Integrals

Integration as an Inverse Process of Differentiation

Integration is the inverse of differentiation. It is also called as anti-differentiation.

j,f{x}dx |

The integration of a function f{x) with respect to x is denoted by

d ;5
—{ x } =2x
Example: We know that dlx

Here, 2x is the derived function of x2 and x2 is primitive of 2x or we say x2 is the anti-derivative (or
an integral) of 2x.

il
. . —(F(x))=rf(x) ,
If there is a function F such that @ , &mnForE;x€l (interval), then for any
AP (x)+C]
CER, dx = f(x), x€EL

~ {F+ C, CeR} is called the family of anti-derivatives of f.

[C is called the constant of integration]

D _ £ (x)

Notation: If @¥ , then we write Y= j-’f {x]r,ir

Formulae for integrals of some functions.

i+l

X

j-x"dr: +C, x=-1

) n+l

j-cos xdv=sinx+C

(i)

fsin xav =—cosy+

(iii)

_ j-sc:c’ xdy =tanx+C
iv)

(

9 J-cc-s ec xdv =—cotx+C

(



j‘sec ytanx=secx+C

(vi)

dx . .
=sin'x+C

(viii) I\f' —x' s

=—cos  x+C

dx ]
_[ =—cot ' x+C

-y

(xi) "1+
dx i ;
—_—=sec x+C
(xii) fm ¥ -l
dx -1 -
— = —cosec x+(
(xii) '[N -l
(xiv) edi=e"+C

jlffx =log|x|+ C
(XV) X

.+C

a'dv =
(xvi)

loga
Geometrical interpretation of indefinite integral

1. = Flx) +C
The equation j-‘f ()dx = F(x) + =y (say) represents a family of curves. For different values

of C, there correspond different members of this family and these members can be obtained by
shifting any one of the curves parallel to it. This can be diagrammatically represented as



bR,

/ Ff—‘]"’f:
/ F(x)+Cy

.-—-"""F‘! / Fixp+C,

}{:_ A — / .-.-x

L

v
Important properties of indefinite integral

Two indefinite integrals with the same derivative lead to the same family of curves. Hence, they are
equivalent.

The equivalence of families {[{(x) dx + C1, C1€R} and {Jg(x) dx + C2, C2€R} is denoted as
[f(x) dx = [g(x) dx
JIf () £ g(x)]dx = [fix)dx + [g(x)dx
[kf (x)dx = k[f{x)dx where keR
I[kl_,ﬁ (x)+hey fo(x)+ ok f (x) Jote = A‘lj_fl' (x)edr+ ﬂ::jfé (x)dr+. + R,,J_f,’, (o )elx
Comparison between Differentiation and Integration
Both satisfy the property of linearity
All functions are not differentiable. Similarly, all functions are not integrable

The derivative of a function, when it exists, is a unique function. However, it is not so in the case of
integration.

The derivative of a function at a point may exist. However, an integral at a point makes no sense.
We usually find the integral of a function over an interval.

Solved Examples

Example 1



Find the anti-derivative of sin2x.

Solution:

i cos2x)=-2sin2x
d
Ay

= s8in2x = —l.i[cos 2x) a4 X cos2x
2 dx ae

1

——cos2x
~ The anti-derivative of sin2x is

Example 2
x +2 i
Integrate X
Solution:
i i -7 2
[F=dx= [ x+= |dx=""+2l0g|x|+C
X | x ) 2

Method of Integration by Substitution

The given integral [f(x)dx can be transformed into another form by changing the independent
variable x to t by substituting x = g(t)

e
Put x = g(t) so that 4!

Then, 1/ (¥)r = [/ (2(1))e'(r)d

=g'(t)=dx=g'(t)dr

For example, integrate cos (mx + 1) with respect to x.
Lett=(mx+ 1)

l t

~sdt=mdx=>dx= M

COst |
j df = — Icnﬁr dt
i m

~ [cos(mx + 1) dx =

1 .
=—sgint+C
i



in(my+1
_sinmx+ ]+C
"

Integration using trigonometric identities

e When the integrand involves some trigonometric functions, identities can be used to find the
integral.

j-u:u:ms3 xelx
o For example, solve

cos 3x =4cos3x - 3cos x

-

5 ] 3
=> C0OS X =—CO083X+~COSX

_[t:n:-:3 xdx = l IC{‘.IH. S + = j{:{‘.lﬂ xdx
, 4 4

Integrals of Some Particular Functions

dlx 1 x—al
j‘ — =—1log +C
. r—a  2a x+a
aly 1 a+x|
j‘ — =—log +C
a —x  2a qa—X

iy 1 X
I —=—tan" =+ C

o X+a oa a

e —
xdr =g |+C

IL* — |('|g

j‘—dx —sin” L4 C

. [ — a
xr+ I,I'Jr2 —I-c:2

|2 =1og

X 4a

+c




dx

S —
For finding * @ +bx+¢  we first express

2 L c
ar +hy+e=a|lx +—x+—
a

o
[ b]: c B
=a|l|lx+— | +| ———
2a a 4a’
cb
Then, let t=x+b2at=x+b2a so that dt = dx and write @ 4a"
1 drf c B

3

Then, the integral is reduced to the form & *7 Tk Depending upon the sign of 4 da’ , the given
integral can be evaluated.

dx
Integral of the type V¥ ax’ +be+e can also be evaluated by the previous method.

fJ‘.l + {?
dx
To find the integral of the type L“- +bx+c  where P, q, a, b and c are constants, we first find A,
B and C such that

prtg = Ai
dx (ax2+ bx +c) +B

=A(2ax +b) +B

A and B are to be determined by equating the co-efficients of x and constant terms. Thus, the given
integral reduces to some standard form, which can be further evaluated easily.

P_l' + q i
L dx
Integral of type ~ V@X" +bx+¢  can be evaluated by the previous method.

Solved Examples

Example 1:

Integrate sin® x cos3 x with respect to x.
Solution:

Putcosx=t



~—sinxdx=dt
dt

>dx= Sinx

5t
sinx

. 3 S5
|=j5]]1 XCO% _rti'C:-Jmn -

== Jﬁin "xtdi

sin*x = (sin2x)?

= (1 - cos?x)?
= (1 - t2)?
=1+tt-2¢2

ssintx 3= (1+t4-22) B =3 +¢7 - 2t°

CI=- I(r =26 40 Jdt = —[ IF'T-:II - jzf +lt + jr‘d:}

B 4] 4
S A S S
8 6 4

cos'x cos'x cos x

= — + - +C
® 3 4
Example 2:
Solve: j‘sm 6 sin 4x dy
Solution:

—2sin 6x sin 4x = cos(6x + 4x) — cos(6x — 4x)

=cos 10x - cos 2x

1
j‘sinf:-x sindxdy I‘E[“"“mx— cos 2x |dx

[ fcus 2ydv- jcns 1 {]_rdx}

sin2x  sinlOx |
- +C
2 10

i
2
I
2

= l(sin 2x—lsinl {]x] +C
4 5



Example 3:

" odx
Solve: * x%—4

Solution:

j[' dax j[ dry 1 1 x
. =, = og |=
\2_4 ‘2_22 ey X

Example 4:

" odx
Solve: = x%43

Solution:

J' ,;21‘_1.- =J[ . dx :Ltan—l(L)_l_c
xT43 ;

AP

Example 5:

j‘ x—1
Solve: *3x° —2x+4
Solution:

d
(x-1)=Adxr (3x2-2x+4) +B

=>x-1=A(6x-2)+B
=6Ax-2A+B

Here,6A=1,2A-B=1

J'Ld\-:ll (1‘5“"2} _EJ‘ ﬂ dx
6 43x°—2x+4 3 93¢ —2x+4

12y

6 3 (say)



In [1, put 3x2 - 2x + 4 = t so that (6x - 2)dx = dt

j'ﬂ =log|t|+C,
=1

=log |3x2 - 2x+ 4| + C1

I —2x+d4 3 [ |]’ T
x——| +—
9

-
2

- J kY | el

:%j'[x_ :iTHJ_I]: :‘I;x-jl’_l tan"{[_r—gl}%.%t‘

1) |
‘iJ +| -
i | 2
| 3x-1
= ——tan +C,
N Jino
1 3 2 3x—-1
—log |3x" = 2x+4| - tan"[ +C
1= 0 311 ST (where C = C1+ C2)

Integration by Partial Fractions

r(x)

Integral of rational function q(x) (where p(x) and q(x) are polynomials in x and q(x) # 0) can be
performed by expressing the integral as a sum of simple rational functions, and then apply known

p(x)
method. In this method, if q(x) is improper, then we first convert it into proper fraction
p(x) T{I]+ﬁ’|(-‘f} pi(x)

(i.e., q(x) = Q(x) , where T(x) is a polynomial in x and

Q {x} is a proper rational
function), by long division process.

Types of simpler of partial fractions that are to be associated with various kind of rational
functions can be listed as:

Form of Rational Function Form of the Partial Fraction




plx)+q
(v-a)(v-0)

a#h

plx)+q

[,r—u]:

px’ +gx+r

(x—a)(x=b)(x-c)

pxt Fgx

(x —.:.r}3 (x—b)

pxt +gx+r
(x —a}[f +hy + c]

Where, x2 + bx + ¢ cannot be factorised
further.

A Bx+C
+
X—a

X +hx+c

A, B, C are real numbers that are to
be determined.

Some Related Solved Problems

Example 1:

j‘ i iy
Solve: "X —3x—4
Solution:

x2-3x-4=(x+1)(x-4)

1-2x 1-2x A B

1 = +
1 =3x-4 (J;+1}{x-4] x+1 x-4

Let
~1-2x=A(x-4)+B(x+1)
=>1-2x=(A+B)x+B-4A
Comparing coefficient of x and constant term,

A+B=-2andB-4A=1




7

On solving the above two equations, we get A = 5 B= 35,

j—l_h dx = j_“f’ -:ir+j:_?jj{ir

x'—3x-4 x+1
q
=——log| x+1|—ilﬂg|x—4|+c
3 3

:—%[mg x+1|+Tlog|x—4|]+C
A

Example 2:
J~ Ex:i- 1 s
Solve: (x— I}{x“ +x-2)
Solution:
2x+1 2x+1 2x+1

o) rx-2) (=D)=1)(x+2) (x-1) (x+2)

A B C
+ —+
x—1 [,1.;—1}' x+2

=>2x+1=Ax-1)(x+2)+B(x+2)+C(x-1)2
=>2x+1=Ax?2+x-2)+B(x+2)+C(x2-2x+1)
=>2x+1=(A+C)x?+(A+B-2C)x-2A+2B+C
Comparing coefficients and constant terms,
A+C=0,A+B-2C=2,-2A+2B+C=1

1 1

On solving, we obtainA=3,B=1,C= 3

-1/3
x+2

dr + dx

| = I%dxw :

1
ey



—lln |Jf—||—]——l
£ (x-1) 3
=l]_ x__l_ I .|_-L'|
3 x+2] x-—1
Example 3:
I x+1: e
Solve: (;—3)(.:‘ +2)
Solution:

log|x+2|+C

Let

A(x*+2)+(Bx+C)(x-3)

J‘ x+1 _ A N
(x—3](x3+2] x—-3 x'+2

=>x+1=(A+B)x2+(C-3B)x+2A-3C
Comparing coefficients of x%, x, and constant terms.

A+B=0,C-3B=1,2A-3C=1

~a=2p=-2 c-=
11 11
4
| T
= Ix+
Ij'r—'i{ j X+
=—log|x-3|-——

=2log|x" +2|+

(x=3)(x"+2)

ﬁ tan ﬁ

Kl . | X )
Sl=—log|x=3|+2 log| x* +2|+—=tan' ——=+C
T | | g| | NG NG

(where C, + C, =C)



Integration by Parts

The function of the form f{x) g(x) can be integrated by using the method of integration by parts.

[fmedr =7 eds =[] (0 [z(x)dx]dx
Integral of the product of two functions = (First function) x (Integral of the second function) -
Integral of [(Differential coefficient of the first function) x (Integral of the second function)]

Generally, a polynomial function is taken as first function. In cases where other function is inverse
trigonometric or a logarithmic function, then they are taken as first function.
In finding the integral of second function, the constant of integration is not added.

The integral of the type »[ © [‘f (x)+7 {T}] d
by parts and can be concluded as

can be evaluated by the method of integration

Iﬁ ' [,f'{x}+,f"(,r}j| dr=e"f(x)+C

=
For example, consider X

I =_,"(" ‘21 )e"'af_r

X

[—

= [e" ( — Lz —|—1—.)dr {_,'éx [f(r) +f “I:.T:I] dx where f(x) = }

X ¥

SI=8 4

X

Integrals of the form V¥ - N +at ot - can also be integrated by the method of
integration by parts.

1 > .x- .l ¥ ':’-F: ¥ »
I«-..‘x' —a dv = jx.'x' —-—g- - 5 log|x++/x —a“-{-C

P A - o - ;
qu' +a = 5 NxTta + N log|x+ V¥t +a’

’d

1 3 X 3 1 a ., X
J- fr—x'nirzzu'n'—x' + 5 sin”' =4 C

= o

+C

fux: +6x+35 dx

For example, consider



[Vt +6x+5 de=[{(x+3) -2%ax

Putx+ 3 =t so thatdx=dt

Then,

[= [V -2

1= -2 —j—zlog t+i =22+ C
2 2

— e

l - - —
I:?[_ﬁ; i 3}\4".‘(‘-- 6x+5-2log|lx+3+yx +6x+5+C

Solved Examples

Example 1: Find the integral of:
(i) x sin x (ii) exx

Solution:

roin xdx

()] I
= x[sin xdx — f[%(\)fﬂm J.'ch.'] dx
= —xcosx+ Joosxdx

= —acosxy+sinx+C

e¥ xedx

(i) I

=z ewx—j[di(x)jewx}dx

%
=zxf-e"+C

=e"(x-1)+C

j- x [-\fl— xsin™ x+1]dx
Example 2: Find the integral of Ni-2

Solution:



_,fﬂﬁin" v+l | I - | )
j-E: \. Jl—f inr— I&: [bln TTH:| el

NI

Now, f(x)=sin"'xand f'(x)=

e [£(x)+r(x)]

Therefore, the given integrand is of the form

}dr:c"'sin 'x+C

= Jc{sin '+ !
«Jl—x:
I\.‘S+2.\:—I3.r,ir

Example 3: Find the integral of

Solution:

= [V8+2x—xidv=[J3*~(1-x)'d

Putl - x = t so that dx = -dt

Then,

[=— [V3* -#di

I:—%r 3 ——isin'L—-l—L
|=_%{1-x}m_§sm '{';—I}LC

Definite Integral as Limit of Sums

I_,f{x}dx
e A definite integral is denoted by * , where ‘@’ is called the lower limit of the integral
and ‘D’ is called upper limit of the integral.

Definite integral of a function f{x) over an interval [a, b] can be calculated as:
]
j‘f{x]ﬁ[\' =(b—a) Iiml[_}"'{u}+ fla+h)+.+f(a+(n- I}h}]
R+ B
_b-a

h=
where, . > 0asn— oo.




Solved Examples

Example 1:

]-.l: Ydx

Find * as the limit of a sum.

Solution:

]-.f'(x)ﬂ{l':(f?—ﬂ”i_r"l‘rlil:f{a}+f(ﬁ+h}+...+_,f'(a+(n—])ﬁ}]

a

30 3

h=—=—

Here,a=0, b =3, f{x) = x3, " i

jI-*r"rir=3giggj—r f(U}+f[%]+f{%]+,,,+,f'[3 {’;"}]]

[3{:1— I)T

L] P K Gl 1 ]

~3lim L_:s-*{luz-‘*+..,+(n—1}"}]

[P B or s n f?

= 3lim E[{”_ I]”:II [ = [k(ﬁ-’"‘l}]z]
4

i —pa ”-‘l 4

_27x3 I:[ﬂ—]}jr
4

—%x ;’

k=1

Example 2:
I
J-ez “dx
Find: ©

Solution:



Here,a =0, b =1, f{x) = e?, non

.-|—|-.- "

[ 2 4 2m-1)
f Y =(1-0) Ilm— e re"ve" +.. e "

1 2 4 Fpr-2 ]
=lim—|l+e" +e” +...+e& "

=i j'lr

Rl /] - r—-

U
(r I) —lr—e”}

Fundamental Theorem of Calculus

A(x)= Jf{x]dx
The area function A (x) is defined as a , where fis a continuous function defined on
the interval [q, b] and it represents the area of the shaded region as shown below.

Y
-
v fx)
X [§] a x b X
L §

v
Let fbe a continuous function on the closed interval [a, b] and let A (x) be the area function. Then,

A (t} h f{x] for all x € [a, b]. This is the first fundamental theorem of calculus.



e Letfbe a continuous function defined on the closed interval [a, b] and F be an anti-derivative of f.

Tf(x}d:r =[F(x)] =F(b)-F(a)

Then, « . This is the second fundamental theorem of calculus.

&
If {x]ﬂ’x
e In= , the function fneeds to be well-defined and continuous in [a, b].

Solved Examples

Example 1

(x+1)dx

[l (5]

L)

Evaluate the integral -

Solution:

I(A‘+|}:dx = j{x: +2Jr+|) cfx=T+T_+x=%+xl +X

2 . 3 . z Yo \
J{_r+ 1}“(&':[17+x' +x} = [§+4+ 2J—|\—§+4—2J = lﬂ—ﬁ+4= ¥
- 3 » 3 a 3 3
Example 2
:
J-Sin2 2xdx
Evaluate the integral ”
Solution:
;
j-sin2 2xdy
i}
. 3 | —cos4x
sin 2y =——
2
Isinz 2xely = % I{I —cos 4x) dy = %[x— S 4'1 =%(4x—sin 4x)

T
H

jsin-’ zx.ir:[%(a,x-simx)f:%ﬁaq]-{%‘:ﬁ{ -)

L1}



Example 3

|

Evaluate the integral " 137

Solution: .

—u‘x-[ r_mn"«f_t} = 13
2y

1+ 3x

(mn" J3- ﬂ) =—

Evaluating Definite Integrals by Substitution Method

[}

! I (x e
The steps for evaluating = by substitution method can be listed as:
Step l: Considering the integral without limits, substitute y = f{x) or x = g(y) to reduce the given
integral to a known form and the limits of integral are accordingly changed.
Step 2: Integrate the new integrand with respect to the new variable, and then find the difference
of the values at the obtained upper and lower limits.

Solved Examples

Example 1:

Evaluate: -3;-—1{&
S+

Solution:
Putl+x3=t
Then, 3x2dx = dt
Whenx=1,t=2

x=2,t=9



- 2 o
I-I‘f::c} dr =J‘? = [Ing;']j =log9-log2= Ic}g%

Example 2:

Evaluate : fD v/cos 3z sin 3z dx

Solution:
Putcos3x=t

Then, -3sin 3xdx = dt

x=—=¢=1
x=0=t=1and 6

: ool
Iy‘ COs3x sin 3xdy = = Iﬁ %
1] |

Example 3:

Evaluate: - ;,dx
s xlog x”

Solution:

I—E % 2xdy = dt
Putlog x2 = t so that *

= de =dt
X

x=-2=>t=log4

x=3=>t=log9



e e )

r]ou X

=E[Ing[|0g9]— log (log 4)
_1 Ing( Ing@)
2 log4

Properties of Definite Integrals

b

[ (x)ex = .I‘Il'f{;)a'r

If'{x]f."x:—]-_f(x}dr II_I'(x}dxzﬂ

b . In particular: =
[ [
[£(x)de=[f(x)dc+ [f(x)d

Jj-f(.t'}ff.l'= ]-f[f:+ b—x)dx ]-_f'(x}dr = “I[ (a—x)dx

In particular: °

-jf }G'Jl—j-f d1+j-,f (2a—x)dx

_ Eli[f{x]dx. iff(2a—x)=f(x)

i]‘-f{x]rfr
! 0 iff(2a-x)=—1(x)

I:l-_f'l:x)dx = 2]-_)" (x} el

In -« v if fis an even function i.e,, f (-x) = f (x)

Ij_f'[x}dr =0

,if fis an odd function i.e., f(-x) = - f(x)

Solved Examples



]lx+ Ekx

Example 1:Evaluate: -*
Solution:

2| x+2 iftxz=-2
el
g ~(x+2)  ifxr<-2

=2 |

'I[ x4 2| dv = —I[I +2) e + J{x +2) v |: jlf[x}cir = I f(x)ee+ I_f'{.r]zir:|

—ih = -2

| 5 3 , 4
X X

j.‘r+2|d‘r=—[—+ 2.1.‘j| +[—+2.v]

I- 2 i- ':. =5

4
[ +2dr =~[-2-6]+[16-(-2)]
-;'n

[|r+2/ e =8+18=26

%

T

]cusxdx

Example 2:Evaluate: *

Solution:

]-f[x} dy = 2]_{{1} clx

It can be seen that f(x) is an even function. Therefore, -=

]cuax iy = Z_Ii.:us_r e =2[Si11.1[']§ = Ex[l—ﬂ]=2

-1

[= Jx tan xsec x ¢y
Example 3:Evaluate: 0

Solution:



X

i.rtan xsecx dr= I( T—x)tan{m—x)sec(m—x)dx j_}"{x]d‘r = If (a- _t}.u!'r}

xtan xsecx dv = I( - x )(—tan x)(—secx Jdv

i

= ey

ytan xsecx dy = j{rt—x}tanxsecxdx
i

I

" T
ytanxsecx dx = jn: tan x sec xdy — jx tan x sec xdy
il (1]

e R

X
ytanxsecx dx = jn:tan xsec vy — |
i

T T : T T
s I= —Jtan xsec xdx =E[SECI]U =E(_]_1} =E><—2 =7



