Chapter 11

Three Dimensional Geometry

Basic Concepts of Three Dimensional

Distance Between Two Points

Let P and Q be two given points in space. Let the co-ordinates of the points P and Q
be (X:r Y1 Z1) and (X2r Y2 Z2) with respect to a set 0X, OY, OZ of rectangular axes.

The position vectors of the points P and Q are given
by OP =%,i +VY,j+2k and 0Q =X,i + ¥, + 5k

Now we have
PQ=00-0P.= ] + ¥o] + k)~ (X§ +¥1] + LK)

= (X, - %Xq) -

PQ = |PQ| =\[(x2—x1)2 +(Yo—-Y1F +(Zo -7 )
Distance (d) between two points (x,, y,, z,) and (X,, Y,, 2,) is

d = Jits -2 + (s~ F +Za -5 F
B. Section Formula

MyX; + MiXa

1. = mm,
MyYy +MyYs

2. Y5 mysm,
MaZq + MyZs

my -+ My

Z=

3.

(for external division take -ve sign)

OVa-vY) T - (Z-2) k-
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To determine the co-ordinates of a point R which divides the joining of two points P

(X1 Y1 Z1) and QXzr Y20 Z;) internally in the ratio m1 : m2. Let OX, OY, OZ be a set of
rectangular axes.

The position vectors of the two given points P(Xys Y1, Z4) and QX Yar Z5) ope given
by

OP = ¥1i + Y1) + Z1k ....{1) and
0Q = Xai + ¥Yaj + Iof w(2)
m, m,
P . = - Q
(X0.Y1.Z:) (%2.Y2.23)

Also if the co-ordinates of the point R are (%, y, z), then OR =Xi +Y¥j +Zg.....(3)

Now the point R divides the join of P and Q in the ratio mi : my, so that
Hence sz’_R- = m1R_Q'
or my(OR-OP) = m; (OQ-OR)

m,0Q +m,OP

or OR=
m, +m,

. MqKo + MaXe )+ (MY Moy ) |+ (M2, +mozs )k
X7+Vi+zﬁ=(12 a%q)1 H(Mayo + Moy} | + (M2, +mozy)

or (my +mz) [Using (1), (2) and (3)]
Remark : The middle point of the segment PQ is obtained by putting m: = m;. Hence
. 1 1 |
| 50+ Xe) Y1 +¥2) (21 + 22) |

the co-ordinates of the middle point of PQ are
Centroid Of A Triangle:

Let ABC be a triangle. Let the co-ordinates of the vertices A, B and C

be (%1 Y1 Z1)s (X21 Yar 22) g (X3, Var Z3) respectively. Let AD be a median of the
AABC. Thus D is the mid point of BC.

l" Xg +X3 Ya+Y3 22-'-23']
F * 2 * 2

The co-ordinates of D are



Now if G is the centroid of AABC, then G divides AD in the ratio 2 : 1. Let the co-
ordinates of G be (%, y, z).

2.[ x2;x3]+1_x1
Then x = — ,or x M¥Xa¥X3
en 211 or x 3

S 1 1
Similarly y = 3 (Y +Y2+V3),Z= 3 (zy + 7, + 7).

Centroid Of A Tetrahedron :

Let ABCD be a tetrahedron, the co-ordinates of whose vertices are (s Yo 200 T 1,
2,3, 4.

Let ©1 be the centroid of the face ABC of the tetrahedron. Then the co-ordinates
of ©1 are

[ X EX% Xy VY Y Z 42, V25 |

\ 3 ; 3 ’ 3

The fourth vertex D of the tetrahedron does not lie in the plane of AABC. We know
from statics that the centroid of the tetrahedron divides the line DG in the ratio 3 :
1. Let G be the centroid of the tetrahedron and if (x, y, z) are its co-ordinates, then

X+ Xo+Xa
3. +1_)-:4 Xyt Xn +Xg + Xy
X= orx= .
3+1 4

- - 1
Similarly y=% (Yy+ Yo+ Y3+ Yl Z=E (zy + 2+ 23+ ).

Ex.1 P is a variable point and the co-ordinates of two points A and B are (-2, 2, 3)
and (13, -3, 13) respectively. Find the locus of P if 3PA = 2PB.



Sol. Let the co-ordinates of P be (x, y, z).

SPA= Jix+22 +(y-22 +(z-3)? (1)

and PB = /(x-13)2 +(y+ 32 +(z-13)% ....(2)

Now it is given that 3PA = 2PB i.e.,, 9PAZ = 4PB2....(3)

Putting the values of PA and PB from (1) and (2) in (3), we get
H{(x+2)2+(y-2)2+ (z-3)3=4{(x-13)2+ (y+ 3)2+ (z-13)2}
or9{x2+y2+z2+4x-4y-6z+ 17} =4{x2 + y2 + 22 -26x + 6y - 26Z + 347}
or 5x2 + 5yZz + 522+ 140x-60y + 50z -1235=0
orx2+y2+4+z24+28x-12y+10z-247=0

This is the required locus of P.

Ex.2 Find the ratio in which the xy-plane divides the join of (-3, 4, -8) and (5, -6, 4).

Also find the point of intersection of the line with the plane.

Sol. Let the xy-plane (i.e,, z = 0 plane) divide the line joining the points (-3,4, -8)
and (5, -6, 4) in the ratio " - 1. inthe point R. Therefore, the co-ordinates of the
point R are

op-3 -6pu+4 4u-8
n+1 " g+t " opst (1)

But on xy-plane, the z co-ordinate of R is zero

(4p-8)/(u+1)=0,orp=2.Hence p:1=2:1.Thus therequired ratiois 2 : 1.
Again putting * = 210 (1) the co-ordinates of the point R become (7/3, -8/3, 0).
Ex.3 ABCD is a square of side length ‘a’. Its side AB slides between x and y-axes in
first quadrant. Find the locus of the foot of perpendicular dropped from the point E
on the diagonal AC, where E is the midpoint of the side AD.

Sol. Let vertex A slides on y-axis and vertex B slides on x-axis coordinates of the
point A are (0, a sin 6) and that of C are (a cos 8 + a sin 6, a cos 0)



1
1
1
|
Y, D "
1
|
8% i
|
1
90°—6 o
X
B ll
4 e r 3a
In AAEF, AF = —C0S45°=—— and FC = AC - AF = \Da—_2_ -8 1
2 2y2 22 22 N
AF:FC= mo e 1.3 I
- T N2 22 T i
= Let the coordinates of the point F are (x, y) ||
. 3x0+1acoss+asin6) _a(sind+cosé) |l
— = = l
4 4 ll
4x , 1
= — =s5in8+cos6 ..(1) 1
a 1
i
1
3asint +acosf 4y ) 1
= —————— = —— =38In 6+ COSH I
4 a 1
«(2) I
i
Form (1) and (2), II
i
. Ex = 1
sin6=2l:y x)r:|nd-c:casﬁo= L 1
a i
1
22 i
= (y —x)P+ (3x-y)= X is the locus of the point F |l
1
1
Direction Cosines and Direction Ratios of a Line 'l
1
Direction Cosines Of A Line l'
1
If & B-¥ are the angles which a given directed line makes with the positive directions 1 .
of the axes. of x, y and z respectively, then €0S & €0S B COS 7 are called the direction [
cosines (briefly written as d.c.’s) of the line. These d.c.’s are usually denote by |, m, n. 'l
Let AB be a given line. Draw a line OP parallel to the line AB and passing through the 1
origin 0. Measure angles * F-7r then €0S @, COS B COS ¥ gre the d.c.’s of the line AB. It I.
can be easily seen that ], m, n, are the direction cosines of a line if and only l.
1
|
1
1



if £1 M J 1K is 2 unit vector in the direction of that line. Clearly OP'(i.e. the line

through O and parallel to BA) makes angle 180° - a, 180°- 3, 180° - y with 0X, OY

and OZ respectively. Hence d.c.’s of the line BA
are €05 (180° - «), cos (18009 - ), cos (180° - y) je. gre —€OS o, —COS B, — cos 7.

[f the length of a line OP through the origin O be r, then the co-ordinates of P are (Ir,
mr, nr) where |, m, n are the d c.’s of OP.

If1, m, n are direction cosines of any line AB, then they will satisfy £* + m? + n? = 1.
Direction Ratios :

[f the direction cosines |, m, n of a given line be proportional to any three numbers a,
b, c respectively, then the numbers a, b, ¢ are called direction ratios (briefly written
as d.r.’s of the given line.

Relation Between Direction Cosines And Direction Ratios :

Let a, b, c be the direction ratios of a line whose d.c.’s are 1, m, n. From the definition
ofdr’s.wehavel/a=m/b=n/c=k(say). Thenl=Kka, m=Kkb,n=Kkec.

But£2+m2+n2=1.

kK2(a2+ b2+ c?) =1,0rk?=1/(a?+ b2+ c?)

1
k=t ———.
ork== J@+b?+c?)
Taking the positive value of k, we get |

a b C

= M = , =
J(@® +b*+c?) \f(az +b?£c?) \,f{a2 +b? +¢?)
Again taking the negative value of k, we get ]

B -a B -b B —C
J@@+p2+c?) f@®+b?+c?) (@ +b2+c?)

Remark. Direction cosines of a line are unique. But the direction ratios of a line are
by no means unique. If a, b, c are direction ratios of a line, then ka, kb, kc are also
direction ratios of that line where k is any non-zero real number. Moreover ifa, b, ¢
are direction ratios of a line, then ai” + bj” + ck” is a vector parallel to that line.



1
1
1
1
Ex.4 Find the direction cosines 1 + m + n of the two lines which are connected by : 1
the relation 1 + m + n =0 and mn - 2nl -2lm = 0. II
1
Sol. The given relationsarel + m+n=0orl=-m-n...(1) i
1
1
and mn - 2nl - 2lm = 0..(2) [
Putting the value of 1 from (1) in the relation (2), we get 'l
mn-2n(-m-n)-2(-m-n)m=20 1
or 2m?+5mn +2n2=0 or (2m +n)(m + 2n) =0. ll
1
Nowwhnm=—1(3) ivn£=1—i= 'l
Bl T T2 eER Y TS I
1
II
n_2 g .0
= and 5 I|
Il
) £ m_n _ J(£2+m2+n2) _ Il
Le. 14 5 - E
1T 1 =2 \f{12+12+(_2)2} 6 1
1
i
The d.c.'s of one line are 5.3 i ==L '
.C. \."6 ' \'IB r \{6 - ll
i
I
) m L i
Again when e -2, (3) given e 2-1=1. 1
i
i
_ £_m _n_ (£2+m2+n2) _ 1 Il
1.e. 1 -2 1 J{12+(_2)2+12} 6 - II
i
, e =% "
The d.c.’s of the other line are J6' 76 V6" 1
P( d '
To find the projection of the line joining two points P(X1 Y1 21) and Q(x;, ¥z, 2;) opy ll
the another line whose d.c.’s are ], m, n. i
1
—r s - a — ] - 5 1
Let O be the origin. Then OP = *11 ¥ ¥1] * Z:k SRR = 35 1 ¥l ¥ K- 1
1
—— — — - - W l
PQ=0Q-0P = (X2 = X4)§ + (Y2— Y1) | + (22 - 24)k- A ll
Now the unit vector along the line whose d.c.’s are =ik] + ] F g - 'I
1
=~ projection of PQ on the line whose d.c.’s are ], m, n II
1
1
1
1
1
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=[(x2-%) i+ (va-v1) i+ ({z2—2) k].(€f + mj +ng)
= f0%p - %) + m (yz - ¥1) + n(zz - 24).

3131 + b1b2 + C‘CE
(@2 +b} +c3)|(@3 +b3 +c3)

cos8 =
The angle 0 between these two lines is given by

If 11, mi, n1 and 12, my, nz are two sets of real numbers, then

(112 + m12 4+ n12) (122 + m22 + n22) - (lilz + mimz + nin2)2 = (minz - mzn1)2 + (nilz -
nzli)? + (Iimz - lzmy)?

Now, we have

sin20 =1-co0s20 =1 - (lilz + mim + ninz)? = (112 + m12 + n12) (122 + m22 + ny?) -
(lilz + mimz + ninz)2

_ rm n12+|§1 nnz,,‘? mlf
= (minz - mzn1)2 + (nilz2 - n2l1)2 + (limz - lam1)2 T2 M| 2 W] |2 Ty

Condition for perpendicularity = l1l2 + mimz + nin2 = 0.

LS.

G ; - a by ¢,
Condition for parallelism = |1 =1, m;i=mz, ni =nz =

Ex.5 Show that the lines whose d.c.’s are given by 1 + m + n =0 and 2mn + 3In - 5Im
= 0 are at right angles.

Sol. From the first relation, we have | = -m - n....(1)
Putting this value of | in the second relation, we have

2Zmn+3 (-m-n)n-5(-m-n)m=0o0r5m?+4mn-3n2=0or5(m/n)2+ 4(m/n)
-3=0..(2)

Let 15, m1, n1 and I, my, nz be the d,c, s of the two lines. Then the roots of (2) are
mi/n; and mz/ne.

mom_ 3 mm,_nn,
product of theroots= ™ M2 3 3 -5".03



Again from (1), n = - 1 - m and putting this value of n in the second given relation,
we have

2m (-1-m) + 3I(-1-m) - 5lm =0 or 3(I/m)2+ 10 (1/m) + 2 = 0.

ﬁ‘£_2=gor£1ﬁ=m
my mp 3 2 3

nn
From (3) and (4) we have% = % _1—52 = k (say)

lilz + mmmz +ninz2=(2+3-5)k=0.k=0. = The lines are at right angles.
Remarks :

(a) Any three numbers a, b, c proportional to the direction cosines are called the

- —_———=—_———_—

1.8. =
g ; : a b ¢ T .
direction ratios va“+b®+c

taken throughout.

same sign either +ve or -ve should be
Note that d.r’s of a line joining X1, y1, z1 and Xz, y2, z2 are proportional to x2 - X1, y2 -
y1and z2 - Z1

(b) If 8 is the angle between the two lines whose d.c'sare 11, my, n1and 12, mz, n2
cos 6 = lil2 + mimz + ninz

Hence if lines are perpendicular then l1l2 + mimz + ninz = 0.

Ay By

if lines are parallel then f2 Mz Nz

{xi:! yi‘ z‘l}
H
(x,, 5"1%
i
5 Ed.c’s
f,mn
£ my Ny
£y my Np| -
Note that if three lines are coplanar then fs My Ny



(c) Projection of the join of two points on a line with d.c’s], m, nare | (x2 - x1) +
m(yz - y1) + n(zz - z1)

(d) If 11, my, ny and Iz, mg, nz are the d.c.'s of two concurrent lines, show that the d.c's
of two lines bisecting the angles between them are proportional to 1 + Iz, mi + mg,
ni t n;

Equation of Straight Line

Straight Line

(i) Equation of a line through (X Y« Z.) and having direction cosines 1, m, n
X—% _¥-¥, _Z-Z,

are £ m N and the lines
X-X, Y-y, Z-Z,

through [x1: Vi 21} and (xgr Yu 22} X, — X, Y=Y 44,

(ii) Intersection of two
planes @:X * by+cz+d =0_,.48Xx+Dh

the unsymmetrical form of the straight line.

¥ + 62+ d, = 0 ooether represent

X=X, _Y-¥, _Zz-2, "
(iii) General equation of the plane containing the line £ m n A(x -
x1) + B(y - y1) + c(z - z1) = Owhere Al + bm + cn = 0.

(iv) Line of Greatest Slope

=plane

A "l i
AN
H-plane
B

AB is the line of intersection of G-plane and H is the horizontal plane. Line of

greatest slope on a given plane, drawn through a given point on the plane, is the line
through the point ‘P’ perpendicular to the line of intersection of the given plane with

any horizontal plane.



Ex.15 Show that the distance of the point of intersection of the
Xx—-2 y+1 z-2

line 3 4 12 andthe plane x - y + z = 5 from the point (-1, -5, -10) is 13.

-2 y+1 z-2

Sol. The equation of the given lineare 3 4 12 =r (say). sl 1)

The co-ordinates of any point on the line (1) are (3r + 2,4r - 1, 12 r + 2). If this
pointlies on the planex-y+z=5,wehave3r+2-(4r-1)+ 12r+2=5,or 11r
=0,orr=0.

Putting this value of r, the co-ordinates of the point of intersection of the line (1)
and the given plane are (2, -1, 2).

- The required distance = distance between the points (2, -1, 2) and (-1, -5, -10)

_ J@+1P +(-145 +(2+107?

JO+16+144) = [[169) =13

Ex.16 Find the co-ordinates of the foot of the perpendicular drawn from the origin
to the plane 3x + 4y - 6z + 1 = 0. Find also the co-ordinates of the point on the line
which is at the same distance from the foot of the perpendicular as the origin is.

Sol. The equation of the plane is 3x + 4y -6z + 1 =0. ...(1)

The direction ratios of the normal to the plane (1) are 3, 4, -6. Hence the line normal
to the plane (1) has d.r.’s 3, 4, -6, so that the equations of the line through (0, 0, 0)
and perpendicular to the plane (1) arex/3=y/4=2z/-6 =r...(2)

The co-ordinates of any point P on (2) are (3r, 4r, - 6r) ...(3)
If this point lies on the plane (1), then 3(3r) + r(4r) - 6(-6r) + 1 =0,orr=-1/61.

Putting the value of r in (3), the co-ordinates of the foot of the perpendicular P are
(-3/61,-4/61,6/61).
Now let Q be the point on the line which is at the same distance from the foot of the

perpendicular as the origin. Let (X1 Y1 Z1) pe the co-ordinates of the point Q. Clearly
P is the middle point of OQ.



0
;+0_ 3 y,+0_4 z,+0

Hence we have 2 61" 2 61 2

_6
~ 61

or X, =6/61,y, =-8/61,2z, =12/61.
The co-ordinates of Q are (-6/61, -8/61, 12/61).

Ex.17 Find in symmetrical form the equations of the line 3x + 2y -z-4=0&4x+y

- 2Z + 3 = 0 and find its direction cosines.

Sol. The equations of the given line in general formare3x+2y-z-4=0&4x+y-

22+ 3=0.(1)

Let], m, n be the d.c.’s of the line. Since the line is common to both the planes, it is
perpendicular to the normals to both the planes. Hence we have 31+ 2m -n =

0, 4+ m-2n=0.

Solving these, we get

‘ m n £ m_n J(P+m?+n?) 1
4+1 —4+6 3-8 O 3 2 5 J9:4+25) 38)
3 2 5

» the d.c.’s of the line are J(38)"J(38) " 4/(38) "

Now to find the co-ordinates of a point on the line given by (1), let us find the point
where it meets the plane z = 0. Putting z = 0 i the equations given by (1), we have
3x+2y-4=0,4x+y+3=0.

Solving these, we get
x y 1
6+4 -16-9 3-8 orx=-2,y=5.

x+2 y-5 z-0

Therefore the equation of the given line in symmetrical formis —3 2 O



Ex.18 Find the equation of the plane through the line 3x - 4y + 5z = 10, 2x + 2y - 3z
= 4 and parallel to the line x = 2y = 3z.

Sol. The equation of the given line are 3x - 4y + 5z =10,2x+ 2y -3z=4 ..(1)
The equation of any plane through the line (1) is (3x -4y + 5z-10) + A (2x + 2y -
3z-4)=0

or(3+20)x+ (-4+20)y+(5-310)z-10-4A=0. ..(2)

o 8
3

N

X
The plane (1) will be parallel to the linex = 2y = 3z i.e. © if

(3+21).6+ (-4 +21).3+(5-31).2=0 or

4
AM12+6-6)+18-12+10=00rA=-3,

Putting this value of A in (2), the required equation of the plane is given by

[ 8.1 8) 9.,
[I_Is-g_ixT[_-4-§)y+(5+4)z-10+?_0

or X - 20y +27z = 14.
-1 ¥-=2 7=

Ex.19 Find the equation of a plane passing through the line 1 1 -2 and

making an angle of 30° with the planex+y +z =5.

Sol. The equation of the required planeis (x-y+ 1) + A2y +z-6) =0=x+ (2A -

Dy+Az+1-6A=0

Since it makes an angle of 30° withx +y +z =15
1+@r-1+r] 3

Bz s@-1p 2

p—

= 432 =5*-4n+ 2
S -4+2=0>2r=(2% 2):
==y + 1)+ (2% 2)(2y +x-6) =0 416 two required planes.

Ex.20 Prove thatthelines 3x+ 2y +z-5=0=x+y-2z-3and 2x-y-z=0=7x
+ 10y - 8z - 15 are perpendicular.



Sol. Let 11, my, n1 be the d.c. s of the firstline. Then 311 + 2m1 + n1= 0,11 + my -
2n1 = 0. Solving, we get

Again let I, mz,nz be the d.c.'s of the second line, then 2l2-m2-nz =0, 712 + 10m3 -
8n; = 0.

m n £ m n
soiiig, 22 18 L_M Ny
oMING: B 10 7+16 20+7 2 1 3

g My % f2 T N
Solving, 8+10 —7+16 2047 2 1 3

Hence the d.c’s of the two given lines are proportional to -5, 7,1 and 2, 1, 3. We
have

-5.2 4+ 7.1 + 1.3 = 0 ~the given lines are perpendicular.

Ex.21 Find the equation of the plane which contains the two parallel lines

Sol. The equation of the two parallel lines are
x+1)/3=(-2)/2=(z-0)/1..(1)and (x-3)/3=(Fy+4)/2=(z-1)/1....(2)
The equation of any plane through the line (1) is

aX+1)+b(y-2)+cz=0,..(3)

where 3a + 2b + c=0. ....(4)

The line (2) will also lie on the plane (3) if the point (3, -4, 1) lying on the line (2)
also lies on the plane (3), and for thiswe havea (3+ 1) +b (-4-2)+c.1=0o0r4a
-6b+c=0...(5

Solving (4) and (5), we geta/8 =b/1 =c/-24

Putting these proportionate values of a, b, ¢ in (3), the required equation of the
plane is



8(x+1)+1.(y-2)-262=0,0r8x+y-26+6=0.

Ex.22 Find the distance of the point P(3, 8, 2) from the
x-1_y-3 z-2

line 2 4 3 measured parallel to the plane 3x + 2y - 2z + 17 = 0,

Sol .The equation of the given lineare (x-1)/2=(y-3)/4=(z-2)/3 =T, (say).
(1)

Any point Q on the line (1) is (2r + 1, 4r + 3, 3r + 2)
Now P is the point (3, 8, 2) and hence d.r.’s of PQ are
2r+ 1<3,4r+ 3=8,3r+ 2=2 e 2r-2,4r-5,3r.

Itis required to find the distance PQ measured parallel to the plane 3x + 2y - 2z +
17=0 ..(2)

Now PQ is parallel to the plane (2) and hence PQ will be perpendicular to the
normal to the plane (2).

Hence we have (2r-2) (3) + (4r-5) (2) + (2r) (-2) =0or8r-16=0,orr = 2.

Putting the value of r, the point Q is (5, 11, 8) =

JI(3-5)* +(8-117% +(2-8)"] =/(4+9+38) =7 .

Ex.23 Find the projection of the line 3x -y + 2z = 1, x + 2y - z = 2 on the plane 3x +
2y+z=0.

Sol. The equations of the given lineare3x-y+2z=1,x+2y-z=2...(1)
The equation of the given plane is 3x + 2y +z = 0. ...(2)

The equation of any plane through the line (1) is 3x-y +2z-1) +1(x+ 2y -z - 2)
=0

orB+D)x+(-1+2)y+@2-D)z-1-21=0..(3)

The plane (3) will be perpendicular to the plane (2),if3(3+ D+ 2(-1+21) + 1 (2 -
)=0o0rl=-3/3.



Putting this value of 1 in (3), the equation of the plane through the line (1) and
perpendicular to the plane (2) is given by

- 4 o
[3—§)x +(-1-3)yv + (2“‘5.} z-1+3=0

or3x-8y+7z+4=0....(4)

The projection of the given line (1) on the given plane (2), is given by the equations
(2) and (4) together.

Ex.25 Find the foot and hence the length of the perpendicular from the point (5, 7,
3) to the line (x - 15)/3 = (y - 29)/8 = (z - 5) /(-5). Find the equations of the
perpendicular. Also find the equation of the plane in which the perpendicular and
the given straight line lie.

Sol. Let the given point (5, 7, 3) be P.

The equations of the given line are (x - 15)/3 = (y-29)/8 = (z- 5)/(-5)=r (say).
w{1)

Let N be the foot of the perpendicular from the point P to the line (1). The co-
ordinates of N may be taken as (3r + 15, 8r + 29, - 5r + 5)....(2)

the direction ratios of the perpendicular PN are
3r+15-5,8r+29-7,-5r+5-3, ie.are3r+ 10, 8r + 22, -5r + 2....(3)
Since the line (1) and the line PN are perpendicular to each other, therefore
3(Br+10)+8(8r+22)-5(-5r+2)=00r98r+196=0o0rr=-2

Putting this value of r in (2) and (3), the foot of the perpendicular N is (9, 13, 15)
and the direction ratios of the perpendicular PN are 4, 6,12 or 2, 3, 6.

the equations of the perpendicular PN are (x-5)/2=(y-7)/3=(z-3)/6...(4)
Length of the perpendicular PN

= the distance between P(5, 7, 3) and N(9, 13, 15)
= J9-52+(13-72+(15-3)2 =14.




Lastly the equation of the plane containing the given line (1) and the perpendicular

x-15 y-28 z-5
3 -] -5 | =0

(4)is givenby | 2 3 6

or(x-15)(48 +15)-(y-29)(18+10)+(z-5)(9-16)=0o0r 9x -4y -z =-
14 = 0.

Ex.26 Show that the planes 2x -3y -7z=0, 3x - 14y-13z=0,8x-31y-33z=0
pass through the one line find its equations.

2 3 -7 0
3 14 -13 0 |,
Sol .The rectangular array of coefficientis |& —31 —33 -0

2 -3 -7 2 -1 -1
We have, Ag= 3 -14 —13(=(3 -11 4
8 -31 -33 g -23 -9
(b¥ €.+ €162 +3C,)
D 0 -1
=5 7 —4|=_ == =
30 4 o 1(70-70) =0,

(by C1 + 2Cz, C2- C2)

since A4 = 0, therefore, the three planes either intersect in a line or form a triangular

prism.
=N
Now A, = = =0SimilarlyA,=0and A, =0
3718 a1 0 Ve 1=

Hence the three planes intersect in a common line.

Clearly the three planes pass through (0, 0, 0) and hence the common line of
intersection will pass through (0, 0, 0). The equations of the common line are given
by any of the two given planes. Therefore the equations of the common line are
givenby 2x-3y-7z=0 and 3x-14y-13z=0.

X y z X
~ the symmetric form of the line is given by 39-98 -21+26 -28+9 -39

Ex.27 For what values of k do the planes x-y+z+1=0,kx+3y+2z-3=0,3x
+ ky +z - 2 =0 (i) intersect in a point ; (ii) intersect in a line ; (iii) form a
triangular prism ?

W =%
=w |
- -
|

Nw-b

Sol. The rectangular array of coefficients is



1 -1 1 0 -1 0
o |8 § 218 E 42
+
i (adding 2nd column to 1st and 3rd)
01 0
=(k+3)|1 3 §5 |[=(k+3)(k+1-5)=(k+3)(k-4).
1 k k+1
1 -1 1 0 -1 0 |
TR A e
- * —el (adding 2nd column to 1st and 3rd)
11 1 0 10
a,= |k 2 -3|=k=22 -5
3121 1 2 13| (adding (-1) times 2nd column to 1st and 3rd)
=-{(k-2) (-3) + 10} =3k -
-1 1 1‘ 0 1 1‘
A =|3 2 -3[=| 0 2 -3[=-5(k-2)
16, and ko1 2] [k-2 1 -2 (adding 3rd column to 1st)

(i) The given planes will intersect in a point if A4 # 0 and so we must have k # -3
and k # 4. Thus the given planes will intersect in a point for all real values of k other
than -3 and 4.

(ii) If k = -3, we have A4 = 0, A3 = 0 but D2 # 0. Hence the given planes will form a
triangular prism if k = -3.

(iii) If k = 4, we have A4 = 0 but Az # 0. Hence the given planes will form a
triangular prism if k = 4.

We observe that for no value of k the given planes will have a common line of
intersection.

Ex.28 Find the equation of the line passing through (1, 1, 1) and perpendicular to
the line of intersection of the planesx + 2y -4z =0and 2x-y + 2z = 0.

Sol. Equation of the plane through thelinesx + 2y -4z=0and 2x-y+2z=0is
X+2y-4z+1(2x-y+2z)=0..1)
If (1,1, 1) lies on this plane, then -1 + 31 =0

=1=1/3, so that the plane becomes 3x + 6y - 12z + 2x -y + 2z=0=>x+y-2z =
0....(2)



Also (1) will be perpendicularto (2)if1+21+2-1-2(-4+2)==1=11/3
Equation of plane perpendicular to (2) is 5x -y + 2z = 0. ...(3)
Therefore the equation of line through (1, 1, 1) and perpendicular to the given line

x-1_y-1_z-1

is parallel to the normal to the plane (3). Hence the required lineis ° -1 2

Alternate :
Solving the equation of planes x + 2y -4z = 0 and 2x -y + 2z = 0, we

X y z
= = (1)

Any point P on the line (1) can be written as (0, -101, -51).
Direction ratios of the line joining Pand Q(1, 1, 1) is (1, 1, + 101, 1 + 5I).
Line PQ is perpendicular to line (1) = 0(1) - 10(1 + 101) -5(1 +51) =0
_-15_-3 :p=[06 ]
= 0-10-1001-5-25x=00r1251+15=0 = ' % 93,
(43
Direction ratios of PQ = 55

x-1_ y-1 z-1
5 -1 2°

Hence equations of lien are

Ex.29 Find the shortest distance (S.D.) between the
x-3 =3.r—8 _ Z-3 X+3 _y+7 =z—ﬁ

3 - 1 -3 2 4

lines
which it meets the given lines.

" Find also its equations and the points in
Sol. The equations of the given lines are (x-3)/3 = (y-8)/-1=(z- 3)/1 =11 (say)
«{1)

and (x+3)/(-3) = +7)/2=(z-6)/4 =r2(say) ..(2)

Any pointon line (1) is (3r1 + 3, -r1 + 8,1 + 3),say P...(3)

any point on line (2) is (-3r2 -3, 2r2 - 7, 4r2 + 6), say Q. ..(4)



The d.r.’s of the line PQ are (-3r2-3) - 3r1 + 3), (2r2-7) - (-r1 + 8), (4r2 + 6) -
(r1+3)

or -3rz-3r1- 6,22 +1r1-15,4r;-r1 + 3. .(5)

Let the line PQ be the lines of S.D., so that PQ is perpendicular to both the given lines
(1) and (2), and so we have

3(-3r2-3r1-6)-1Qrz2+r1-15)+1.(4rz2-11+3)=0

and -3(-3r2-3r1-6) + 2. (2R2+r1-15)+4 (4r2-r1+3)=0
or-7rz-11ri1=0and 11r2+ 7r1 =0

Solving these equations, we getr; =12 = 0.

Substituting the values of ry and r2 in (3), (4) and (5), we have P(3, 8, 3), Q(-3, -7,
6) And the d.r.’s of PQ (the line of S.D.) are -6, -15, 3 or -2, -5, 1.

The length of S.D. = the distance between the points P and
= J-3-32 +(-7-8% +(6-3)* =330

Q

Now the line PQ of shortest distance is the line passing through P(3, 8, 3) and having
d.r’s -2, -5, 1 and hence its equations are given by

x-3_y-8_z-3 x-3 y-8_z-3
-2 -5 1 2 5 1

Angle Between Two Intersecting Lines and Shortest Distance
Angle Between Two Intersecting Lines

If 1(x1, m1, n1) and I(x2, mz, n2) be the direction cosines of two given lines, then the
angle 6 between them is given by

cos 8 =1112 + mimz + nin
(i) The angle between any two diagonals of a cube is cos! (1 / 3).

(ii) The angle between a diagonal of a cube and the diagonal of a face (of the cube is

cos1(vV2/ 3)



Straight Line in Space

The two equations of the lineax+ by +cz+d=0anda’x+b'y+cz+d =0
together represents a straight line.

1. Equation of a straight line passing through a fixed point A(x1, y1, Z1) and having
direction ratios a, b, c is given by

X-X1/a=y-yi1/b=2z-12/citis also called the symmetrically form of a line.

Any point P on this line may be taken as (x1 + Aa, y1 + Ab, z1 + Ac), where A € R is
parameter. If a, b, c are replaced by direction cosines 1, m, n, then A, represents
distance of the point P from the fixed point A.

2. Equation of a straight line joining two fixed points A(xy, y1, Z1) and B(Xz, y2, Z2) is
given by

X-X1/X-X1=y-Y1/V2-Vi=2-21/22-71

3. Vector equation of a line passing through a point with position vector a and
parallel to vector bisr = a + A b, where A, is a parameter.

4. Vector equation of a line passing through two given points having position vectors
aandbisr=a+ A (b -a),where Ais a parameter.

5. (a) The length of the perpendicular from a point Plo) ontheliner-a+Abis
given by

) (_u-' —a)-b ‘.
la —al®—1~ |

| bl \

(b) The length of the perpendicular from a point P(x1, y1, Z1) on the line

" o — >—C., .
rx—a _ ¥ _b _ 2 _~is given by
i1t (A

e — o e

(@ —m)2 +(b- n)+ (-2} —{la-x)!

\\ +(b=y) m+(c-z)nt’

where, 1, m, n are direction cosines of the line.



6. Skew Lines Two straight lines in space are said to be skew lines, if they are
neither parallel nor intersecting.

7. Shortest Distance If 11 and |2 are two skew lines, then a line perpendicular to each
of lines 4 and 12 is known as the line of shortest distance.

If the line of shortest distance intersects the lines 11 and I at P and Q respectively,
then the distance PQ between points P and Q is known as the shortest distance
between 11 and 1,.

8. The shortest distance between the lines

and : £=x ~2 -2 "2 i5 given by
L My Ny

d=

V(myng = mon )* + (nyly = nod )* +.(4 my — L my)*

9. The shortest distance between lines r = a1 + Ab: and r = a2 + pbz is given by

Ib, X b

d

10. The shortest distance parallel lines r = a1 + Ab; and r = az + pbz is given by

d

:'{a:3 —a;)x b‘
| bl

11. Linesr = a1 + Ab; and r = a; + pby are intersecting lines, if (b1 * b2) * (az-a1) =
0.

12. The image or reflection (x, y, z) of a point (X1, y1,21) in a plane ax + by + cz + d
= 0 is given by

X-X1/a=y-y1/b=2z-21/c=-2(ax1+ by1+cz1+d) /aZz+ b2 + 2

13. The foot (%, y, z) of a point (X1, Y1, 21) in a plane ax + by + cz + d = 0 is given by



| 1
1 1
1 1
1 1
'. x-x1/a=y-y1/b=z-21/c=-(ax1+by1+cz1 +d) /aZ+ b2 + c2 '.
I 1
II 14. Since, x, y and z-axes pass through the origin and have direction cosines (1, 0, 0), I.
1 (0,1,0) and (0, 0, 1), respectively. Therefore, their equations are 1
I 1
A X-axis:x-0/1=y-0/0=2-0/0 '
1 1
I. y-axis:x-0/0=y-0/1=z-0/0 '.
1 1
II z-axis:x-0/0=y-0/0=z-0/1 .'
1 1
" Area of a Triangle and Equation of a Plane s
1 1
II D. AREA OF A TRIANGLE .'
] Show that the area of a triangle whose vertices are the origin and the |l
1 1 2 2 2
'I bolnts L O X, T B(x,, Y5, Z,) is 5\({3’1«’-’2—5’221} +(Z4Xa = ZoXq)” +(X¥2 —Xa¥q)" . ll
1 i
'I The direction ratios of OA are X1 Y1+ Z; and those of OB are x,, v, z,. :l
|
| - 1
l Also OA = VK1 —0F =(y; ~07 +(2,-0F =< +y} +2F) "
1 1
o and OB = Y02 =00 +(y2 -0 +(2; -0 ={(x3+y3+23) . |:
1
" %y Ys 4 Il
" - the dc” s of OA are YO& +¥2 +Z0) YOG +¥2+22) 02 +y2 +20) "
1 1
|I Xs Yo Z; |I
0 and the d.c’s of OB are VU ¥ +23) (X3 +y2+23) (X3 +y; +2Z}) |l
| 1
1
I. Hence if 0 is the angle between the line OA and OB, then 1
1 1
I . : r 1
" _ Bz -vez))  J{E(yiza -yezi)) b
" sing VOG+YI+Z G +y3+22) GAOS "
1 1
1 1
1 1
lI Hence the area of AOAB Il
1 |
1 1
1 1
i 1
1 1
I [
1 1
I 1
1 1



1
=§.OA.OBSinE’ [‘_*;AOB=E*]
1 VEYZ Y2, 1 -
= — . OA. OB. Sl = —{ZY,Z5 - ¥.Z,)°}.
2 OAOB e T

Ex.6 Find the area of the triangle whose vertices are A(1, 2, 3), B(2, -1, 1)and C(1, 2,
-4).

Sol. Let Ax, Ay, Az be the areas of the projections of the area A of triangle ABC on the
yz, zx and xy-planes respectively. We have

—ly2 zp 1|==|-1 1 1|== .
Ax=2¥s zz 1| 2|2 41| 2
%y P 1 1 3 9
e mias 3
X Za 1 1 4 1

ﬁy= 3 =3
—)(2 Y2 1=—2 —11=G
ﬁz—z X ¥3 1| 2|1 2 1

710
: [AZ +A7+A7] = sq. units.
~ the required area A = J“—” 2 q

Ex.7 A plane is passing through a point P(a, -2a, 2a), @ = U+ at right angle to OP,
where O is the origin to meet the axes in A, B and C. Find the area of the triangle
ABC.

Sol.Op = Va’ +4a’ +4a’ = |3al.

Equation of plane passing through P(a, -2a, 2a) is

A(x-a) +B(y+ 2a) + C(z - 2a) = 0.

« the direction cosines of the normal OP to the plane ABC are proportional toa - 0, -
2a-0,2a-0i.e.a,-2a, 2a. = equation of plane ABC is

a(x-a)-2a(y+ 2a) + 2a(z - 2a) = 0 or ax - 2ay + 2az = 9a2...(1)

Now projection of area of triangle ABC on ZX, XY and YZ planes are the triangles
AOC, AOB and BOC respectively.



| 1
| |
| 1
1 1
| 1
l AZ .
1 [
1 1
I C(0, 0, %9a/2) 1
| 1
| [
II ,—2a, 2a) Il
. /' B(0,—9a/2, 0) 1
1 O ' 1
| 1
1 |
1 1
1 A(9a, 0, 0) 1
| 1
1 X [
. - (Area AABC)? = (Area AAOC)? + (Area AAOB)? + (Area ABOC)? .
1 ‘1 2 (1 2 (1 .2 i
|
1 =|=-A0.0C| +#|=.A0.BO| +|=.BO.0OC 1
1 |2 1 | 2 ‘ ‘ 2 I ll
|
| 1loa gafﬁga ﬁafﬁia 9, |- 1 Bre’ (14141 ) I
1 =402 ) | 27y LT 2 4’ 4 | 4) |
| [ y
|
| Important Formulas - 3D Geometry II
|
| [
1 3 -D Coordinate Geometry g 1
|
|' (1) Distance (d) between two points (X1,y1,2z1) and (X2, yz, Z2). |.
1 i
| [
| 06, Y2 22) 1
lI | | '
'. X Y15 2) i '|
' ' Ldet  S@i =m0+ (o — %) "
I ’ = |
[ |
II (2) Direction Cosine and direction ratio's of a line I.
I d= (% —% Y £V, =¥, +(Zr =2, ) A Pi(x,y,z) '
|l 1./'[ 2= X)) H (Y2 -y +H(Z2—2y) b gy MY ll
1 Section Fomula 1
I X +m X, Moy, +my ys L e L0 ' I
|l = m+m, » YS m+m, %S my+m, 1
1 |
| 1
I| (3) Direction cosine of a line has the same meaning as d.c's of a vector. Il
| |
i 1
1 |
| 1
1 |
1 [
1 |
| |
| 1



| 1
1 1
1 1
1 1
'. (a) Any three numbers a, b, c proportional to the direction cosines are called the '.
1 direction ratio s i.e. 1
| f_m_n_, 1 i
|I a b C - faQ +b2 +CQ : 1
1 1
Il same sign either +ve or -ve should be taken throughout. |.
1 1
1 note that d.r's of a line joining x1,y1,z1 and x2, y2, zz are proportional to x2 - x1 , 1
'. y2-yi1and zz - Z1 '.
1 1
Il (b) If 8 is the angle between the two lines whose d.c'sare 11, m1, n; and Iz, mz, I.
1 nz cos® = 11 Iz + m1 mz+n1 n2 hence if lines are perpendicular then I1 I2 + mimz+ 1
I ninz =0 !
1 i
i !
II if lines are parallel then Il
1 i
" hom_n "
1 L my; ny |
1 i
1 Il
1 -
I %‘“ "
1 ]
| s i
1 g i
| I
ll II
lI h my oy II
' : 2 iy my ny '
II note that if three lines are coplanar then ||
1 i
1 1
[ 1
1 1
1 1
1 A 1
1 1
1 1
1 1
1 1
1 1
1 1
S i i ; : ; i 1
|' (4)Projection of join of 2 points on line with d.c's |, m,nare 1 (x2 - x1) + m(yz - y1) [
II + n(z2-z1) BPLANE II
1 |
1 1
1 |
i 1
1 |
| 1
1 1
I 1
1 1



(i) General equation of degree one in x,y,z i.e.ax + by + cz+ d =0 represents a
plane. (ii) Equation of a plane passing through (x1,y1,z1)isa (x-x1) +b (y-y1) +
c(z-121) =0 wherea,b, care the direction ratios of the normal to the plane.

(iii) Equation of a plane if its intercepts on the co-ordinate axes are x1,y1,z1 isz1

(iv) Equation of a plane if the length of the perpendicular from the origin on the
plane is p and d.c's of the perpendicularas 1, m,,nis Ix+my+nz=p

(v) Parallel and perpendicular planes - Two planes aix+biy+ciz+di=
0 and azx + bzy + c2z + d2 = 0 are perpendicularifaiaz +bibz+cic2=0,

a_b_c¢
b, ¢,

a_b_¢_d

parallel if #2 and coincidentif @ b ¢ dy

(vi) Angle between a plane and a line is the compliment of the angle between the
normal to the plane and the

Line :?=5+le then cos(90—8)=sin@= —>0

line . If plgne ' F.fi=d C IbLlal”

where 0 is the angle between the line and normal to the plane.

(vii) Length of the perpendicular from a point (X1, y1, z1) to a plane ax + by + cz +
‘ax1+by1+czi+d

Gl pz‘ Ja2+b2+c'z |

(viii) Distance between two parallel planes ax + by + ¢z + d1 = 0 and ax+by + cz +

JaZ+b%+c?

(ix) Planes bisecting the angle between two planes aix + b1y + ciz + d1 =
0 and az+by+cz+d2=0 is

dzIO is



| ax+byy+cz+ d1|
| Ja] +b2+C3 |

a,X +b2y+ CyZ+d,

Given by a2+b2+c2 ‘

Of these two bisecting planes , one bisects the acute and the other obtuse angle
between the given planes.

(x) Equation of a plane through the intersection of two planes P;and Pz is given by
Al
Pi+ P2=0

C Straight Line in Space
(i) Equation of a line through A (x1, y1, z1) and having direction cosines 1,m, n are

—%i. YN _ 5
! m 0 and the lines through (X1, y1,z1) and (x2, y2 ,22).

=% _¥~h _*T°%4
X=X Yo V1 271

(ii) Intersection of two planes aix + b1y +ciz+dl1=0 and ax+ b2y + c2z +
dz = 0 together represent the unsymmetrical form of the straight line.

—%5_YhN_717%
(iii) General equation of the plane containing the line ! m n

isA(x-x1) +B(y-y1))+c(z-z1)=0 where Al+bm+cn=0.

Line of greatest slope

AB is the line of intersection of G-plane and H is the horizontal plane. Line of
greatest slope on a given plane, drawn through a given point on the plane, is the line
through the point 'P' perpendicular to the line of intersetion of the given plane

with any horizontal plane.



