )2 + cosec2 x + 4cosec x + 4 = _0 

:::::) (cot x + .J3 )2 +(cosec x + 2i = 0 

=> cotx = - .J3 or cosec x = - 2 

1( 
=>x=2nn-- n e Z . 6, ( ·: x e 4th quadrant) 
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p 
84. c. 6= kn, k=- ,p, q e J, q*-0 

q . 

cos k1c is a rational 

Hence, k= 0, I, 1/2,.1/3, 2/3 

There are five values of cos 6 for which cos 8 is rational . 

85. b. Putting x = 0 :::> b2 = cos b2 
- I :::> cos b2 = I + b2 ~ b = 0 

Forb= 0, we have a(cosx-l):;:: cos ax- I 

:::>. 2a sin2 x = 2 sin2 .ax 
2 2 

~a=Oora= f. 
Hence, ordered pairs are (a, b)== (0, 0) or (I , 0). 

Multiple. Correct Answers Type 

J. a, b.,- We have 4 sin4 x + cos4 x = I 
~ 4 sin4 x = 1-cos4 x = (1- cos2 x)(l + cos2 x) = sin2 x (2- sin2 x) 

=> sin2 x [5 sin2 x - 2] = 0 

=> sin x = 0 or sin x = ± .fii5 

=> x=ntrorx=nn±sin-1 f2,neZ . vs 
2. a, .b. (sin3 6 + cos3 9) - (J -sin 8 cos 9) = 0 

=> (sin 8 +cos 8) (1 - sin 6 cos 8) - (J - sin 8cos 8) = 0 
~ ( I - sin 6 cos 0) (sin 6 + cos 8 - I ) = 0 
If sin 8cos 8= I => 2 sin 8cos 6= 2 =>sin 26= 2 (not possible) 
=> sin 9 +cos 8= I 

1r 1r 
:::> 6 ~- = 2nn ± - , n E Z 

4 4 
1r 

:::> 9 = 2mr or 2mc +-
2 

3. a, c, d . . We have tan2 8 = 1 - cos 29 = 2 sin2 9 or cosec2 9 tan2 9 c 2 
or (I + cot2 8) tan2 8= 2 or tan2 8+ J ;;; 2 

~ tan2 8= I => tan 8 ;;; ± 1 
1C 

=> 9 ;;; nn±-, ne Z 
4 

Moreover, tan2 9= 2 sin2• 8 

1 R' {;:; 4. a, c. y + - ~ 2 ~ y +- ~ v 2 
)' y 

But sin x + cos x ~ J2 . 

=> sin2 8= 0 => 9= nn 

:::> y+ _!_ = 2 and sin x + cosx ;;; .J2 
y 

=> y = 1 and sin (x+~) = 1 ory= 1 andx = !!.._ 
4 . . . 4 



S.b,d. sinO+ J3 cos9= - 2-(x2 -6x+9)=-2-(x -3)2 

:. sin 9 + J3 cos 9 ~- 2 and - 2 - (x- 3i $; -2 

As a result, we have sin 9 + J3 cos 8 = - 2 and then x = 3 

:.x=3andcos (9- ~}'- 1 , i.e.,9- ~ =n;3n 

6. a, c. sin2 x- 2 sin x- 1 = 0 

Trigonometric Equations 3.55 

~ (sin x- I )2 = 2 ~ sin x- 1 = ± .J2 ==> sin x = 1 - .fi as sin x "J> I 

There are two solutions in [0, 2tc] and two more in [2n, 4n]. 

Thus, n = 4, 5. 

7. a, b, c. The given equation is 2 (sin x +sin y}- 2 cos (x-y) = 3 

~ 2x2sm --cos-- - 2 2cos ---1 =3 . x + y · x - y [ 2 x- y ] 
2 2 2 

4 · (x + Y) ± 16sin2.(x +
2 
Y)-.16 

~ cos( 7} _._st_n....;.._- _-2_-__;__..:.,_8 __ ...:.....__...;...__ 

. x+ Y 1 
~ SIO - - =± 

2 
Since x andy are smallest and positive, we have . 

sin x + y = 1 and x + y = n 
2 2 2 

i.e.,x+y:::: n 

(
X }') 1 Also, cos 2 = 

2 

~ x - y = 21Z13or-2nl3 

From Eqs. (i) and (ii), we get (x =Srr/6, y =n/6) or (x = n/6, y =5n/6) 
· 8. a, d. l -2x-x2 = tan2 (x + y) + cot2 (x + y) 

~ - (x + 1 )2 = (tan (x + y)- cot (x + y)]2 

NowL.H.S. ~O andR.H.S.~O 

~ - (x + 1)2 = [tan(x + y)- cot (x + y)]2 = 0 

~ x = -I and tan (x + y) =cot (x + y) 

~ x=- I and tan2(- 1 +y) = 1 

=> x = -1 and - J +y=mr±(n/4), nE Z 

sin x sin y 
9. b,c. Fromtanx+tany= 1, we have--+-- = I 

cosx cosy 

(i) 

(ii) 
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. => sin x cosy+ siny cos x = cosx cosy 
=> 2 sin (x +y) = 2 cos x cosy 
=> 2 sin (x + y) = cos (x + y) + cos (x-y) 
=> · 2 sin (w4) =cos (.7d4) + cos (x-y) 

=> cos(x - y) = l tfi=cos(.7d4) 
=> x - y = 2mr± (7d4), \1 ne Z 
Also we have x + y === 7d4 
From Eqs. (i) and (ii), we have 
x = mr+ (n/4) andy=-nn, 'r:J n E Z 
orx = mrandy = -mr + .7d4, \lne Z 

:no. a, c. x + y = 2.7d3 => y = (2m'3)--x 
:. sin x = 2 sin (27r/3 - x) 

. = 2(( .J3 /2) cos x + (I/2) sin x] = J3 cos x +sin x 

21r n n 
=} cosx= O · => x = n7r+7d2, ne Z =} . y = - - nn - - =- -n1l' 

3 2 6 
Hence, for x E [0, 47r],x= m'2, 3m'2, 5ni2, 77r/2 
and for y E [0, 4n],y = 7d6, 77d6, 137r/6, 19.m'6 

ll. a, d. tanx - tan2 x > 0 
=> . tanx (tan x - l ) < 0 
=} 0 <tanx < 1 
=> O<x <m'4 
=> n1r< x < n1r+ n/4, n E Z (generalizing) 

1 . 1 .. . 1 I sin xl < - => - - <- sm x < -
.. 2 2 2 

( 

=> - n/6 < x < ni6 =}- 7d6 + nn < x < n/6 + nn, n e Z (generalizing) 
Then the common values are nn <x < mr+ n/6. 

12. a, b, d. cos (x + 7d3) + cos x = a 

=> ]_ cos x- ( .J3 /2) sin x + cos x = a· 
2 

=> (3/2) cos x - ( f3 /2) sin x =a 

=> - .j3 -5. a~ .j3 
Hence, there are three integral values of a= - 1, 0, l whose sum is 0. . \ 

For a= I , the given equation is (..[312) cos x- ( 1/2) sin x = 11.[3 

=> cos (x + 7rl6) = 1/ f3 
. . 

=> x + td6 = 2n1l'± a,_where a = cos-1 (1 1.[3 ) 

=> x = 2n1l'- 7rl6 ± a 

Hence, the solutions for a= 1 in [O; 2Jr] are cos- ' (i I .J3 ) - 7d6, 11 /6 - cos-1 (1 1.[3 ). 

(i) 
(ii) 

(i) 
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13. a, b, c. The given inequality can be written as 

2coscc
1 

x J(y _ l)2 + J :5 ..J2 
Since cosec2 x ~ I for all real x, we have 

2 
2cosec x ~ 2 

A I so ( y- I i + I ~ 1 

from Eqs. (i) and (ii), we get 

2coscc2 x Jcy + 1)2 + J ~ 2 

The~efore, from Eqs. (i) and (iv), equality holds only w.hen 2 coscc
2 

x = 2 and ~(y - 1)2 + ·1 = 1 

=> coscc2 x = 1 and (y- I )2 + I = I :::) sin x = ± 1 andy= I 

1t 3n 
:::) x=- -andy= I 

2 ' 2 , 

h I . f h . . I' . n 3n d I Hence, t e so uti on o t e gaven mequa tty JS x = - , - an y = . 
. 2 2 

14. a, b·, c. sin2 x - a sin x + b = 0 has only one solution in (0, n). 
=> sin x = I gives one solution and sin x = a gives other solution such that a> 1 or a~ 0 
~ (sin x - I) (sin x- a)= 0 is the same equation as sin2 x - a sinx +'b,;, 0 
=> 1 + a:;; a and a= b 
=> 1 + b = a and b > I or b ~ 0 
;::::> · be (-oo,O]u[l ,oo)andae (-oo, J] u [2, oo) 

15. a, b. Given that the quadratic equation is an identity 

:. cosec2 8 = 4 and cot 9 = - J3 
. I 

:::) cosec(}:: 2 or - 2 and tan 9=- -

O= 5n or lbr 
6 6 

J3 

J 6. c, d. Abscissa corresponding to the vertex is given by 

1 
x = -- > 1 is the vertex 

sin a 

x = cosec ex 

Fig. 3.13 

The graph ofj(x) =(sin a) x2
- 2x + b is shown as"' x ~ I . . 

Therefore, the minimum of f(x) =(sin a}Xl-2x + b-2 must be greater than zero but minimum is atx ... 1, 
i.e., sin a- 2 + b-2 ~ 0 
:::) b ~ 4 -sin a, ae (0, n) => b ~4 as sin a > 0 in (0, n) 

(i) 

(ii) 

(iiQ 

(iv) 
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J3-1 J3+l 
17.a,d. ~ + ~ =2 

2v2 sin x 2v2 cos x 
. . 

.rc . rc . . 2x 
sm - cosx+cos- smx=sm · 

12 12 

sin 2x = sin ( x + ~) 

1C 7r: 
:. 2x=x+- or2x= n~x--

. 12 12 

rc lln 
x=- or3x=-

12 12 

1C 111l' . 
:. x=i2 or 

36 

18. a, c, d. cos 38= cos 3a 
· Putting n = 0, J ) we have 

3a=2mr±3a 
I 

:. 39= 3aor-3aor 2rc+ 3aor2Jr- 3a 

21l' 21l' . 
8= a or- a or 3 +a or 3 - a=> (a), (c~, (d) are correct 

Ifn =-1, then 38= -2n± 3a 

2n 
· ~8= --±a 

3 

Hence, (b) is not correct. 

19. b, c, d. I +cos 3x = 2 cos 2x 

~ l + 4 COS3x- 3 COS X"" 2(i COS
2 
X- l) 

=> 4. COS3X- 4 COS
2x - 3 COS X+ 3 ""' 0 

Let cos x = y, we have 

4/-4/-3y+3 =0 
=>4;?(y-l)-3(v- l) = O 
=> (.v - 1 )( 4y- 3) = 0 · 

3 
=> y = 1 or .I = 

4 
3 

=>.cos x = 1 or cos2 x = 
4 

•, 
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==>cos x = l or cos2 x = cos2 tr/6 

~ x = 2nn .or x ~ nn± (n:/6), n E Z 

20. b, c. p 2sec2 8 + p2cosec2 8;: (2J2 )2 
p2 

=> J = 8 
sin2 8 cos2 6 

" 

=> sin229=,112 = (1/.fi.r 

=> 29= (nn) + (11i'4), n e Z 

=> e= (mr/2) + (7r18) 

for n = 0, (}= TCIS 

for n = 1 , 8 = 31rl8 

A 

Pcosec 6 

CL----~8 
Psec 8 . 

Fig. 3.14 

··-------·------------ - ·--...... 
Reasoning Type 

- '·· - j 

\+ · 2x ( . + )(~inx+cou)2 2 l.a. (sinx+cosx) sm =2=> smx cosx = 

Now we know that the maximum value ofsinx+ cosx is J2 which occurs atx = 1C/4, for 0 $;x $; tc/4. 

Also, the given equation has roots only if sin x +cos x = ~. 
Hence, there is only one solution for 0 s; x s; n. 
Thus, the correct answer is (a). . 

2. d. We know that sin2 x s; I and cos2 y s; 1, then sin2x + cos2y s; 2 

Also sec2 z 2! .1, then 2 sec2 z ~ 2. 

3. a. 

Hence, the given equation is solvable only if sin2x + cos2y = 2 and 2sec2 z = 2, for which sin2x , cos2y, 

sec2 z = I. 
Then sin x, cosy, sec z = ± J 

Hence, statement I is false and statement 2 is true. 

r=.11x 

Fig. 3.15 
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-l 

-2· 

-3 

-4" 

-5· 

-e· 
y' 

. Fig. 3.17 

sec () +cosec () = a has solution when~ graphs ofy = a and y= sec () +cosec ()intersect. (i) 

Graphs of y = sec 9, y = cosec ()andy= sec 8 + cosec ()are as shown in Fig. 3.17. 

Clearly, Eq. (i) has two solutions if -2J2 <y < 2J2. 

Equation (i) has four ~olutions if . .v ~ -2-fi or y ~ zJi 
In any case, Eq. (i) has two roots always. 

For Problems 7-9 

7.a,8.b,9. d. 

Sol. The given system is sin x_cos 2y = (cl-- I )2 + I, and cos x si~ 2y =a+ 1 (i) 

Since the L.H.S. of the equations does not exceed l , the given system may have solutions only for a's 
such that · · 

(if - Yi + 1 ~ 1 and - I ~ a + 1 ~ 1 

(J - I i+ 1 ~ 1 => (cl--1)2 ~0 ~ 

But a = 1 does not satisfy cos x sin 2y = a + 1 
'fhus, a = - I on1y and we get 
sin x cos 2y = 1 

cosx sin 2y = 0 
sin x cos 2y = 1 
=> sinx = I, cos 2y = 1 
or sin x = - 1, cos 2y = - J 

for which cos x sin. 2y = 0 

~ a= 1 
(ii) 

(iii) 



F' or Problems I 0 - I 2 

10. a, 11. d, 12. b. 

X 

Sol. Given that J(t 2 - 81 + 13) dt = x sin (alx) 
0 

R.H.S. shows thatx*O 
Integrating L.H.S., we get 

[ 
1
; - 4t2 + 131 I ~ x sin (alx) 

or ( 1/3)[x3
- 12x2 + 39x] = x sin (alx) 

or sin (alx) = (I /3)[.x2- l2x + 39] 
=(1/3) {(x-6i+3} 
= (l/3)(x-6)2 + 1 

But sin (alx) ~ 1, so sin (a/x) = I, which is possible only for x = 6 
then we have sin (a/6) = I 
ora/6=2nn+nl2ora= 12mr+3n, ne Z 
Hence,x = 6, a= 12mr+ 31!, n e Z. 
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(i) 

{·: x~O} 

For a E [0, 100], there are exactly !hree values of a= 3n, 15n-and 27n, i.e., 
IY-cosal<x :::::> v'+ 11 <6 :::::> ye [-7,5] 

F'or Problems .13 -IS 

13. a, 14. d, 15. b 
Sol. The given equations are 

x cos3 y + 3x cosy sin2 y"'" 14 and 
xSif!3y+3xcos2ysin y= 13 
Adding Eqs. (i) and (ii), we have .· 
x (cos3 y + 3 cosy sin2 y + 3 cos2 y sin y sin3 y) = 27 
:::::> x(cosy+sinyi-=27 
::) x 113 (cosy+siny)=3 
Subtracting Eq. (ii)'from Eq. (i), we have 
x (cos3 y + 3 cosy sin2 y- 3 cos2 y siny- sin3 y) = l 
~ x(cosy - siny)3 = 1 
==> x'13 (cosy-siny) = 1 
Dividing Eq. (iii) by (iv), we get 
cosy+ sin y = 3cos y- 3siny 
::) tan y = 1/2 
Case 1: 

sin y .. I 1.[5 and cosy = 21J5 

y = 2ntt.+ a, where 0 <a< n/2 and sin a = 1/J5 
i.e.,y lies in the first quadrant 

From Eqs. (iii), x113(31J5)""' 3 or x ""' SA/5 
Case II: 

sin y =- 1/.JS and cosy= - 21.[5 

(i) 
(ii) 

(iii) 

(iv) 
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Draw the graphs of y = sinx andy= I lx ~nd verify. 

4. d. When n = 1, we have interval [0, nt which covers only first and second quadrant, in which 
sinx =- l/2 is not possible. Hence, the number of solutions is zero. Also from 2(n - I), we have zero 
solution when n = J. . 
For n = 2, we have interval [0, 2n] which covers all the quadrant only once. Hence, the number of 
solutions is two. · · 
Also rrom 2(n -1 ), we have two solutions, when n = 2. . 
For n = 3, we have interval [0, 3n], which covers third and fourth quadrant only once. ~ence, the 
number of solutions is two. But from 2(n -1 ), we have four solutions which contradict. 
Hence, statement I is false, statement 2 is true. 

5. a. Jt- sin 2x =sin x 

~ J(sinx-cosx)2 =sinx 

~ lsinx-cosxl = sinx 
=> cosx- sinr = sin x 
=> 2sin x = cosx 

=> tan x = .!_ which has only one solution for x e [0, 7t/4] for these values of x. 
2 . 

·6. b. Draw the graphs ofy = I sinx I andy= I xI and verify that lsinxl = lxl has only one solution x = 0. But 
statement 2 is not the correct explanation of statement I. 

7. d. Given tan 2x = I 

1l' . 
. ·. 2x = nn+ -, n e Z [note that tan 4x is not defined for these values ofx] 

4 . . . 
Hence, the g'iven equation has no solution. 
Therefore, statement 1 is false and statement 2 is true. 

· 8. a. cos (sin x) = sin (cos x) 
~ cos (sin,x) =.cos [(m2) -·cos x] 
=> sinx=2nn±(ro'2-cosx), ne Z 
Taking + ive sign, we get sin x = 2nn+ 7t/2. - cos x . 

or(cosx +sinx)=.!.. (4n+ l)n 
2 

Now L.H.S. e [ -.J2, J2], hence..:.. ..fi ~ ~ (4nt t)n .fi. 

-2.fi -TC 2Ji -1f· . . . . · . 
--- - s; 11 s; , wh1ch IS not sattsfied by any mteger n. 

4n 4n . . 

(i) 

Similarly, taking-ve sign, we have sinx - cosx= (4n- l)TC/2, which is also not satisfied for any integer n. 
Hence, there is no solution. 

9. b. Statement I is true. 
Also statement 2 is true but ·does not explain statement I . 
Consider the equation sin x = x3

. 

Here, y = x3 is an unbounded function but equation has finite number of solutions. 



• • Trigonometric Equations 3:61 

t~.a. Lety=njsinxl = mjcosxl 
The curve y = n I sin x I andy = m I cos xI intersect at four points in [0, 21l']. 

y 

Linked Comprehension Type 

For Problems 1 - 3 

1. b., 2. c., 3. a 
Sol. 

Fig. 3.16 

1. b. x3
- (l +cos 8+ sin 8)x2 + (cos 8sin 6 + cos 6+ sin 8)x- sin 6cos 8= 0 . 

Given cubic function is 

f(x) = (x- 1 )(x-cos 8) (x- sin 8) 

Therefore, roots are t, sin 8 and cos 8 

Hence~ x( + xJ +xi = I + sin2 8 + cos2 6 = 2 

2. c. Now if 1 =sin 8, we get 8= tr/2 
If 1 =cos 6, then 6= 0, 2n 
and if sin 8 = cos 8, we get tan 8 = 1 

. 8= 1r Str . . . 
4 4 

Therefore, the number of values of Bin [0, 2tr] is 5. 

3. a. Again the maximum possible difference between the two roots is 2. 
1 -sin 8= 2 when 8= 31l'/2 or I - cos 8-2 when 9 = TC 

For Problems 4-6 

4., a, S. c, 6. d. 

Sol. See Fig. 3.17 for the solution 
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y = 2nn+ (n+a), where 0 < a < rr/2 and sin a= -11J5 
i.e.,y lies in the 3rd quad~ant · 

Therefore, from .£q. (3), x 113 
(-31../5) = 3 or x =-5../5. 

Thus, sin2y + 2cos2y = 1/5 +sis = 915: · 
Also there are exactly six values ofy E [0, 61r], three in I st quadrant and three in 3rd quadrant. 

. Matrix-Match Type. 
~-~ ·-· - --.~---·--- ~-...._ 

1. a ~ r, b -7 s, c--+ p, d ~ q. 

a. cos2 2x- sin2 x = 0 
=> cos 3x cosx = 0 
=> cos 3x = 0 or cos x = 0 

n n 
~ 3x = (2n -:- I) 2 or x = (2n - 1) 2 , n e Z 

1C . 1t 
~ x= (2n-l) 6" orx= (2n -1) 2 

Hence, the general solution is (2n -1)~. as (2n - I) 1t is contained in (2n - 1) n . 
6 2 ' 6 

b. cosx+J3 sin x = J3 

cosx J3 . . J3 
=> -+-smx:::-

2 2 2 

=> cos (x -!:.) = cos n 
3 6 . 

1t 1r 
:::) x - - = 2mc ± - n e Z 3 . . ~. 

ft .. Tr 1C 
=> x - - = 2mc + - or 2nn - -

3 6 6 

11: • . 1t 
=> x = 2n rc + - or x = 2mr. + -

2 . 6 

c. J3 tan 2 x - ( J3 + 1} tan x + l = 0 

~ J3 tan x (tanx- ))- (tanx - 1) = 0 

:::) (tan x- 1) ( J3 tan x -1 ) = 0 

. . 
-- - · _) 



: . tanx = I 
7r 

:=) x = mr+- neZ 
4' 

I 1r 
or tan x = - :=) x = nn + - n e Z .J3 6 ' 

d tan 3x- tan 2x- tan x = 0 
or tan x tan.2x tan 3x = 0 

x =nrc or nn/2 (rejected) or nn /3 

Therefore, the general solution is nrc/3 as nrc is contained in mr/3 . 
2. a ---? q ; b ---? s ; c---? s; d ---? p. ' 
a. Here, .l.J + (x + 2)2 + 2 sin x = 4. 

Clearly, x = 0 satisfies the equation 
JfO <x ~ rc,x3 +(x+ 2)2 + 2 sinx > 4 
Htr<x::;2n,x3 + (x+ 2i + 2 sin x > 27 + 25-2 
So, x = 0 is the only solution. 

h H 1 . (2..A 1 ( r -x ) 1 I ere, 2" s1n ~ ; =-
4 

2· + 2 ~ 
4 

2 = 
2 

:=) sin (2e') ~ I :=) sin (2e') = 1 
But equality can hold when 2x = 2-x = I, i.e., x = 0. 
Then sin (2. e0

) = I, which is not true. 
Hence, there is no solution. 

c. sin 2x + cos 4x = 2 
:=) sin 2x = 1, cos 4x = 1 
:. 1 - 2 sin2 2x = I or 1 - 2 = I (absurd) 

d The given solution is Is in xI = x/30. 

Trigonometric Equations 

( ·: AM. ~GM.) 

Therefore, the solution o!this equation is the point of intersections ofthe curves, i.e., 
y=jsinxj andy =x/30. 

0 1( 

Fig. 3.18 

3Tr/2 2Tr 

X 
y= 30 

Since there are four points of intersection in 0 S x S 2tr, the equation has four solutions. 
3. a---? q; b---? s; c---? p; d---? r. 
a. 5 sin 8 + 3 (sin 8cos a - cos thin a) 

= (5 + 3 cos a) s in 0-3 sin a cos 9 

:=) max {5 sin 9+ 3 sin (9- a)}= ~(5+ 3cosa)2 +9sin2 a 
~R . 

= ~34 +30cos a 
Therefore, the given eq!Jation is 34 + 30 cos a = 49. 
~ cos a = 1/2 => a= 2mc± rr/3, n e Z 
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h (cosx)sin
2
x-3sinx+ 2:;::: I 

~ sin2x-3sinx+2=0 => (sinx-2)(sinx-I)=O => sinx=l 
0 

but this. does not satisfy the equation because 0 = I is absurd. 

c: )(sin x)+2 114 cosx= O 

:. )(sin x) >0 and so cosx < 0, 
Also sin x > 0 => x lies in 2nd quadrant 

Equation (i) can be rewritten as 2 114 cos x =- )(sin x) 

On squaring, we get J2 cos2 x ~sin x 

=> -fi s'in2x+sinx- .J2.=0 => (../2 sinx-l)(sinx+ ../2)=0 

sinx=t:- J2 , therefore sinx= 11../2 
=> x =· ~1rl4 and so the general value ofx is given by x = 2mr+ 3tr/4, n e Z 

d log5 tan x""" (Jogs 4) (log4 (3 sin x)) 
=> logs tan x = log5 (3 sin x) 
Since log xis real when x > 0, we have 
tan x > 0, sin x > 0 
Thcrcfoe, x lies in the first quadrant Now Eq. (i) gives 
tan x = 3 sin x or cos x = 1/3 
: . x =2m~+ cos-• ( 1/3), n e Z 

~ntege~ !ype ..... 
1. (:1) sin3x + p3 + 1 = 3p sin x 

=> (sin x + p + I )(sin2x + 1 + p 2 - sin x-p-p sin x) = 0 

Therefore, either sin x + p + 1 = 0 => p = - {I +sin x), or 

sin x= I = p 

Hence, only one value of p(p > 0) is possible which is given by p = 1. 

2. {0) jsin x cos xl +I tan x +cot x l = J3 
I 

·=> I sin x cos xl + I sin x cos xI = .J3 

jsin x cosxj + I . I 2: 2 sm xcos x 

Hence, there is no solution. 

3. (3) 4:::; I:..H.S. S 16 

2$R.H.S.S 4 
. ' 

Hence, equality can occur only when both sides ar~ 4, which is possible if x =- 'IC, 3n, 5n. 

That is, there are three solutions.-

(i) 

(ii) 

(i) 



4. (6) 
sin x sin 3x sin 9x 

+ + =0 cos 3x cos 9x cos 27 x 

2sin x cos x 2sin 3x cos 3x 2sin 9x cos 9x ::::::) + + =0 
2cos 3x cos x 2cos 9x cos 3x 2cos 27x cos 9x 

sin(3x - x) · sin(9x- 3x) sin(27 x- 9x) 
::::::) + + =0 

2cos 3x cos x 2cos 9x cos 3x 2cos 27 x cos 9x 

·~ (tan 3x- tan x) +(tan 9x- tan 3x) +(tan 27x - tan 9x) = 0 
=> tan 27x- tan x = 0 
=>tan x = tan 27x . 
::::::) 27x = mr+ x, n e I 

1r 2tr 3n 4n 5n 61r 
~ X = 26 ' 26 ' 26 ' 26 ' 26 ' 26 

Hence, there are six solutions. 

5.(1) {J3 +ltx +(J3 - ltx=23x= (2.J2)2~ 

=-( ~~~r+( ~~~r = I 

::::::) (sin 75°)2.t +(cos 75°)2x :::; 1 
::::::)x= ·l 

6. (4) Since- 2 ~ 'sin x.- .J3 cos x ~ 2 

4m-6 
::::::)-2::5 4-m :52 

2m-3 
or - 1 ~ 4 ~ I -m 

2m-3 
if ::5 I 4-m · 

(2m-3)-(4-m) 
=> 4-m 

3m-7 >O 
=> -m - 4 

2m-3 
Also,- I :::;; 4 _ m 

m+ I 
::::::)-- <o 

ltl "7' 4-

:50 

From Eq. (i) and (ii), we gei me [-I, ~] · 

Therefore, the possible integers are -1 , 0, I, 2. 

Trigonometric Equations 3.67 

. (i) 

(ii) 



3.68 

7. (1) 

8. (S) 

9. (J) 

Trigonometry 

Adding given equations, we get 

3a a2 

2= -+-
2 2 

=> J + 3a·- 4 = 0 

=> (a + 4 )(a- I) = 0 

=> a= I (as a=- 4 is rejected)· 

cos 4x= 2 cos22x - 1 

""'2(2 cos2x- 1 i- I 

c 2(4 cos4x + 1 -4 cos2x)- I 

. = 8 cos4x _: 8 cQs2 x + I 

:. a9 = I ~ a1 ::: -8, a2 = 8 

:. 5a0 + a1 + a2 = 5 

1 - sin2x- sin x +a=- 0 

~ sin2x + sin x- (a+ 1) = 0 

From ~q . (i), we get 

sin2.x +sin x =- (a+ 1) 

For x E (0, n/2), the range ofsin2x + sin·x is (0, 2). 

=>O < (a+ 1)<2=>aE(-1, '!) 

10. (6) a sin x + I - 2 sin2x=2a-7 

==> 2 sin2 x- a sin x + (2a- 8) = 0 

. a± la2 - 8(2a - 8) · a± (a - 8) · a- 4 . 
~ sm x = V = = 2 or - -

4 4 2 

a-4 
For a solution -1 ~ -

2
- ~ I , we have 2 ~a~ 6. 

sin2 (x-7) ..!_(sinx-cosxY - .!..(sinx-cosx) 1 ( n) 
11. (0) _ ___..__.....;.. = .2 = 2 =--tan x - -

2 2 · 2 . 2 4 
COS X COS X - Sin X COS X + SJO X 

Gi~en equation reduces to 2
1nn( x·-~)- 2(0.25)~11·".-~) + 1 = 0 

tan(.r-!:..)' 
=>2 . 4 = 1 

(i) 

~ x = 7d4 which is not possible as cos ·ix = 0 for this value of x, which is ~ot defining the original 
equation. 

12. (4) sin4 x- cos2 x sin x + 2 sin2 x + si·n·x = 0 

==>sin x [sin3 x - co;2 x + 2 sin x + 1] = 0 



~sin x [sin3 x + sin2 x + 2 sin x] = 0 

~ sin2 x[sin2 x + sinx + 2] = 0 
=>sin x = 0, wherex = 0, tr, 27r, 3tr 

Hence, there are four solutions. 

Archives 

Subjective 

Trigonometric Equations 3.69 

I. At the intersection point of y =cos x andy= sin 3x, we have cos x = sin 3x 

;> cosx~ cos(~ -3x) ;> x = 2mr ± ( ~ -3x). ne Z 

1t 1! 31l' 
~x=- ---4 I 8 I 8 

Thus, the points are ( :, ~). (; , cos;) and (-
3
:, cos 

3
:) 

2. The given equation is 
4 cos2 x sin x- 2 sin2 x = 3 sin x 

=> 4 cos2 x sinx- 2 sin2 x- 3 sinx = 0 

=> 4 (1 - sin2 x) sin x- 2 sin2 x- 3 sin x = 0 

~ sin x ( 4 sin2 x + 2 sin x- l] = 0 

=> either sin x = 0 or 4 sin2 x + 2 sin x- 1 = 0 

Jfsinx=O => x =n1r ,ne Z 
lf 4 sin2 x + 2 sin x -1 = 0 

- l±JS 
~ sinx=---

4 

· ( )m . -1 (-1 ± .JSJ z :.x=mn+ -1 sm 
4 

, me 

.Thus, x =nit, ~11'± (-1 )m sin-• ( - l ~ .J5). 
where m and n are integers. 

3. The given equation is go+tco~ .~+lcos2 ~+cos).x1+ .. ·> = 43 

23(1 +lc ~ xl +lros2 xf + oos3 xf + ...... ) = 26 

=> 3 ( 1 + Ieos xi'+ lcos2 xl + cos3 xl + .. ·) :::: 6 
I + lcosxl + lcos2 xl + lcos3 xl + ... = 2 

1 = 2 
1-lcos xl 

=> lcosxl = 112 

1 
=> lcosxl = 

2 
=> x= 1!/3,- TCI3,21d3, -2tr13, ... 
The values ofx e (-1r, n) are± rd3, ± 2rrl3. 
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2 tnn2 9 4. Giventhat(J - tan9)(1 +tan9)sec 87" 2 =0 

~ (I - tan2 8) (I + tan2 9) + 21
nn

2 9 = 0 
Let us put tan2 8 = 1 

:. (1-t)(l +t)+2'=o ~ 1-P+2'= o 
lt is clearly satisfied by 1 = 3 

. as- 8 + 8 = 0, we get tan2 0 = 3 
:. 9= ± 7d3 in the given interval. 

5. (v + z) cos3 9- (xyz) sin3 8= 0 

xyz sin 3 0= 2 cos (3 9) z + (2 .sin 3 (:J)y . 
:. (v + z)_cos 38= (2 cos 38)z + (2 sin 3 6)y z:: (y+ 2z) cos 39+ y sin 38 

:. y(cos 39...,. 2 sin 39) = z cos 38andy(sin 38-cos 30) = 0 
::) sin 38- cos 39= 0 

:. sin 38= cos 39 

9 -- ( 4n + 1)n -. 8 -- !!_ only :. 38= mc+ (7r14), neZ=> 
3 

_,. 
3 

. 

. 6. tan 8 = cot 58 

=> cos 68= 0 
=> 4 cos3 28-3 cos 28= 0 

..J3 => cos28= 0or±-
2 

sin 28= cos 49 

~ 2 sin2 20+ sin 28'- I = .0 

=> 2 sin2 28+ 2 sin 28-sin 28'7' I= 8 
. 1' 

=> sin 28= -1 or sin 28= -
2 

=> cos 20= 0 and sin 28=- 1 

1t 7r 
~ 28=-- => 8=--

2 4 

or cos20=± J3 sin28= .!_ 
2 ' 2 

1C 5Jr 1C 51C 
=> 28=- -=>9= -.-

· 6'6 . 1212 
1r n 5rr 

. 6 =--- --
.. 4 ' 12'12 

Objective 
Fill ill llle hla11b · 

3 
J • We have cos x + cos l ' = -. 2 

=> 2cos(x;)}•(x;y)=~ 

(i) 

(ii) 

(i) . 



~ 2 cOs ; cos( x; Y) ~ ~ 

( x- ' ' ) 
3 

I · 1 i 'bl => cos 2 = 2' , w uc 1 s not po_ss• e. 

Hence, the system of equations has no solution. 
2. We have 2 sin2 x - 3 sinx+ I ~ 0 

=> (2 sinx-l)(sinx-1)2:0 

( sinx-~)<sinx-1)" 0 

• I . 1 
Sin X :::; - Or Sin X 2: 

2 
But we know that sin x ~ I and sin x ~ 0 for x e [0, 1r]. 

Trigonometric Equations 3.71 

[using : x + y = 21Ii3] 

Therefore, either sin x = 1 or 0:::; sin x ~ .!. ~ either x = 1Ii2 or x e [0, n;/6] v [51I'16, 1r] 
2 

Combining, wegetxe [ 0, :Jug}u[5
:. "J 

3. tan2 8+ sec 29= I 
., . 

1+r r + --., = 1, where 1 = tan 8 
· 1-r . . 
=> t

2 (t2 - 3) = 0 => tan 9= 0, ± J3 => 8= mrand 8= n1r± td3~ n e Z. 
4. cos 7 x = I - sin 4 x 

= (1 - sin2 x)(l + sin2 x) 
= cos2 x (I + sin2 x) 

:. cos x = 0 or x = 1Ii2,- td2, or cos5 x = I + sin2 x 
cos5 x ~ 1 but I + sin2 x 2: I 
=> cos5 x = I + sin2 x = I 
=> cosx = I and sinx = O. 

1t' 1C 
Hence.x=-- -andO. 

. 2' 2 

True or false 

1. Given that equation is sin4 6-2 sin2 9- I = 0 

. 2 9 2 ± .J8 I. ~2 :.sm = = ±v.t 
2 

But sin2 8 cannot be -ve 

:. sin2 8 =: .fi + 1 

But as - 1 ~sin 8~ 1, sin2 6* .fi +I 
Thus there is no value of 8 which satisfies the given equation. 
Therefore, statement is false. 

Multiple clloice questimts witll one correct an.~wer 

I. a. The given equation is 

[both these imply x =OJ 



3.74 

Now cos (a- P) = 1 

:. cos( a+ P> = lie 

Trigonometry 

=> .a-P=o 

=> cos 2a= l ie 

·: 0 < lie< I and 2ae [-2n, 2tr] 

=> a = P 

There will be two values of2asatisfying cos 2a= lie in [0, 2tr] and two in [-2n:. 0]. 
Therefore, there will be four values of a in [-n, n] and correspondingly four values of {3. Hence, there 
are four sets of(a, {J). 

10. a. 2 sin2 8-5 sin 8+ 2 > 0 

=> (sin 8-2)(2 sin 8- 1) > 0 

=> xe (0, tr/6)v(Sm6, 2n) 

11. c. 2 sin2 8-cos 28,;-0 
=> I - 2 cos 2 8 = 0 

I 
=> cos28=-

2 

=> 8= n Str 7tr 111r 
6' 6 ' 6' 6 

where Be [0, 2 tr]. 

Also 2 cos2 8-3 sin 8= 0 

=> 2 sin2 8+ 3 sin 8- 2 = 0 

=>. (2sin8- 1)(sin8+2)= 0 

=> sin 8= 112 

=> sin 8 < 1/2 

=> 8'= m6 ' 51rf6 where 8e [0, 2n:l 

Combining Eqs. (i) and (ii), we get 8= rr , Str 
. 6 6 

Therefore, there are two solutions. 

Multiple choice questions witlt oue or more til au o11e correct a11swer 

1. d. Sinct: a1 + a2 cos 2x + a3 sin
2 x = 0 for all x 

Putting x = 0 and x = 7r/2, ~e get 

a1 + a2 = 0, and a1 - a2 + o3 = 0 

=> o2 c:- o1 and a3 =-2a1 . 

Therefore, the given .equation becomes 

a1 - a1 cos 2x- 2a1 sin
2 x = 0, 'r/ x 

=> a1 (l -cos 2x- 2sin2 _,·) = 0 , V' x => a1 (2sin2 x - 2sin2 x) = 0 , V x 

The above is satisfied for all values of a 1• • 

Hence, the infinite number of triplets (a1, - a., -2a1) is possible. 

[·:-I ~sin 8S 1] 

(i) 

[·:sin 8;t;-2] 

(ii) 



2. a, c. We have 

1 +sin2 6 cos2 6 4sin 46 

sin2 6 I +cos2 6 4sin 48 ;;;;Q 

sin2 8 cos2 8 1 +4sin 48 

Operating C1 -) C1 + C2 , we get 

2 cos2 8 4 sin48 

2 :t+cos2 8 4sin48 =0 

cos2 8 1 +4sin48 

Operating R1 -) R1 - R2 ;.R2 -) R2 - R3 , we get 

- I 

1 

. 0 

-I 

1 cos2 e· 1 + 4 sin 48 

=0 

Expanding along R1, we get l + 4 sin 48+ l = 0 · 

Trigonometric Equations 3.75 

=> 2(1+2sin48)=0 => sin48=-l/2 => 48=rc+1tl6or2tc- tr/6 
=> 48= 7tr/6 or I I tr/6 => 8= 7tr/24 or lltt/24. Hence, there are "two correct options. 

3. c. 3 sin2 x- 7 sin x + 2 = 0 
=> (sin x - 2)(3sin x- J) = 0 => sin x = 1/3 =sin a~ say, (sin x = 2, not possible) 
x =ntc+(-tt a , n= 0, I, 2, 3, 4, 5 in(O, 5n) 

4. d. 2 sin2 x + 3 sin x - 2 > 0 
(2 sin x- I) (sin x + 2) > 0 
=> 2sinx- I > O [·: -l:s;sinx~ l ] 

=> sin x > 1/2 => x E (n/6, 5tr/6) (i) 
Also,;-x-2<0 => (x-2)(x+ 1) < 0 => -1 :<x < 2 (ii) 
Combining Eqs. (i) and (ii), we get 
X E (ni6, 2} 

s·. a, b. (sin x)
4 

+(cos ~)4 =.!. 
2 3 5 

3 - 6 cos2 x + 5(cos x)4 
= 

6
. Let cos x = t 

-5 
=> 25/4 - 301 2 +9 = 0 

~ t2 = ~ 
5 

2 
=> tan2 x =-

3 

(sinx)8 ~ GJ 16 = =-
625 

= (JJJ 81 (cosx)s= .J5 = 625 

(sin x)8 (cos x)8 1 
=> + =-

8 •27 125 

.J2 

J3 

Fig. 3.!9 



3.72 

1t 
whereO <x~-

2 

Trigonometry 

L.H.S. = 2cos2 G}in2 x = (l+cosx)sin2 x 

·:I +cosx < 2andsin2·x~ l forO <x< rc · 
2 

:. (1 + cos.x) sin2 x < 2 

andR.H.S. =x2 + ~ ~ 2 
X 

. ·. For. 0 < x s; n , given equation is not possible for any real value of x. 
2 ' 

2. c. sin x +.cos x = 1 

1 . . ] 1 
J2 smx+ .J2cosx = ..Ji 

~ sin x cos (7t/4) + cosx sin (7t/4) = sin rc/4 
~ sin (x + n/4) =sin n /4 
~ x + (n/4) = nrc+(-l)n n/4, n e Z 
~ x=nn+((-It tr/4]-.n"/4 
where n= 0, ± 1,±2, ... 

3. b. The given equation is 
sin x - 3 sin 2x + sin 3x =cos x - 3 cos 2x + cos 3x 
=} 2 sin 2x cos x - 3 sin 2x = 2 cos 2x cos x - 3 cos 2x 
~ sin 2x (f cos x- 3) = cos 2x (2 cos x- 3) 
~ sin 2x = cos 2x (as cos x-:;; 3/2) 

ntr n 
=> tan 2x = 1 ==> 2x = nn+ 7tf4 =>x = -+- n E Z 

2 8 ' 
4. d. The given equation is 

(cosp - l) x2 + (cosp)x + sinp = 0 

For this equation to have real roots D ~ 0 

~ cos2 p - 4 sinp(cosp-·1)~0 

==> cos2 p - 4 sin p cos p + 4 sin2 p + 4 sin p - 4 sin2 p ?:. 0 

~ (cosp - 2. sinp)2 + 4 sinp (1 - sinp) ?:. 0 

For every real value of p, we have 

(cos p - 2 sin p)2 ~ 0 and sin p(I - si~ p)?:. 0 

:. D "?:. 0, 'it sinp E (0, 7t) 
5. c. The given equation is 

,· tan x + sec x = 2 cos x 

sin x I 
- - +--= 2cosx 
cosx cosx 

==> sin x + I = 2 cos2 x = 2 :_ 2 sin2 x 

=> 2 sin2 x +sin x- 1 = 0 

==> (2.sinx-I)(sinx+l)=O 

.· 



. l => smx=- - 1 
2 ' 

1C 51C 31C 
=> X= - - - E (0 2tr1 

6 ' 6 ' 2 ' J 

But for x = 37d2, tan x and sec x are not defined. 
Therefore, there are only two solutions. 

6. d. The given equation is 
2 sin2 8- 3 sin 8-2 = 0 
~ (2sin8+1)(sin6-2)= 0 

. J 
=> Slll = --

2 
=> sin.8= sin(- rr/6)= sin{7tr/6) 
~ 8= ntr+ (-1 t (-n:/6) = mr+ [(-1 )n 7m'6] 

=> Thus, B= ntr+ (-tt77d6, n e Z 

Trigonometric Equations 3.73 

[ ·.· sin 8r 2 = 0 is not possible]. 

7. c. To simplify the det~rminant, let sin x = a; cos x = b. Then the equation becomes 

a IJ b 

b a b ·= 0. Operating C2 ~ C2 -C1; C3 ~ C3 - C2, we get 

b b a 

a b-a 0 
b a - !J b-a =0 

b 0 a-b 

=> a(a-bi-(b- a)[b(a-b)-b(h-a)] = O 
=> a(a-b)2 -2b(b-a)(a-b)=O 
=> (a - bi(a - 2b)=O 
=> a= h or a = 2b 

a a . 
=> - = 1 or-= 2 

b b 

=> tan x = 1 or tan x = 2 
But we have - 7d4 ~x~ 1f14 
=> tan(ni4)~tanx~tan(m'4) 

=> -1 ~ tan x ~ I 
:. tanx= J => . x= rd4 . 
Therefore, there is only one real root. 

8. b. We know that 

-~a2 +b2 =:; a cos 0+ b sin 8~ ~a2 +b2 

=> -8~2k+ 1 ~8 => -4.5~k~3.5 
(considering only integral values) => k can take eight integral values. 

9. d. Given.thatcos(a- /3) = l andcos(a+/3)= 1/e 
where a, {3 e [-Jr, 1r] 


